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1　Introductionandconclusion

Foranypositiveintegern, theSmarandachefunctionSdf(n)isdefinedasfollowing:

Sdf(n)=min{m:m∈ N, n m!!}.

Wherem!! =2· 4· 6· …·m, ifmisaneven;m!! =1· 3· 5· …·m, ifmisanodd.Theotherfunction

ak(n)isdenotedtheintegerpartofk-throotofn.Thatis, ak(n)=[ n
1 /k
] , where[ x] isthegreatestinteger

lessthanorequaltorealnumberx.

ThesetwofunctionwerebothproposedbyprofessorF.Smarandacheinreference[ 1] , whereheaskedusto

studythepropertiesofthesefunction.

AbouttherelationsbetweenthesequenceandtheSmarandachefunction, Itseemsthatnonehadstudiedit,

atleastwehavenotseenanyrelatedpapersbefore.However, aboutthepropertiesofSdf(n)andak(n), many

scholarsshowedgreatinterestinreference[ 2-5] .

Inthispaper, westudythehybridmeanvaluepropertiesoftheSmarandachefunctionactingonthek-th

rootssequences, andgiveaninterestingasymptoticformula.Thatis, weshallprovethefollowingconclusion:

Theorem1　Foranyrealnumberx≥2, wehavetheasymptoticformula:

∑
n≤x
Sdf(ak(n))=

7π
2

12(k+1)
x
(k+1)/k

lnx
+O x

(k+1)/k

ln
2
x
.

2　SomeLemmas

Tocompletetheproofofthetheorem, weneedthefollowingtwosimpleLemmas:

Lemma1　If2 nandn=p
α1
1 p

α2
2 …p

αkisthefactorizationofn, where
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p1 , p2 , … , pkaredistinctoddprimesandα1 , α2 , … , αkarepositiveintegers, then

Sdf(n)=max(S(p
p
1

1 ), S(p
α
2

2 ), …, S(p
α
k
k)).

Proof　Letmi=Sdf(p
α
i
i)fori=1, 2, …, k.Thenweget2 mi(i=1, 2, … , k)andp

α
i
i (mi)!!, i=1, 2,

… , k.Letm=max(m1 , m2 , …, mk).Thenwehave(mi)!!  m!!, i=1, 2 , …, k.Thuswegetp
αi
i m!!, i=

1, 2, … , k.

Noticethatp1 , p2 , …, pkaredistinctoddprimes.Wehavegcd(p
αi
i , p

αj
j)=1, 1≤i<j≤k.Therefore, we

obtainn m!! .ItimpliesthatSdf(n)≤ m.

Ontheotherhand, bythedefinitionofm, ifSdf(n)<m, thenthereexistsaprimepowerp
αj
j(1≤j≤k)

suchthatp
αj
j Sdf(n)!!.Wegetn Sdf(n)!!, acontradiction.Therefore, weobtainSdf(n)=m.Thisproves

Lemma1.

Lemma2　Forpositiveintegern(2 n), letn=p
α1
1 p

α2
2 …p

αk
k istheprimepowersfactorizationofnand

P(n)=max
1≤i≤k
{pi}.ifthereexistsP(n)satisfiedwithP(n)>n, thenwehavetheidentitySdf(n)=P(n).

　　Proof　FirstweletSdf(n)=m, thenmisthesmallestpositiveintegersuchthatn m!! .Nowwewill

provethatm=P(n).WeassumeP(n)=p0 .FromthedefinitionofP(n)andlemma1, weknowthat

Sdf(n)=max(p0 , (2αi-1)pi).Thereforeweget

(ⅰ)　Ifαi=1 , thenSdf(n)=p0 ≥ n
1 /2
≥(2αi-1)pi;

(ⅱ)　Ifαi≥ 2 , thenSdf(n)=p0 >2lnnn
1 /4
>(2αi-1)pi.

Combining(ⅰ)～ (ⅱ), wecaneasilyobtainSdf(n)=P(n).ThisprovesLemma2.

Lemma3　Letx≥ 1beanyrealnumber, wehavetheasymptoticformula

∑
n≤x
S(n)=

π
2

12
x
2

lnx
+O

x
2

ln
2
x
.

WhereS(n)=min{m:m∈ N, n m!}.

Proof　Seereference[ 5] .

Lemma4　Letx≥ 2beanyrealnumber, wehavetheasymptoticformula:

∑
n≤x
Sdf(n)=

7π
2

24

x
2

lnx
+O x

2

ln
2
x
.

Proof　Itisclearthat

∑
n≤x
Sdf(n)= ∑

u≤(x-1)/2
Sdf(2u+1)+∑

u≤x/2
Sdf(2u). (1)

Forthefirstpart, weletthesetsAandBasfollowing:

A={2u+1 2u+1≤x, P(2u+1)≤ 2u+1},

and

B={2u+1 2u+1≤ x, P(2u+1)> 2u+1}.

