


 
 

 
 

Smarandache未解决的问题 

及其新进展 
 

 

 

 
 
 
 

刘燕妮 

西北大学数学系 
 

 

李  玲 

陕西工业职业技术学院基础部 
 

 

刘宝利 

西安航空职业技术学院基础部 

 
 

 
 

High American Press 

2008 

 
 
 



 
 
 
This book can be ordered in a paper bound reprint from: 
 
   Books on Demand  
   ProQuest Information & Learning 
   (University of Microfilm International) 
   300 N. Zeeb Road 
   P.O. Box 1346, Ann Arbor 
   MI 48106-1346, USA 
   Tel.: 1-800-521-0600 (Customer Service) 

 http://wwwlib.umi.com/bod/basic    
 

 
 
Peer Reviewers:  
Wenpeng Zhang, Department of Mathematics, Northwest University, Xi’an, Shannxi , 
P.R.China. 
Wenguang Zhai, Department of Mathematics, Shangdong Teachers’ University, Jinan, 
Shandong , P.R.China. 
Guodong Liu, Department of Mathematics, Huizhou University, Huizhou,Guangdong, 
P.R.China. 
 
 
 
 
Copyright 2008 by High Am. Press, translators, editors, and authors for their papers 
 
 
Many books can be downloaded from the following Digital Library of Science: 
http://www.gallup.unm.edu/~smarandache/eBooks-otherformats.htm    
 
 
 
 
 
 
 
ISBN: 978-1-59973-063-9 
 
Standard Address Number: 297-5092 
Printed in the United States of America 
 
 
 

http://wwwlib.umi.com/bod/basic
http://www.gallup.unm.edu/%7Esmarandache/eBooks-otherformats.htm


� �

���
, ���	� ��
��� , �������	��� ������
������� .

�������
��� ��! 
��"�# , $&%�'�( ���)�)��
*)+ , ��� ���,
&-).�/�0�1�2
3*�+

, 4�5 ���7698�:�;=<)���,
&>@?A��� ,
0�BDC

,
����/ � *�+�EF 
&���)�)��G � . H�I�J)K�L�M C K�N�O F�P)Q�R ����S)T .����0���� M 
&U�V � � � 
 , W)XZY 8�[�\^]_��� � "=�,
3`�# ,�=� � ��� M 
A`=aZb . c3d ,

����e�f�g�h=i��=� M ��j�k�l�m�n 
o�p
, q3r ]s`�a�t�
�uwvZb

, xzy�{�K�|=} ]�~��Db
, �����������&�� ]�u&v7b

: �)�=��������������� �7�z� �3���7�9���������@� �,�� � � )¡ �D� � · · ·¢ �£
)¤	¥@¦,§ � �@� �D� 
)¨ �	© �@G � , �=�D��ª	« �@�¬���1	�®�¯7
)°,±
.
>Z?�²@³£
)�@� p ��f,´=µ j ¤	¥,¶	·,¸,¹ , cl 0�µ ��º�» ��¼=½	¾@¿��	�=À	+	f=Á=Â�Ã	���	*=+�Ä�<�¨ � 
�Å	ÆÇ	È

.
0 É�Ê Q �3�ÌË)Í Q@Î@ÏZÐ �@Ñ M , Ò@Ó�Ô	�=Õ�Ö ²@³@�@�	×e

F.Smarandache Ø)Ù�ÚD� R 105 Û7Ü m Î n 
���Z�9� , 'DM >@?,�9�± Q � � 
 ����Ý ¥ ,
Ã�µ j � ��À�Þ ����ß�à�á � �Aâ�ã t,
 Î n , �± Q � ��� ��ä�å,
 .æ Ñ � Ç�ç 0�è�é � �)ê�ë=��V�ì,í , î�ï�ð�ñ=ò�ó�ô�Ø)Ù 
õ�ö ,Âø÷úù M Cw� ç ¹�û Smarandache

� ��
&ü�� ��� ��ý , x þ�Ú�� 
 m În 
AÿÌ�&��������� , '��=� ÷&
�0@û	�wë ç�
�� ¹�û Smarandache
�

��
 �)j E�ÿ,
 ��� ��ý , ßAÚ�� R ¹�û�µ j ¢ �,
 �)j ÿ,
=� � ,
Q�� 
wë ç  x Ã�µ j � ��À�Þ ��� , � l��� ë ç 
���� , �AðAL�� *�ëç Ã�µ j)º�» 
 ��� � � .0�æ Ñ 
�����\ âZM , ò���ñ��� æ Ñ 
���� þ��! #"Z� R#$�% 
&�'

,
0 d :�(�)�* ! +-, ,

Ã=B | 
 ð)ñ�ò�ó�ô=Ø�Ù 
�.�/ y�{ , 0�1U�2�3 ¡ Ñ ßAÚ�� >	?54�6)ä�7�8 x :�:,
�*�ä !E�#
,
¥�¼�[,u)
 � 0�æ Ñ E9�:�Ã�G , ,

B�C-;#<-=-><-?�* � R
��� U�@�A�B ,

0 d B | Ã�U�@ MDC p 
 +DE (F):)·�
�G�H !

� ç
2008 I 5 J

I



Smarandache m Î n 
=� � þ�' ÿ)À�+

K L
M�N�O

Smarandache P�Q 1

1.1 �5R . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 S(n)
¢ �,
 ���A4�S . . . . . . . . . . . . . . . . 3

1.2.1
¹�û

S(n)
¢ �,
�T�æ ��� . . . . . . . . . . . . 3

1.2.2
∑

d|n

1

S(d)
��U��� �,
=� � . . . . . . . . . . . 6

1.2.3
- â ∑

d|n
S(d) = φ(n)

 Î �D� �
. . . . . . . . . 9

1.2.4
¹�û

F.Smarandache
¢ �,
 � Û - â . . . . . . . 12

1.2.5
¹�û

F.Smarandache VW ¢ �,
&- â . . . . . . . 13

1.2.6
¹�û

F.Smarandache
¢ �,
1 N�X . . . . . . . . 16

1.2.7
¹�û

F.Smarandache
¢ �,
 +DY - â . . . . . . . 18

1.2.8
¹�û

F.Smarandache
¢ �,
[Z�\��

. . . . . . . . 20

1.2.9 � Û�]�^�_ --`��,
&- â . . . . . . . . . . . . 23

1.3
¹�û

Smarandache
¢ �,
&ÿD� �

. . . . . . . . . . . 26M�a�O b�c
SL(n) P�Q 27

2.1 �5R . . . . . . . . . . . . . . . . . . . . . . . 27

2.2 SL(n)
¢ �,
 ���A4�S . . . . . . . . . . . . . . . 27

2.2.1
¹�û

SL(n)
¢ �,
�T�æ ��� . . . . . . . . . . . 27

2.2.2
¹�û

SL(n!)
¢ �)¥�
#d�e

. . . . . . . . . . . . 29

2.2.3
¹�û

ln SL(n)
¢ �,
&¤)¥

. . . . . . . . . . . . 32

2.2.4
¹�û

SL(n)
¢ �,
 ��� . . . . . . . . . . . . . 35

2.2.5
- â ∑

d|n
S(d) =

∑

d|n
SL(d)


& Î �
. . . . . . . . 37

2.3
¹�û

SL(n)
¢ �,
&ÿD� �

. . . . . . . . . . . . . . 38M�f�O
Smarandache g-h�P�Q S∗(n) 39

3.1 �5R . . . . . . . . . . . . . . . . . . . . . . . 39

3.2 Smarandache
Ã�\ ¢ �

S∗(n)

 ���A4�S . . . . . . . . 40

3.2.1
¹�û

Smarandache
Ã�\ ¢ �

S∗(n)

�T�æ ��� . . . . 40

II



÷ji
3.2.2

- â ∑
d|n

S∗(d) = n

& Î �

. . . . . . . . . . . 42

3.2.3
- â ∑

d|n
S∗(d) = φ(n)


& Î �
. . . . . . . . . . 46

3.3
¹�û

Smarandache
Ã�\ ¢ �

S∗(n)

&ÿD� �

. . . . . . . 55M�k5O l�m
Smarandache P�Q 56

4.1 �5R . . . . . . . . . . . . . . . . . . . . . . . 56

4.2
ÿ,


Smarandache
¢ �,
 ���A4�S . . . . . . . . . . 56

4.2.1
ÿ,


Smarandache
¢ �,
�T�æ ��� . . . . . . . . 56

4.2.2 ]�^ SM(n)
¢ �,
&- â . . . . . . . . . . . . . 57

4.2.3
¹�û)- â ∑

d|n
SM(d) = φ(n)


 Î
. . . . . . . . . 62

4.2.4 ]�^ SP (n)
¢ �,
&- â . . . . . . . . . . . . . 66

4.2.5 ]�^ ¢ � SP (n) þ φ(n)

&- â . . . . . . . . . . 68

4.3
¹�û

Smarandache
¢ �,
&ÿD� �

. . . . . . . . . . . 71M�n�O b�c
SPAC(n) P�Q 72

5.1 �5R . . . . . . . . . . . . . . . . . . . . . . . 72

5.2 SPAC(n)
¢ �,
 ���A4�S . . . . . . . . . . . . . . 72

5.2.1
¹�û

Smarandache � ��-o�`�� SPAC(n) . . . . . 72

5.2.2 Smarandache � ��-o�`�� SPAC(n)

Dp�q�r X . . 73

5.3
¹�û

SPAC(n)
¢ �,
&ÿD� �

. . . . . . . . . . . . . 75M�s�O t
Smarandache u�v-w�x#y�P�Q 76

6.1 �5R . . . . . . . . . . . . . . . . . . . . . . . 76

6.2 Zw(n)
¢ �,
 ���A4�S . . . . . . . . . . . . . . . 76

6.2.1 Zw(n)
¢ �,
�T�æ ��� . . . . . . . . . . . . . 76

6.2.2
¹�û

Zw(n)
¢ �,
Dp�q�r X . . . . . . . . . . . 78

6.2.3
¹�û ¢ � Zw(k)

θ(k)


Dp�q�r X . . . . . . . . . . . 80

6.3 Zw(n)
¢ �,
&ÿD� �

. . . . . . . . . . . . . . . . 82M�z�O
Smarandache {�|�}�P�Q 85

7.1 �5R . . . . . . . . . . . . . . . . . . . . . . . 85

III



Smarandache m Î n 
=� � þ�' ÿ)À�+

7.2 Smarandache ~��5� ¢ �,
 ���A4�S . . . . . . . . . 85

7.2.1 Smarandache ~��5� ¢ �,
�T�æ ��� . . . . . . . 85

7.3 Smarandache ~��5� ¢ �,
&ÿD� � . . . . . . . . . . 87M5��O t
Smarandache-totient P�Q 91

8.1 �5R . . . . . . . . . . . . . . . . . . . . . . . 91

8.2 � Smarandache-totient
¢ �,
 ���A4�S . . . . . . . . 91

8.2.1 � Smarandache-totient
¢ �,
�T�æ ��� . . . . . . 91

8.3 � Smarandache-totient
¢ �,
&ÿD� �

. . . . . . . . . 93M-�O t
Smarandache P�Q 104

9.1 �5R . . . . . . . . . . . . . . . . . . . . . . . 104

9.2 � Smarandache
¢ �,
 ���A4�S . . . . . . . . . . . 104

9.2.1 � Smarandache
¢ �,
�T�æ ��� . . . . . . . . . 104

9.2.2 ]�^�� Smarandache
¢ �,
&- â . . . . . . . . . 106

9.2.3
¹�û � Smarandache

¢ �,
[� Û � � . . . . . . . 108

9.2.4
¹�û � Smarandache

¢ �,
&�)�
. . . . . . . . . 111

9.3 � Smarandache
¢ �,
&ÿD� �

. . . . . . . . . . . . 112M���O N���l�m
Smarandache �� 115

10.1 �)j ÿ,
 Smarandache ��� 
&ÿD� � . . . . . . . . . 115

10.2
¹�û ! - ����� . . . . . . . . . . . . . . . . . . 126

10.2.1 ! - ����� 
&ÿD� � . . . . . . . . . . . . . . 126

10.2.2
¹�û ! - � � �)þ�' � Û���� . . . . . . . . . . 127M���N�O�b�c
Smarandache �D� m�N���5� 130

11.1
¹�û � �,
#� Û���� . . . . . . . . . . . . . . . . 130

11.2 Smarandache
-���-� ��� . . . . . . . . . . . . . 130

11.3 Smarandache +DY ¢ � . . . . . . . . . . . . . . . 131

11.4 Smarandache ϕ ��� . . . . . . . . . . . . . . . . 131

11.5 Smarandacheials . . . . . . . . . . . . . . . . . . 132

11.6 Smarandache

&§-�������

. . . . . . . . . . . . . 134

11.7 Smarandache ���,� ¨�	í þ�� ¾ . . . . . . . . . . 135����-�
137

IV



� �-� Smarandache
¢ �

� � �
Smarandache  ¢¡

£¥¤§¦�¨
n
0�© Û�� ��ª�« M �=¥ , , c ¦�¨ y

��¬��=¥7
 ¢ �
y =

f(n) ®� �	� ¢ ��¯���° ¢ � . ± û=>D?��	��¯�²�«@�@� M 
���@¤³ � ��j �=� ¢ �´�µ�� , ¶Ìx �=� ¢ � � ��·�¸�¹ ¨ � 
 ¢ � , ��	� M 
 � Û ¨ �=����© � , �����=ª�« �	� �� M 1�=®�¯Z
�°	± .�@j H�º 
��,� ���¼» Î n , ½���¾ ?D
�ÿ ���¼¿ ��4 , À@� Ã,µ j�3�Ì
�1�2 �D��Á�Â À R �@� þ	4@5 �@�7
�Ã�Ä,*	+ .
æ � �	� 
¼�R

Smarandache
¢ ��
 �	��4�S , ß�ÚD� R ��j Q ¹ Smarandache

¢ ��

ÿD� �

.

1.1 ÅÇÆ
È-É

,
B |�à��w�)Û ¸�¹ ¢ �,
 � å

Ê�Ë
1.1 Ì�Í¼Î�Ï�Ð�Ñ n, Ò�ÓÕÔ Smarandache

¢ �
S(n) � å � EÖ 
 ÀA� � m × ¼ n|m!, Ø S(n) = min{m : n|m!, m ∈ N}.

Ê�Ë
1.2 Ì�Í�Î5Ï�Ð�Ñ n, Dirichlet Ù � ¢ � d(n)

(F
n

 À	c[Ú)Û�

, Ø
d(n) =

∑

d|n
1.

Ê�Ë
1.3 Û�Ñ Z(n) ÜÝ�Þ�ß�à-Ô[Ï�Ð�Ñ k á�â n|k(k + 1)

2
, ã

Z(n) = min

{

k : n|k(k + 1)

2

}

.
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n≤x

(S (ak(n)) − (k − 1)P (n))2 =
2ζ(3

2
)

3
· x

3
2

ln x
+O

(

x
3
2

ln2 x

)

+O

(

k2x
4
3

ln x

)

,

s 0 ζ(s) *�+ Riemann zeta- B2C .

 �¢
1.2.10 "�#	$,¥� x ≥ 3, W

∑

n≤x

(SM (ak(n)) − (k − 1)P (n))2 =
2ζ(3

2)

3
· x

3
2

ln x
+O

(

x
3
2

ln2 x

)

+O

(

k2x
4
3

ln x

)

.

 �¢
1.2.11 £ n �2#	$�&�'� , k �2#	$5ö�¨	
<&�'� ,

a "�#	$,¥ x ≥ 1, þ�Ø n = S(nk) 
 µ %o2p�j�k�lAm
U(x) =

∑

n≤x

n∈A

1 = π
(x

k

)

+ O (1) =
x

k ln x
+ O

(
x

ln2 x

)

.

s 0 A *�+�Ù7W%o2p n = S(nk) 
<&�'��Ú,Û)Ü .

 �¢
1.2.12 £ n �2#	$5ö�¨	
<&�'� , þ�Ø
S(12) + S(22) + · · · + S(n2) = S

(
n(n + 1)(2n + 1)

6

)

W�±�Ý�W n = 1, 2 Þ23�&�'� µ .

 �¢
1.2.13 "�#	$�&�'� k, þ�Ø

S(m1) + S(m2) + · · · + S(mk) = S(m1 + m2 + · · · + mk)

W�ß�à�q�3�&�'� µ .
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Smarandache ���������������������
1.2.2

∑

d|n

1

S(d)

á¤â�ã¡ä �y�æå,ç
�%� � �	�éè � N	ê%ë D�ì���� Smarandache B�C S(n) ��í�î , «ï Q�»�¼���� . ð�ñ�É�ò�ó N�ô�õ�ö ����C n, ÷�ø�ù�R

∑

d|n

1

S(d)
(1-1)

N�ú H7��C�û�D8��� , ;�=�í�ü,Ê n > 1 ¬ n 6= 8 Ë , ù�R ∑
d|n

1

S(d) ý ®	þ
H����	C . ÿ�� è���� ý þ��	�2û�D�í�î , 
 N ;�= ô�� ����	F N���
ý � � . ½�¾���������I����	��������û�D�í�î.����ì ��ø , !�ó Nô D�E����A������C , ;�=��"���)½�¾,�
# ¢

1.2.1 "�#	$�&�'� n > 1, £
Cn = 1 +

1

2
+

1

3
+ · · · + 1

n
,a

Cn $ Å�%���&�'� .

&('
: �*)�����+��	�2û�D���ø . , ¹�ô�- D	���	C n > 1, Cn H�5C . .A®5M Cn = m

� � i = 2αi · li, 2 † li, i = 1, 2, · · · , n. /"0M α = max{α1, α2, · · · , αk}. . α 0�1�Ì i = 1, 2, · · · , n ��Q��	R"243@5/�D�9 , !�ó N ò N�6 D%� . 7 ý � , .�8�0�9�ì�����C 1 ≤ r, s ≤ n :» αr = αs = α.
¶ � r 6= s, 1 � lr 6= ls, ;*<*0>=,C lr ù ls ?A@ D ¹

8>05D%ì"BAC , M5H 2l. � N 1 < 2α · 2l = 2α+1 · l ≤ n, C�8>0.���C m = 2αr+1 · l ! ê � 1 ù n ?>@ ¬ � � 2 �<IED Ó � α. û�F α � ¹�G�H�I .

;E<E�"� α
N�6 D%� . /�0�M u = 2α · lu, M = 2α−1 · l1 · l2 · · · ln. .

M · Cn = M ·
(

1 +
1

2
+ · · · + 1

u − 1
+

1

u + 1
+ · · · + 1

n

)

+
M

u

= M ·
(

1 +
1

2
+ · · · + 1

u − 1
+

1

u + 1
+ · · · + 1

n

)

+
l1 · l2 · · · ln

2
. (1-2)

0 (1-2) R 2 ,
¶ ,�M M · Cn H7��C , < ¶ M � ¹�G ®�J
M ·

(

1 +
1

2
+ · · · + 1

u − 1
+

1

u + 1
+ · · · + 1

n

)

6



u D�v Smarandache B2C
!%H���C , 
 N l1 · l2 · · · ln

2 ý N ��C ,
H�I

. ;�< Cn ý ®Aþ N ����C , Kº ��L .

 �¢
1.2.14 � n ��ß��þA^g`�8� , (1-1) m $ Å�%)t�&�'� .

