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Abstract: In this paper, the new approach for multi-criteria decision-making (MCDM) problems is developed
based on Choquet integral in the context of simplified neutrosophic environment, where the truth-membership
degree, indeterminacy-membership degree and falsity-membership degree for each element are singleton
subsets in [0,1]. Firstly, the novel operations of simplified neutrosophic numbers (SNNs) and relational
properties are discussed, and the comparison method and distance of SNNs are presented as well. Then two
aggregation operators for SNNs, namely the simplified neutrosophic Choquet integral weighted averaging
operator and the simplified neutrosophic Choquet integral weighted geometric operator, are defined. The
properties among two aggregation operators are further discussed in detail. In addition, based on aggregation
operators and TOPSIS (technique for order preference by similarity to ideal solution), a novel approach is
developed to handle MCDM problems. Finally, one practical example is provided to illustrate the practicality
and effectiveness of the proposed approach. And the comparison analysis is also presented based on the same
example.
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1. Introduction

In many cases, it is difficult for decision-makers to definitely express preference in solving MCDM
problems with inaccurate, uncertain or incomplete information. Under these circumstances, Zadeh’s fuzzy sets
(FSs) [1], where the membership degree is represented by a real number between zero and one, are regarded

as an important tool to solve MCDM problems [2, 3], fuzzy logic and approximate reasoning [4], and pattern
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recognition [5].

However, FSs can not handle some cases that the membership degree is hard to be defined by one specific
value. In order to overcome the lack of knowledge of non-membership degrees, Atanassov [6] introduced
intuitionistic fuzzy sets (IFSs), the extension of Zadeh’s FSs. In addition, Gau and Buehrer [7] defined vague
sets. Later, Bustince [8] pointed out that the vague sets and IFSs are mathematically equivalent objects. At
present, IFSs have been widely applied in solving MCDM problems [9-16], neural networks [17, 18], medical
diagnosis [19], color region extraction [20, 21], and market prediction [22]. IFSs take into account the
membership degree, the non-membership degree and the degree of hesitation simultaneously. So it is more
flexible and practical in addressing fuzziness and uncertainty than the traditional FSs. Moreover, in some
actual cases, the membership degree, the non-membership degree and the hesitation degree of an element in
IFSs may be not a specific number. Hence, it was extended to the interval-valued intuitionistic fuzzy sets
(IVIFSs) [23]. To handle the situations that people are hesitant to express their preference over objects in a
decision-making process, hesitant fuzzy sets (HFSs) were introduced by Torra and Narukawa [24, 25]. Zhu et
al. [26, 27] proposed dual HFSs and outlined their operations and properties. Furthermore, Chen et al. [28]
proposed interval-valued hesitant fuzzy sets (IVHFSs) and applied it to MCDM problems. Then Farhadinia
[29] discussed the correlation for dual IVHFSs and Peng et al. [30] introduced a MCDM approach with
hesitant interval-valued intuitionistic fuzzy sets (HIVIFSs), which is an extension of dual IVHFSs.

Although the FSs theory has been developed and generalized, it can not deal with all sorts of uncertainties
in different real problems. Some types of uncertainties, such as the indeterminate information and inconsistent
information, can not be handled. For example, when we ask the opinion of an expert about a certain statement,
he or she may say the possibility that the statement is true is 0.5, the one that the statement is false is 0.6 and
the degree that he or she is not sure is 0.2 [31]. This issue is beyond the scope of the FSs and IFSs. Therefore,
some new theories are required.

Smarandache [32, 33] proposed neutrosophic logic and neutrosophic sets (NSs). Rivieccio [34] pointed out
that an NS is a set where each element of the universe has a degree of truth, indeterminacy and falsity

respectively and it lies in ]07, 1°[, the non-standard unit interval. Obviously, it is the extension of the standard
interval [0, 1] of IFSs. And the uncertainty presented here, i.e. indeterminacy factor, is dependent on of truth

and falsity values while the incorporated uncertainty is dependent of the degree of belongingness and degree
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of non-belongingness of IFSs [35]. And the aforementioned example of NSs can be expressed as x(0.5, 0.2,
0.6). However, without specific description, NSs are difficult to apply in real-life situations. Hence, a
single-valued neutrosophic sets (SVNSs) was proposed, which is an instance of NSs [31, 35]. Majumdar et al.
[35] introduced a measure of entropy of SVNSs. Furthermore, the correlation and correlation coefficient of
SVNSs as well as a decision-making method using SVNSs were presented [36]. In addition, Ye [37] also
introduced the concept of simplified neutrosophic sets (SNSs), which can be described by three real numbers
in the real unit interval [0,1], and proposed an MCDM method using the aggregation operators of SNSs. Wang
et al. [38] and Lupiafiez [39] proposed the concept of interval neutrosophic sets (INSs) and gave the
set-theoretic operators of INSs. Broumi and Smarandache [40] discussed the correlation coefficient of INSs.
Zhang et al. [41] developed the MCDM method based on aggregation operators under interval neutrosophic
environment. Furthermore, Ye [42, 43] proposed the similarity measures between SVNSs and INSs based on
the relationship between similarity measures and distances. However, in some cases, the SNSs operations
provided by Ye [37] may be unreasonable. For instance, the sum of any element and the maximum value
should be equal to the maximum one, while it does not hold using the operations [37]. The similarity measures
and distances of SVNSs based on those operations also may be incredible. Based on the operations in Ye [37],
Peng et al. [44, 45] developed some aggregation operators and outranking relations of SNSs, and applied them
to MCDM and MCGDM problems.

However, in those decision-making methods mentioned above, most of the criteria are assumed to be
independent of one another. However in real life decision-making problems, the criteria of the problems are
often interdependent or interactive. This phenomenon is referred to as correlated criteria in this paper. The
Choquet integral [46] is a powerful tool for solving MCDM and MCGDM problems with correlated criteria
and has been widely used for this purpose [47-54]. For example, Yager [47] extended the idea of order
induced aggregation to the Choquet aggregation and introduced the induced Choquet ordered averaging
(I-COA) operator. Meyer and Roubens [48] proposed the fuzzy extension of the Choquet integral and applied
it to MCDM problems. Yu et al. [49] used the Choquet integral to propose a hesitant fuzzy aggregation
operator and applied it to MCDM problems within a hesitant fuzzy environment. Tan and Chen [50]
introduced the intuitionistic fuzzy Choquet integral operator. Tan [51] defined the Choquet integral-based
Hamming distance between interval-valued intuitionistic fuzzy values and applied it to MCGDM problems.

3
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Bustince et al. [52] proposed a new MCDM method for interval-valued fuzzy preference relation, which was
based on the definition of interval-valued Choquet integrals. Wei et al. [53] developed a generalized triangular
fuzzy correlated averaging (GTFCA) operator based on the Choquet integral and OWA operator. Finally,
Wang et al. [54] developed some Choquet integral aggregation operators with interval 2-tuple linguistic
information and applied them to MCGDM problems.

However, TOPSIS (technique for order preference by similarity to ideal solution), which developed by
Hwang and Yoon [55], also plays an important role in solving MCGDM problems and successfully applied in
many fields [56-60], whilst the Choquet integral has a critical role in handing MCGDM problems with
correlated criteria. Therefore, developing a method of combining these two methods in order to solve
simplified neutrosophic MCGDM problems with correlated criteria is seen as a valuable research topic. In this
paper, the novel operations and comparison method of SNSs are developed, and the distance of SNSs is
proposed. Two aggregation operators are defined based on Choquet integral, and the corresponding properties
are discussed. Furthermore, an approach for MCGDM problems with SNSs is developed, which could
overcome the drawbacks as we discussed earlier.

The paper is structured as follows. Section 2 contains the definition and the operations of SNSs. In Section
3, some novel operations, comparison method and distance of SNS are defined. In Section 4, we develop two
aggregation operators based on Choquet integral, and discuss some properties as well. In Section 5 an
approach of MCGDM problems with SNSs is developed. One worked example appear in Section 6. In Section

7 is the conclusion.
2. Preliminaries

In this section, fuzzy measure, the Choquet integral and the definition of HFSs are reviewed. Some operations

and comparison laws of HFSs, which will be utilized in the latter analysis, are also presented.
2.1 Fuzzy measure and the Choquet integral

Let X ={X,X,...,X,} be the set of the criteria, P(X) be the power set of X, then the fuzzy measure
u is defined as follows.

