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Preface

This Book is devoted to the proceedings of the Sixth International Conference
on Number Theory and Smarandache Notions held in Tianshui during April 24-25,
2010. The organizers were myself and Professor Wangsheng He from Tianshui
Normal University. The conference was supported by Tianshui Normal University
and there were more than 100 participants. We had one foreign guest, Professor
K.Chakraborty from India. The conference was a great success and will give a
strong impact on the development of number theory in general and Smarandache
Notions in particular. We hope this will become a tradition in our country and will
continue to grow. And indeed we are planning to organize the seventh conference
in coming March which will be held in Weinan, a beautiful city of shaanxi.

In the volume we assemble not only those papers which were presented at the
conference but also those papers which were submitted later and are concerned
with the Smarandache type problems or other mathematical problems.

There are a few papers which are not directly related to but should fall within
the scope of Smarandache type problems. They are 1. A. K. S. Chandra Sekhar Rao,
On Smarandache Semigroups; 2. X. Pan and Y. Shao, A Note on Smarandache
non-associative rings; 3. Jiangmin Gu, A arithmetical function mean value of
binary; etc.

Other papers are concerned with the number-theoretic Smarandache problems
and will enrich the already rich stock of results on them.

Readers can learn various techniques used in number theory and will get
familiar with the beautiful identities and sharp asymptotic formulas obtained in the
volume.

Researchers can download books on the Smarandache notions from the
following open source Digital Library of Science:

www.gallup.unm.edu/~smarandache/eBooks-otherformats.htm.

Wenpeng Zhang

il
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The Smarandache sums of products for
E(n,r) and O(n,r)

Xiaoyan Li T and Xin Wu ¥
Department of Mathematics, Northwest University, Xi’an, Shaanxi, P.R.China

Abstract The main purpose of this paper is using the elementary methods to study the

properties of the function E(n,r) and O(n,r), and get two calculating formulaes for them.

Keywords The Smarandache sums of products, binomial theorem.

§1. Introduction

This paper deals with the sums of products of first n even and odd natural numbers, taken
r at a time. Many interesting results about these two functions are obtained. For example,
Mr. Ramasubramanian [1] and Anant W. Vyawahare [3] have already made some work in this
direction. This paper is an extension of their work.

Definition. For any positive integer n and r, F(n,r) are the sums of products of first
n even natural numbers, taken r at a time, r < n. O(n,r) are the sums of products of first n
odd natural numbers, taken r at a time, r < n, they are also without repeatition.

For example:

E(4,1)=24+44+6+8=20,

E(4,2)=2-44+2-6+2-844-6+4-8+6-8=140,
(4,3)=2-4-64+2-4-8+4-6-8+2-6-8=400,
(4,4)=2-4-6-8 = 384,
(4,1)=3+5+74+9=24,
(4,2)

(4,3)
04,

&

)

S O

=3-5+3-7+3-94+5-T+5-9+7-9 =206,
=3-5-T+3-5-94+5-7-9+3-7-9="744,
4)=3-5-7-9=945.

We assume that E(n,0) = O(n,0) =1

About the properties of functions F(n,r) and O(n,r), we can obtain some interesting

)

o)

)

conclusions from their definitions. Following are some elementary properties of E(n,r) and

O(n,r):
1. E(n,n) =2nE(n—1,n—1),
2. O(n,n) =(2n+1)0O(n—1,n —1),
3. E(n,1) =n(n+1),
4. O(n,1) =n(n+2),
5 )

p+2)(p+4)(p+6)--- (p+2n) = E(n,0)p" + E(n,1)p" "'+ E(n,2)p" >+ E(n, 3)p" 3+
n,n— 1)p+ E(n)n)7
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6. (p+3)(p+5)(p+7) - - - (p+2n+1) = O(n,0)p"+0(n, 1)p" 1 +0(n, 2)p"24+0(n, 3)p" 3+
-4+ 0O(n,n—1)p+ O(n,n),

7. E(n,0)+ E(n,1) + E(n,2) +---+ E(n,n) = O(n+ 1,n + 1), that is Y _  E(n,r) =
On+1,n+1),

8. O(n,0) +O(n,1) +O(n,2) +---+ O(n,n) = E(n+1,n+1)/2, that is >.""_, O(n,r) =
E(n+1,n+1)/2.

The 7th and 8th properties can be obtained by putting p = 1 in the 5th and 6th properties.

From these properties, we can use the elementary methods to study the expanding expres-
sions for E(n,r) and O(n,r). The main purpose of this paper is using the elementary method
to study this problem, and prove the following conclusions:

Theorem 1. For any positive integer n and r, we have the following formulas:

E(n,r) = EMmr)+2nEn—-1,r—1)+2(n—1)En—-2,r—1)+

2(n—-2)E(n —=3,r = 1)+ -+ 2(r + 1)E(r,r — 1))

[2"CI i E(n,0) + 2" CLE(n, 1) + 2" 2CI 1 E(n, 2) +
202 ,E(n,r —1)] /r.

Theorem 2. For any positive integer n and r, we have the following formulas:

O(n,r) = O(r,r)+(2n+ 1)O(n— Lr—=1)+2n-1)0n—-2,r—1)+
(2n—-3)0(n—3,r—1)+---+ (2r +3)O(r,r — 1))

[O(n, )(QTCT“ +3.27 10’”) +0(n,1) (27 1Cr_y +3-2772C0 7)) +

O(n,2) (272Cr_,+3-2"73C23) + -+ O(n,m — 1) (202_, 1 +3Ch_.11)] /7

§2. Proof of the theorems

In this section, we shall complete the proof of our Theorems. First we give two simple
Lemmas (see [1]) which are necessary in the proof of our theorems.

Lemma 1. For any positive number n and r, we have the identity

E(n,r)=En—-1,r)+2nE(n—-1,r—-1), r<n.

Lemma 2. For any positive number n and r, we have the identity
On,r)=0n—-1,r)4+2(n+1)0O(n—1,r—1), r<n.

Now we use these two Lemmas to prove our conclusions. First we use the elementary
method to obtain a formula.

From Lemma 1 we know that E(n,r) = E(n—1,r)+2nE(n—1,r —1), r < n. Using this
result repeatedly, we have:

E(n,r)=En—-1,r)+2nE(n—1,r — 1),

En—-1,r)=E(n-2,r)+2(n—1)E(n—2,r — 1),
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E(n—2,r)=En—-3,r)+2(n—-2)E(n—3,r —1),
En—-3,r)=E(n—4,r)+2(n—-3)E(n—4,r — 1),

E(r+1,7)=E(r,r)+2(r+ 1)E(r,r —1).
Adding the above formulas we get:
E(n,r) = E(rr)+2nEn—-1,r—1)+2n—1)EMn—2,r—1)+
2(n—-2)E(n—3,r—1)+---+2(r+ 1)E(r,r — 1)). (1)

The equation (1) is the first part of Theorem 1, now we prove the second part. Also, from

the 5th property of E(n,r), we have:

(p+2)(p+4)(p+6)--(p+2n)(p+2n+2)
= En+10p""" +E(n+1,1)p" + E(n+1,2)p" " +

Left hand side of (2) is

(p+2)p+2+2)(p+2+4)(p+2+6)---(p+2+2n—2)(p+2+2n)
)

= @+ {E@0)@+2)"+En)p+2)"" + -+ Enr)(p+1)""" + + E(n,n)}
= E®,0)(p+2)"" +E(n,1)(p+2)" + -+ B(n,r)(p+2)" 7" +

<o+ E(n,n)(p+2). (3)
Expanding each of (p +2)"TY (p+2)", (p+2)""L -, (p+2)""*! by binomial

theorem, we get the right hand side of (3) is:

E(n,0) [CO  p"tt +2C) p" + -+ 27T Ot 4 2 O
E(n,1) [Cop™ +2Cp" + -+ 27Chp" " 4 -+ 27C)]

E(n,2) [CO_p" P +2C) _1p" 2+ 27O T pt T 4 20 O

n
n
"
+ B(n,r) [Co_pap" T 20" T 20O

+ E(n,r+1)[CO_p" " +2C,_p" "+ 20T CRTT

+ -+ E(n,n)(p+2). (4)

Comparing the coefficients of p™~" from right hand side of (2) and (4), we get

En+1,7r41)
2T E(n, 0) + 2"CLE(n, 1) + 2" 'CLZ1E(n, 2) +
208 E(n,r)+Ch_ E(n,r +1).

Simultaneously, we have the following formula from Lemma 1:

En+1,r+1)=En,r+1)+2(n+ 1)E(n,r).
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Then we know that

E(n,r+1)+2(n+1)E(n,r)
27O E(n, 0) +2"CLE(n, 1) + 2" 'CL 21 E(n, 2) +

- +2C)_, E(n,r)+C)_.E(n,r+1)
or
2(n+1)E(n,r) —2C),_, 1 E(n,r)
2rH1Cr i B(n,0) + 2" ChE(n, 1) + 2" 1 CL 21 E(n, 2) +
4+ 22C2_ L E(n,r —1).
Because C}}_, .1 =n —r+1, we have
2(n+1)E(n,r) —2C)_, 1 E(n,r)
[2(n+1)—2C}_, 1] E(n,r)
= 2n+1—(n—r+1)]E(n,r)
2rE(n,r)
= 2"M1CITIE(n,0) +27CrE(n, 1) + 27 ' CI 21 E(n, 2) +
4+ 22CE_ LE(n,r —1).

Hence,

{QTC,;i}E (n,0) +2""1Cr E(n,1) + 2" 2CT "1 E(n, 2) +

4202 ,E(n,r—1)} /r.

Combining (1) and (5) we may immediately deduce Theorem 1.

Corollary 1. For any positive integer n, we have
E(n,2) =n(n+1)(n —1)(2+ 3n)/6.
In fact, if taking r = 2 in (5), then
E(n,2) =2C2 . E(n,0) + C2E(n,1) = n(n+ 1)(n — 1)(2 + 3n) /6.
If taking = 2 in (1), then
E(n,2) = E2,2)+2nE(n—-1,1)+2(n—1)E(n—2,1)+
2(n — 2)E(n—3 1)+---+6E(2,1)

= 8+2Z (i —1)

= 842 Z (i—1)— (1 +2%) — (12 + 2?)

222—1

I
p“%:

= ( +1)?/2 —n(n+1)(2n+1)/3
= n(n+1)(n—1)(2+3n)/6.
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This completes the proof of Corollary 1.

Similarly, we can use the same method to prove Theorem 2. From Lemma 2 we know that
O(n,r)=0(n—-1,7r)+(2n+1)O(n—1,r —1),r < n. Using this result repeatedly, the following
formulas can be obtained:

O(n,r)=0(mn—-1,r)+2n+1)0O(n —1,r — 1),

On-1,7r)=0(n-2,r)+ (2n—1)O(n — 2,r — 1),
On—-2,r)=0(n—-3,r)+ (2n —3)O(n — 3,r — 1),
On—-3,r)=0(n—4,r)+ (2n—5)0(n —4,r — 1),
O(r+1,7)=0(r,r) + (2r + 3)O(r,r — 1).
Adding the above formulas we get:
O(n,r) = O(rr)+(2n+1)0n—1,r—1)+(2n—-1)0O(n—2,r—1) +
(2n—-3)0O(n—3,r—=1)+---+ (2r + 3)O(r,r — 1)). (6)

This is the first part of Theorem 2. Now we prove the second part of Theorem 2.

Because

(p+3)p+5)(p+7) - (p+2n+1)(p+2n+3)
= O(n+1,0p""' +0n+1,1)p" +O(n+1,2)p" ' +
On+1,3)p" 2 +---4+0(n+1,r+1)p" "+ +0(n+1,n+1). (7)

Left hand side of (7) is

(p+3)p+2+3)(p+2+5)(p+2+7) - (p+2+2n—-3)(p+2+2n+1) +
= (P+3){0m,0)(p+2)"+0n,)(p+2)" " +---
O(n,r)(p—|—2)"7’”+---+O(n,n)}. (8)

Expanding each of (p+2)", (p+2)"~ L, (p+2)"73,---, (p+2)" "L, by binomial theorem,
the right hand side of (8) is:

(p+3){O(n,0) [Cop™ +2C,p" " + -+ 27O p" T 4 4 27CT]
O(n, 1) [Cp_1p"H +3C,_p" 24+ 27C) _p" " 4 20N OR
O(n,2) [Cryp” ™2 420, op" ™ oo+ 2771 CR " 7 4 4 27O

O(n,r) [Ch_p" ™" +2C, _,p" " 4 20O
O(TL, r 4 1) [Cg_T_lpnfrfl =+ 20£_T_1Pn7r72 N 2n7rflcm—r—1j|

n—r—1

<-4+ 0(n,n)}. (9)

+ 4+ + + o+
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Now, comparing the coefficients of p"~" from right side of (7) and (9), we get

O(n+1,7+1)

21Ot o(n,0) +27Cr_,0(n, 1) + 2" 1CT"10(n, 2) +
420 O, ) +C°_,_O(n,r+1)+3[2"C"O(n,0) +
27«7107::% + 27‘720’2:%0(”7 2) +-+ 2C71L—r+10(n3 r— 1) + Cg—rO(na T)] .

Simultaneously, from Lemma 2, we have:

On+1,r4+1)=0(n,r+1)+ (2n+ 3)O(n,r),

and
O(n,r+ 1)+ (2n+ 3)0O(n,r)
= 2"FICTo(n,0) +27C7_,0(n, 1) +2"71C7~10(n, 2) +
e 2CE O, r)+C°  O(n,r+1)+3[2"C"O(n,0) +
21T 10(n, 1) + 277207 20(n, 2) 4 - -+ +
2C)_,10(n,r — 1)+ C,_,O(n,r)],
or

(2n 4+ 3)O(n,r) —2C)_ O(n,r) —3C°_,O(n,r)

21 Cr 10 (n, 0) + 27Cr_,0(n, 1) +

2" 1Cr L0, 2) + - + 2202, 0(n, 7 — 1) + 3 [2"CLO(n, 0)+
2 1CrZ0(n,r) + 277200 730(n,2) + -+ 2CL_, 1 O(n,r — 1)] .

: 1 0 _
Since C,,_, =n —r and C};,_. =1, we have

(2n+3)O(n,r) — QCi_rO(n, r) — 3C’2_T0(n, 7)
= 2rO(n,r)
= 2"FICrIO(n,0) + 27CT_,O(n, 1) + 277 1CT=L0(n, 2) +
4 22C2 L 0(n,r — 1) +3[2°CrO(n,0) + 271 CEZ10(n, 1) +
2"2Cr50(n,2) 4+ -+ 2Ch_, . O(n,r — 1)] .
Therefore
O(n,r) = [O(n,0)(2°Ct +3-2771Cr) +
O(n,1) (27 71Cr_y +3-272C171) +
O(n,2) (272C)_, +3-2"72CL3) +
S+
O(n,r —1) (2C2_, .1 +3Ch_..1)] /7.

Now our Theorem 2 follows from (6) and (10).



The Smarandache sums of products for E(n,r) and O(n,r) 7

Corollary 2. For any positive integer n, we have
O(n,2) = n(n —1)(3n? + 11n + 11)/6.
Taking r = 2 in (10), we have

O(n,2) = [O(n,0)(4C2 +6C2) + O(n,1)(2C2_, +3C2_,)] /2
= n(n—1)(3n*+11n 4+ 11)/6.

If taking » = 2 in (6), we can also get

Omn,2) = 02,2)+(2n+1)0O(n—1,1)+(2n—1)0O(n —2,1) +
(2n—-3)0(n—3,1)+---+70(2,1)

= 15+) @p+1)(p-1)(p+1)

p=3
= > @+DE-1E+1)
= > @ -2p+p°—1)

= n*(n+1?/2—nn+1)+nn+1)2n+1)/6 —n
= n(n—1)(3n + 11ln + 11)/6.

This completes the proof of Corollary 2.
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Smarandache isotopy of second
Smarandache Bol loops

Temitopé Gbdlahan Jaiyéold

Department of Mathematics, Obafemi Awolowo University, Ile Ife 220005, Nigeria

E-mail: jaiyeolatemitope@yahoo.com tjayeola@oauife.edu.ng

Abstract The pair (Gg,-) is called a special loop if (G, -) is a loop with an arbitrary subloop
(H, -) called its special subloop. A special loop (Gm, -) is called a second Smarandache Bol loop
(SonaBL) if and only if it obeys the second Smarandache Bol identity (zs - z)s = z(sz - s) for
all z,z in G and s in H. The popularly known and well studied class of loops called Bol loops
fall into this class and so Syna BLs generalize Bol loops. The Smarandache isotopy of Sona BLs
is introduced and studied for the first time. It is shown that every Smarandache isotope (S-
isotope) of a special loop is Smarandache isomorphic (S-isomorphic) to a S-principal isotope
of the special loop. It is established that every special loop that is S-isotopic to a Syna BL is
itself a Syna BL. A special loop is called a Smarandache G-special loop (SGS-loop) if and only
if every special loop that is S-isotopic to it is S-isomorphic to it. A S,naBL is shown to be
a SGS-loop if and only if each element of its special subloop is a Sist companion for a Sist
pseudo-automorphism of the S;na BL. The results in this work generalize the results on the

isotopy of Bol loops as can be found in the Ph. D. thesis of D. A. Robinson.
Keywords IrrGG, RC-graphs, Coreg H.

81. Introduction

The study of the Smarandache concept in groupoids was initiated by W. B. Vasantha
Kandasamy in [24]. In her book [22] and first paper [23] on Smarandache concept in loops,
she defined a Smarandache loop (S-loop) as a loop with at least a subloop which forms a
subgroup under the binary operation of the loop. The present author has contributed to the
study of S-quasigroups and S-loops in [5]-[12] by introducing some new concepts immediately
after the works of Muktibodh [15]-[16]. His recent monograph [14] gives inter-relationships and
connections between and among the various Smarandache concepts and notions that have been
developed in the aforementioned papers.

But in the quest of developing the concept of Smarandache quasigroups and loops into a
theory of its own just as in quasigroups and loop theory (see [1]-[4], [17], [22]), there is the need
to introduce identities for types and varieties of Smarandache quasigroups and loops. This led

(13] to the introduction of second Smarandache Bol loop (SsnaBL) described by the

Jaiyéola
second Smarandache Bol identity (zs-z)s = z(sz - s) for all 2,z in G and s in H where the

pair (Gm,-) is called a special loop if (G,-) is a loop with an arbitrary subloop (H,-). For
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now, a Smarandache loop or Smarandache quasigroup will be called a first Smarandache loop
(Syst-loop) or first Smarandache quasigroup (Sist-quasigroup).

Let L be a non-empty set. Define a binary operation (-) on L : if -y € L for all x,y € L,
(L,-) is called a groupoid. If the equations: a -z = b and y - a = b have unique solutions
for « and y respectively, then (L,-) is called a quasigroup. For each z € L, the elements

A are called the right, left inverses of

P = a:Jp,x/\ = zJ) € L such that zz? = e” and 2z = e
respectively. Furthermore, if there exists a unique element e = e, = e, in L called the identity
element such that for all z in L, z-e = e- 2z =z, (L,-) is called a loop. We write xy instead of
x -y, and stipulate that - has lower priority than juxtaposition among factors to be multiplied.
For instance, x - yz stands for 2(yz). A loop is called a right Bol loop (Bol loop in short) if and
only if it obeys the identity
(xy - 2)y = x(yz - y).

This class of loops was the first to catch the attention of loop theorists and the first compre-
hensive study of this class of loops was carried out by Robinson 9],

The popularly known and well studied class of loops called Bol loops fall into the class of
Sona BLs and so Sgna BLs generalize Bol loops. The aim of this work is to introduce and study
for the first time, the Smarandache isotopy of SonaBLs. It is shown that every Smarandache
isotope (S-isotope) of a special loop is Smarandache isomorphic (S-isomorphic) to a S-principal
isotope of the special loop. It is established that every special loop that is S-isotopic to a
SonaBL is itself a SgnaBL. A S9na BL is shown to be a Smarandache G-special loop if and only if
each element of its special subloop is a Sist companion for a Sist pseudo-automorphism of the
Sona BL. The results in this work generalize the results on the isotopy of Bol loops as can be

found in the Ph. D. thesis of D. A. Robinson.

§2. Preliminaries

Definition 1. Let (G,-) be a quasigroup with an arbitrary non-trivial subquasigroup
(H,-). Then, (Gp,-) is called a special quasigroup with special subquasigroup (H,-). If (G,-)
is a loop with an arbitrary non-trivial subloop (H,-). Then, (Gg,-) is called a special loop
with special subloop (H,-). If (H,-) is of exponent 2, then (Gpy,-) is called a special loop of
Smarandache exponent 2.

A special quasigroup (G, -) is called a second Smarandache right Bol quasigroup (Sgna-
right Bol quasigroup) or simply a second Smarandache Bol quasigroup (S,na-Bol quasigroup)
and abbreviated Sona RBQ or Sona BQ if and only if it obeys the second Smarandache Bol identity
(Sgna-Bol identity) i.e SynaBI

(xs-z)s =x(sz-s) forall z,2 € G and s € H. (1)

Hence, if (Gg,-) is a special loop, and it obeys the SonaBI, it is called a second Smarandache
Bol loop (Sgma-Bol loop) and abbreviated Sona BL.

Remark 1. A Smarandache Bol loop (i.e a loop with at least a non-trivial subloop that
is a Bol loop) will now be called a first Smarandache Bol loop (Syst:-Bol loop). It is easy to see

that a SonaBL is a S1s«BL. But the converse is not generally true. So SqnaBLs are particular
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types of Sqst BL. Their study can be used to generalise existing results in the theory of Bol loops
by simply forcing H to be equal to G.

Definition 2. Let (G,-) be a quasigroup (loop). It is called a right inverse property
quasigroup (loop) [RIPQ(RIPL)] if and only if it obeys the right inverse property (RIP) yz-a? =
y for all z,y € G. Similarly, it is called a left inverse property quasigroup (loop) [LIPQ(LIPL)]
if and only if it obeys the left inverse property (LIP) 2* - xy = y for all z,y € G. Hence, it is
called an inverse property quasigroup (loop) IPQ(IPL)] if and only if it obeys both the RIP
and LIP.

(G, ") is called a right alternative property quasigroup (loop) [RAPQ(RAPL)] if and only
if it obeys the right alternative property(RAP) y - zx = yx - x for all 2,y € G. Similarly, it is
called a left alternative property quasigroup (loop) [LAPQ(LAPL)] if and only if it obeys the
left alternative property (LAP) zx -y = - zy for all z,y € G. Hence, it is called an alternative
property quasigroup (loop) [APQ(APL)] if and only if it obeys both the RAP and LAP.

The bijection L, : G — G defined as yL, = x -y for all x,y € G is called a left translation
(multiplication) of G while the bijection R, : G — G defined as yR, = y -z for all z,y € G is
called a right translation (multiplication) of G. Let

w\y=yL;' =yl, and  x/y=zR; " =R,

and note that
Ny=z<=uz-z=y and rjy=z<=z-y=u.

The operations \ and / are called the left and right divisions respectively. We stipulate that
/ and \ have higher priority than - among factors to be multiplied. For instance, x - y/z and
x - y\z stand for x(y/z) and z - (y\z) respectively.

(G, ) is said to be a right power alternative property loop (RPAPL) if and only if it obeys
the right power alternative property (RPAP)

ry" = (((zy)y)y)y -y ie Ryn = Ry for all z,y € G and n € Z.
| —

n-times

The right nucleus of G' denoted by N,(G, ) = N,(G) ={a € G:y-za=yzx-aV z,y € G}.

Let (G, -) be a special quasigroup (loop). It is called a second Smarandache right inverse
property quasigroup (loop) [Sona RIPQ(Sgna RIPL)] if and only if it obeys the second Smaran-
dache right inverse property (S;naRIP) ys-s? = y for all y € G and s € H. Similarly, it is
called a second Smarandache left inverse property quasigroup (loop) [Sona LIPQ(Sgua LIPL)] if
and only if it obeys the second Smarandache left inverse property(Syna LIP) s* - sy = y for all
y € G and s € H. Hence, it is called a second Smarandache inverse property quasigroup (loop)
[SonaIPQ(S2uaIPL)] if and only if it obeys both the Syna RIP and Syua LIP.

(Gp,-) is called a third Smarandache right inverse property quasigroup (loop) [S3:a RIPQ
(S3aRIPL)] if and only if it obeys the third Smarandache right inverse property (Ss.aRIP)
sy-y? =sforallye Gand se H.

(Gp,-) is called a second Smarandache right alternative property quasigroup (loop) [Sana
RAPQ(SnaRAPL)] if and only if it obeys the second Smarandache right alternative property
(SonaRAP) y-ss = ys-sforally € G and s € H. Similarly, it is called a second Smarandache left
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alternative property quasigroup (loop) [Sgna LAPQ(Sona LAPL)] if and only if it obeys the second
Smarandache left alternative property (Sgna LAP) ss-y = s-sy for all y € G and s € H. Hence,
it is called an second Smarandache alternative property quasigroup (10op) [Sona APQ(Sona APL)]
if and only if it obeys both the Sona RAP and Syna LAP.

(G,-) is said to be a Smarandache right power alternative property loop (SRPAPL) if
and only if it obeys the Smarandache right power alternative property (SRPAP)

xs" = (((xs)s)s)s---s i.e. Ryn = R} forall z € G, s € H and n € Z.
n-times

The Smarandache right nucleus of G denoted by SN, (G, ) = SN,(Gu) = N,(G) N H.
Gy is called a Smarandache right nuclear square special loop if and only if s2 € SN,(Gg) for
all s € H.

Remark 2. A Smarandache; RIPQ or LIPQ or IPQ (i.e a loop with at least a non-trivial
subquasigroup that is a RIPQ or LIPQ or IPQ) will now be called a first Smarandache; RIPQ
or LIPQ or IPQ (S;=RIPQ or Sis:LIPQ or S;1sIPQ ). It is easy to see that a S,.aRIPQ or
Sona LIPQ or SonaIPQ is a Syt RIPQ or S1s« LIPQ or S1s:IPQ respectively. But the converse is
not generally true.

Definition 3. Let (G,-) be a quasigroup (loop). The set SYM(G,:) = SYM(G) of
all bijections in G forms a group called the permutation (symmetric) group of G. The triple
(U, V,W) such that U, V,WW € SYM(G,-) is called an autotopism of G if and only if

2U -yV =(z-y)WVayed.

The group of autotopisms of G is denoted by AUT(G, ) = AUT(G).

Let (Gp,-) be a special quasigroup (loop). The set SSYM (Gg,:) = SSYM(Gg) of all
Smarandache bijections (S-bijections) in Gy i.e A € SYM(Gp) such that A : H — H
forms a group called the Smarandache permutation (symmetric) group [S-permutation group]
of Gg. The triple (U, V,W) such that U,V,W € SSYM(Gpg,-) is called a first Smarandache

autotopism (Sist autotopism) of Gy if and only if
2U-yV =(x-y)WVayeGy.

If their set forms a group under componentwise multiplication, it is called the first Smaran-
dache autotopism group (Sist autotopism group) of Gy and is denoted by S1st AUT(Gp,-) =
S1st AUT(Gpp).

The triple (U,V,W) such that U W € SYM(G,-) and V € SSYM(Gpg,-) is called a

second right Smarandache autotopism (Sgna right autotopism) of Gy if and only if
2U-sV=(x-s)WVaeGandseH.

If their set forms a group under componentwise multiplication, it is called the second right
Smarandache autotopism group (Sgma right autotopism group) of Gy and is denoted by Sona RAU
T(Gp,-) = Soma RAUT (G ).

The triple (U, V, W) such that V,W € SYM (G, ) and U € SSY M (Gg,-) is called a second

left Smarandache autotopism (Spna left autotopism) of Gy if and only if

sU-yV=(s-yWVyeGandseH.
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If their set forms a group under componentwise multiplication, it is called the second left
Smarandache autotopism group (Sgna left autotopism group) of Gg and is denoted by Sona LAUT
(GH,) =Sema LAUT(Gg).

Let (Gm,-) be a special quasigroup (loop) with identity element e. A mapping T €
SSYM(Gpg) is called a first Smarandache semi-automorphism (S;st semi-automorphism) if

and only if eT" = e and
(zy - )T = (2T - yT)xT for all x,y € G.

A mapping T € SSYM(Gpy) is called a second Smarandache semi-automorphism (Sgna

semi-automorphism) if and only if eT" = e and
(sy-8)T = (sT -yT)sT for all y € G and all s € H.

A special loop (G, ) is called a first Smarandache semi-automorphic inverse property loop
(S1=tSAIPL) if and only if J, is a S;= semi-automorphism.

A special loop (Gpg, ) is called a second Smarandache semi-automorphic inverse property
loop (S2ua SAIPL) if and only if J, is & Sgua semi-automorphism.

Let (GH,-) be a special quasigroup(loop). A mapping A € SSYM(Gy) is a

1. First Smarandache pseudo-automorphism (Sjst pseudo-automorphism) of Gy if and only
if there exists a ¢ € H such that (A, AR., AR.) € S1s« AUT(Gpg). c is reffered to as the
first Smarandache companion (S;st companion) of A. The set of such A’s is denoted by
S1st PAUT (G, ) = S1s« PAUT (Gg).

2. Second right Smarandache pseudo-automorphism (Sana right pseudo-automorphism) of
Gy if and only if there exists a ¢ € H such that (A, AR., AR.) € Sona RAUT(Gp). ¢ is
reffered to as the second right Smarandache companion (Syna right companion) of A. The
set of such A’s is denoted by Sona RPAUT (G, ) = Sona RPAUT (G ).

3. Second left Smarandache pseudo-automorphism (Sona left pseudo-automorphism) of Gy if
and only if there exists a ¢ € H such that (A, AR., AR.) € Sona LAUT(Gg). c is reffered
to as the second left Smarandache companion (Sona left companion) of A. The set of such
A’s is denoted by Sona LPAUT (G, -) = Sona LPAUT (Ghr).

Let (Gp,-) be a special loop. A mapping A € SSYM(Gg) is a

1. First Smarandache automorphism (S;st automorphism) of Gy if and only if A € S;«« PAUT (G g)
such that ¢ = e. Their set is denoted by S1ss AUM (Gp,-) = S1:s AUM (G ).

2. Second right Smarandache automorphism (Sona right automorphism) of Gy if and only
if A€ Syua RPAUT(Gg) such that ¢ = e. Their set is denoted by Sona RAUM (G, ) =
Sona RAUM (Ggp).

3. Second left Smarandache automorphism (Sgma left automorphism) of Gy if and only if
A € Syna LPAUT(Gp) such that ¢ = e. Their set is denoted by Sgna LAUM (Gg,-) =
Sona LAUM (G pp).
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A special loop (Gg, -) is called a first Smarandache automorphism inverse property loop (S;st AIPL)
if and only if (J,, J,,J,) € AUT(H,-).

A special loop (Gg,-) is called a second Smarandache right automorphic inverse property
loop (S2uaRAIPL) if and only if J, is a Soua right automorphism.

A special loop (Gg,-) is called a second Smarandache left automorphic inverse property
loop (Sgua LAIPL) if and only if J, is a Soua left automorphism.

Definition 4. Let (G,-) and (L, o) be quasigroups (loops). The triple (U, V, W) such that
U, V,IW : G — L are bijections is called an isotopism of G onto L if and only if

2UoyV = (z-y)WVazyeqG. (2)

Let (Gp,-) and (Las,0) be special groupoids. Gy and Ly are Smarandache isotopic (S-
isotopic) [and we say (Ljps,0) is a Smarandache isotope of (G, -)] if and only if there exist
bijections U,V,W : H — M such that the triple (U, V,W) : (Gg,) — (Lun,o) is an
isotopism. In addition, if U = V = W, then (Gpy,-) and (Lys,o) are said to be Smarandache
isomorphic (S-isomorphic) [and we say (Las, o) is a Smarandache isomorph of (G g, ) and thus
write (G, ) 7 (L, ©).).

(GH,-) is called a Smarandache G-special loop(SGS-loop) if and only if every special loop
that is S-isotopic to (G, -) is S-isomorphic to (G, -).

Theorem 1. (Jafyéold [13]) Let the special loop (Gpr,-) be a SgnaBL. Then it is both a
S,naRIPL and a Sy RAPL.

Theorem 2. (Jaiyéola [13]) Let (G, -) be a special loop. (Gg,-) is a SynaBL if and only
if (R-Y, LyRs, Ry) € S1 AUT(Gyy, ).

§3. Main results

Lemma 1. Let (Gy,-) be a special quasigroup and let s,t € H. For all z,y € G, let
_ op—l -1
roy=aR; " -yL,". (3)

Then, (Gx, o) is a special loop and so (Gg, ) and (Gg, o) are S-isotopic.

Proof. Tt is easy to show that (Gg, o) is a quasigroup with a subquasigroup (H, o) since
(G,-) is a special quasigroup. So, (Gg,o) is a special quasigroup. It is also easy to see that
s+t € H is the identity element of (Gg,0). Thus, (Gg,0o) is a special loop. With U = Ry,
V =L, and W = I, the triple (U, V,W) : (Gu,-) — (Gpg,0) is an S-isotopism.

Remark 3. (Gpg,o) will be called a Smarandache principal isotopism (S-principal iso-
topism) of (G, -).

Theorem 3. If the special quasigroup (Gg,-) and special loop (L, o) are S-isotopic,
then (Lpy,0) is S-isomorphic to a S-principal isotope of (G, -).

Proof. Let e be the identity element of the special loop (Lys,0). Let U, V and W be 1-1
S-mappings of Gy onto Lj; such that

2UoyV = (z-yWVayeGy.
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Let t =eV~! and s = eU~!. Define x xy for all z,y € Gy by
Txy = (W oyW)W L, 4)
From (2), with o and y replaced by xWU ~! and yWV ~! respectively, we get
(aWoyWYW ™t =2WU - yWVLV 2,y € Gy. (5)

In (5), with © = eW !, we get WV~! = L' and with y = eW ™', we get WU~! = R; .
Hence, from (4) and (5),

rxy=xcR; ' -yL;' and (zxy)W = aW oyW V 2,y € Gy.

That is, (Gm, *) is a S-principal isotope of (G, ) and is S-isomorphic to (L, o).

Theorem 4. Let (Gg,-) be a SonaRIPL. Let f,g € H and let (Gg,o0) be a S-principal
isotope of (Gg,:). (Gg,o) is a SemaRIPL if and only if a(f,g9) = (Rg,LnglL;;,R;l) €
Sona RAUT (G, -) for all f,g € H.