&"'
: M�N , ;�=�?5@PO�Q�I"R4S�C8� ¹�G : D�ì�����C n T�U�O�QI(R�S�C , V�W n > 1 ¬ ô�õ	ö�X C p, Ê p | n Ë7Ì p2 † n. Y�Z�[ ô�õ	ö

O�Q	I(R�S�C n, ®	M n = p1 · p2 · · · pk H n �7O�P	Q���R , �	2 p1 < p2 <

· · · < pk H X C . � N.¶ S(n) � ¹�G ý
\�] @ S(n) = S(p1 ·p2 · · · pk) = pk.Ê k = 1 Ë , n = p1 H X C ,

· Ë
∑

d|n

1

S(d)
=
∑

d|p1

1

S(d)
=

1

S(1)
+

1

S(p1)
= 1 +

1

p1
. (1-3)

¶ � p1 > 1, 1 � (1-3) R ý ®	þ N ��C .Ê k > 1 Ë , ^ ö ¼ ô�õ�ö d|p1 · p2 · · · pk−1 Ì S(dpk) = pk. � N
∑

d|n

1

S(d)
=

∑

d|p1·p2···pk

1

S(d)
=

∑

d|p1·p2···pk−1

1

S(d)
+

∑

d|p1·p2···pk−1

1

S(dpk)

=
∑

d|p1·p2···pk−1

1

S(d)
+

∑

d|p1·p2···pk−1

1

pk

=
∑

d|p1·p2···pk−1

1

S(d)
+

2k−1

pk

= · · · · · ·

=
k∑

i=1

2i−1

pi

. (1-4)

_ � (1-4) R ý ®.þ N �AC . 7 ý � , , ¹ ∑
d|n

1

S(d)
H��AC , . ¶ (1-3) R

J
k∑

i=1

2i−1

pi

!�H7��C . ý
` M

k∑

i=1

2i−1

pi

= m.

¶ � k > 1, 1 � pk Ha= X C , R ·
7



Smarandache ���������������������

k−1∑

i=1

2i−1

pi

− m =
2k−1

pk

,

b�c

p1 · p2 · · · pk ·
(

k−1∑

i=1

2i−1

pi

− m

)

= p1 · p2 · · · pk−1 · 2k−1. (1-5)

_ � (1-5) R�d�e,þaf�g pk �A , <�h�e ý þag pk �A ,
H�I

, 1 � (1-4) R
ý ®	þ�H7��C . � NEi�j � ¹�º �k�"� . �¢

1.2.15 "�#�$�1�]� p l�#�$�&�'� α, � n = pα ± α ≤ p � ,

(1-1) m $ Å�%)t�&�'� .

& '
:
ô � õ�ö = X C p ������C α, Ê n = pα Ë , M 1 ≤ α ≤ p. . ý\ ¯�°8@

∑

d|n

1

S(d)
=

∑

d|pα

1

S(d)
=

1

S(1)
+

1

S(p)
+

1

S(p2)
+ · · · + 1

S(pα)

= 1 +
1

p

(

1 +
1

2
+ · · · + 1

α

)

. (1-6)

¶ K º 1.2.1 � (1-6) R�®�»�¼�Ê n = pα ¬ 1 ≤ α ≤ p Ë , (1-1) R ý ®�þ N �C . � N �"��� ¹�º 1.2.15. �¢
1.2.16 ""m�#%$�&�'� n, pα1

1 · pα2
2 · · · pαk−1

k−1 · pk *,+ n 
 ²%³´�µ m ,
a � S(n) = pk � , (1-1) m $ Å�%)t�&�'� .

&n'
: HAI5J5K L.M n = pα1

1 · pα2
2 · · · pαk−1

k−1 · pk = u · pk «>^ ö¼ S(n) = pk, 1 � ;�=�Ì
∑

d|n

1

S(d)
=

∑

d|u

1

S(d)
+
∑

d|u

1

S(dpk)
=
∑

d|u

1

S(d)
+
∑

d|u

1

pk

=
∑

d|u

1

S(d)
+

d(u)

pk

, (1-7)

�"2 d(u) H��C%B2C .

8



u D�v Smarandache B2C
0 (1-7) R 2 _ �,Ê d|u Ë , S(d) < pk. 1 � 0�Ì º C ∑

d|u

1

S(d)
2 ,
� �

QEo"2 ý � X C pk. RP<%Ê ∑
d|n

1

S(d)
H7��C%Ë ,

d(u)

pk

p�q H7��C , ;E<

pk | d(u) = (α1 + 1)(α2 + 1) · · · (αk−1 + 1).

¶ � pk H X C , 1 � pk �% - D (αi + 1). ;E<�®�»
αi + 1 ≥ pk. (1-8)

¶
Smarandache B2C,�<F�G�� (1-8) R�J

S(pαi

i ) ≥ (pi − 1) · αi + 1 ≥ αi + 1 ≥ pk (1-9)

¬ S(pαi

i ) 6= pk, û N R�H pi | S(pαi

i ), R4< S(pαi

i ) > pk. û�F S(n) = pk

H
I

, 1 �)¹�º 1.2.16
jEr

.¶ [Es�t�ì ¹�º , ® � »�¼�½�¾,�
u�v "�#	$�&�'� n

X ∑
d|n

1

S(d)
�7'�¡�¸±�Ý¡� n = 1, 8.

1.2.3 wyx
∑

d|n

S(d) = φ(n) z	{}| å,ç

0 ��~�� , ;�=�?A@��<D�ì��,�<I��
∑

d|n
S(d) = φ(n),

��2 φ(n)
N

Euler- B�C . þ ú*� ¼��	I	�Ð�a1�ÌA���%C	� ,
N ;	=�Ì*���D����%�A�7�Ð�)� . 0���� , ;�=.�4�>��� c�� � � φ(n) = S(nk)( �

2 k H õ�ö ? ¹ ������C ) I��¤�7�¤�7ì�C �<� . �	��û	ì¡�<� , � ��»¼ n = 1
N ��I��5�2� , 
�;�=�« ý J���û�ì�I�� N�ú Ì�Ì(�2ì�� . ½�¾;�=��E������IE��+�����û�ì.��� ,

ô�õ�ö ? ¹ ������C k ?A@��4û�ì�I�A�k� ï � .

 �¢
1.2.17 þ�Ø S(n) = φ(n) W ��3 µ : n = 1, 8, 9, 12.

9



Smarandache ���������������������
& '

: M n = pα1
1 pα2

2 · · · pαk

k H n �<O�P>RPS�Q���R , �
S(n) = max

1≤i≤k
{S(pi

αi)} = S(pα).

¶
S(n) ù φ(n)

¹�G ®�»
φ(n) = pα1−1

1 (p1 − 1)pα2−1
2 (p2 − 1) · · · pαk−1

k (pk − 1)

= φ(pα)φ(n1) = pα−1(p − 1)φ(n1) = S(pα).

_ � n = 1
N I�� S(n) = φ(n) �<� . V�W n > 1 ;�=���Q�t�������÷�ø�V½ :

(I) V�W α = 1 ¬ n = p, �*� S(n) = p 6= p − 1 = φ(n). !�ó N ò ,

ý 8�0 õ*� D�ì X C����%I	� S(n) = φ(n). V*W α = 1 ¬ n = n1p, �
� S(n) = p 6= (p − 1)φ(n1) = φ(n1p). 1 � ��I���O�� .

(II) V�W α = 2, ����Ì S(p2) = 2p ù φ(p2n1) = p(p − 1)φ(n1). 1 �û,Ë�Ê2¬�Ô%Ê
(p − 1)φ(n1) = 2

� Ì S(n) = φ(n). û8® � Q>9 �>�"� +A÷8ø : p − 1 = 1, φ(n1) = 2;

p − 1 = 2, φ(n1) = 1. !"C�®	» p = 2, n1 = 3; p = 3, n1 = 1. û.Ë�I� S(n) = φ(n) Ì�9�ì�� : n = 12, 9.

(III) V�W α = 3,
_ ��Ì S(23) = φ(23) = 4, � N n = 8 ����I�� .

V�W α ≥ 3 ¬ p > 2, ^ ö ¼
pα−2 > 2α−2 = (1 + 1)α−2 = 1 + α − 2 + · · · + 1 > α.

C<Ì
pα−1 > αp ⇒ pα−1(p − 1)φ(n1) > αp,



S(pα) ≤ αp.

1 � û���������I���O�� .� ��[�¾Et������,�)÷�ø , ;�= r�� ®�»�I�� S(n) = φ(n) Ì"�4ì�� :

n = 1, 8, 9, 12.� NEi�j � ¹�º 1.2.17 �k�"� .

# ¢
1.2.2 Y Z p �> 5]8 , Á�Â S(pk) ≤ kp. Y Z k < p, ÁÂ S(pk) = kp,

s 0 k �2#	$a¡�¨	
<&�'� .
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u D�v Smarandache B2C
& '

: ( ¢ £P¤E¥ [1]).

 �¢
1.2.18 ¦�Ø φ(n) = S(n2) W�§�3 µ : n = 1, 24, 50.

& '
: � n = pα1

1 pα2
2 · · · pαk

k ,
¶

S(n) ù φ(n)
¹�G ®�»

S(n2) = max{S(p2αi

i )} = S(p2α),

�"2 p H X C � �
φ(n) = pα−1(p − 1)φ(n1),

φ(n) = pα−1(p − 1)φ(n1),

�"2 (n1, p) = 1. !�ó N ò n1 ù p �k¨ Ó�© RPS�H 1._ � n = 1
N I�� φ(n) = S(n2) ��� . V�W n > 1 ;�=��	Q�ª	÷	ø�V½ :

(i) � α = 1.

V�W p = 2, ��� S(22) = 4, φ(n) = (2 − 1)φ(n1),
¶

S(n2) = S(22) =

φ(n) = φ(n1) ®	» φ(n1) = 4, 1 � φ(n1) = 4, � N n = 22 × 5. 
 S(24 ·
52) = 10 6= φ(22 × 5), R · û�ì�I���O�� .

V«W p ≥ 3,
¶ K º ®5» S(p2) = 2p, φ(n) = (p − 1)φ(n1), ^ ö¼ p † (p − 1)φ(n1), R · û�ì�I���!�O�� .

(ii) � α = 2.

V�W p = 2, ��� S(24) = 6 = 2φ(n1), O�� .

V�W p = 3, ��� S(34) = 9 = 3 × 2φ(n1), O�� .

V>W p = 5, �"� S(54) = 20 = 5 × 4φ(n1), 1 � n1 = 2, R · n =

52 × 2
N I��A�)� .

V�W p ≥ 7, ��� S(p4) = 4p = p(p − 1)φ(n1), ^ ö ¼ p − 1 > 4, O�� .

(iii) � α = 3.

V�W p = 2, ��� S(26) = 8 = 4φ(n1), 1 � n1 = 3, R · n = 23 × 3
N

I��A�)� .

V�W p = 3, ��� S(36) = 15 = 32 × 2φ(n1), O�� .

V�W p = 5, ��� S(56) = 25 = 52 × 4φ(n1), O�� .

V�W p = 7, ��� S(76) = 42 = 72 × 6φ(n1), O�� .

V�W p > 7, ��� S(p6) = 6p = p(p − 1)φ(n1), ^ ö ¼ p − 1 > 6, O�� .

(iv) � α = 4. V�W p = 2, ��� S(28) = 10 = 8φ(n1), O�� .

V�W p ≥ 3,
¶ K º ®�» S(p2α) < 2pα, ^ ö ¼ φ(n) = pα−1(p−1)φ(n1)ù pα−1 > 2pα, O�� .

11



Smarandache ���������������������
(v) � α = 5.

V�W p = 2, ��� S(210) = 12 = 24φ(n1), O�� .

V�W p ≥ 3,
¶ K º ®�» S(p2α) < 2pα, ^ ö ¼ φ(n) = pα−1(p−1)φ(n1)ù pα−1 > 2pα, O�� .

(vi) � α ≥ 6.

V�W p ≥ 2,
¶ K º ®�» S(p2α) < 2pα, ^ ö ¼ φ(n) = pα−1(p−1)φ(n1)ù pα−1 > 2pα, O�� .¬ � (i) ¼ (vi), ;�= r�� ®�»�I�� φ(n) = S(n2) Ì�t�ì�� : n = 1, 24,

50. � NEi�j � ¹�º �k�"� .

ª��É , �E�(®°¯A�<IE��;�=�® � »A@ :

 �¢
1.2.19 ¦�Ø φ(n) = S(n3) W�§�3 µ : n = 1, 48, 98.

 �¢
1.2.20 ¦�Ø φ(n) = S(n4) W� �3 µ : n = 1.

±
: ²�³�´aµ8
�¦�¶ , U�V�·�Å ¸k¹Aºk¦7Ø φ(n) = S(nk) W�W8Ä�3&�'� µ ,
s 0 k �2#	$a¡�¨	
<&�'� .

1.2.4 ��� F.Smarandache �5�y�	»A¼nwyx
0�¤E¥ [38] 2 , Charles Ashbacher ½8@��)½�¾Et�ì������������ :¾a¿�À�Á�Â5Ã

1:
N�ú Ì�Ì>�)ì������ S(n)2 + S(n) = kn.¾�¿*À>Á�Â�Ã

2:
N�ú 8�0%���	C k, :�»�Ä�Ì%���	C n ��� S(n)2 +

S(n) = kn.¾�¿«À�Á(ÂEÃ
3:
NAú 8>0>¨ Ó �����8C k :A» 8>0.���8C n �

� S(n)2 + S(n) = kn.èÅ�
,
� Ä�Ì�Æ ���EÇ û�E.�g� . 0�û�D ï Q , ;�=���:�������I��

+ ��� û�E5��� , «�?�F i ����� . C2ó N , ;�=����"�)½�¾,����ø :

MEN , ;�=�?A@k9�ì�Î�Ï�K º .# ¢
1.2.3 È k > 0 ×�± (k, h) = 1,

a�É *Ê nk+h, n = 0, 1, 2, . . . 0Ë É ß�Ä�q�3�]� .& '
: ¢ £P¤E¥ [2] 2 ¹�º 7.9.# ¢
1.2.4 £ p tÐ]8 ,

a ".#¡$A&¤'8 k, U8V.W S(pk) ≤ kp.� k ≤ p � ,
a W S(pk) = kp.

12
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& '

: ¢ £P¤E¥ [1]. �¢
1.2.21 "�#	$�&�'� k, ¦�Ø

S(n)2 + S(n) = kn (1-10)

W�WAÄ73�&�'� µ , ±aÌ�3 µ n Í�Î�Y
n = pn1,s 0 p = kn1 − 1 t�]� .Ï _ � , û�ì ¹�º�i ���A�«�a[�s�t�ì_�2� . C�ó N ,

ô�õ%ö ���C k, 8�0�O>�a��ì�����C n ����I�� S(n)2 + S(n) = kn. R · , ý 8�0�¨Ó ������C k :�»�I�� (1-10) Ì�����C�� .& '
: Y�Z�[ , ÐEÑ,B2C S(n) � ¹�G Ì pα|n, :�»

S(n) = S(pα) = mp,

�"2 m
N ����C ,

¶ K º 1.2.4 ®�J m ≤ α.M n = pαn1, �"2 (p, n1) = 1.Ê α = 2 Ë , .�Ì
m2p2 + mp = kp2n1,

� N p2|m2p2 + mp, R · p|m, C2ó N p ≤ m ≤ α.Õ · ª�Ò , D ¹ 8�0�¨ Ó ������C u, :�» pu|m, . m
N Ì(� Ó �����C , Y�Z�[�û N�H�I � .

R · , α = 1, m = 1,

p2 + p = kpn1,b
p = kn1 − 1 Ë ,

¶ K º 1.2.3, 8�0�O�����ì�û�¯Ð� X C p. Ó	I	� (1-

10) Ì�O>�a��ì�����C�� n = pn1 = (kn1 − 1)n1. û�ó i�j � ¹�º �k�"� .

1.2.5 ��� F.Smarandache ÔyÕé�5�y�«wyx
ô � õ�ö ����C n, Smarandache Ö�)	B2C Sc(n)

¹�G H���� y | n! ¬
1 ≤ y ≤ m ��¨ Ó ����C m. !�ó N Sc(n) = max{m : y | n!, �"2 1 ≤
y ≤ m, m + 1 † n!}. ×�V Sc(n) � � ��ì���Q�È�H :

Sc(1) = 1, Sc(2) = 2, Sc(3) = 3, Sc(4) = 4, Sc(5) = 6, Sc(6) = 6,

13



Smarandache ���������������������
Sc(7) = 10, Sc(8) = 10, Sc(9) = 10, Sc(10) = 10, Sc(11) = 12,

Sc(12) = 12, Sc(13) = 16, Sc(14) = 16, Sc(15) = 16, · · · · · · .

û	ì.B�C�¨�� N 0�¤�¥ [39] 2 ¶ A.Murthy KEØ.� , Ù �>� � Sc(n) ���
��F�G , «a�"��� � ½,����ø :

7 Sc(n) = x ¬ n 6= 3, ��� x + 1
N Ó � n �k¨ ~ X C .

0 u ��Ún� Û	C5ø8ù Smarandache ��� � ÷(Ü«Ýn2 , Þ"¤"ß«à>áâ ÝÐ;¤= �ã� � ½é��� :
ô � õ ö �5� C k,

NÐú 8�0�Oyä	å �5�C (m1,m2, · · · , mk) ����I��
Sc(m1 + m2 + · · · + mk) = Sc(m1) + Sc(m2) + · · · + Sc(mk).

û�ì.����æ ª Ì�ç , R7H � F�è�é ê4ë�ì«íïî«ðòñ�Ì�óEô>ê ¬�õ . ö~�÷ êEø�ù è êEú������*��û���+ �>� û	ìyð�ñ , ü�ý�:�þ�ÿ������ .��� ú���	�
������� ê���� :���
1.2.22 ����� �"!$#�% k ≥ 3, &('*) +-,/.�!*#

% (m1,m2, · · · , mk) 021�354
Sc(m1 + m2 + · · · + mk) = Sc(m1) + Sc(m2) + · · · + Sc(mk).

6�798
k = 1 : , û�;=<�> . ú�?A@�B�CED�F=G�H=I (m1, m2) J�K

Sc(m1 + m2) = Sc(m1) + Sc(m2)? L�úEM=NEOQP�R�MES=TQ�(ê*ð5ñ , UV O�WAX>êZY=[=\�]Q^ ._a` ë>ì-b�îdcde	úaG9fnê ( g � ú , haM�NaidI 2N ≥ 6 j�k
< 2N = p1 + p2 ê�ldm , gEn�Ndodp�Iyê=q ), ras9@�B�CtD�FdGuH
I (m1, m2) J�K�û�; Sc(m1 + m2) = Sc(m1) + Sc(m2).v�w

: x�y , z|{Ep�IE}�~=��	E���=�E������K=���>ê2o=I 2N + 1,

M=}�@�B�{�N=o=p�I p1, p2 q p3 J�K�û�; :

2N + 1 = p1 + p2 + p3. (1-11)

�Q���E�QG�HEI k ≥ 3 q�K��E�"ê�p=I p, �=�EIE�Q���=��� (1-11) m , �
	�j5���Q� p + k − 1 �d�ZkA< k N=o=p�I êZq :

p + k − 1 = p1 + p2 + · · · + pk. (1-12)

�d�u� 8
k = 3, �u�d�u���9K�������p9I p, p + 2 ú�MuN�o�I , ���

z (1-11) ��	=��� p + 2 = p1 + p2 + p3. �Z� (1-12) ú=G�f�� . � k = 4, r
14
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s���	=� p1 = 3, �Z��z (1-11) ��	�O
p + 3 = 3 + p2 + p3 + p4 = p1 + p2 + p3 + p4.

�5� 8 k = 4 : (1-12) úQG�fa� .
_Q`

k ≥ 5, ��	Q� p ú� E�EoEI p + k −
1 − 3 · (k − 3) K��=�9�2p�I , z (1-11) ��	��A��M=}�@�B�{�N=o=p�I pk−2,

pk−1 q pk J�K�û�; :

p + k − 1 − 3 · (k − 3) = pk−2 + pk−1 + pk

¡

p + k − 1 = 3 + 3 + · · · + 3
︸ ︷︷ ︸

k−3

+pk−2 + pk−1 + pk = p1 + p2 + · · · + pk,

þ�¢ p1 = p2 = · · · = pk−3 = 3. �Z�����A£�O k ≥ 3, (1-12) ú=G�f�� .¤ BQ��	Q��� (1-12) 
Q¥E<�}=~d�5�t . ���=�Q��G�HQI k ≥ 3, �
	=��K��=�9�2p�I p, �az (1-12) ��	�>=¦����

p − 1 = p1 − 1 + p2 − 1 + p3 − 1 + · · · · · · + pk − 1. (1-13)

§ �E¨A�E��£=OEp�I pi, Sc (pi − 1) = pi − 1 , � m = p − 1, mi = pi − 1,

i = 1, 2, · · · , k, z (1-13) ��	�>9g©�=�
p − 1 = Sc(p − 1) = Sc(m) = Sc(m1 + m2 + · · · + mk)

= p1 − 1 + p2 − 1 + p3 − 1 + · · · · · · + pk − 1

= Sc(m1) + Sc(m2) + Sc(m3) + · · · + Sc(mk).