Definition 1 [61]. A fuzzy measure u on the set X is a set function u: P(X)—)[O,l] and satisfies the

following axioms:
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(1) u(¢)=0,u(X)=1;
(2)if B,cB,<c X ,then ,u(Bl)S,u(BZ) :
(3) u(B,UB,)=u(B,)+ u(B,)+ pu(B,)u(B,), for v B,B, = X ,B,NB,=¢,where pe(-1+x0).
In Definition 1, if o =0, then the third condition is reduced to the additive measure:
for VB,,B,c X ,and B,NB,=¢, u(B ,UB,)=u(B,)+u(B,).
If the elements of B, are independent, then

for VB =X, u(B)=> u(x). (1)

X €B;
In Definition 1, if =0, then the fuzzy measure is a probability measure and the elements are independent;
if —1<p<0, then a redundant relation exists among elements; if o >0, then a complementary relation
exists among elements.

Definition 2 [46]. Let 4 be a fuzzy measure on (X,P(X)), f:X —[0,+), then the Choquet integral

on f with respectto x can be defined as follows:

[ fdu=["n({x: f(x)>t})dt,
where {x:f(x)>t}eP(X) for VteR". If X ={x,X,...,x,} is a finite set, then the discrete Choquet

integral can be described as:

J du ziznll (%) (#(Bo) = 4(Boi ). @)
or
jx fd =Zl( f (X))~ f (Xg(i_l)))y(Bg(i)). ©)
Where  (0(),0(2),....,0(n)) is a  permutation  of  (L2..,n) , such that

0= (X)) < F (%) -2 (%000 F(X00) =00 By ={Xoy Koy X} AN 41(Brriy ) =0

Example 1. Let X ={x,%,, X}, X <X, <Xy, and f(x)=2", then f(x)<f(x,)<f(x), so o(1)=1,

o(2)=2, 0(3)=3 , A={X. %%} » A={X. X} , A={X]} . Suppose u(x)=03, u(x,)=025,
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1(%)=0.37, 1(%,%,) =052, 1(%,%;)=0.65, 1£(X,,X;) =0.45, 11(%,,%,,%; ) =1; if they are calculated by
using Eq. (3), then the following is obtained:
o 0= (1.06) 1 (t0) 2B+ ( (%)= 1 () (B, + (1 ()~ F () ()
= (2" —0)x1+ (2% —2%)x0.45+ (2" ~2")x0.37.
If x =1 x,=2, x,=3, then we have IX fd=4.38.

2.2 NSs and SNSs
In this section, the definitions of NSs and SNSs are introduced for the latter analysis.

Definition 3 [32]. Let X be a space of points (objects), with a generic element in X denoted by x. An

NS A in X s characterized by a truth-membership function TA(x), a indeterminacy-membership
function 1,(x) and a falsity-membership function F,(x). T,(x), 1,(x) and F,(x) are real standard or
nonstandard subsets of J07, 1'[ , that is, T,(x):X —>]J0", 1'[ , [1,(x):X—>]0, [ , and
Fa(x):X —]07, 1°[ . There is no restriction on the sum of T,(x), I,(x) and F,(x), so

0" <supT,(x)+supl,(x)+supF,(x)<3".

Definition 4 [32]. An NS A is contained in the another NS A,, denoted by A < A,, if and only if
infTAi(x)ginfTAz (x) SUpTAl(X)SSUpTAZ (x) , inf IAl(x)zinf N (x) supIAl(x)ZSUpIAQ (x)
inf F, (x)>inf F, (x) and supF, (x)>supF, (x) forany xeX.

Since it is difficult to apply NSs to practical problems, Ye [37] reduced NSs of nonstandard intervals into
the SNSs of standard intervals that will preserve the operations of the NSs.

Definition 5 [37]. Let X be a space of points (objects), with a generic element in X denoted by x. An

NS A in X is characterized by T,(x), 1,(x) and F,(x), which are singleton subintervals/subsets in
the real standard [0, 1], that is T,(x):X —»[0,1], I,(x):X —[0,1], and F,(x):X —[0,1]. Then, a

simplification of A is denoted by

A={{xTa(x). 1, (0. Fa (X)) 1xe X} @
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which is called an SNS. It is a subclass of NSs. For convenience, the SNSs is denoted by the simplified
symbol A= {(T,(x),1,(x),F,(x))} . The set of all SNSs is represented as SNSS.

The operations of SNSs are also defined by Ye [37].

Definition 6 [37]. Let A, A and A, be three SNSs. For any x € X , the following operations are true.

@O A+A
:<TA1(X)+TA2 (¥) =T (%) T, (%), Ly (X) + 15, (X) = 1y (%) 1, (%), Fy (X) + F, (X) = F, (X)- F,, (X)>?

@) A-A :<TA1 (%) Ty, (%) 14 (%) 14, (%), Fy (%) F,, (X)>;
@) 2-A=(1-(1-T,(x))" 1~ (1= 1, () 1=(1=F.(x))" ) 2>0;

@) A =(T](x), 15 (%), F (), 4>0.

There are some limitations related to Definition 6 and these are now outlined.

(1) In some situations, operations, such as A +A, and A -A,, might be impractical. This can be
demonstrated in the example below.
Example 2. Let A =(0.5,0.5,0.5) and A, =(1,0,0) be two SNSs. Clearly, A, =(1,0,0) is the larger of
these SNSs. Theoretically, the sum of any number and the maximum number should be equal to the maximum
one. However, according to Definition 6, A + A, =(1,0.5,0.5) # A, therefore the operation “+” cannot be
accepted. Similar contradictions exist in other operations of Definition 6, and thus those defined above are
incorrect.

(2) The correlation coefficient of SNSs [36], which is based on the operations of Definition 6, cannot be
accepted in some special cases.

Example 3. Let A =(0.8,0,0) and A, =(0.7,0,0) be two SNSs, and A=(1,0,0) be the largest one of the
SNSs. According to the correlation coefficient of SNSs [36], W (A, A)=W,(A,,A)=1 can be obtained, but

this does not indicate which one is the best. However, it is clear that A is superiorto A,.

(3) In addition, the cross-entropy measure for SNSs [42], which is based on the operations of Definition 6,
cannot be accepted in special cases.

Example 4. Let A =(0.1,0,0) and A, =(0.9,0,0) be two SNSs, and A=(1,0,0) be the largest one of the
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SNSs. According to the cross-entropy measure for SNSs [42], S,(A,A)=S,(A,,A)=1 can be obtained,
which indicates that A is equal to A,. Yet it is not possible to discern which one is the best. Since
T, (X)>T, (x), 1, (x)>1,(x) and F, (x)>F,(x) forany x in X, itis clear that A, is superior to
A.

(4) If 1, (x)=1,(x) forany x in X, then A and A, are both reduced to two IFSs. However, the

operations presented in Definition 6 are not in accordance with the laws of two IFSs [9-22].

Definition 7 [37]. Let X ={x,X,....x,}, A and A, be two SNSs, then A is contained in A,
ie.AcA, ifandonlyif T, (x)<T, (x), 1,(x)>1,(x) and F, (x)>F, (x) forany xeX.

Obviously, if the equal is not accepted, then we have A c A, .

3. The novel operations, comparison method and distance of SNNs

Subsequently, the novel operations, the comparison method and distance of SNSs are defined.

Definition 8. Let A, A and A, be three SNNs. Then the operations of SNNs can be defined as follows:

" AGA:<8+TAY—<1—TA>‘ 2(L)  2(R) A>M;

p:

+T) + (=T (2-1,) +(1,)" (2-F,) +(F,)

] T T, Iy 1y, Fa Fa, '
N ’*@EA“<1+TA-TAZ'1+<1—m-(l—u)’1+<1—a>-<1—m>>’

N A® A T, Ta Ly +1, Fy+F,
(4) A® A : : :
1+(1—TA1)-(1—TA2) 1+1, 1, '1+F, -F,

Theorem 1. Let A, A, and A, be three SNNSs, then the following equations are true.

(1) AGA=ADA;
(2) AGA=ABA;

3) 2(A®B)=AA®1B,2>0;
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4) (A®B) =A"®B*,1>0;

5) LA®LA=(4+4)A % >0,2,>0;

(6) A* QA% =A%) 2 >0,4,>0;

(7) (A@B)®C=A®(B®C);

(8) (A®B)®C=A®(B®C).
Example 5. Let A =(0.6,0.1,0.2) and A, =(0.5,0.3,0.4) be two SNNs, and A =2, then we have following
results.

1) 2-A= <1—(1— 0.6)° ,o.12,o.22> — (0.84,0.01,0.04) ;

@) A? :<0.62,1—(1—0.1)2 ,1—(1—0.2)2> — (0.36,0.19,0.36) ;

3) A®A,=(0.6+0.5-0.6x050.1x0.3,0.2x0.4) =(0.80,0.03,0.08) ;

4) A®A = <0.6>< 0.5,0.1+0.3-0.1x0.3,0.2+0.4-0.2x 0.4) =(0.30,0.37,0.52) .

