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Abstract The concept of a single valued neutrosophic
number (SVN-number) is of importance for quantifying an
ill-known quantity and the ranking of SVN-numbers is a
very difficult problem in multi-attribute decision making
problems. The aim of this paper is to present a methodol-
ogy for solving multi-attribute decision making problems
with SVN-numbers. Therefore, we firstly defined the con-
cepts of cut sets of SVN-numbers and then applied to
single valued trapezoidal neutrosophic numbers (SVTN-
numbers) and triangular neutrosophic numbers (SVTrN-
numbers). Then, we proposed the values and ambiguities of
the truth-membership function, indeterminacy-membership
function and falsity-membership function for a SVN-
numbers and studied some desired properties. Also, we
developed a ranking method by using the concept of values
and ambiguities, and applied to multi-attribute decision
making problems in which the ratings of alternatives on
attributes are expressed with SVTN-numbers.
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1 Introduction

Smarandache [32] proposed concept of neutrosophic set
which is generalization of classical set, fuzzy set [50],
intuitionistic fuzzy set [3], and so on. In the neutrosophic
set, for an element x of the universe, the membership
functions independently indicates the truth-membership
degree, indeterminacy-membership degree, and false-
membership degree of the element x belonging to the
neutrosophic set. Also, fuzzy, intuitionistic and neutro-
sophic models have been studied by many authors (e.g. [1,
2,5,7-9, 14, 15, 19, 31, 33, 34, 36, 41, 42]).
Multi-attribute decision making (MADM) which is an
important part of decision science is to find an optimal
alternative, which are characterized in terms of multiple
attributes, from alternative sets. In some practical appli-
cations, the decision makers may be not able to evaluate
exactly the values of the MADM problems due to uncertain
and asymmetric information between decision makers. As
a result, values of the MADM problems are not measured
by accurate numbers. It is feasible for some sets which
contain uncertainty such as; a fuzzy set, intuitionistic set
and neutrosophic set to represent an uncertainty of values
of the MADM problems. Intuitionistic fuzzy numbers,
intuitionistic triangular fuzzy numbers and intuitionistic
trapezoidal fuzzy numbers is introduced by Mahapatra and
Roy [27], Liang [26] and Jianqgiang [20], respectively. Li
[23] gave a ranking method of intuitionistic fuzzy numbers
and application to multiattribute decision-making problems
in which the attribute ratings are expressed with intu-
itionistic fuzzy numbers in management. Therefore, he
defined the notation of cut sets of intuitionistic fuzzy
numbers and their values and ambiguities of membership
and nonmembership functions. Also, the notions of intu-
itionistic fuzzy numbers were studied in [4, 6, 10, 12, 17,
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18, 28, 35, 39, 40, 49] and applied to multi-attribute
decision making problems in [6, 24, 37, 38, 40, 43, 46, 48].

Ye [45] presented the notations of simplified neutro-
sophic sets and gave the operational laws of simplified
neutrosophic sets. Then, he introduced some aggregation
operators are called simplified neutrosophic weighted
arithmetic average operator and a simplified neutrosophic
weighted geometric average operator. Also, he developed
ranking method by using cosine similarity measure
between an alternative and the ideal alternative. Peng et al.
[30] introduced the concept of multi-valued neutrosophic
set with the operations. Then, they gave two multi-valued
neutrosophic power aggregation operators and applied to
multi-criteria group decision-making problems. A novel
concept of expected values of fuzzy variables, which is
essentially a type of Choquet integral and coincides with
that of random variables is introduced by Liu et al. [22]. Li
[25] developed a new methodology for ranking TIFNs and
cut sets of intuitionistic trapezoidal fuzzy numbers as well
as arithmetical operations are developed. Then, he gave the
values and ambiguities of the membership function and the
non-membership function for a intuitionistic trapezoidal
fuzzy number and a new ranking method with applications.
Kumar and Kaur [21] and Nehi [29] presented a new
ranking approach by modifying an existing ranking
approach for comparing intuitionistic fuzzy numbers.
Zhang [51] proposed a methodology for intuitionistic
trapezoidal fuzzy multiple and give a numerical example
by using similarity measure. Zeng et al. [52] and De and
Das [11] developed a method for ranking trapezoidal
intuitionistic fuzzy numbers and gave cut sets over intu-
itionistic triangular fuzzy numbers. Then, they presented
the values and ambiguities of the membership degree and
the nonmembership degree for intuitionistic triangular
fuzzy numbers and developed a method. Ye [44] proposed
the expected values for intuitionistic trapezoidal fuzzy
numbers and presented a handling method for intuitionistic
trapezoidal fuzzy multicriteria decision-making problems,
in which the preference values of an alternative on criteria
and the weight values of criteria take the form of intu-
itionistic trapezoidal fuzzy numbers.

In a multiple-attribute decision-making problem the
decision makers need to rank the given alternatives and the
ranking of alternatives with neutrosophic numbers is many
difficult because neutrosophic numbers are not ranked by
ordinary methods as real numbers. However it is possible
with score functions [16], aggregation operators[16], dis-
tance measures[13], and so on. Therefore; in this study we
extend the ranking method as well as applications of fuzzy
numbers by given [53] and intuitionistic fuzzy numbers by
given [23, 25, 28] to SVN-numbers for solving MAGDM
problems in which the ratings of alternatives with respect
to each attribute are represented by SVN-numbers. To do
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so, the rest of this paper is organized as: In the next section,
we will present some basic definitions and operations of
SVN-numbers. In Sect. 3, we introduce the concepts of cut
sets of N-numbers and applied to single valued trapezoidal
neutrosophic numbers (SVTN-numbers) and triangular
neutrosophic numbers (SVTrN-numbers). Meanwhile, we
also describe the values and ambiguities of the truth-
membership function, indeterminacy-membership function
and falsity-membership function for a SVN-numbers and
studied some desired properties. In Sect. 4, we develop a
novel ranking method is called SVTrN-multi-attribute
decision-making method. Afterwards, we present a deci-
sion algorithm and applied to multi-attribute decision
making problems in which the ratings of alternatives on
attributes are expressed with SVTrN-numbers. In Sect. 5,
the method is compared with the other methods that were
outlined in Refs. [13], [16] and [47] using SVTrN-numbers.
In last section, a short conclusion are given. The present
expository paper is a condensation of part of the disserta-
tion [13].