��� ú ,

Sc(m1 + m2 + · · · + mk) = Sc(m1) + Sc(m2) + · · · + Sc(mk).

��ª�@EBECuD�N�p�I p, £��Z@EBECuD�FQG�HQI (m1, m2, · · · , mk) JEK
û�;

Sc(m1 + m2 + · · · + mk) = Sc(m1) + Sc(m2) + · · · + Sc(mk).

L � ¥�<�«2}A~9�Z�� .
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1.2.6 ²´³ F.Smarandache µd¶¸·a¹´º´»

Kenichiro Kashihara ¼=½�U V ��	�]Q^����=¾�¿=m
S (xn

1 ) + S (xn
2 ) + · · · + S (xn

n) ≥ nS (x1) · S (x1) · · ·S (xn) . (1-14)

�2����Àa�® . Á=��L=Nt�® , ��ÂEÃ=¬�O=Ä�]�^�Å . ÆQÇ�È��5É�ÊÌË��
ú�����Í=¿�û���
�]Q^�L�Na¯® , ü�������9����� :���

1.2.23 �d���9��ÎuÏ9Ð�!Q#=% n > 1, Ñ�Ò9Ó (1-14) Ôu)�+�.
!=#A%�Õ (x1, x2, · · · , xn).v9w

:
_=`

n = 1, r�sA�9:5¾�¿=m (1-14) Ö=<�« S(x1) ≥ S(x1), ý��
��£�Od��G�HEI x1 <=> . ¾Q×�M�ØEÀ=Ù�} n ≥ 2, � x1 = x2 = · · ·xn−1 =

1, xn = p > n, þ�¢ p ú�p�I .
§ ��¨ S(1) = 1, S(p) = p q S(pn) = np, �

�=��	�O
S (xn

1 ) + S (xn
2 ) + · · · + S (xn

n) = n − 1 + S(pn) = n − 1 + np (1-15)

q
nS (x1) · S (x1) · · ·S (xn) = nS(p) = np. (1-16)

z (1-15) q (1-16) ��	�>9g2���=�
S (xn

1 ) + S (xn
2 ) + · · · + S (xn

n) ≥ nS (x1) · S (x1) · · ·S (xn) . (1-17)

��ª�@�B�CED�N�p�I p > n, �Z��£�OEG�H=I=F
(x1, x2, · · · , xn) = (1, 1, · · · , p)

ú�¾Ì¿$m (1-14) �t� . L-Ú$¾�¿-m (1-14)
� @-B�C*D*Û´F$G´H$I

� (x1, x2, · · · , xn). L � ���«2}A~ 1.2.23.

���
1.2.24 �9�©�Q��ÎEÏQÐ©!=#A% n ≥ 3, ÜEÝ (x1, x2, · · · , xn) 0

19Ñ�ÒQÓ (1-14), Þ�ß x1, x2, · · · , xn àâáEã &�' n − 1 ä 1.6u7 }�~ 1.2.24 ¢u��åuæ�çuè9Ê�� .
����� � n = 2, �u	�� x1 =

x2 = 2, r�s���	�O
S(x2

1) + S(x2
2) = S(22) + S(22) = 4 + 4 = 8 = 2S(2)S(2) = 2S(x1)S(x2).

16
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�Z� 8 n = 2 : , }A~ 1.2.24 ç�¾�<�>�� .v�w
: é n ≥ 3,

_�`
(x1, x2, · · · , xn) J=KE¾�¿�m (1-14), rEs�B x1,

x2, · · · , xn ¢5êQë=@EB n − 1 N 1.
���=� _Q` @EB x1 > 1, x2 > 1, · · · ,

xk > 1 L=ì 2 ≤ k ≤ n J�K�¾�¿=m
S (xn

1 ) + S (xn
2 ) + · · · + S (xn

n) ≥ nS (x1) · S (x1) · · ·S (xn) . (1-18)

r9s/z���I S(n) ��}EíQquÀQîu�Q	�O S(xi) > 1 q S (xn
i ) ≤ nS(xi), i =

1, 2, · · · , k.
§ ��¨ 8 ai > 1, k ≥ 3 : , a1 + a2 + · · · + ak < a1a2 · · · ak,

i = 1, 2, · · · , k;
_u`

k = 2, � a1 + a2 ≤ a1a2, ïEð�¿9ñE<Q> 8 ð�ò8
a1 = a2 = 2 (a1 > 1, a2 > 1). �Z��¾�¿=m (1-18) ÖQª
n − k + S (xn

1 ) + S (xn
2 ) + · · · + S (xn

k) ≥ nS(x1)S(x2) · · ·S(xk). (1-19)

_=`
k ≥ 3, r�saz (1-19) q S(n) �©À�î=��	�O

n − k + n [S (x1) + S (x2) + · · · + S (xk)] ≥ nS(x1)S(x2) · · ·S(xk)

¡
n − k

n
+ S (x1) + S (x2) + · · · + S (xk) ≥ S(x1)S(x2) · · ·S(xk). (1-20)

§ ��¨ 0 ≤ n−k
n

< 1, �Z��¾�¿=m (1-20) ç�¾��QjE� , ��ª
S(x1)S(x2) · · ·S(xk) ≥ S(x1) + S(x2) + · · · + S(xk) + 1.

_=`
k = 2, r�s�¾�¿=m (1-19) <Eª

n − 2 + S (xn
1 ) + S (xn

2 ) ≥ nS(x1)S(x2). (1-21)

§ ��¨ S(xn) ≤ nS(x), S(x1) + S(x2) ≤ S(x1)S(x2) ðE¿Qm�<�> 8 ðEò8
x1 = x2 = 2, �Z�=� S(x1) > 2

¡
S(x2) > 2, r�s (1-21) ç�¾�<�>�� .

_
`

S(x1) = S(x2) = 2, r�s x1 = x2 = 2. �Z� , ¾�¿=m (1-21) Ö=<
S (2n) ≥ 3n

2
+ 1. (1-22)

é S(2n) = m, � 8 n ≥ 3 : , m ≥ 4. z S(n) �5}Aí�q=À�î=��	�O
∞∑

i=1

[
m − 1

2i

]

< n ≤
∞∑

i=1

[m

2i

]

.
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L�Ú
n ≥ 1 +

∞∑

i=1

[
m − 1

2i

]

>
m − 1

2
+

m − 1

4
=

3(m − 1)

4
,

z (1-22) ��	=���

m = S(2n) ≥ 3n

2
+ 1 ≥ 9

8
(m − 1) + 1 = m +

m − 1

8
> m.

L=ÚE¾�¿�m=ç=¾���jQ� . �©��� n ≥ 3 ð (x1, x2, · · · , xn) J=KE¾�¿�m (1-

14), r�sAB x1, x2, · · · , xn ¢Zê=ëA@�B n−1 N 1. L � ¥�<�«2}A~ 1.2.24 �
�� .

1.2.7 ²´³ F.Smarandache µd¶¸·´õdö"÷/ø

B=ù�ú [9] ¢ , Kenichiro Kashihara ¼=½�U V ��	�]Q^9ûâü�ý�;
S3(x) − 3S(x) − 1 ≡ 0(mod x). (1-23)

�©��ó=À . þ�ù�ÿ������Qª�L�M�¯®�����	�
 , ��ç�U V ��	����ý�;
S2(x) − 5S(x) + p = x, (1-24)

�Z£�OEG�H=I�ó , ô�¢ p ç�p�I .

ÆQÇ�È��5É�ÊÌË��5ç����=Í�¿=ý��=
�]�^AL�n�Nt�® , ï����=óQ� .��� ç���	=Ê���Z���9�5}A~�����
1.2.25 ���Q354 (1-23) Ô����Ô��=ä�!=#A%�Õ x = 1.v�w
:
6�7

x = 1 J=KaûZü=ý�; (1-23).
¤ B���	=
=�dZ�E�����EG

H�I x > 1, ûZü=ý�; (1-23) ¾�<�> .
�E��� � x > 1 J=KaûZü=ý�; (1-23),

é x = pα1
1 pα2

2 · · · pαs
s ç x �2pu������ó�m , �az S(x) �©À�î=�=�

S(x) = max{S(pα1
1 ), S(pα2

2 ), · · · , S(pαs

s )} ≡ S(pα), (1-25)

ô�¢ p | S(pα).
§ ��¨ S3(x)− 3S(x)− 1 = mx, p | S(x), p | x, z (1-25) �

	�>9g2��� p | 1, L�� p > 1 ��� . �Z�dûâü�ý�; (1-23) O=ð�ò�O�MANEG�H
I�ó x = 1. L � ���«2}A~ 1.2.25.

���
1.2.26  p !��Q��ÎEÏQÐ#"A% . $ p = 2, Þ�ß©354 (1-24) %�Ô=!

#�%EÕ ; $ p = 3, Þdß23�4 (1-24) Ô����=Ô&��äA!�#�%EÕ x = 9; $ p = 5,

18
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' 3A4 (1-24) Ô(���EÔ*)�ä�!Q#=%�Õ x = 1, 5; $ p = 7,

' 3A4 (1-24) Ô
���=Ô+)5äA!�#�%EÕ x = 21, 483. $ p ≥ 11, Þdß23�4 (1-24) Ô����=Ô&�
ä�!=#A%�Õ x = p(p − 4).v9w

:
���A�

, � p = 2,
6�7

x = 1, 2, 3, 4, 5, 6, 7 ¾�ç�ý�; (1-24) �
ó . é x ≥ 8 J�K=ý�; (1-24), S(x) = S(pα

1 ), �az p1 | x, p1 | S(x) q S2(x)−
5S(x)+2 = x ��	��Q����¨ p1 | 2. �Z� p1 = 2. é x = 2α ·y q S(2α) = 2m

(m ≤ α), �

4m2 − 10m + 2 = 2α · y. (1-26)

,�-&.0/�1
α = 1, 2, 3, 4, 5 ¾�J=K�ý�;�ý�; (1-26).

_�`
α ≥ 5, �§ ��¨ m ≤ α− 1, ��	=��¨ x = 2α · y ≥ 2α > 4(α− 1)2 − 10(α− 1)+2 ≥

4m2 − 10m + 2. �Z� 8 p = 2 : , ý�; (1-24) 2�OEG�H=I�ó .8
p = 3 : , � x = 1, 2, 3 ¾�JQK�ýE; (1-24). é x ≥ 4 JQK�ýE; (1-

24), S(x) = S(pα
1 ), ��z p1 | x, p1 | S(x) q S2(x) − 5S(x) + 3 = x, �=	

O p1 | 3 q p1 = 3. é x = 3α · y q S(3α) = 3m, r�s

9m2 − 15m + 3 = 3α · y. (1-27)

-(.�/1
α = 1, 3, 4, 5 ¾�J�KEý=; (1-27), 3Qç 8 m = 2 q y = 1 : ,

α = 2 J�K=ý�; (1-27). � α ≥ 6, r�s m ≤ α− 1, ��	�O x = 3α · y ≥ 3α >

9(α−1)2−15(α−1)+3 ≥ 9m2−15m+3. �Z� 8 p = 3 : , ý�; (1-24) O
ð�ò�O�MANEG�H=I�ó x = 9.

û�~ ,
8

p = 5 : , �d	/ju��Eýd; (1-24) OtðaòdOtndN�G�HtI
ó x = 1 q x = 5.

� p = 7, rus x = 1, 2 ¾�JQK�ýE; (1-24). é x ≥ 3 JQK�ýE; (1-24),

S(x) = S(pα
1 ), �/z p1 | x, p1 | S(x) q S2(x) − 5S(x) + 7 = x, �Q	u�

� p1 | 7 q p1 = 7. é x = 7α · y, S(7α) = 7m, r�sAO

72m2 − 35m + 7 = 7α · y. (1-28)

é α = 1, � m = 1 q y = 7 − 4 = 3. �5� x = 21 ç�ý�; (1-24) ��M
N9G=H�IEó . � α = 2, � m = 2 q 4p − 9 = py. ��� p | 9, � p ≥ 7 �
� . é α = 3, � m = 3 q 63 − 14 = 72y. ��� y = 1. û�: , x = 73 ç
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ýu; (1-24) �4uM�NdGQH�Iuó .
8

α ≥ 4 : ,
§ ��¨ m ≤ α − 1, �u	

O x = 7α · y ≥ 7α > 49(α − 1)2 − 35(α − 1) + 7 ≥ 49m2 − 35m + 7. �Z�8
p = 7 : , ý�; (1-24) O=ð�ò�O=n�NEG�H=I�ó x = 21 q x = 483.8

p ≥ 11 : , rQs x = 1, 2 ¾�J�KEý=; (1-24). é x ≥ 3 J�KEý=; (1-

24), S(x) = S(pα
1 ), rQs�z p1 | x, p1 | S(x) q S2(x) − 5S(x) + p = x, �

	=��� p1 | p q p1 = p. é x = pα · y, S(pα) = pm, r�s����

p2m2 − 5pm + p = pα · y. (1-29)

� α = 1, � m = 1 q y = p− 4. �Z� x = p(p − 4) ý�; (1-24) �2MAN
G�H=I�ó .

6�7
α = 2, 3 ¾AJ�K=ý�; (1-29). � α ≥ 4, � § ��¨ m ≤ α−1,

��	=��� x = pα · y ≥ pα > p2(α− 1)2 − 5p(α− 1) + p ≥ p2m2 − 5pm + p.

�©� 8 p ≥ 11, ��ý�; (1-24) O�ð=ò�OEM�NQGAH�I�ó x = p(p − 4). L � ¥
<�«2}A~9�Z�� .

1.2.8 ²´³ F.Smarandache µd¶¸·+57698
¤ B��u	;: OS(n) <>=+?>@ [1, n] ¢ S(n) ªQo9I���GQH�I n ��N�I ;

ES(n) <A=B?A@ [1, n] ¢ S(n) ªdi�I���GdH�I n ��N�I . B�ùtú [9] ¢ ,

Kenichiro Kashihara ¼=½�C>D�«Z���9�E¯®>�
lim

n−→∞
ES(n)

OS(n)

ç�?A@�B ?
_=` @�B , fE}�ôEGF .

Á��AL�M�¯® , ê�H�I�J�2�O�Ä�]Q^ , ê=ë���	�2�O�KE¨AÅ�O�Á�ý��
���Eù . ÆQÈd��É�Ê-ËZ��ç����EÍQ¿Eý���]9^�L�MtZ® , ï=��¨����EóL

! M�N�OP�Q�R=çA���«Z���9� :

���
1.2.27 ���Q��!=#A% n > 1, S�T�Ô�UV�Ó

ES(n)

OS(n)
= O

(
1

ln n

)

.

v"w
: xdy+WYX+Z\[ ES(n) � �\] .

����� 8
n > 1 : , é n =

pα1
1 pα2

2 · · · pαr
r <^= n �;_*`A��ó/m , r/s¸z���I S(n) ��}tí���À�î��
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é S(n) = S (pαi

i ) = m · pi. � m = 1, r�s S(n) = pi ª�oEI , a�b n = 2.

: M = ln n, ��ç�W�X�O
ES(n) =

∑

k≤n

2|S(k)

1 ≤ 1 +
∑

k≤n

S(k)=S(pα), α≥2

1

≤ 1 +
∑

S(k)≤M

1 +
∑

kpα≤n

αp>M, α≥2

1. (1-30)

¤ B�W�X�����Z�[ (1-30) m9¢���c�d ,
6�7 O

∑

kpα≤n

αp>M, α≥2

1 ≤
∑

kp2≤n

2p>M

1 +
∑

kpα≤n

αp>M, α≥3

1

≤
∑

M
2

<p≤√
n

∑

k≤ n

p2

1 +
∑

pα≤n

αp>M, α≥3

∑

k≤ n
pα

1

�
∑

M
2

<p≤√
n

n

p2
+

∑

pα≤n

αp>M, α≥3

n

pα

� n

ln n
+

∑

p≤√
n

αp>M, α≥p

n

pα
+

∑

p≤√
n

αp>M, 3≤α<p

n

pα

� n

ln n
+
∑

p≤√
n

α>
√

M

n

pα
+

∑

p≤√
n

p>
√

M, α≥3

n

pα

� n

ln n
+

n

2
√

M−1
+

n

M
� n

ln n
. (1-31)

�a� (1-30) m/¢��&4�M;d , W�X+e�Ê�fd��°/��ZY[�ý�� . ���d�
puI p ≤ M , : α(p) =

[
M

p−1

]

, g�R�ç α(p) <>=9¾(g�Å M
p−1 ��h��uH�I .

é u =
∏

p≤M

pα(p). �E�Q��JEK S(k) ≤ M �AG�HQI k, é S(k) = S(pα), �

z S(k) ��}�í�M�}=O pα|M !, Ã�i , α ≤
∞∑

j=1

[
M

pj

]

≤ M

p − 1
. £��©£QOQJ

K S(k) ≤ M �AG�HQI k MQ}�H>a u j5£EOELEÚ k �5NQIQ¾�k�gQÅ u �AG��
I9�ZN=I , g#R=ç d(u). £a�lW�X�O

∑

S(k)≤M

1 ≤
∑

d|u
1 =

∏

p≤M

(1 + α(p)) =
∏

p≤M

(

1 +

[
M

p − 1

])
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= exp




∑

p≤M

ln

(

1 +

[
M

p − 1

])


 , (1-32)

ô�¢ exp(y) = ey.

z¯p�I�}A~9�©n�m=l=m ( n;o©ù�ú [2] � [3])

π(M) =
∑

p≤M

1 =
M

ln M
+ O

(
M

ln2 M

)

�
∑

p≤M

ln p = M + O

(
M

ln M

)

���
∑

p≤M

ln

(

1 +

[
M

p − 1

])

≤
∑

p≤M

ln

(

1 +
M

p − 1

)

=
∑

p≤M

[

ln (p − 1 + M) − ln p − ln

(

1 − 1

p

)]

≤ π(M) · ln(2M) −
∑

p≤M

ln p +
∑

p≤M

1

p

=
M · ln(2M)

ln M
− M + O

(
M

ln M

)

= O

(
M

ln M

)

. (1-33)

§ ��¨ M = ln n, z (1-32) � (1-33) mA>=¦���¨0Z�[=m :

∑

S(k)≤M

1 � exp

(
c · ln n

ln ln n

)

, (1-34)

ô�¢ c ªAM=G�pAI .§ ��¨ exp

(
c · ln n

ln ln n

)

� n

ln n
, ��ç��rq (1-30), (1-31) � (1-34) mA>=¦

�>DsZ�[=m :

ES(n) =
∑

k≤n

2|S(k)

1 = O
( n

ln n

)

.

6�7
OS(n) + ES(n) = n, £a��z � m���� :
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OS(n) = n − ES(n) = n + O
( n

ln n

)

.

Ã�i
ES(n)

OS(n)
=

O
( n

ln n

)

n + O
( n

ln n

) = O

(
1

ln n

)

.

��ç�¥�<�«2}A~9�Z�� .

z �E}A~�W�X�>=¦���¨A���9� :

t�u
1.2.27 ���Q��!=#A% n, S�T�Ô�v>w

lim
n−→∞

ES(n)

OS(n)
= 0.