Definition 9. The complement of an SNN A is denoted by A° , which defined by
A®=(1-T,1-1,1-F,) forany xeX.
Definition 10. Let A and A, betwo SNNs,then A =A, ifandonlyif AcAand A cCcA.

Based on the score function and accuracy function of IFNs (Xu 2007, 2008, 2010; Yager 2009), the score

function, accuracy function and certainty function of an SNN are defined as follows.

Definition 11. Let A=(T,,1,,F,) be an SNN, and then the score function s(A) , accuracy function
a(A)and certainty function c(A)of an SNN are defined as follows:

(1) s(A)=(T,+1-1,+1-F,)/3;

(2 a(A)=T,-F,;

() c(A)=T,.

The score function is an important index in ranking SNNs. For an SNN A, the bigger the truth-membership
Ta is, the greater the SNN will be; furthermore, the smaller the indeterminacy-membership lAis, the greater the

SNN will be; similarly, the smaller the false-membership F, is, the greater the SNN will be. For the accuracy

9
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function, the bigger the difference between truth and falsity, the more affirmative the statement is. As for the
certainty function, the certainty of any SNN positively depends on the value of truth- membership Ta.
On the basis of Definition 11, the method for comparing SNNs can be defined as follows.

Definition 12. Let A and A, be two SNNs. The comparison method can be defined as follows:

(1) If s(A)>s(A,),then A isgreaterthan A, denotedby A >A,;

()1f s(A)=5(A,) and a(A)>a(A,) then A is greater than A,, denoted by A > A;

(3) If s(A)=s(A). a(A)=a(A,) and c(A)>c(A,), then A is greater than A, denoted by
A>A;

@ 1f s(A)=s(A), a(A)=a(A,) and c(A)=c(A) then A isequalto A, denotedby A =A,.

0.8+1-0+1-0 28

Example 6. Based on Example 3 and Definition 11, s(A)= 3 = and
s(A)= 0.7+1 30+1 0=2—37 can be obtained. According to Definition 12, s(A)>s(A,), therefore

A >A, ie. A isgreater than A,, which avoids the drawbacks discussed in Example 3.

Example 6. Based on Example 4 and Definition 11, s(A)<s(A,), then A, >A, ie., A, is greater than
A , which also avoids the shortcomings discussed in Example 4.

Definition 13. Let A =<TAJ_,IA, Aj> and A <TA ,fA, i >(]—12 ,n) be two collections of SNNs,

then the generalized simplified netrosophic normalized distance between A; and Aj can be defined as

follows:

Fy —Fa

A
+

+

- I, -1
A- A A

’ j}w (5)

If A=1, then the generalized weighted simplified netrosophic normalized distance is reduced to the weighted

dyn(A LA [ zw(

simplified neutrosophic normalized Hamming distance:
o (A, ) = 2 Zw (‘T =T |1, = T | +]F, - ‘) (6)

If 1=2, then the generalized weighted simplified netrosophic normalized distance is reduced to the

weighted simplified neutrosophic normalized Euclidean distance:
10
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1

Ay (A AJ’) :[3_];'12\,\/] UTAJ _-l:A, ‘2 +‘|AJ - I~AJ ‘2 +‘FAJ - 'EAJ ‘ZJ]Z : (7)
=

4. Generalized simplified neutrosophic operators based on Choquet integral

In this section, the aggregation operators of SNNs are introduced, the corresponding properties are

discussed as well.
Definition 14. Let A, =<TAJ_ , IAj , FAJ> (j =1,2,...,n) be a collection of SNNs, and x be a fuzzy measure

on X . Based on fuzzy measure, a simplified neutrosophic Choquet integral weighted averaging (SNCIWA)

operator of dimension n is a mapping SNCIWA: SNN" — SNN such that

SNCIWA, (A, A,,.... A)

(®)
= (,u( B, ) B /J(Ba(z) )) Aw @ (ﬂ( B, ) - /J(Ba(s) )) Ay ®...® (/J( B, m) ) - ,U( B, () )) Ay

Here (0(1),0(2)....,0(n)) is a permutation of (1,2,...,n), and such that A <A , <..<A . .
B, =(o(i),...c(n)),and B, ., =D.
Theorem 2. Let Aj=<TAJ_,IAJ_,FAJ_> (j=12,...,n) be acollection of SNNs, and x be a fuzzy measure on

X .Then their aggregated result using the SNCIWA operator is also an SNN, and

ﬁ(1+T )‘H(BJ(J))_”(BJ(J*D) —ﬁ(l—T )!‘(Ba(n)‘!’(Boum)
As () As (i)

SNCIWA (AL A,,...,A)=( = = ,
“ (Ai % Aﬁ) L 14T #(Boi))-#(Boiun) n 1-T #(Boi)-#(Bo (i)
jl( + An(J)) +H( B Aam)

21—[( e )”(Bou #(Bs (i)

n 2| #(Boiy)(Bociiy) 2 | Boiy)-4(Boiny) ©
lj_!( B /\r(n) +H( Ay )
1 ( o (i) ) ”( By(jun))
zl;[(FAm )
L #(Boi))-#(Baiiny) #(Boi))-2(Bo o))
H(Z_FAa(j)) +_ (FAU(J'))
j=1 j=1
Here (o(1),0(2).....0(n)) is a permutation of (1,2,...,n), and such that A <A ,<..<A .

B, =(a(i)....o(n)),and B, =93.

11
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Proof. For simplicity, let w, ;) = (B, ;) #(B,.;,) in the process of proof. By using the mathematical

inductionon n:

(1) If n=2, based on the operations (1) and (3) in Definition 8,

(1+TA7(1))W“‘” —(1—T%)) ( ‘\TH) ( AoU)W()
(

(1+TAv(1) )W"m + 1_T/\r(1> ) ( ”b( 2) ) ( %( 2) )
. (7, ) ~(1-Ta, ) | (14T, ) (1T )
(LT, ) 1T ) (1T, ) (T )

Wo () Wo(2)
2(1,) | 21y,
Wo (1) Wo(1) Wo(2) W (2)
(2_I%m) +(|Av(1>) (Z_I‘\rm) +(IA:(2))

{2 2(1,,)" Nz 21, )" J 20,07 2f,)"
(2— 'm) " +(|M) 0 (2 |AT()) " +(|%) o (2— 'm) " +(|M) 0 (2— |M)) o +(|A7m) "
4( I%u) )W“(l) ' ( IAE(Z) )WG(Z)

Wo (1) Wo(2) W (1) Wo(2)
2(2-1,, ) (20w ) 210y ) (1)

Wo (1) Wo(2)
2("\7(@ ) '(I”HZ) )

Wor(1) Wo(2) Wo (1) Wo2) ©
(Z_I%a)) '(Z_I/Mz)) +(|Ar(1>) .(IAT(Z))

Similarly,

12
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2F,,)"

2

Ws(2)
F’\T(Z) )

(2-F,, )W‘"“ +(Fy, )W”(” (2-F,, )W”(” +(Fy,, )W”‘”
2_ 2( F%u) ) " 1o- 2( F&u) ) " " 2( F%(l) ) " 2( F%(Z) ) .
(2 ~Fy, ) " +( Fr ) " (2 -y, ) o +( Fr, ) " (2 ~Fp., ) " +(FM ) v (2— Fro ) " +<FAW) ) e

_ 2( FAym )W”(l’ ) ( FAa(a )WU(Z)

(2_ F’\fu) )Wa(l) .(2 B F"\r(z) )WU(Z) +( F’%u) )Wg(l) '(FAJQ) )WE(Z) |

So,

(147, )W"

SNCIWA”(Ai,AZ)<

If n=k+1, by the operations (1) and (3) in Definition 8,

13
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e

[N

[EN
+
—

&

i

[N

‘:1:

[N

—_ | =1

[EN
+

Hem

N

= | ==

iN

:r

iN

=
[N
+
—

Similarly,
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So,

K+ P Yo
H 1+TA0<1>) H( TAJ(,))
SNClWA#(Ai,AZ ..... A¢<1Ak+1): dj e ij .
1}(1+TA6<1)) 1:[( _TAa(j))
K+ Yo
Zg(l%m)
llj(z _ IAT“) )""a(i) ﬁ( " )Wm)
Zﬁ(FAﬂn )W““)
ﬁ(Z ~Fa )W"“) " ﬁ( Favc )W”“’

i.e., Eq. (9) holds for n=k +1. Thus, Eq. (9) holds for all n, then

11[(1_’__'_%“) )/’(Bg(j))‘#(Bg(m)) —li[(l—TAm) );:(B,,(j))_,,(gg(w))

SNCIWA, (A, A,,..., A ) =( L =

H(1+TA6(J) )![(Ba(j))iﬂ(sn(jm) * H(l_TAr(i)

j=1 j=1

)A(Ba<j))*”(Ba<i+1)) ,

21—[( | e )”(Ba(n)‘”(Ba(M))

n n

H(z_ IAJ(” )”(Bam)fﬂ(Ba(M)) +H( IAJ(J

j=1 j=1

n

i=1

)

/l(Ba i )—;I(Ba 41 )
ZH(FAG(” ) i (i+)

)”(Bo( »)#(Boi)

n

H(2 3 FAU“) )!‘(Ba(j))‘”(Bauu)) N | (FAU

i i=

The proof is complete.