2 Preliminary

In this section, we recall some basic notions of fuzzy sets,
intuitionistic fuzzy sets, neutrosophic sets, single valued
neutrosophic sets and single valued neutrosophic numbers.

From now on we use [, ={1,2,...,n} and I, =
{1,2,...,m} as an index set for n € N and m € N,
respectively.

Definition 2.1 [3] Let £ be a universe. An intuitionistic
fuzzy set K over E is defined by

K = {<x1g(x), 7¢(x) > : x € E}

where g :E—[0,1] and yx:E —[0,1] such that
0 < ug(x) + yx(x) <1 for any x € E. For each x € E, the
values g (x) and yg(x) are the degree of membership and
degree of non-membership of x, respectively.

Definition 2.2 [32] Let E be a universe. A neutrosophic
sets 4 over E is defined by

A= {<x,(Ty(x), Ls(x),Fys(x)) > : x € E}.

where T4(x), I4(x) and F4(x) are called truth-membership
function, indeterminacy-membership function and falsity-
membership function, respectively. They are respectively
defined by

Ty:E—] 0,17, L;:E—] 0,17, Fq:E—] 0,17

such that 0~ < T(x) + Ly(x) + F4(x) <3*.

Definition 2.3 [36] Let E be a universe. An single valued
neutrosophic set (SVN-set) over E is a neutrosophic set
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over E, but the truth-membership function, indeterminacy-
membership function and falsity-membership function are
respectively defined by

Ty:E— 0,1, ILi:E—[0,1], F4:E—]0,1]

such that 0 < T(x) + Iy (x) + F4(x) <3.

Definition 2.4 [13] Let wg uz,y; € [0,1] be any real
numbers, a;, b;,¢;,d; € Rand a; <b; <c¢;<d; (i=1, 2, 3).
Then a single valued neutrosophic number (SVN-number)
a =(((ar, b1, c1,d1),wa), ((a2, by, c2,d2), ug),

((as, b3, c3,d3),ya))

is a special neutrosophic set on the set of real numbers R,
whose truth-membership function p;, indeterminacy-
membership function v; and falsity-membership function
A are respectively defined by

fi(x),
ws, b1 <x<q
fi(x), e <x<d

ai §x<b1

g R—[0,wa],  ps(x) =

0, otherwise
vl(x)7 ap <x<by
i by <x<
vi: R — [ug, 1], vilx) = ” » <x<e
f;'l(x)a o <x<d,
L, otherwise
ff(x), (a3 <x<b3)
as b < <
Ji i R—=[ya 1], Jalx) = Y (b3 <x<c3)
f(x), (c3<x<ds)
L otherwise

where the functions f; : [a1,b1] — [0,wal, 7 : [c2,da] —
[ug,1] f] :[c3,ds] — [va,1] are continuous and nonde-
creasing, and satisfy the conditions: ful (a1) =
0./3(b1) = wa, £y (c2) = ua, f;(d2) =1, f](c3) =ya, and
fi(d;) =1; the functions f:[c1,di] — [0, wal, 7
[az, by] — [ug, 1] and f!: [a3,b3] — [ya, 1] are continuous
and nonincreasing, and satisfy the conditions: f;(cl) =w;,
Jd) =0, fla)=1. fib) =us flas)=1 and
f;’ (b3) =ya. |1, c1], a1 and d; are called the mean interval and
the lower and upper limits of the general neutrosophic number a
for the truth-membership function, respectively. [b,, ¢;], a> and
d, are called the mean interval and the lower and upper limits of
the general neutrosophic number & for the indeterminacy-
membership function, respectively. [b3, ¢3], a3 and d3 are called
the mean interval and the lower and upper limits of the general
neutrosophic number a for the falsity-membership function,
respectively. w;, u; and y; are called the maximum truth-
membership degree, minimum indeterminacy-membership
degree and minimum falsity-membership degree, respectively.

Example 2.5 Assume that a=
(((1,3,5,7),0.9),((0,1,7,9),0.1),((0,3,5,9),0.3)) be a
SVN-number. Then,

The meanings of & is interpreted as follows: For
example; the truth-membership degree of the element 3 €
R belonging to a is 0.9 whereas the indeterminacy-
membership degree is 0.1 and falsity-membership degree
is 0.3 i.e., u;(3) = 0.9, vz(3) = 0.1, 25(3) = 0.3.

Definition 2.6 [13] A single valued trapezoidal neutro-
sophic number (SVTN-number)

a= <(a7 b,c, d)a Wa, udvyﬁ>
is a special neutrosophic set on the real number set R,

whose truth-membership, indeterminacy-membership, and
a falsity-membership are given as follows:

(x—a)wz/(b—a) (a<x<b)
1a(x) = Wg (b<x<c)
a (d—x)wz/(d—c) (c<x<d)
0 otherwise
(b—x+us(x—a))/(b—a) (a<x<b)
valx) = ug (b<x<ec)
“ x—c+uz(d—x))/(d—c) (c<x<d)
0 otherwise
and
b—x+yi(x—a))/(b—a) (a<x<b)
)L~(x) _ Ya (bSXSC)
‘ (x—c+yald—x))/(d—c) (c<x<d)
0 otherwise
respectively.