1.2.9 xAy{z7|9}/÷7~"¶¸·a÷/ø

B�Æ�Ç�Èd¢ , ª�ý��&��@�W�X�� 7 � a(n) <&= n �#�Eý��EI , �=��Í
¿=ý��t���EM���OEÁ���tb��=c=e������E� ` ]Q^9«©M�������=ý���I
��IEý�;a����óQÀ , ï��\�E«r��ý�;EOECuD�Û�FQG�HQI�ó . g0RQç��\�
«����9����� :

���
1.2.28  m �������35% , Þ�ß|���Q��!=#A% k ≥ 2, 354
a(n1) + a(n2) + · · · + a(nk) = m · a(n1 + n2 + · · · + nk)

ÔE)�+�,5.�!=#A%�Õ (n1, n2, · · · , nk).

���
: ÆEùQ}�~d¢=� m

6=7(� O����EÀ , �Q��M�Ød��G�HEI m, �=ý
;�çE?=OECuD�Û�FQG�HQI�ó�çEM=NG�����uZ® . ���=�Q��G�HQI r > 2,

W�Xdû�Ú=�Y����  r ¡0¢��=I ar(n) �¯���=��G�H=I k > 1, ý�; :

ar(n1) + ar(n2) + · · · + ar(nk) = m · ar(n1 + n2 + · · · + nk)

ç�?�MAO���I��r£0¤ ? U V O�WAX��ZY=[�q�W�X�M0¥¦�§AR�¨�]Q^ !
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Smarandache ¬Aó L �E¯®���ô=°�R=±
v�w

: W�X=�=Í�¿=ý��\���=OEÁ���tb��=c=e��0£�¤�©�¥=<E}�~��
�\� . ª(ª��Qý� , LQì�WX�«�¬��®u}=~��E{�p�I�}=~d��£�¤�¯*��°±

:

¬�&®�}Q~ : �9�9MQN�²(�u����iuI 2N ³��^��<�=�< 2N = p1 +

p2

¡ [ 2N = p1 + p2p3, ô�¢ p1, p2, p3 ªA¾�ûA�2p�I .

{Ep�IE}�~ : ����M�N�²��=���2o=I³��+�l<�=�<�{=N�o�p�I�´�q .

g#R=ç 2N + 1 = p1 + p2 + p3, ô�¢ p1, p2 � p3 ª�o=p�I .¤ B*W+X��µ���a�¶� � naN*·tÊA£>¤+©t¥t<\WYX�}d~"�&�{� .

z a(n) ��}�í��aÀ�î 6�7 O a(p1) = p1, a(p1p2) = p1p2, a(n2p) = p,

L=ì p, p1 � p2 ªA¾�ûA�2p�I . z¯� m ª�¥�¸��=ý�I;jZ£+���=é m = µ2, �
��W�X�T�¤ k �2¾�ûl¹�º .

(i).
8

k = 2 : ,
_=`

µ ª�o�I;j2� µ2p ª�o�I;j 2µ2p ª�i�I;j2��çaz
¬�®9}�~�� 8 2µ2p KQ���d:�O 2µ2p = p1 + p2

¡ [ 2µ2p = p1 + p2p3,

ô/¢ p1, p2, p3 ª�¾�û��=puI . �9çu� n1 = p1, n2 = p2

¡ [ n1 = p1,

n2 = p2p3, �AO
µ2a(n1 + n2) = µ2a(2µ2p) = µ2 · 2p = n1 + n2 = a(n1) + a(n2).

z�� p ª����²��=���5p�I , £\� (n1, n2) O=CQDEÛAF . g0»�ý�;=O=CQDEÛ
F=G�H=I�ó (n1, n2). �Z� , }A~9�r£0¤=ç=G�f�� ._9`

µ ªEiuI , � µ2p ªEiuI . û�ÚÌz�¬�&®�}Q~u�9� 8 µ2p Ku�9�
: , O µ2p = p1 + p2

¡ [ µ2p = p1 + p2p3. ��i�O
µ2a(p1 + p2) = µ2a(µ2p) = µ2p = p1 + p2 = a(p1) + a(p2)

¡ [
µ2a(p1 + p2p3) = µ2a(µ2p) = µ2p = p1 + p2p3 = a(p1) + a(p2p3).

g©�9:2ý�;�O�CED�F=G�H=I�ó .

(ii).
8

k = 3 : ,
_E`

µ ª�o�I , � µ2p ª�o�I . ��ç�z¯{Qp=IQ}�~E�
���AK��=�9�©o=p�I p O µ2p = p1 + p2 + p3, � n1 = p1, n2 = p2, n3 = p3,

�AO
µ2a(n1 + n2 + n3) = µ2a(p1 + p2 + p3) = µ2a(µ2p)

= µ2p = p1 + p2 + p3 = a(n1) + a(n2) + a(n3).
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_�`

µ ªQi9I , � µ2p ªQi9I . �9ç"z�¬&(®d}�~9��������K9�����=p
I p O µ2p = 2 + p1 + p2

¡ [ µ2p = 2 + p1 + p2p3. ��i�O
µ2a(2 + p1 + p2) = µ2a(µ2p) = µ2p = 2 + p1 + p2

= a(2) + a(p1) + a(p2)

¡ [
µ2a(2 + p1 + p2p3) = µ2a(µ2p) = µ2p = 2 + p1 + p2p3

= a(2) + a(p1) + a(p2p3).

g©�9:2ý�;QAO�CED�F=G�H=I�ó (n1, n2, n3).

(iii).
8

k > 3 : , W�X���n�m�¹�º�T�¤ :

(a)
_Q`

µ ª�oEI , � µ2p ª�oEI . �Eç 8 k ª�oEI�:&j5�(²�E�d��p
I p, µ2p Q�K��E� , z¯{Qp=IQ}�~ ( �¼ElEmQª;�5é k ≥ 3 ª�o�I , ���E�
²&���t�Ao�IG³Q�A�#<;=Q< k NuoupQI&´�q ) ¾�½9�9¨ µ2p = p1 + p2 +

· · · + pk. ��i�O
µ2a(p1 + p2 + · · · + pk)

= µ2a(µ2p) = µ2p = p1 + p2 + · · · + pk

= a(p1) + a(p2) + · · · + a(pk).

��:�� n1 = p1, n2 = p2, · · · , nk = pk ï § �Ep=I p �E��À�g����Q¨�W�X
�5}A~ ._E`

k ª�i�I , � 8 µ2p K��E��:�ûZÚ�z¯{Qp=IQ}�~��2�¼ElEm -(.
��¨ µ2p = 2 + p1 + p2 + · · · + pk−1. ��çAO

µ2a(2 + p1 + p2 + · · · + pk−1)

= µ2a(µ2p) = µ2p = 2 + p1 + p2 + · · · + pk−1

= a(2) + a(p1) + a(p2) + · · · + a(pk−1).

� n1 = 2, n2 = p1, · · · , nk = pk−1 >E¦��Q¨�}�~���£�¤ . Q�REçP���:
ý�;�¾ 7 O�CED�F=G�H=I�ó (n1, n2, · · · , nk).

(b)
_d`

µ ªui�I , � µ2p Qaªui�I . ��ç 8 k ªui�I�: , �+²����
� µ2p, é µ2p = 3 + p1 + p2 + · · · + pk−1. ��i�O

µ2a(3 + p1 + p2 + · · · + pk−1)
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Smarandache ¬Aó L �E¯®���ô=°�R=±
= µ2a(µ2p) = µ2p = 3 + p1 + p2 + · · · + pk−1

= a(3) + a(p1) + a(p2) + · · · + a(pk−1).

_=`
k ª�o�I , � 8 µ2p K��=�u:2�=é µ2p = 2 + p1 + p2 + · · · + pk−1, �

µ2a(2 + p1 + p2 + · · · + pk−1)

= µ2a(µ2p) = µ2p = 2 + p1 + p2 + · · · + pk−1

= a(2) + a(p1) + a(p2) + · · · + a(pk−1).

Q�R=ç�PA�9:2ý�;dû�Ú�O�CED�F=G�H=I�ó (n1, n2, · · · , nk).

£rq+� � c�m�¹�º�R�¥�<�«2}A~9���>� .

1.3 ¿ÁÀ Smarandache ÂÄÃÆÅÈÇÆÉµÊ
ËsÌ

1.1: Í n > 1 � n 6= 8 Î , Ï�Ó ∑
d|n

1

S(d)
ÑrÐ(Ñ���Ò�ÓA% .

ËsÌ
1.2: ÔGÕ�354

∑

d|n
S(d) = φ(n),

Ð�Ð�Õ�Ö , ×�ØÙ�ÚE354�ÐrÛ�Ô�Ò�ÓA%�Õ , Ü à φ(n) ! Euler- Ý�% .

Ë#Ì
1.3: Þ OS(n) ß�à\á�â [1, n] à S(n) �ã�äaÐrÒ&Ó�ä n Ð�ä�ä ,

ES(n) ß(à>á0â [1, n] à S(n) ��å�ä�Ð�Ò�Ó�ä n Ð�ärä . ÔGÕ(Ýlä OS(n)

Ï ES(n) Ðsæ>ç�Örè .

ËsÌ
1.4: é;êr�rë�Ð�Ò�Ó�ä m, ì�í
a(n1) + a(n2) + · · · + a(nk) = m · a(n1 + n2 + · · · + nk)

!>î�Ô;ï>ð�ñ�ò�Ò(ÓäuÕ . Ü à a(n) ß>à n Ð��Gìó�ä . é+ê0ô�õ�Ò(Ó
ä r > 2, S�T*�÷ö�ÐGø#ù�ú r û�ü�ó0ä ar(n) ø�ý�ô&õ0Ò�Ó�ä k > 1, ì�í

ar(n1) + ar(n2) + · · · + ar(nk) = m · ar(n1 + n2 + · · · + nk)

!(î0þAÔ&ÿ���Ð���� .
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���
	 ��
SL(n) ���

��� � � �
SL(n) ���

������� � ! �"� SL(n) #�$ �&%('*),+�- . /1032 , 465�7 +8 9 : ; #=<1> . ? @ 	,AB6C D�E�F � � SL(n) ���G#IH6JLK�M ��
SL(n) �=�N#IO�P�Q�R&#�S�T %
' . U�V ,

B�C*W*D*XY-*Z [L\ ��
Smarandache ��� SL(n) # -
]^*%_' .

2.1 `ba
c(d

2.1 é�ô&õ�eIf(g n, Smarandache LCM ��� SL(n) h(i"j�kl #�m(n�� k, oI7 n | [1, 2, · · · , k], p�q [1, 2, · · · , k] r"s 1, 2, · · · , k#tk lu�v � .wxy \
SL(n) ���6# -
]z{|
} .~�

2.1 ��ô&õ=��eIf(g n, �
SL(n) = max

1≤i≤k
{pαi

i } . (2-1)

�����
, SL(pα) = pα.~�

2.2 ��ô&õ(�(g p, �
SL(p) = S(p) = p. (2-2)

~�
2.3 � n = 12 �
� n = pα1

1 pα2
2 · · · pαr

r p ���
SL(n) = S(n), S(n) 6= n, (2-3)���

p1, p2, · · · , pr, p ���1�*�
�(��g , � α1, α2, · · · , αr �*�(� p >

pαi

i , i = 1, 2, · · · , r ��eIf(g .

2.2 SL(n) ���������¡ £¢
2.2.1 ¤N¥ SL(n) ¦*§�¨*©,ª¬«G
c�®

2.2.1 ¯ k ≥ 2 °(±1²6��e=fIg , ³Y´��*µ�¶6·6�1¸tg x > 1,
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Smarandache ¹(S"º»# %_' M¼ ^
XI½
�I¾I¿�À Á

∑

n≤x

SL(n) =
π2

12
· x2

ln x
+

k∑

i=2

ci · x2

lni x
+ O

(
x2

lnk+1 x

)

,

�*�
ci (i = 2, 3, · · · , k) °�Â
Ã"Ä"�(Å�g .

Æ U"h(ÇÈ*K_É \ wx #
ÊË

2.2.1 �¶=·6¸_g x > 1, �I¾I¿�À Á
∑

n≤x

SL(n) =
π2

12
· x2

ln x
+ O

(
x2

ln2 x

)

.

c
®
2.2.2 �¶=·�eIf(g n, �I¾I¿�À Á

SL(n!) =

[

2 + O

(
ln n

n

)]n

.

B
C ! h(Ç 2.2.2 #�ÌÍ"Î
Ï
ÐIÑIÒ1Ó�ÔÈ7�Õ
ÊË

2.2.2 � n → ∞ � , �
Ö�×
Á
lim

n→∞
[SL(n!)]

1
n = 2 Ø lim

n→∞
ln(SL(n!))

n
= ln 2.

c
®
2.2.3 �¶=·6¸_g x > 1, �I¾I¿�À Á

∑

n≤x

(SL(n) − P (n))2 =
2

5
· ζ
(

5

2

)

· x
5
2

ln x
+ O

(

x
5
2

ln2 x

)

,

�*�
ζ(s) � Riemann zeta- ÙÚg , P (n) �»� n ��Û»Ü���ÝÚÞ .

cI®
2.2.4 ¶1·
±»²
e"fg k, ß���¶1·�¸�g x > 2, àá��"¾"¿
ÀÁ

∑

n≤x

[SL(n) − S(n)]2 =
2

3
· ζ
(

3

2

)

· x 3
2 ·

k∑

i=1

ci

lni x
+ O

(

x
3
2

lnk+1 x

)

,
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â�ã
ä åæ
SL(n) ç�è

�*�
ζ(s) � Riemann zeta- ÙÚg , ci (i = 1, 2, · · · , k) � Â
Ã"ÄIÅ�g .

c
®
2.2.5 éëê ∑

d|n
SL(d) = n ��ì(í�*î�ï�eIf(g�ð n = 1, 28.

cI®
2.2.6 é�ê ∑

d|n
S(d) =

∑

d|n
SL(d) �»ñ6×Iò
ïð , ó � � n = 1,

2αp1p2 · · · pk,
�3�

k � ¶6·e=fIg , α = 0, 1 � 2, ì 2 < p1 < · · · < pk�ô �tõ��ë���(g .

2.2.2 ¤N¥ SL(n!) ¦*§Nö�¨ ÷bø
ù ®

2.2.1 �¶=·�eIf(g n > 1 ú"� n = pα1
1 pα2

2 ...pαk

k ° n ��û=ü�óðÁ�� , �6ý�þ=Á
SL(n) = max

1≤i≤k
{pαi

i }. (2-4)

ÿ��
: ������� [4].

ù ®
2.2.2 � µ�¶»·(±=²»�ë�
g p ØIe�f
g n ≥ 1, �
	 n � p ��(��»Á�° n = a1p

α1 + a2p
α2 + · · · + asp

αs ì αs > αs−1 > · · · > α1 ≥ 0,
�

�
1 ≤ ai ≤ p − 1 (i = 1, 2, · · · , s), �¯ a(n, p) =

s∑

i=1

ai ���6ý�þ=Á

αp(n) = α(n) =
+∞∑

i=1

[
n

pi

]

=
1

p − 1
(n − a(n, p)),

�*�
[x] �»������� x ��Û»ÜteIf(g .

ÿ��
: � [x] # |
} È��
[

n

pi

]

=

[
a1p

α1 + a2p
α2 + · · · + asp

αs

pi

]

=







s∑

j=k

ajp
αj−i, �I> αk−1 < i ≤ αk

0, �I> i ≥ αs.
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XI½
� U �
α(n) ≡

+∞∑

i=1

[
n

pi

]

=
+∞∑

i=1

[
a1p

α1 + a2p
α2 + · · · + asp

αs

pi

]

=
s∑

j=1

αj∑

k=1

ajp
αj−k =

s∑

j=1

aj(1 + p + p2 + · · · + pαj−1)

=
s∑

j=1

aj ·
pαj − 1

p − 1
=

1

p − 1

s∑

j=1

(ajp
αj − aj)

=
1

p − 1
(n − a(n, p)).

� Ç 2.2.2 7�� .c
®
2.2.7 �¶=·�eIf(g n, �I¾I¿�À Á

SL(n!) =

[

2 + O

(
ln n

n

)]n

.

ÿ��
: � n! = pα1

1 pα2
2 ...pαk

k j n! #����
� ��! 9 S=Î . � � Ç 2.2.2,�
SL(n!) = max

1≤i≤k
{pαi

i } = pα.

U=V ,
! æ�"
# y h #$��è p M1mn=è n, �=> n = a1p

α1 + a2p
α2 + · · · +

asp
αs % αs > αs−1 > · · · > α1 ≥ 0, ¼ A 1 ≤ ai ≤ p − 1 (i = 1, 2, · · · , s),&(�
a(n, p) =

∞∑

i=1

ai. � � Ç 2.2.2 M���� [5],
�

αp(n) ≡ α(n) ≡
∞∑

i=1

[
n

pi

]

=
1

p − 1
(n − a(n, p)). (2-5)

� æ (2-5) Î�'6Ð)(+*,�- -/. � Ó10 , �=j32 � n�è k 4 5 pk ≤ n <

pk+1, p16ITIÎ (2-5) Ô17"j
α =

∞∑

i=1

[
n

pi

]

=
s∑

i=1

[
n

pi

]

,

8 � (2-4) Î(M (2-5) Î
È��
SL(n!) = pα = p

n−a(n,p)
p−1 = e

n−a(n,p)
p−1

ln p.
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�9��� [6] 7
s∑

i=1

[
n

pi

]

<
s∑

i=1

n

pi
=

n

p − 1
,

: �9��� [5]
�

α(n) =
1

p − 1
(n − a(n, p)),

4 %
a(n, p) ≤ p

ln p
ln n,

; K a(n, p)

p − 1
= O

(
ln n

ln p

)

.
8 � � Ç 2.2.2 7

α(n, p) = α(p) =
s∑

i=1

[
n

pi

]

=
n

p − 1
+ O

(
ln n

ln p

)

,

< V ,
!�= ->.

αi H �
αi = α(pi) =

n

pi − 1
+ O

(
ln n

ln pi

)

,

pαi

i = p
n

pi−1
+O

(
ln n
ln pi

)

i ,?
pαi

i = e
n ln pi
pi−1

+O(ln n)
.@ # Õ , A pi < pj B �

ln pi

pi − 1
<

ln pj

pj − 1
.

C�D ?�,�Î A , A pi = 2 B , 2α(2) = 2n+O( ln n
ln 2

) k�E .
@ # Õ+A x F l B�

2x = 1 + O(x).
æ -)�9,�G1��HtÈ7

SL(n!) = max
2≤p≤n

pα(p)

= 2α(2) = 2
n

2−1
+O( ln n

ln 2 )

= 2n+O(lnn)

=
[

2 · 2O( ln n
n )
]n
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=

[

2 + O

(
ln n

n

)]n

.

æ -�I17 + h(Ç6#J��H .B
C ! h(Ç 2.2.7 #�ÌÍ"Î
Ï
ÐIÑIÒ1Ó�ÔÈ7�Õ
ÊË

2.2.7 � n → ∞ � , �
Ö�×
Á
lim

n→∞
[SL(n!)]

1
n = 2 Ø lim

n→∞
ln(SL(n!))

n
= ln 2.

2.2.3 ¤N¥ lnSL(n) ¦*§�¨ K&ö
ù ®

2.2.3 �"¶6·e=fIg n > 1, L n = pα1
1 pα2

2 · · · pαs
s � � n ��û6üó�ð6Á , �3	 α1 ≥ 2, α2 ≥ 2, · · ·αs ≥ 2, àá6ß�MN1O*� n °
ñP=é*ÝtÞg . L A2(x) �»������� x �ëñ1P�é ÝÚÞ�g ��QJR , ßë�I¾I¿�À Á

A2(x) =
ζ(3

2)

ζ(3)
x

1
2 +

ζ(2
3)

ζ(2)
x

1
3 + O

(

x
1
6 exp

(

−C log
3
5 x(log log x)−

1
5

))

,(2-6)

�*�
C > 0 � Å�g .

ù ®
2.2.4 p � ¶=·(�(g , k � ¶=·�eIf(g . ßë�¶=·6¸_g x ≥ 1, àá�I¾I¿�À Á

∑

pk≤x

(p, k)=1

ln p = x ln x + O (x) .