(i)

)!‘(Ba(j) )-#(Bs(jun))

Now some special cases of the SNCIWA operator is considered in the following.

Let A =<TAj,IAj,FAj> (j =1,2,...,n) be a collection of SNNs, and & be a fuzzy measure on X, then

followings is true.

(1) VBeP(X),u(B)=1, then
SNCIWA, (A, A,,..., A ) =max{A,A,,...
(2)If u(B)=0 forany BeP(X) and B= X, then

SNCIWA, (A, A,,..., A )=min{A,A,,...

15
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n
SNCIWA, (A, A,,..., A
n 1 1 n 1 n 1
T T 2 ) 2[](F, ) W
n 1 n 1" 1 n 17 1 n 1/
H(1+TAJ_)“+_ (1—TAj)n | (2—|Aj)"+_ (IAJ)“ H(Z—FAj)”+H(FAJ)
j=1 i=1 i=1 j=1 j=1 j=1

following simplified neutrosophic weighted averaging operator:

SNWA, (A, A,,.... A)

) li!(1+TAj )/’(Xj) —lill(l—TAj )/‘(Xj) 2 jil (IA,- )ﬂ(xj) Zli!(FAj )ﬂ(xj) | "
ﬁ(1+TAJ )ﬂ(X,) N -” (1—TAj )II(XJ) ' -” (2_ IAJ )ﬂ(x,) +ll[(|AJ )u(xj) ' -” (2_ FAj )ﬂ(xj) +lﬂ[(FAJ )u(xj) ’
j=1 j=1 j=1 j=1 j=1 j=1

18]
(5) If ,u(B)zZWj ,forany B < X ,where ||B|| isthe number of the elementsin B, then

j=1
W; = 44(B,p) ) = 4(Byiy ) I =121,
Herew = (w,,W,,...,w,),w, >0 (j=12,...,n) and Zinzlwi =1. Thus the SNCIWA operator is reduced to the

following simplified neutrosophic ordered weighted averaging operator:

SNOWA, (A, A,,..., A,)

ljl!(1+TAa(j) )WJ _ljl!(l_TAom )Wj Zﬁ(IAU(,-) )WJ Zlii[(FA”m )Wj (12)
11[(1+T'%<J) )Wj + n (1_TAa(j) )Wj n (2_ I'%m )Wj + _n (IAam )Wj n (2_ F‘\vm )Wj + ‘n ( As(i) )Wj

j=1 j=1 j=1 j=1 j=1 j=1
which was introduced by Peng et al. [44].
Proposition 1. Let A, :<TAJ_ : IAJ_,FAJ_> (j :1,2,...,n) be a collection of SNNs, and x be a fuzzy measure
on X . If all A(j=12..,n) are equal, ie, A =A=<T,1,F,> (j=12...,n) , then

SNCIWA, (A, A,,...,A) = A.

Proof. Based on Theorem 2, if A, = A=<T,,1,,F,>(j=12,...,n), then

16
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n

1 — TA )JZI‘(”(BJ(“ )7”(‘3"“”) ))
(#(Botn)-4(Bo30) n (1_TA )i(”(BG(J))_"(BG(M)))

=l

(1+TA) (B )-4(Bo1n)) _(

- | 71>

SNCIWA, (A, Ay..... A ) =
(1+T,)%

[N

2( | A )Zn:(”(B(r(j) )=44(Boiny ))

=

n l

(2 —1 A )g(/‘(Bam)’”(Bawn)) + ( |A )Z;(u(B,(J))w(B(,(,—m))

J 1=

]

2( F, )Zi;(/’(Ba(j) )-(Bo5e0))

n

(2 ~F, )Z:(”(Bou))’/‘(Bo(M))) + ( F, )Z(#(Bﬂj))’”(Ba(m)))

Since Z(”(Bo(j) )= #(Bysey )) =1.

j=1

So

(1*'TA)'_(1"TA) 2(IA) Z(FA) >

(1+T)+(1-T,) (2-1,)+(1,) (2=-F,)+(F,)

=(Ta a0 Fa)=A

SNCIWAN(A,&,...,A)=<

Proposition 2. Let Aj =<TAj , IAJ_ , FAj> (j =1,2,...,n) be a collection of SNNs, and x be a fuzzy measure

on X . If A=<T.I.F.> and AcA (j=12..n) , then SNCIWA, (A,A,...,A)

* g * g
AAT A

< SNCIWA, (AL A, A)).

Proof. If Ajc Aj (j=12....,n), then A c Ay, ie, T, <T. I, >I. adF, >F. .

1-x . Lo . . _
Let f(x)zm, xe[0,4] ; then it is a decreasing function. If TAU(,-)ST»;,(D (i=12...,n), then
1_TA; 1_TAU
H H (i) (j) HE H
f(TA;m)Sf(TAJ(j))(jzl,Z,...,n), e, S1+TAG (j=12,...,n) . Since B, cB,, , then
"\7(1) (1)

n

#(B, )~ #(B.y )20 and Z('U(Ba(j))_lu(Bo(jﬂ))):1' So

=

_ #(Boi))-#(Bo i) #(Boiy)=44(Boiuny)
1 TA;(J) . 1_TAU<,—>
1+T 1+T ’

A;(j) Ao ()

W (1-T. ”(Bﬂ(j))_”(Bﬂ(iﬂ)) 0w (1-T #(Bc(j))—/’(Ba(m))
H As (i) < H As(i)
| 1+T,. i [1+TAM ]

As (i)

17
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1+ As(i)
E} 1+T,.

C(1-T. #(Bo ) )-#(B ) ) [1_.'_ (B iy )=4(Bainy)
) =

1+T.

(1-T. #(Bo ) -#(B 110 0 (1-T #(Bo ) )=#(Bs 10
14 As() <1+ Z Aa
= As(i)

RN
RN

<

]/‘(Buu) )-#(Bosy)

#(Bo ) )-#(Bo i)
1+ﬁ 1_TA6(1)
it 1+T%m

ﬁ[l_TA*(')
1+ ——
i 1+T&m
2 2

n (1-T #(Bo ) =#(Ba511)) D (1-T H(Bo iy )=4(Bo )
1+ T Aa 1+ Aoy
1-_[(1+T J H{1+T -

As(i)

2 -1< 2 -1,

N 1_-|-AJ(” #(Boi))-#(Bo(iun) ; l_TA;, #(Bo i) -#(Bo (i)
1+H 1eT. 1+H o1 =

)/’( Boi) ) Bosin) (D )”(Bo(n)/‘( Bojan)

l_l[<1+TA,(j) )/’( Bo(j))-#(Baion) 3 ﬁ(l__l_%m )ﬂ(Bo(n)/‘(Ba(jm) ll[(1+TA*T(j)

=1 j=1 < j=1

n By 4(Bogiiy) 2 By )-1(Boiiy) D #Boi))#(Boin) D By )-#(Boiiny)
(R TN e i e

j i

Let g(y):gtlzn ye(0,1]; it is a decreasing function on [0,1]. If 1, ~>1I. (j=12...,n), then
y (i) As(iy

*

2—1 2—1

. Ao Asiiy 1+ . .
g(|%m)29(|£m),Le” R @D > i @ (j=12,...,n). Since ﬂ(BdD)—y(Bdhﬂ)zo(J=12“.”ny
(1) (1)

2 1" #(By 5y J=#(Bon) 2| #(Bo () -#(Bo i)

As(i) As(i)

I,,— > |— . Thus
As(i) As(i)

* #(Bo ) )-#(Bo(on) #(Bo () )-#(Boon)
ﬁ{z_l%m} : {Z_IAJU)]
. W . '

v (21" #(Bo ) )-#(Bo ) v (2] #(Bo ) -#(Bo i)
[ _ As(i) J 1> Ao (i) +1,

18
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1 1

Z )
11[ 2— I/Xx(“ #(Baiy)-#(Boiin) . 11[ 2_ II\U“) (B, () )-24(Bojieny) 1
= A . * )
S N I
! As(i) i A,
2 N 5
ﬁ 2- IAJ(J) #(Bot ) #(Baio) . - ﬁ 2_ I;m) H#(Boiy )=4(Baiuny) . '
= Ao . * )
o l, ] |
! As(i) i A,
i.e.,
n #(Boiy)=44(Bojuny) n 4By )-(Boiany)
2 (IAm)) 2 |A;
- ; )
j=1 L]
Z .
ﬁ(z | )#(Bc,(j))‘#(Ba(M)) +ﬁ(| )#(Ba(j))‘/t(Bg(jﬂ)) n 5| ﬂ(B<j))-ﬂ(B(j+1)) n | AI(B(,(;))—;!(BU(M))
- Aa(j) . Aa(j) - ( — A;(j) n | ( A;(j)
j=1 j=1 i ]

Similarly, we have

n #(Bo sy J#(Bo n) n #(Boi))-#(Boiim)
ZH(FMJ)) ZH(FAZm)

n

n n

>
1By ) (Boiny) D #(Bo iy )=#(Baiuny) #(Br (i) J=u(Boiy)
(2_ P (FAam) H(Z_Fﬁém) +H(F”§m)

i i=1 j=1 j=1

)/‘(B(j))*/‘(Bum) N

According to Definition 7, SNCIWA, (A, A,,...,A)) = SNCIWA (A’ A,,...,A]) can be obtained.