Proof. Let (Gg,-) be a special loop that has the SyuaRIP and let f,g € H. For all
z,y € G, define zoy = xR, - yL]?1 as in (3). Recall that f - g is the identity in (G, o), so
zoz? = f-g where :cJI’) = 2’ i.e the right identity element of z in (Gu,o). Then, for all x € G,
zozf = xR;l -xJLL;l = f - g and by the SyuaRIP of (Gg,-), since ng_l . sJLLJ?l = f-gfor
all s € H, then ng_l =(fg)- (sJéL}l)Jp because (H,-) has the RIP. Thus,

sRy ' = sJ) L Ly = sJ, = sR; 'Ly J\Ly. (6)

(GH, o) has the Spua RIP iff (zos)osJ) = sforalls € H, » € Gy iff (xR;1~sL;1)R;1~sJ[’JL;1 =
z, for all s € H, z € Gy. Replace z by z-g and s by f-s, then (m~s)Rg_1~(f-s)J;)LJ?1 =xz-qg
iff (z-s)R;' = (z-9)- (f- S)J;L;lJp for all s € H, x € Gy since (Gg,-) has the SonaRIP.
Using (6),

(z-s)R;' = xRy (f-s)R;'L;L & (x-s)R;' = xRy - sLyR'Ly! &

a(f,9) = (Rg, LyR;'Ly}  R;™") € Spna RAUT (G, -) for all f,g € H.

Theorem 5. If a special loop (G, ) is a SgnaBL, then any of its S-isotopes is a Sgna RIPL.

Proof. By virtue of Theorem 3, we need only to concern ourselves with the S-principal
isotopes of (Gg,-). (Gg,-) is a Sona BL iff it obeys the SouaBI iff (zs - 2)s = x(sz - s) for all
z,z€ Gand s € H iff L,sRs = LyRsL, forallz € Gands€ H if R;'L;} = L;'R;7IL;! for
allz € G and s € H iff

RIAL;'=L,R;'L,} forall z € G and s € H. (7)
Assume that (Gg,-) is a Sgna BL. Then, by Theorem 2,
(R;Y, LyRs, R,) € S10 AUT (G, -) = (R; Y, LyRs, Ry) € Sona RAUT (G, -) =

(R;Y, LyRs, R,) ™ = (R, R;'L;Y R;Y) € Spna RAUT(G gy, -).
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By (7), a(z,s) = (Rs, Ly R; 'L}, R;1) € Sona RAUT(Gg,-) for all f,g € H. But (G, -) has

s

the Sona RIP by Theorem 1. So, following Theorem 4, all special loops that are S-isotopic to
(GH,-) are Sona RIPLs.

Theorem 6. Suppose that each special loop that is S-isotopic to (Gp,-) is a Syna RIPL,
then the identities:

L (fo\f = (zg)\z,
2. g\(sg™") = (fo\[(fs)g™ "]

are satisfied for all f,g,s € H and = € G.
Proof. In particular, (Gg, ) has the SouaRIP. Then by Theorem 3, a(f, g) = (R, LfR;1
L1 R;Y) € Spa RAUT(Gp,-) for all f,g € H. Let

f9
Y =LyR;'Lyy. (8)
Then,
xg-sY = (.Z‘S)Rg_l. (9)

Put s = g in (9), then zg - gY = (zg)R;* = =. But, gY = gL;R; 'Ly = (fg)\[(f9)g7'] =

(FO\S- So, zg - (fo\f =z = (fo)\f = (zg)\z.

Put z = e in (9), then sY L, = sR;' = sY = sR;'L;". So, combining this with (8),
sRyVLG = sLyRLyL = g\(sg™") = (F9\[(f)g™ ).

Theorem 7. Every special loop that is S-isotopic to a Sgna BL is itself a Sona BL.

Proof. Let (G, o) be a special loop that is S-isotopic to an Sona BL (G, ). Assume that
-y = zaoyf where o, : H — H. Then the Sgna BI can be written in terms of (o) as follows.
(xs-z)s=x(sz-s) forall z,z € Gand s € H.

[(za o sB)ao zflaosf =xzao[(saozf)ao sf]6. (10)
Replace za by T, s8 by 5 and 20 by Z, then
[(Zo3)aoZlaos=To[(38 'aoZ)aoss. (11)

If T = e, then
(GaoZ)aos = [(3 a0 Z)ao3|s. (12)

Substituting (12) into the RHS of (11) and replacing Z, 5 and Z by z, s and z respectively, we
have

[(zos)aozlaos=xo[(saoz)aos]. (13)

With s = e, (zraoz)a =z o0 (eao z)a. Let (eao z)a = 26, where 6 € SSYM(Gp). Then,
(zao z)a =z o 20. (14)
Applying (14), then (13) to the expression [(z o s) 0 28] o s, that is

[(xos)ozdlos=[(ros)aozlaos=xzo[(saoz)aos]=zo[(sozd)os].
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implies
[(xos)ozdos=xzo[(sozd)os].

Replace zd by z, then

[(xos)ozlos=xo[(s02)o0s]

Theorem 8. Let (Gx,-) be a SyuaBL. Each special loop that is S-isotopic to (Gg,-) is
S-isomorphic to a S-principal isotope (Gg,o0) where z oy = xRy - yL;1 for all z,y € G and
some f € H.

Proof. Let e be the identity element of (Gp,-). Let (Gp,*) be any S-principal isotope
of (Gg,-) say v +y = aR,; ' - yL,* for all z,y € G and some u,v € H. Let ¢’ be the identity
element of (Gy,*). That is, ¢ = u - v. Now, define = * y by

roy=|[(we) x (ye’)]e’_l for all x,y € G.

Then R, is an S-isomorphism of (Gp,o) onto (Gp,*). Observe that e is also the identity
element for (G, o) and since (Gg, ) is a SonaBL,

(pe)(e"tq- &™) =pq-e ! forall p,g € G. (15)
So, using (15),
roy=[(xe)x (ye)]et = [xRo R, - yRe L ¢ = 2R Ry ' Rer - yRer Ly ' L1 Rer
implies that
roy=xA-yB, A= RuR,;'Re and B= Ry L;'Lo-1Ro-1. (16)

Let f = eA. then, y = eoy =eA-yB = f-yB forall y € G. So, B = L;l. In fact,

eB=fP=f"t Then,x =xoe=aA-eB=xA- f~!forall z € G implies of = (zA- f~1)f

implies zf = £A (S22 RIP) implies A = Ry. Now, (16) becomes x oy = xRy - yL}l.
Theorem 9. Let (Gg, ) be a Sona BL with the Sona RAIP or Syna LAIP, let f € H and let

roy=xRy -yLJT1 for all x,y € G. Then (Gg,o) is a S1s« AIPL if and only if f € Ny(H, ).
Proof. Since (Gy,-) is a SpuaBL, J = Jy = J, in (H,-). Using (6) with g = f~1,

SJ[/, = SRfJLf. (17)
(Gm, o) is a Sy« AIPL iff (z 0 y)J, = xJ, 0yJ, for all z,y € H iff
(xRy-yL;")J, = xRy -yJ, L. (18)

Let z = uRJ?1 and y = vL; and use (16), then (18) becomes (uv)RsJLf =uJLsRy-vLiRsJ
iff @ = (JLyRy,L;RyJ,RyJL;) € AUT(H,"). Since (Gyr,-) is a S1«AIPL, so (J,.,J) €
AUT(H,). So, « € AUT(H,-) & = a(J,J,J)(R;}, Ly-1Ry-1, Ry-1) € AUT(H,-). Since
(GH,-) is a SynaBL,

aLfRfLy- 1Ry = [f~'(fx- HIf 7t = [(f7'f-2)f]f7" =z for all z € G. That is,
LiRsL;-1Rs-1» = I in (Gpy,-). Also, since J € AUM(H,-), then RyJ = JR;-1 and LyJ =
JLs— in (H,-). So,
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B=(JLyRpJR;Y LRy J*Ly—1 Rp-v, RyJ Ly Rys) =

(JLyJRg-+ Ry, Ly RyLy Ry, ReLy-1Rp-1) = (Lg1, I, RyLy-1 Ry1).

Hence, (Gg,0) is a S1=AIPL iff 3 € AUT(H, ).

Now, assume that 3 € AUT(H,-). Then, Ls-1 -y = (vy)RsLs-1Rs-1 for all x,y € H.
Fory = e, Ly-1 = RyLy-1 Ry in (H,-). So, 8 = (Ly-1,I,Ly—1) € AUT(H,") = f~' €
Nx(H,-) = f € Nx(H,").

On the other hand, if f € Ny(H,-), then, v = (Ly,I,Ly) € AUT(H,-). But f €
Nx(H,-)= L;' = Ly-+ = RyLy-1 Ry in (H, ). Hence, 3 =~ and 3 € AUT(H, ).

Corollary 1. Let (Gg,-) be a SgnaBL and a S1st ATPL. Then, for any special loop (Gg, o)
that is S-isotopic to (Gg, ), (Gu,o) is a S1s«AIPL iff (Gg,-) is a Sist-loop and a Syst commu-
tative loop.

Proof. Suppose every special loop that is S-isotopic to (Gp,-) is a Syst AIPL. Then,
f € Nx(H,-) for all f € H by Theorem 9. So, (G, ) is a Syst-loop. Then, y~ta~! = (zy)~! =
x~ty~t for all z,y € H. So, (Gg,-) is a Syst commutative loop.

The proof of the converse is as follows. If (Gg,-) is a Sysc-loop and a Sys¢ commutative
loop, then for all =,y € H such that xoy = xRy - yL7t,

(woy)oz=(aRy yLy )Ry 2Lyt = (af [Ty f 7
zo(yoz)=aRy-(yRy-2L; )Lyt =af - f~ yf - f712).
So, (xoy)oz==xo(yoz). Thus, (H,o)is a group. Furthermore,
zoy=aRs-yL;' =af-fTly=z-y=y-z=yf - fle=your
So, (H, o) is commutative and so has the AIP. Therefore, (Gp,0) is a Syt AIPL.
Lemma 2. Let (G, -) be a SonaBL. Then, every special loop that is S-isotopic to (Gg, -) is
S-isomorphic to (G, -) if and only if (G, ) obeys the identity (z-fg)g~ f\(y-fg) = (zy)-(fg)
for all z,y € Gy and f,g € H.

Proof. Let (Gg,o) be an arbitrary S-principal isotope of (Gg,-). It is claimed that
Ry

(Gu,-) Z (Gu,o) iff tRsyoyRyy = (x - y)Ry, iff (z- fo)R,;' - (y - fg)L]?1 = (z - y)Ry, iff
(z-f9)g~" - f\(y- fg) = (zy) - (fg) for all 2,y € G and f,g € H.

Theorem 10. Let (Gg,-) be a SyuaBL, let f € H, and let x oy = xRy - yL;1 for all
z,y € G. Then, (Gg,-) 7 (Gu,o) if and only if there exists a Sis+ pseudo-automorphism of
(G, +) with Sys¢ companion f.

Proof. (Gy,-) ZZ (Gu,o) if and only if there exists T' € SSY M (G, -) such that T oyT =
(x-y)T for all z,y € G iff 2T Ry ~yTLJ?1 = (z-y)T for all z,y € G iff a = (TRf,TLfl,T) €
S1:t AUT(Gg).

Recall that by Theorem 2, (Gp,-) is a SonaBL iff (R;I,LfRf,Rf) € S1ss AUT(Gpy,-) for
each f € H. So,

a € $1wAUT(Gy) < 8= a(R; ', Ly Ry, Ry) =
(T, TRf,TRf) € SlstAUT(GH, ) T e SlstPAUT(GH)
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with Syst companion f.

Corollary 2. Let (Gg,-) be a SouaBL, let f € H and let z oy = zRy - yLJT1 for all
xz,y € Gu. If f e N,(H,"), then, (Gu,-) Z (Gu,0).

Proof. Following Theorem 10, f € N,(H,-) = TS1« PAUT(Gg) with Sis« companion f.

Corollary 3. Let (Gp,-) be a SynaBL. Then, every special loop that is S-isotopic to
(GH,-) is S-isomorphic to (Gg,-) if and only if each element of H is a Sis« companion for a Syst
pseudo-automorphism of (G, ).

Proof. This follows from Theorem 8 and Theorem 10.

Corollary 4. Let (Gg,-) be a SenaBL. Then, (Gg,-) is a SGS-loop if and only if each
element of H is a Syst companion for a Syst pseudo-automorphism of (Gg, ).

Proof. This is an immediate consequence of Corollary 4.

Remark 4. Every Bol loop is a SonaBL. Most of the results on isotopy of Bol loops in
chapter 3 of [19] can easily be deduced from the results in this paper by simply forcing H to
be equal to G.
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A arithmetical function mean value of binary
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Abstract Binary polynomial and Binary pure even polynomial through the introduction of
recursive method, using the two polynomial solve the problem of the average value formula
with the sum of numbers of binary.

Keywords Binary polynomial, binary pure even polynomial, pure even partition of set nu-

mber, characteristic function.

§1. Introduction

In the paper [1], U. S. experts in number theory Florentin Smarandache put forward
function of the digital sum of the number of columns so that people study it. Paper [2-5]
mainly to binary numbers and function of some low times have been studied. In this paper,
using a recursive method provides a binary number and function of the mean value formula
Ap (2’“) and A, (N), and give evidence. with the paper [2-5] compared to the structure of the
conclusions clear, convenient and practical, conclusions more comprehensive, easy to theoretical
study of the characteristics of. To study the convenience of, the paper k and p both are non-
negative integer, we give

Definition 1.5 Set m = 2k - 2k2 ... 42k (k) > ky > - > kg > 0), call a(m) = i 1
as the sum of numbers of binary, call A,(N) = > a”(m) as the average value of funclt_i(ljn

m<N
a(m).

Definition 2. Defined polynomial ¢, (k) as Binary polynomial: satisfy the recurrence
relation tg (k) = 1,¢p+1 (k) = 2kt, (k) — ktp (K — 1).

Definition 3. Defined polynomial g, (k) as Binary pure even polynomial: satisfy the
recurrence relation go (k) = 1,01 (k) = 0, gp+2 (k) = k%g, (k) — k (k— 1) g, (k — 2).

§2. The main conclusions

Theorem 1. Given t, (k) is Binary polynomial, then A4,(2%) = t, (k) 2*~P.
Theorem 2. Set integer N = 2k 4 2k2 ... 4 2Fs (k) > kg > - > k), g (k) is Binary
pure even polynomial, r; = k; +2i — 2 (i = 1,2,- - -, s), then

S p

AN =S 7 gn Gy rmr | 25,

i=1 | h=0 h
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2), gic = ki (15ki2 — 30k; + 16), then
(7"1‘2 + ki)Qkifz,

Corollary. Suppose r; = k; + 2i — 2, g;4 = k; (3k;
(1) AL (N) = 3 (k; +2i —2) 281 (2) Ay (N)

=1

I
VMCIJ |

N

o
Il
N

(3) A3 (N) = _51 (ri® + Bhiri) 263, (4) Ay (V) = f:l (ret + 62 + gia) 254,
(5) As (N) = 2831 (ri® + 10k;r;® + Bgiari) 285,
(6) Ag (N) = i:l (ri% + 15k;ir;* + 15,472 + kigig) 25 =C,
=
(7) A7 (V) = Zs: (ri" + 21k;iri® + 35giari® + Tgiori) 2877

§3. Proof of Theorem 1

3.1. Preparation
Lemma 1. Verify (1+e")F = 5 4,(2) 5.
p=0

Proof. A positive integer in the binary of less than 2*, each can take a digital “0” or

k
“1”, and affect each other, k-digit number in a j-bit integer to take a total of (7=

J
0,1,2,--- k), this _ integer numbers that the sum of numbers are j, their sum of p-times
J
is | jP, then
J
ok
4,2 ="( " |~ (1)
j=0 J
According to the binomial theorem to know function
Folk
ora) = (L4t =3 " ]e,
j=0 J
p-derivative of function is
k k
0P () = ij eI
j=1 J
then
o[k
v (0) =) 3" (2)
j=1 J
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Then
(14e")F = v (2) = ka(p)(o)j = ZAp(Qk)j'
part P p

Definition 4. Called function vy (x) = (1 + €®)* is a characteristic function of A4,(2%).

3.2. Proof of Theorem 1

Derivative of function wg(z) = (14 e®)* is v/ () = k(14 e®)F~te® = k(14 e®)F —
k(14 e®)*=1. Then v/ (z) = kvp(z) — kvg_1(z). So vV (2) = kvp® (2) — kvp_1 P (z).
Then v, T (0) = kvy®(0) — kvg_1 P (0). The use of (3) available

Apia (28) = k4, (2%) — k4, (2871). (4)
Suppose
A;D(zk) :fp (k) 2k7pa(p207172a”')' (5)
Then Ap.1(2%) = fyp (k) 287771, A (2571) = f, (k — 1) 28771
All of the above three type substituted into (4) may
for1 (B)2F P L =k f, (k)2 P — k- f, (k— 1) 28 P71,

Simplification may
for1 (k) =2k fp (k) = k- fp(k—1),(p=0,1,2,---). (6)

By (3) available Ag(2%) = v (0) = 2%, by (5) available A¢(2%) = fo (k) 2,
So fo (k) 2F = 2% that
fo (k) =1. (7)
By (6) and (7) available polynomial f, (k) to meet the definition of two terms in ¢, (k)
recursive, so f, (k) = t, (k).
Substituted into (5) available A4,(2%) =t, (k) 287,

This proves the theorem.

§4. Proof of Theorem 2

4.1. Two lemma

00 P o0 xP o0 P D P
Lemma 2.7 (Z ap> (Z bp'> => > ap—nbn | —-
p=0 p=0 P h p

p!

p=0 | h=0
e’ t+e " . . . . R
Lemma 3. chx = — is Hyperbolic cosine function, g, (k) is Binary pure even
00 P
polynomial, verify (chaz)® = 3 9p (k)x—'
p=0 b

Proof. Set
wy(x) = (chx)". (8)
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Then

wy' (z) = k(chz)*Lshx,

(k — 1) (cha)*2sh?z + k(chx)*'chx
(k — 1) (cha)"? (ch®x — 1) + k(cha)"
2(chx)* — k(k — 1) (chx)*~2.

|
T
?
=
5

The use of (8) available wy” () = k2w (x)—k (k — 1) wi_a(z). So w2 (z) = k?w;, P (z)—
k(k—1)wg_o® (x). That

wy, P2 (0) = k2w, P 0) —k(k—1) wh_o P (0). (9)

Suppose
we P (0) = fp (k) , (p=0,1,2,- ). (10)
Then w, #+2(0) = £y (k), wp_2®(0) = f, (k —2).
All of the above type substituted into (9)
Fora (k) = K2 f, (k) =k (k = 1) f,, (k = 2). (11)
Combining (8) and (10), we have

fo (k) = wr(0) =1, f1 (k) = wi'(0) = 0. (12)

By (11) and (12) available polynomial f, (k) to meet the definition of three terms in gy, (k)
recursive, So f, (k) = g, (k). Combined (10) available wy® (0) = g, (k). So

(cha)F = wy(z) = Zwk(p)(o)ﬁ = ng (k)ﬁ
p=0 LA s

4.2. The transformation of the problem

Given an integer N = 2kt 4 2F2 ... 4 9Fs(ky > ky > .- > k, > 0), interval [0, N) divided
into the interval between s plots N; = [2F1 + ... - 2Fi-1 2k ooy ki k) (1 =1,2,. .. 5),
Set A, (N;) = >, aP(m), then

meN;

A(N) =3 4, (N, (13)

In the range of 2% integers in interval N;, k; -digit number in a j-bit integer to take a

ks
total of ( ' ) ,(7=0,1,2,- - k;), from the (k; + 1)-bit to the k; -bit numbers the sum of
J

numbers are (i — 1), this (
J

k.
? ) integer numbers the sum of numbers are (i — 1 + j), their
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sum of p-times is ' (i —1+j), then

k.
K k
- - 145)P
j=0 J
The use of the binomial theorem to get function

ki k. ki
i )

u; (I‘) _ 6(2’71)1(1 + ez)ki _ e(ifl)mz ‘
=0 J =0

p-derivative of function is

D=y
j=0 J
Combining (14) and (15), we have

Ay (N;) = u; ) (0).

So characteristic function of A, (N;) is u; () = e~ D#(1 + vk

4.3. Proof of Theorem 2

Because

(i — 14 j)Peli=1Hiz,

li=1+9)z,

w; (z) = e D7(1 4 ) = e(%ﬂ;l)m(e% + e‘g)ki = 2’“’?6(%“71)1’(%5)&7

Set,
ri=k +2i—2,(i=1,2--5),

SO
- >
(kz,, i 1) r; Tlp I’p

Also according to Lemma 3

(5)" =20 tk0(5) 5= 2 7o
Combining (17), (18) and Lemma 2, we have

ui (r) = 2’“@(%%—1)1 A
2

ki S p oyt
- 2 Z > TR an (k)

p= h=0 h

oo p P 2P
= 22T ) gn (ki) ri ™" | .
p=0 ’

h=0 h

(15)

(17)
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Combining (16) and (19), we have

b
Ap (N;) = ;) (0) = 2KP | Y P gn (ko (20)
h=o \ P
s s D
By (13) and (20) available A,(N) = > 4, (V) = > | 32 [ 7 | g (ki) rip—7 | 20,
i=1 i=1 | h=0 h

This shows that the Theorem 2 is true.

§5. The relationship between Binary pure even polynomial

and Pure even partition of set number

Can be seen from Theorem 2, Binary pure even polynomial in the expression is essential, I
have studied a class of several, as pure even partition of set number, following pointed out that

the Binary pure even polynomial and Pure even partition of set number relationshipb

Definition 5.[9 j is non-negative integer, power Serles (chz — 1)’ Z Si(p,j
J!

coefficient Sy(p, j) is called the definition of pure even partition of set number
Theorem 3. Factorial function [k]; = k(k —1) - (k—j+ 1), then

Binary pure even polynomial g, (k) = >_ Si (p,j) [K];-
0

Proof. Because

k k
k
(cha)" =[(che — 1)+ 1" =" | " | (cha =1 =[] ¥ = (cha — 1)7. (21)
=0 J =0
By the definition of 5 available
1
ch:c -1y Z Sa(p,j PR (22)
Combining (21) and (22), we have
k 9] 2P
chx Z Z p Z Z Si(p,j . g
Jj=0 p=0 p=0
Combination of Lemma 3 available
> o )HZ > Sa(p. ) K] -
p=0 p=0 | j=0

So gy (k) = >_ Sa(p,j)[k];,(p=0,1,2,- ), prove complete.
i=0 ‘
Theorem 4. Pure even partition of set number Sy(p, k) there is a recursive relation-
ship: 54(0,0) = 1;S4(1,j) = 0;S4(p,0) = S4(0,5) = 0, p > 1,j > 1, and Su(p + 2,j) =
(2.] - 1) S4(paj - 1) +j254(p7j)a ] > 1.
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Proof. Know from the Definition 5

oo

LaoP 1 ;1 24 26 j
254(paj)ﬁzﬁ(chx—1) J<2'+4!+6!+“'>'

Because the expansion does not contain x, so Sy(1, ) = 0;
When j = 0, only the constant term Sy (0,0) = 1,54 (p,0) =0, (p > 1);

When 5 > 1, expanslon does not contain the constant term, so S4(0,j) = 0;

Set ¢ (z) = 254(193) R

2=0
So
-2 P
254 (P, 2) 254 p+2, J) : (23)
p=0
Also, according to the Definition 5 known ¢ (z) = > Si(p,Jj) %T = %(chx —1)Y. So
p=0
o (x) = ﬁ(chx — 1) sha.
Then
o (z) = ! (ch — 1)/ 2sh?s + ——— ! (cha — 1Y eha
(7 —2)! (7 -1
J—1 i=2( 32 1 j—1
= - chr —1 ch*r —1) 4+ ———(chz — 1 chz
G DT (e =) 4 e =)
1 i
- 7T (chaz — 1)1 [(j — 1) (cha + 1) + cha]
1 - . .
- W(chx — 17725 = 1) + j (cha — 1)]
i)Y eyt a2 Yo gy
= (25—-1) = 1)!(chx 1)+ j!(chx 1)
. G . P P
= 2 —1)) Si(pj—1) o +52) " Si(p.7) o
p=0 p=0
So

e’} P
Z (25 — 1) S (p,j — 1) + j2S4 (p, )]?

Combining (23) and (24), we have

© P
254 p+2J =Y [ = 1) Sa(p,j = 1) +5*Sa (p, j )]%

p=0 p=0

So Sa(p+2,7) = (25 — 1) Su(p,j — 1) + 52S4(p, j). This proves the theorem.

Conclusion

The use of Theorem 3 and Theorem 4 expression available to Binary pure even polyno-
mial. When the & value is not significant,applications (1) or (14) is also a convenient, when the

k value is significant, application of theorem 1 or theorem 2 on the much simpler.
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The adjoint semiring part of IS-algebras
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Abstract Let X be a IS-algebra, AS(X) = {z € X|0* (0 *x ) = 0%z} be called the adjoint
semiring part of X. It be proved that AS(X) is subalgebra and ideal of X, and it is semiring

about operation “ + 7 by which x +y = 0% (z *xy) and “ - 7 on IS-algebra X, and its some
other properties are given.

Keywords IS-algebra, ideal, subalgebra, adjoint semiring part.

§1. Introduction

The notion of BCI-algebra was formulated first in 1966 by K. Iseki. The IS-algebra (BCI-
semigroup) was introduced in 1993 by Y. B. Jun. The author gave the ring part and the adjoint
ring part of IS-algebra and discussed their properties in [4]. In this paper, we will give the new
concept of adjoint semiring part on IS-algebras, and discuss its good properties, in order to
explain its significance.

We stated the some relational definitions and conclusions for convenience of discussion.

Definition 1.1 An algebra (X, *,0) of type (2,0) is said to be a BCI-algebra if it satisfies:

(1) (x5 y) # (% ) * () = 0.

(2) (2 + (w +y)) xy = 0.

(3) z*xz=0.

(4)

In a BCI-algebra X, define a binary relation < by which z < y if and only if x xy = 0 for

rzxy=0and yxx =0 imply x = y.

any z,y € X, then < is a partially ordered on X.
Lemma 1.1Y Let (X, *,0) a BCI-algebra, for all z,y, z € X, we have (1) (z*y)*z = (z%2)*y.
(2) z+0=u=z.
(3) 0% (x5 y) = (052) % (0 %),
(4) 0% (0% (0xx)) =0%zx.
(5) £« 0 =0 imply x = 0.
Definition 2.[23] A IS-algebra (BCI-semigroup) X is a non-empty set X with two opera-

“ . »

tions “x” and , and with a constant element 0 such that following axioms are satisfied:
(1) (X, #,0) is BCI-algebra.
(2) (X,-) is semigroup.

“ »

1This work was supported by the Natural Science Basic Research Plan in Shaanxi Province of China (No.
2010JM1016) and the Science Foundation of Baoji University of Arts and Sciences (zk0913).
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(3) Distributive law: z-(y*2) = (z-y)*(z-2), (x*y)-z = (z-2)*(y-2), for any z,y,z € X.
2 -y is usual to be written zy and IS-algebra (X, *,-,0) is usual to be written X for short.

Lemma 2.1 In a IS-algebra X, we have 0z = 20 = 0.

Let Y be the non-empty subset of IS-algebra X, if operations “ % ” and “ - ” are closed in
Y, then (Y, *,-,0) is IS-algebra too, we call it is a subalgebra of X[l

Definition 3.1 Let I is a non-empty subset of IS-algebra X, It is said to be ideal of X, if

(1) For any z € X, for any a € I, then za, ax € L.

(2)zxyelandy €limply z € L

Definition 4.1 In a IS-algebra X, the set

R(X)={z e X|0xz =z}

is said to be ring part of X.

ARX)={z € X|0* (0% z) =z}

is said to be adjoint ring part of X.

Lemma 4.4 In a IS-algebra X, Ring part R(X) is a subalgebra of X and a ring that
character is 2. AR(X) is subalgebra of IS-algebra X, and adjoint ring part AR(X) is a ring
about operation “ + ” by which « + y = 2 * (0 x y) and operation “ - ” on IS-algebra X.

§2. New concept

We first prove a theorem for introduction a new concept.

Theorem 1. In a IS-algebra X, Let AS(X) = {z € X|0* (0% x) = 0z}, then
(1) AS(X) is subalgebra of IS-algebra X.

(2) Let x +y = 0 (x x y), then (AS(X), +,-) is a semiring, and have

rty=y+r,(x+y)+z=c+(y+2).

Proof. (1) Obviously, 0 € AS(X), so AS(X) # @.

For any z,y € AS(X), We have 0% (0 (xxy)) = (0% (0x2)) % (0% (0xy)) = (0xx)x (0xy) =
0 (z*y). that is z * y € AS(X).

In addition, since 0 % (0 x (zy)) = (Oy) * ((0y)) * (zy)) = (Ox (0« (x))y = 0Ox2x)y =
(Oy) * (zy) = 0 % (xy). That is zy € AS(X), hence AS(X) is a subalgebra of X.

(2) For any x,y,z € AS(X), we have 0% (0% (x +y)) = 0% (0% (0% (z*y))) =0 ((0* (0%
)k (0% (0%xy)))=0x((0x2)*(0xy)) =0x (0% (z*xy)) =0x*(z +y). then x +y € AS(X).

In addition, since x +y = 0% (x*y) = (0O*xz)* (0xy) = (0% (0xxz)) * (0*xy) =
(0x(0*y))*(0*x2)=0x*y)*(0*x2)=0x*(y*xz)=y+z, thatisz+y=y+az,(x+y)+z2=
Ox ((0x(xxy))*xz)=(0x(0*(xxy)))*x(0%z) =(0*(x*y))*(0%2z) =0x*((x*y)*z). Hence
(x+2)+y=0x((z*2)xy) =0x((xxy) x2) = (x +y) + 2. Therefore, AS(X) is a semigroup
about above operation “ + 7. Also, since AS(X) is closed about operation “ - ” on IS-algebra
X, we have z(y + 2) = z(0 % (y x 2)) = (20 * (xy x x2)) = (0 * (zy x x2)) = 2y + z2.

In same reason, (z +y)z = xz + yz, so (AS(X),+,) is a semiring.
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Definition 4. In a IS-algebra X, the set
ASX)={z eX|0*(0*z)=0*z}

is said to be adjoint semiring part of X.
Clearly, the adjoint semiring part of X is semiring on above “ + ” and “ - ” by Theorem 1.

Example 2. LetX = {0, a, b, ¢}, operation “-” by zy = 0, and operation “ x” is following:

x| 0]lal|b]|c
0]/0|c|O0]|a
a|0|la|c

b|blc|O0]a

clc|0]lc]|a

Then (X, %, -,0) is IS-algebra, and R(X) = {0}, AR(X) = {0,a,c}, AS(X) = {0,b}.

§3. Property

Theorem 2. z € AS(X) if and only if 0 x 2 € AS(X).

Proof. If x € AS(X), that is 0 (0*z) = O x, then 0% (0% (0*x)) = 0= (0 * x), therefore
0z € AS(X).

Conversely, if 0 x € AS(X), that is 0% (0% (0*x)) = 0% (0*z), then 0% (0*xz) =0 x x,
so z € AS(X).

Theorem 3. z € AS(X) if and only if (0% ) *x 2z = 0.

Proof. If z € AS(X), then (0 (0*z))xx = (0*z)x (0xxz) = (0*xz)*x = 0.

Conversely, if (0xx)*x = 0, then 0% ((0%2)*z) = (0%(0 * x))*(0xx) = 0, (0%z)*(0%(0 x x)) =
(0% (0% (0xx)))*x=(0x2x)*2x =0, therefore 0 % (0* ) = 0 * x, that is x € AS(X).

Theorem 4. Suppose z * y € AS(X), we have

(1) if z € AS(X), then y € AS(X).

(2) if y € AS(X), then x € AS(X).

Proof. (1) Let z *xy € AS(X), z € AS(X), by Theorem 2, AS(X) is close, we have
(rxy)*xx = (z*xx)*xy=0x*y. Therefore, y € AS(X).

(2) Let y € AS(X), by Theorem 2, 0%y € AS(X), we have (0*y)* (zxy) = (0% (x*y))*y =
Oxx)*(0xy))*xy=(0%x(0xy))*xx)xy=((0x(0xy)) *y)*xx =0xz. Hence z € AS(X).

Theorem 5. In IS-algebra X, AS(X) is ideal of X.

Proof. In the first place, by Theorem 4 (2), z*y € AS(X) and y € AS(X) imply 2 € AS(X).

In the second place, for any © € X, a € AS(X), we obtain 0x(0x(za)) = (x0)*((20)x(za)) =
(0% (0xa)) =2(0xa) = (20) * (xa) = 0% (xa). So za € AS(X).

In same reason, za € AS(X), hence, AS(X) is ideal of X.

Theorem 6. AS(X) N AR(X) = R(X).

Proof. For any z € R(X), that is 0% 2 = x, then 0% (0*2) = 0* 2 = x, hence 2 € AR(X)
and z € AS(X), that is, z € AS(X) N AR(X).
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For any y € AS(X) N AR(X), that is 0% (0 * z) = 0 * x = x, hence y € R(X), therefore
AS(X) N AR(X) = R(X).

Theorem 7. If z € AS(X), then 0 x 2 € R(X).

Proof. By Theorem 2, 0%z € RS(X), but 0 (0% (0% z)) = 0 *x, that is 0 x 2z € AR(X),
hence 0 x 2 € R(X) by Theorem 6.

Theorem 8. If z € R(X) and y € AS(X), then z xy € R(X) and y x 2 € AS(X).

Proof. Let z € R(X) and y € AS(X), that is 0% 2 = 2,0 (0 *xy) = 0 * y, we obtain
Ox(z*xy) =(0xx)*(0xy) = (0% (0xy))xx=(0*y)*xx=(0xz)xy =ax*y. Soxxy € R(X).

0% (0% (y*a)) = (0% (0xy))*(0x(0xx)) = (0xy)+(0xx) = (0x(y*x), therefore,
y*xx € AS(X).

Theorem 9. If x € AR(X) and y € AS(X), then z *y € AR(X).

Proof. Let x € AR(X) and y € AS(X), that is 0% (0*xx) = 2,0 (0xy) = 0%y, we obtain
0% (0% (zxy)) = (0% (0xx)) % (0% (0xy)) = (0% (0% (0xy)))* (0xz) = (0xy)*(0xx)=
(0% (0% x)) xy = *y. Therefore, z xy € AR(X).
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Abstract For any positive integer n, the Smarandache double factorial function Sdf (n) is
defined as Sdf(n) = min{m: m € N, n|mll}. Let ©(n) be the Euler function. The main
purpose of this paper is using the elementary methods to study the solvability of the equation

Sdf (n) + ¢(n) = n, and give its all positive integer solutions.