ÿ��
: S�T�
è�h(Ç6#�U . � V #�WIÎ ,

B
C �
∑

k≤x

ln p

p
= ln x + O (1) ,

∑

k≤x

ln p = x + O
( x

ln x

)

0
∑

k≤x

ln p

p2
= D + O

(
1

ln x

)

,
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â�ã
ä åæ
SL(n) ç�è

¼ A D -
È1X�Y #ëm1Z(è .

�9,�G
ÌÍ u Î
È7
∑

pk≤x

(p, k)=1

ln p =
∑

p≤x

ln p
∑

k≤x
p

(p, k)=1

1

=
∑

p≤x

ln p

(
x

p
− x

p2
+ O (1)

)

= x
∑

p≤x

ln p

p
− x

∑

p≤x

ln p

p2
+ O




∑

p≤x

ln p





= x ln x + O (x) .

pIÔ1I17 + � Ç 2.2.4 #J��H .

c
®
2.2.8 �¶=·6¸_g x > 1, à(á�I¾I¿�À Á

∑

n≤x

ln SL(n) = x ln x + O (x) .

ÿ[�
: \ U(n) =

∑

n≤x

ln SL(n). ]�^ B6C _ ` X U(n) #�,�a . b
(�, , ST F.Smarandache LCM ç�è SL(n) #(hIi � :

! "
# mn=è n,

SL(n) ≤ n 0 ln SL(n) ≤ ln n,
æ - �

∑

n≤x

ln SL(n) ≤
∑

n≤x

ln n.

S�T Euler Ñ�0 u Î ,
B
C1c ? 7�Õ

U(n) ≤
∑

n≤x

ln n = x ln x − x + O (ln x) = x ln x + O (x) . (2-7)

d ? BNCe_e` X U(n) # w a .
! "f# mGnLè n > 1, \ n =

pα1
1 pα2

2 · · · pαs
s r s n #��3� 9 S Î ,

B»C/g
[1, n]

9 71Ï ./h/i A 0 B.

A r"s [1, n]
A 4�5 αi ≥ 2 (i = 1, 2, · · · , s) # ;I� m(n�è n.

? Ô- , A
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r»s [1, n]

A # ;"� square-full è ; B r»s n ∈ [1, n]
A �j æ�h�i

A #ë¼k m�nIè n.
æ -
È7

U(n) =
∑

n≤x

n∈A

ln SL(n) +
∑

n≤x

n∈B

ln SL(n).

� � Ç 2.2.3 M h1i A #ëh(i ,
B
C �

∑

n≤x

n∈A

ln SL(n) ≤
∑

n≤x

n∈A

ln n ≤
∑

n≤x

n∈A

ln x = ln x
∑

n≤x

n∈A

1

= ln x · A2(x) �
√

x ln x. (2-8)

d ? B
C1_1` X h1i B ,6#J0�Î .

� æ SL(n)=max{pα1
1 , pα2

2 , · · · , pαs
s },

; K ! "l# n ∈ B,
- hm ? -�. �*è p 4)5 p|n % p2 † n. �"U , SnT SL(n) ç»è&#1h�i ,
B*C�

SL(np) ≥ p. � U B
C1c ? È7
∑

n≤x

n∈B

ln SL(n) =
∑

np≤x

(n, p)=1

ln SL(np) ≥
∑

np≤x

(n, p)=1

ln p. (2-9)

� � Ç 2.2.4 M (2-9)
�

∑

n≤x

n∈B

ln SL(n) ≥ x ln x + O (x) . (2-10)

< i (2-7) 0 (2-10)
B
C1c ? 7�Õ�ÌÍ u Î
∑

n≤x

ln SL(n) = x ln x + O (x) .

pIÔ1I17 + h(Ç6#J��H .

� U"h(Ç B
Co È*KÚ7�Õ wx #�ÌÍ u Î ,
? Ô�- :ÊË

2.2.8 �¶=·6¸_g x > 1, à(á�I¾I¿�À Á
∑

n≤x

ln S(n) = x ln x + O(x),

�*�
S(n) �»� Smarandache ÙÚg .
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â�ã
ä åæ
SL(n) ç�è

2.2.4 ¤N¥ SL(n) ¦*§�¨ prq
st 0�Î

∑

d|n

1

SL(d)
, (2-11)

¼ A ∑
d|n
rYs ! n # ;*� m[��!*Ñ�0 ,

B�C+u d ")v�- . m6n�è n >

1 % n 6= 36 w ��x o (2-11) Î�7"j�nIè .
æ - B
C[�\ K w :

y
z {
n = 1, 36 | , }(��¶�~ �/� e"fg n, �� (2-11) Á$�1°��ï(f(g .? o �/x �+H k ,

B�C
� D $�"p .���� -=m1��# . @
�*#$� ;��#�- 0»2 p .Y%Ú' , 4 % �nH ! æI-] O�P�#�m(n�è n, p .���� -�m>�# .
? ; ��H wx #c=®

2.2.9 ¯ n = pα1
1 pα2

2 · · · pαr
r � n �
û�üIó»ð*Á ( N3� p1 < p2 <

· · · < pr). ��	 α1 = 1, ß>�3����� � e1�6� .

ÿ��
:
! æ1"�# m
n"è n > 1, � n = pα1

1 pα2
2 · · · pαs

s j n #���� 9 SÎ , ���S�T SL(n) # |
} �
SL(n) = max{pα1

1 , pα2
2 , · · · , pαr

r }. (2-12)

d ?� α1 = 1 % n 415
∑

d|n

1

SL(d)
= m - ->. m�nIè .

� n = p1 · n1, �� @ # Õ ! "�# d|n1
% d > 1, SL(p1 · d) = SL(d),

�
m =

∑

d|n

1

SL(d)
=
∑

d|n1

1

SL(d)
+
∑

d|n1

1

SL(p1 · d)

=
∑

d|n1

1

SL(d)
+
∑

d|n1

1

SL(d)
+

1

p1
− 1 =

∑

d|n1

2

SL(d)
+

1

p1
− 1,

� �
n1 · m =

∑

d|n1

n1

SL(d)
+

n1 · (1 − p1)

p1
. (2-13)
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CD ! æ�"
#

d|n1,
n1

SL(d)
0 n1 · m -In=è , �3- n1 · (1 − p1)

p1

� -In=è ,�
(2-13) �>� .

æ - , �I> α1 = 1,
�1� m$� .

c®
2.2.10 �I¶»·
f
g n > 1, �
	 SL(n) � ��ï
�
g , ß��/�I���

� � e1�6� .

ÿ[�
: � n = pα1

1 pα2
2 · · · pαs

s j n #���� 9 S*Î . ��> SL(n) - -/.
�1è ,

&
SL(n) = ps 0 αs = 1. � n = pα1

1 pα2
2 · · · ps = n1 · ps.

æ -/�> (2-11) - ->. nIè m, �� @ # Õ ! "�# d|n1 � SL(ps · d) = ps,
�

m =
∑

d|n

1

SL(d)
=
∑

d|n1

1

SL(d)
+
∑

d|n1

1

SL(ps · d)

=
∑

d|n1

1

SL(d)
+
∑

d|n1

1

ps

=
∑

d|n1

1

SL(d)
+

d(n1)

ps

, (2-14)

p"q d(n1) r=s n1 # Dirichlet ��è ç�è .
C�D ! "�#

d|n1,
�

(SL(d), ps) =

1.
æ - Æ (2-14) È7

ps | d(n1) = (α1 + 1)(α2 + 1) · · · (αs−1 + 1).

�� ->�I|
, �� ps | αi+1, 1 ≤ i ≤ s−1. U B � αi+1 ≥ ps

�
αi ≥ ps−1.

��-
?Ip��� ¡ w � pαi

i ≥ pps−1
i ≥ (1 + 1)ps−1 > ps,

�
SL(n) = ps ��� .æ -
Ô���H + h(Ç 2.2.10.

c®
2.2.11 ¯ p � ��ï
�
g"ì α °ë¶»·(e�f
g . �
	 n = pα, ß��/����� � e1�6� .

ÿ��
: � p - ->. �
è % n = pα. �� �
∑

d|n

1

SL(d)
=

α∑

i=0

1

SL(pi)
= 1 +

1

p
+

1

p2
+ · · · + 1

pα

=
1 + p + p2 + · · · + pα

pα
. (2-15)

��j (pα, 1 + p + p2 + · · · pα
)

= 1,
æ - (2-15) - -�. n�è- � È x # .

æ
-�I17 + h(Ç6#J��H .Æ h(Ç 2.2.11 È7 \ w / #
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â�ã
ä åæ
SL(n) ç�è

Ê1Ë
2.2.11 ��	 n °"ñ/P é�Ý�Þ"g ( ¢ n > 1, ì=�1¶3~��=g p|n

=⇒ p2 † n), ß>�3����� � e1�6� .

2.2.5 £¥¤ ∑
d|n

S(d) =
∑

d|n

SL(d) ¨l¦+§f¨

@ l �6#�� ;e� #�-�©�ª1«ITQ�¬ 0=2 Q
R
∑

d|n
S(d) =

∑

d|n
SL(d) (2-16)

#�È
S |*%_' , 7�Õ +� Q
R # ;� m�nIè
S , 4 y \� Q
RS #�ÌÍ uÎ .
? Ô�- wx #
c�®

2.2.12 é(ê ∑
d|n

S(d) =
∑

d|n
SL(d) �1ñ ®�òïe=fIg»ð , ó �

� n = 1, 2αp1p2 · · · pk,
�Y�

k � ¶1·
e"fg , α = 0, 1 � 2, ì 2 < p1 <

· · · < pk �ô �tõ��ë���(g .

ÿ)�
: b/(, , � S(n) 0 SL(n) #
h�i=È3� n = 1 -"Q"R (2-16) #�S .

�=> n > 1, n = pα1
1 pα2

2 · · · pαk

k ( p1 < p2 < · · · < pk) - n #¯�� 9 S»Î .& � S(n) 0 SL(n) #ëh(i
M |
} ,
�

S(n) = max{S(pα1
1 ), S( pα2

2 ) · · · , S(pαk

k )} = S(pαi

i ) ≤ αipi

0
SL(n) = max{pα1

1 , pα2
2 , · · · , pαk

k } = p
αj

j ,C)D �
p

αj

j ≥ pαi

i ≥ αipi. �=U ,
! "l# m�n3è n > 1,

�n° � n =

2αpα1
1 pα2

2 · · · pαk

k (2 < p1 < · · · < pk),
w6x D ;6�

n > 1
9 j�K w/± �

 �¡ _1²�³
(1) A α = 0, 1,

(a) �Y> α1 = α2 = · · · = αk = 1.
o Ô+-)´ , n = p1p2 · · · pk�

n = 2p1p2 · · · pk,
&»!

n # " # �1! d,
�

S(d) = SL(d), U B Q1R (2-

16) 7 c .

(b) ��>1µ �
� -�. αi ≥ 2,
&
�

S(pαi

i ) ≤ αipi, SL(pαi

i ) = pαi

i .
C1D

Q
R (2-16) U B � 7 c .
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(2) A α = 2, α1 = α2 = · · · = αk = 1,

(c) �I> p1 = 3,
?

n = 4 · 3n1 ( 12 † n1 ),
&(�

∑

d|n
S(d)

=
∑

d|n1

S(d) +
∑

d|n1

S(2d) +
∑

d|n1

S(4d) +
∑

d|n1

S(3d) +
∑

d|n1

S(6d) +
∑

d|n1

S(12d)

=
∑

d|n1

S(d) +



2 − 1 +
∑

d|n1

S(d)



 +



4 − 1 +
∑

d|n1

S(d)



+



3 − 1 +
∑

d|n1

S(d)



 +



3 − 1 +
∑

d|n1

S(d)



+



4 − 1 +
∑

d|n1

S(d)





= 11 + 6
∑

d|n1

S(d),

V ÇIÈI7 ∑
d|n

SL(d) = 11 + 6
∑

d|n1

SL(d),
; K � ∑

d|n1

S(d) =
∑

d|n1

SL(d). Q
R (2-16) U B 7 c .

(d) � > p1 > 3,
?

n = 4 · n1 ( 4 † n1 ),
� ∑

d|n
S(d) = 4 +

3
∑

d|n1

S(d) 0 ∑
d|n

SL(d) = 4 + 3
∑

d|n1

SL(d), U B Q
R (2-16) 7 c .

(3) A α ≥ 3 B ,
& ?�Q6R (2-16) Ï6Ð m ? ! ¶ · 4 5 S(2α) ≤ 2α,

SL(2α) = 2α > 2α, U B Q
R (2-16)
� 7 c .¸ , ; G , Q*R (2-16)

�)¹»ºl¼ . m nYè*S : n = 1, 2αp1p2 · · · pk

(α = 0, 1
� �

2 ), ¼ A 2 < p1 < · · · < pk - � $ V #¯�Iè . p"ÔI7 +h(Ç6#J��H .

2.3 ½¿¾ SL(n) �����ÁÀÃÂÅÄ
ÆÈÇ

2.1: � n > 1 ì n 6= 36 �"úÊÉ»Á ∑
d|n

1

SL(d)
��Â3Ë(°ëeIf(g .

Æ�Ç
2.2: Ì�Í"é(ê ∑

d|n
SL(d) = φ(n) �(Â�ð
ÎYú�Ï�Ð3Ñ�Ò1é(ê��

Ó �IeIf(g�ð .
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â ± ä
Smarandache

!�Ô ç�è S∗(n)

� Õ �
Smarandache ÖØ× ÙÃÚ S∗(n)

Smarandache ç*èÜÛ Ý Ô ç*è S∗(n) -¥ÞlßfàáZ»â¥ãÜÛ�È¥ä�çè ,
k �

Smarandache ç6è S(n) å»F ¼ ßlæÅÛ/ç+è . é ä �+ãlê�ëì
Smarandache Ý Ô ç�è�Û¯Þ�íâã3î ³ , ï�ð)ë ì å�æ1ñ ç�è�Û¯Þ�íònóõô

. ö�í1â1ã>÷
ø>7�ù>Ý�ú�û1ü�ý$ö�í ò Û óõô å�F1E�Û�þ>ÿ .

3.1 ���
���

3.1 ���
	����� n, ����� Smarandache Ý������ S∗(n) �������� Û! #"�� m $&% m!|n, ' S∗(n) = max{m : m!|n, m ∈ N}.
���

3.2 ����	(���� n, S∗∗(n) )�*�+�,.- 2†n / , S∗∗(n) +�0�1&�
��(� 2m−1 2&3 (2m−1)!! | n 45- 2 | n / , S∗∗(n) +(0�1��6��(� 2m 2
3 (2m)!! | n.

7&8 ê ë(�9� S∗(n) Û;:1é�ç�è
<&=

3.1 - n +�>!�
/ , S∗(n) = 1, - n +!?��
/ , S∗(n) ≥ 2.

<&=
3.2 �&�@	@�6��(� k, A(B&C

S∗ ((2k − 1)!(2k + 1)!) = q − 1,

DFE
k G�H�I#��(� , q G�J5K 2k + 1 �#L(H�I(M(� .

<&=
3.3 - Re(s) > 1 /NC5O�P@Q

∞∑

n=1

S∗(n)

ns
= ζ(s) ·

∞∑

n=1

1

(n!)s
,

DFE
ζ(s) =

∞∑

n=1

1

ns
G Riemann zeta- �9� .

<&=
3.4 R�S�TU� S∗(n) �(V6W�C�X�Y#Z.Q

∑

n≤x

S∗(n) = (e − 1)x + O

(
ln2 x

(ln ln x)2

)

.

39



Smarandache [>ü�ý3Û óõô&\&]�ò�^�_
]
`

e = 2.718281828459 · · ·
��a � .

3.2 Smarandache bdcfehg S∗(n) ikjmlonqp

é@r�ê)ë ì Smarandache Ý@�
�#� S∗(n) Û$Þí�s�t
çè , u \�v�wñ �9��Û�Þ�í(x�y�z�{ ÛJü Û óõô .

3.2.1 |~} Smarandache ���h�F� S∗(n) �F�������
���

3.2.1 �&�@	5��� s > 1 ��C
∞∑

n=1

(S∗(n))k

ns
= ζ(s) ·

∞∑

n=1

nk − (n − 1)k

(n!)s

�
∞∑

n=1

1

S∗(n)ns
= ζ(s) ·

(

1 −
∞∑

n=1

1

n(n + 1)((n + 1)!)s

)

,

DFE
ζ(s) =

∞∑

n=1

1

ns
G Riemann zeta- �9� .

�����
ζ(2) =

π2

6
, �

lim
s→1

(s − 1)ζ(s) = 1,
∞∑

n=1

1

n!
= e − 1,

1

ζ(s)
=

∞∑

n=1

µ(n)

ns
,

]
`
µ(n) � Möbius �9� . �U�(� 3.2.1, �FuU% � 7&8 Û
�&�

3.2.1 �&�@	#��(� n, C
∑

d|n
µ(d)S∗

(n

d

)

=

{

1, ��� n = m!, m G���(� ;

0, �&� .

�
∞∑

n=1

S∗(n)

n2
=

π2

6
·

∞∑

n=1

1

(n!)2
.
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Smarandache ¢����9� S∗(n)

�&�
3.2.2

lim
s→1

(s − 1) ·
( ∞∑

n=1

S∗(n)

ns

)

= e − 1,

DFE
e = 2.718281828459 · · · G�£9� .

�N��� 3.2.1 ¤ Perron’s ¥&¦ ( §.¨9©&ª [7]
`&« ��� 6.5.2), ¬&��uN%�

S∗(n) s�t «N&® ¥�¦ . ¯��(°&±�²&z�³ , ���&% �(´�µ «;¶�· , '
���

3.2.2 �&�@	5��� x > 1, C�X�Y#Z.Q
∑

n≤x

S∗(n) = (e − 1)x + O

(
ln2 x

(ln ln x)2

)

.

���
3.2.3 �5S6�@	5��� s > 1, ¸�¹�º��

∞∑

n=1

S∗∗(n)

ns

G�»�¼5� , ½
∞∑

n=1

S∗∗(n)

ns
= ζ(s)

(

1 − 1

2s

)(

1 +
∞∑

m=1

2

((2m + 1)!!)s

)

+ζ(s)
∞∑

m=1

2

((2m)!!)s
,

DFE
ζ(s) G Riemann zeta- TU� .

¾
s = 2, 4 ¿ , À5'9% �
�&�

3.2.3

∞∑

n=1

S∗∗(n)

n2
=

π2

4

∞∑

m=1

1

((2m + 1)!!)2
+

π2

3

∞∑

m=1

1

((2m)!!)2
+

π2

8
,

∞∑

n=1

S∗∗(n)

n4
=

π4

48

∞∑

m=1

1

((2m + 1)!!)4
+

π4

45

∞∑

m=1

1

((2m)!!)4
+

π4

96
.

���
3.2.4 �&�@	#��(� n, Á!Â

∑

d|n
S∗(d) = n. (3-1)
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C�½(Ç&C n = 1, 12 È9I#��(��É .

���
3.2.5 Á!Â ∑

d|n
S∗(d) = ω(n)Ω(n) C�½(Ç&C
Ê#Ë#Ì#Í�Î�Q��9É

1. n = pα
1 p2 Ï�Ð n = p1p

β
2 .
DFE

2 < p1 < p2, α ≥ 1, β ≥ 1

2. n = p2
1p2p3 Ï�Ð n = p1p

2
2p3 Ï�Ð n = p1p2p

2
3

3. n = p1p2p3p4,
DFE

p1 < p2 < p3 < p4 +�>#M(� .

3.2.2 Ñ�Ò ∑
d|n

S∗(d) = n ��ÓÕÔ×Ö

ØÚÙ&Û�Ü�Ý&Þ °&±�²&z�³�ß@à�á;z�{
∑

d|n
S∗(d) = n.