UsingtheEulersummationformula, weget

∑
2u+1∈ A

Sdf(2u+1) ∑
2u+1≤x

2u+1ln(2u+1) x
3/2
lnx. (2)

Similarly, fromtheAbel′sidentity
[ 6]
andLemma2, wealsoget

∑
2u+1∈ B

Sdf(2u+1)= ∑
2u+1≤x

P(2u+1)> 2u+1

P(2u+1)=

∑
1≤2l+1≤ x

∑
2l+1≤p≤x/(2l+1)

P+O ∑
1≤2l+1≤ x

∑
2l+1≤p≤x/(2l+1)

=

∑
1≤2l+1≤ x

x
2l+1

π x
2l+1

-(2l+1)π(2l+1)-∫
x/(2l+1)

x
π(s)ds+O(x

3/2
lnx),(3)

whereπ(x)denotesallthenumbersofprimewhichisnotexceedingx.Noticethatπ(x)=x/lnx+O(x/ln
2
x)
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and

∑
1≤ 2l+1≤ x

x
2l+1

π x
2l+1

)-(2l+1)π(2l+1)-∫
x/(2l+1)

x
π(s)ds=

∑
1≤ 2l+1≤ x

1
2

x
2

(2l+1)
2
ln(x/(2l+1)

-1
2
(2l+1)

2

ln(2l+1)
+O x

2

(2l+1)
2
ln

2
(x/(2l+1))

+

O
(2l+1)

2

ln
2
(2l+1)

+O
x
2

(2l+1)
2
ln

2
(x/(2l+1))

-
(2l+1)

2

ln
2
(2l+1)

. (4)

Hence

∑
1≤2l+1≤ x

x
2

(2l+1)
2
lnx/(2l+1)

= ∑
1≤l≤ x-1 /2

x
2

(2l+1)
2
lnx/(2l+1)

=

∑
0≤l≤(lnx-1)/2

x
2

(2l+1)
2
lnx
+O ∑

lnx-1/2≤l≤(x-1)/2

x
2
ln(2l+1)

(2l+1)
2
ln

2
x
=

(π
2
/8)(x

2
/lnx)+O(x

2
/ln

2
x). (5)

Combining(2), (3), (4)and(5)weobtain

∑
u≤(x-1)/2

S(2u+1)=
π

2

8

x
2

lnx
+O x

2

ln
2
x
. (6)

Forthesecondpart, wenoticethat2u=2
α
n1 whereα, n1 arepositiveintegerswith2 n1 , letS(2u)=

min{m 2u m!}, fromthedefinitionofSdf(2u)andLemma3, wehave

∑
2u≤x
Sdf(2u)=∑

2αn1≤x
2α>n1

Sdf(2
α
n1) ∑

α≤lnx/ln2
x xlnx, (7)

and

∑
2u≤x
Sdf(2u)=2∑

2u≤x
S(2u)+O(xlnx)=

π
2

6

x
2

lnx
+O x

2

ln
2
x
. (8)

Combining(7)and(8)weobtain

∑
u≤x/2
Sdf(2u)=

π
2

6

x
2

lnx
+O x

2

ln
2
x
. (9)

From(1), (6)and(9)wecangettheresultofLemma4.

3　ProofoftheTheorem1

Foranyrealnumberx≥1, letMbeafixedpositiveintegersuchthatM
k
≤x<(M+1)

k
, fromthedefini-

tionofSdf(n), wehave

∑
n≤x
Sdf(ak(n))=∑

M-1

t=1
∑

tk≤n≤(t+1)k
Sdf(ak(n))+ ∑

Mk≤n<x
Sdf(ak(n))=

∑
M-1

t=1
[ (t+1)

k
-t

k
] Sdf(t)+ ∑

Mk≤n<x
Sdf(M)=k∑

M

t=1
t
k-1
Sdf(t)+O(x

1/k
).

LetB(y)=∑
n≤y
Sdf(n), bytheAble′sidentityandLemma4, wecaneasilydeducethat

∑
M

t=1
t
k-1
Sdf(t)=M

k-1
B(M)-(k-1)∫

M

2
y
k-2
B(y)dy=

M
k-1
·

7π
2

24

M
2

lnM
-(k-1)∫

M

2

7π
2

24

y
k

lny
dy+O M

k+1

ln
2
M
=

7π
2

24

M
k+1

lnM
-
k-1

k+1

7π
2

24

M
k+1

lnM
+O M

k+1

ln
2
M
=

7π
2

12(k+1)
M
k+1

lnM
+O

M
k+1

ln
2
M
.

Therefore, wecanobtaintheasymptoticformula:
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∑
n≤x
Sdf(ak(n))=

7π
2

12(k+1)
M
k+1

lnM
+O

M
k+1

ln
2
M
.

Ontheotherhand, wealsohavetheestimate

0≤ x-M
k
<(M+1)

k
-M

k
 x

(k-1)/k
.

Nowcombiningtheabove, wemayimmediatelyobtaintheasymptoticformula

∑
n≤x
Sdf(ak(n))=

7π
2

12(k+1)
x
(k+1)/k

lnx
+O

x
(k+1)/k

ln
2
x
.

ThiscompletestheproofofTheorem1.
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Smarandache函数的混合均值

朱敏慧

(西安工程大学 理学院 ,陕西 西安 710048)

摘要:用初等的方法研究了 Smarandache函数和 k次根序列的性质 ,并且得到了一个有趣的渐进公式.
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