Keywords Smarandache double factorial function, Euler function, equation, solutions.

§1. Introduction and results

For any positive integer n, let ¢(n) denotes the Euler function. That is, ¢(n) denotes the
number of all positive integers not exceeding n which are relatively prime to n.

For any positive integer n, the famous Smarandache double factorial function Sdf(n) is
defined as the smallest positive integer m such that m!! is divisible by n, where the double
factorial

o {1~3-5~-~(m—2)~m, if m is an odd number;

2:4-6---(m—2)-m, if m is an even number.

That is, Sdf(n) = min{m : m € N, n | m!l}, where N denotes the set of all positive integers.
For example, the first few values of Sdf (n) are: Sdf(1) = 1, Sdf (2) = 2, Sdf(3) = 3, Sdf (4) = 4,
Sdf(5) = 5, Sdf(6) = 6, Sdf(7) = 7, Sdf(8) = 4, Sdf(9) =9, Sdf(10) = 10, Sdf(11) = 11,
Sdf(12) = 6, Sdf(13) = 13, Sdf(14) = 14, Sdf(15) = 5, Sdf (16) = 6, Sdf (17) = 17, Sdf(18) =
12, Sdf(19) = 19, Sdf(20) = 10, - --. In reference [1] and [2], Professor F. Smarandache asked
us to study the properties of Sdf(n). About this problem, some authors had studied it, and
obtained some interesting results, see references [3-7]. For example, Maohua Le [4] discussed
various problems and conjectures about Sdf (n), and obtained some useful results, one of them

as follows: if 2|n and n = 2%n;, where «, n; are positive integers with 24 ny, then
Sdf (n) < max{Sdf(2%), 25df(n1)}.

Fuling Zhang and Jianghua Li [5] proved that for any real number z > 1, we have the

asymptotic formula

rlnzx rlnzx
Z Sdf(n) = Inlnz +0 <(1nlnx)2) '

n<z
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Jianping Wang [6] proved that for any real number z > 1 and any fixed positive integer k,

we have the asymptotic formula

k
¢(3) 23 ¢ ad 3
Sd —S(n))? =22 2 — 4+ 0| —/——
r;( f(n) (n)) 24 Inz +; In*z * itz )’
where ((s) is the Riemann zeta-function, and ¢; are constants.

Bin Cheng [7] studied the solvability of the equation

Sdf (n) = ¢(n),

and give its all positive integer solutions.

In this paper, we use the elementary method to study the solvability of the equation
Sdf(n) + ¢(n) = n, and give its all positive integer solutions. That is, we will prove the
following:

Theorem. For any positive integer n, the equation
Sdf(n) + p(n) = n

has and only has 4 positive integer solutions, they are n = 8, 18,27, 125.

§2. Some preliminary lemmas

In this section, we shall give several simple lemmas which are necessary in the proof of our
theorem. They are stated as follows:

Lemma 1. For n > 1, let n = p{"p5? ---p* denotes the factorization of n into prime
powers, where p1,pa,--- ,p are distinct primes and ag, as, -+ , oy are positive integers, then

we have
1 - - ap—
w(n)—”H<1_p> =p T pe T T (= D2 — 1) - (o — 1)

Proof. See reference [8].

Lemma 2. If n is a square-free number, then we have

max{pi,p2,- -, , if n= ---pr and 21 n.

Sdf(n) = {p1.pas - ok} | P1p2 Pk t
2-max{p1,p2, -+ ,pr}, if n=2pip2-- pr.

Lemma 3. For any positive integer n, Sdf (n) < n.

Proofs of Lemma 2 and Lemma 3 can be found in reference [9].

Lemma 4. If m is any positive integer and p is any odd prime, then we have
Sdf(p™) = (2m — 1)p, for p > (2m — 1).

Proof. See reference [10].

o, 2

Lemma 5. If 2{n and n = p{" p5? - - - pyy

Sdf (n) = max{Sdf (pi"), Sdf (p3*),- -, Sdf (p")}-

k¥ is the factorization of n into prime powers, then
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Lemma 6. If 2 | n and n = 2%n;, where a,n are positive integers with 2 { ny, then
Sdf (n) < max{Sdf(2“),25df(n1)}.

Proofs of Lemma 5 and Lemma 6 can be found in reference [4].

8§3. Proof of the theorem

In this section, we will complete the proof of our Theorem. In fact from the definition of
the function Sdf(n) we can easily deduce that Sdf(1) = 1,Sdf(2) = 2,5df(3) = 3,5df(4) =
4,5df (5) = 5,5df(6) = 6,Sdf(7) = 7, so for any positive integer 1 < n < 7, the equation
Sdf (n) + ¢(n) = n does not hold. Now we suppose that n > 8, we consider the following cases:

I. If n be an odd integer, let n = p{'ps? - - - pi* is the factorization of n into prime power,
where p1 < pa < -+ < p,p; (1 <i<k)isan odd prime, a; >0 (1 <i<k).

1. If k =1, then n = p®.

1) If @ =1, then n = p.

At this time, from the definition of Smarandache double factorial function Sdf (n) we know

Sdf (p) = p. From Lemma 1, we get ¢(p) =p — 1. Then

Sdf (p) +¢(p) =2p— 1> p.

That is, Sdf (n) + ¢(n) > n for all n in this case.

2) If a = 2, then n = p2.

At this time, from Lemma 4 and Lemma 1, we have Sdf(p?) = 3p (p is an odd prime) and
¢(p®) = p(p — 1). Then

Sdf (p*) + ¢ (p*) = p* + 2p > p*.

Hence Sdf(n) + ¢(n) > n in this case.

3) If « = 3, then n = p3.

i) If p = 3, then n = 33. According to the definition of Smarandache double factorial
function Sdf (n) we can easily deduce that

Sdf(3%) + ¢(3%) =9+ 3% x 2 =27 =33

So n = 27 is a positive integer solution of the equation Sdf(n) + ¢(n) = n.
ii) If p = 5, then n = 5°. Hence

Sdf (5%) + p(5%) = 25 + 5% x 4 = 125 = 5°.

So n = 125 is a positive integer solution of the equation Sdf (n) + ¢(n) = n.
iii) If p > 7, then n = p>. From Lemma 4 and Lemma 1, we have Sdf(p®) = 5p, and
¢(p®) = p*(p — 1). Then
Sdf (p°) + ¢ (p*) = p(p* —p +5).

In fact we know p? —p+5 < p? when p > 7. so p(p? —p+5) < p?. That is, Sdf (p®) +(p*) < p.
4) If o > 4, then n = p*.
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From n — ¢(n) = p* —p*~Y(p—1) = p*~ 1, we know if it holds Sdf (n) + ¢(n) = n, it must

hold Sdf (p®) = p*~t =min{m: m € N, p® | m!!}. Now we will prove that Sdf (p*) # p>~1L.

a—1 a—11|

are all included in p So if p*~t = p™ . ny, we can
deduce that m > w But when a > 4, we have a < @, so Sdf (p*) < p®~1, that is,
Sdf (p®) < p® — p(p*). We know Sdf (n) + ¢(n) < n for all n in this case.

2. If k > 2, then n = p{'pg? - - ppt.

On one hand, from Lemma 5, we have Sdf (n) = Sdf (p"'p5? - - - pp* ) = max{Sdf (p7*),
Sdf (p3?),- -+, Sdf (pp*)}. Without loss of generality we assume that max{Sdf (p{*), Sdf (p3?),
-, Sdf (pp¥)} = Sdf (pr*), then we have Sdf (p{'ps? ---pr*) = Sdf (pp*) < pp*. On the other
hand, we have @(n) = @(pf'ps? - -ppt) = pi* ' ps> - pp T (pr — D(p2 — 1) - (pr — 1).

1) If Sdf(n) = py*, we have n — Sdf (n) = pi* (pSips? -+ - ppty" — 1).

From

It’s obvious that p,p?,--- ,p

PoIpYE -t — 1> T pse gt T () — 1) (py — 1) - (pr1 — 1)

and
Pt > pi T (pr — 1),

we have n — Sdf (n) > p(n). That is, Sdf(n) + ¢(n) < n.
2) If Sdf (n) < pp*, it’s obvious that Sdf(n) + ¢(n) < n.

IT. If n be an even integer, let n = 2%p{'pg? - - pi*.

1. If @ = 1, then n = 2p{* p5? - - - pp*.

1) If k =1, then n = 2p©.

1) If « =1, then n = 2p.

From the definition of Sdf(n) we get Sdf(2p) = 2p. So Sdf(n) + ¢(n) > n for all n in this
case.

i1) If a = 2, then n = 2p.

In fact, from Lemma 6 and Lemma 4, we get
Sdf (n) = Sdf (2p*) < max{Sdf(2),25df (p*)} = 28df (p*) < 6p.

At the same time, noting that n —(n) = 2p? —p(p—1) = p(p+1). We know 6p < p(p+1)
when p > 7. So when p > 7, Sdf (2p?) + ¢(2p?) < 2p?. For p = 3 and 5, we have:

i) When p = 3, Sdf(2x 3%) = 12, (2 x 32) = 6. So Sdf(2x 32)+p(2x3%) = 18 = 2x 32,
Hence n = 18 is a solution of Sdf(n) + ¢(n) = n.

i) When p = 5, Sdf (2 x 52) = 20, (2 x 52) = 20, and Sdf (2 x 52) + ¢(2 x 52) < 2 x 52,
So n =2 x 52 is not a solution of the equation.

iii) If o = 3, then n = 2p3.

iii) When p = 3, We have Sdf(2 x 33) = 18 = 2 x 3%, so Sdf (2 x 3%) + (2 x 33) > 2 x 33

iz’i)ﬁ When p > 5, from Lemma 6 and Lemma 4, we have

Sdf (2 x p*) < max{Sdf(2),25df (p*)} = 2Sdf (p°) = 10p.

Noting that, 2p® — ¢(2p%) = 2p® — p*(p — 1) = p?*(p + 1). We know p?(p + 1) > 10p. So
Sdf (n) < n — p(n), that is, Sdf (n) + ¢(n) < n.
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i) If a > 4, then n = 2p°.

It’s easy to show that n — p(n) = 2p* — p*~L(p — 1) = p*L(p+ 1). In fact if it holds
Sdf (n)+¢(n) = n, it must hold Sdf (2p®) = p*~!(p+1), but it’s not true. Because it’s obvious
that p,p?,--- ,p®~ ! are all included in p®~!(p+1)!!, so if p*~L(p+1)!! = p™-ny, we can deduce
that m > % But when o > 4, we have a < %, so Sdf(2p*) < p®~Y(p + 1), that is,
Sdf (2p*) < 2p* — ¢(2p”).

2) If k > 2, then n = 2p{"'p5? - - - pp*.

Firstly, from Lemma 6 we have

Sdf(n) = Sdf(2pi*p3®---pp")
< max{Sdf(2),25df (p7'p3* - -pp*)}
= 25df(p"p5* -+ pi*)
= 2max{Sdf (p\"), Sdf (p3*), -+, Sdf (p*)}-
For convenience we assume that max{Sdf(p{"*), Sdf (p5?),---,Sdf (py*)} = Sdf (py*). So
Sdf (n) < 28df (pp*) < 2pp*.

And from Lemma 1, we have

p(n) =p P32t T (e = Dp2 — 1)+ (pr — 1),
i) If Sdf (n) = 2pg*, then n — Sdf (n) = 2pp* (py'ps? - pr1" — 1).

From

PEpST - pitt =1 > ptr T T ) 1) (py — 1) - (pr1 — 1), (1)

and
2% > " (o — 1), 2)
we get n — Sdf(n) > ¢(n). That is, Sdf(n) + ¢(n) < n.

i1) If Sdf (n) < 2pp*, it’s obvious that Sdf (n) + ¢(n) < n.

2. If a > 2, then n = 2%pT" p3? - - - pp*.

1) If a; =0(1 <i < k), then n = 2%,

i) When a = 3, Sdf (23) + ¢(23) =4 +4 =8, so n = 8 is a solution of the equation.

ii) When o > 4, n — ¢(n) = 2971 In fact Sdf(2%) # 2~ 1. Because 2,22 ... 2971 are
all included in 2%~ !, so if 2@~ 1!l = 2™ . n;, we can deduce that m > w But when
a > 4, we have a < %, so Sdf(2%) < 2% Hence Sdf(2%) < 2% — ¢(2%), that is,
Sdf (2%) + (2%) < 2.

2) If k > 2, then n = 2°p{" p3? - - - p*.

For convenience we assume that max{Sdf(p{"), Sdf (p5?),--- ,Sdf(pp*)} = Sdf (p*). So
from above Lemmas, we get

Sdf (n)

Sdf (2%py" py* - pR*)
max{Sdf(2%),2Sdf (p7"'p5> - - pp*)}
max{Sdf (2%), 2Sdf (py*)}

2%ppk.

I IA

IN
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Now note that ¢(n) = 20~ 1pf ~1pg2 =t ... p@~L(p; —1)(pa—1) - - (pr—1) and n—Sdf (n) =
20pk (pPps? - prtt — 1), using the same method in (1) and (2), we can easily deduce that
n — Sdf(n) > ¢(n). It’s clearly that there is no solutions satisfied Sdf(n) + ¢(n) = n in this
case.

Now combining the above cases we may immediately get all positive solutions of the equa-
tion Sdf (n) + ¢(n) = n, they are n = 8,18,27,125.

This completes the proof of Theorem.
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81. Introduction

Smarandache notions on all algebraic and mathematical structures are interesting to the
world of mathematics and researchers. The Smarandache notions in groups and the concept
of Smaranadache Semigroups, which are a class of very innovative and conceptually a creative
structure, have been introduced in the context of groups and a complete possible study has
been taken in [11]. Padilla Raul intoduced the notion of Smarandache Semigroups in the year
1998 in the paper Smarandache Algebraic Structures [6].

In [5], the concept of regularity was first initiatied by J. V. Neumann for elements of
rings. In general theory of semigroups, the regular semigroups were first studied by Thierrin
[7] under the name demi-groupes inversifs. The completely regular semigroups were introduced
by Clifford [2].

The notions of regular element, completely reagular element of a semigroup are very much
useful to characterize Smarandache Semigroups. In this paper we present characterizations of
Smarandache Semigroups. Besides, some more theorems on Smarandache Semigroups, examples
are provided for justification. In Section 2 we give some basic definitions from the theory of
semigroups (See [3]) and definition of Smarandache Semigroup (See [11]). In Section 3 we

present our main characterization of Smarandache Semigroups and examples for justification.

§2. Preliminaries

Definition 2.1.3] A semigroup is a nonempty set S in which for every ordered pair of
elements z,y € S, there is defined a new element called their product zy € S, where for all
x,y,z € S we have (zy)z = z(yz).

Definition 2.2.12! An element b of the semigroup S is called a right divisor of the element
a of the semigroup if there exists in S an element x such that zb = a. b is called the left divisor

of a if there exists in S an element y such that by = a.
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If b is a right divisor of a, we say that a is divisible on the right by b. If b is a left divisor
of a, we say that a is divible on the left by b.

Definition 2.3.0] An element b of a semigroup S is called a right unit of the element a of
the same semigroup, if ab = a.

Left unit is defined analogously. An element that is both a right and a left unit of some
elemet is called two-sided unit of that element.

An element I which is its own two-sided unit is called an Idempotent : 1% = I.

Definition 2.4.0] An element a of a semigroup S is said to be regular, if we can find in S
an element x such that aza = a.

A semigroup consisting entirely of regular elements is said to be Regular semigroup.

Definition 2.5.12/ An element a is said to be completely regular if we can find in S an
element x such that axa = a; ax = za.

A semigroup consisting entirely of completely regular elements is said to be completely
regular.

Definition 2.6.12l An element e of a semigroup S which is a left unit of the element a € S
is called a Regualar left unit if it is divisible on the left by a.

e is called a regular right unit of a if it is a right unit of @ and is divisible on the right by

e is called a regular two-sided unit of a if e is a two-sided unit of @ and is divisible both on
the left and on the right by a.

In [3], the following observations are known:

2.6.1. Concepts of regularity and complete regularity coincide for commutaive semigroup.

2.6.2. If e € S is a regular left unit of a € S there must exist an « € S such that ea = a,
ax = e. The condition that e should be a right regular unit is ae = a, za = e.

2.6.3. Every idempotent is completely regular. It is its own regular two-sided unit.

2.6.4. A regular left unit of an arbitrary element is always an idempotent.

2.6.5. No element in a semigroup S may have two regular two-sided units.

2.6.6. If an element has regular two-sided unit then it is completely regular.

§3. Proofs of the theorems

In this section we give characterizations of Smarandache Semigroups by proving the fol-
lowing theorems.

Theorem 3.1. A semigroup S is a Smarandache Semigroup if and only if S contains
idempotents.

Proof. Let S be a Smarandache Semigroup then there is a proper subset G C S such that
G is a group under the operation defined on S. The identity element e of G is its own two-sided

2 =¢, in S. Hence, S contains idempotent.

unit i.e., e
Conversely, assume that the semigroup S contains idempotents. Let I be an arbitrary

idempotent of the semigroup S. Write Gy for the set of all completely regular elements of S for



40 A. K. S. Chandra Sekhar Rao

which I is a regular two-sided unit. In view of (2.6.3), Gy is a nonempty subset of S as G
contains I.

Now we show that G is a group under the operation on S. Let g1, g2 be any two elements
in GG7. Since I is a regular two-sided unit of g; and g we have for some uy, us, vy, vo in S.

I =gqgiuy, I = gous, I =v191, I = vags from this we have
(9192)(uau1) = g1(g2uz)ur = g1lur = grus = I,

next,
(v201)(9192) = v2(v191)g2 = v2lgo = vago = I.
Since, I is a two-sided unit of the element g;gs2, I is a regular two-sided unit of g1g2. In

view of (2.6.6), we have g1g2 € G. Therefore G is a semigroup with unit I. Since I is clearly

a two-sided unit for Juyl and
I=1I= gllLlI: gl(Iull),

I =vig1 =villg = vigiwilgr = Tuilgs,

it follows that I is a regular two-sided unit of the element ITuiI. In view of (2.6.6), Iuil € Gy
and further, Tuq[l is a two- sided inverse of g; with respect to I. From this we get the fact that
every element in G has a two-sided inverse in G as g is an arbitrary element of G; with unit
I. So, the proper subset G; C S is a group and hence S is a Smarandache Semigroup.

Theorem 3.2. A semigroup S is a Smarandache semigroup if and only if S contains
completely regular elements.

Proof.Suppose that the semigroup S is a Smarandache semigroup then there is a proper
subset G C S which is group under the operation defined on S. Clearly, the identity element
e € G, which is a regular two-sided unit of any arbitrary element of the semigroup, is completely
regular.

On the other hand if the semigroup S contains a completely regular element, say a, then
a has an idempotent element I as its regular two-sided unit. In view of the Theorem 3.1, the
proper subset G; C S is a group. Hence, S is a Smarandache Semigroup.

Theorem 3.3. Let S be a Smarandache Semigroup. The set C of all completely regular
elements of S can be expressed as the union of non-intersecting groups.

Proof. Let S be a Smarandache Semigroup, C be the set of all completely regular elements
of S and H be the set of Idempotent elements of S.

In view of Theorem 3.1 and Theorem 3.2, C' # ¢ and H # ¢. Let ¢ € C then C has an
idempotent I as its regualr two-sided unit. In view of Theorem 3.1 ¢ € G which is always a
group. In view of (2.6.5), no element may have two regular two-sided units. It follows that the

groups Gy, I € H are all mutually disjoint. Therefore, C' = U;cyGT.

84. Examples

In this section we give examples for justification.
Example 4.1. Let S = {e,a,b,c} be a semigroup under the operation defined by the
following table.
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Table 1

Clearly, the operation is commutative. Inview of (2.6.1), the completely regular elements
of S are e, a, b, ¢ as eece = e, aaa = a, bbb = b, ccc = c¢. Moreover the idempotent elements are
e, c.

Now G.= { e, a } as e is regular two-sided unit of e, a and G.= { ¢, b } as ¢ is regular
two-sided uniit of ¢, b. Using the Table 1, we can easily see that G, and G are groups. Further,
G.NG.=¢. Let C ={e, a,b,c}, we can easily see that C = G, U G..

Example 4.2. Let S = {1,2,3,4,5,6} be a semigroup under the operation defined by

xy = the great common divisor of x,y for all z,y € S. The composition table is as follows:

11213|14|5]|6
1{1|1]1]1]1]1
211211212
311|131 |1]3
411121 ]4(1]2
511 |1]1]1|5]1
6|1(2[3[2]1]|6

Table 2

We can easily see that S is a commutative semigroup. The completely regular elements
in S are 1,2,3,4,5,6 as 111 = 1, 222 = 2, 333 = 3, 444 = 4, 555 = 5 and 666 = 6. Write
C =1{1,2,3,4,5,6} for the set of all completely regular elements of S and H = {1,2,3,4,5,6}
for the set of all idempotent elements of S. Now, G; = {1} as 1 is the only regular two-sided
element of 1. Obviously, we have Gy = {2}, G5 = {3}, G4 = {4}, G5 = {5}, G¢ = {6}. Further
G1,Gs,G3,Gy, Gy, Gg are groups and they are mutually disjoint also C' = G UG, UG53 U G4 U
G5 U Gg.
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Abstract In order to obtain a lower bound of Merrifield-Simmons index of the tree-type
hexagonal systems, the zig-zag tree-type hexagonal systems are taken into consideration. In
this paper, some results with respect to Merrifield-Simmons index of zig-zag tree-type hexag-
onal systems are shown. Using these results, hexagonal chains and hexagonal spiders with the
lower bound of Merrifield-Simmons index are also determined.

Keywords Merrifield-Simmons index, zig-zag tree-type hexagonal system, hexagonal spider.

81. Introduction

A hexagonal system is a 2—connected plane graph whose every interior face is bounded by
a regular hexagon. Hexagonal systems are of great importance for theoretical chemistry because
they are the natural graph representations of benzenoid hydrocarbons [2]. A hexagonal system
is a tree-type one if it has no inner vertex. The zig-zag tree-type hexagonal systems are the
graph representations of an important subclass of benzenoid molecules. A considerable amount
of research in mathematical chemistry has been devoted to hexagonal systems [2-16].

In order to describe our results, we need some graph-theoretic notations and terminologies.
Our standard reference for any graph theoretical terminology is [1].

Let G = (V, E) be a graph with vertex set V(G) and edge set E(G). Let e and u be an
edge and a vertex of GG, respectively. We will denote by G — e or G — u the graph obtained from
G by removing e or u, respectively. Denote by N, the set {v € V(G) : uv € E(G)} U{u}. Let
H be a subset of V(G). The subgraph of G induced by H is denoted by G[H], and G[V \ H] is
denoted by G — H. Undefined concepts and notations of graph theory are referred to [11-16].

Two vertices of a graph G are said to be independent if they are not adjacent. A subset [
of V(@) is called an independent set of G if any two vertices of I are independent. Denote i(G)
the number of independent sets of G. In chemical terminology, i(G) is called the Merrifield-
Simmons index. Clearly, the Merrifield-Simmons index of a graph is larger than that of its
proper subgraphs.

We denote by W,, the set of the hexagonal chains with n hexagons. Let B, € ¥,. We
denote by V3 = V3(B,,) the set of the vertices with degree 3 in B,,. Thus, the subgraph B,,[V3]
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is a acyclic graph. If the subgraph B,[Vs] is a matching with n — 1 edges, then B,, is called a
linear chain and denoted by L,. If the subgraph B, [V3] is a path, then B, is called a zig — zag
chain and denoted by Z,,. If the subgraph B, [Vs] is a comb, then B,, is called a helicene chain
and denoted by H,, (see [11]).

Denote by T, the tree-type hexagonal systems containing n hexagons. Let T = [J° T,
and T € T. Let H be a hexagon of T. Obviously, H has at most three adjacent hexagons in T’;
if H has exactly three adjacent hexagons in T, then H is called a full-hexagon of T’; if H has
two adjacent hexagons in T, and, moreover, if its two vertices with degree two are adjacent,
then call H a turn-hexagon of T'; and if H has at most one adjacent hexagon in T, then H is
called an end-hexagon of T'. It is easy to see that the number of the end-hexagons of a tree-type
hexagonal system of n > 2 hexagons is more two than the number of its full-hexagons. Let
T €T andlet B= H{Hs...Hp,k > 2 be a hexagonal chain of T. If the end-hexagon H;
of B is also an end-hexagon of T', the other end-hexagon Hj is a full-hexagon of T', and for
2 <i<k-—1, H; is not a full-hexagon of T, then B is called a branch of T (see [16]). If any
branch of T is a zig-zag chain, then T is called zig-zag tree-type hexagonal system. Both a
zig-zag hexagonal chain and zig-zag hexagonal spider are zig-zag tree-type hexagonal systems

with no full-hexagon and only one full-hexagon, respectively.

§2. Some useful results

Among tree-type hexagonal systems with extremal properties on topological indices, L,
and Z, play important roles. We list some of them about the Merrifield-Simmons index as
follows.

Theorem 2.1.18 For any n > 1 and any B, € V,,, if B, is neither L,, nor Z,, then

i(Zy) < i(By) <i(Ly).
Theorem 2.2.06 For any n > 1and any T € Ty, if T is not L,,, then
i(T) < i(Ly).

Among many properties of i(G), we mention the following results which will be used later.

Lemma 2.1.[" Let G be a graph consisting of two components G; and Gs, then
i(G) = i(G1)i(Ga).
Lemma 2.2." Let G be a graph and any u € V(G), then
i(G) =i(G —u) +i(G— N,).
Lemma 2.3." Let G be a graph. For each uv € E(G). Then
i(G) —i(G—u) —i(G—u—wv)<0.

Moreover, the equality holds only if v is the unique neighbor of u.
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Let A and B be any graphs and C be a hexagon. Let G = AQyC. Let r and s be two
adjacent vertices of B of at least degree two. Denote by G, B the graph obtained from G and
B by identifying the edge ab with rs; by GgB the graph obtained from G and B by identifying
the edge bc with rs; by G¢B the graph obtained from G and B by identifying the edge cd with
rs (see [11]).

Lemma 2.4.0 Let A, B,G = AQIC, G, B and G¢B, if i(A — z) < i(A —y), then

i(G¢B) < i(GyB).

Lemma 2.5.'!) Let A4, B,G = AQ:C,G,B,GsB and G¢B, then

(a) (G, B) < i(G3B),

(b) i(G¢B) < i(GgB).

We add some notations which are convenient to express useful results. For a given zig-zag
chain Z, denote by J:;C, Tk, Yk y;c the four clockwise successful vertices with degree two in one
of end-hexagons (see Fig. 2.1).

Fig. 2.1 Z;, and Z;,_1

Lemma 2.6. Suppose G is a zig-zag chain with k hexagons. Then

Z(Zk) 3 2 2 1
’i(Zk — X — yk) 1 1 1 1 )
‘ , i(Zk-1)
W(Zy — K — 2, — Yk) 1 1 0 0 ) ,
. / i(Zk—1—Yp_1)
i(Zy—z—yr—y,) |[=] 1 0 1 0 _ (1)
) , W(Z—1 — Yr—1)
i(Zx — yy,) 30 20 (2 , )
NLk—1 — Yk—1 — Yp—
i(Z — ) 2 2 1 1 LY T e
i(Z — Yk — Yp,) 2 01 0

By applying Lemma 2.1 and Lemma 2.2, it is easy to obtain the result.

Lemma 2.7. Keep the notations as in Lemma 2.6 and suppose Zy, is a zig-zag chain with
k(k > 3) hexagons. Then

(8) i(Zk — w1 — yu) > i(Ps)i(Za—2) + i(P)i( Zn— — Y _s),

(b) i(Z — ok — yr — yy,) < i(Pa)i(Zh—2) + i(Ps)i(Zk—2 — y_s),

(€) i(Z1 — wr — wp — ) < i(P5)i(Zk—2 — y—2) +i(P)i(Zk—2 — Yn—2 — Yp_s)-
Where P,,(m = 3,4,5) is the path with m vertices.

Proof. (a) Set fi(k) = i(Zy), fa(k) = i(Zk — zx — yx), f3(k) = i(Zk — 26 — Un — Yp):
Falk) = i(Z —an—wy—yn), 5(k) = i(Zk—yp), fo(k) = i(Zx —yr) and fr(k) = i(Zk—ys —yp.)-



46 Shengzhang Ren, Jianwei He and Suiyi Yang

Applying Lemma 2.6 to Zx — xp — yYg, Zx—2 and Zp_o — y;ﬂ_w we get

i(Zk — e —yr) = fa(k)
= fAlk=1)+ fs(k—1)+ fo(k — 1) + fr(k — 1)
= 10f1(k —2) +4f5(k = 2) +6fs(k — 2) + 2f7(k — 2)

and
i(Ps)i(Zi—2) + i(P3)i(Zr-2 — yy_s) = 13f1(k — 2) + 5f5(k — 2).
Since fi(k —2) = fo(k —2) + f3(k — 2) for k > 3, then
Ar = i(Zy— i — i) — [i(P5)i(Zi—2) + i(Ps)i(Zk2 — Yg_s)]
= =3fi(k—2)— fs(k—2) +6f6(k —2) +2f7(k — 2)
= 3fe(k—2) —3f3(k—2)— fs(k—2)+2f7(k —2).

Since Z —xr — Yk —y;€ is the proper subgraph of Zy — yx, then i(Zy —yi) > i(Zr —xr — Yk —y;c)
By Lemma 2.2, we have 2f7(k —2) > f5(k —2). Therefore Ay > 0.

(b) Similar to the proof of (a), by Lemma 2.6, we obtain

i(Zy —wp—yk —y) = f3(k)
fi(k=1)+ fe(k —1)
= 5f1(k‘—2)+4f5(k‘—2)+3f6(k—2)—|—2f7(k—2),

and
i(Py)i(Z—2) +i(P3)i(Zr—2) = 8f1(k —2) +5f5(k — 2).

Thus

Ny = i(P)i(Zi-o) +i(Ps)i(Zy—2) — i(Z1 — xk — Y — Y1)
3fi(k =2) + f5(k —2) = 3f6(k — 2) — 2f7(k — 2).

According to Lemma 2.2, we have fi(k —2) = fe(k —2) + fs(k —2). So

Ny = 3f1(k‘—2)+f5(k3—2)—3f6(]€—2)—2f7(k2—2)
= [2fs(k—=2) = fr(k = 2)] + [fs(k — 2) — fr(k — 2)] + f3(k — 2).

Note that Z, — yi — y;c is the proper subgraph of Zj — y;c, then i(Zy — y;c) > i(Zy — yr — y,;)
By Lemma 2.2, we have 2f5(k —2) > f7(k — 2). Therefore Ay > 0.

(¢) Similar to the proof of (a), (b), by Lemma 2.6, we have

(2 —xp —yr — x;ﬁ) = fa(k)
=filk—=1)+ fs5(k—1)
=6f1(k—2)+2fs5(k —2) +4fs(k —2) + fr(k —2),
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and
i(Ps)i(Zi—2 — Yu—2) + i(Ps)i(Zi-2 — Yn—2 — Yp_o) = 13f6(k — 2) + 5f7(k — 2).
Then

As = i(Ps)i(Zy—2 — yk—2) + i(Ps)i(Zk—2 — Yb—2 — Yp_o) — i(Zk — T — Yp — T3,)
=—6f1(k—2)—2fs(k—2)+9fe(k —2) + 4f7(k — 2)
=3fs(k—2) —6f3(k—2) — 2fs(k —2) +4f7(k —2)
=2f1(k—3)+6f5(k—3) —3fs(k —3) +3f7(k —3).

Since Zx_3 — yx—3 is the proper subgraph of Zy_3, then i(Zy_3) > i(Zx—3 — yx—3). By Lemma
2.2, we obtain 2f5(k—3) > fe(k—3). Therefore Az > 0 and the proof of Lemma 2.7 is complete.

§3. Preliminary results

Suppose 11, To € T, and p;,q; are two adjacent vertices with degree two in T;,¢ = 1,2.
Denote by T1(p1,¢q1) ® T2(p2,g2) the tree-type hexagonal system obtained from T; and T by
identifying p; with po, and ¢; with ¢o, respectively.

In the present section, for a given T' € T, we always assume that s,¢ are two adjacent
vertices with degree two in T'. For a given linear zig-zag chain Zj, denote by x;c, Tk, Yk y,; the

four clockwise successful vertices with degree two in one of end-hexagons (see Fig. 3.1.).

Fig.3.1.

Theorem 3.1. Keep the notations as Lemma 2.7. For any 7' € T and k£ > 3 (see Fig.
3.1). Then
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() i(T(s,) ® Zilawr, yn) > (T (s,8) ® Zi(wy_y, 2r-1)),
(6) (T(5,1) @ Zu(wy, @) > i(T(5,1) @ Zu(y_y, @r-1))s
() i(T(5,1) @ Zilyn, i) > i(T(5,8) @ Zio(w_y, 1)),
Proof. (a) By Lemma 2.1 and Lemma2.2, we get

i(T(s,8) @ Zi(ag,yp)) = (T — s —)i(Zy, — a1, — yi) + (T — No)i(Zy — 3 — Yp — yy)
+i(T — NL)i(Zk — wx — i — )
= (T —s—1t)fa(k) +i(T — Ny) fa(k) +i(T — Ny) fa(k),

and
i(T(s,t) ® Zp(wy_y,25m1) = (T — s — t)[13i(Zk—2) + 5i(Zr—s *y;c 2)]
+i(T — Np)[8i(Zr—2) + 5i(Zk—2 — yp_»)]
+i(T — Ns)[13i(Zp—2 — yx—2) + 54(Zy—2 — yp—2 — yl/cf2>]
= (T —s—t)[13f1(k —2) +5f5(k — 2)]
+i(T — Ne)[8f1(k —2) + 5f5(k — 2)]
+i(T — Ns)[13fe(k — 2) + 5 f7(k — 2)].
Then
Ay = i(T(s,t) ® Zi(we, yw)) — i(T(5,) ® Zi(wy_y, 78-1))

= T —=s=t){f2(k) = [13f1(k = 2) + 5f5(k = 2)]}
+i(T — No){fa(k) — [8f1(k —2) + 5f5(k — 2)}
+i(T — No){ falk) — [13f5(k — 2) + 5f-(k — 2)]}.