« ��Ã@â , ã�ä�å�á9æ�ç�è�z�{ «!é Û  &"@��Ã . ê�¢@ë�ì�ß5à Û�í ¢
���9� S∗(n)

«6ÆFÄ�Å&î&ï á;ð&ñ Û ° « z�³&¤@ò#ó .

���
3.2.6 Á!Â

∑

d|n
S∗(d) = n. (3-2)

C�½(Ç&C n = 1, 12 È9I#��(��É .

ô.õ
: ö@÷#ø�ù n = 1 æ�ç�z&{ (3-2). ú�û�ü@� n > 1 ý&æ�ç (3-2) ¦ ,7&8 ñ&þ�ÿ����������

(i) n = 2k + 1
�	� � , 
5¿6¢�� � d|n �� Û 2! �("�� n,

é u S∗(d) =

1.
¾

n > 1 ý�æ&ç (3-2) ¦�¿�� Û
n =

∑

d|n
S∗(d) =

∑

d|n
1 = d(n), (3-3)

]
`
d(n) ��� Dirichlet �!���9� . ¯�� ¾ n ≥ 3 ¿ Û n > d(n), (3-3) ¦���

������À « ,
é uUz�{ (3-2) � Û ��� 1

« � ��Ã .

(ii) n = 2 ·m, m
�	� � . ö�÷�ø&ù m = 1, 3, 5 ¿ n �(æ&ç (3-3) ¦ .

�
����ü�� m ≥ 7. � 3 † m ý�æ&ç (3-3) ¦�¿�� Û

n = 2m =
∑

d|n
S∗(d) =

∑

d|m
S∗(d) +

∑

d|m
S∗(2d)
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=
∑

d|m
1 +

∑

d|m
2 = 3d(m).

' 2m = 3d(m), ¯ ¾ m ≥ 7 ¿9ö�÷�ø&ù 2m > 3d(m), 
5¿9²�¦�����À .� 3|m ý n = 2m æ&ç (3-3) ¦ , �
n = 2m = 6 · m

3
=
∑

d|n
S∗(d) =

∑

d|m
S∗(d) +

∑

d|m
S∗(2d)

=
∑

d|m
1 +

∑

d|m
3

S∗(6d) +
∑

d|m
3

S∗(2d)

≤ d(m) +
∑

d|m
3

3 + 3d
(m

3

)

= d(m) + 6d
(m

3

)

.

'
2m =

m

2
+

9

2
· m

3
≤ d(m) + 6d

(m

3

)

.


�¦ ¾�� � m

3

���
3 ¿��������À . � ¾ m

3
= 3 ' n = 18 ¿ , �����&ø&ù

∑

d|18
S∗(d) = S∗(1) + S∗(2) + S∗(3) + S∗(6) + S∗(9) + S∗(18)

= 1 + 2 + 1 + 3 + 1 + 2 = 10,


5¿ (3-3) ¦�����À .
é u	� n = 2 · m (m

�	� � ), �&��z�{ (3-2)
« Ã .

(iii) n = 22 ·m, m
�	� � . ö�÷�ø&ù m = 1 ¿ n = 4 �(æ&ç (3-3) ¦ . �¾

m = 3 ' n = 12 ¿ ,
Û

∑

d|12
S∗(d) = S∗(1) + S∗(2) + S∗(3) + S∗(4) + S∗(6) + S∗(12)

= 1 + 2 + 1 + 2 + 3 + 3 = 12,� 
 n = 12 æ�ç5z�{ (3-2). � m > 3, � ¾ 3|m ¿ Û m ≥ 9, 
�¿�� n æ
ç (3-3), �

n = 22m =
∑

d|n
S∗(d) =

∑

d|m
S∗(d) +

∑

d|m
S∗(2d) +

∑

d|m
S∗(4d)

=
∑

d|m
1 +

∑

d|m
3

S∗(6d) +
∑

d|m
3

S∗(2d) +
∑

d|m
3

S∗(12d) +
∑

d|m
3

S∗(6d)

≤ d(m) + 4
∑

d|m
3

3 = d(m) + 12d
(m

3

)

,

43



Smarandache [(Ã! «�Ä�Å&\&]�Æ�^�_
'

4m = m + 9 · m

3
≤ d(m) + 12d

(m

3

)

,

"$# ��� ��� « â$%
ö�÷@ø.ù&
F¦ ¾�� � m

3
> 3 ¿!�5�(')�5À . �¾ m

3
= 3 ' n = 36 ¿ ,

Û
∑

d|36
S∗(d) = S∗(1) + S∗(2) + S∗(3) + S∗(4) + S∗(6) + S∗(12) + S∗(9)

+S∗(18) + S∗(36)

= 1 + 2 + 1 + 2 + 3 + 3 + 1 + 3 + 3 = 19 6= 36.

¾
n = 22 · m, m

�	� �&ý 3 † m ¿ , � n æ&ç (3-3) ¦ , �*� Û
n = 4m =

∑

d|n
S∗(d) =

∑

d|m
S∗(d) +

∑

d|m
S∗(2d) +

∑

d|m
S∗(4d)

=
∑

d|m
1 +

∑

d|m
2 +

∑

d|m
2 = 5d(m),

¯ 4m = 5d(m) ������À « .
é u	� ¾ n = 22·m, m

�	� ��¿,+ Û n = 12 æ
ç (3-3) ¦ .

(iv) n = 2α · m, m
�	� � , α ≥ 3. 
5¿�� m = 1, � n = 2α, ê5¿

n = 2α =
∑

d|2α

S∗(d) = 1 +
∑

d|2α−1

S∗(2d)

= 1 + 2d(2α−1) = 2α + 1 6= 2α.

¾
m = 3 ¿ Û

n = 2α3 =
∑

d|2α3

S∗(d) =
∑

d|2α

S∗(d) +
∑

d|2α

S∗(3d)

= 2α + 1 + 1 + 3
∑

d|2α

1 − 3 = 1 + 2d(2α−1) = 3α + 2,

�� 2α3 6= 3α + 2.
� 
 n = 2α3 �(æ&ç (3-3) ¦ . ú&û��*-�.

S∗(n) = S∗(2αm) = u,

]
` � � m > 3.
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� u = 2, � ¾ n æ&ç (3-3) ¦�¿�� Û
n = 2αm =

∑

d|n
S∗(d) =

∑

d|m
S∗(d) +

∑

d|n
2

S∗(2d)

=
∑

d|m
1 +

∑

d|n
2

2 = d(m) + d
(n

2

)

.

' 2αm = d(m) + d
(
2α−1m

)
. ¯ ¾ m > 3 ¿

2αm > d(m) + d
(
2α−1m

)
.

� u = 3, � 3|m.
� � ¾ n æ&ç (3-3) ¦�¿ Û

n = 2αm =
∑

d|n
S∗(d) =

∑

d|m
S∗(d) +

∑

d|n
2

S∗(2d)

≤
∑

d|m
1 +

∑

d|n
6

3 +
∑

d|n
6

3 = d(m) + 6d
(n

6

)

.

' 2αm ≤ d(m) + 6d
(n

6

)

. ¯ ¾ m ≥ 3 ¿
n = 2αm > d(m) + 6d

(n

6

)

.

� u ≥ 4, � 3|m. � � u!|n = 2αm,
é u

α ≥
∞∑

i=1

[ u

2i

]

. (3-4)

� � ¾ u = 4 ý n æ&ç (3-3) ¦�¿�� Û
n = 2αm =

∑

d|n
S∗(d) =

α∑

i=0

∑

d|m
S∗(2id)

≤
∑

d|m
1 +

∑

d|m
3 + (α − 1)

∑

d|m
4

≤ 4d(m) + 4(α − 1)d(m),

' 2αm ≤ 4αd(m). ¯ ¾ α ≥ 3, m > 3 ¿6ê�/���²�¦&������À « .
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¾

u ≥ 5 ¿ , /�� Û 3|m
\

5|m, ' � � m ≥ 15, 
5¿9ö�÷10
å
15d(m) ≤ 4m. (3-5)

� � ¾ n æ&ç (3-3) ¦�¿�� Û
n = 2αm =

∑

d|n
S∗(d) =

α∑

i=0

∑

d|m
S∗(2id)

≤
∑

d|m
1 +

∑

d|m
3 + (α − 1)

∑

d|m
u

≤ 4d(m) + u(α − 1)d(m) ≤ (uα − 1)d(m).

'
2αm ≤ (uα − 1)d(m).

� (3-4) ¦�2
α ≥ u − 1

2
+

u − 1

4
=

3u − 3

4
.� ��314�5�¦ \ (3-5) ¦��&%

2α15 ≤ 4(uα − 1) ≤ 4

[

α

(
4α

3
+ 1

)

− 1

]

.

¯ ¾ α ≥ 3 ¿6ê�/���²�¦&������À « .314�u65&7Nÿ�����8�9��.á9�(� « ù;: .

3.2.3 Ñ�Ò ∑
d|n

S∗(d) = φ(n) ��ÓÕÔ×Ö

û!<�=�r , ë�ì@$�°�±@²�z�³�ß5à
á 7�8 �#��z�{ « ��Ã@â . '	>
z�{

∑

d|n
S∗(d) = φ(n). (3-6)

«9é Û  �"���Ã ,
]�`

S∗(n) = max{m : m ∈ N, m!|n}. ���?�û�@BAC*D  &"@� n $�% ∑
d|n

S∗(d) < φ(n), E)F ¾ n = pα
��G ��z�HF¿)�18 Û
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!�&²�¦��&À . I�J , ¬�?�û!/�K� ("�� n $�% ∑
d|n

S∗(d) > φ(n). L!M Û
C	N  #"�� n $&% (3-6) ¦���À ? O�P�Q�R&¬�8�� 7&8 «�S
�&�

3.2.7 ����	(���� n, Á�Â ∑
d|n

S∗(d) = φ(n) T�U�-�½�Ç�- n =

1, 3, 14, 84.

ô5õ
: ë�ì�V n ñ �	W ÿ���������� S

(1) n �!',X 2 "�� .

¢ � ��� S∗(n) = max{m : m ∈ N, m!|n}, ë�ìZYÕö�÷&0 å¾
n
��� ��¿ Û S∗(n) = 1, ê�¿ ∑

d|n
S∗(d) 8F� n

«�é Û  ��[ «�D � ,

' ∑
d|n

S∗(d) = d(n), ��z�{ (3-6) �Fu]\ � d(n) = φ(n).

(A)
¾

n = 1 ¿ , d(n) = φ(n) = 1, � n = 1 ��z�{ (3-6)
« Ã .

(B)
¾

n > 1 ¿ , . n = pα1
1 pα2

2 · · · pαk

k

�
n
«�^�_ ñ�Ã�¦ ,

]
`
pi � ��G

� ,
� � Û : d(n) = (α1 + 1)(α2 + 1) · · · (αk + 1), ��z�{ (3-6) �Fu]\ �

(α1 + 1)(α2 + 1) · · · (αk + 1)

= pα1−1
1 (p1 − 1)pα2−1

2 (p2 − 1) · · · pαk−1
k (pk − 1). (3-7)

ë&ì�`���ùa:�/ D�b�c.« �&²�¦ : pα−1(p − 1) ≥ α + 1, ý�²!d��&À¾ ý�e ¾ α = 1, p = 3,
]
`

p ≥ 3.

ê�� � � :

(i) α = 1, p − 1 ≥ 2 = 1 + α ý&²�d*��À ¾ ý�e ¾ p = 3;

(ii) α = 2, p(p − 1) ≥ 2p ≥ 6 > 1 + α;

(iii) α > 2, pα−1(p − 1) > pα−1 ≥ 3α−1 > α + 1.

ú&û�ë�ì�f*�����&z�{ (3-6)
« ��Ã�â Ä�Å :

(a) k = 1, ' n = pα. z�{ (3-7) ��\ � (α + 1) = pα−1(p − 1),
� � Ù

8Zgih ùj:�á pα−1(p − 1) ≥ α + 1 ý�²)d���À ¾ ý�e ¾ α = 1, p = 3,
é

ui+ Û n = 3 �(Ã ,
]�k ����¿ ∑

d|n
S∗(d) > φ(n).

(b) k ≥ 2,
� �

n ≥ 15, l�m�?�û pi ≥ 5,
Û

pαi−1
i (pi − 1) > αi + 1,

i = 1, 2, · · · , k. � Û

(α1 +1)(α2 +1) · · · (αk +1) < pα1−1
1 (p1−1)pα2−1

2 (p2−1) · · · pαk−1
k (pk −1),
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' ∑

d|n
S∗(d) > φ(n).

� 
.ë�ì$0�å ¾ n �a'�X 2 "Z�.¿ , z�{ (3-6)
« Ã

�
n = 1, 3.

2) n '1X 2 "$� , ',8�� n
� ��� . ê.¿ � á6z�n���� , ë&ì!f�V n

^o ñ*p S
(A) n = 2α ¿ ,

∑

d|n
S∗(d) = 1 + 2α � φ(n) = 2α−1.

¾
α = 1 ¿ ,

∑

d|n
S∗(d) = 3 � φ(n) = 1, �&��z�{ « Ã .

¾
α ≥ 2 ¿ ,

∑

d|n
S∗(d) = 1 + 2α � � � , � φ(n) = 2α−1 ����� , ¬��

æ&ç�z�{ (3-6). ¬�8���R�q�F n = 2α
« "����&��z�{ (3-6)

« Ã .

(B) n = 2pα1
1 pα2

2 · · · pαk

k ¿ ,
]
`

k ≥ 1.

(a) � n = 2p1p2 · · · pk, �
∑

d|n
S∗(d) =

{

3 × 2k, p1 ≥ 5;

2k+1 + 3 × 2k−1, p1 = 3.

φ(n) = (p1 − 1)(p2 − 1) · · · (pk − 1).

(i) k = 1 ¿ , φ(n) = p1 − 1 � ∑
d|n

S∗(d) =

{

6, p1 ≥ 5;

7, p1 = 3.r $&z�{ (3-6) ��À ¾ ý�e ¾ p1 = 7, ' n = 14.

(ii)
¾

p1 > 3 ý k ≥ 2 ¿ ,
∑

d|n
S∗(d) = 3 × 2k �

φ(n) = (p1 − 1)(p2 − 1) · · · (pk − 1) > 4k = 2k2k > 3 × 2k =
∑

d|n
s∗(d)

�(æ&ç�z�{ (3-6).

(iii) p1 = 3,
¾

k = 2 ¿ ,
∑

d|n
S∗(d) = 14, φ(n) = 2(p2 − 1),

r $�z
{ (3-6) �@À�8 r Û p2 = 8, ê � p � G ��s!t , � n = 2 × 3 × p2 ���@z
{ (3-6)

« Ã .¾
k ≥ 3 ¿ ,

∑

d|n
S∗(d) = 7 × 2k−1, �

φ(n) = 2(p2 − 1)(p3 − 1) · · · (pk − 1) > 2 × 4k−1 = 2k−12k
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> 7 × 2k−1 =
∑

d|n
S∗(d),

� n �(æ&ç�z�{ (3-6).

�i5 8 « �)��ë�ì@% � q!F n = 2p1p2 · · · pk

« "@�)+ Û n = 14 ��z
{ (3-6)

« Ã .

(b)
¾

n = 2pα1
1 pα2

2 · · · pαk

k

`]u�N Û / D αi ≥ 2 (i = 1, 2, · · · , k), �Û

φ(n) = pα1−1
1 (p1 − 1)pα2−1

2 (p2 − 1) · · · pαk−1
k (pk − 1),

∑

d|n
S∗(d) =

{

3(1 + α1)(1 + α2) · · · (1 + αk), p1 ≥ 5;

(3 + 4α1)(1 + α2) · · · (1 + αk), p1 = 3.

(i)
¾

p1 ≥ 5 ¿ , ¢!� � j = 1, 2, · · · , k v Û pαj−1(p − 1) ≥ αj + 1,w � ?�û!/ D αi ≥ 2,
]F`

i = 1, 2, · · · , k, pαi−1
i (pi − 1) ≥ 4 × 5αi−1 >

3(1 + αi), � ∑
d|n

S∗(d) > φ(n) �(æ&ç�z�{ (3-6).

(ii)
¾

p1 = 3 ¿ , ��?&û�/ D αi ≥ 2 ý i = 2, 3, · · · , k ¿ ,

φ(n) = 2 × 3α1−1pα2−1
2 (p2 − 1) · · · pαk−1

k (pk − 1),
∑

d|n
S∗(d) = (3 + 4α1)(1 + α2) · · · (1 + αk),

�
αi ≥ 2, ý&ë�ì gxh 2*y Û pαi−2

i (pi−1) > αi+1,
\

2pi3
α1−1 > (3+4α1),

� ∑
d|n

S∗(d) > φ(n), ',�(æ&ç�z�{ (3-6).

� ¾ α1 ≥ 2 ¿ , ýF¢j� � j = 2, · · · , k v Û αj = 1 ��� φ(n) =

3α1−12(p2 − 1) · · · (pk − 1),
∑

d|n
S∗(d) = (3 + 4α1)2

k−1,
� �

2k|φ(n), ¯F� 2k †
∑

d|n
S∗(d),

é u
Û ∑

d|n
S∗(d) 6= φ(n), ' n �(æ&ç�z�{ (3-6).

� � n = 2pα1
1 pα2

2 · · · pαk

k �&��z�{ (3-6)
« Ã .

(C) n = 2αpα1,
]
`

α ≥ 2.

(a) p = 3 ¿ , n = 2α3α1,

φ(n) = 2α3α1−1,
∑

d|n
S∗(d) = 1 + 2α + 4αα1 − α1,
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� �

α ≥ 2,
é u 4|φ(n),

r $&z�{ (3-6) ��À , 8���è&¬ Û 4|
∑

d|n
S∗(d),

' 4|1 + 2α + 4αα1 − α1, � 4|1 + 2α − α1, �Fux0
å α1

�	� � .¾
α1 ≥ 5 ¿ ,

∑

d|n
S∗(d) < 4(1 + α)(1 + α1) < 2α3α1−1 = φ(n), 
5¿9z

{ (3-6) ����À , � r $&%&z�{ (3-6) ��À α1 +��)' � 1, 3.¾
α1 = 3 ¿ , n = 2α33,

∑

d|n
S∗(d) = 14α − 2 < 9 × 2α = φ(n),

¬��(æ&ç�z�{ (3-6).¾
α1 = 1 ¿ , n = 2α3,

∑

d|n
S∗(d) = 6α 6= 2α = φ(n),

�&¬��(æ&ç�z�{ (3-6).

(b) p ≥ 5 ¿ ,
� �

p ≥ 5,
é u ¾ α1 ≥ 2 ¿ Û pα1−1 > (1 + α1),

∑

d|n
S∗(d) = (1 + α1)(1 + 2α) < 2α+1pα1−1 ≤ 2α−1pα1−1(p − 1) = φ(n),

���(æ&ç�z�{ (3-6).¾
α1 = 1 ¿ ,

∑

d|n
S∗(d) = 2(1 + 2α), φ(n) = 2α−1(p − 1), 4|φ(n), ¯

� 4 †
∑

d|n
S∗(d), � ∑

d|n
S∗(d) 6= φ(n) ���(æ&ç�z�{ (3-6).

��5 8 « ñBz@ù{:#ë@ì�%�å	qBF n = 2αpα1 ý α ≥ 2
« "������@z

{ (3-6)
« Ã .

(D) n = 2αpα1
1 pα2

2 · · · pαk

k ¿ ,
]
`

α ≥ 2, k ≥ 2, αk ≥ 2 �
φ(n) = 2α−1pα1−1

1 (p1 − 1)pα2−1
2 (p2 − 1) · · · pαk−1

k (pk − 1),

∑

d|n
S∗(d) < (1 + αk)pk(1 + α)(1 + α1)(1 + α2) · · · (1 + αk).