Proposition 3. Let A, :<TAJ_ : IAJ_,FAJ_> (i =1,2,...,n) be a collection of SNNs, and x be a fuzzy measure

on X . If A =<minT, ,maxl, ,maxF, > and A" =<maxT,,minl, ,minF, > (j=12,...,n), then
i ) i ) i ! i b L !

A" = SNCIWA, (A, A,,...,A ) A",

1-x

Proof. Let f(x):l— and xe€[0,1]. Then it is a decreasing function. Since minT, STAE,(-) <maxT, , so
+ X j J ] j )
1-maxT, 1-T 1-minT,
f(maxTA,)g f(TAJ )g f(m_inTA) , e, < b < ! ’(j=1,2,...,n) . Because
i h o i 1+maxT, 1+T, = 1+minT,
j ) ] j J

By By then (B, ;) )~ 41(B,;,,)) 20 and 2(“(5«7(1))_“(Bo(j+1>))=1 (j=12...,n).So

j=1

As (i)
1+T%m

1_ maXTA #(BU(J))fﬂ(Ba(J‘ﬂ)) {1_1_ ]y(Ba(”)y(Ba(hU) 1_ m|nTA 'U(Brr(j))_/u(Bo-(j+1))
— 7 < < i

1+maxT, | 1+minT,
] ]

19
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#(Boj) J-1(Bo 1)

>

n 1—maxTAJ_ 1-T, 1—m.inTAJ_
i ) J

1+T%m

<

I B <
| 1+ m?xTAj i=1

ja| 1+ ijnTAj

#(Ba(j))‘/’(Ba(j+1>) [ }#(BG(J))/’(BU(M))

n

1—maxT ;/’(Bﬂn)fﬂ(Baum) 1-T Ban)#(Ba) (1 _minT JZ;#(BUU))‘”(BUUA))
=] n —_ - =
PN < [ As(i) j < I e
1+ m?leAj i1 1+TM_) 1+ mjln TAj

J!’(Bam)”(Bc(ﬁl)) 1-minT,
i

<—X—,
1+ m?XTAj it 1+minT,

1-maxT, . [1_T
j ]

J

(1T #(Bo iy )-(Bojon))
ISR

1+maxT, |\ 1+ T, “1+minT,
j i 74 ! :
1+minT, 1 1+maxT,
J ! < < ] :
2 B n (1-T ”(BU(J))_”(BJ(J“)) B 2 ,
1+]1 . N
=1 1+TAJ(J)
1+minT, < 2 <1l+maxT, ,
j ! n (1-T #(By i) -#(Bo (1)) j !
1+H T Ay
i=1 1+T/\7m
minT, < 2 —l<maxT,

ie.,
. #(Bo(y ) u(Boin) 2 #(Bo(iy)=#(Ba(in))
H(1+TA"(“) _H(l_TArr(j))
minT, < J:l (Botiy )-#(Boion) J:l (Bojy)-(B )SmaXTA"
i ! H(Bo(j) )7 Bo(in) B (j) )7 P (i) ] !
H(1+TA"‘”) +H(1_TA0<1))
j=1 j=1
Let g(y) =ﬂ , ye(,1] ; it is a decreasing function on [0,1].  Since
y
mjinIAjslAUmSm?xlAj (i=12...,n) ,  then g(m?xlAj)SQ(IAU“))Sg(mjinIAj) , e,
2_m?XIA 2-1 ) Z_meIAJ i=12 Si B B 0 d
< =< =14,...,N . Ince L) = )= an
max | , . minl, (J ) ,U( a(J)) :U( (i 1))
] ) ) ]

20
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i(’u(Bff(j))_#(Ba(ju))):1(J' =1,2,...,n),so

j=1

2—-max|, H(Bo )=4(Boion)) 2| #(Bo iy ) #(Boiny) 2 _min l, #(Boiy)=44(Boiny)
S B < Aty < PN
m?x I La mjln I
2—max | ot #(8i) 2—1 #(Ba () )-#(Ba o)) 2-minl #Brp)-#(Brii)
n . n _ n _ .
—jA’ < A < - PN ,
| maxl, i ay, i minl,,

Bo(jy )—4(Bo i . - Bo (i) )= #(Bo(j+
2-max|, JZ;”( (i )#(Boin) (2] (B )-24(Boiany) 2-minl, ;ﬂ( () )-#(Bo(ion)
i ) S AU(J) S . i | ,
max1, il Tay, minl,,
2 —max |Aj " [2 _ IA(, J”(Bo(n)”(Boum) 2—min |AJ
] < (j) < J
m?x |, ial ey, mjln |,
5 W (92— #(By1))=#(Bo(5:1)) 5
As(i)
< +1<—
m?x I, o |A,,(,.) mjln I,
mjln N 1 m?x I, _ 2
< < , minl, < <maxl, ,
2 n (2] #(Bop J-u(Boim) 2 T (o #(Bo (i) )-4(Boion) i
Aa(j) Ao(i)
— = +1 — +1
L =,
J As(i) l As (i)
2 n (l )”(Ba(n)’/‘(Bo(m))
AJ B
Thus, minl, < o <maxl, .
j ! ﬁ(z | )”(Ba(j))‘”(Bcr(M)) N ﬁ(l )“(Bou))‘”(Ba(jm) j !
i As(i) L As(i)

Similarly, minF, < <maxF, .
J ]

(2 _E, )#(BJU))’”(BU(M)) N H(F&U) )#(Bﬂj))fﬂ(Baum)

According to Definition 7, A~ < SNCIWA, (A, A,,...,A))c A".
Definition 15. Let A, =<TAj Aas FAJ_> (j=12,....,n) be a collection of SNNs, and  be a fuzzy measure
on X . Based on fuzzy measure, a simplified neutrosophic Choquet integral weighted geometric (SNCIWG)

operator of dimension n is a mapping SNCIWG: SNN" —SNN such that

21
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SNClWG” (Ai’ A A ) _ (Aa(l) )”(Ba(n)’”(‘?’a(a) ®(Aa(2) )#(Bg(n) #(By(2)) Q.. ®(A ) (Br,(l))—y(Br,(z)). (13)

o(n)

Here (o(1),0(2)....,0(n)) is a permutation of (1,2,...,n), and such that A <A ,<..<A

o(n) *

B, =(c(i),...o(n)),and B =0.

o(n+1)
Theorem 3. Let A, =<TAJ , IAJ , FAJ> (j =1,2,...,n) be a collection of SNNs, and x be a fuzzy measure on

X .Then their aggregated result using the SNCIWG operator is also an SNN, and

n

(A o,
SNC|WG# AA,. A )= N P Bo:m —1(Bo iy n #(Bo iy )-1(Boiny)
(2_TAU(”)( - )“‘H(TAU(,))( J-(Bocien)

j=1
ﬁ(1+ IAJ(J) )l( Bo(jon) ﬁ(l ) J-#4(Boiny)
-] 1
ljl[(l-i— | )#( O'(J) Bo(js1) +111[(1 ) ,r(,) (BU(M)) ' (14)
j=1 Ao () | Am)

n (Boiy ) #(Botion) 2 (B )-s(Boro)
111(14_':%(1))! e _H(l—FAg(n)ﬂB() e

S

-z

(1+ FAJ(“ )ﬂ(Bg(j))*#(Bgum) +H(1— FAT(“ )ﬂ(BJ(“)—y(BJ(HU)

j=1

Il
iN

i

Here (o(1),0(2)....,0(n)) is a permutation of (1,2,...,n), and such that A <A , <..<A

o(n) *

o‘(j (O-(J) O-(n))’ and Bo—(n+1) = @ .
Proof. Theorem 3 can be proved by the mathematical induction method, and the process is omitted here.