Definition 2.7 [13] A single valued triangular neutro-
sophic number (SVTrN-number)

a= <(avbvc);wdvudayd>

is a special neutrosophic set on the set of real numbers R,
whose truth-membership, indeterminacy-membership and
falsity-membership functions are respectively defined by

(x—a)wz/(b—a), (a<x<b)
ko) = { (c—xpwa/(c—b), (b<x<c)
0, otherwise
(b—x+us(x—a))/(b—a) (a<x<b),
va(x) = ¢ (x=b+us(c—x))/(c=b), (h<x<c)
0, otherwise
(b—x+ys(x—a))/(b—a), (a<x<b)
) = § b ule)fle=b) b<x<o
, otherwise

If @ >0 and at least ¢ > 0 then a@ = {(a, b, ¢); wa, ug, ys) is
called a positive SVTrN-number, denoted by a > 0.
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Likewise, if ¢<0 and at least a<O0, then a=
((a,b,c);wa,uz,ys) is called a negative SVTrN-number,
denoted by a<0. A SVTrN-number a= ((a,b,c);
wg, Ug, y;) may express an ill-known quantity about a,
which is approximately equal to a.

I?eﬁnition 2.8 [13] Let a = <((11,b1,6‘1,d1);wd, ud,yd>,
b = ((az, b2, c2,d>); Wi, uz, y;) be two SVTN-numbers and
7 # 0 be any real number. Then,

1. d—l—g = <(Ll1 +ay, by + by, c1 + ¢, d; -‘rdz);W,;/\Wg,
ug V' ug,ya V yp)

((a1a2,b1by, crca,dvdy);wa N wi,ug V ug,ya V yi)

Clearly, any (a, f, y)-cut set d, g, of a SVN-number @
is a crisp subset of the real number set R.

Definition 3.2 Let a = <((a1, by, ci, dl), Wd), ((az, by, s,
dz),ud), ((a37b3,C3,d3),y5)> be a SVN-number. Then, o-
cut set of the SVN-number a, denoted by a,, is defined as;

ay = {x| uz(x) >0, x € R}.
where o € [0, wg].

Clearly, any o-cut set of a SVN-number a is a crisp
subset of the real number set R.

(dl >0,d2 >O)
(dy<0,d, > 0)
(d1<0,d2<0)

2. ab =< ((aidy,bica,c1by,draz);wa Nwi,ug NV ug, ya V y;)
((didy, c102,bi1by, arar);wa AN wi,ug V ug,va V' yi)

3. ja— ((var,vb1,ver, vdr); wa, ug, ya) (v >0)
((ydy,yer,vby,yar); wa, ua,ya) (7 <0)

Definition 2.9 [13] Let @ = (a1, b1, ¢1); Wa, g, ya), b =

((az,b2,¢2); Wi, uz,y;) be two SVIrN-numbers and y # 0

be any real number. Then,

1. a+ B = <(a1 -+ a27b1 + b2,01 + Cz); wg N\ w,;,ud\/
Up,Ya \/yl;>

((a1a2,b1by, crc2); wg ANwi,ug NV ug, v V i)

In here, any o-cut set of a SVN-number a for truth-

membership function is a closed interval, denoted by
ay = [La(2), Ra()].
Definition 3.3 Let a= <((a17 by, C],d]), Wd), ((az, by,
c2,da),uz), ((as, b3, c3,d3),y;)) be a SVN-number. Then,
B-cut set of the SVN-number &, denoted by @, is defined as;
@’ = {x| vi(x) < B, x € R}

<01 > 07 Cy > O)
(Cl <O, Cc) > 0)
(c1<0,c,<0)

2. ab =< ((aica, biby,cra2); wa Awi,ug V ug,ya V yi)
<(clcz,b1b2,a1a2);w,;AWE,udVMI;,deyI;>

3. ja— ((var,yby,yer); wa, ua,ya) (v >0)
<(VclaVb17Va1)§Wa”7ud7J/d> (V<O)

3 Concepts of values and ambiguities for SVN-
numbers

In this section, we first define the concept of cut (or level)
sets, values, ambiguities, weighted values and weighted
ambiguities of SVN-numbers and give some desired
properties. Also we developed a ranking method of SVN-
numbers. In the following, some definitions and operations
on intuitionistic sets defined in [23-25, 37, 48], we extend
these definitions and operations to single valued neutro-
sophic sets [36].

Definition 3.1 Let a= (((a1,b1,c1,d1),ws), (a2, b2,
¢2,d2),uz), ((as, b3, c3,d3), y;)) be a SVN-number. Then,
(o, B, 7)-cut set of the SVN-number 4, denoted by @, ), is
defined as;

Alapy) = (x| p#a(x) = o, va(x) < B, Za(x) <7, x € R}.

which satisfies the conditions as follows:
0<oa<wg u <B<1,ys<y<land 0<a+ f+7y<3.
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where f € [ug, 1].
Clearly, any f-cut set of a SVN-number & is a crisp
subset of the real number set R.

In here, any f-cut set of a SVN-number a for indeter-
minacy-membership function is a closed interval, denoted

by @’ = [L(B), R;(B)].

Definition 3.4 Let a = (((a1,b1,c1,d1), ws), (a2, b2, 2,
dy),uz), ((as, bz, c3,d3),y;)) be a SVN-number. Then, y-
cut set of the SVN-number a4, denoted by "4, is defined as;

“a={x| Azs(x) <y, x R}

where y € [yg, 1].

Clearly, any y-cut set of a SVN-number a is a crisp
subset of the real number set R.

In here, any y-cut set of a SVN-number a for falsity-
membership function is a closed interval, denoted by

Ta = [Lg(7), R5(7)]-
Theorem 3.5 Let a= (((a1,b1,c1,d1),ws), (a2, b2, 2,

dy),uz), ((as, bz, c3,d3),y;)) be a SVN-number. Then,
Al py =y Nal N7 ais hold.

Proof 1Its trivial.
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Definition 3.6 Let a= (((a1,b1,c1,d1),wa), ((az, b,
¢, dr),uz), ((as, b3, c3, ds3),y;)) be a SVN-number and
Gy = [La(2), Rala)], @ = [L,(B), R,(B)] and 7d = [L(y),
R(7y)], be any o-cut set, f-cut set and y-cut set of the SVN-
number a, respectively. Then,

1. The values of the SVN-number a for a-cut set, denoted
by V,(a), is defined as;

V(@) = / " (La0) + Ra(o)) () (1)

where f(a) € [0,1] (x € [0,wg]), £(0) = 0 and f (o) is
monotonic and nondecreasing of o € [0, wg].