(a)
¾

k ≥ 3 ¿ , ë�ì gxh 2*y pα−1(p − 1) ≥ α + 1 ý&²�d*��À ¾ ý�e¾
α = 1, p = 3,

]
`
p ≥ 3.¾

α ≥ 3 ¿ Û 2α−1 ≥ 1 + α,

50



�& �¡
Smarandache ¢����9� S∗(n)

¾
α = 2 ¿ ,

� �
k ≥ 3, �$m$?.û pi ≥ 5 � i = 1, 2, · · · , k − 1,Û

2α−1pαi−1
i (pi − 1) > (1 + α)(1 + αi),

� �@¾
αi = 1 ¿ , 2(pi − 1) ≥ 8 >

6 = (1+α)(1+αi),
¾

αi ≥ 2 ¿ , 2pαi−1
i (pi−1) ≥ 3(1+αi) = (1+α)(1+αi).

� Û
2α−1pα1−1

1 pα2−1
2 · · · pαk−1−1

k−1

> (1 + α)(1 + α1)(1 + α2) · · · (1 + αk−1). (3-8)

f*�j|x} pk(1 + αk)
2 ~ pαk−1

k (pk − 1)
« í�� S

(i) αk = 2 ¿ ,
¾

pk ≥ 11 ¿ , pk(1 + αk)
2 < pαk−1

k (pk − 1), f;3!4
$�@²�¦ Û ∑
d|n

S∗(d) < φ(n), ��æ�ç�z@{ (3-6).
¾

pk = 7 ¿ ,
�

k ≥ 3,

l n = 2α3α15α272, φ(n) = 2α−13α1−15α2−17 × 6 × 2 × 4
∑

d|n
S∗(d) < 11 × (1 + α)(1 + α1)(1 + α2) × 3 < φ(n),

�(æ&ç�z�{ (3-6).

(ii) αk ≥ 3 ¿ ,
� �

pk ≥ 5,
é u

pαk−2
k (pk − 1) ≥ 4 × 5αk−2 > (1 + αk)

2,

314�
���²�¦ Û ∑
d|n

S∗(d) < φ(n) �(æ&ç�z�{ (3-6).

(b)
¾

k = 2 ¿ , n = 2αpα1
1 pα2

2 ,

(i)
¾

p1 6= 3 ¿ ,
∑

d|n
S∗(d) < 3(1 + α)(1 + α1)(1 + α2),

� �
p1 ≥ 5,

é

u 2α−1pα1−1
1 (p1 − 1) > (1 + α)(1 + α1), ý pα2−1

2 (p2 − 1) > 7α2−1(7− 1) >

3(1 + α2),
é uUë�ì�¬!'�% � 3	� :

∑

d|n
S∗(d) < φ(n) �(æ&ç�z�{ (3-6).

(ii)
¾

p1 = 3 ¿ , n = 2α3α1pα2
2 ,
∑

d|n
S∗(d) < 7(1 + α)(1 + α1)(1 + α2),

φ(n) = 2α3α1−1pα2−1
2 (p2 − 1).� �

α ≥ 2, l Û 2α > (1 + α).¾
α2 ≥ 3 ¿ Û 3α1−1pα2−1

2 (p2−1) ≥ 4×5α2−13α1−1 > 7(1+α1)(1+α2),

�
φ(n) = 2α3α1−1pα2−1

2 (p2 − 1) > 7(1 + α)(1 + α1)(1 + α2) =
∑

d|n
S∗(d).
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l��(æ&ç�z�{ (3-6).¾

α2 = 2, ý α1 ≥ 2 ¿ ,

φ(n) = 2α3α1−1p2(p2 − 1) > 20 × 2α3α1−1

> 7 × 3 × (1 + α)(1 + α1) =
∑

d|n
S∗(n),

�(æ&ç�z�{ (3-6).¾
α2 = 2, ý α1 = 1 � α ≥ 3 ¿ , n = 2α3p2

2

∑

d|n
S∗(d) < 5(1 + α)(1 + 1)(1 + 2) = 15(1 + α) × 2 < 20 × 2α−1 × 2

< 2α−1(3 − 1)p2(p2 − 1) = φ(n).

¾
α2 = 2, ý α1 = 1, α = 2 ¿ , n = 223p2

2

∑

d|n
S∗(d) < 4(1+2)(1+1)(1+2) = 2×36 < 4×20 < 2×2p2(p2−1) = φ(n).

� ��ë�ì@% � 3�� : n = 2αpα1
1 pα2

2 · · · pαk

k ,
]Õ`

α ≥ 2, k ≥ 2, αk ≥
2 �&��z�{ (3-6)

« Ã .

(E) n = 2αp1p2 · · · pk−1pk ¿ ,
]
`

α ≥ 2, k ≥ 2.

φ(n) = 2α−1(p1 − 1)(p2 − 1) · · · (pk − 1).

(a) p1 > 3 ¿ ,
∑

d|n
S∗(d) = 2k + α2k+1 = 2k(2α + 1),

φ(n) = 2α−1(p1 − 1)(p2 − 1) · · · (pk − 1) > 2α+12k2k−2

> 2α+12k > 2k(2α + 1) =
∑

d|n
S∗(d).

(b) p1 = 3 ¿ , ' n = 2α × 3 × p2 · · · pk−1pk,

φ(n) = 2α(p2 − 1) · · · (pk − 1) > 2k−12α+1.

∑

d|n
S∗(d) ≤ 2k + 2kα + 3 × 2k−1 × 2 + 5(α − 2)2k−1 = 2k−1(7α − 2).

(i)
¾

α ≥ 4 ¿ , 2α+1 > (7α−2), � φ(n) >
∑

d|n
S∗(d) �(æ&ç�z�{ (3-6).
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(ii)
¾

α = 2 ¿ , φ(n) = 22(p2 − 1) · · · (pk − 1) ≥ 4 × 2k−12k−1,

∑

d|n
S∗(d) = 2k + 2k+1 + 3 × 2k = 12 × 2k−1.

¾
k ≥ 3 ¿ , φ(n) >

∑

d|n
S∗(d) �(æ&ç�z�{ (3-6).

¾
k = 2 ¿ , ' n = 22 × 3p2,

∑

d|n
S∗(d) = 24, φ(n) = 4(p2 − 1), + Û

¾
p2 = 7 ¿ , ' n = 48 ��$&z�{���À ,

]�k ����v��(æ&ç�z�{ (3-6).

(iii)
¾

α = 3 ¿ , n = 23 × 3 × p2 · · · pk−1pk� p2 = 5, � φ(n) = 23×4×(p3−1) · · · (pk−1),
∑

d|n
S∗(d) = 37×2k−2.


5¿ 2k+3|φ(n), � 2k+3 †
∑

d|n
S∗(d),

é ui�(æ&ç�z�{ (3-6).

� p2 ≥ 7, � φ(n) = 23(p2 − 1) · · · (pk − 1),
∑

d|n
S∗(d) = 18 × 2k−1, 


¿ 2k+2|φ(n), ¯ 2k+2 †
∑

d|n
S∗(d),

é uN¬��(æ&ç�z�{ (3-6).

� ��q�F n = 2αp1p2 · · · pk−1pk(α ≥ 2, k ≥ 2)
« "���+ Û n = 84 �&z

{ (3-6)
« Ã .

(F) n = 2αpα1
1 pα2

2 · · · pαk−1

k−1 pk ¿ ,
] `

α ≥ 2, k ≥ 2,

ý α1, α2, · · · , αk �*�!= � 1.. pi

� ] ¢�� « αi ≥ 2
` ��� Ý

, �
φ(n) = 2α−1pα1−1

1 (p1−1)pα2−1
2 (p2−1) · · · pαi−1

i (pi−1)(pi+1−1) · · · (pk−1),

∑

d|n
S∗(d) < 4pk(1 + α)(1 + α1) · · · (1 + αk−1).

¾
pi 6= 3 ý αi 6= 2 ¿ , ë�ì Û pαi−2

i (pi − 1) > (1 + αi), ���FuxV n ñ*p :

(a) αi = 2, pi = 3 ¿ , φ(n) = 2α3(p2 − 1) · · · (pk − 1).

∑

d|n
S∗(d) < 8 × 2k−13 × (1 + α) = 24 × 2k−1(1 + α).

(i)
¾

α = 2 ¿ ,
∑

d|n
S∗(d) = 19 × 2k−1,

� �
3 | φ(n) �;¯ 3 †

∑

d|n
S∗(d),

l��(æ&ç�z�{ (3-6).
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(ii)
¾

α ≥ 3 ý k ≥ 3 ¿ ,

φ(n) ≥ 2α3 × 4 × 6k−2 > 8 × 3(1 + α)2k−1 >
∑

d|n
S∗(d).

(iii)
¾

α ≥ 3, k = 2 ¿ , ' n = 2α32p2, φ(n) = 2α3(p2 − 1).¾
p2 ≥ 7 ¿ ,

∑

d|n
S∗(d) < 4(1 + α)(1 + 2)(1 + 1) = 24(1 + α) < φ(n),

�(æ&ç�z�{ (3-6);¾
p2 = 5, ý α ≥ 4 ¿ ,

∑

d|n
S∗(d) < 6(1 + α)(1+ 2)(1 + 1) < 2α × 12 =

φ(n), �(æ&ç�z�{ (3-6);¾
p2 = 5, ý α = 3 ¿ ,

∑

d|n
S∗(d) = 60 6= φ(n), �(æ&ç�z�{ (3-6).

(b)
¾

pi ≥ 5 � Ý ¾ pi = 3 ¿ αi ≥ 3,
g 2 Û pαi−2

i (pi − 1) > (1 + αi),

� Û

pα1−1(p1 − 1) · · · pαi−2
i (pi − 1)(pi+1 − 1) · · · (pk−1 − 1)

> (1 + α1) · · · (1 + αk−1). (3-9)

ý Û (i)
¾

α ≥ 4 ¿ , 4(1 + α)pk ≤ 2α−1pi(pk − 1), 3B4j�.²F¦ (3-9) 8Û
φ(n) >

∑

d|n
S∗(d), �(æ&ç�z�{ (3-6).

(ii)
¾

α = 2 ¿ , n = 22pα1
1 pα2

2 · · · pαi

i pi+1 · · · pk, 
5¿ Û
∑

d|n
S∗(d) < 4(1 + 2)(1 + α1) · · · (1 + αk−1) × 2.

� Û
2α−1pi(pk − 1) = 2pi(pk − 1) ≥ 4 × (1 + 2) × 2, f&3�4&��²

¦ (3-9) 8 Û φ(n) >
∑

d|n
S∗(n) �(æ&ç�z�{ (3-6).

(iii)
¾

α = 3 ¿ , ' n = 23pα1
1 pα2

2 · · · pαi

i pi+1 · · · pk,

φ(n) = 22pα1−1
1 (p1 − 1) · · · pαi

i (pi − 1)(pi+1 − 1) · · · (pk − 1),

∑

d|n
S∗(d) < 6 × 4(1 + α1) · · · (1 + αi)(1 + αi+1) · · · (1 + αk−1) × 2.

� �
2α−1pi(pk − 1) ≥ 4 × 3 × 4 = 6(1 + 3) × 2, f�3�4���²�¦ (3-9), �

% φ(n) >
∑

d|n
S∗(d), �(æ&ç�z�{ (3-6).
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ê���¬�8&% � ¾ n = 2αpα1
1 pα2

2 · · · pαk−1

k−1 pk,
]
`

α ≥ 2, k ≥ 2, ý α1,

α2, · · · , αk �*�!= � 1 ¿ , n �&��z�{ (3-6)
« Ã .� ��9��.á9�(� « ù;: .

3.3 ��� Smarandache bdcfehg S∗(n) i������
���

3.1: �&��Á#Â ∑
d|n

S∗(d) = φ(n) �	��É!� , ���)����Á#ÂF�*�
C���(��É .

���
3.2: �&� ∏

d|n
S∗(d) �1�B�;�6� , �����NH�I��! .�1�B��ZFQ .
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¡ ¢¤£ ¥ ¦

Smarandache §�¨
4.1 ���
���(���

4.1 TU� Z(n) )�*&+(0B©��6��(� k 2&3 n ≤ k(k + 1)/2, ª
Z(n) = min{k : n ≤ k(k + 1)/2}.

« G(¬�1®!¯!�&�&��°$±B² Jozsef Sandor ³�´Zµx¶.� .

� � �F���
4.2 �Õ��	
��F� n, T�� SM(n) ) *Õ+ ,×- n = 1 / ,

SM(1) = 1 45- n > 1 ½ n = pα1
1 pα2

2 · · · pαk

k + n ��·)¸1¹&É�Q�/ ,

SM(n) = max{α1p1, α2p2, α3p3, · · · , αkpk}.ºj»½¼�¾ TU� SM(n) G Smarandache ��¿��9� .

� � �(���
4.3 �&�@	@�6��(� n, A(B@)�* Smarandache H5�9� SP (n)

�
æ&ç n|mm

« � =& #"�� m ,
]
`

n ¤ m
Û�À;Á « G ��[

. '�8�� ,

SP (n) = min






m : n|mm, m ∈ N,

∏

p|n
p =

∏

p|m
p






.

4.2 �mi Smarandache ehgfikjmlonqp

4.2.1 Â � Smarandache �F�h�F�������
�������

4.2.1 Ã k ≥ 2 +,��)@�9(� , �!�&�@	5��� x > 1, C�X�Y#Z.Q
∑

n≤x

S (Z(n)) =
π2

18
· (2x)

3
2

ln
√

2x
+

k∑

i=2

ci · (2x)
3
2

lni
√

2x
+ O

(

x
3
2

lnk+1 x

)

,

DFE
ci (i = 2, 3, · · · , k) +	���!���(£9� .

x!Ä*Q ,
¾

k = 1 ¿ Û 7&8 ´ b�c5«
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�&�
4.2.1 �&�@	5��� x > 1, C�X�Y#Z.Q

∑

n≤x

S (Z(n)) =
π2

18
· (2x)

3
2

ln
√

2x
+ O

(

x
3
2

ln2 x

)

.

� � �����
4.2.2 �&�@	#��(� n, Å P (n) ÆBÇ n ��0�16MjÈ6É , �!�&�@	

��� x > 1, C�X�Y#Z.Q
∑

n≤x

(SM(n) − P (n))2 =
2ζ
(

3
2

)
x

3
2

3 ln x
+ O

(

x
3
2

ln2 x

)

.

DFE
ζ(s) G Riemann zeta- TU� .

���
4.2.3 �&�@	#��(� n, Á!Â

∑

d|n
SM(d) = n

T�UÕ- ½(Ç�- n = 1, 28.

���
4.2.4 �&�@	#��(� m

�
k > 1, Á!Â :

SP (n1) + SP (n2) + · · · + SP (nk) = m · SP (n1 + n2 + · · · + nk),

C�¸�¹�Ê,Ë���(��É (n1, n2, · · · , nk).

4.2.2 Ì{Í SM(n) �F�h��Ñ�Ò
<�r «1Î r Ø « ��ß�à�/ D�v�w SM(n) ��� « z�{ « ��Ã�â , '!ù: 7&8 « :

���
4.2.5 �&�@	#��(� n, Á!Â

∑

d|n
SM(d) = n (4-1)

T�UÕ- ½(Ç�- n = 1, 28.

ô5õ
: Ï�` , ù;:;þ�ÿ�x�y����
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(i)
¾

n = 1 ¿ ,
∑

d|n
SM(d) = SM(1) = 1, % n = 1 ��z�{ (4-1)

« Ã .

(ii)
¾

n = pα
��G ��z�HF¿ (4-1) ¦!����À . ÐBÑ�5�êF¿	� (4-1) ¦��

À , ����Ò�Ó SM(n)
«,Ô*Õ ��Ö

∑

d|n
SM(d) =

∑

d|pα

SM(d) = 1 + p + 2p + · · · + αp = pα. (4-2)

�� (4-2) ¦�×�Ø�� p
«,Ù Ó , ��Ú!ØB��� p

«,Ù Ó , s�t .
é{Û ¾

n Ü G ÓÝ H5¿ (4-1) ¦�����À .

(iii)
¾

n > 1 ý n
«	Þ = G �*[ « Ý H;Ü 1 ¿ , � n = p1p

α2
2 · · · pαk

k =

p1n1 ý�æ&ç (4-1) ¦ , ���i3	� (ii) 2 k ≥ 2.
� ��� SM(n)

«,Ô*Õ ��Ö
∑

d|n
SM(d) =

∑

d|n1

SM(d) +
∑

d|n1

SM(p1d)

= 2
∑

d|n1

SM(d) + p1 − 1 = p1n1. (4-3)

�� (4-3) ¦ W Ø « ��ß â À�à , s*t . 
5¿ (4-1) ¦�����À .

��3�� (iii) Àaá;Ö � : Faâ n ÜB@;ã Ý ��[ Ó , � n �.�Z'@æ
ç (4-

1) ¦ .

ú ûkùä:�/æåç�è� . ü Ôêé Ó n > 1 æ ç Ýæë (4-1), ìZ3� (ii) í (iii) 2 n
u&N Û W D � Á « G ��[ , �5ý n

«�Þ = G ��[ « Ý Hî �
1.
��ï�ð . n = pα1

1 pα2
2 · · · pαk

k , α1 > 1, k ≥ 2. . SM(n) = αp. ñ�ò
ñ&þ�ÿ�����ó o ���

(A) α = 1. 
5¿ p m Ô Ü n
«]Þ î G ��[

, ô n = n1p, õ�ö�÷ ¾ d|n1 ¿Û
SM(d) ≤ p − 1,

��ï ì ∑
d|n

SM(d) = n
ð Ö

n1p = n =
∑

d|n1p

SM(d) =
∑

d|n1

SM(d) +
∑

d|n1

SM(dp)

=
∑

d|n1

SM(d) +
∑

d|n1

p ≤ 1 +
∑

d|n1

d>1

(p − 1) + pd(n1)

= 2 + (2p − 1)d(n1) − p, (4-4)

� Ý
n1 + 1 < 2d(n1), (4-5)
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úaû
d(n1) Ü Dirichlet �1Ó$Ò,Ó . (4-5) ü ¾ n1 ≥ 7 ¿,��!���&À .

��ï
2 ≤

n1 ≤ 6.
w ì � n1

«�Þ = G ��[ « Ý H î � 1,
éêÛ

n1 = 4. ý�� n =

n1p = 4p, p > 3. 
5¿�ì
4p =

∑

d|4p

SM(d) = SM(1) + SM(2) + SM(4)

+SM(p) + SM(2p) + SM(4p)

= 1 + 2 + 4 + 3p,

À�á�0
å p = 7 þ n = 28.

(B) SM(n) = αp ý α > 1. 
�¿). n = n1p
α, (n1, p) = 1. � n æ

ç (4-1) ü , ÿ Û
n = pαn1 =

α∑

i=0

∑

d|n1

SM(pid).

¾
1 < n1 < 8 ¿ , ë�ì���ñ�z Ý�ë (4-1) �]��� .

(a) � n1 = 2, þ n = 2pα(p > 2), ì (iii) �*�$�$2 , n = 2pα � ïBÝë
(4-1) �;Ã ;

(b) � n1 = 3 ¿ , n = 3pα. ì � (n1, p) = 1,
Û

p 6= 3.� p = 2, n = 3 · 2α æ&ç Ý�ë (4-1), þ
∑

d|3·2α

SM(d) =
∑

d|2α

SM(d) +
∑

d|2α

SM(3d) = 2
∑

d|2α

SM(d) + 3 = 3 · 2α,

5Bü û 2
∑

d|2α

SM(d) + 3
ï!� Ó , � 3 · 2α

ï!ß Ó .
é�Û

, n = 3 · 2α � ï!Ýë
(4-1) �;Ã ;� p > 3, þ n = 3 · pα æ.ç Ý$ë (4-1), ÿ n

Þ = G ��[ ���&ÓjÜ 1,ì (iii) 2 , n = 3 · pα � ï�Ý�ë (4-1) �;Ã .� 
 n = 3 · pα(p 6= 3) � ï�Ý�ë (4-1) �;Ã .