From Lemma 2.7, we have fo(k) > 13f1(k—2)+5f5(k—2), f3(k) <8f1(k—2)+5f5(k—2)
and fu(k) < 13f6(k — 2) + 5f7(k — 2). It i(T — N;) < i(T — N,), then

Ag > i(T = N)falk) + fo(k) + Falk) = 212 (k — 2) — 10fs (k — 2) = 13f5(k — 2) — 5 2(k — 2)].

Otherwise

Ay > (T — Ne)[f2(k) + f3(k) + fa(k) — 21 fi(k —2) — 10f5(k — 2) — 13 f6(k — 2) — 5 f7(k — 2)].

Since fo(k) + f3(k) + fa(k) —21f1(k—2) —10f5(k —2) — 13 fs(k — 2) — 5f7(k — 2) = 0, therefore
A4 > 0 and similar to the proof of (a) and Lemma 2.7, we obtain

(1) i(T(5,6) @ Zu(al 00)) > i(T(5,1) @ Zi(w_y, w0-1)):

(¢) i(T(5,t) @ Zi(yx, yp)) > i(T(5,t) @ Zy (a1, Tx_1)). The proof of Theorem 3.1 is com-
plete.

Corollary 3.1. For any k£ > 3, then

(a) i(Ln(5,t) © Zi(xr, yr)) > i(Ln(5,1) @ Zi(2)_ 1> Th1)),

(8) i(Ln(5,0) @ Zi(hs 1) > i(Ln(5,8) © Zi(ay_y,an-1)

() i(Ln(5,t) @ Zlype ) > i(Ln(5:) @ Zel_y, 2 1).
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84. Zig-zag tree-type hexagonal systems

A graph G is called a zig-zag tree-type hexagonal system if it is a tree-type hexagonal

system and any branch of which is zig-zag chain.

We shall use Z? to denote the set of all zig-zag tree-type hexagonal systems with n hexagons.

*
n’

For a given graph Z* € Z*, we denote by Z+ the graph obtained from Z* whose every branch

is transformed by transformation I (see Fig. 4.1).

A graph G is called a spider if it is a tree and contains only one vertex of degree greater
than 2. For positive integer ni,ns,n3, we use S(ni,na,n3) to denote a hexagonal spider with
three legs of lengths ny, ng and ng, respectively (see [11]).

If a hexagonal spider S(nj,ns2,n3) whose 3 legs are linear chains, then such a graph is

called a linear hexagonal spider and denoted by L(ni,ns,n3) ( see [11]).

Similarly if each leg of S(n1,ng,n3) combining with the central hexagon is a zig-zag chain,
then such graph is called a zig-zag hexagonal spider and denoted by Z(n1,ng,ns) (see [11]).
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Transformation I. Let Z;, = HiHy --- Hy, and Z;, Q) H be a branch of T' (see Fig. 4.1.).
Firstly, the graph T " can be obtained from T — Z and Zj by identifying the edge uiv; of
Hy_1 with the edge sit; of H. Secondly, the graph T" can be got from T — Zy_o and Zy_o
by identifying the edge uovs of Hy_3 with the edge soto of Hp_1. Finally, by repeating this
operation, the graph T" can be obtained. If T = Zn,only let H= H;.

Theorem 4.1. For any Z* € Z and any n > 4. Then

i(Z1) <i(Z%).

Moreover, the equality holds if and only if Z+ =2 Z*.

Proof. Note that the graph Z= is obtained from Z* whose every branch is transformed
by transformation I, and by Theorem 3.1, we get i(Z+) < i(Z*). Moreover, the equality holds
if and only if Z+ =~ Z*.

By repeating to apply transformation I on a hexagonal spider S(ni,ng,ns) and Z,, and
according to Theorem 3.1, we will also obtain a good lower bound of Merrifield-Simmons index
of Z, and Z(ny,nz2,n3) as follows.

Theorem 4.2. For any Z*(n1,ng,n3) € Z(ni1,n2,n3) with n hexagons and any n > 4.
Then

i(Z+(n1,n9,n3)) <i(Z*(n1,n9,n3)) < i(L(n1,n2,n3)).

Moreover, the equality holds if and only if Z+(ny,n2,n3)) = Z*(n1, na,n3)).
Theorem 4.3. For any Z* € Z,, and n > 4. Then

i(Z4) <i(Z7) <i(Ly).
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Abstract For any positive integer n, the Smarandache reciprocal function S.(n) is defined
as the largest positive integer m such that y | n! for all integers 1 < y < m, and m + 1 { nl.
And for any positive integer n and m, the Pseudo-Smarandache dual function Z,(n) is defined
as the largest positive integer m such that W | n. In this paper, we use the elementary
methods to study the solvability of the equation S.(n) = Z.(n) + n, and give its all positive
integer solutions.

Keywords Smarandache reciprocal function, Pseudo-Smarandache dual function, equation,

solution.

§1. Introduction and results

In reference [1], A. Murthy introduced function S.(n), which is called the Smarandache
reciprocal function. It is defined as the largest positive integer m such that y | n! for all integers
1<y<m,and m+ 11n!. That is,

Sc(n) =max{m: m e N, y|n! for all integers 1 <y <m, and m+1{n!}.

For example, the first few values of S.(n) are: S.(1) =1, S.(2) =2, S.(3) =3, S.(4) =
4, S.(5) = 6, S.(6) = 6, S.(7) = 10, S.(8) = 10, S.(9) = 10, S.(10) = 10, S.(11) =
12, 5.(12) =12, S.(13) =16, S.(14) = 16, S.(15) = 16, S.(16) = 16, S.(17) =18, S.(18) =
18, - -

Some authors had studied the elementary properties of S.(n), and obtained many inter-
esting conclusions. For example:

If Sc(n) = x and n # 3, then x + 1 is the smallest prime greater than n.

On the other hand, for any positive integer n, the Pseudo-Smarandache dual function,

denoted by Z.(n), is defined as the largest positive integer m such that % | n. That is,

m(m+1)|n}’

Z*(n):max{m: m € N, 5

where N denotes the set of all positive integers.

From the definition of Z,(n), we find that the first few values of Z,(n) are:

Z,(1)=1, Z.(2) =1, Z.(3) =2, Z.(4) =1, Z.(5) =1, Z.(6) =3, Z.(7) =1, Z.(8) =
1, Z,(9)=2,---.

About this function, some authors had studied its properties, and obtained a series of

interesting results, see references [2-5]. Such as:
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For any prime p > 3, and k € N,

1, if p#3.

For any prime p, ¢ > 3 satisfying p = 2¢ — 1, Z.(pq) = p.

For all integers a, b > 1, Z.(ab) > max{Z.(a), Z.(b)}.

For any integer s > 1 and any prime p, Z,(3° - p) > 2.

In reference [4], Professor Zhang Wenpeng and Li Ling proposed the equation S.(n) =
Z.(n) 4+ n, and give the following:

Conjecture. For any positive integer n, the equation
Sc(n) = Zi(n) +n. (1)

holds if and only if n = p?**1, where p (> 5) and p?**! + 2 are primes, o € N.
A.A K Majumdar studied this problem, and found several counter-examples to the conjec-

ture. For example,
S.(35) =36 = Z.(35) + 35, S.(65) = 66 = Z,.(65) + 65, S.(77) =78 = Z.(77) + 77.

The main purpose of this paper is to study the solvability of the equation (1), and find its
all positive integer solutions.

That is, we shall prove the following:

Theorem. The equation (1) has infinite solutions, they are:

1. n = p***tl where p (> 5) and p?**! + 2 are primes, o € N.

2. n = pi*py? - p? = wvit;, where p1, pe2,---,p, are distinct odd primes > 5, r is a
positive integer > 2, and (u;, v;) = (vs, t;) = (t;, u;) = 1, i € N satisfying the following
conditions:

(a). For any u | u;, v} | v;, v} # 2u} £ 1.

h r h

(b). For n = H (6a; — 1)* - H (6a; + 1), if Zozi = k is an odd integer, and n + 2

i=1 j=h+1 i=1

is a prime.

§2. Some useful lemmas

Lemma 1. For any prime p, ¢ > 3 satisfying p = 2¢+ 1, then Z.(pq) =p — 1.

Proof. w =pq, so Z«(pq) =p— 1.

Lemma 2. If n = 3% - ¢, for any positive integer s and composite integer ¢, Z.(n) > 2.

Lemma 3. n = p{*p5?---pir = w;v;t;, where p1, pa,--- ,p, are distinct odd primes > 5,
r is a positive integer > 2, and (u;, v;) = (vs, ;) = (b, u;) =1, i € N .

If w} | ugy v) | vi, v, = 2ul — 1, then Z,(n) = max {v,} = v}.

Proof. Let Z.(n) = m, we have,

m(m + 1)
2

| wivits,
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and it is clear that,
vy(v] +1
% — W\, | wsvits.
Then m = v}.
Lemma 4. n = p{'p5? - p& = w;v;t;, where p1, pe,--- ,p, are distinct odd primes > 5,
r is a positive integer > 2, and (u;, v;) = (vi, ;) = (4, w;) =1, i € N .
If w} | wi, v) | vg, v = 2ul 4+ 1, then Z,(n) = max{v} — 1} = v} — L.
Lemma 5. If n = p{"'p3? .- p% = w;v;t;, where p1, pa,--- ,p, are distinct odd primes
> 5, r is a positive integer > 2, and (u;, v;) = (vs, ;) = (b, wg) =1, i € N. I uf | ug, v} | vy,
v; # 2u} £ 1, then Z,(n) = 1.

§3. Proof of the theorem

In this section, we shall use the elementary methods to complete the proof of our theorem.

Now we suppose that n = 2F - s, where s is an odd integer, we discuss the solutions in the
following several cases:
(a). If » is an even integer, then k = 0.

It is clear that n =2, 4, 6, 8,--- are not the solutions of the equation (1).

(i) Let t = 1, then n = 2*.

From the property of Z,(n), we can get Z,(2%) = 1. If S.(2¥) = Z.(2F) + 2% = 2k + 1, then
2% + 2 must be a prime. In fact, 2 | (2¥ + 2). Hence, there are no solutions.

(i) Let t = p®, then n = 2¥ . p® p is an odd prime while « is a positive integer. Let
Z.(n) = m, we have % | 28 . p@, that is m(m + 1) | 2F+1 . p@.

Obviously, (m, m + 1) = 1,(2¥*1, p®) = 1. So m must divides either 2**! or p®, while
m + 1 must divides another.

A Ifm | 281, m +1 | p®, then m > 2, m+1 > 3. Let (m+ 1, p®) = d, obviously,
d=m+12>3. Then we can get d | (m+ 1+ n).

B. If m | p® m+1|21 then m >3, m+1>4. Let (m+ 1, 2¥1) = d, obviously,
d=m+1>4. Then we can get 2 | (m+ 1+ n).

Therefore, there are no solutions.

(iii) Let ¢t be a composite integer, t = p{*p5? - - - p@r, where py,pa,--- ,p, are distinct odd
primes, and a1, ag, -+ ,a,. € N, 7 > 2. Let Z,(n) = m, we have
m(m+1) R
2 b

that is m(m + 1) | 21 . ¢,

It is clear that (m +1, 28-¢) > 2, then (m+1+mn, m+1) =d > 2. So m+ 1+ n can not
be a prime.

From the cases (i)-(iii), we know that the equation (1) has no even positive integer solutions.
(b). If n is an odd integer, we get k =0 and n = s.

It is clear that » = 5 is a solution of the equation (1). We also obtained n = 377 =
13-29, n =437 =19-23, n = 1445 = 5-172, n = 1859 = 11132, n = 2387 = 7-11-31, - --
satisfying the equation (1).
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(i) Let n =1, then S.(1) =1, Z.(1) = 1. Obviously, S.(1) # Z.(1) + 1, so n =1 is not a
solution of the equation (1).

(ii) Let n = 3%, where « is a positive integer. Hence, Z,(3%) = 2.

If S.(3%) = Z,(3%)+ 3% = 3* 42, then 3%+ 3 must be a prime. In fact, 3*+3 = 0( mod 3),
here we obtain contradiction, so n = 3% can not satisfy the equation (1).

(iii) Let n = 3% - ¢, t = p{*p5? - - - p, where p1, pa2, -+, p, are distinct odd primes > 5,
r is a positive integer. Let Z.(n) = m, we can get w | 3% - t, that is m(m +1) | 2-3% - .
From the property of Z.(n), we have m > 2, that ism+1>3. So(m+1+n, n) =d > 3,
and m + 1 4+ n can not be a prime.

Therefore, there are no solutions in this case.

(iv) Let n = p", where p is an odd prime > 5, r is a positive integer. Now we discuss in
the following cases:

A. If r =1, then n = p. Hence, Z,(n) = 1. If p+ 2 is a prime, then S.(p) = p + 1. Both
p and p + 2 are primes holds if and only if 4[p — 1)! + 1] + p = 0( mod p(p + 2)). In this case,
n = p satisfy the equation (1).

B. If r = 2a, where « is a positive integer, we can get Z,(p?®) = 1.

It is clear that 3 1 p®*. For p® — 1, p®, p* 4 1 are three continuously integers, then 3 must
divides one of the three forms. So (p® —1)(p® + 1) must be divided by 3. That is

(p* = 1D)(p™ +1) =0( mod 3).

That is equivalent to p?>* = 1( mod 3), then we can get p** + 2 = 0( mod 3).
It means that if S.(n) =n + 1, n+ 2 can not be a prime.
C.If r = 2a + 1, then Z,(p?**!) = 1. According to case A, we can get

p?*t = p( mod 3).

Then p?**! +2 = p+2( mod 3).
If p+2=0( mod 3), that is p = 1( mod 3), then we can get p>**™! + 2 = 0( mod 3).

22+l can be the solution.

When p?*+! + 2 is a prime, p

(v) Let n = p{'p3? .- p&r = wv;t;, where p1, pa,--- ,pr are distinct odd primes, r is a
positive integer > 2, and (u;, v;) = (vi, t;) = (t;, u;) =1, i € N.

If there exists a equality v} = 2u} £+ 1, where u} | u;, v} | v;.

Let Z.(n) = m, we have w | n, that is m(m + 1) | 2n.

If S.(n) = Z.(n) + n = m + n, then m + 1 + n must be a prime. According to Lemma 3
and 4, we can easily get that m 4+ 1 + n can not be a prime.

So in this case, the equation (1) has no solutions.

(vi) Let n = p{*ps? - - - p&r = w;v;t;, where p1, pa,--- ,p, are distinct odd primes > 5, r is
a positive integer > 2, and (u;, v;) = (vi, ;) = (t;, w;) =1, ¢ € N. For any u} | u;, v} | vs,
vi # 2u; £ 1. Then we can get Z.(n) = 1.

If Z.(n) + n+1=mn-+2 be a prime, n can be the solution of the equation (1).

Now we discuss the solutions in the following several parts:

A. For any prime p; > 5, p; = 6a+1 or p; = 6a—1, every odd integers > 5 can be expressed
as 6a — 1, 6a + 1 or 6a + 3. Obviously, 3 | (6a + 3), so (6a + 3) can not be a prime.
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h T h
B. Mark n = H (6a; — 1)* - H (6a; +1)*, and Z a; =k, where h <r.
i=1 j=h+1 i=1

If £ is an odd integer, we can get

(6a; —1)* - H (6a; + 1) = —1( mod 3).
1 j=h+1

h T
i=

So n+ 2 =1( mod 3). n is the solution if n 4+ 2 be a prime.

If k is an even integer, we can get n + 2 = 0( mod 3). Hence, for any integer n, n + 2 can
not be a prime. In this case, the equation (1) has no solutions.

Thus, the theorem is established.
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Abstract For any positive integer n, the famous Smarandache 3n-digital sequence {a(n)}
is defined as a(n) = gigz such that g1 = n, g2 = 3n. That is, the numbers that can be
partitioned into two groups such that the second one is three times bigger than the first. The
main purpose of this paper is using the elementary method to study the properties of the

Smarandache 3n-digital sequence, and solved a related conjecture.

Keywords Smarandache 3n-digital sequence, elementary method, conjecture.

§1. Introduction and results

For any positive integer n, the famous Smarandache 3n-digital sequence a(n) is defined as
follows: a(n) = gigz, where g1 = n, go = 3n. That is, the numbers that can be partitioned into
two groups such that the second one is three times bigger than the first. For example, a(1) =
13, a(2) = 26, a(3) = 39, a(4) = 412, a(5) = 515, - - - . In reference [1], Professor F. Smarandache
asked us to study the properties of the sequence {a(n)}. About this problem, professor Zhang
proposed the following:

Conjecture. There does not exist any complete square number in the Smarandache 3n-

digital sequence a(n). That is, the equation
an =m? (1)

has no positive integer solution.
In reference [2], Jin Zhang studied this problem, and proved the following conclusions:
Proposition 1. If positive integer n is a square-free number (That is, for any prime p, if
p | n, then p? { n), then a(n) is not a complete square number.
Proposition 2. If positive integer n is a complete square number, then a(n) is not a

complete square number.

In this paper, we using the elementary methods and the properties of the prime distribution

to study the Smarandache 3n-digital sequence a(n), and partly solved the zhang’s conjecture
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as following:

Theorem 1. Equation (1) has solutions, and part of the solutions can be expressed as

follows:
ni - (10p(P=Ditko 4 3)

where p? | (107 (=Ditho 4 3) V30 py) « V30— 1, 2, ...

Theorem 2. For any positive integer £ > 1, there are infinite complete square numbers

in the Smarandache kn-digital sequence {ax(n)}. That is, the part of solutions of equation

2

ax(n) = m?* can be expressed as

ni - (10P (p=1)i+ko L k)
n= e ,

where p? | (10P (P~ 1 iHko o k), '11(0)’,31’ <ng < @, 1=0,1,2,---.

From above theorems, we can immediately obtain the following:

Corollary 1. Let b be a positive integer, if b | (10%0 +3), then the solution of the equation
(1) can be expressed as the following form
ng - (10% + 3)

n=————#—/——6©%

b2

V30b V3b

where 30 <ng < ~3 -
Corollary 2. Let b be an positive integer, if b | (10% + k), then the solution of the

equation (1) can be expressed as the following form

ni - (10% + k)
b2 ’

n =

V10k b <ny < \/Eb.

where ok

§2. Some useful lemmas

To complete the proof of the theorems, we need the following several lemmas:

Lemma 1. Let p be a prime, if p? | (10F +3), then p? | (10P®P=Ditko13) j=0,1, 2, ---.

Proof. It is clear that if p | (10* +3), (p # 2,5), then (10, p?) = 1. From Euler Theorem,
we have 10°") = 1(mod p?). Note that p? | (10% + 3), we have

107 (P=Ditko = —3(mod p?), where i =0, 1, 2, ---,

S0
p? | (1P P~ Ditko 4 3y where i =0, 1, 2, --- .
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This completes the proof of Lemma 1.

Lemma 2. Let p be a prime, if p? 1 (10°P~! — 1), then there exists a minimum positive
integer pd such that 107° = 1(mod p?).
Proof. let 6 = min{d : 109 =1(mod p), d|(p —1)}. Since p? { (10P~! — 1), then
p? 1 (10° — 1) and
14+10° +10%° 4 - +10?P~Y% = p = 0(mod p),

(10° — 1) (10P=D9 4 10®P=2% ... 1 10° + 1) = 107° — 1 = 0(mod p?).

If there exists another positive integer u such that p? | (10 — 1) and u < pd, then
§ <u < pé. Ttisobvious that § | u. Let u = k(1 < k < p), since 14+10° 41020 4- - . 4-10F~1)9 =
k # 0(mod p), then p t (1 +10° + 10%° + - + 10*=1%) "and p? { (10° — 1), so we have
p? 4 (10° =1)(1410° +10%0 4-- - - +10%*=1%) "that is p? 1 (10%? —1), which obtains a contradiction.

This completes the proof of Lemma 2.

Lemma 3. There exists a prime p and a positive integer ko such that p? | (10% + 3).

Proof. For any positive integer k, we divided k into three sets as follows

A={k| 10 +3 =p/ps=>---p2r, there exist at least a a; > 2,1 < i < 7},

B = {k | 10* +3 = pips---p,, there exist at least a p;,;1 < i < r, satisfies p? ¢
(1071 — 1)},

C={k| 10*+3 =pip2---p,, for any p;,1 < i < r, satisfies p? | (10P~1 —1)}.

We discuss it in following cases

Case 1. If k € A, there exists a positive integer o; > 2 (1 < i < r) then p? | (10* + 3).
This completes the Lemma 3.

Case 2. If k € B,there exists at least one prime p among p1, pa, ..., pr, which satisfies
p? 1 (10P~! — 1). It is obvious that p | (10¥ + 3) and (p, 10) = 1. From Lemma 2, we have
p? 1 (10° — 1) and

10°“* = _3(mod p), wherei =0, 1, 2, ---, ki = k(mod §).

Foranyi=0, 1, 2, ---, p—1, % traverse complete residue system mod p.

Otherwise, suppose that there exists 4, j, such that 106i;k1+3 = 106j;k1+3 (mod p), where
0<i<j<p—1, then p? | 1097k (10°U=%) — 1), so we have p? | (10°0~9 —1). That is,
10009 = 1(mod p?), 1 < j —i < p— 1. From Lemma 2, we have p¢ is the smallest integer
such that 10P% = 1(mod p?) and we have pd | §(j — 4), that is p | (j — i), which obtains a
contradiction.

So, we obtains a i¢(0 < 49 < p—1) such that % = 0(mod p), that is p? | (100 fo+k1 4
3) and if ko = §ig + k1, then

p* | (10% 4 3). (2)

Case 3. For any prime p among p1, p2, ..., pr, if k € C and p? | (10P~1 — 1), then
10(P—Dit+k 13 = 10% + 3(mod p?) (j =0, 1, ---). That is, p>  (10P~Ditk 1. 3) 5 =0,1, ---.
Combing (1), (2) and (3), we can easily have

A# Qor B#£ Q.
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Otherwise, k € C and 10¥ +3 = pypy---p,. For any p; (1 < i < 7),p? | (10771 —1).
Which is impossible.
For example, if k = 34, then 49 | (103 +3),k € A. If k = 1, then k € B, and this

completes the proof of Lemma 3.

§3. Proof of the theorems

In this section, we will complete the proof of the theorem. Firstly, we prove Theorem 1.

Let n be k digit positive integer, from the definition of {a,}, we have
an =gigz = n- (10" +3) (3)

or
an = giga = n - (10872 4 3). (4)

Combining Proposition 1 and Proposition 2, we easily get the following results:

If 10¥+1 +3 or 1072 43 is a square-free number, then a,, is not a complete square number.
Hence, if a,, is a complete square number, then 10*T! + 3 or 10*+2 4+ 3 must be contain square
element. Now, we construct the solution of equation (1) by the square number of 10+ +3 or
10k+2 +3 .

From Lemma 1 and Lemma 3, there exists prime p and positive integer kg such that

p? | (10P P=Ditko 1 3y where i = 0,1,2, .. ..

If
10P (P—1itko 4 3
2
g =nNn="nq - 5 5
1 1 p2 ( )
5 < 3;212 <1 (Thatis Y302 < ny < @), then the number go = 3n = ?’p%lz -(10p (P=1)itko 4 3)

contains p (p — 1) ¢ + k, digits, then we obtain

an = g192
10P (p—1) i+ko )
_ n12 0 > +3 ) (10p(p71)z+k0 +3)
10p (P=Ditko 4 3
= n12 .p2 . p2 2.
If (1) itk
10pP—Hrtko 4 3 V30 3
m=ny - , + ,where 1 = 0,1,2,..., 30p<n1<%, (6)

then (6) is the solution of the formula (1), and this completes the proof of Theorem 1. we can
also prove Theorem 2 using the same method of Theorem 1.
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Abstract The relation £Y on any semigroup S provides a generalization of Green’s relation
L. A semigroup S is called U-rpp semigroup if each LV-class of S contains at lest projection
e from U, where U is a non-empty subset of E(S). The aim of this paper is to study a class
of U-rpp semigroups, namely, left U-rpp semigroups. After giving some characterizations of

left U-rpp semigroups, we establish a structure of this kind of semigroups.

Keywords Left U-rpp semigroups, right zero bands, U-left cancellative semigroups.

§1. Introduction

Suppose that S is a semigroup and E(S) is the set of all idempotents of S. We now consider
a non-empty subset U C E(S), namely, the set of projections of S. Then a relation £V on S is
defined as aLUb if and only if @ and b have the same set of right identities in U, that is, for all
u € U, au = a if and only if bu = b.

It can be easily verified that £ C L£* CLV on a semigroup S.

We say that a semigroup S is called U-rpp semigroup if each LV-class of S contains at
least one projection of S and LU is a right congruence on S, denoted by (S,U).

Clearly, regular semigroups and rpp semigroups are all U-rpp semigroups.

We call a U-rpp semigroup (S,U) a left U-rpp semigroup if U is a subsemigroup and
xey = exy for any e € U and for all z,y € S' with y # 1.

In fact, left U-rpp semigroups are U-rpp semigroups whose projections are left central. A
rpp semigroup with left central idempotents have been studied by Ren-Shum in [2]. It was
proved in [2] that the a rpp semigroup S with left central idempotents is isomorphic to a strong
semilattice of left cancellative right stripes. In this paper, we will prove that a semigroup S is a
left U-rpp semigroup if and only if S is a semilattice of a direct product of a U-left cancellative
monoid and a right zero band; if and only if S is a strong semilattice of a direct product of a
U-left cancellative monoid and a right zero band.

For any notation and terminologies not given in this paper, the reader is referred to [4], [5]
and [6].

IThe research of the first author is supported by the National Natural Science Foundation of China (10971160)
and the Natural Science Foundation of Shaanxi Province (SJO8A06).
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§2. Preliminaries

Throughout this paper, (S,U) is a U-semiabundant semigroup. As usual, we denote the

LV-class of S containing the element a by LU.

The following lemmas give some basic properties of relation LY on (S,U).

Lemma 2.1. Let a € (S,U) and e € U. Then alVe if and only if ae = a and for all
f €U, af =aimplies ef = e.

It follows immediately from definition the following results.

Lemma 2.2. If (S,U) is a U-rpp semigroup and e, f are elements of U, then eEUf if and
only if eLf.

Lemma 2.3. If (S,U) is a left U-rpp semigroup, then every LU-class of S contains a
unique projection.

Proof. Let (S,U) be a left U-rpp semigroup. Then for any a € (S,U) there exists
ec Uﬂzg such that a = ae. Hence, we have that ea = eae = aee =ae=a. If f € Uﬁzg, then
it is clear that (e, f) € LY. By Lemma 2.2, it follows that (e,f) € Lsothat f = fe=ef =e.

We now use a* to denote the unique projection of Za containing element a. It is clear that
a*a = a = aa* on a left U-rpp semigroup (S, U). Moreover, it can easily verified that the set of
projections U of a left U-rpp semigroup (S, U) forms a right normal band.

Lemma 2.4. Let (S,U) be a left U-rpp semigroup. Then LU is a congruence on (S, U).

Proof. Since LU is a right congruence, we only need to show that LV is a left congruence.
Suppose that (a,b) € LY for any a,b € S. Clearly, a* = b* by Lemma 2.3. To prove that
(ca,cb) € LY for any ¢ € (S,U), we suppose that cae = ca for any e € U.

Clearly, (c,c*) € LY. Then, (ca,c*a) € LY because LV is a right congruence. By Definition
of EU, c*ae = c*a and so c*aa*e = c*aa”. By our hypothesis, ac*a*e = ac*a*.

Since (a,b) € LU and LV is a right congruence, it follows that (ac*a*,bc*a*) € LY so
that bc*a*e = bc*a*. Using the fact that a* = b*, we deduce that bc*b*e = bc*b*. Hence,
c*bb*e = ¢*bb*, that is, ¢*be = ¢*b. It is clear from (cb, c*b) € LU that cbe = cb. Similarly, we
can show that cbe = ¢b implies that cae = ca. This shows that (ca,cb) € LY so that LU is a
left congruence on (S,U). Consequently, LV is a congruence on (S,0).

Lemma 2.5. If (S,U) is a left U-rpp semigroup, then (ab)* = a*b* for all a,b € (S,U).

Proof. Suppose that a, b are two any elements of (S, U). It is clear that alVa* and bLUb*.
Since LV is a congruence on (S,U), it follows from Lemma 2.4 that (ab,a*b*) € £U. Hence,
(ab)* = a*b* by Lemma 2.3.

Theorem 2.6. Suppose that (S,U) is a left U-rpp semigroup. Define a relation o on
(S,U) by aob if and only if a*b* = b* and b*a* = a* for all a,b € (S,U). Then o is a semilattice
congruence on (S, U).

Proof. It is clear that o is reflexive and symmetric.

To see that o is transitive, we let acb and boc. Clearly, a*b* = b*,b*a* = a* and b*c* =
c*,c*b* = b*. Thus, we have that



64 Xueming Ren and Na Feng

and

c*a* = c*(b*a*) = (¢*b*)a* = b*a” = a”.

Hence aoc, that is, ¢ is transitive. Thus ¢ is an equivalence relation.
Next we prove that o is right compatible. Let acb for any a,b € (S,U). Then for any
ce (S,U),

(ac)*(be)* = a*c*b*c* = c*(a™b*)c* = *b*c* = b*c"c" =b*c" = (be)*,

and

(be)*(ac)” =b"c*a”c” = c*(b"a")c" = c"a"c” = a’c"c” = a’c" = (ac)".

By the definition of o, it follows that acobe. Similarly, we can prove that caccb so that o is a
congruence on (S,U). Finally, we prove that o is a semilattice congruence on (S,U). For this
purpose, we let a,b € (S,U). It follows that (ba)*(ab)* = b*a*a*b* = b*a*b* = a*b* = (ab)*
and (ab)*(ba)* = a*b*b*a* = a*b*a* = b*a* = (ba)*. Hence, aboba. It is easy to see that aca.
Thus, o is indeed a semilattice congruence on (S, U).

Finally, we need the following definition in section 3.

Definition 2.7. A left U-rpp semigroup (S,U) is said to be U-left cancellative if for all
a,b e (S,U) and for all e € U, bae = ba implies ae = a.

It is easy to see that left cancellative semigroups are U-left cancellative semigroups.

§3. Structure theorem

In this section, we will establish a structure theorem for left U-rpp semigroups.

Theorem 3.1. The following statements are equivalent on a semigroup S:

(i) (S,U) is a left U-rpp semigroup.

(ii) (S,U) is a semilattice of semigroup S, which is a direct product of a U-left cancellative
monoid M, and a right zero band A,. Moreover, U = J,cy{(la,) : 14 is the identity of M, i €
An}

(iii) (S,U) is a strong semilattice of semigroup S, which is a direct product M, x A,,
where M, is a U-left cancellative monoid and A, is a right zero band and U = ¢y {(1a,1) :
14 is the identity of My, i € Ay}

Proof. (i) = (ii) Let (S,U) be a left U-rpp semigroup. Then by Theorem 2.6 there
exists a semilattice Y such that (S,U) = J,cy Sa, Where S, is a o-class of (S,U).

First we show that every S, can be expressed as a direct product of a U-left cancellative
monoid and a right zero band. For each a € Y, let A, = S, NU. Suppose that a € S,. Clearly,
aca® so that a* € A,. It is easy to see that es f for any e, f € A,. Thus ef = f and fe = e.
This implies that A, is a right zero band.

Let M, = Sye, for some projection e, € UN S, and a,b € M,. Hence a = ze, and
b = ye, for some z,y € S,. Since o is a semilattice congruence, it is clear that zy € S,.
Consequently, ab = ze,ye, = xyei = xye, which implies ab € Spe, = M,. Hence, M, is a

monoid with the identity eg.
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Suppose now that bae = ba for any a,b € M, and for any projection e € U N M. Clearly,
a = ze, and b = ye, for some x,y € S,. Hence, we have that ye,ze e = yre,e = yre = yze,
so that (yze)* = (yzey)*. It is easy to see that zox*. Hence, y*z*e = y*ax*e, so that z*e = z*e,
since z*oy*. It follows that zx*e = xx*e,, that is, ae = ae, = a. This shows that M, is a
U-left cancellative monoid.

Define ¢ : M, X A, — S, by ¢(z, f) = zf for any © € M, and any f € A,. Now
we can claim that ¢ is an isomorphism. For any (z, f), (y,9) € My X A, it follows that
oz, ey, 9) =xfyg = xyfg = xyg = ¢[(z, f)(y, g)] which implies that ¢ is a homomorphism.

Suppose that ¢(z, f) = ¢(y,g) for (z, f),(y,9) € My x Ay. Then zf = yg and so zfe, =
yge, where e, € S,. Noticing that A, is a right zero band, we immediately deduce that
Te, = yey, that is, x = y which gives that xf = xzg. By Lemma 2.5, we can deduce that
*f = x*g with «* € A,. Since A, is a right zero band, it then follows that f = g. Thus,
(z, f) = (y,g). This shows that ¢ is injective.

To see that ¢ is surjective, we just take any a € S,,. Clearly, ¢(ae,, a*) = ae,a* = aa* = a.
This shows that ¢ is surjective. Hence S, ~ M, X A,.

Since (S,U) is a a left U-rpp semigroup, it is clear that efg = feg for all e, f,g € U. This
shows that U is a right normal band.

(ii) = (iii) Suppose that (S, U) is a semilattice of S, = My X A, such that M, is a U-left
cancellative monoid and A, is a right zero band. Let U = (J,cy{(1a,1) : 14 is the identity of M,
i € Ay}. Take eg = (1g,7) such that a > B. Then for each a in S, the product ega is
in Sg = Mg x Ag and so write ega = (x,i) for some x € Mg and some ¢ € Ag. Define
Va8 1 Sa — Sg by apa,g = ega. It is clear that ¢, o is the identity mapping on S,. Let
g=(1p,i) € Mg x Ag, where 1g is the identity of Mg. Then we have

epag = (l'vi)(lﬁvi) = (m,z) = epa,
and
Similarly, let b = (y,1) € My x A, and h = (1,4,1). Then hb = b. Using the right normality
of U, we obtain that
egaegb = egageghb = egaegghb = egaghb = egab,
which implies that
apa,gbpa.p = (ab)pa g-

Hence, ¢, g is a homomorphism.
Next, suppose that a = (z,7) € So, h = (14,7) € Sy and a > = «y. Then we have ha = a.

Because U is a right normal band, it follows that
evegh = ege,h = egey - e h = ey h.

Thus, apa,spsy = ey(epa) = eyegha = eyha = eya = apq .