2. The values of the SVN-number a for f-cut set, denoted
by V,(a), is defined as;

M@ = [ (L) + RAB)eBdp )

where g(f) € [0,1] (B € [ug, 1]), g(1) = 0 and g(p) is
monotonic and nonincreasing of f§ € [ug, 1].

3. The values of the SVN-number a for y-cut set, denoted
by V)(d), is defined as;

1

@) = | @) + RO G)
Ya

where A(y) € [0,1] (y € [va, 1]), A(1) = 0 and A(y) is

monotonic and nonincreasing of y € [ys, 1].

From now on, without loss of generality, we use
flo) =a(xe0,wi), g(B)=1-p(p€us1]) and
h(y) =1—17y (y € [va, 1]) for f, g and h, respectively.
Definition 3.7 Let @ = (((a1,by,c1,d1),wa), (a2, bz, ¢,
dy),uz), ((as, b3,¢3,d3),y5)) be a SVN-number and a, =
[La(2), Ra(2)], @ = [LG(B), R;(B)] and @ = [L7(y), RG ()],
be any a-cut set, f-cut set and y-cut set of the SVN-number
a, respectively. Then,

1. The ambiguities of the SVN-number a for o-cut set,
denoted by 4,(a), is defined as;

where f'(a) € [0,1] (« € [0, ws]).
2. The ambiguities of the SVN-number a for f-cut set,
denoted by 4,(a), is defined as;

1
4@ = [ (®() - BB

where g(f) € [0, 1] (B € [ug, 1]), g(1) = 0 and g(B) is
monotonic and nonincreasing of f§ € [ug, 1].

3. The ambiguities of the SVN-number a for y-cut set,
denoted by 4;(a), is defined as;

Z()h(y)dy,

1
/ R//

Ya
where 2(f) € [0,1] (y € [va, 1]), A(1) =0 and A(y) is
monotonic and nonincreasing of y € [ys, 1].

In here, 4,(a), A,(a) and A4,(a) basically measure how
much there is vagueness in the SVN-number a.

Corollary 3.8 Let a = ((a,b,c,d); wa, uz,ys) is an arbi-
trary SVTN-number. Then,

1. a-cut set of the SVTN-number a for truth-membership is
calculated as;

o =Ll Rof)] = | L2102 a2 o]

Wa Wa

where o € [0, wg]. If f (o) = o, we can obtain the value
and ambiguity of the SVIN-number a, respectively, as;

W):/ ‘ [(HdHM]W
0 Wa
B [(a—i—d)ocz (b—&—c—a—d)oﬁ} v
2 3W(; 0
_(a+2b+2c+d)w;
N 6
and
_ Va (d—a+b-—c)
rld,(a) = (d—a) ———|ado
0 Wa
B {(d—a)ocz_(d—a—i—b—c)oﬁ] e
2 3Wa~ 0
_ (d—a+2c—2b)w;
N 6

2. f-cut set of the SVIN-number a for indeterminacy-
membership is calculated as;

a’ = [L;(B), Ry(P)]
_ [( — P)b+ (f —ua)a (1—/3)04'(5—”&)0'}

1— Ug ’ 1— Ug
where f§ € [ug, 1]. If g(f) =1 — B, we can obtain the
value and ambiguity of the SVIN-number a, respec-
tively, as;

Vv<a>=/wl [y OO0 g

l—ud

_ [_(Hd)(lﬁ)z_(bwad)(l/3)3} :
2 3(1—14&) ug
:(a+2b+20+d)(lfu,;)2

6
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and
! —a+b—c)(1—
afa)= [ |- - AOER 1 pag
[-=a0=p_marboda-p)
2 3(1*14(5) ug

_(d—a+2c—-2b)(1 —uz)’
- 6

y-cut set of the SVIN-number a for falsity-membership

is calculated as;
a = (L), RL))
_ {(1 — )b+ (y —ya)a
1 —ya

)

(1 —v)c+(“/—yd)d}
1 —ya

where y € [ya, 1]. If h(y) =1 — 1y, we can obtain the
value and ambiguity of the SVITN-number a, respec-
tively, as;

! (b+c—a—d)(1-7)
Vi(a)—/yd {(a+d)+ — }(l—y)dy
_ {_(a—l—d)(l—y)z_(b—l—c—a—d)(l—y)3] !
2 3(1—)/5) Vi
(a+2b+2e+d)(1—y;)
- 6
and
! —a —c)(1—
e R e
_ {(da)(lv)z(dﬁbc)(lvf] :
2 3(1—y,) .
(d—a+2c—2b)(1-y;)
N 6

Corollary 3.9 Let a = ((a,b,c);wa, uz,ys) is an arbi-
trary SVIrN-number. Then,

1.

a-cut set of the SVIrN-number a for truth-membership
is calculated as;

[La(a), Rai()] = {(W& —o)a+ab 7 (wg — o) + ab}

Wa Wa

Iff (o) = o, we can obtain the value and ambiguity of
the SVTrN-number a, respectively, as;

@ = [ [+ B g,
_[latoe  @b—a—c)]™
([514-42])4-c)wg. 3w ]0

6
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and
_ (c —a)o? (e- a)a,z} Wa
2 i)
-
6

p-cut set of the SVITrN-number a for indeterminacy-
membership is calculated as;

LB Ry (B)]
_ [u B+ (B—usa (1-

’
17145

B)b+ (B — ua)c}

17”@

Ifg(p) = 1 — B, we can obtain the value and ambiguity
of the SVTrN-number a, respectively, as;