Now let’s consider some special cases of the SNCIWG operator in the following.

Let Aj =<TAj,IAj,FAj> (j =1,2,...,n) be a collection of SNNs, and x be a fuzzy measure on X, then

followings is true.

(1) vBeP(X),u(B)=1, then
SNCIWG, (A, A,,.... A ) =max{A,A,,..., Al =
(2)If u(B)=0 forany BeP(X) and B# X, then

SNCIWG, (A, A,,....A))=min{A,A,.. . Al=A .

. n-j+1,.
(3) VB,B,eP(X), |BHB,I,if u(B)=u®B,) and u(B,,)="—"=(j=12,...n), then

22
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n 1 n 1 n 1 n 1 n
2[ (T, )" [T(n, ) -TT1-1 ) TI10+F ) -TI0-F, ) (15)
_ j=1 j=1 j=1 j=1 j=1 .
n 1 n 17 1 n 1 n 1 n LR
[1(-T ) +T1(T )" Tt ) +T10E-0 ) TT+F )+ TT(e-Fy )
j=1 i=1 j=1 j=1 j=1 j=1

@) 1 u(%,)=#(Byjy)—#(B,.y) and j=12,..n.Thus, the SNCIWG operator is reduced to the

following simplified neutrosophic geometric averaging operator:
SNCIWG;I(AI,A2 ..... A)
n (%) (xj) n (%) n 1(X;) n 1(%;)
2[ () [T+ ) -TI0-1) " T10+F,) " -TI(-F )
j=1 i j=1 j=t

= , 1:1 j:l
ﬁ(z _-|-Aj )ﬂ(xj) +ﬁ(TAj )/l(xj) H(1+ |Aj )ﬂ(xj) N | (1_ |Aj )#(X,) | (1+ FAj )u(X,) N | (1_ \ ),U(Xj)

j=1 j=1 j=1 i - !
(16)

IB]
(5) If ,u(B)zZWj ,forany B < X ,where ||B]| isthe number of the elements in B, then

=
W; = (B, )= 4(Byiy ) I =121,
Herew=(w,,W,,...,W,) , W 20 (j=12,...,n) and Y " w =1. Thus the SNCIWG operator is reduced to the

following simplified neutrosophic ordered geometric averaging operator:

SNOWG, (A, A,..... A,

~ lel!(TAom )Wj lj(1+ IAU(]) )Wj _ﬁ(l_ IAU(]) )WJ ljﬂl(l—k FAom )Wj _ljll(l_ FAom )Wj
ﬁ(Z_T‘\’m )Wj + ‘n (T‘\vm )Wj _n (1+ IAa(j) )Wj + _n (1_ I‘\vm )Wj ‘n (1+ F/\m') )Wj + ,n (1_ FA:T(]) )Wj
j=1 j=1 j= j= i=t i=

which was introduced by Peng et al. [44].

Proposition 4. Let Aj=<TAJ,IAJ,FAJ> (j=1,2 ..... n) be a collection of SNNs, and x be a fuzzy measure
on X . If all A(j=12..n) are equal, ie, A =A=<T,1,,F,> (j=12..,n) , then
SNCIWG#(A_L,A2 ..... A])zA.

Proof. The proof is omitted here.
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Proposition 5. Let A =<TAJ , IAJ,FAJ> (j =1,2,...,n) be a collection of SNNs, and x be a fuzzy measure

on X . If A=<T.I.F.> and AcA (j=12..,n) , then SNCIWG,(A,A,...A)

ATATTA
< SNCIWG, (A A,... A)).
Proof. The proof is omitted here.

Proposition 6. Let A =<T | FAJ> (j =1,2,...,n) be a collection of SNNs, and x be a fuzzy measure

AT AT

on X . If A"=<minT, ,maxl, ,maxF, > and A" =<maxT,,minl, ,minF, > (j=12,...,n), then
j ] j ] j ] j ] j ] j ]

A c SNCIWG#(Ai,AZ,...,Ah)g A",
Proof. The proof is omitted here.

5. Choquet integral-based TOPSIS approach of MCGDM with simplified neutrosophic information

Assume there are n alternatives A={a,,a,,...,a,} and mcriteria C={c,c,,...,c, }, and the weight vector

of criteria is w=(w,W,,...,w,), where w,>0(j=12,....m), > w,=1. Suppose that there are k
-1

decision-makers D ={d,,d,,...,d,}, whose corresponding weight is A=(4,4,,....4 ). Let R*=(a})

nxm

be the simplified neutrosophic decision matrix, where aiﬁ =T, 1, Fo is the value of a criterion, denoted

ij ij ij

by SNNs, where T, indicates the truth-membership function that alternative &, satisfies criterion ¢; for

the k-th decision-maker, 1, indicates the indeterminacy-membership function that alternative a satisfies

ij

criterion c; for the k-th decision-maker and F, indicates the falsity-membership function that alternative

a, satisfies criterion c; for the k-th decision-maker. This method is an integration of SNSs and aggregation

operators to solve MCGDM problems mentioned above.
The method is an integration of SNSs and the TOPSIS method to handle MCGDM problems mentioned
above. In general, there are benefit criteria and cost criteria in MCGDM problems. The cost-type criterion

values can be transformed into benefit-type criterion values as follows:

a;,  for benefit criterion c;

= ¢ , (1=12,...,nj=12,...,m). 18
" |(a;) . for cost criterion c, ( ] ) (18)
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Here (ay)"is the complement of a as defined in Definition 7.

In the following, a procedure to rank and select the most desirable alternative(s) is given.
Step 1. Transform the decision matrix.
For each criterion can be divided into two types, including benefit-type which means the lager the better,
and cost-type which means the smaller the better. For the benefit-type criteria, nothing is done; for the

cost-type criteria, the criterion values can be transformed. We can transform the SNS decision matrix

R* =(a.‘f)n  into a normalized SNS decision matrix R* =(b.*)n _ based on Eq. (18).

ij ]
Step 2. Confirm the fuzzy measures and expert sets of D.

Based on the fuzzy measures and expert sets of D, the weight of criteria can be obtained as follows:
W, = 4(B,) )= #(Byjy ) 1=12,...,m
Here (o(1),0(2)....,0(n)) isapermutation of (1,2,...,n).

Step 3. Aggregate all the decision-makers’ values to get the collective simplified neutrosophic decision
matrix.

Utilize the SNCIWA operator and SNCIWG operator to aggregate the SNNs of each decision-maker, and

we can get the collective simplified neutrosophic decision matrix R = ( ~.,)

Where

k H(Boin )-#(Bory) K H(Bory )= 44(Borrny)
H(1+Tblfjf(r) ) _H(l_Tbﬁr(r) )

b. = SNCIWA, (bt,b?,.. ,
g ( #(Bg(r))*ﬂ( Bc(r+1)) k (Ba(r))*/l( Ba(r+1))
(14740 (T )

jrayre

(Botn))-#(Bo(rn))

10|

)#(Ba(r)) /l( Ba(m)) k )ﬂ( Bo(r) )—/l( Bc(H»l)) ' !

+H( e

r=1

(19)

k
H(Z - Ibu”“)

(Botr))-#(Born))

Al |
k H(Bon)-4(Boirny) K A(Bo o) )=#(Bo(rry)
Mlero T il ]

r=1 r=.

or
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’/1( Bo—(r+1))

21_[( » ) Bo(r)

s 1 12
bnj =SNCIWG (b b; ’b ) )#(B,,(r)) #(Bo (1))

e

)ﬂ( Bs(r) )—H(Ba(ul))
)

r=1 r=1

k H(Boir) ) 1(Bo(rry) K #(Bory)=4(By ety )
H(1+ |bﬁ,(r,) —H(l— 'w)

r=1 r=1

k #(Bory )= 44(Borany) k #(Byr))-#(Boriny) (20)

(1+ oo ) n H(l— oo )

r=1 r=1

K By )-#(Bory) K H(Boey )=4(Boraty)
H(l—i_ Fbitjf(r) ) _lj:!:(l_ Fblrjf(r) )

k H(Bo ) #(Boiry) K #(Bory)44(Borany)
H(1+ Fo ) + (1— Fo )

r=1 r=1

Here (o(1),0(2),...,0(n)) is a permutation of (1,2...,n), and such that b® <bf® <. <bo®

B, =(c(r).....c(k)),and B, ., =
Step 4. Confirm the simplified neutrosophic positive-ideal solution and the negative-ideal solution.

The simplified neutrosophic positive-ideal solution 5”* and the negative-ideal solution Bij’ can be

determined as follows:

6;={<Cj,(m§xTﬁu)(mllnTj)(mllnTu)>} and Bj={<cj,(miinT5”_),(mngﬁu)(maij)>} (i=12...n) .
(21)

Here b*—(bl+ . ~) and 5‘=(51‘,~2‘,...,6‘).