This shows that v. 03,y = Pa,y-
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Finally, noticing that, for any a in S, and b in Ss, we deduce that ab = e,g(ab) € S,p.
Clearly, eqga € Sap. Then there exists f2 = f € U N Sapg such that e,gaf = eqga. Similarly,
there exists e% = eg € U N 83 such that egb = b for any b € Sz. By the right normality of U

again, we have
eapteapb = eqpafeqsesb = eqpaeqsfesb = eqgafesb = eqpab.

This shows that ab = ap.,q8bps,ap. Hence S is indeed a strong semilattice of the semigroups
So = My X Ay, denoted by (S,U) = [V S4; a.8)-

(iii) = (i) Let (S,U) = [Y; Sa; ¢a,g] be a strong semilattice of semigroup S, = M, X Ay
and the set of projections U = J,cy{(la,i)| 1o is the identity of My,i € Ay} Let e €
SaNU, f€83NU, epaas = (lag:i), fep.ap = (lap,j). Then ef = (ea.ap)(fPs.0a8) =
(1o, %) (1ap, J) = (Lap,j) € U. It follows that U is a band.

Now we claim that for any a,b € S',b # 1 and e € U,aeb = eab hold. Suppose that
a,b € S'b # 1 and e € U. Then there exist a, §, v € Y such that a € S, b € S} and
ecUNS,. Write 6 = afv, apa,s = (2,1), bpgs = (y,7j) and ep, s = (15,k), we have

aeb = (apa,s)(epy,5)(bpp,s) = (2,9) (15, k) (y, ) = (zy, ])-

Similarly, eab = (xy, j). Thus, eab = aeb.

To see that each £U-class of (S,U) contains at least one projection, we first let a = (x,1) €
Se and e = (14,4) € S NU. Clearly, ea = ae = (x,i) = a. For any f € SgNU, let
fos.as = (lag,j). Suppose that af = a. Then we have o = a and

af = (09aap)(fPp,a5) = (,1)(Lagp, j) = (2,]) = a = (,9),

Hence i = j and ef = (e¢n,a8)(f¢8,08) = (1o, 1) (lag, i) = (1a,j) = (1o, i) = e. It follows that
(a,e) € LY.

Suppose that (a,e) € LY, (a,f) € LU.e € S,N U, f € SgNU, then we have (e, f) € LY.
Hence e =ef = efe = fee = fe = f. It follows that every LV-class of (S,U) contains a unique
projection. We use a* to denote the unique projection of fa NU. It is easy to observe that
aa* = a.

Let a € Sy, b€ Sg, c € 8y, e € SoNU. Write 0 = afy, apas = (z,1), bpgs =
(Y,4), cpy.5 = (2,k), b*pgs = (m,n) and epy 5 = (15,t). Suppose that (a,b) € LY. Then ae =
a if and only if be = b. Suppose that ace = ac, that is, aa*ce = aa*c. Using the fact that a* = b*
, we deduce that ab*ce = ab*c. Hence (apa,s)(b*pg,5)(cpy.5)(epa,s) = (apa,s)(b*pp,s5)(coy.s),
that is, (z,i)(m,n)(z,k)(1s,t) = (z,i)(m,n)(z, k) and (zmzls,t) = (xmz, k). Then we have
mzls = mz by M, is a U-left cancellative monoid and ¢ = k. Hence bce = bb*ce =
(bpp,6) (0" 0p,6)(cpry ) (epas) = (ymzls, t) = (ymz, k) = (bpp,s) (b"pp,5)(cpy,5) = bb™c = be.

Similarly, bce = bc implies that ace = ac. Thus, we have already proved that (ac,bc) € LY.
This shows that £V is a right congruence on S. In fact we have proved that (S,U) is a left
U-rpp semigroup.
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On the Smarandache Hn-digital sequence
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Abstract For any positive integer n, the Smarandache 5n-digital sequence is defined as
{an} = {15,210, 315,420, 525, 630, 735,840,945, 1050, - - - }. That is, for any element a, in
{an}, it can be partitioned into two groups such that the second is five times bigger than the
first. The main purpose of this paper is using the elementary method to study the properties
of the Smarandache 5n-digital sequence, and obtained some usefull conclusions.

Keywords The Smarandache 5n-digital sequence, elementary method, conjecture infinite

series, convergence.

§1. Introduction and results

For any positive integer n, the Smarandache 5n-digital sequence is defined as {a,} =
{15,210, 315, 420, 525, 630, 735, 840, 945, 1050, - - - }. That is, for any element a,, in {a,}, it can
be partitioned into two parts such that the second is five times bigger than the first. This
sequence was first proposed by professor F. Smarandache, he also asked us to study the proper-
ties of bn-digital sequence. About this problem, it seems that none had studied it yet, at least
we have not seen any related papers before. Recently, Professor Zhang Wenpeng proposed the
following:

Conjecture. There does not exist any complete square number in the Smarandache 5n-
digital sequence {a,}. That is, the equation a,, = m? has no positive integer solution.

I think that this conjecture is interesting, because if it is true, then we shall obtain a deeply
properties of the Smarandache 5n-digital sequence. In this paper, we are using the elementary
method to prove that the Zhang’s conjecture is correct for some special positive integers. At
the same time, we also study the convergent properties of one kind infinite series involving the

n
Smarandache 5n-digital sequence, and give a sharper asymptotic formula for Z —. That is,
Qn

we shall prove the following conclusions: e

Theorem 1. If positive integer n is a square-free number (That is, for any prime p, if
p | n, then p? f n), then a,, is not a complete square number.

Theorem 2. If positive integer n is a complete square number, then a,, is not a complete
square number.

1
Theorem 3. Let z be a real number. If z > 2 then the infinite series

00 1
f@ =3 — (1)
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1
is convergent; If z < —, then the infinite series (1) is divergent.
Theorem 4. For any real number N > 1, we have the asymptotic formula

n 9 InN
2 ﬁ_%'lnloJ’O(l)'
n<N

§2. Proof of the theorems

In this section, we shall use the elementary method to complete the proof of our theorems.
First we prove Theorem 1. For any square-free number n, let 5n = by (,,)bg(n)—1 - - - b2b1, where
1 <bpm <9,0<06;<9,i=1,2, -, k(n) — 1. Then from the definition of a, we know
that a, = n - (10*(™ 4 5). If n is a square-free number, and there exists a positive integer m
such that

an = n- (10*™ 4+ 5) = m?2, (2)

Then from (2) and the definition of square-free number we know that n | m. Let m = u - n,
then (2) become

10 5 = u? . n. (3)

In formula (3), we know that:
— is i sqi i k(n) 1 5~ 09...... > ... —
(a). If uw = 1, then (3) is impossible. Since 10%\™ +5 > 99 9 > bi(n)br(ny—1 - - b2b1

on > n.

(b). If u = 2, then (3) does not hold. In fact, if (2) holds, then 10¥(™) + 5 = 4 . n, since
10%(™ 4+ 5 is an odd number, but 4-n is an even number, this contradicts with 105" +5 = 4.n.

(c). If u = 3, then (3) is impossible. In this case, we have the congruence 10%(™) 4+ 5 = 6(
mod 9), but u?-n =3%2-n=0( mod 9), so (3) is not possible.

(d). If u = 4, then 10" + 5 is an odd number, but u? - n = 42 - n is an even number, so
(3) does not hold.

(e). If u = 5, then we have the congruence 10%(™) +5 = 5( mod 25), but u?-n = 5%-n = 0(
mod 25), so (3) is impossible.

(f). If u = 6, then 10 4 5 is an odd number, and u? - n = 62 - n is an even number, so
(3) is not correct.

(g). If w =7, then we have:

(i) If 3fn, then we have 10" + 5 = 0( mod 3), but u?-n = 72 -n = 0( mod 3) doesn’t
hold, so (3) is not correct.

(ii) If 3|n, let’s n = 3a, where a is an even integer. It’s clear that (3) doesn’t hold, since
10*(™) + 5 is an odd number, while u? -n =72 -n =49 - n = 49 - 3a is an even number.

(iii) If 3|n, let’s n = 3a, where a is an odd integer. From the definition of square-free

number, we know that 3%fn and (3,a) = 1, then (3) become u? -n = 72 .n = 72 . 3a =
105 45 =9.111---146, that is 7 -a —2=3-111---1.
——— ——
k(n) k(n)

— 2. — — 2. — — 2. . e
Ifa=3b+1 then 7> a—2=72-(3b+1) —2=72-3b+47 £3-111--- L,
k(n)
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— 2. — — 2. — — 2. — . 2 . ce
Ifa=3b+2 then 72 - a—2="7%-(3b+2)—2="72-30+96 =3 (72b+32) #3-111---1,
K(n)

so formula (3) is impossible.

(h). If w > 8, then note that 5n = by(n)bg(n)—1 - - b2b1 > 10%( =1 we have the inequality
w? n>8-n=64n=10-6n+4n>10-6n+5> 10-5n+5 > 10*™ 4+ 5,

so formula (3) does not hold.

From above discussion, we know that there does not exist any positive integer u such that

formula (3) hold. This proves Theorem 1.

Now we prove Theorem 2. Let n = u? be a complete square number, if there exists a

positive integer m such that
n - (10F™ £ 5) = 2. (10F™ 4+ 5) = m?, (4)
then from (4) we deduce that u | m, let m = w - r, then formula (4) become
107 5 = ¢2, (5)
It is clear that (5) is not possible, since 10" 45 = 5. (2- 105" =1 1 1) and 5t2- 10" ~1 41,

this contradicts with 10¥(™) 4+ 5 = 72, This proves Theorem 2.

Now we prove Theorem 3. For any element a,, in {a,}, let 57 = by(;)bg(n)—1 - - - b2b1, where
1 <bpm) <9,0<0;<9,i=1, 2, ---, k(n)—1. Then from the definition of the Smarandache

5n-digital sequence we have:
an:n~10k(”)+5-n:n~(lok(”)+5). (6)
On the other hand, note that for any positive integer n, if

200---00 <n <199---99,
N—_—— \Wl_/
u u-+

then 5n = byy1by - -boby, where 1 < b1 <9,0<5;<9,4=1,2, ---, u, 80 k(n) =u+ 1.
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Therefore we have:

+
3
+
8

1
n# - (10k() + 5)

+ ) FaeTsr
5 2<z<19 10 +5)
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o) = Y=

S
Il
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w
S| =3
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-
Il
_
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1 1

20<i<199 200<4i<1999

i’f 18 - 10+~2
z(k—2) . zk
221052 10
foo k—1
10
= 18 ’;J 107 (k—1) . 1gz(k+1)
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+oo 10k
18- I;J 10z (k=1) . 10=(k+1)

IN

+oo 1

= 18- Z 10k (22— (7)

k=0

1
Now if z > 3 then from (7) and the properties of the geometric progression we know that f(z)

1
is convergent. If z < 3 then from (7) we also have:

+oo 1 400 1
fz) = > v - e
n=1 n=1
1
S D Dt
pri (10+5) 2<i<19 " 10 +5)*
1 1
s0digioe - (A0°+5)% o fioe I (1084 5)
LN 181057
- ’; 102 (k—=1) . 10z(k+1)
Ix k—1
10
= 182 g 10050
k=0
+oo 1
= 18> {pmrET (8)
k=0

Then from the properties of the geometric progression and (8) we know that the series f(z) is
1
divergent if z < ok This proves Theorem 3.
Now we prove Theorem 4. For any positive integer N, there exist a positive integer M such
that

200---00 < N <199---99.
—— ——
M M+1
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Note that for any positive integer n, if

200---00 <n <199---99,
N—— N——
u u+1

then 5n = by11by -+ - boby, where 1 < by <9,0<b, <94i=1,2, .-+, u,s0 k(n) =u+1.

Therefore we have

n 1
Zazzm

n<N n<N
1 1 1
- st Rt o GmEt
10+5 2<n<19 10°+5 20<n <199 10°+5
1 1
* Z 107 15 " Z 10M+1 +5
20---00<n<19---99 20---00<n<N
N—_—— N—— N—_——
M—1 M M
1 18 180 18-10M-2 N -19% 4
- T 10 T 10 Tt oM M1
10+5 10245  103+5 10M +5 10M+1 45
9 (1045-5 10°45-5 10°45-5 +10M+5—5
50\ 10+5 102 +5 103 +5 10M +5

N—l%M—i-l 4

T rs T

= gM— > + > + > + +L

50 1045  1024+5  103+5 10M + 5
N-9% 11 4

oMy T
9 9§~ 1 N-BEa1 o4
10M+1 1 5 75"

M- —- ,
50 10 P 10* 45
Considering M, by the inequality

200---00 < N <199---99,
N—— ——
M M+1

we have
10M < 5N < 10M+! — 5,

M1n10§1n5N§(M+1)1n10+1n(1 > >,

10M+1
5
1n5N_1n(lfW)_1<M<ln5N.
In10 In10 - ~ In10

5 1
Note that as N — +o0, In(1 — W) =0 ()7 then

1n5N_1_O 1 §M<ln5N'
In10
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Combining this we may immediately deduce the congruence

n 9 InN
2 @‘%'mlo“)(l)'
n<N

This completes the proof of Theorem 4.
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Abstract Suppose that S is a locally inverse semigroup with an inverse transversal S°. We
can construct an amenable partial order on S by a McAlister cone of S°. Conversely, every
amenable partial order on S can be constructed in this way. We show that the amenable
partial order constructed by the set E(S°) of all idempotents of S° is the natural partial order
on S.

Keywords Locally inverse semigroup, amenable partial order, inverse transversal.

§1. Introduction and preliminary

A semigroup S is said to be a partially ordered semigroup, or to be partially ordered, if it

admits a compatible ordering <; That is, < is a partial order on S such that
(Va,be S,z € S') a<b= za < zb and az < bz.

Let S be a regular semigroup with set E(S) of idempotent elements. As usual, < denotes
the natural partial order on S. That is, for any a, b € S,

a=<b ifandonlyif a=eb=>bf forsome e, fe E(S).

By Corollary II. 4.2 in [1], the natural partial order < on S is compatible with the multiplication
if and only if S is a locally inverse semigroup. Thus, a locally inverse semigroup equipped with
the natural partial order is a partially ordered semigroup. Particularly, an inverse semigroup is
a partially ordered semigroup under the natural partial order.

McAlister introduced and studied amenable partially ordered inverse semigroup in [3].

Definition 1.1.] Let (S, -, <) be a partially ordered inverse semigroup. The partial order
< is said to be a left(right) amenable partial order if it coincides with < on idempotents and
for each a, b € S, a < b implies a~'a < b~1b(aa~! < bb~1). If < is both a left amenable partial
order and a right amenable partial order on S, then < is called an amenable partial order and
S is called an amenable partially ordered inverse semigroup.

Blyth and Almeida Santos generalized (left) amenable partial orders on inverse semigroup

to regular semigroup with an inverse transversal in [4]. Let S be a regular semigroup, for any

IThis work is supported by the Science Foundation of Northwest University (NC0925).
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a € S, V(a) denotes the all inverses of a. An inverse transversal of a regular semigroup S is an
inverse subsemigroup S° with the property that |S° (| V(a)| = 1 for every a in S. The unique
inverse of a in S°(V(a) is written as a° and (a°®)° as a°°. The set of idempotents in S° is
denoted by E(S°) . We recall the following definition.

Definition 1.2.[% Let (S, -, <) be a partially ordered regular semigroup with an inverse
transversal S°. If < coincides with < on idempotents and the partial order < has the following

property
(Va, b€ S) a<b= a°a X b°,

then < is said to be a left amenable partial order on S. Dually, if a < b implies aa® < bb°, then
< is called a right amenable partial order on S. If < is both a left amenable partial order and
a right amenable partial order on S, then < is called an amenable partial order and S is called
an amenable partially ordered regular semigroup with inverse transversal S°.

Suppose that S is a locally inverse semigroup with an inverse transversal S°. Blyth and
Almeida Santos gave a complete description of all amenable partial orders on S and showed
the natural partial order on S is the smallest amenable partial order in [5]. They also proved
that every amenable partial orders on S° extends to a unique amenable partial order on S.
In this paper, we will give a new characterization of the amenable partial orders on S. We
can construct an amenable partial order on S by a McAlister cone of S°. Conversely, every
amenable partial order on S can be constructed in this way, which simplify Blyth and Almeida
Santos’s work in [5]. It is easily seen that the set E(S°) of all idempotent elements of S° is the
smallest McAlister cone of S°. We will show that the amenable partial order constructed by
E(S°) is equal to the natural partial order on S and so the natural partial order on S is the

smallest amenable partial order.

§2. Constructing amenable partial orders

Suppose that (5, -) is a regular semigroup with an inverse transversal S°. For any a, b € S,

Blyth and Almeida Santos say in [5] that S satisfies the following formulars
(ab)® = (a®ab)a® = b°(ab’h)° = b°(a®abb®)®, (a°b)° = b%a"°, (ab®)° = b°°a°. (1)
According to Blyth and Almeida Santos in [5], if S is locally inverse, then
(Va, b, c € S) a’bc® =a®b°°c’. (2)

Suppose that S is a regular semigroup with an inverse transversal S°. Blyth and Almeida
Santos stated in [4] and [5] that the two subsets of E(S)

A={z°z|z €S} and I = {zz°|z € S}

are respectively right regular subband and left regular subband of F(S). Hence, we immediately
have the following lemma.

Lemma 2.1. Let S be a locally inverse semigroup with an inverse transversal S°. Then
A is a right normal subband of E(S) and I is a left normal subband of E(S).
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Let S be a locally inverse semigroup with an inverse transversal S°. The two subsets of S

are
L = {zz°z°°|x € S}, R = {z°°z°z|z € S},

Blyth and Almeida Santos in [5] established the following fundamental statements:

(o) L is a left normal orthodox subsemigroup of S and I = {zz°|z € S} is the set of all
idempotents of L;

(8) R is a right normal orthodox subsemigroup of S and A = {z°z|x € S} is the set of all
idempotents of R;

(v) LNR=25° ANI=E(S°).

Consider the following two sets
AN ={z eS|Vl eNlzl==zl}, I* ={x € S|Vr €I)rar =rz},

Blyth and Almeida Santos proved that A* is a subsemigrup of S containing A and I* is a
subsemigroup of S containing I (see Theorem 3 in [5]), and after that they introduced the
concepts of R-cone and L-cone of S, which generalized the notion of McAlister cone in an
inverse semigroup. If a full subsemigroup @ of A* with the properties that Q| Q° = E(S°)
and zQx° C @ for all z € R, then @ is called a R-cone of S. Dually, they considered the
subsemigroup of I* and gave the notion of L-cone. They proved in [5] that an amenable partial
order on S can be constructed by a R-cone P and a L-cone @, conversely, every amenable
partial order on S can be obtained in this way (see Theorems 8 and 10 in [5]). If P is a R-cone
and @ is a L-cone, they also proved that P @ is a McAlister cone of S° (see Theorem 17 in
[5]). We will recall the concept of McAlister cone of S° in the following,.

Suppose that S is a locally inverse semigroup with an inverse transversal S°. Consider the
set

E(5°)¢ = {x € S|(Ve € E(S°)) ex = ze},

which is the centralizer of F(S°) in S. Blyth and Almeida Santos showed that E(S°)( is a
subsemigroup of S° (see Theorem 16 in [5]). Now, we have

Definition 2.2.5 Suppose that S is a locally inverse semigroup with an inverse transversal
S°. A subset @ of S° is said to be a McAlister cone of S° if

(i) @ is a subsemigroup of E(S°)(;
(i) @NQ°=E(S) (Q° ={a’|ac@});
(iii) (Vz e S) 2°Qz°° C Q.

If S is a locally inverse semigroup with an inverse transversal S°, then it is easy to see that
E(S5°) is a McAlister cone of S°. The following result will show that an amenable partial order
on S also can be constructed by a McAlister cone of S°.

Theorem 2.3. Suppose that S is a locally inverse semigroup with an inverse transversal
S°. Let C' be a McAlister cone of S°. Then the relation < defined on S by

T <o y<= zx® yy°, z°x <X y°y, z°y°°, y°°z° € C ()
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is an amenable partial order on S.

Proof. It is easily seen that < is reflexive. If z <¢ y and y <¢ x, then zz° = yy°, z°z =
Yoy, x°y°°, y°x°° € C. Thus y°z°° = (2°y°°)° € C() C° = E(S°) since C is a McAlister
cone. It follows from zz® = yy° and (1) that z°°2° = (22°)° = (yy°)° = y°°y° and so
y° = y°y°°y° = yoxoox , which gives y° < z°. Likewise, ° < y° and so x° = y°, furthermore,
we have 2°° = y°°. Hence, x = zz° - 2°° - 2°¢ = yy° - y°° - y°y = y, thus <¢ is anti-symmetric.
Ifz<cy and y <c¢ z, then z°z <X y°y = 2°%2, x2° X yy° <X 2z° and x°y°°, y°2°° € C. We
obtain from zz°® < yy° that xx°yy° = xx°. It follows from Definition 2.2 that z°y°°y°z°° € C.

We thus have

IOyOOyOZOO — T meyOOyOZOO

= x°(xx’yy°)z°° (by (2))

oo O

Consequently x°2°° € C, similarly, we have z € C and so  <¢ z. Thereby, <¢ is transitive
and < is a partial order on S.

Suppose that x <¢ y. For any z € S, we have

(z2)°(2y)*° = a°(zax°)°(2y)*° (by, (1))
2 (zyy°wa®)®(zy)°°

— xOxOOxOyOO(Zy)O(Zy)OO

= 2%y (2y)°(2y)°

€ CE(S°)

cc (E(5°) € C)

and

(29)°°(22)° = (2y)°°2°(222°)° (by, (1))
= (2yy°y)°°z° (zazyy°)°
()03 (yy°a®)°

= (2yy°)°°y°x°(2yy°x°°2°)°  (by (2))
= (zyy°)*°y 2w x°(2yy°)°  (by (1))
= (2yy°)*°y*°x°(2yy°)°

eC, (y°°z° € C)

ie., (zx)°(zy)°°, (2y)°°(22)° € C. It follows by Theorem 8 in [5] that zx(zx)° < 2y(zy)° and
(zz)°zx < (2y)°zy. Thus we have zz <¢ zy, therefore < is compatible on the left. Dually, we
have that <c is also compatible on the right and so (5, -, <¢) is a partially ordered semigroup.

In the following, we will show that the partial order <c coincides with the natural partial
order on E(S). Suppose that e, f € E(S) and e <¢ f. Then e°e < f°f, ee® < ff°. It follows
from Theorem 2 in [5] that e < f. Conversely, if e < f, then e®e <X f°f, ee® < ff° and
e°f € A, fe° € I . Furthermore, we have (e°f)°° = f°%e° € E(S°) C C, likewise, e°f°° € C.
Thus e <¢ f, and consequently <¢ coincides with < on idempotents. This shows that <¢ is

an amenable partial order on S.
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Assume that S is a locally inverse semigroup with an inverse transversal S° and < is a
partial order on S. We denote by <5° the restriction of < on S°. Then the following lemma is
clear.

Lemma 2.4. Suppose that S is a locally inverse semigroup with an inverse transversal
S°. If < is an amenable partial order on S, then <5° is an amenable partial order on S°.

Lemma 2.5. Suppose that S is a locally inverse semigroup with an inverse transversal
S°. If the partial order < is an amenable partial order on S, then

(Va, be S) a < b= a® <5 b°°.

Proof. Suppose that a < b, then aa® < bb° and a®a < b°b, From (1) and (2) we have
(aa®bb®)°® = (aa®b°°b°)° = b°°b°a°°a® = (aa®)® = a°°a®. This shows that a®°a® < b°°b°.
Likewise, a°a®® < b°b°°. Since < is an amenable partial order, a°°a® < b°°b° and a°a°° < b°b°°,
and consequently a®° = a°°aaa®a’® < b°°b°bb°H°° = b°°. It follows from a°°, b°° € S° that

° .
a®® <5” b°°, as required.

Proposition 2.6. Suppose that S is a locally inverse semigroup with an inverse transversal
S°. If the partial order < is an amenable partial order on S, then there exists a McAlister cone
C of 5° such that <g=<.

Proof. Assume that < is an amenable partial order on S, we denote by <* ° the restriction
of < on S°. It follows by Lemma 2.5 that <5° is an amenable partial order on S°. Let

C = {z]z € §°, z°x <5 z, xa° < z},

it easy to see that E(S°) C C. By Lemma 2.1 (44i) in [3] and its dual, we have C' is the subset
of E(S°)¢. Now let z, y € C. Then

(zy)°zy = yz°ay (z,y €5°)
= Yyy ety
<5 yytatay
= z°zyy’y (E(S°) isasemilattice)
=  z°xy

SSO Y.

Likewise, zy(zy)° <%° 2y and so zy € C. This shows that C' is a subsemigroup of F(S°)C.
Suppose that z, 2° € C. Then z°z <5° z, 2°°2° <°° 2°. From z € S° we obtain 2°° = z,
thus z2° <5° 2°, post-multiplying this by z, we have z <°° 2°z whence z = z°z € E(S°),
hence, C(C° C E(S°). On the other hand, it is clear that E(S°) C C'()C°. Consequently
E(S°)y=CNcCe.
For any x € S, a € C, we have
(°azx®®)°(z%ax®®) = x°a°x°°x°ax®° (by (1))

anOxOOanxOOxO . :L_OO

z%a’ax®x® - x°° (ae CCE(S)()

Il
8
o
Q
o
Q
8
o
o

<57 zlax®. (aa <5° a)
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Dually, we obtain (z°az°°)(z°az°°)° <5 2°ax°°. Thus x°az°® € C and so 2°Cx°°® C C. Tt
follows from Definition 2.2 that C' is a McAlister cone of S°.

Consider the corresponding partial order <¢ given by
v <cy<zr° gy, 2’z 2y°y, 2%y, y>a® e C.

We can obtain from Theorem 2.3 that <c is an amenable partial order on S.
In the following, we will show that <c=<.
Suppose that * <¢ y. Then zz° < yy° and z°y°° € C, hence,

z0x° = (wa®) (by (1))
— (xmoyyo)oo
= (za®y°°y°)®° (by (2))
A (by (1))

©o,,0,,00,,0,,00, 0

=Yy yxrryy

= °°(2°9°°)° (2°9°°)y°
SSO yoo(xoyoo)yo

= o 2°y°%y°

= 4°°2°2°° 1°y°%y°

= y°°2°(2°°2°y°°y°)

= o0 x° 3 °

= y°°2°.

Since < is an amenable partial order, x = xx°z°°z°x < xz°y°°z°zr < yy°y°°y°y = y. Thus

<cC<.

Suppose that a, b € S and a < b. It follows from a < b that aa® < bb° and a®a =< b°b,
furthermore, b°b°°a® = a°. By Lemma 2.5, we have a°° <%° b°°. Hence, (a°b)°(a°b)®° =
b°a°a®b® <5° bob°°ath° = a°b°® = (a°h)°°, ie., (a°h)°(a®h)°° <°° (a°b)°°. Similarly, we
have (a°b)°°(a®b)° <5° (a°b)°°. Thus a°b°° = (a°b)°° € C. Dually, we can get b°°a® € C. It
follows from definition of < that a <¢ b, which implies <C<s and so <c=<.

It is easy to see that F(S°) is the smallest McAlister cone of S°, by Proposition 2.6 and
Theorem 11 in [5], we have the following result.

Theorem 2.7. Suppose that S is a locally inverse semigroup with an inverse transversal

S°. Then <p(g0) defined by () is the smallest amenable partial order on S and <p(go)==.
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Abstract In this paper, we use the Ceva’s Theorem and Menelaus’ Theorem to study Smaran-
dache’s Cevians Theorem (I1), and give the generalization of Smarandanche’s Cevians Theo-

rem (II) in quadrilateral and pentagon.

Keywords Ceva’s Theorem, Menelaus’ Theorem, quadrilateral, pentagon.

§1. Introduction and results

Dr. M. Khoshnevisan presented the Smarandache’s Cevians Theorem (II) in the geometry
of triangle, which stated as follows:
In a triangle AABC (see Fig. 1) we draw the Cevians AA;, BB, CCy that intersect in P.

Then
PA PB PC AB BC CA

PA, PB, PC,  AB BiC A’

(Fig. 1)

Where the lines and following are all directive.

In this paper, we shall generalize this theorem for quadrilateral and pentagon. That is, we
shall prove the following;:

Theorem 1. Taking a point of P optional in quadrilateral ABCD (see Fig. 2), draw the
AP, BP,CP, DP that intersect the opposite sides with A, By,C4, Dy. Then

PAXPBXPCXPD_ADXDCXCDXBC
PA, " PB, " PC, " PD, AD " DC = CiD = BC’
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(Fig. 2)

Theorem 2. The Smarandache’s Cevians Theorem (II) can’t be generalized to pentagon.

§2. Some lemmas

To complete the proof of the theorems, we need the following several lemmas.

Lemma 1. (Ceva’s Theorem) In the triangle AABC (see Fig. 3), we draw the
AA., BBy,CC1 that intersect in P, then

AC, BA CBi _
CiB~ AC " BA

(Fig. 3)

Proof. In the triangle AABA;, cut by transversal C PCy, we apply the Menelaus’ Theorem

BC AP o AC,

— 1.
cA, " PA OB

In the triangle AAA;C, cut by transversal BPB;, we apply again the Menelaus’ Theorem

CB o AP o AB;
BA,  PA B C

=1

Divide the two above-mentioned formulas and we obtain

AC, BA, OB

=1.
B A,C “ BiA

Lemma 2. (The generalization of Ceva’s Theorem ) In any polygon A;As--- A,
(see Fig. 4), if we have Ceva’s point on n — 1 edge, then we can determine one and only one
Ceva’s point on the edge of n. Thus,

A1P1 « A2P2 « « An,1Pn71 « AnPn o (71)»@
P4y PAs T T P4, P, A1 '
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Ay

(Fig. 4)

Proof. In the triangle AA;A; A3, we apply the Ceva’s Theorem

APy y Ao Py o AsQq _1q
PiAy  PAs; Q1A .

In the triangle AA; A3Ay, we apply the Ceva’s Theorem

A1Qq y A3 P3 o AsQ2 _1
@Qi1As  P3Ay Q244 '

In the triangle AA; A,,_1A4,, we apply again the Ceva’s Theorem

AlQn—3 « An—lpn—l « AnPn -1
Qn73An71 PnflAn PnAl ’

Multiplying the above-mentioned formulas we have

A1P1 « A2P2 « « An—lpn—l « AnPn _
P1A2 P2A3 PnflAn PnAl -

(—1)".

Lemma 3. (Menelaus’ Theorem) In the triangle AABC (see Fig. 5), if a straight line
intersect with AB, BC,C A or their extension at F, D, E, then

AP BD CE _
FB ~ DC =~ EA

1.
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. . BD _ FB CE _ PF
Proof. Taking CP//DF, intersect AB at P, 35 = B5» 54 = ap then

FB " DC "~ EA FB  PF~ AF
Lemma 4. (The generalization of Menelaus’ Theorem ) In a polygon A1 A4y -+ A,,

the linear L intersect with A Ao, AsAs, -, A, A1 at Py, P>, --- , P,, then

A1P1 A2P2 An—lpn—l AnPn o

=1.
Py A 8 Py A3 S P, 14, 8 P, A

Proof. Apply the mathematical induction. If n = 3, then it is the Menelaus’ Theorem.
Suppose the theorem holds for n = k. That is,

APy APy Ap 1Py ApPr
X X ... X X =1.
PiAy,  PAs P11 Ay, P A,

Then for n = k + 1, apply the Menelaus’ Theorem in the triangle AA; Ay A1 we have
Alpk Akpk- Ak+1Pk+1

X X =1.
PyAr  PpApi Py Ay
Multiplying the above formulas and we obtain
APy AP Ap_1Pr1 APy Apy1Pry

=1.

X X ... X X X
PiA;  PAjz Pp_1 Ay PrAp P14y

This shows that the theorem holds for n = k + 1. Now the Lemma 4 follows from the
induction.

§3. Proof of the theorems

In this section, we prove Theorem 1 and Theorem 2. First we prove Theorem 1. Apply
the Menelaus’ Theorem in the triangle AADA;, we have

DC AP AC,

=1.
CA, “ PA CCiD
In the triangle ABCBy,
CD BP BD _
DB, " PB =~ D,C
In the triangle ACDCy,
DA xClPxCA1—1
AC, " PC ~ AD
In the triangle ACDDx,
CB D\P DBy 1

BD; * PD  B,C

Multiplying the above formulas we have

PAXPBXPCXPD_ADXDCXCDXBC
PA, " PB, " PC,  PD, AD DC D BC’

This proves Theorem 1.
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Now we prove Theorem 2. It is clear that in the pentagon (see Fig. 6)
A B

(Fig. 6)

the conclusions are not correct. Otherwise, we have

PA PB PC PD PE AE ED DE ED CD
X X X X = X X X X .
rA, PBy, PC, PDy PE, AE O EID DWE EAD 1D

Connect AC, according to the conclusion in the quadrilateral, we have

PAxPCxPDxPE—AExDExEDXCD
PA, " PC, " PD,  PE, AE " DE" ED  CD’

Because 51—% is fixed, but as the movement of B, If—gl is changing, so the conclusion is not

correct. So the Smarandache’s Cevians Theorem (II) can’t be generalized to pentagon.
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Abstract The concept of translational hull of semigroups was first introduced by Petrich in
[8]. The translational hull of an inverse semigroup was studied by Ault in [4]. Fountain and
Lawson studied the translational hull of adequate semigroups. And later on, the translational
hull of strongly right or left adequate semigroups were further investigated by Ren and Shum.
In this paper, we concentrate on the translational hull of strongly right Ehresmann semigroups.
It is proved that the translational hull of a strongly right Ehresmann semigroup is still of the
same type. Our results extends the previous results of strongly right adequate semigroups.
Keywords Translational hulls, strongly right U-ample semigroups, strongly right Ehresm-

ann semigroups.

§1. Introduction

Recall that a mapping A from a semigroup S into itself is called a left translation of § if
A(ab) = (Aa)b for all a,b in S. Similarly, a mapping p from S into itself is a right translation
of S if (ab)p = a(bp) for all a,bin S. A left translation A and a right translation p of S are said
to be linked if a(Ab) = (ap)b for all a,b in S. In this case, we call the pair (), p) a bitranslation
of S. The set A(S) of all left translations and the set P(S) of all right translations of S form
semigroups under the composition of mappings. The translational hull of S is the subsemigroup
Q(S) of A(S) x P(S) which counsist of all bitranslations (), p). The concept of translational hull
of semigroups and rings was first introduced in 1970 by Petrich in [8]. The translational hull of
an inverse semigroup was first studied by Ault in [4], and the translational hull of an adequate
semigroup was further studied by Fountain and Lawson in [1]. And later on, Ren and Shum
investigated in 2006 the translational hull of a strongly right or left adequate semigroup in [11].
The translational hull of semigroup plays an important role in the theory of semigroups.