Vv(d):/ud [(a+c)+(2b_al__cu)d(1_ﬂ)}(l—ﬁ)dﬁ
(a+c)(1-p* @2b—a—c)(1-p)>]"
[‘ 2 3wy }
_(a—|—4b—|—c)(1—u(;)2
- 6
and
1 — a1 —
/ (e-a - =200 pyap
[ c—a=p  (c—a(-p]]
= T —w) ]
_(e—a)(1 —ua)” )(l—ua)

y-cut set of the SVITrN-number a for falsity-membership
is calculated as;

(L5 (), R ()]
C[=9b+(—yada (1=9)b+(—yae

1 —y; I —ya '
where 7y € [ya, 1]. If h(y) =1 =7y, we can obtain the
value and ambiguity of the SVIrN-number a, respec-
tively, as;

)

: —a—=cC —
Vi(&):/ya« [(HCH(% 1—y)a(1 y)}(l—*/)dv
_ [—(a+c)(1_V)Z_(2b—a—c)(1—y)3} |
2 3(1—ya) .
_(a+dato)(1-ya)’
- 6
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and
! c—a)(l —y
aa) = [ = - =20 0y
[-lezgmit_ecaap)
2 - |,
_(e—a)( -y
6

Definition 3.10 Let a = ((a,b,c); wa, uz,yz) be a SVN-
number. Then, for 0 € [0, 1],

1. The 0-weighted value of the SVN-number & are
defined as;

Vo(a) = 0Vy(a) + (1 = 0)V(a) + (1 = 0)Vi(a)

2. The 0-weighted ambiguity of the SVN-number a are
defined as;

40(@) = 04,(@) + (1 = 0)4,(@) + (1 — 0)4,()

Corollary 3.11 Let a= ((a,b,c,d);wa uz,yz) is an
arbitrary SVIN-number. Then,

1. The weighted value Vy(a) is calculated as;

_a+2b+2c+d
S —

x [9w§~+<1—e><1—ud>2+<1—9><1—ya>2}

Vo(a)

2. The weighted ambiguity Ayg(a) is calculated as;
~d—a+2c-2b
N 6

X {Qwé—i— (1—0)(1 —us)*+(1—-0)(1 —yd)z}

Ay(a)

Corollary 3.12 Let a = {(a,b,c); wsz,ug,y;) is an arbi-
trary SVIrN-number. Then,

1. The weighted value Vy(a) is calculated as;

_a—|—4b+c
6

x [9w§~+(1—e><1—ud>2+<1—9><1—ya>2

Vo(a)

2. The weighted ambiguity Ap(a) is calculated as;

c—a

Ag(a) = [ewg +(1=0)(1 —ug)*

La-o —mz]

No we give a ranking method of SVN-numbers based on
the weighted value and ambiguity can be developed as
follows;

Definition 3.13 Let @ and 5 be two SVN-number and

0 € [0, 1]. For weighted values and ambiguities of the SVN-

numbers a and 5, the ranking order of a and b is defined as;

1. If Vy(a) > Vy(b), then a is bigger than b, denoted by
a<b:

2. If Vy(@) > Vp(b), then a is smaller than b, denoted by
a<b;

3. If Vg(d) =V ), then

(a) If Ag(a) = Ag(b), then 4 is equal to b, denoted
by a=b;

(b) If Ag(a) > Ag(b), then G is bigger than b,
denoted by @ > b and

S

a
(c) If Ag(a)<dAy(db), then G is smaller than

denoted by a < b.

Example 3.14 Let a = ((2,4,6);0.8,0.7,0.6) and b=
((2,6,8);0.4,0.6,0.5) be two SVTrN-numbers. Then, we
can compare the SVTrN-numbers a and b as;

Solving We firstly can obtain the weighted value and
ambiguity of the SVTrN-number a respectively, as;

Vold) = LZ“% [0(0.8)2 + (1= 0)(1—0.7)
+(1=0)(1— 0.6)2]
= 4(0.25 — 0.390)
=1 - 1.5600
and

Ag(a) = % [0(0.8)2 +(1-0)(1-0.7)*

+(1-0)(1 —0.6)2]

2
=3(0.25 - 0.390)
=0.166 — 0.260

Similarly, we can obtain the weighted value and ambiguity
of the SVTrN-number b respectively, as;

. 2+4x6+8

Vo(b) . [9(0.4)2 +(1-0)(1-0.6)

+(1=0)1 —0.5)2]

4
= % (0.09 — 0.250)

=0.51 — 1.4160
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~ 8§—-2
Ae(b):T

x [0(0.4)%+ (1 —0)(1—0.6)*+ (1 —0)(1 —0.5)2}
=0.09—0.250

Then, we have

Vo(@) — Vo(b) = (1 — 1.5600) — (0.51 — 1.4160)
= 0.49 — 0.1440,

Therefore, it is clearly that 0.346 <0.49 — 0.1440 < 0.49,

(for 0 <0< 1) which directly implies that Vy(a) > Vy(b)
for any 0 € [0, 1]. Hence, it easily the ranking order of the
SVTrN-numbers @ and b is @ > b.

Theorem 3.15  Suppose that a = ((ay,b1,¢1); Wa, g, Ya)s
b= ((az, b2, ¢2); wj;,uz,y;) are two SVIrN-numbers with
Wi = Wi, ug = u; and y; = y;. If ay > o, then a > b.