Step 5. Confirm the fuzzy measures of criteria of C and criteria sets of C .

Based on the fuzzy measures and expert sets of C , the weight of criteria can be obtained as follows:
W, = #(Boq) — 24(B i) ) 1 =12,
Here (o(1),0(2)....,0(n)) isapermutation of (1,2,...,n).

Step 6. Calculate the distance.

According to Definition 13, the distance between the alternative a, =( il,biz,...,f)im)(i =1,2,...,n) and

the simplified neutrosophic positive-ideal solution b* and the distance between the alternative
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a, (6|1,6,2, b )( =12,...,n) and the simplified neutrosophic positive-ideal solution b~ can be

1 Im
calculated, respectively:

m

Z w(n( j )(#(Ba<j))_ﬂ(Ba<j+1)))- (22)

j=1

Gy (3,0°) =

oolr—\

Where divci) (bu,b )

13

1, =15+ and  d,(6,57)<dy (B,57) <.

'J

< iy (8557 )+ By =(Cogiys Cotionyso-1Cogmy) @ B

ij?

=J.

o(m+1)

m

d, (ai '6_) zlzdio(j) ( ), '61_)(”(80(1))_”(Bo(ju)))' (23)

j=1

w

Where dia(j)(ﬁ b ) (

11~

1~

ij J

+‘F6”_ - Fﬁ;

) and  dyg (6,5, )<, (5,5, )<...

1j ! ]

Sdia(m)( i,-,b,-_), B, :(Co(j)’ca(jm"“’Ca(m)) and B, ., =9.
Step 7. Calculate the closeness coefficient of each alternative.

Based on Step 6, the closeness coefficient of each alternative can be obtained as follows:

=12,...,n). (24)

Step 8: Rank the alternatives.

According to the closeness coefficients G(a, ), the smaller the value G(a,), the better the alternative &

6. Illustrative examples (adapted from [62])

In this section, an example for the MCDM problem with simplified neutrosophic information is used as the

demonstration of the application of the proposed decision-making method, as well as the comparison analysis.

ABC Nonferrous Metals Holding Group Co. Ltd. is a large state-owned company whose main business is
producing and selling nonferrous metals. It is also the largest manufacturer of multi-species nonferrous metals

in China, with the exception of aluminum. In order to expand its main business, the company is always
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engaged in overseas investment and a department which consists of executive managers and three experts in
the field has been established specifically to make decisions on global mineral investment. Recently, the
company has decided to select a pool of alternatives from several foreign countries based on preliminary
surveys. In this survey, the focus is on the first step in finding suitable candidate countries. Four countries

(alternatives) are taken into consideration, which are denoted by a,, a,, a, and a,. During the assessment,
four factors including c, : politics and policy (such as the support of government); c, : infrastructure (such as
railway and highway facilities) are considered according to previous investment examples from the
department; c,: resources (such as the suitability of the minerals and their exploration); c,: economy (such
as development vitality and the stability). The decision-makers can provide their evaluations about the project

a under the criterion ¢, in the form of SNNs aﬁ:(Tak,lak,Fak_) (k=1,2,3i,j=1,2,3,4), which

represents their degrees of satisfaction, indeterminacy and dissatisfaction regarding an alternative by using the

concept of “excellent” against each criterion. The simplified netrosophic decision matrix R* =(a§)n _can

be found as follows:

R? =

(0.4,0.1,0.2)

1(0.7,01,0.2)

(0.4,0.1,0.3)
(0.6,0.3,0.1)

(0.6,0.1,0.2)
(0.5,0.2,0.2)
(0.5,0.2,0.1)
(0.5,0.3,0.2)

(0.4,0.2,0.3)
(0.6,0.1,0.2)
(0.3,0.2,0.3)
(0.6,0.0,0.1)

(0.5,0.2,0.1)
(0.6,0.2,0.3)
(0.5,0.2,0.1)
(0.5,0.3,0.2)

(0.5,0.2,0.2)
(0.6,0.2,0.1)
(0.5,0.1,0.3)
(0.8,0.2,0.2)

(0.4,0.2,0.3)
(0.5,0.1,0.2)
(0.5,0.2,0.3)
(0.6,0.1,0.2)

(0.3,0.2,0.4)
(0.4,0.2,0.3)
(0.4,0.2,0.2)
(0.5,0.1,0.2)

(0.4,0.1,0.3)
(0.5,0.3,0.2)
(0.5,0.1,0.2)
(0.5,0.2,0.2)

(0.7,0.3,0.2)
(0.5,0.2,0.1)
(0.5,0.3,0.3)
(0.6,0.2,0.1)

6.1 An illustration of the proposed approach

Step 1. Normalize the data in Table 1. Because all the criteria are of maximizing type and have the same

measurement unit, there is no need for normalization and R = (@) axa = (@) s -

(0.6,0.2,0.2)
(0.7,0.2,0.2)
(0.5,0.1,0.3)
(0.7,0.1,0.2)

(0.7,0.2,0.1)
(0.6,0.2,0.2)
(0.7,0.3,0.2)
(0.5,0.2,0.1)

(0.6,0.1,0.2)
(0.7,0.2,0.)
(0.7,0.1,0.3) |
(0.8,0.2,0.1)

The procedures of obtaining the optimal alternative, by using the developed method, are shown as following.
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Step 2. Determine the fuzzy measure.

Determine the fuzzy measure of expert of K and expert sets of K={kl,k2,k3}. Suppose that

,u(kl) =0.5, y(kz) =0.3, ,u(ka) =0.2, ,u(kl, kz) =0.9, ,u(kl, k3) =0.8, y(kl, kz,ka) =1.
Step 3. Aggregate all the decision-makers’ values to get the collective simplified neutrosophic deision matrix.
Utilize the SNCIWA operator to aggregate the SNNs of each decision-maker. According to Eq. (20), the

collective simplified neutrosophic decision matrix can be obtained as follows:

(0.4656,0.1073,0.2085) (0.4905,0.2000,0.1483) (0.4356,0.1658,0.3121) (0.6324,0.1631,0.1631)
(0.6360,0.1152,0.2000) (0.5717,0.1631,0.1931) (0.4614,0.2359,0.2065) (0.6818,0.2000,0.1747)
(0.4218,0.1325,0.2187) (0.5000,0.1523,0.1758) (0.4414,0.1702,0.2085) (0.6292,0.1573,0.2558) |

(0.5817,0,0.1152)  (0.6395,0.1931,0.2000) (0.5213,0.1325,0.1747) (0.6911,0.1325,0.1523)

Take 611 for example, based on Definition 11, the detail compute process are as follows:

R=

s(bf; ) =0.7000, (b, ) =0.7667 and s(bf, ) = 0.6333.

Then, S(bfl) < s(blll) < S(blzl) . S0 b131 < blll < b1211 bﬂ(l) = blsl’ bﬁ(Z) = b111 and bﬁ(s) = b121-

Thus, ,U(Ba(l)) _/’l(BO'(Z)) = p(k; Ky k) — pu(ky k) =1-0.9=0.1,
1(Boy )= #(Boy ) = (K ky )= 12(k, ) =0.9-0.3=0.6;

/U(Ba(a))_ﬂ(Ba(za)):ﬂ(kz) =0.3.
So

611 = SNCIWAy (b1117b1217b131)
= SNCIWA, ((0.4,0.1,0.2),(0.6,0.1,0.2),(0.4,0.2,0.3))
(1+0.4)" x(1+0.4)"° x(1+0.6)* —(1-0.4)" x(1-0.4)"° x(1-0.6)
(1+0.4)" x(1+0.4)"° x(1+0.6)" +(1-0.4)" x(1-0.4)"° x (1-0.6)

0.3

03"’

2x0.2°'x0.1°° x 0.1
(2-0.2)" x(2-0.1)"" x(2-0.1)" +0.2° x0.1° x 0.1

2x0.3%x0.2°° x0.2°
(2-0.3)" x(2-0.2)" x(2-0.2)"° +0.3" x0.2°° x 0.2

=(0.4656,0.1073,0.2085).
Step 4. Confirm the simplified neutrosophic positive-ideal solution and the negative-ideal solution.

Based on the collective simplified neutrosophic decision matrix R and Eg. (21), the following result can be
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true.

61* = <max {0.4656,0.6360,0.4218,0.5817}, min {0.1073,0.1152,0.1325,0} ,min {0.2085,0.2,0.2187, 0.1152}>

=(0.6360,0,0.1152);

b, =(0.6395,0.1523,0.1483);
b, =(0.5213,0.1325,0.1747);
b, =(0.6911,0.1325,0.1523).
Similarly,

b =(0.4218,0.1325,0.2187);
b, =(0.4905,0.2000,0.2000);
b, =(0.4356,0.2359,0.3121);

b, =(0.6292,0.2000,0.2558).