Let E(S) be the set of all idempotents of a semigroup S and U C E(S) be a non-empty
subset, namely, the set of projections of S. The generalized Green relation LV was first defined
by Lawson in [9]. For any elements a,b in S, (a,b) € LU is defined if and only if @ and b have

IThe research of the first author is supported by the National Natural Science Foundation of China (10971160)
and the Natural Science Foundation of Shaanxi Province (SJO8A06).
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the same set of right identities in U, that is to say, U] = U} ,where
U, ={uelU|au=a}.

It is easy to check that £ C £* C LU.

We now call a semigroup S a U-rpp semigroup if every LU-class of S contains a projection
of S and LU is a right congruence, denoted by (S,U). A U-rpp semigroup (S,U) is called a
right Ehresmann semigroup if the projections of (S, U) commute. A U-rpp semigroup (S,U) is
called strongly U-rpp semigroup if for any a € (S,U), there is a unique projection e € U such
that aLVe and a = ea. Thus, we naturally call a right Ehresmann semigroup (S, U) a strongly
right Ehresmann semigroup if (S, U) is a strongly U-rpp semigroup.

In this paper, we will show that the translational hull of an strongly right (left) Ehresmann
semigroup is still of the same type.

For any notation and terminologies not given in this paper, the reader is referred to [4], [5]
and [6].

§2. Preliminaries

We first give some basic results and notation from [7].

Lemma 2.1. Let a,b be elements of a semigroup (S,U). Then the following statements
on (S,U) are equivalent:

(i) (a,b) € LY.

(13) U, =U], where U] ={ueU|au=a}.

Lemma 2.2. If a € (S,U) and e € U, then the following statements hold on (S,U):

(i) (e;a) € LY.

(i1) ae = a and for all f € U,af = a implies ef = e.

Lemma 2.3. If (S,U) is a strongly right Ehresmann semigroup, then each LV-class of
(S,U) contains a unique projection in U.

Proof. Suppose that a € (S,U) and e € LY NU. Let f € LY NU, since (S, U) is a strongly
right Ehresmann semigroup, we have e = ef = fe = f. This show that each LV -class of (S,U)
contains a unique projection in U.

Suppose that (S,U) is a strongly right Ehresmann semigroup and a € (S,U). Then, by
Lemma 2.3, we denote the unique projection in LU-class containing a of (S,U) by a*.

Now we have directly from definition the following lemma.

Lemma 2.4. Let a,b be elements of a strongly right Ehresmann semigroup (S,U). Then
the following conditions hold in (S,U) :

(i) aLUb if and only if a* = b*.

(ii) (ab)* = (a*b)*.

(#i1) aa* = a = a*a.

(

iv) (ae)* = a*e.



88 Xueming Ren and Juan Wang

Lemma 2.5. Let (S, U) be a strongly right Ehresmann semigroup, the following statements
are equivalent:

(1) (S,U) is strongly right U-ample.

(77) ea = a(ea)*, for every a € (S,U) and every projection e € U.

We call a U-rpp semigroup (S,U) a projection balanced semigroup if for any a € (S,U),
there exist projections e and f in (S,U) such that a = ea = af. It is clear that from Lemma

2.4, a strongly right Ehresmann semigroup is a projection balanced semigroup.

Lemma 2.6. Suppose that (S,U) is a projection balanced semigroup (S,U).

(7) If X and X are two left translations of (S,U), then A = X if and only if Ae = Xe for all
ecU.

(#1) If p and p’ are two right translations of (S,U), then p = p’ if and only if ep = ep’ for
alle e U.

Proof. We only need to prove () since the proof of (ii) can be obtained similarly. The
necessity part of (7) is clear. For the sufficiency part of (i), let a be an element of (S,U) and
e be a projection such that ea = a. Then

Aa = Aea) = (Ae)a = (Ne)a = N(ea) = Na.

Hence A = ). Thus the proof is completed.

Lemma 2.7. Let (S,U) be a strongly right Ehresmann semigroup. If (A, p), (N, p') €
Q(S,U), then the following are equivalent:

() (np) = (X, 0).

(1) A= N.

(iii) p=p'.

Proof. It is clear that (i) implies (i7) and (¢) implies (4i7). In fact, we only need to show
that (i4¢) implies (7). Suppose that p = p’. Then by our hypothesis, for any e € U there exists
a projection f such that

Xe = f(Xe) = (fp)e = (fp)e = f(Ne).
And there exists a projection f’ such that
Ne=f'(Ne)=(f'p)e = (f'p)e = f'(Ae).

Thus, we have that AeL)e. Since (S,U) is a projection balanced semigroup, we can easily
obtain that there exists g € U such that f(Ae) = (Ne)g. Hence, Ae = (Ne)g. Thus, Ae =
(Ne)g-g = (Ae) - g. From £ C LU, it follows that Ne = (XNe) - g so that Ae = Ne. By Lemma
2.6, we obtain that A = A’ and of course, (X, p) = (XN, o).

83. Strongly right Ehresmann semigroups

In this section, we assume always that (S, U) is a strongly right Ehresmann semigroup with

the set of projections U.
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Let (A, p) € Q(S, U) which is the translational hull of (S, U). First we define two mappings
A*, p* from (S, U) into itself by the rule that for any a € (S, U),

Aa=(N\a")"a,
ap® = a(Aa™)*.

Lemma 3.1. Let (S,U) be a strongly right Ehresmann semigroup with semilattice U of
projections. Then for any e € U,

(i) Ae=ep;

(i) Ne=(Xe);

(iii)  A*alV \a.

Proof. (i) Since all projections commute, it follows immediately that for any e € U,

Ae = (le)*e =e(Xe)* =ep*.

(ii) By the definition of A*, we have that A*e = (Xe)*e. Since AeLU (Xe)* and LU is a right
congruence on (S, U), it follows that Ae-eLV (Ae)*e, that is , AeLV (Ae)*e. By Lemma 2.3, each
LU-class contains a unique projection so that (Ae)* = (Ae)*e. Hence, A\*e = (Ae)*e = (Ae)*.

(#i1) Clearly, Aa* LU (Aa™)*. Since LV is a right congruence, we immediately obtain that
Aa = Aa*alV (Na*)*a = Ma.

Lemma 3.2. The pair (A*, p*) is a member of the translational hull Q(S,U) of (S,U).

Proof. First we show that \* is a left translation. Let a,b be elements of (S,U). Then
by Lemma 3.1,
(A(ab)*)*ab = X*(ab)* - (ab)
A*(ab)* -a* -ab=a" - \*(ab)* - ab

- (ab)*p* - ab= (a* - (ab)*)p* - ab
= ((ab)*a”)p" - ab = (ab)*(a"p") - ab
= (a*p*)(ab)* - (ab) = X\"a” - ab
= (Aa")*a - b= (\*a)b.

\*(ab) =

We next show that p* is a right translation. Noting that (ab)b* = ab, we have that
(ab)*b* = (ab)* so that b*(ab)* = (ab)*. Then by Lemma 3.1 and Lemma 2.4, we have

(ab)p* = ab(A(ab)*)* = ab(\b*(ab)*)*
(ab)((Ab*)*(ab)") = ab(ab)* (Ab")"
= ab(Ab")* = a(b(\b*)")

= a(bp™).

This shows that p* is a right translation.

Finally, we prove that (A*, p*) is a linked pair. It is clear that
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a(N*D) = a(\*b*)b = aa* (\*b*) - b
= aa*(b*p*)b = a(a*b*)p*) - b
=a(b*a®)p* -b=a-b"(a"p")b
=a-(a"p*)b* - b= (aa™)p*b
— (ap".
This shows that the pair (\*, p*) is linked and so is in Q(S, U).
Now we take the set W(S,U) as follows:

(S, U) = {(\p) € BE(QS,U)) : \UUUpCUY.

Then, we have the following result.
Lemma 3.3. The elements of ¥(S,U) are all idempotent.
Proof. Let (A, p) € ¥(S,U) and e € U. Then

Me = A(Me)e) = Ae(Xe)) = (Me)(Ae) = e

It follows by Lemma 2.6 that A2 = X\. Again by Lemma 2.7, we have that (), p)? = (\2,p?) =
(A p).

Lemma 3.4. The elements of ¥(S,U) commute with each other.

Proof. Let (A, p),(XN,p") € U(S,U). Then, by the definition of ¥(S,U), we have that
AN UUp CU and YU UUp' C U. Thus, for any projection e € U, we have

ANe = AN (ee) = AM(Ne)e) = Ae(Ne)) = (Ae)(Ne) = (Ne)(he) = N de.

By Lemma 2.6, it is clear that A\ = X' A. Similarly, we have that pp’ = p’p. Hence, (A, p)(N, p') =
(N, 0) (A, p), as required.

Lemma 3.5. (\*, p*) is an elements in U(S,U).

Proof. Suppose that e € U. By Lemma 3.1, it is obvious that A\*e and ep* are all elements
of U. Thus, (A\*, p*) € ¥(S,U).

It is natural to take U = W(S,U) as the set of projections of the translational hull Q(S,U).
Thus, we will prove that (Q(S,U),U) is a strongly right Ehresmann semigroup with the set of
projections U.

To do this, we need the following crucial Lemma.

Lemma 3.6. Any element (), p) of Q(S,U) is £LV-related to (\*, p*).
Proof. Firstly we show that (X, p)(A\*, p*) = (A, p). Assume that e is any projection from
U. Then, by Lemma 3.1, we have that

Me = Aep*) = Ae%p*) = e - (ep*)) = Ae(ep*) = Ae(Xe)* = Ae.

Using Lemma 2.6, we obtain AA* = A. Thus, it follows by Lemma 2.7 that (A, p)(A*, p*) = (A, p).
To prove that (X, p)LY(A*, p*), we still need show from Lemma 2.2 that for any (X,p') €
U,(\p)(N,p') = (A, p) implies (A*, p*) (X, p’) = (A*, p*). Since (S, U) is a strongly right Ehres-
mann semigroup and by Lemma 3.1, we have that )\eZU()\e)* = A*e for any e € U. Suppose

that (X, p)(\,p') = (A, p) for any (X, p’) € U. Then for any projection e € U, we have
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(Ae)(Ne) = Ale(Ne)) = A((NMe)e) = AN (ee) = AN e = de.
This implies that A*eX'e = A*e. On the other hand, we have that
Aele =X (e(Ne)) = X (Ve)e) = A*(Ne) = M Ne.

Hence, A*Ne = M*e. It follows by Lemma 2.6 that \*A’ = A\*. Thus, we have proved that
(A%, p*)(N, p') = (A*, p*). This completes the proof that (), p) and (A*, p*) are LU- related.

Lemma 3.7. £ on Q(S,U) is a right congruence.

Proof. It is clear that the relation £V on Q(S,U) is an equivalence. We next show that
it is right compatible. Suppose that (A1, p1), (A2, p2), (A3, p3) € 2(S,U) and (/\1,p1)E[7(/\2,p2).
Then by Lemma 3.6, we have (X}, pt)L7 (A5, p3). This leads to (X, p})L(A5, p3) on Q(S,U).
Since L is a right congruence on (.S, U), it follows that (AT, p7)(As, p3) L(A3, p3) (A3, p3), that is,
(Xi X3, ptps) LU (A5 As, pips). Hence for any e € U, by Lemma 3.1 (iii), we have that (A A3)*eLV
MAseLUN AzeLU (A As)* e, that is, (A;Ag)*eLV (A\FAs)*e. Since (S, U) is a strongly right Ehres-
mann semigroup, it follows from Lemma 2.3 and Lemma 3.1 that (A;A3)*e = (AfAs)*e. By
Lemma 2.6, we have (A1 A3)* = (AjA3)*. Notice that

MALY (A1 As)* = (NAs)* LY.

By Lemma 2.7 and the fact that (AiA3)* = (AjA3)*, we have (p1p3)* = (pips)*. Dually,
prpsLY pips. Hence, (A, p1)(As, p3) LY (AT, p7) (A3, p3)-

Similarly, we can easily obtain that (A2, p2) (A3, p3) LY (X5, p3) (A3, p3). Thus we deduce that
(A1, p1) (A3, p3) LY (A2, p2)(As, ps) on (S, U) so that £V is indeed a right congruence.

Summarizing above these observations, we can prove the following main theorem.

Theorem 3.8. The translational hull of a strongly right Ehresmann semigroup is still a
strongly right Ehresmann semigroup.

Proof. By using the above Lemmas, we can easily verify that (S, U) is a right Ehresmann
semigroup. To prove this theorem, we only need to prove that for any (X, p) € Q(S,U) there
exist a unique projection (A*, p*) such that (X, p)LY (A%, p*) and (A*, p*)(A, p) = (A, p). Since
(S,U) is a strongly right Ehresmann semigroup, we have

A e = (A(Ae)*)*(Ae) = (AN e)*(Ae) = (Ae)*(Xe) = Ae,

by Lemma 2.7 and so (A*, p*)(\, p) = (A, p). This shows that Q(S,U) is a strongly right Ehres-
mann semigroup. The proof is hence completed.

84. Strongly right U-ample semigroups

We say that a strongly right Ehresmann semigroup (S, U) in which ea = a(ea)* for every
element a and every projection e of (S,U) is a strongly right U-ample semigroup.

As a direct consequence of Theorem 3.8, we deduce the following theorem.

Theorem 4.1. The translational hull of a strongly right U-ample semigroup is still a
strongly right U-ample semigroup.
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Proof. Let (S,U) be a strongly right U-ample semigroup. By Theorem 3.8, we know that
Q(S,U) is strongly right Ehresmann. Also from the proof of this theorem we have

U=0(S,U)={(\p) € E(QUS,U)): \UUUpC U}.

Now let (A1,p1) € U and let (\,p) € Q(S,U),e € U(S). By our definition, we only need to
show that (A1, p1)(A, p) = (A, p)((A1, p1)(\, p))* for every element (A, p) and every projection
(A1,p1) €U.

We now show that M A = A(AA)* and p1p = p(p1p)*. In fact, Aide = A ((Ne)*(Ne)) =
(r(Ae))e).

Since (A1, p1) € U, A1(Xe)* is a projection in (S,U). For (S, U) is strongly right U-ample,

we have

Ade = (Ar(Ae))(Ae) = (Ae) (A (he)*)(Ae))* = Ae(Are)™.

And we also have
Ae(A1xe)* = Ale(A1re)*) = A((A1xe)*e) = A(((MAe)*e)e) = A((A1A)*e) = A(A ) e.
Then we obtain that A A = A(A;\)*. Hence,

(A1) (A p) = (A p)((Aas p1) (A, )

This shows that Q(S,U) is a strongly right U-ample semigroup so that we have proved the
theorem.
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Abstract In this note, we give the smallest non-associative ring, which is a Smarandache
non-associative ring, and prove that this ring is also the SNA Moufang ring and the SNA Bol
ring.
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§1. Introduction

In this paper [1], Vasantha Kandasamy introduced the concept of Smarandache non-
associative rings, which we shortly denote as SNA-rings. This concept derived from the general
definition of a Smarandache Structure (i.e., a set A embedded with a weak structure W such
that a proper subset B in A is embedded with a stronger structure S) and were firstly studied
in the Smarandache algebraic literature. The only non-associative structure found in Smaran-
dache algebraic notions are Smarandache groupiods and Smarandache loops introduced in [2]
and [3], which are algebraic structures with only a single binary operation defined on them
that is non-associative. But SNA-rings are non-associative structures on which are defined two
binary operations one associative and other being non-associative and addition distributes over
multiplication both from the right and left. By [1], it is well know that the loop ring is always
a SNA-ring, and the groupiod ring is also a SAN-ring when it satisfies some conditions. Those
results motivate us to find the smallest non-associative ring (By smallest we mean the number
of elements in them that is order is the least that is we can not find any other non-associative
ring of lesser order than that). In this note, we shall give some interesting results about the

mentioned problems in [1].

§2. Preliminaries

Definition 2.1. A set S together with a (binary) operation is a groupoid. A groupoid

(S, %) satisfying the associative law

IThis work is supported by the N. S. F. (10271093, 60472068) and P. N. S. F. of China.
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(xxy)xz=xx*x(yxz) (z,y,z€59)

is a semigroup.

Definition 2.2. A ring (R, +, %) is said to be a non-associative ring if (R, +) is an additive
abelian group, (R, *) is a non-associative semigroup (that is the binary operation * on R is non-
associative )such that the distributive laws

(x+y)sz=x*xz4+yxz, cx(y+z2)=x*xy+z*z,

for all z,y,z € R.

Definition 2.3. Let (R, +,*) be a non-associative ring. R is said to be a SNA-ring if R
contains a proper subset P is an associative ring under the operations of R.

Definition 2.4. A non-associative ring (R, +,#) is said to be a Moufang ring if the

Moufang identity

is satisfied for all z,y, z € R.
Definition 2.5. Let (R,+,*) be a non-associative ring. R is said to be a Bol ring if R
satisfies the Bol identity

(xy)x2)xy = zx((y*2)=xy), forall z,y,z € R.

In view of these we have the following interesting results.

Theorem 2.6. If R is a Moufang ring and R is also a SNA-ring then R is a SNA Moufang
ring.

Theorem 2.7. Let R be a non-associative ring, which is a Bol ring. If R is a SNA-ring,
then R is a SNA Bol ring.

§3. Main results

Theorem 3.1. A non-associative ring of order 2 is not exist.
Proof. Suppose that R = {0,1} and (R, +,*) is a non-associative rings, in which (R, +)
is an additive abelian group given by the following table:

— o |+
= = O

1
1
1
Obviously, this form is single for an additive abelian group of order 2. Then by the law of

addition distributive over multiplication both from the right and left we have :

1+x(1+1)=1%0

}:1*0:Q
15141%1=0

and
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(I+1)*x1=0x1
}:>0*1=0,
1x14+1%x1=0
and
0%(1+1)=0%0
};»0*0=0,
0x14+0x1=0
and

1x(1+0)=1x1

}:>1>|<1:00r1.
1x14+1x0=1x1

we immediately have (R, ) by the following table:

x| 0 1 *|0 1
070 O 010 O
110 0 110 1

It is easy to see that (R,*) is a semigroup satisfied the associative law. It is contradictive
with R is a non-associative ring. Thus, we can not find a non-associative ring of order 2. This
completes the proof of Theorem 3.1.

Theorem 3.2. The smallest non-associative ring is of order 3 given by the following
example.

Example 1. (A, +,*) be a non-associative ring of 3 given by the following table:

It easy to see that (A,+) is an additive group, in which
(bxb)xa=0xa=0#£bx(bxa)=bxa=a,

and so (A,*) is a non-associative semigroup. From Definition 2.1 and Theorem 3.1 we have
Theorem 3.2.

Example 2. (B, +, ) be a non-associative ring given of 4 by the following table:

+10 a b ¢ x| 0 a b c
010 a b c 0j0 0 0 O
ala 0 a a a0 a 0 O
blb a b0 ¢ 0 0
clc 0 b O c|0 0 0 O

Similarly, we can obtain that (B, +, %) is a non-associative ring since



96 Xiujuan Pan and Yong Shao

(bxa)xa=cxa=0#bx(axa) =bxa=rc,

Hence, (B, ) is a non-associative semigroup.

It is very natural to consider whether the smallest non-associative ring is a SNA-ring. we
find a proper subset C = {0,a} of (A4, +, ) in Example 1, which is a associative ring given by
the following table:

+10 a * |10 a
0[]0 a 0[]0 O
ala 0 al0 O

Thus, it follows from Definition 2.2 that (A, +, *) is a SNA-ring, furthermore, we have the
following theorem.

Theorem 3.3. The smallest non-associative ring is a SNA-ring.

Corollary 3.4. The least order of SNA-ring is 3.

Theorem 3.5. (A, +,*) in Example 1 is the smallest SNA Moufang ring.

Proof. It is easily seen that (A, *) satisfies the Bol identity

((zxy)x2)xy=xx*((y*2)=*y), for all z,y,z € R.

From Theorem 2.6 and Theorem 3.3 we have (A, +, *) is the smallest SNA Moufang ring.
Similarly, we can obtain the following result.
Theorem 3.6. (A, +,*) in Example 1 is the smallest SNA Bol ring.

The authors wish to express their most sincere appreciation to the referee for his very

helpful and detailed comments.
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Abstract For any positive integer n, the Pseudo-Smarandache dual function Z.(n) denotes

the maximum positive integer m such that W divide n. Let n = p{1p5? - pp* denotes

the factorization of n into prime powers, the Smarandach LCM dual function SL(n) is defined
as SL(n) = min{p$"*,ps?,- - ,pr*}. The main purpose of this paper is using the elementary
and analytic methods to study the solvability of the equation Z.(n) = SL(n), and give its all
positive integer solutions.

Keywords Pseudo-Smarandache dual function, Smarandach dual function, equation, posit-

ive integer solution.

§1. Introduction and results

For any positive integer n, the Pseudo-Smarandache dual function, denoted by Z.(n), is

defined as the maximum positive integer m such that W divide n. That is,
1
Z.(n) :max{m tm € Zﬂ% |n}

This function was introduced by J.Sandor in [1], where he studied the elementary properties
of Z.(n), and obtained a series of interesting results. They are stated as follows:

Lemma 1. Let ¢ be a prime such that p = 2¢ — 1 is a prime too. Then

Z«(pq) = p-

Lemma 2. Z*(@) = k, for any integer k > 1.
Lemma 3. For any integer a,b > 1, Z.(ab) > max{Z,.(a), Z.(b)}.
Lemma 4. Let p be a prime, then for any integer k > 1,

2, if p=3;
Z.(p") = .
1, if p#3.
Lemma 5. Any solution of the equation Z(n) = Z.(n) is of the form n = @, where

k > 1 is an integer.
In reference [2], A.A.K. Majumdar studied the explicit expressions of Z,(2p*), Z.(3p"),
Z,.(4p*) and Z,(5p*), where p is an odd prime.
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On the other hand, for any positive integer n, the Smarandache LCM dual function
SL(n) is defined as follows, SL(1) = 1, and if n > 1, SL(n) = min{p{*,ps?,--- ,pp*}, if
n = pi'ps? - pp* is the prime power factorization of n. About this function, some authors

had studied the solvability of the equation Zﬁ(n) = n, and founded all its positive integer
d|n
solutions (See reference [3]).

In this paper, we use the elementary methods to study the solvability of the equation
Z.(n) = SL(n), (1)

and give its all positive integer solutions. That is, we shall prove the following:

Theorem. The solutions of the equation (1) can be expressed as:

1. Let n be an even integer, then n = 2°p¥t, where p (p > 3 and (p,t) = 1) is a prime, s, ¢
and k are positive integers satisfying the following conditions:

(a). If p* > 2%, then p®t = 2° + 1, where « is a positive integer and 1 < a < k.

(b). If pF < 2%, then p* = 28+t — 1, where 3 is a positive integer and 1 < 3 < s — 1.

2. Let n be an odd integer, then n = 1 or n = p“t, where « and t are positive integers and
(p* 4+ 1) | 2t, p® = 2u — 1, where u is a positive integer and u | t,lett =a-b-c,a #2b—1 or
a < p*.

83. Proof of the theorem

In this section, we shall prove our theorems directly.

a. For any even integer n, we discuss the solutions in following several cases:

(i) Let n = 2%, where s is a positive integer, then from the definition of SL(n), we have
SL(n) = 2°. According to Lemma 4, we have Z,(2°) = 1. It means that the equation (1) has
no positive solution when n = 2°.

(ii) Let n = 2°p”, where p is an odd prime, s and k are positive integer.

(A) If 2° > p*, then SL(n) = p*. Suppose p® is a divisor of p¥, where 1 < b < k, we discuss
p? as follows:

If p® = 2971 41, where 1 < a < s — 1, then Z,(n) = 2911 # p¥ = SL(n).

If p* = 29%1 — 1, where 1 < a < s — 1, then Z,(n) = 21 — 1 = pb. Let b = k, then
Z.(n) = SL(n). Otherwise Z.(n) =1 # SL(n).

(B) If 2° < p*, then SL(n) = 2°. We discuss p® as follows:

If p* = 29%1 + 1, where 1 < a < s, then Z,(n) = p®* —1 = 29%!, Let a +1 = s, then
Z.(n) = 2% = SL(n).

If p® = 2971 — 1, where 1 < a < s, then Z.(n) = p® = 2¢%1 — 1 £ SL(n) = 2°. Otherwise
Z.(n) =1# SL(n).

(iii) Let n = 2°p*t, where p is an odd prime, s, ¢t and k are positive integer.

(A) If 2° > p*, where 1 < b < k, then SL(n) = p*. We discuss p’ as follows:

If p* = 2911t + 1, where 1 < a < s — 1, then Z,(n) = p® — 1 = 20+t #£ pk = SL(n).

If p* = 29+t — 1, where 1 < a < s — 1, then Z,(n) =297t — 1 = p* = SL(n) while b = k.

If pbt = 2911 + 1, where 1 < a < s, then Z.(n) = p’t — 1 = 29+ #£ p*¥ = SL(n) for any

positive integer b and t.
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If pPt = 29+ — 1, where 1 < a < s, then Z,(n) = 29t — 1 = p®t = SL(n), while b = k and
t = 1. Otherwise Z,(n) = 1 # SL(n).

(B) If 2% < p*, then SL(n) = 2. We discuss p® as follows:

If p® = 2971 + 1, where 1 < a < s, then Z,(n) = p* — 1 = 2°F1t = 2% = SL(n), while
a+1l=sandt=1.

If p® = 2911t — 1, where 1 < a < s, then Z,(n) = 2971 — 1 = p® # SL(n).

If pPt = 29%1 + 1, where 1 < a < s, then Z,(n) = p’t — 1 = 29! = 25 = S[(n) while
a+1=s.

If pPt = 2911 — 1, where 1 < a < s, then Z,(n) = p®t # 2% = SL(n) for any positive integer
b and t. Otherwise Z,(n) =1 # SL(n).

(b). For any odd integer n, let n = p*t, p* < t, (p®, t) = 1 where p is an odd prime, «
and ¢ are positive integer. Let SL(n) = p®. n is a solution of the equation (1) if and only if
Zi(n) = p*.

From the definition of Z,(n), we have w | p*t, that is (p™ + 1) | 2t.

(i) If p* = 2u — 1, where u is a positive integer and u | ¢, then (p® + 1) | 2t.

Lett=a-b-c, ifa=2b—1 and a > p®, then Z.(n) = a # SL(n).

If a # 2b—1or a < p, then SL(n) = p® = Z.(n).

(ii) If p® # 2u — 1, then Z,(n) # p®, therefore there is no solutions in this case.

This complete the proof of our theorem.
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Abstract For any positive integer n, the Smarandache Superior Prime Part P,(n) is the
smallest prime number greater than or equal to n. For any positive integer n > 2, the
Smarandache Inferior Prime Part p,(n) is the largest prime number less than or equal to

n. The main purpose of this paper is using the elementary and analytic methods to study
K, (n)
Ln(n)

the asymptotic properties of (S, (n) — In(n)), ,(Kn(n) — Lp(n)), and give several in-

n

ZPp(n),In(n) = %pr(n) and

=1

3=

teresting asymptotic formula for them, where S,(n) =

n

ko) = (£ 7o) " L) - (£ mo)

Keywords Smarandache superior prime part sequence, Smarandache inferior prime part

sequence, mean value, asymptotic formula.

§1. Introduction and results

For any positive integer n > 1, the Smarandache Superior Prime Part P,(n) is the small-
est prime number greater than or equal to n, that P,(n) = min{n|n > p,p is a prime}.
For example, the first few values of P,(n) are P,(1) = 2,P,(2) = 2,P,(3) = 3,P,(4) =
5,P,(5) = 5,P,(6) = 7,P,(7) = 7, P,(8) = 11, P,(9) = 11, P,(10) = 11, P,(11) = 11, P,(12) =
13, P,(13) = 13, P,(14) = 17, P,(15) = 17, - - .

For any positive integer n > 2, the Smarandache Inferior Prime Part p,(n) is the largest
prime number less than or equal to n, that p,(n) = max{n|n < p,p is a prime}. For example,
the first few values of p,(n) are p,(2) = 2,p,(3) = 3,p,(4) = 3,p,(5) = 5,pp(6) = 5,p,(7) =
7,0p(8) = 7,1p(9) = 7,p,(10) = 7,p,(11) = 11,p,(12) = 11,p,(13) = 13,p,(14) = 13, p,(15) =
13,

By the definition of these two series known for any prime g, we have P,(¢q) = pp(q) = ¢.
On the sequence {P,(q)} and {p,(¢)} of the nature of the study is very significant, because the
Smarandache prime series and prime number distribution issues are closely linked.

Now we define

Sn(n) = [Pp(1) + Pp(2) + Pp(3) + -+ + Bp(n)] /n = *ZPP(”)a
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)} /n=— pr

In(n) = [pp(1) + pp(2) +pp(3) + -+ -+ pp(n

1

Kn(n) = {/Py(1) + P,(2) + B,(3) + -+ - + Pp(n) = (ZPp(n)> " )

Ly(n) = 7\’/}%(1) +pp(2) +pp(3) + -+ pp(n <pr ) L :

” (See reference [1], Problems 39), Professor

In the book “Only problems, Not solutions’
F. Smarandache ask us to study the properties of the sequences {P,(n)} and {p,(n)}. About

these problems, Scholar Yan Xiaoxia had studied it before and obtained interesting results (see

reference [5]):
Sn(n) =1+0 (n%> , and lim fn((n)) =
n—oo [,(Nn

In this paper, we use the elementary and analytic methods to study the asymptotic prop-
L,(n)), and give a shaper asymptotic formula for

K,
erties of (S, (n) — I,(n)), L:(<Z)) (Kp(n)—
it. That is, we shall prove the following conclusion:
Theorem 1. For ally positive integer n > 1, we have the asymptotic formula

3=

S = In(m) _ i (Su(n) — L) =1,

5110 =0 o).ty BBy

where D is computable constant.
Theorem 2. For ally positive integer n > 1, we have the asymptotic formula

oy =40 () T = () = 1) =0

§2. Some lemmas
In order to complete the proof of the theorem, we need the following several lemmas
First we have

Lemma 1. For any real number > 1, we have the asymptotic formula

3

Z (pn+1 _pn) <z Lhy
Pn+1<T

where p,, denotes the n-th prime, € denotes any fixed positive number

Proof. This is a famous result due to D. R. Heath Brown [3] and [4]
Lemma 2. Let x be a positive real number which is large enough, then there must exist

a prime P between x and z + 23,
Proof. For any real number x which is large enough, let P,, denotes the largest prime with

P, < z. Then from Lemma 1, we may immediately deduce that

(Pn+1 - Pn)2 < x%—l—s’
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or
Py — Py < 7h.

So there must exist a prime P between x and x + 23,
This proves Lemma 2.

Lemma 3. For any real number x > 1, we have the asymptotic formulas

ZPp(n) = %2 +0 (mg),

n<z

S pp(n) = %2 +0(at).

n<lz

and

Proof. We only prove first asymptotic formula, similarly we can deduce the second one.

Let Py denotes the k-th prime. Then from the definition of P,(n), we know that for any
fixed prime P,, there exist P41 — P, positive integer n such that P,(n) = P,.

So we have

ZPP(TL) = Z (P’n—‘rlipn)'Pn

n<z Ppi1<z
1 1
= ) Z (P3+1_P5)_§ Z (Pn+1_Pn)2
Prpy1<z Pyi1<z
1 1
— 5132(95)_2_5 > (Pop1— P, (1)

P,ii1<z

where P(z) denotes the largest prime such that P(z) < z.
From Lemma 2, we know that

P(z)=xz+a5 +0(1). (2)
Now from (1), (2) and Lemma 1, we may immediately deduce that
1
ZPP(”) = 512 +a28 a5 +0(1)+0 ($%+5)
n<zx

1, 5
= 22240 ( s) .
21‘ + T
This proves the first asymptotic formula of Lemma 3.

The second asymptotic formula follows from Lemma 1, Lemma 2 and the identity

Yomn) = Y (Payi—Pa)- Py

n<z Ppi1<z
1 1
= 3 Z (Pf+1—Pf)—§ Z (Poy1 = Pn)®
Pn+1§17 Pn+1§1
1 1
Ppy1<z

1
= §x2+x§+x§+0(1)+0(x%+5)

= %xz—i—O(:c%).
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§3. Proofs of the theorem

In this section, we shall complete the proof of Theorem 1 and Theorem 2.
Proof of Theorem 1. In fact, for any positive integer n > 1, from Lemma 3 and the

definition of Sy, (n) and I,,(n), let n = x, we have
1
Sn(n) = n Z Py(n)
n<x

P Bee
(2x s s +O(1)+O(:1c ))

W= S e

ntnd b 0 (nfite),

L) = (S

n<x

1/1
= - (a:Q +254+254+0(1)+0 (xﬁgﬁ))
1

Sp(n) — In(n) = O (n*)
We may immediately deduce that

fim 1) _ i (5, - L)) =1,

n—oo nis n— oo

where D is computable constant.

This completes the proof of Theorem 1.

Proof of Theorem 2. For any positive integer n > 1, from Lemma 3 and the definition
of K, (n) and L,(n) we have

Ko(n) = {/Py(1) + Py(2) + By(3) + - + Py(n) = @x? +0 (z)) " 3)
L) = /(0 4 52+ pyf3) -+ o) = (5 +.0 (o)) I
Combining (3) and (4), we have
Kn(n) _ 207 +0 (ﬁ) ' - (1 +0 (x_%))% =140 (x—%)
Ly(n) %xz +0 (x%) .

Therefore lim Kn(n) =

In addition, now note that lim K,(n) =1, lim L,(n) =1, we have

lim (K,(n) — L,(n)) =0.

This completes the proof of Theorem 2.
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Abstract Ito [18] provide representations of strongly connected automata by group-matrix
type automata. This shows the close connection between strongly connected automata and
its automorphism groups. In this paper we study cyclic commutative asynchronous automata.
Some properties on endomorphism monoids of cyclic commutative asynchronous automata are
given. Also, the representations of this kind of automata are provided by S-automata.

Keywords Endomorphism monoid, commute asynchronous automata, representation, semi-

lattice-type automata.