Proof 1t is easily derived from Eq. (1) that

V@ = [ (La(o) + Rala))f (o
> /OWJZaLf(oc)doc
:2a1/0 f(o)do

=2c /Owgf(oc)dot

Noticing that the assumption condition: w; = w;, we have

/OWdf(oz)doc = /Owgf(oc)doc

Combining with the assumption condition: @; > ¢,, we can

prove that V,(a) > V,(b).
It easily follows from Eq. (2) that

1
V(@) = / (LL(B) + RL(B)g(B)dp,

Ug

1
> [ 2ag(p)ap

a

1
~2a, [ g(p)ap
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1
Vi(b) = / (LL(B) + R.(B)g(B)dp,

U

1
< [ 2eag(p)ap

b

= 2c2/1g(ﬁ)dﬁ

u;

Due to the assumption condition: u; = u;, it directly fol-
lows that

lg(ﬂ)dﬁ= 1g(ﬂ)a’ﬁ
[ emar=|

Combining with the assumption condition: a; > c;, we

have: V,(a) > V,(b).
Likewise, it easily follows from Eq. (3) that

1
@) = [ (Wito) + Ry

1
> / darh(y)dy
;

1
— 24, / h(y)dy
Ya
and
1
Vi(B) = / (L) + RA)A()dy,
bl
< / 2eh(y)dy
Vi

1

=2¢ / h(y)dy
Vi

Due to the assumption condition: y; = y;, it directly fol-

lows that

1

1
h(y)dy = / ‘ h(y)dy

Ya

Combining with the assumption condition: a; > ¢;, we

have: V)(a) > V,(b).
According to Definition 3.10, for any 6 € [0, 1], we have

07,(@) + (1 — 0)V,(@) + (1 - 0)V;(a) > 07,()
+ (1= 0V, (B) + (1 — 0)V;(b)

i.e. Vy(a) > Vy(b). Therefore, it directly follows from the
case (1) of Definition 3.13 that a > b.

Theorem 3.16 Suppose that a, b and ¢ are any SVN-
numbers, wherg Wi = Wi, ug = u; and y; = y;. If a > b,
thena—+c¢ > b+é.
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Proof According to Eq. (1), we have where u; is the indeterminacy-membership of the SVN-
V. (a+ @) number ¢. Noticing that the assumption conditions: a > b
"

Walws and u; = uj;, we have
/0 [(Lg(oc) + Ra(ar)) + (Le(a) + Rg(a))]f(oc)doc

1
| @+ e >
= [ (tat0) + Rl 0o -
" | @+ r®)ewis
s [T () + R () e
0 Hereby, we have
and Vi@ +&) > V(b +3d)
V(b +¢)

Therefore, we have
Wi AWe B
= /0 [(LB(“) +Ry(2) + (Le(a) + Re(a))]f (er)dor Vi(a+é) > Vi(b+¢)
B /w,;Awé (L~(oc) N R~(oc))f(oc)d06 Likewise, it is derived from Eq. (3) that
= b b
0

Wi AWg Vﬂ(d + 5)
+ / (Le(o) + Re(or))f (o)dox
0

1
[ @+ roy + @i+ R o
YaVye
where w; is the truth-membership of the SVN-number c.

1
Noticing that the assumption conditions: a > b and B /y
wz = wj, we have

(L5 () + Ry () h(y)dy

Ve

1
[ o+ R
/ (La(ex) 4 Ra(e))f () doe > yaVye
’ wiAWwe and
[ ) + Ry ~
’ Vi(b+¢)
we have 1
Vi(@+ &) > V(b + @) @ - /y o~ [(LN) +RL)) + (L) + RL)) [h()dy,
Likewise, it is derived from Eq. (2) that _ ! (L26) + RA))h(r)d
Vv(ﬁ + C~) YiVye
! : , / / + / 1 (LEQ) + RE())h(y)dy
_ / - {(Ld(ﬁ) LR + (LL(B) + Ré(ﬂ))} (B, -

- /‘v F (L(B) + RA(B))g(B)dp

where y; is the falsity-membership of the SVN-number ¢.

Noticing that the assumption conditions: a > b and
| Yi = Yj» we have
[+ R@)swas |
ugVue
| @+ rmmoan >
YaVye
and
V(b +¢é)

/ (L) + RE()AC)dy

5 Vye

= /_v 7 {(Lé;(ﬁ) +R;(B)) + (L:(B) +Rg(ﬂ))}g(ﬁ)dﬁ7

Hereby, we have

| Wd+e W(b+é
/~v (L5(B) + Ri(B))(B)dp Via+ ) > V(b + @)

(6)
According to Definition 3.10, and combining with Egs. (4),
1 . . .. .
(5) and (6) the following inequality is always valid for an
R COR A EDY A g inequality is alway y
u;Vug 3 .
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OV (@+é)+(1—0)Vy(a+é)+(1—0)V(a+é) > 0v,(b+¢)
+(1=0)V(b+&)+(1—=0)V;(b+¢)

i.e
Vo(a+¢) > Vy(b +¢)

Therefore, it is easy to see from the case (1) of Definition
313 thata+c>b+c.

4 A multi-attribute decision-making method
with SVTrN-numbers

In this section, we define a multi-attribute decision making
method, so called SVTrN-multi-attribute decision-making
method. Its adopted from [23-25].

From now on we use the weight of each attribute u;
(i € Iy) is w;, which should satisfy the normalized condi-
tions: w; € [0,1] (i € ,) and Y[, w; = 1.

Definition 4.1 Let X = (x;,x2,...,x,) be a set of alter-
natives, U = (uy,us, . ..,u,) be the set of attributes and

(4] = ((ay, by, c;j); W, uay, ya,)(for i € L;j € 1,) be a
SVTrN-numbers. Then,

&1 o e Ty

Uy A~11 A12 s ANln

~ U2 A~21 A22 s A~2n
[Aij]mxn = .

Um, Aml A~m2 Amn

s called an SVTrN-multi-attribute decision making matrix
of the decision maker.