Step 5. Confirm the fuzzy measures of criteria of C and the criteria sets of C .

Based on the fuzzy measures of criteria of C and the criteria sets of C ={c,,c,,c,,c,}, suppose that
u(c)=030 , u(c,)=025 , u(c)=037 , wu(,)=020 , u(c,c,)=052 , u(c,c)=0.65 ,
u(c,,c,)=050, u(c,,c;)=045, u(c,,c,)=0.34, u(c,,c,)=042, u(c,c,,c)=0.85, u(c,c,,c,)=0.68,
u(c,,c,,c,)=0.57, u(c,c,,c,)=0.76, wu(c,c,,c;c,)=1.

Step 6. Calculate the distance.

Based on Eq. (22),

dy, (B, By )

= d,, ((0.4656,0.1073,0.2085),(0.6360,0,0.1152))

=0.4656 — 0.6360|+|0.1073 - 0| +|0.2085 - 0.1152|

=0.3710;

dy, (By,.b; ) =0.1967;d, (Iy4,b5 ) = 0.2564;d, (by,,b; ) = 0.1001.

Since 514(514,bj)<dlz(b12,5§)<513(61316§)<dn(ﬁnyf’f) and

o

615(1)(}'6;):&14 (614,5;’), 610(2)(6ij’6j+):d~12 (612,65), 610(3)(~ij16j+):dla(61316;)’ ~1c;(4)(~ij’6j+)Z(Ill(t;uvﬁf)-
SO
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#(B, )~ #(Byy ) = (€, €,,€5,6,) — p1(c,,C;,,) =1~ 0.85=0.15;
#(Bam ) —#(Ba(a))= u(c,,¢c,,¢;) — u(c,,c,) =0.85-0.65=0.20;

#(Byy )~ 24(Byy ) = (G, 65) — 14(c,) = 0.65-0.30=0.35 ;

512,55)(ﬂ(Ba(z>)_'“(Ba(3>))+

1 (611 by )(”(Bam )= #(B.q )))
1

= gx (0.1001x0.15+0.1967 x 0.2 + 0.2564 x 0.35 + 0.371x 0.3) =0.0851.

13

o

dy, ( ~13.155)(ﬂ(Ba(S))_”(BGM)))’L

Similarly, the following results can be obtained:

» Ygsnn

din (2,,67)=0.0270; dZ,,,(a,,b")=0.0559; dz,,, (a,,b" ) =0.0553;

dg (35,07)=0.0842; d

gsnn

(a5,b) =0.0450;

de. (a,,0%)=0.0126; d

gsnn gsnn

(a,,67)=0.0889;
Step 7. Calculate the closeness coefficient of each alternative.

dgn (1,07) _ 0.0851
d.,(a,b")+dl, (a,b”) 0.0851+0.0270

gsnn

=0.7591,

G(a)=

G(a,)=0.5027; G(a,)=0.6517; G(a,)=0.1241.

Step 8. Rank the alternatives.

Since G(a,)<G(a,)<G(a;)<G(a,). So the final ranking is a, »a, >~a, >a, and the best alternative is

a, while the worst alternative is a,.

If the SNCIWG operator is utilized in Step 3, then the collective simplified neutrosophic decision matrix can

be obtained as follows:
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(0.4543,0.1101,0.2102) (0.4893,0.2000,0.1608) (0.4045,0.1811,0.3219) (0.6291,0.1703,0.1703)
(0.6272,0.1202,0.2000) (0.5688,0.1703,0.2115) (0.4581,0.2406,0.2212) (0.6794,0.2000,0.1803)
(0.4167,0.1404,0.2419) (0.5000,0.1604,0.2021) (0.4381,0.1807,0.2102) (0.6154,0.1820,0.2606) |
(0.5791,0.1535,0.1202) (0.6135,0.2115,0.2000) (0.5191,0.1404,0.1803) (0.6760,0.1404,0.1604)

R=

Based on Egs. (21)-(23), the following results can be obtained:

G(a,)=7402; G(a,)=0.5138; G(a,)=0.6229; G(a,)=0.1201.

Since G(a,)<G(a,)<G(a;)<G(a,). So the final ranking is a, »a, > a, >a, and the best alternative is

a, while the worst alternative is a,.

From the analysis presented above, for the SNCIWA and SNCIWG operators, the final ranking is always

a, > a, > a, >a,. The best alternative is a, ; while the worst alternative is a,. In order to calculate the actual

aggregation values of the alternatives, different aggregation operators can be used and considered as a
reflection of the decision makers’ preferences. It is also found that SNCIWA and SNCIWG operators are used
to deal with different relationships of the aggregated arguments, which can provide more choices for decision
makers. Generally speaking, decision-makers can choose the SNCIWA operator to calculate the actual

aggregation values of the alternatives, since the calculation is simpler than SNCIWG aggregation operator.
6.2 Comparison analysis

In order to validate the feasibility of the proposed decision-making method, a comparative study was
conducted with other methods as show in Ye [36, 37, 42] and Peng et al. [44, 45] where the criteria are

independent of each other.

For four methods in Ye [36, 37, 42] and Peng et al. [44], some aggregation operators were developed to
aggregate the simplified neutrosophic formation first, then the cosine similarity measure, the correlation
coefficient and the weighted cross-entropy between each alternative and the ideal alternative were calculated
respectively and determine the final ranking order of all alternatives. For the method in Peng et al. [45], some
outranking relations were defined. Then an outranking method was proposed to ranking alternatives based on
those relations.

However, in those compared methods, they all do not clarify that how to solve a situation where the weight
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information is unknown. So the comparison analysis was based on the same illustrative example, but the

weight of experts and the weight of criteria is determined as follows: /1=(0.1,0.6,0.3) and

w=(0.15,0.20,0.35,0.30) . Then the results by using the different methods can be obtained, which showed in

O©CoO~NOUTAWNPE

Table 1.

Table 1. The results utilizing the different methods

The best The worst
Methods The final ranking
alternative(s) alternative(s)
Ye [36] a,~=a, ~a;~a a, a
Ye [37] a,-a,>a,-a a, a
Ye [42] a,-a,>a,>a a, a
Peng et al. [44] a,>~a,~a,~a a, a
Peng et al. [45] a,-a,~a,~a a, a,
The proposed method  a,>a, =a, > a a, a

According to the results presented in Table 1, if the methods [36] are used, then the best alternative is a,
while the worst alternative is & . If the proposed approach and the method of Ye [37, 42] and Peng et al. [45]
are used, then the best alternative is a, while the worst alternative is a,. We can see that the result of the

proposed approach is different from those using the method of Ye [36] and Peng et al. [44], but is the same as
that using the methods of Ye [37, 42] and Peng et al. [45]. For all compared methods and the proposed
approach, there are some reasons can interpret the the final rankings to some extent. Firstly, those measure and
aggregation operator being involved in those methods are related to some unreasonable operations as we
discussed in Examples 1-3. Secondly, different measures and aggregation operator also lead to different

rankings and it is intractable for decision makers to confirm their judgments among these operators and
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measures that have similar characteristics, which always need to a large amount of computation. Finally, the
result using the method of Peng et al. [45] is consistent with that of the proposed approach. Although the
method was constructed based on reliable theories and may be robust to some degree, they cannot consider the
correlation of criteria.

From the analysis presented above, it can be concluded that the main advantages of the approach developed
in this paper over the other methods are not only due to its ability to effectively overcome the shortcomings of
the compared methods, but also due to its ability to consider the criteria are interactive. This can avoid losing
and distorting the preference information provided, which makes the final results better correspond with real

life decision-making problems.
7. Conclusion

SNSs can be applied in solving problems with uncertain, imprecise, incomplete and inconsistent
information that exist in scientific and engineering situations. Based on related research achievements in IFSs,
the novel operations of SNSs were defined in this paper, and two aggragation operators are developed based
on Choquet integral, their desirable properties were discussed in detail. Thus, an MCDM method was
established based on Choquet integral aggregation operators and TOPSIS method. By using the proposed
method, the ranking of all alternatives can be determined and the best one can easily be identified. One
illustrative example demonstrated the applicability of the proposed decision-making method. The advantage
of this study is that an outranking approach for MCDM problems with SNSs could overcome the
shortcomings of existing methods as we discussed earlier. Moreover, the proposed approach could consider
the interactive of criteria with simplified neutrosophic formation. The comparison analysis also showed that
the final result produced by the proposed method is more precise and reliable than the results produced by

existing methods. In the further research, we will continue to study the distance measures of SNNs.
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