§1. Introduction and preliminaries

Automata considered in this paper will be always automata without outputs. That is to
say, an automaton A = (A, X, d) consists of the following data:

(1) A is a finite nonempty set, called a state set;

(2) X is a finite nonempty set, called an alphabet;

(3) J is a function, called a state transition function from A x X into A.

Let X™* denote the free monoid generated by X. An element of X™* is called a word over X
and ¢ is called the empty word. The state transition function can be extended to the function
from A x X* to A by

(1) 6(a,e) = a for any a € A;

(2) 6(a,zu) = 6(0(a,z),u) for any a € A,z € X and u € X*.

Let A = (4,X,6) and B = (B, X,v) be automata and let p be a mapping from A into
B. If p(d(a,z)) = v(p(a),x) holds for any a € A and = € X, then p is called a homomorphism
from A into B. If a homomorphism p is bijective, then p is called an isomorphism. If there
exists an isomorphism from A onto B, then Aand B are said to be isomorphic to each other
and denoted by A = B. Moreover, a homomorphism (an isomorphism) from A onto A is
called an endomorphism ( an automorphism) of A. It is clear that E(A)(G(A)) of all endo-
morphisms (automorphisms) of A forms a monoid (group) on the usually composition, called
the endomorphism monoid (automorphism group) of A.

The study of endomorphism monoids and automorphism groups of automata was started
by [7] and [23] and followed by [8], [24], [1], [22], [4], [3], [2], [21] and [20].

IThis work is supported by the Science Foundation of Northwest University (NC0925).
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An automaton A = (A, X,4) is a strongly connected automaton if for any pair of states
a,b € A there exist an element v € X* such that §(a,u) = b. Fleck [7] proved that if A =
(A, X,0) is a strongly connected automaton, then E(A) = G(A) and | G(A) | divides | A |
(for more results on automorphism group of strongly connected automata refer to [7] and [8]).
Following Fleck’s work, Ito [15] introduced and studied so called group-matrix type automata of
order n on a group G. It is showed that for a strongly connected automata A = (A, X, §), there
exists a group-matrix type automaton A’ = (CYA\)m X, dy) of order n on automorphism group
G(A) such that A’ = A (refer to [15-18] or [19], for more details). This give representation of

strongly connected automata by group-matrix type automata.

As a counterpart, we want to study the automata whose endomorphism monoid are semilat-
tices and to give representation of this kind of automata by so-called semilattice type automata.

We focus on cyclic commutative asynchronous automata and their endomorphism monoids.

An automaton A = (A, X,4) is said to be commutative if §(a,uv) = &(a,vu) for any
a € A and any u, v € X*. An automaton A = (A, X, ) is an asynchronous automaton if
d(a,xzx) = d(a,x) for any a € A and any x € X*. A commutative asynchronous automaton
means a commutative and asynchronous automaton. For more information on commutative

automata and asynchronous automata, refer to [12-15].

Let A = (A, X,d) be an automaton. A state g in A is called a generator of A (see, [20])
if for any a € A, there exists x € X* such that 6(g,z) = a. The set of all generators of A is
denoted by Gen(A). An automaton is said to be cyclic if Gen(A) # (. A cyclic commutative
asynchronous automaton means a cyclic and commutative asynchronous automaton. The class

of all cyclic commutative asynchronous automata is denoted by CCAA.

In Section 2 we study the generator of automata in CCAA. We conclude that an automaton
in CCAA has unique generator. In Section 3 we study endomorphism monoids of automata in

CCAA. In Section 4 we give a representation of an automata in CCAA by S-automata.

For undefined notions and notations concerning automata we refer to [9] and [19].

§2. Generator of automata in CCAA

Recall the following notations. For w € X*, write | w | for the length of w and Con(w) for
the content of w. Also, | w |, denote the number of occurrences of z in w (refer to [9]). In this

section we will study commutative asynchronous automata.

Lemma 2.1. Let A = (A, X, ) be a commutative asynchronous automaton and let a, b
be a pair of states in A. If there exist a word w € X* such that §(a,w) = b, then é(a,z) = b
for any x € Con(w) and so §(b,w) = b.

Proof. Let A = (A, X,0) be a commutative asynchronous automaton and let a,b be a

pair of states in A. Suppose that there exists a word w € X* such that §(a,w) = b. Without
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lose of generality, assume that w = xyx2x3. Then we have

a7$1$2$3)

(
a, T1T322) (since A is commutative)
)

(
S(a,x123),23) (since A is asynchronous)
(

This implies that (b, z2) = b. Similarly, we can show that §(b,z1) = §(b, z3) = b. That is to
say, d(a,z) = b for any x € Con(w). Hence, it immediately follows that (b, w) = b.

Lemma 2.2. Let A = (A, X, ) be a commutative asynchronous automaton and let a, b
be a pair of states in A. If d(a,u) = b and §(b,v) = a for some u,v € X*, then a = b.

Proof. Let A = (A, X,J) be a commutative asynchronous automaton and let a, b be a
pair of states in A. Suppose that d(a,u) = b and 6(b,v) = a for some u,v € X*. Then it

immediately follows from Lemma 1 that 6(a,v) = a. Hence, we have
a=0(b,v) =6(6(a,u),v) =d(a,uwv) = §(a,vu) = 0(d(a,v),u) = §(a,u) = b.

This shows that a = b.

The above Lemma 2 shows that a commutative asynchronous automaton (A, X,d) must
not be a strongly connected automaton, except for |A| = 1.

For an automaton A = (4, X,d) in CCAA, Tt is true that A have unique generator. In
fact, if g, h be generators of A, then there exist u,u € X* such that §(g,u) = h and §(h,v) = g.
Thus it follows from Lemma 2 that g = h. We have shown

Proposition 2.3. Let A = (A, X, ) be an automaton in CCAA. Then A have unique

generator.

§3. The endomorphism monoids of automata in CCAA

The following give some properties of an endomorphism of automaton A in CCAA.

Given A € CCAA. In order to give the characterizations of the endomorphism monoid of
automaton A, the characteristic monoid C(A) of automaton A is needed (see, [6]). Let T denote
the set {y € X*|(Va € A)d(a,x) = 0(a,y)} for any z € X* and C(A) the set {Z | x € X*}.
Then C(A) is a monoid under the operation defined by zy = Ty. It is called the characteristic
monoid C(A) of automaton A.

Lemma 3.1.1° If A = (A4, X,§) € CCAA, then

(i) B(A) = C(A);

(i) | E(A) =] A .

Let A = (A, X,0) be a commutative asynchronous automaton. For any u € X*, define

mapping A, from A into A as follows:

a if u=c¢,

Au(a) = .
d(a,z) ifue AT (= A"\ {e}).
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By A(X*), we denote the set {\, | u € X*}.

Proposition 3.2. If A = (A, X,§) € CCAA, then

(i) A(X™) is a commutative idempotent monoid under the usual composition;

(i) B(A) = A(X*);

(iii) (F(A), =) is a complete lattice, where < is the natural partial order on the endomor-
phism monoid E(A).

Proof. To prove part (i), notice that for any A,, A, € A(X*) and any a € A, we have

Ay 0 Ap(a) = 0(a,vu) = §(a, uv) = Ay 0 Ay(a) = Ay

Also, it is easy to verify that A\, (AyAw) = (AuAo) A and Ay Ae = Ay hold for any u,v,w € X*.
Then A(X*) form a monoid under the usual composition and A. is the identity. Now, we prove
that A\,2 = \,. Since A is an asynchronous automaton, \,*(a) = d(a,uu) = §(a,u) = Ay (a)
hold for any a € A. Then A(X™) is a commutative idempotent monoid.

To prove part (i7), notice that it is a rutin matter to verify that C(A) = A(X™*). From
Lemma 3 (i) it follows E(A) = A(X™*). Now, it is enough to show that A(X*) C EF(A). For
any A\, € A(X*), x € X and any a € A, we have

)‘u(é(aax)) = 5(5(&,%),11,) - 5(0” Cﬂu) - 6(0'7“1') - 5(5(a7u)7x) = 6()‘u(a))

that is to say, A, € E(A) and hence A(X*) C E(A). Therefore, E(A) = A(X™).

To show part (ii¢), we know form part (i) and (i¢) that E(A) is a commutative monoid
of idempotents. Then (E(A), =) is a meet semilattice, where < is the natural partial order
defined in [10], as follows:

(Vp,0 € E(A))p 20 <= poog=ocop=p.

Then, we prove that (E(A), =) is a lattice. Since the identity mapping A. € F(A) and
Aeop=pol.=p,then p = A, for any p € E(A). Therefore, A; be the top element [5] in the
meet semilattice (F(A), <). Also, we have following truthes: For any p,o € E(A) the greatest
lower bond of p and o is poo; E(A) is finite. By Theorem 2.16 in [5], (E(A), <) is a complete
lattice.

84. S-automata

In order to provide a representation of automata in CC.AA, we introduce S-automaton.

Definition 4.1. Let (S, <) be a finite meet semilattice. An automaton S = (5, X,d,) is
called a S-automaton, if the following conditions are satisfied

(1) S is the set of states;

(2) X is a set of inputs;

(3) d,, is a state transition function which is defined by d,(s,x) = s A p(x), where s € S,
x € X and ¢ is a mapping from X into S.

Since X is the free semigroup on X, the mapping ¢ in the above definition can be extend

to a homomorphism from semigroup X T into semigroup (S, A) as follows:

(Vr € X,Vu € XN)p(zu) = p(x) A p(u).
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It is easy to verify that a S-automaton is a commutative asynchronous automaton.
Let A = (A, X,0) be an automaton in CCAA and g be the unique generator of A. From
Proposition 2 (ii), A(X*) = E(A). Define a mapping ¢ from X* into A(X*):

(Vu € X*)p(u) = Ay

We can easily verify that ¢ is a homomorphism from the free monoid X* into E(A). Further-
more, let S = E(A). By Definition 1, (E(A), X,d,) is a S-automaton.
Define a mapping 6 form A onto E(A):

(Va € A)f(a) = Ay, where 6(g,u) = a.

From Lemma 1, we know that for any a € A there exists only one word u € X* such that
d(g,u) = a. So, 0 is well defined. Also, it is easy to verify that 0 is bijective.

Now, we will prove that ¢ is a homomorphism from A into ((E(A), X,d,) for any a € A
and any z € X, ie., 0(6(a,x)) = 0,(6(a),x). Suppose now a € A and 0(g,u) = a for some
u € X*. On one hand, for any b € A we have

(0(5(a, 2)))(b) = (0(5(3(g,w), 2)))(b) = (0(6(g, ux)))(b) = Aua(b);

On the other hand,

(65(0(a), z))(b) = (6p(Au,2))(D) = (Au A p(2))(b)
= (A AA2)(b) = (A0 Az) (D)
= Az (D).

This implies that 6(d(a,z)) = 6,(0(a),x) and hence 0 is a homomorphism. Therefore, A =
(€2(A), X, d,)-

Thus, we have proved

Theorem 4.2. Let A = (A4, X,0) be an automaton in CCAA and let S be a semilattice
such that S = E(A). Then A is isomorphic to some S-automaton.
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Partial Lagrangian and conservation laws for
the perturbed Boussinesq partial differential

equation !
Huan He and Qiuhong Zhao

Department of Mathematics, Northwest University, Xi’an,
Shaanxi, P.R.China

Abstract In this paper, the partial Lagrangian approach is developed to construct conserva-
tion laws for some perturbed partial differential equations. Using that approach, approximate

conservation laws for the perturbed Boussinesq equation.

Keywords Perturbed partial differential equation, partial Lagrangian, conservation law.

§1. Introduction

There are a number of equations with relatively small parameters or perturbed equations
arising from mathematics, physics and other applied fields. To solve such problem approxi-
mately or to construct an approximation of it gave rise to the perturbation method as well as
approximate symmetry method. The two methods have grown up together, whose combination
greatly extends the scope and depth of both methods in themselves. This includes their effective
use in constructing approximate symmetries and approximate conservation laws for perturbed
partial differential equations (PDEs).

On the study of perturbed PDEs, in [1], approximate conservation laws were introduced via
the approximate Noether symmetries associated with a Lagrangian of the perturbed equation.
The relationship between symmetries and conservation laws was elaborated in [2]. In [3]-[4],
it was shown that approximate Lie-Béacklund symmetries and approximate conserved vectors
can be utilized to construct approximate Lagrangians, and thereupon approximate Noether
symmetries and new associated conservation laws for perturbed equations can be constructed
by using the Lagrangians. In [5], a basis of approximate conservation laws for perturbed PDEs
was discussed. In [6], how to construct conservation laws of Euler-Lagrange-type equations
via Noether-type symmetry operators associated with partial Lagrangians was shown. In [7],
Johnpillai et al found an effective way to construct approximate conservation laws of per-
turbed equations via approximate Nother-type symmetry operators associated with partial
Lagrangians. Recently, we gave an exact definition of partial Lagrangian and partial Euler-

Lagrange-type equation in [8] to clarify Definition 6 in [7] which is actually the approximate

I This work is supported by the National Natural Science Foundation of China (10671156) and the Natural
Science Foundation of Shaanxi Province of China (SJO8A05).
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Lagrangian, and applied the approach of approximate Noether-type symmetry operators asso-
ciated with partial Lagrangians to the nonlinear wave equation with damping and obtained its
approximate conserved vectors and approximate conservation laws in general form.

In this paper, we intend to discuss the approximate conservation laws for the perturbed
Boussinesq equation with weak damping in terms of our new definition of partial Lagrangian
and partial Euler-Lagrange-type equation.

One form of the perturbed Boussinesq equation takes [
Ut + (u2)z$ + Upzae = 6(04(U)U;L + 6(“));

where u = u(z,t), a(u) and S(u) are arbitrary functions, n is any positive integer, € is a small

parameter. Specially, when € = 0, it degenerates into the Boussinesq equation

§2. Approximate conversation laws for the perturbed Boussi-

nesq equation

In the following, as applications of the theory presented in [8], we characterize approximate
conserved vectors and conservation laws of the perturbed Boussinesq equation with weak damp-

ing via approximate Noether-type symmetry operators associated with partial Lagrangians.
Ut + (u2)m + Uzzze = €(a(w)uy + B(u)). (1)

We distinguish the following cases according to the choice of n.

Case 1. n=1. Eq. (1) becomes

1 1 1
Eq. (2) admits a partial Lagrangian [ = —iuf - iui —wuZ + —uZ,. Thus the partial Euler-

Lagrange-type equation is

5L

o = elalwu, + 5w) - .

Using Eq. in [8], for i = 1,2, k = 1, we have

(Xo +eX1)L+ D;(& + €&})L
= [(no — &uy) + e(m — &u;)[e(a(u)ug + B(u)) — u2] + Di(Bf + €B}), (3)

where

0 0

0 0 0 0
Xo+eX1 = (& + 65%)@ + (& + 65%)% + (1o + 6771)% + CoaTLt + ClaT + CllaTa (4)
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and
Co = Mot + Nouls — (fét + féuut)ut - (fgt + f%uut)uz - 6[771t + Mt
— (&1 + Saudu — (6, + §ua)ue — Elun — Efur] + e(Elur + Efurs), (5)
Cl = Noz + Noulz — (é.éx + €éuu$)ut - (gg;c + gguux)uﬂc - 6[7]136 + Nuly
_(gllz + f%uuw)ut - (gfw + ffuuw)uw - f%um - f%uww] + e(ﬁuwt + 612%:@)7 (6)
Cll = Nozx + NozuUx + (770;” + 770uu'“/z>ua: + NouwUzz — [géa:m + gézuuw

+H(Edru + Eountia)ta + Eouttaa]tr — 2(Eos + Eoutia) ot — [E0re + Elpulia

H(E8 v + Eunta) i + 5y Uanlue — 2(63, + €5, tar + (1 tant + & tara)

+e{Maa + Mawtie + (Mau + MNualle) e + Nules — [Elae + Syl

H(Elpu + Elunlta) s + ElyUzalue — 2(Ely + ElyUa)tte — E1Usat — [Eing + Elpulla

H(E pu + Eunta) e + &y Uza]tie — 2(Ely + €U0 Uze — E Usaa}- (7)
Now Eq. (3) turns to be

—nous — enui — Coug + (14 2u)Crtug + (110as
+L[So; + Soutie + €(§1; + E1uue)] + LIEG, + Eutta + €(&1, + E1uta)]
= [0 — yue — Gua + e(m — Erue — Efus)][e(alw)us + B(u)) — 3]
+e(Bl; + Bi,ut) + €(BY, + B, ua) + By, + By, ur + Bg, + Bg, . (8)
Substituting expressions of L, (y, ¢; and ;1 into Eq. (8) and setting €2 = 0, then equating the
coefficients of zeroth- and first-order of € including the coefficients of different orders of partial

derivatives of u in that to zero, after simplification, we have the following system of determining

equations:
55 = {g = Nou = Noxz = 0, —Tot — B(l)u =0,
—B}, — B2, =0, —(142u)ne, — B2, =0,
5} = f% = Mu = Maz = 07 —Nit — B%u = 07
—Bi, — B}, = Bwno =0, —(1+42u)n. — Bf, — a(u)n = 0. (9)

Solving system (9) results in:
Case 1.1. 3" (u) # 0. We have

fé :f(z) = f% = 5% =19 =0, m = (a1t + c2)z + cst + ca, Bé = g3(t, x),

Bg = go(t, x), B11 = —(c1z + c3)u+ g1(t, ), B% = —u(l+u)(crt + c2) + ga(t, x).

Thus, an approximate Noether-type symmetry operator for Eq.

—~

2) reads:

X = Xo + €X1 =€ [(Clt + 02)33 + c3t + 64]

Pl

The corresponding approximate conserved vector is obtained by Eq.

i __ 131 i oL o oL k+1 s
T' =B — L¢ W(SUi ZD“..%S(W)(SWP‘S + 0>, i=1,...,n. (10)

s>1
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in [8] as
T' = {—(ciz+c3)u+ [(crt + co)x + cst + calug + g1 (t, 2) ye + g3(t, 2),
T2 = {(ug + 2utty + tger)[(c1t + c2)x + 3t + 4] — (u? +u+ Ugz)(C1t + ¢2)
+g4(ta l’)}E + 92(t7 ,’E)7
and the approximate conservation law for Eq. (2) is
(DiT" + Dy T?)|pq.(2) = [a(u)ug + B(u)][(cit + c2)z + st + cale® = O(€?).

Where ¢; (i € Z) are arbitrary constants and the functions g; = g;(t,x) (i € Z) satisfy the
PDEs: g0+ 91:=0, g2z +93:=0.

Case 1.2. 5" (u) = 0.

Case 1.2.1. 3 (u) #0, a (u) = 0. We have

53 = 53 =¢ = ff =0, 7o = (ct + c1)x + cat + ¢5, B(u) = cru+ ca, a(u) = cs,
1 1
m=c [c1(cex + c4) — c3c6) t + 3 [c1(crz + c5) — czer] 12+ (csx + c10)t + cox + 11,
By = —(cx + ca)u+ ha(t,x), Bj = —u(l+u)(cgt + c7) + ha(t, ),

1
B% = _ {2[cl(c6m +eq) — 0306]t2 + c1(erx + ¢5)t + csx + Clg} u+ hy(t, x),

6 2
Thus, we obtain the following approximate Noether-type symmetry operator for Eq. (2)

1 1
B? = —u(1 4 u) <0106t3 + —crept® 4 cgt + 09> —c3l(cex + ca)t + crx + cslu + ha(t, x).

0

X = t t —
[(cet + c1)x + cat + 5] ™

1 , 1 , )

+€ 6[01(06;10 +cq4) — c3ce)t” + 5[01 (crx + ¢5) — ezer|t” + (csx + c10)t + cox + 11 0

and the following approximate conserved vector

1 1
- { |:2(CBC6 — 0164)t2 4 (6367 — 6165)t — (20115(0675 + 07) + Cg) r — 010:| U

1 1 1 1
+ |:6(Clc4 — 8366)t3 + 5(6185 - C3C7)t2 + <6C1CGt3 + 56167252 + Cst + Cg) T
+erot + cr]us + ha(t,z)} e — (cox + ca)u + [(cot + c7)x + cat + cslur + hs(t, ),

1 1
T2 = { {6(06(011' —c3)+ 0104)t3 + 5(07(611} —c3)+ 0105)152 + (csx + c10)t

1 1
+eox + c11] (Ug + 2uty + Ugpy) — <6c106t3 + 50107# + cgt + 69)

X (u? 4+ u + Uy ) —cs[(ct + c7)x + cat + cslu + hy(t, )} e
+[(cst + c7)x + cat + 5] (U + 2ty + Uper) — (cot + c7) (U2 + U+ Ugy) + ho(t, T).

Eq. (2) is reduced to

Ut + (UQ):Em + Ugrze = G(CSUz + c1u + 62)7 (11)
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then the approximate conservation law for Eq. (11) reads

—~

DT' + DwT2)|Eq.(11)

1 1
6[01(061‘ + c4) — cacp)t® + 5[01 (crx + c5) — czer]t? + (cgx + c10)t + cox + 011}

(c3up + cru + cz)e? = O(€?).

Il
X ——

Where ¢; (i € Z) are arbitrary constants and functions h; = h;(t,z) (i € Z) satisfy the PDEs:
hoa + hay =0, hig + hao + c2(cot + c7)x + cat + c5] = 0.
Case 1.2.2. 3 (u) #0, a (u) # 0. We have

f(%zggzg%:é-%:()a n0203t+c4> Bé:—C3U+f3(t,$>,

1 1
m = 60103153 + iclc4t2 + (csx + ¢7)t + cox + cs, Bg = fao(t, ),

1
B% = — (20103t2 + creqat + csx + C7> u+ f1(t,x),

B} = —(cst + c6)(u+u?) — (cat + c4) /“ a(z)dz + fa(t, ).

Thus, we obtain the following approximate Noether-type symmetry operator for Eq. (2):

0 1 1 0
X = (cst+ 04)% + € [601c3t3 + §clc4t2 + (csx + c7)t + cox + Cs} 0

The approximate conserved vector corresponding to the operator X is

1 1
T = {(60103153 + (esx + c7)t + cox + 08> Up — (26103t2 + creqt + C7> u+ f1(t, x)} €
+(est +¢q) ut —c3u+ f3(t, ),

T2 = {(clcgt + clc4t + (esz 4+ ¢7)t + cex + cs) (ug + 2utiy + Uzgs)
u
—(est + c6)(U? 4+ u + upy) — (cst + c4) / a(z)dz + fa(t, ac)] €
+(est + cq)(ug + 20ty + Uges) + fo(t, ).
Then Eq. (2) becomes
wer + (U pz + Upzze = €((u)uy + cru+ co), (12)
and the approximate conservation law for Eq. (12) reads

(-Dt,Z—1 + DIT2)|Eq.(12)

1 1
= éclcgtg + §clc4t2 + (esx 4 c7)t + cox + cg | (a(u)ug + cru + co)e = O(€?).

Where ¢;(i € Z) are arbitrary constants and f; = fi(t,z) (i € Z) are functions satisfying

foo+ f30=0, fri+ foz+ca(cst+ca)=0.
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2 1 2

1 1
Case 2. n > 1. Eq. (1) has a partial Lagrangian L = QUi T yUa wu? 4+ ~u2,. The
partial Euler-Lagrange-type equation is
5L
O — claupus + () — 2,
Using Eq. in [8], for i = 1,2, k = 1, we have
(Xo +eX1)L + Di(& + €€1)L
= (0 — &uy) + elm — &uy)le(alu)uy + Bu)) — u3] + Di(Bj + €BY), (13)

where Xy + €X1, (o, (1 and (31 are defined by formulae (4)-(7) respectively.

Substitution of the known expressions into Eq. (13) and expansion of it, then the vanishing
of the coefficients of zeroth- and first-order of € as well as the coefficients of different orders of
partial derivatives of u in that to zero, after simplification, we arrive at the following system of
determining equations:

€ =& = Nou = Noze = &1 = & = Nu = Naw = 0,

—noa(u) =0, —nor — By, =0, —Bg, — Bj, =0,

—(1+ 2u)no, — B3, =0, —my — B, =0,
—(1+2u)m, — B}, =0, —Bij, — B(u)n — Bf, =0. (14)

To solve system (14), we distinguish the following two cases.
Case 2.1. a(u) #0. We get the following solution to system (14):

=== =n=0, m=(at+c)r+cst+cy, Bj=gut ),
Bg =g(t,x), B} =—(cix+c3)u+gs(t,z), B =—u(l+u)(cit+co)+gi(t,x).

Thus, we have the following approximate Noether-type symmetry operator of Eq. (1)

0
X =e€l(cit + co)x + et + 04]%.

The approximate conserved vector corresponding to the operator X’ by formulae (10) is
T' = {—(cz+c3)u+[(crz + c3)t + cot + calus + g3(t, ) Ye + ga(t, x),

K {[(c1 + e3)t + coxx + cq](ug + 2utiy + Uges) — (c1t + 02)(u2 + U+ Uypy)
+gl(t7x)}€ +92(t,$),

and the approximate conservation law for Eq. (1) reads

(DtTl + DIT2)|Eq.(1)
= [(c1z + c3)t + cow + eq][a(u)ul + ﬁ(u)]e2 = 0(62).

Where ¢; (i € Z) are arbitrary constants and g; = g;(t,x) (i € Z) are functions satisfying

92,z + gat = 07 91,2 + g3t = 0.
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Case 2.2. a(u) = 0. We have the following solution to system (14):
Blu) =cru+cy, alu)=0, &=E=¢6=€=0, n = (csx+c3)t+ cex + ca,
1 3 1 2
m = 601(051: +e3)t” + 50 (c6x + ca)t” + (cox + c7)t + crox + cs,
By = —(csw +c3)u+ fa(t,x), Bi = —u(l+u)(cst + c) + falt, x),

1
B = — {201(0530 + e3)t? 4 ¢y (cox + c4)t + cox + 07} u+ f3(t,x),

1 . 1
B% = —u(l —+ U) <60165t3 + 50166752 —+ Cgt —+ 610> + f1 (t, I)

Thus, an approximate Noether-type symmetry operator for Eq. (1) yields:

0 1
X = [(esz+c3)t+cex+ 04]% +€ [601 (csx + c3)t?

1 9 0
+§cl (cox + ca)t” + (cox + c7)t + 10 + c3 0

The approximate conserved vector of Eq. (1) is given by
1 1 3,1 2
T = c (csx + c3)t” + icl(cﬁx + ca)t* + (cox + c7)t + crox + cg | u

{cl cs + c3)t? + c1(cex 4 c4)t + cox + 07] u+ f3(t, x)}
[(esx + c3)t + cx + ca|uy — (esx + c3)u + f4(t, x),

+
1 1
T2 = { {6 (csx + c3)t® + 201(0633 + ca)t® + (cox + c7)t + crow + CS} (ug + 2utiy + Uzze)

1
(601C5t + 5010675 + cot + C10> (u2 +u+ uge) + f1(t, m)} €

+(esz + e3)t + o + ca] (g + 2utty + Uges) — (cst + c6)(u? + U+ Ugy) + fo(t, x).
Then Eq. (1) becomes
Ugr + 202 4 2Ulpy + Uppze = €(Cru+ c2), (15)
and the approximate conservation law for Eq. (15) is
(DyT" + Do T?)|pq.(15)

1 1
= (ciu+c2) 661(8596 +e3)t® + 501(0613 + ca)t? + (cow + er)t + croz + cs | €

= 0(é).
Where ¢; (i € Z) are arbitrary constants and f; = f;(¢,2) (i € Z) are functions satisfying

foo+ far =0, frz+ fae+cal(csz +e3)t +cox +ca] = 0.
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§3. Concluding remarks

In terms of our exact definition on the concepts of partial Lagrangian and partial Euler-
Lagrange-type equation, the approximate conservation laws for the perturbed Boussinesq equa-
tionwith weak damping have been derived via the partial Lagrangian approach.

It comes to light that as the order of the perturbed PDE increases its corresponding
partial Lagrangian gets more complicated, so only first-order Lagrangian was involved in other
literature up to date. A partial Lagrangian for one perturbed PDE may not exist or exist
but is not unique. How to determine it and forge links between them? The construction of

conservation laws for higher-order perturbed PDEs remains also a problem to be explored.
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Abstract This paper mainly study some identities involving Fibonacci and Lucas num-

bers of interest. By using the properties of Chebyshev polynomials and combining
d—1

the elementary and combinatorial method, we establish identities that ZFn+ij+j$j,
j=0
d—1 d—1 d—1

g LntjLmt;x’, E Fri4jFnstjFrsyj, and g Ly, 4+jLny+jLng+j. These identities are ex-
=0 =0 =0
a—1 d—1

tensions of Z FryjFpj and Z Ly 4L+ which have been proved by Brian Curtin before.
=0 =0

Keywords Fibonacci numbers, Lucas numbers, Chebyshev polynomials.

§1. Introduction

Let n € N, the Fibonacci sequence {F,} and the Lucas sequence {L,} have attracted
the attention of professional as well as amateur mathematicians, and play an important role
in many fields of mathematics. Also there exist many identities involving these sequences of
interest. See reference [1] for a good summary. Now we turn to the Chebyshev polynomials of
the first and second kind T,,(x) and Uy, (z)(n =0, 1,---) which are given by

L) = 3 [@+ VaE— 1"+ - V1] e <1 1)

2

[(x F V2R 1) (- 22— 1)““} .zl < 1. 2)

1
Up(z) = ——
(@) 22?2 — 1
In 2007, Ma and Zhang [3] showed two nice connections between the Cheyshev polynomials
and Fibonacci sequence and Lucas sequence, respectively. That is, let ¢ be the square root of

—1, m and n be any positive integers, then we have the identities
SN

i ) 1 n
T, <2) = TLT” and U, <2> =41"Fuq. (3)

Inspired by the work of professor Zhang Wenpeng, in this paper, we establish some com-
binational identities involving the Fibonacci and Lucas numbers, which continue the work of
Brian Curtin [4] in a different way.
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§2. Preparations for the proofs of the theorems

Firstly we note that there are following nice connections between Fibonacci and Lucas

numbers (see [1]).

L7z+7n - Fm—an + Fan—Q—la
Lnfm = (_1)m(Fm+1Ln - Fan+1);

Fan + Fan = 2Fn+ma
FoL,, —F, L, =2(—1)"F,_;

5FpFr = Lusm — (—1)™ L.

On the other hand, as to the two kinds of Chebyshev polynomials, we introduce a group
of formulas which are useful later, when we deal with the main results in this paper.

Lemma 2.1. For all positive integers n and m,
Tn+m(z) = Tn(z)Um(I) - Tn—l(z)Um—l(I); (7)
Untm(2) = Un(2)Tin(2) + Tpt1 () Upn—1(2). (8)

Proof. To make the situation quite clear, we denote A = z++/z2 — 1, and B = z—+/z2 — 1.
Hence from (1.1) and (1.2), the terms on the right-hand side of the identity (2.4) can be written

T (2)Up(x) — T 1(2)Upp—1 ()

1 _ n— m m
_ Nﬁ [(An+Bn)(Am+1_Bm+1)_(An 1+B 1)(A - B )]
1 1 1 1

_ n+m I Y n+m _ —
= AM(A = ) = BY(B - )

- An+m Bner A—B
T (4™ 4 B (A~ B)

4y/22 — 1

1
i(A”J“m + B™") = Ty ().

This proves identity (2.4). In fact, the equation (2.5) is also easily to be proved in the same
way. Moreover, from lemma we will say more. Let « = %, then using identities (1.3), (2.4) and
(2.5), we can have

-n—+m -n—+m Z—n+mf2

L D) Ln+m =1 D) mean - TFanJrl;
F.L,,.

(9)

n+m—1 Z-n+m—1

Z-7L+7n—1Fn+m — 1 5 Fan 4 5
That is

Ln+m - mfan + FanJrl;
2F i = FoLin + Fp L.

(10)

These formulas have been mentioned above, as a problem to be proved in reference [1], but the

method used here is different and more simple.
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§3. Some summations for Fibonacci and Lucas numbers

In this section, we will introduce you some summation involving Fibonacci and Lucas
numbers.