Now, we can give an algorithm of the SVTrN multi-
attribute decision-making method as follows;
Algorithm:

Step 1. Construct the decision-making matrix 4 =
(Aij) pxn; for decision;
1 Lo

ur [ ((4.6,5.5,8.6);0.4,0.7,0.2) ((6.2,7.6,8.2

us | ((5.8,6.9,8.5);0.6,0.2,0.3) ((7.1,7.7,8.3

us | ((4.4,5.9,7.2);0.7,0.2,0.3)  ((6.3,7.5,8.9

(( )i )
(( )i )
us | ((5.3,6.7,9.9);:0.3,0.5,0.2)
(( )i )
(( )i )

us \ ((6.5,6.9,8.5);0.6,0.8,0.1) ((7.5,7.9,8.5

0.4,0.1,0.3
0.5,0.2,0.4

(( )i )
(( )i )
((6.2,8.9,9.1);0.6,0.3,0.5)
(( );0.7,0.4,0.6)
(( )i )

0.8,0.5,0.4

Step 2. Compute the normalized decision-making matrix
R = (7j),1xn of Awhere
~ a: b cn
rij = <(a-l{-’aj—’ai>;wdwudwydii>
x (jel; i€ly)
such that a* = max{c; | j € I,,i € L, }.
Step 3. Compute the U = (#;),,,,, of R,where
ﬁl’/’:w,’fi/' (lE[m, jEIn) ~
Step 4. Calculate the comprehensive values S; as;
- m
§=> iy €l
i1
Step 5. Determine the nonincreasing order of ~Sj(] el
Step 6. Rank the alternatives x; according to S;(j € I,)

and select the best alternative.

Since humans might feel more comfortable using words
by means of linguistic labels or terms to articulate their
preferences, the ratings of each alternative with respect to
each attribute are given as linguistic variables characterized
by SVTrN-numbers in the evaluation process.(see Table 1,
also the values can be replace by experts).

Example 4.2 (Its adopted from [23, 24]) Suppose that a
software company desires to hire a system analyst. After
preliminary screening, three candidates (i.e., alternatives)
X1, Xp and x3 remain for further evaluation. The panel (or
decision making committee) assesses the three candidates
according to the five attributes (or criteria, factors), which
are emotional steadiness u;, oral communication skill u,,
personality u3, past experience u4 and self-confidence us,
respectively. Also, the weight vector of the five attributes
may be given as w = (0.15,0.25,0.20,0.25,O.IS)T.

The four possible candidates (or alternatives) are to be
evaluated under the above five attributes by corresponding
to linguistic values of SVTrN-numbers for linguistic terms
(adapted from [13]), as shown in Table 1.

Step 1. Construct the decision-making matrix 4 =

(Ajj) yscns for decision as;

3
((5.5,6.2,7.3);0.8,0.1,0.2)
((4.7,6.9,8.5);0.7,0.2,0.6)
((7.1,8.5,8.9);0.5,0.2,0.7)
((6.6,8.8,10);0.6,0.2,0.2)

((5.3,7.3,8.7);0.7,0.2,0.8)
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Step 2. Compute the normalized decision-making matrix
R = (Fjj),xn Of A as;

mxn

1 xr2
(0.46,0.55,0.86);0.4,0.7,0.2)  ((0.62,0.76,0.82);0.4,0.1,0.3
((0.71,0.77,0.83);0.5,0.2,0.4

)

(0.58,0.69, 0.85); 0.6, 0.2, 0.3) )
((0.62,0.89,0.91); 0.6, 0.3, 0.5)
)

)

(
(

us | ((0.53,0.67,0.99);0.3,0.5,0.2)
((0.44,0.59,0.72);0.7,0.2,0.3)  ((0.63,0.75,0.89);0.7,0.4,0.6
(

(0.65,0.69,0.85); 0.6,0.8,0.1)  ((0.67,0.88,0.96);0.8,0.5, 0.4

(0.55,0.62,0.73);0.8,0.1,0.2)
(0.47,0.69, 0.85); 0.7, 0.2, 0.6)
(0.71,0.85,0.89); 0.5, 0.2, 0.7)
(0.66,0.88,1.00); 0.6, 0.2, 0.2)
(0.53,0.73,0.87); 0.7, 0.2, 0.8)

Step 3. Compute the U= (u;)
Wiy i € Ly; j € 1,) as;

mxn Of Rowhere u; =

1 2
ur [ ((0.069,0.083,0.129);0.4,0.7,0.2
uz | ((0.145,0.173,0.213);0.6,0.2,0.3
us | ((0.110,0.148,0.180);0.7,0.2,0.3

us  \ ((0.098,0.104, 0.128); 0.6, 0.8, 0.1

( ) ((0.093,0.114,0.123);0.4,0.1,0.3)  {( )
( ) ((0.178,0.193,0.208);0.5,0.2,0.4)  (( )
us | ((0.106,0.134,0.198);0.3,0.5,0.2) ((0.124,0.178,0.182);0.6,0.3,0.5) ((0.142,0.170,0.178);0.5,0.2, 0.7)
( ) ((0.158,0.188,0.223); 0.7,0.4,0.6) {( )
( ) ((0.101,0.132,0.144);0.8,0.5,0.4)  (( )

3
0.083,0.093,0.110);0.8,0.1,0.2
0.118,0.173,0.213);0.7,0.2, 0.6

0.165, 0.220,0.250): 0.6, 0.2, 0.2
0.080,0.110,0.131); 0.7, 0.2, 0.8

Step 4. Calculate the comprehensive values S; for j =
1,2,3 as;

Sy = ((0.528,0.640,0.847);0.3,0.8,0.3)
S, = ((0.653,0.804,0.879); 0.4, 0.5, 0.6)

and

S5 = ((0.587,0.765,0.881);0.5,0.2,0.8)

respectively. ~
Step 5. Determine the nonincreasing order of S;(j € 1)
The values of the S|, S, and S5 respectively, as follows:

V,u(S1) = 0.656 x 0.32 =0.059, V,(S}) = 0.656 x (1 —0.8)
=0.026, V,(S1) =0.656 x (1 —0.3)> =0.321

(S2) = 0.791 x 0.4% = 0.127,
Vo($2) = 0.791 x (1 —0.5)* = 0.198,
Vi(Sy) = 0.791 x (1 —0.6)* = 0.127
and
V,(S3) = 0.755 x 0.5* = 0.189,
V,(S3) = 0.755 x (1 — 0.2)* = 0.483,
Vi(S3) = 0.755 x (1 — 0.8)* = 0.030

Then we have the weighted values of the SVTrN-numbers
S1, S> and S5 respectively, as follows:

Vo(S)) = 0.0590 + 0.026(1 — 0) + 0.321(1 — 0)
Vo(Sh) = 0.1270 +0.198(1 — 0) + 0.127(1 — 0)
and

Vo(S3) = 0.1890 + 0.483(1 — ) + 0.030(1 — 0)

It is depicted as in Fig. 1
It is easy to see from Fig. 1 that the weighted values of
the SVTrN-numbers S; and S, are identical if 0 = 0.268
Also, we have the weighted ambiguities of S and S, can
be calculated, respectively, as follows:

- 0.847-0.528
AO.268 (Sl) = ? [0268 X 032
+(1-0.268)(1 — 0.8)% + (1 —0.268)(1 — 0.3)2}
=0.022
and
- 0.878—0.587
Ao268(82) = w [0.268 x 0.5
+(1—0.268)(1—0.2)> + (1 —0.268)(1 — 0.8)2}
=0.001

Therefore, the ranking order of S 1 and 5’2 is S’] > S‘z.
Further, it is easy to see from Fig. 1 that for any given
weight 0 € [0,0.268), we have
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V,(S)
V(S . Ve(Sy)

0,513

Completely high
More or less high
Fairly high

6.3,7.5,8.9);0.7,0.4,0.6
5.3,7.3,8.7);0.7,0.2,0.8

0,348
0,324
0,271
0,189
0,127
0,059 '
. 0
0 1
Fig. 1 The weighted values of the 51, 5'2 and 5‘3
Table 1 Linguistic values of SVTrN-numbers
Linguistic terms Linguistic values
Low ((4.6,5.5,8.6);0.4,0.7,0.2)
Not low ((4.7,6.9,8.5);0.7,0.2,0.6)
Very low ((6.2,7.6,8.2);0.4,0.1,0.3)
Completely low ((7.1,7.7,8.3);0.5,0.2,0.4)
More or less low ((5.8,6.9,8.5);0.6,0.2,0.3)
Fairly low ((5.5,6.2,7.3);0.8,0.1,0.2)
Essentially low ((5.3,6.7,9.9);0.3,0.5,0.2)
Neither low nor high ((6.2,8.9,9.1);0.6,0.3,0.5)
High ((6.2,8.9,9.1);0.6,0.3,0.5)
Not high ((4.4,5.9,7.2);0.7,0.2,0.3)
Very high ((6.6,8.8,10);0.6,0.2,0.2)
((
((
((
((

Essentially high

)
); )
6.5,6.9,8.5);0.6,0.8,0.1)
); )

7.5,7.9,8.5):0.8,0.5,0.4

Vo(S3) > Vo(S1) > Vo(Sh)

Step 6. Rank the alternatives x; according to S;(j € I,) as;

X3 = X1 > X2

and the best candidate is x3. However, for any given 0 =

(0.268, 1], we have
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Table 2 The results of the methods

Methods The final The best The worst
ranking alternative(s) alternative(s)
Method 1 X3 >Xp > X X3 X1
Method 2 X3 >X) >X1 X3 X1
Method 3 X3 >Xp > X1 X3 X]
Method 4 X3 >X) >X] X3 X1
The proposed X3>Xx) > X X3 X1
method

Vo(Ss) > Vo(Ss) > Vo(Sy)

which infers that the ranking order of the three candidates
is x3 > xp > x; and the best candidate is x3.

5 Comparison analysis and discussion

In order to show the feasibility of the introduced method,
a comparative study with other methods was conducted.
The proposed method is compared to the methods that
were outlined in Refs. [13, 16] and [47] using SVTrN-
numbers. With regard to the method in Ref. [13], the
score values were firstly found and used to determine the
final ranking order of all the alternatives, and then
arithmetic and geometric aggregation operators were
developed in order to aggregate the SVTrN-numbers
which is used in Method 1 and Method 2, respectively.
Also, a SV-trapezoidal neutrosophic number is a SVTrN-
numbers (In Definition, 2.8 if by = ¢; then the SV-
trapezoidal neutrosophic number is a SVTrN-number).
Therefore, the method in Ref. [16] and [47] were used to
determine the final ranking order of all the alternatives
Method 3 and Method 4, respectively. The results from
the different methods used to resolve the MCDM problem
in Example 4.2 are shown in Table 2.

From the results presented in Table 2, the best alterna-
tives is x3 and the worst one is x; in all methods. Firstly,
method 1-4 use distance measure, score function, and
aggregation operator and it is very difficult for decision
makers to confirm their judgments when using operators
and measures that have similar characteristics. Secondly,
the proposed method in this paper pays more attention to
the impact that uncertainty has on the alternatives and also
takes into 6-weighted value of the SVN-numbers by using
the concepts of cut sets of SVN-numbers. By comparison,
the proposed method in this paper focuses on the 0-
weighted value of the SVN-numbers, the ranking of the
proposed method is the same as that of the other results.
Therefore, the proposed method is effective and feasible.
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6 Conclusion

The ranking method which developed by Li [23, 24] for intu-
itionistic numbers plays an important role in solving multiple-
attribute decision-making problems and successfully applied in
many fields. Therefore, developing a method, by using the
methods by given Li [23, 24], in order to solve SVN-numbers is
seen as a valuable research topic. This paper gives two char-
acteristics of a SVN-number is called the value and ambiguity.
Then, a ratio ranking method is developed for the ordering of
SVN-numbers and applied to solve multi-attribute decision
making problem with SVN-numbers. It is easily seen that the
proposed ratio ranking method can be extended to rank more
general SVN-numbers in a straightforward manner. Due to the
fact that a SVN-numbers is a generalization of a fuzzy number
and intuitionistic fuzzy number, the other existing methods of
ranking fuzzy numbers and intuitionistic fuzzy number may be
extended to SVN-numbers. More effective ranking methods of
SVN-numbers will be investigated in the near future and
applied this concepts to game theory, algebraic structure,
optimization and so on.
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