Theorem 3.1. For positive integers d, m,n, and real numbers x # —1,

d—1 d

j x
Fn ‘Fm»] :—an __an _an_ an
jz::o et 5(x273z+1)(”” +m+2d-2 +mt2d = TLntm—2 + Lnym)
1—(-1)
(=) 5(w+1) "™ (11)
d—1 ‘ L
;}Ln+ij+j$J = m(l’[xn+m+2d72 - Ln+m+2d _anerfQ +Ln+m)
1—(-1)4
—1 miLn,m. b
=D r+1 (12)
d—1 .
Proof. According to the identity (1.5), we set P(z,y) = Z(_I)J Unctjt () Uty 1 (3),
§=0

for real numbers x and complex numbers y. So that if y = 5, we can obtain

d—1 .
3 FupiFgja? = Z,mlwp <x ;) . (13)
=0
Now we use (2.5) to write
d—1
Pla,y) = =) (=2) Un1W)T5(y) + T()Uj1(y)) Um—1()T5(y) + T (y)Uj-1(y))

Il
=]

= “Un1(Un-1)Mi(z,y) — (Un-1(9)Tin(y) + Un-1(y)T0(y)) Ma(z,y)
7Tn(y)Tm(y)M3(xvy)a

d—1

¥
)

where My (2,9) = Y (~a) T2(0), Ma(w.0) = 3 (~aP Ty ()Us+(v), and M(a,y)
3=0 §=0
d-1 ‘
= (—x)JU]-Qfl(y). Because of formulas (1.3)
3=0
Pla, L) =imnp,mg (2, L —in+m(FL L E) M (2,1 s (5,
D) - ntm 1 "9 2 n+m ni'm 2 9 4 mLn Vi3 o |-

Then combining (3.3)

d—1 . . .
. 1 1
> FotjFngjt? = FoyFo M (ac ;) — 55 (FaLun + LuF) Mo (x ;) — L LM (x ;) . (14)
1
7=0
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From above, it suffice to compute M, (m, %), M, (x, %), and M3 (m, %), respectively. However
by using (1.1) and if « # —1,

7
M1 (QZ‘, 2)

-1

Is9

(—a) (A% + 2+ BY)

1
1
7=0
B 1 { z)? A% — 2(7@1171 N (—z)?B2d — 1
4 —zA2 -1 —x—1 —xB% -1
B 1 d+1A2d 2 ( x)dAQd +2B%+ (_x)d+1BQd—2 _ (_x)dBQd + A2 42
T4 [ (xA2 +1)(zB2 + 1)
Ll x)d]
z+1
_ ()" D a(y) — (—2)"Tra(y) 2(A? + B?) +2 1—(—a)?
B 2(xA2 +1)(zB2 + 1) 4(xA2+1)(zB2+1)  2@+1)

Then let y = % we obtain

i z? 2 -3z 1—(—2)?
M (2,-)=——"———(xLso—L .
! <x2) 4(x2—3x+1)(x =2 2d)+4(x2—3$+1)+ 2z + 1)

In the same way, it is easy to derive

i —izd xi
My(z,= )= (2Fpg0— Fog) — ——
2(”“”2) 2(9c2—3x+1)(x 2i-2 = F2a) 2a? -3z +1)

i —a4 3z —2 1—(—z)4
My (2, ) =———"— (2Lsgo—L 2 .
3<$’2> 5T — 3z 1) Pleame — L) ¥ sra gy 2500

Then take them into (3.4), we have

d—1
Y FarjFonjd?
7=0
2+
= 02 31D [5F, FLog—2 + 5(FnLm + Ly Fpp)Fag—2 + Ly Ly Log—2)
d
T
T 3 D) [5FnFmLog + 5(Fp Ly + Ly Fr) Fog + L L Log]
+m [—15F, Fy, + 5Fy Ly + 5L, Fyy — 3L, Ly
! 1— (o)

20(2® — 3z + 1) 10(z + 1)

Observing the relationships between Fibonacci and Lucas numbers such as identities (2.1),
(2.2), and (2.3), it follows that

d—1 4 2

jZ::o FoyjFryja? = m(unmﬁd,z — Ln+m+2d — TLptm—2 + Lotm)
1—(-1)

_(_1)man—m~
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We concentrate now on the proofs of formula (3.2). At this time, it is only need to let

d—1 d—1 )
. ; 4 ( o
P(Z,y) = JE,O(_J:)JT”—H (y)Tm-i-j (y)7 so that j%o L'rH-ij-i-jxj = i’ﬂ+mP (JZ, 2) Slmﬂaﬂ}’, we
use (2.4) to write

d—1
P(z,y) = —2) (Tu(y)U;(y) = Tn1(9)Uj-1 (%)) (Tn-1 (1)U (y) = Trn1 (9)U;-1(y))
Jj= O
= To()Tw(y)Mi(z,y) — (Tn(y)Tn-1(y) + Tn-1(y)Tin(y)) Ma(z,y)
- n,—l(y)Tm—l(y)M3(xay)7
d—1 ) d—1 )
where M, (z,y) = Y (—2)'U}(y), Ma(z,y) = > _(—2)'U;(y)U;-1(y), and Ms(z,y)
j=0 j=0
it J J
= (—x)jUjQ_l(y). Hence
§=0
! i\ 1 i
ZLn+ij+jxj = L,L,M; (.C(;, 2) — f_(Lanfl + Lnfle)MQ (Ll?, 2)
1
=0
L1 L1 Ms (a: ;) . (15)
After computing M; ( ) Mo ( ) and M; ( ) respectively, we have if x # —1
i x? 2z — 3 — (—az)®
M ) =—— (2Log— L - =
! <x 2> 57 — a0 1) Wl Leave) — gra T (x—l—l) ’
i —ixd i(x+1) — ()
M. ) =——" (2Log-1—L -
2 (x 2) 57 305 1) hea — Laan) = 5o i~ 5z +1)
i x? 3z —2 1—(—x)?
Ms (w 2) = 5@ — g 1) Whee mwleao) + Ty T2y

Then take them into (3.5), we derive

d

: T
> LutjLmija’ = 5 g1 Ehnamiza—2 = Lntms2d = @Lnym—2 + Lntm)
1—(-1)¢
“F(_l)m#Ln—m-

z+1

84. Further study

However, we can say something more. In reference [4], Brian Curtin has given that

d—1

FoFpimad—1, if d is even,
D FuriFnei =1 . s
j=0 g(LdLnererfl - (_1) men)v if d is odd.
And
., 5FaFntm+td—1, if d is even,
Z LyyjLmy; =

LgLyimyd—1+ (—1)”Lm,n, if d is odd.
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By comparing these results with those in Corollary 3.2, we can easily derive an interest result:

5FyFy a1, if2]d,
Ln+2d—1 - Ln—l = - (16)
LaLnia1, if 2td.

Clearly, from these formulas many more relationships emerge by specialization. In partic-
ular, if we let = 1, identities (3.1) and (3.2) will produce the following identities which has
been proved by Brian Curtin in reference [4], and his results are just one of the corollaries of
Theorem 3.1. That is

Corollary 3.2. For positive integers d, m, and n,

d—1 1 - .
ZFn+ij+j _ i(Ln+m+2d71 Lnerfl)? 1f 2 | d7 (17)
7=0 g(Ln—i-m—i-Qd—l - Ln+m—1 - (_l)an—m); if 2 * dv
dz_:lL I o Ln+m+2d—1 - Ln+m—17 if 2 ‘ d7 (18)
n+jtm+5 — .
j=0 Lytmi2d-1 — Lnym—1 + (71)an—m7 if 2 f d.

Here we should note that in the proof of Theorem 3.1, we hypothesize x # —1, and if let

x = —1, we can derive the Corollary 3.3 similarly.

Corollary 3.3. For positive integers d, m, and n,

i L(F, ~F, ) if 2]d
: n+m—1 n+m+2d—1); 1 ‘ 5
Z(_l)an-‘erm+j = f m . (19)
j=0 g(Fn+m+2d—1 = Fopm—1— (=1)"dLyp—p), if 21d;
d—1 .
. Foim_1—F 1, if 2]d,
(*1)jLn+ij+j _ n+m—1 n+m+2d—1 - - | (20)
j=0 Fn+m+2d71 - Fnerfl + (*1) dLnfmy if 2 Jf d.
d—1 d—1
What’s more, similar methods can be applied when Z FrtjFmt 27, and Z Loy jLpyjx’
=0 =0
d—1 d—1
are replaced by ZFm+an+kFe+k, and ZLnJermHLeH' As T know, this problem hasn’t
k=0 j=0

been studied before. Next we will show the processes of the proofs in detail, and the results are

given as follows:
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Theorem 3.4. For positive integers nq,ns,n3 and d,

d—1 1 1

5jzoFm+an2+ans+j = §Ln1+nz+n3F3d - §F"1+”2+"3—1 +
3
(_1)dZ(_l)niFn1+nz+n3+d—”i—2
=0
3
- Z(_l)niFnﬁ»anrns*ni*Q; (21)
=0
d—1 1 1
ZLn1+jLn2+jLn3+j = §Ln1+n2+n3+3d*1 - §Ln1+n2+n371
=0

3
_(_]‘)d (_1)niLn1+n2+n3+d7ni72
i=0

i
3

- Z(_l)m[’nl-‘rnz-‘rn‘%—m—?; (22)
=0

Proof. To make the processes more clear, we use n, m and e instead of ni, ny and ngs.

d—1
This time we let P(x) = Zik+3Um+k,1(m)Un+k,1(x)UHk,l(x). It follows from (1.3) that
k=0

d—1 .

1 i
> FpijFrgiFeyj = it <2) : (23)
=0

On the other hand,

d—1
P() =Y P Unir1(@)Unir1 (2)Uesi—1(2)
k=0

U

—1

= > U1 (2)T() = Tu(@)Us—1(2)] U1 () Ti(x) — T () Ug—1 ()]
k=0

Uee1(2)T1(2) — Te(2)Ug—1(7)]

= BUp 1 Upn 1Ue 1 My (2) + 33 [Up—1(2)Up—1(2)Te(x) + Upp—1(2) Ty () Ue—1 ()
T (2)Up—1(2)Ue -1 (2)] M (@) + P [Tn (2)Up—1 (2)Te(2) + Up—1(2) T (2) Te ()
AT (2) T () Ue—1 ()| M3 () 4 i3 T (2) Ty () Te () My ().
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d—1
My(z) = Z i*Up_(z). Therefore let x = £ and combining identity (3.12), we derive
k=0

d—1 . . .
N FuriFusiFer; = FuFnF.M, (;) + % (FuFpLe + FyLynFo + Ly Fon ) Mo (;)
j=0

. ‘ ‘ .
—7 (FuLmLe + LoLmF. + LoFinLe) My (;) - %LanLem <;)

) ib ) c ) id 7
= o (5) + 3 (5) - o (5) - 0 (5)

where a = F,Fo,F., b = FFyuLe + FyLonF + LyFoyFo, ¢ = FyLonLe + Ly LonFs + Ly Fon Le,
and d = L, L, L.. By computing M;(z), (i = 1,2,3,4), we obtain

My (x) = 1i6L3d_1 - gizde—2 + %; My(x) = %F?,d—l - %iQdFd—Q - %;
Ms(z) = —%L:sd—l - 1*101'2de72 + i; My(z) = —ﬁngq - %iQdFdfz + %
Take this group of values into identity above, we have
d—1 1 1 ;2d
> FuijFniiFey; = 5900+ &) Laa1 + o5 (50 + d)Fsa1 + 5 (=150 + ¢) La-
§=0
i*? 1
+E(_5b +3d)Fy_2 + E(lQa —3b—c+d).
Compute that
5a+¢ = B5F,FnF,+ F,LyLe+ LyLmF, + Ly FyLe

— (5F,Fy + LnLu)Le + 5(Fy Ly + LnFyn)F.
= 2Ln+mLe + ]-OFnerFe = 4Ln+m+ea

and

506+d = b5F,F,L.+5F,Ly,F.+5L,F,F.+ L,L,,Le
= (BF,F,+ L,Ly)Le +5(F, Ly, + L, Fyy) Fe
- 2Ln+mLe + 10Fn+mFe - 4Ln+m+e.
The processes to compute —15a + ¢, —5b + 3d, and 19a — 3b — ¢ + d are omitted here, and the
final results are as follows:
—15a+c=4(—1)Frim-e+4(—1)"Frye—m + 4(—=1)" Fermp—n;
—5b + 3d - 4(—1)€Ln+m_e + 4(—1)an+e_m + 4(—1)nLe+m_n.

And let C be the constant numbers C' = (19a — 3b — ¢ + d), we have

(-1 ()™
5 5

1 (=1)°
_7Fn m+e—1
10 +m+e—1 5

C= Fn+mfef2 - Fe+m7n72 - Fe+n7mf2-
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Thus

d—1

Z FoyjbFmyjFet;
7=0
1 i2d
= 59 Lntmielsa—1 + LnimieFsa-1) + 15 (01 Fupm—cLa-2
+(_1)6Ln+m—eFd—2 + (_1)m n+e—de—2 + (_1)an+e—mFd—2
+(_1)n e+mfnLd72 + (_1)nLe+mand72 + C)
1 i2d
= ELnerJreFSud + ? ((_1)€Fn+m+d7672 + (_1)an+e+d7mf2
+(=1)"Fetmta—n—2) +C.

Formula (3.11), as a matter of fact, is easily to be proved in precisely same way. So that
we will not show the processes of proof any more. Hence, we have finished the proofs of the
theorems in this paper by now.
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Abstract The classical Catalan number is an important counting function, and it has a wide
application in combinational mathematics and graph theory. The main purpose of this paper
is using the elementary method to study one kind summation problem involving the classical

Catalan numbers, and give some interesting identities for it.
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§1. Introduction

For any positive integer n, the famous Catalan numbers b,, are defined as follows:

(%)

T a+1

n=0,1,2, 3. .

n

For example, the first several Catalan numbers are: bp=1, by1=1, by=2, b3=5, by=14, b5=42,
be¢=132,--- . This sequence has some wide applications in combinational mathematics and
graph theory. It had been studied by our qing mathematician Antu Ming. There are still many
people have studied its properties at present, some related papers see references [1] and [2].

In this paper, we shall study the calculating problem of the summation

> babay e bay, (1)

aitazs+--+ar=n

where Z denotes the summation over all k-tuples with no-negative integer coordinates
ai+az+---+ag
(a1,as9,- -+ ,a;) such that a1 + ag + -+ + ar = n.

We shall use the elementary method to give an exact calculating formula for (1). That is,
we shall prove the following conclusions:
Theorem 1. For any positive integers n and k with 2 < k < n, we have the identity

2" . m!!

k
k
. — § -1 m+k+n .
Z bayba, + -~ bay — (=1) (m) (n+k)(m — 2k —2n)!!

a1+tas+--+ar=n m=0

IThis work is supported by the N. S. F. (11071194) of P.R.China.
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Theorem 2. For any positive integers n and k with 2 < k < n, the summation

Z ba,bay - - - ba,

aitaz+--+ap=n

can be expressed by the linear combination of b, 1, b,42---. Especially, for k = 2, 3, 4, 5, 6, 7,

we have the identities

> baybay = bng1.

aq +a2 =n

Z ba1 bag bll3 = bn+2 - bn+1~

aijtaz+az=n
Z ba1 bag b(Lg ba4 = bn+3 - 2bn+2-
a1+az+taztas=n
Z ba1 bllz b(13 ba4 bag, = bn+4 + bn+2 - 3bn+3-
a1+az+taztagtas=n

ba1ba50050a,0a50a0s = bngs + 3bny3 — 4bpya.

ai1+az+az+tag+as+ag=n

Z ba1 b(l2 bag ba4 ba5 bag ba7 = bn+6 + 6bn+4 - bn+3 - 5bn+5~

aitaz+asztastastastar=n

§2. Proof of the theorems

In this section, we shall use the elementary methods and the properties of the Catalan

numbers to prove our Theorems directly. First we prove Theorem 1. From the properties of

the Catalan numbers we know that

> by
20-Vi-z)=2) —
n=0

Then from the properties of the power series we have

oo

o= (S57) (8

n=0 n=0 \ai+az+:-+ar=n

m
2

On the other hand, note that the power series expansion of (1 — z)

m > —1)™ - m! n
1-9%=> & -(n! ~>(m2n)!!x

xT
baybas, -~bak> VTR

n

(2)

n=0
Applying (4) we have
k
Co-vI=a)' = 23 G yra-a?
m=0
k s -1 - m!
= 24283 (DY o .(nﬁ)(m “on)ll
m=1 n=0
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Then comparing the coefficients of z"** in (3) and (5) we may immediately deduce the identity

e e m) (k+n)!/(m — 2k — 2n)II”

aitaz+-+ar=n m=1

This proves Theorem 1.

Now we prove Theorem 2. According to (2), we can deduce the identities

1 1 > bnl'nJrl
l—2)2=1-2
( x)z 2 n;) 4TL )

and

8 16

z 7035 5 35 5 L bat2 Lbagt1 bays . bn\ aia
(1—x)2:1—§x+—x BT +§z_;) Sprez gt s T )T

Taking k = 2 in (3), we have

2 oo
41 -VI—z)P =43 <i><—M>’" — Y ( > balbaz> o
n=0

m=0 a1+az=n

From (6) and (10) we have
Z baleQ = bn+1~
ai1+az=n
Taking k = 3 in (3), and applying (7) we have
Z balbag bCLg = bn+2 - bn+1-
aitaztaz=n
Similarly, we can also deduce the identities

Z balba2 ba3 ba4 = bn+3 - 2bn+2;

a1+az+tastas=n

Z ba1 bag bag ba4 bag, = bn+4 + bn+2 - 3bn+37
aitaz+aztastas=n
> Baybasbasbasbasbag = bnts + 3bnis — 4byia,

ai1+az+aztas+as+ag=n

Z ba1 b(l2 bag ba4 ba5 bag ba7 - bn+6 + 6bn+4 - bn+3 - 5bn+5~

ai1taz+asztastastastar=n

This completes the proof of Theorem 2.

(10)
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Hosoya index of zig-zag tree-type hexagonal
systems
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Abstract In order to obtain a larger bound of Hosoya index of the tree-type hexagonal
systems, the zig-zag tree-type hexagonal systems are taken into consideration. In this paper,
some results with respect to Hosoya index of the zig-zag tree-type hexagonal systems are
shown. Using the results, hexagonal chains and hexagonal spiders with the larger bound of

Hosoya index are determined.

Keywords Hosoya index, zig-zag tree-type hexagonal system, hexagonal spider.

§1. Introduction

A hexagonal system is a 2—connected plane graph whose every interior face is bounded
by a regular hexagon. Hexagonal systems are of great importance for theoretical chemistry
because they are the natural graph representations of benzenoid hydrocarbons [2/. A hexagonal
system is a tree-type one if it has no inner vertex. The zig-zag tree-type hexagonal systems
are the graph representations of an important subclass of benzenoid molecules. A considerable
amount of research in mathematical chemistry has been devoted to hexagonal systems [2~16,

In order to describe our results, we need some graph-theoretic notations and terminologies.
Our standard reference for any graph theoretical terminology is [1].

Let G = (V, E) be a graph with vertex set V(G) and edge set F(G). Let e and u be an
edge and a vertex of GG, respectively. We will denote by G — e or G — u the graph obtained from
G by removing e or u, respectively. Denote by N, the set {v € V(G) : wv € E(G)} U {u}. Let
H be a subset of V(G). The subgraph of G induced by H is denoted by G[H], and G[V \ H] is
denoted by G — H. Undefined concepts and notations of graph theory are referred to [11 — 16].

Two edges of a graph G are said to be independent if they are not adjacent. A subset M
of E(QG) is called a matching set of G if any two vertices of M are independent. Denote m(G)
the number of matchings sets of G. In chemical terminology, m(G) is called the Hosoya index.
Clearly, the Hosoya index of a graph is larger than that of its proper subgraphs.

We denote by W,, the set of the hexagonal chains with n hexagons. Let B, € ¥,,. We
denote by Vi = V3(B,,) the set of the vertices with degree 3 in B,,. Thus, the subgraph B,,[Vs]
is a acyclic graph. If the subgraph B,[Vs] is a matching with n — 1 edges, then B,, is called a

IThis work is supported by the Shaanxi Provincial Education Department Foundation (08JK433).
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linear chain and denoted by L,,. If the subgraph B, [V3] is a path, then B, is called a zig-zag
chain and denoted by Z,. If the subgraph B, [V3] is a comb, then B, is called a helicene chain
and denoted by H,, (see [11]).

Denote by T, the tree-type hexagonal systems containing n hexagons. Let T = [J{° T,
and T € T. Let H be a hexagon of T. Obviously, H has at most three adjacent hexagons in T';
if H has exactly three adjacent hexagons in T, then H is called a full-hexagon of T’; if H has
two adjacent hexagons in T, and, moreover, if its two vertices with degree two are adjacent,
then call H a turn-hexagon of T'; and if H has at most one adjacent hexagon in 7', then H is
called an end-hexagon of T'. It is easy to see that the number of the end-hexagons of a tree-type
hexagonal system of n > 2 hexagons is more two than the number of its full-hexagons. Let
T € T and let B = H{Hs...Hp,k > 2 be a hexagonal chain of T. If the end-hexagon H;
of B is also an end-hexagon of T', the other end-hexagon Hj is a full-hexagon of T', and for
2 <i<k-—1, H; is not a full-hexagon of T', then B is called a branch of T' (see [16]). If any
branch of T is a zig-zag chain, then T is called zig-zag tree-type hexagonal system. Both a
zig-zag hexagonal chain and zig-zag hexagonal spider are zig-zag tree-type hexagonal systems
with no full-hexagon and only one full-hexagon, respectively.

§2. Some useful results

Among tree-type hexagonal systems with extremal properties on topological indices, L,
and Z, play important roles. We list some of them about the Hosoya index as follows.
Theorem 2.1.[8 For any n > 1 and any B,, € ¥,,, if B, is neither L,, nor Z,,, then

m(Ly) < m(Byp) < m(Zy).
Theorem 2.2.0'8! For any n > 1 and any T € T,,, if T is not L,,, then
m(T) > m(Ly).

Among many properties of m(G), we mention the following results which will be used later.

Lemma 2.1." Let G be a graph consisting of two components G; and Gs, then
m(G) = m(G1)m(G2).
Lemma 2.2." Let G be a graph and any uv € E(G), then
m(G) = m(G — uv) + m(G —u —v).
Lemma 2.3.Y Let G be a graph. For each uv € E(G), then
m(G) —m(G —u) —m(G —u—v) > 0.

Moreover, the equality holds only if v is the unique neighbor of wu.
Let A and B be any graphs and C be a hexagon. Let G = AQyC. Let r and s be two
adjacent vertices of B of at least degree two. Denote by G, B the graph obtained from G and
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B by identifying the edge ab with rs; by GgB the graph from G and B by identifying the edge
be with rs; by G¢B the graph from G and B by identifying the edge cd with rs (see [11]).
Lemma 2.4.1'1 Let A, B,G = AQyC, Gy B and G¢B, if m(A — x) > m(A — y), then

m(G¢B) > m(G,B).

Lemma 2.5.1'Y Let A, B,G = AQ@yC,G,B,GgB and G¢B, then

(a) m(G,B) > m(GB),

(b) m(GcB) > m(GgB).

We add some notations which are convenient to express useful results. For a given zig-zag
chain Zj, denote by x}c, Tk, Yk, y;c the four clockwise successful vertices with degree two in one

of end-hexagons (see Fig. 2.1.).

Fig. 2.1. Z; and Zj,_1.

Lemma 2.6. Suppose G is a zig-zag chain with k hexagons. Then

m(Zy) 5 3 3 2
m(Zy — ) 320 0
m(Zy-1)
m(Zk — :L'k) 2 1 2 1
M(Zy—1 — Tp—1)
m(Zk — Tk — yk) = 2 1 00 ,
/ m(Zg—1 — p_y)
m(Zx — Yk — Yi,) 2 01 0 ,
, m(Zy—1 = Tp-1 — Tj_y)
m(Zy — Tk — Yy, — Yk) 1010
m(Zy — xp — yp — ) 1 1 0 0

By applying Lemma 2.1 and Lemma 2.2, it is easy to obtain the result.

Lemma 2.7. Keep the notations as in Lemma 2.6, and suppose Zj, is a zig-zag chain with
k(k > 3) hexagons. Then

(a) m(Zy, — x;, — xx) < m(Co)ym(Zi_2) + m(Ps)ym(Zx_o — Tx_2),

() m(Zy, — x;c =z — yx) > m(Ps)m(Zx—2) + m(Py)m(Zx—2 — Tx—2),

() 2m(Zy—1 = Y1) +1(Zp1 = Y1 = Y1) < M(Co)m(Zy—a — x),_o) +m(Ps)m(Zy—s —
Tp—2 — x;c—?)v

(d) m(Zr—1 = gr1) + m(Zr1 = yoo1 = Yp_y) + m(Zp — x), — 21) < m(Co)m(Zr—2) +
m(Ps)m(Zy—_a — x—a) + m(Ps)m(Zy_a — ;o) + m(P)m(Zy_g — T2 — 2;,_,).

Where C,,, and P, (m = 3,4,5,6) are the circle and the path with m vertices, respectively.
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Proof. (a) Set fi(k) = m(Zy), fa(k) = m(Zx — ), fa(k) = m(Zk — wp), fa(k) =
m(Zy — ai — xy), f5(k) = m(Zi — yp), fo(k) = m(Z — yk), f2(k) = m(Ze — ye — 4y),
fs(k) =m(Zy, — x — y — ) and fo(k) = m(Zk — xx — g — 23.).

Applying Lemma 2.6 to Zy — x}e — Xk, Zp_o and Zp_o — Tp_o, We get

m(Ze —ap —a) = fa(k)

2fi(k—1)+ fs(k—1)
12f1(k —2) +8fa(k —2) + Tf3(k — 2) + 5f1(k — 2),

and
m(Cg)m(Zk,g) + m(Pg,)m(Zk,g - ;vk,g) =18f1 (k - 2) + 8f3(k - 2)

For k > 3, we have
Ay = m(Ce)m(Zp—s) + m(Ps)m(Zyx_s — xp—2) — m(Zy — ), — 1)
6f1(k—2) —8fa(k—2)+ fs(k—2) — 5fa(k — 2).

By Lemma 2.1, we obtain m(Zx_2) = m(Zx_o — x;_Q —xp_o)+m(Zy_o— x}c_Qajk,g), and
m(Zy—o — x;c_ka,g) =m(Zy_o — x}C_Q) +m(Zg_2 — x;c_Q — yk—3). Thus
Ay = 6fi(k—2)=8fa(k—2)+ f3(k—2) = 5fa(k —2)
ok —2) + falk = 2) +4m(Zk 2 — 25 — Yn—3) — 2m(Zk—2 — Tp_o — Yr3 — Yp_3)-

Since Zj_9 — 33;@72 — Yk—3 — y;673 is the proper subgraph of Zj_o — x;€72 — yi—3, then
m(Zg—o — :17;%2 —yYp—3) > m(Zg_o — m}wz — Yp_3 — y;€73). Therefore A7 > 0.
(b) Similar to the proof of (a), by Lemma 2.6, we obtain

m(Zy —xy, —ar—y) = folk)
= filk—=1)+ fa(k - 1),

and applying Lemma 2.6 to Zx_1 and Z;_1 — xx_1, we have

ik =1) + fa(k = 1) = 7f1(k = 2) + 5fa(k = 2) + 4f3(k — 2) + 3fa(k - 2),

and
m(P5)m(Zk_2) + m(P4)m(Zk_2 — CEk_Q) = 8f1(k — 2) —+ 5f3(k - 2)
Thus
Ay = m(Ps)m(Zg—2) + m(Py)m(Zx—2) — m(Zy — x;v — Tk — Yk)
= fi(k—=2) = 5fa(k —2) + fa(k —2) — 3fa(k - 2).
Note that
M (Zy—2) = m(Zi—o — Ty_oh—2) + M Zj—z — Tjo_y — Th—2),
and

M(Zj—z — Ty gTh—2) = M(Z—2 — Tp_g) + M(Zp—g — Tp_p — Y—3),
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we get

Ay = filk—2)—5f2(k—2)+ f3(k —2) = 3fa(k —2)
= m(Zy-2 — Tp_y — Yuo3) + M(Zooz — Ty — Tz — Yn—3) — 4fa(k — 2) — 4fs(k — 2).
Since Zk_zf‘T;cizf’yk_g and Zk_gfl’;€727Ik_2*yk_3 are proper subgraphs of Zk_QflL';c72,
then m(Z;_o —x}C_Q —Yk—3) < m(Zg—2 —x;g_g), and m(Zg_s —x}C_Q — T2 —Yk—3) < M(Zg—2—
x;e_Q). Therefore Ay < 0.
(c) Similar to the proof of (a), (b), by Lemma 2.6, we get

m(Co)m(Zi—g — o) + m(Ps)m(Zu—g — @y — Tp—2) = 18f2(k — 2) + 8f4(k — 2),

and
2m(Zk—1 — Yp—2) + 1 Zeo1 — Yy — k1) = 6f1(k —2)+3fa(k — 2) +4fs(k — 2)
+2f4(k — 2).
Then
Az = m(Coym(Zi—z — o) + m(Ps)m(Zi—z — v — w1—2) = 2m(Zi—1 — Yr—2)

—(Zj—1 — Yp_1 — Yr—1)
= —6f1(/€ — 2) + 15f2(l€ — 2) — 4f3(/€ — 2) + 6f4(]€ — 2)
Note that m(Zy_2) = m(Zx_o — x;C_ka,Q) + m(Zy—o — x;c_2 — Zg_2), and m(Z_o —
x;e—ka*Q) = m(Zk,g — $;§_2) + m(Zk,Q — LU;_Q — yk,3), thus
Az = —6fi(k—2)+15f2(k —2) —4fs(k —2) +6fs(k —2)
= 9m(Z—o — Ty_o¥h—3) — MLk — Ty — Th2 — Yp—3)
—4m(Zy_o — x;ﬁg — Tp_p — Th—3Yk—3) — 4m(Zp_o — x;472 — Tp—2 — Th—3 — Yk—3)-

. ’ ’ ’
Since Z—o — Tp_o — Tk—2 — Yk—3, Lk—2 — Tp_g — Th—2 — Yp—3 and Zy_o — T} _o — T2 —
’
Tp—3Yk—3 are proper subgraphs of Z,_o — x,_,yr—3, then

M(Z—g — Xpy_g — Th—2 — Yr—3) < M(Zx—2 — ff;@fzykﬁ%),

M(Zy—z — Tp_y — Tho2 — Yre3) < M(Zi—2z — Ty_sYu—3),
and
m(Z—g — Tyo — Th2 — Th_3Yk—3) < M(Zk_2 — T),_oYk_3)-
Therefore Az > 0.
(d) Similar to the proof of (¢), we obtain
Ay = m(Ce)m(Zi—s) + m(Ps)m(Zy—s — xp—2) + m(Ps)m(Zp_o — x3,_5)
+m(Py)m(Zy—a — Th—2 — Tp_s) — M(Zi—1 — Ya-1) — 1(Zj—1 — Y1 — Yp_1)

—m(Zy — xlk — ) > 0.

The proof of Lemma 2.7 is complete.



137

Hosoya index of zig-zag tree-type hexagonal systems

§3. Preliminary results and proofs

Suppose 11, To € T, and p;, q; are two adjacent vertices with degree two in T;,¢ = 1,2.
Denote by T1(p1,q1) ® Ta(p2, g2) the tree-type hexagonal system obtained from 77 and Ty by

identifying p; with po, and ¢; with ¢o, respectively.
In the present section, for a given T' € T, we always assume that s,t are two adjacent

vertices with degree two in T'. For a given linear zig-zag chain Zj, denote by x;c, Tl Yk y;c the

four clockwise successful vertices with degree two in one of end-hexagons (see Fig. 3.1.).

Fig. 3.1. T(s,1) ® Zi(xp, 1), T(5,8) ® Zio (Y, yp.) and T(s,t) @ Zi(ay_ 1, Th1)-
Theorem 3.1. Keep the notations as Lemma 2.7. For any 7' € T and k > 3 (see Fig.

3.1.). Then

(@) m(T(s5,6) ® Zu(a}, 21)) < m(T(5,8) & Zu(w_y,0-1)),
(b) m(T(s,t) @ Zi(yn, yy)) < m(T(s,t) @ Zy(x_y, T—1))-
Proof. (a) By Lemma 2.1 and Lemma2.2, we get

m(T(s,t) ® Zp(wp_y, 1))
m(T — st)[181(k — 2) + 8f3(k — 2)] +m(T — O)[8f1(k — 2) + 5 f(k — 2)]

(T — 8)[18fa(k — 2) + 8f4(k — 2)] + m(T — t — )[18F1(k — 2) + 8f3(k — 2)

+8f2(k —2) + 5 fa(k — 2)],

and

m(T(s,t) ® Zi(xy, x1))
m(T = st) fa(k = 2) + m(T —t) fo(k = 2) + m(T = s)[2f6(k — 1) + fr(k — 1)]

+m(T —t = s)[fs(k — 1) + fr(k = 1) + fa(k)].
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Thus

As = m(T(s,t) ® Zy(xp_ 1, 25-1)) — m(T(s,t) @ Zp(x), 71))
= Am(T —st)+ Aom(T —t) + Asm(T — s) + Aym(T — s — t).

According to Lemma 2.7 and Lemma 2.1, we obtain A; > 0(: = 1,3,4), Ay < 0 and
mT—t)=m(T —t—s)+m(T —t—s— Ns). So

Ay > (Al + 2A5 + A3z + A4)m(T —t— 8).

Similar to the proof of lemma 2.7, we get A; + 2As + Az + Ay > 0, therefore A5 > 0.

Similar to the proof of Lemma 2.7 and Theorem 3.1 (a), we obtain m(T'(s,t)® Zy(yYx, y;g)) <
m(T(s,t) @ Zy(z,_,,xr_1)) and the proof of Theorem 3.1 is complete.

Corollary 3.1. For any £ > 3 and n > 0. Then

(@) M(Lu(5,6) © Za (@}, 3)) < m(Ln(5,8) & 2wy, a0-1)),

() m(Ln(5.8) & Z(y 1)) < M Ln,) © Za(ay_ s wi1).

84. Zig-zag tree-type hexagonal systems

A graph G is called a zig-zag tree-type hexagonal system if it is a tree-type hexagonal
system and any branch of which is zig-zag chain.

We shall use Z: to denote the set of all zig-zag tree-type hexagonal systems with n hexagons.

*
n’

For a given graph Z* € Z*, we denote Z* the graph obtain from Z* whose every branch is
transformed by transformation I (see Fig. 4.1).

A graph G is called a spider if it is a tree and contains only one vertex of degree greater
than 2. For positive integer ni,ns,n3, we use S(ni,na,n3) to denote a hexagonal spider with
three legs of lengths ny, ng and ng, respectively (see [11]).

If a hexagonal spider S(nj,na,n3) whose 3 legs are linear chains, then such a graph is
called a linear hexagonal spider and denoted by L(ny,na,n3) ( see [11]).

Similarly if each leg of S(n1,n2,n3) combining with the central hexagon is a zig-zag chain,

then such graph is called a zig-zag hexagonal spider and denoted by Z(n1,nq,ns) (see [11]).
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Fig. 4.1. Transformation I.

Transformation I. Let Z;, = H1Hs - - H, and Z, @ H be a branch of T (see Fig. 4.1.).
Firstly, the graph T' can be obtained from T — Z;, and Zj by identifying the edge uiv; of
Hj_, with the edge s1t; of H. Secondly, the graph T" can be got from T — Zy_o and Zp_o
by identifying the edge usvs of Hy_3 with the edge soty of Hi_1. Finally, by repeating this
operation, the graph T" can be obtained. If T = Zyn, only let H= H;.

Theorem 4.1. For any Z* € Z; and any n > 4. Then

m(Z+) > m(Z*).

Moreover, the equality holds if and only if Z+ = Z*.

Proof. If Z+ is not Z*, note that the graph Z* is obtained from Z* whose every branch
is transformed by transformation I, and by Theorem 3.1, we get m(Z+) > m(Z*). Moreover,
the equality holds if and only if Z+ = Z*, and the proof of Theorem 4.1 is complete.

By repeating to apply transformation I on a hexagonal spider S(n1,ng,ns) and Z,, and
according to Theorem 3.1, we also obtain a good larger bound of Hosoya index of Z, and
Z(n1,ng,n3) as follows.

Theorem 4.2. For any Z*(ny,ns,n3) € Z(ni,n2,n3) with n hexagons and any n > 4,
then

m(Z*(n1,n2,m3)) > m(Z*(n1,n2,n3)) > m(L(ny,ng,n3)).
Moreover, the equality holds if and only if Z+(ny,n2,n3) = Z*(n1,n2,n3) = Z(2,2,2).
Theorem 4.3. For any Z* € Z,, and n > 4. Then

m(Z1+) > m(Z*) > m(Ly,).
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