(c)
¾

n1 = 4 ¿ , n = 4 · pα(p ≥ 3),
Û

∑

d|4·pα

SM(d) =
∑

d|pα

SM(d) +
∑

d|pα

SM(2d) +
∑

d|pα

SM(4d),

� p = 3, þ n = 4 · 3α æ&ç Ý�ë (4-1), ÿ
∑

d|4·3α

SM(d) =
∑

d|3α

SM(d) +
∑

d|3α

SM(2d) +
∑

d|3α

SM(4d)
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= 3

∑

d|3α

d>1

SM(d) + 12 = 4 · 3α,

ì � 32 | 3
∑

d|3α

d>1

SM(d), �&ý 32 | 4 · 3α, ý�� 32 | 12. ê ï � ð '�� .

� p > 3, þ n = 4 · pα æ&ç Ý�ë (4-1), ÿ
∑

d|4·pα

SM(d) =
∑

d|pα

SM(d) +
∑

d|pα

SM(2d) +
∑

d|pα

SM(4d)

= 3
∑

d|pα

SM(d) + 8 =
3

2
α(α + 1)p + 11 = 4 · pα,

þ
4 · 3α − 3

2
α(α + 1)p + 11 = 0.

ú&û�� Ô α, 	 f(x) = 4 · xα − 1

2
α(α + 1)x + 11,

¾
x ≥ 3 ¿ , f(x)

ï�
�� Ò
Ó , þ

f(x) ≥ f(3) = 4 · 3α − 3

2
α(α + 1) + 11 = g(α).w ì � α ≥ 2 ¿ , g(α)

ï í �
α � 
�� Ò�Ó . ÿ Û

f(x) ≥ f(3) = g(α) ≥ g(2) > 0,

éjÛ
,
¾

x ≥ 3 ¿ , f(x) = 0 @&Ã . ý���Ö�÷ p > 3 ¿ ,
Ý�ë

(4-1) @&Ã .

(d)
¾

n1 = 5 ¿ ,
Û

n = 5 · pα(p 6= 5).� p > 5, ÿjì (iii) 2 , n = 5 · pα � ï�Ý�ë (4-1) �;Ã ;� p = 2, ì �
∑

d|5·2α

SM(d) =
∑

d|2α

SM(d) +
∑

d|2α

SM(5d) = 2
∑

d|2α

d>1

SM(d) + 10 = 5 · 2α,

ê� 22 | 2
∑

d|2α

d>1

S(d),
w

22 | 5 · 2α, ý!� Û 22 | 10, ê ï � ð '�� . l n =

5 · 2α �(æ&ç Ý�ë (4-1);� p = 3, ì �
∑

d|5·3α

SM(d) =
∑

d|3α

SM(d) +
∑

d|3α

SM(5d) = 2
∑

d|3α

SM(d) + 6,
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ê� 2

∑

d|3α

SM(d) + 6
ï!ß Ó , � 5 · 3α

ï!� Ó .
� 
 , n = 5 · 3α ��æ@ç Ýë

(4-1).

(e)
¾

n1 = 6 ¿ n = 2 · 3 · pα, ì (iii) �]����2 , n �(æ&ç Ý�ë (4-1).

(f)
¾

n1 = 7 ¿ ,
Û

n = 7 · pα(p 6= 7).� p > 7, ÿjì (iii) 2 , n = 7 · pα � ï�Ý�ë (4-1) �;Ã ;� p = 2, 
5¿�m Û α ≥ 4. ì �
∑

d|7·2α

SM(d) =
∑

d|2α

SM(d) +
∑

d|2α

SM(7d) = 2
∑

d|2α

SM(d) + 15,

ê� 2
∑

d|2α

SM(d) + 15
ï�� Ó , � n = 7 · 2α

ï�ß Ó . l n = 7 · 2α ��æ�ç Ýë
(4-1);� p = 3, ì �

∑

d|7·3α

SM(d) =
∑

d|3α

SM(d) +
∑

d|3α

SM(7d) = 2
∑

d|3α

d>1

SM(d) + 13,

5)ü û 3 | 2
∑

d|3α

d>1

SM(d), ý 3 | 7 · 3α, F)â�æ�ç Ý�ë (4-1), m Û 3 † 13, s�t .

��ï
n = 7 · 3α � � ï�Ý�ë (4-1) �;Ã ;� p = 5, ì �
∑

d|7·5α

SM(d) =
∑

d|5α

SM(d) +
∑

d|5α

SM(7d) = 2
∑

d|5α

SM(d) + 8,

5�ü û 2
∑

d|5α

SM(d) + 8
ï�ß Ó , � 7 · 5α

ï�� Ó .
��ï

n = 7 · 5α � � ï�Ýë
(4-1) �;Ã .

(g)
¾

n1 ≥ 8 ¿ ,
Û

n = n1 · pα, ý pα >
α(α + 1)

2
p, ÿ

∑

d|n1·pα

SM(d) < SM(pα)d(n1p
α) = α(α + 1)pd(n1)

≤ α(α + 1)

2
pn1 < pαn1 = n,

ÿ ¾ n1 ≥ 8 ¿ , n = n1p
α � � ï�Ý�ë (4-1) �;Ã .� 4 Û 5 é Û ��� ð Ö Ý�ë (4-1)

Û ý�e Û W D�� , þ n = 1, 28.
��ï

9��.á Ô�� �;ù;: .
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4.2.3 ����� � ∑

d|n

SM(d) = φ(n) !�"

#�$�%�&&û('�)�*�+�,�-�. Ý�/�0�132*Ý�ë
∑

d|n
SM(d) = φ(n) (4-6)

�(4�5�6 é Ó � , þ87 ï�9;:�< :=?>
4.2.1 @�A3BDC�E�F n, G n = p1p

α(α ≥ 1, p1 < p), H n I?J�KL
(4-6) M8N .OQP

: (1) R3S�T α = 1, p1 = 2, n = 2p UWV ÝBë (4-6). X�YZÒÓ SM(n) Z φ(n) � Ô*Õ ,
'�) 5

∑

d|n
SM(d) = 3 + 2p = φ(n) = p − 1,

ÿ�5 p = 4, [ ï�\�]�^�_ .`
p1 > 2, n = p1p U�V Ý�ë (4-6). a�b?5

∑

d|n
SM(d) = 1 + p1 + 2p = φ(n) = (p1 − 1)(p − 1),

c a
p1(p − 1) = 2p1 + 2p.'�)�d�e Ö�÷ p1|2p, f ï (p1, 2) = 1, g ï p1|p, [ ï R ð3h � .

(2)
`

α > 1, p1 ≥ 2, n = p1p
α = n1p

α U�V (4-6).
'�) 5

∑

d|n
SM(d) =

∑

d|n1

SM(d) +
∑

1≤i≤α

∑

d|n1

SM(d · pi)

= 1 + p1 + 2(p + 2p + ·+)

= φ(n) = (p1 − 1)pα−1(p − 1).

i
p1 6= 2 b , p|φ(n), p|2(p + 2p + · + αp), g ï p|p1 + 1, [ ï R ðWh

� . i
p1 = 2 b ,

∑

d|n
SM(d)

ï�j Ó , f ï φ(n)
ï�ß Ó . a�b Ý�ë (4-6) R

k�l
.
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5�n�o�p�q '�) Ö�r n = p1p

α(α ≥ 1, p1 < p) R ï�Ý�ë (4-6) � � .=?>
4.2.2 @�A3B�stF n, Htu :

φ(n)

d(n)
≥ 4 vxw�y�v n 6= 1, 3, 5, 7, 9, 15, 21.O�P

: z�{?|�} [55].~ >
4.2.6 @�A3BDC�E�F n, K L (4-6) u�w�y�u�����N n = 1.O�P
: (I)

i
n = 1 b ,

∑

d|n
SM(d) = SM(1) = 1 = φ(1),

ð3�
n = 1

ï�Ý�ë
(4-6) � � .

(II)
i

n = pα, α ≥ 2 b ,
Ý�ë

(4-6) R k�l .��� n ,
` Ý�ë

(4-6)
k�l

, ÿ�5
∑

d|pα

SM(d) = 1 + p + 2p + · · · + αp = φ(n) = pα−1(p − 1),

ú;û
p|φ(n), p|

∑

d|pα

SM(d), g ï 5 p|1, [ ï R ð3h � .

`
α = 1, n = p U�V Ý�ë (4-6), ÿ�5

∑

d|p
SM(d) = 1 + p = φ(n) = p − 1.

�����
,

∑

d|p
SM(d) > φ(n).

c a n = pα R ï�Ý�ë (4-6) � � .

(III)
i

n = pα1
1 pα2

2 · · · pαk

k pα = n1p
α, ((n1, p) = 1) α1 ≥ 1, k ≥ 2 b ,

SM(n) = αp, ÿ
∑

d|n
SM(d) < SM(pα)d(n1p

α) = α(α + 1)pd(n1).

φ(n) = pα−1(p − 1)φ(n1).

(A)
`

α = 1,
φ(n1)

d(n1)
≥ 2

3
(n1 6= 2, n1 6= 6),

'�) 5 ∑
d|n

SM(d) < φ(n).

i
n1 = 2 b , ì?� � 4.2.1

ð r n = 2p R ï�Ý�ë (4-6) � � .`
n1 = 6 b ,

'�) 5
∑

d|6p

SM(d) = 9 + 4p,
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[ ï�j�� ,

���
φ(n)

ï�ß��
,
c a n = 6p R�U�V Ý�ë (4-6).

(B)
`

α > 1, SM(n) = αp.���
,
'�)�� ñ�ò m������ 0 p�q :

(i)
i

p 6= 2 b ,
φ(n1)

d(n1)
≥ 4, ÿ�5 α(α + 1)pd(n1) ≤ pα−1(p − 1)φ(n1),c a ∑

d|n
SM(d) < φ(n).

(ii)
i

n1

ï�j�� b , p 6= 2.

(1)
`

p ≥ 7, α ≥ 2, ��� p ≥ 5, α ≥ 3,
'�) 5 α(α+1)p ≤ pα−1(p−1),c a ∑

d|n
SM(d) < φ(n).

(2)
` φ(n1)

d(n1)
< 4, ì�� � 4.2.1 í�� � 4.2.2 Z;n�o�p;q '�) l þ��

÷ n = 3pα, 5pα, 7pα, 9pα, 15pα, 21pα � R ï���ë (4-6) � � .

(3)
`

p = 5, α = 2 ��� φ(n1)

d(n1)
< 4, ì�n�o�p3q ð � n = 3 · 52, 32 ·

52, 7 · 52, 3 · 7 · 52 � R ï���ë (4-6) � � .

(iii)
`

n1

ï����
, p 6= 2.`

22 | n1,
φ(n1)

d(n1)
≥ 1,

i
p ≥ 7, α ≥ 2, ��� p ≥ 5, α ≥ 3 b , ÿ

5 α(α + 1)p ≤ pα−1(p − 1),
c a ∑

d|n
SM(d) < φ(n).

i
p = 5, α = 2 b ,

'�)�d3e �!÷ n = 22 · 7 · 52, n = 22 · 32 · 52 ��� n = 22 · 3 · 7 · 52 R ï��ë
(4-6) � � .` φ(n1)

d(n1)
< 1, n1 = 22 · 3, ÿ�5 n = 22 · 3 · pα.

(iv)
`

p = 2, α ≥ 4 ��� φ(n1)

d(n1)
> 4, ÿ�5 ∑

d|n
SM(d) < φ(n).

`
α = 2, 3,

'�)�d�e ��÷ n = 3 · 22, n = 3 · 23 ��� n = 5 · 23 � R ï��ë
(4-6) � � .` φ(n1)

d(n1)
< 4, ì (II) íW� � 4.2.2

ð � n = 2α, 3 · 2α, 5 · 2α, 7 · 2α, 9 · 2α,

15 · 2α,21 · 2α R�U�V ��ë (4-6).� #�'�) 0���� ú�� ���
:

(1)
`

2‖n1, n = 2pα2
2 · · · pαk

k pα = 2n1(k ≥ 2) U�V ��ë (4-6), ÿ�5
∑

d|n
SM(d) = 2

∑

d|n1

d>1

SM(d) + 3 = φ(n)
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= pα2−1
2 (p2 − 1) · · · pαk−1

k (pk − 1)pα−1(p − 1).

# n�o ��ë û , 2
∑

d|n1

d>1

SM(d) + 3
ï�j��

, f ï φ(n)
ï����

,
c a n =

2pα2
2 · · · pαk

k pα(k ≥ 2) R ï���ë (4-6) � � .

(2)
`

22‖n1, n1 = 22pα2
2 · · · pαk

k (k ≥ 2).¡ i
p = 3, α ≥ 5 b ,

'�)���d�e ��÷ α(α + 1)p < pα−1(p − 1),
c að � ∑

d|n
SM(d) < φ(n), a�b ��ë (4-6) ¢ � .

`
α = 2, n = 22 · 32 · 5,

'�)�d�e 9;:
n = 22 · 32 · 5 R ï���ë (4-6) ��

. `
α = 3, n = 22 ·33 ·5 ��� n = 22 ·33 ·7 ,

'�) � ð�£�9;: n = 22 ·33 ·5
� n = 22 · 33 · 7 � R ï���ë (4-6) � � .`

α = 4 ��� φ(n1)

d(n1)
< 4, n = 22 · 34 · 5, n = 22 · 34 · 7 � n = 22 · 34 · 11,'�)�d�e 9¤:

n = 22 · 34 · 5, n = 22 · 34 · 7 ��� n = 22 · 34 · 11 � R ï��ë
(4-6) � � .¥ i

p 6= 3 b , ì (B) (iii)
ð � n = 22 · 3 · pα. ì�g

∑

d|22·3·pα

SM(d) = 6
∑

d|pα

d>1

SM(d) + 17 = φ(n) = 4pα−1(p − 1),

£ í 6
∑

d|pα

d>1

SM(d) + 17
ï�j��

, φ(n)
ï����

,
c a n = 22 · 3 · pα R ï��

ë
(4-6) � � .

(3)
`

2α | n1 (α ≥ 3).¡ i
p = 3, α ≥ 5, ÿ�5 α(α + 1)p < pα−1(p − 1) Z φ(n1)

d(n1)
≥ 1, gï ∑

d|n
SM(d) < φ(n),

c a ��ë (4-6) a�b?¢ � .

i
α = 2 ��� φ(n1)

d(n1)
< 4 b ,

'�)�d�e ��÷ n = 23 · 32, n = 23 · 32 · 5 Rï���ë
(4-6) � � .i
α = 3 ��� φ(n1)

d(n1)
< 4 b ,

'3)Wd�e 9�:
n = 23 · 33 · 5, 23 · 33 · 7,

24 · 33, 24 · 33 · 5 � R ï���ë (4-6) � � .
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i

α = 4 ��� φ(n1)

d(n1)
< 4 b ,

�����
, n = 23 · 34 · 5, 23 · 34 · 7, 24 · 34,

24 · 34 · 5, 25 · 34 � R�U�V ��ë (4-6).¥ i
p = 5, α = 2,

φ(n1)

d(n1)
≥ 4 b , ì (B) (i)

ð r ��) R ï���ë (4-6) ��
. i φ(n1)

d(n1)
< 4 b ,

'�)�d�e 9¤:
n = 23 · 3 · 52, 23 · 32 · 52, 23 · 33 · 52,

23 · 7 · 52, 23 · 3 · 52 · 7, 23 · 32 · 52 · 7, 24 · 3 · 52, 24 · 32 · 52 � R ï���ë (4-6) ��
. � n�4�o ,

��ë
(4-6) 5���¦�5 \�] 6D§ � � n = 1.

[�7�¨ k�<8© � � 9;: .

4.2.4 ª�« SP (n) ¬�®!¤� �
# $¯%�& '�) *�°�, -�. ��/ 0�1±2Q² ³

Smarandache ´µ �
SP (n) ¶ ��· ¶ � � ��� ,

9;:(¸�¹
:

~ >
4.2.7 @�A3BDC�E�F m º k > 1, K L

SP (n1) + SP (n2) + · · · + SP (nk) = m · SP (n1 + n2 + · · · + nk), (4-7)

u�»�¼�½t¾�C�E�F�N (n1, n2, · · · , nk).

O�P
:
i

m Z k ¿ j�� b , � k ≥ 3. À m = pα1
1 pα2

2 · · · pαs
s Á m ¶8ÂÃ����WÄ

, Å�Æ3V3Ç�È¤¶�É � P , Ê(Ë3Ì¤¶ÎÍWÉ �W© � , Ï # É � q1, q2,

· · · , qs U�V ��· :

pα1+1
1 pα2+1

2 · · · pαs+1
s P = q1 + q2 + · · · + qk. (4-8)

# �3·
(4-7) ÐDÑ ni = qi (i = 1, 2, · · · , k), Ê SP (n) ¶�Ò3Ó�Z �3· (4-

8)
'�) l�Ô ��Õ

SP (q1) + SP (q2) + · · · + SP (qk)

= q1 + q2 + · · · + qk = pα1+1
1 pα2+1

2 · · · pαs+1
s P

= pα1
1 pα2

2 · · · pαs

s · p1p2 · · · psP = m · p1p2 · · · psP

= m · SP (pα1+1
1 pα2+1

2 · · · pαs+1
s P )

= m · SP (q1 + q2 + · · · + qk).
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Ô 7 Á ,

i
m Z k ¿ j�� b ,

��·�k�l
.i

m ¿ j�� , k ¿ ��� b ,
'�)���Ø ����� p�q :

(a) k = 2. À m = pα1
1 pα2

2 · · · pαk

k Ù3Ú m ¶tÂ Ã���Û3Ä , Å�Æ�V�Ç�È
¶8É � P , ÊÜË�Ì�¶DÝWÞ ©�ß 5

2pα1+1
1 pα2+1

2 · · · pαs+1
s P = q1 + q2

���
2pα1+1

1 pα2+1
2 · · · pαs+1

s P = q1 + q2q3.à Ð q1, q2 Z q3 Á É � .
'�) � 5

SP (q1) + SP (q2) = q1 + q2 = 2pα1+1
1 pα2+1

2 · · · pαs+1
s P

= m · 2p1p2 · · · psP

= m · SP (2p1p2 · · · psP )

= m · SP (2pα1+1
1 pα2+1

2 · · · pαs+1
s P )

= m · SP (q1 + q2)

���
SP (q1) + SP (q2q3) = q1 + q2q3 = 2pα1+1

1 pα2+1
2 · · · pαs+1

s P

= m · 2p1p2 · · · psP

= m · SP (2p1p2 · · · psP )

= m · SP (2pα1+1
1 pα2+1

2 · · · pαs+1
s P )

= m · SP (q1 + q2q3).

(b) k = 2k1, k1 ≥ 2. X�Y�Í�É ��©�ß 5
pα1+1
1 pα2+1

2 · · · pαk+1
k P = q1 + q2 + · · · + qk−1 + 2.

+�, n�o�áãâ�¶ ��/ '�)�ä £�9;:8©�ß Á 6Då�¶ .¹�æ
,
'3)�ç 0 pWq m ¿�èWé ��� b �3· (4-7) ¶ Û ¶�ê8ë . À m =

pα1
1 pα2

2 · · · pαk

k Ù�Ú m ¶?Â Ã���Û�Ä ,
'�)�� ¿ÎÍ ����� p�q :

(I)
i

k = 2 b , ÅQÊ8Ý�Þ ©�ß ,
'�) 5 pα1+1

1 pα2+1
2 · · · pαk+1

k P .
Ô 7

Á ,

pα1+1
1 pα2+1

2 · · · pαk+1
k P = p′1 + q′1
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���
pα1+1
1 pα2+1

2 · · · pαk+1
k P = p′1 + q′1q

′
2,à Ð P Á V�Ç�È�¶8É � , p′1, q′i(i = 1, 2) Á É � .

(II)
i

k = 2k1 (k1 > 1) b , Å�5
pα1+1
1 pα2+1

2 · · · pαk+1
k P = q1 + q2 + · · · + qk−1 + 3,

à Ð P Á V�Ç�È�¶8É � , qi (i = 1, 2, · · · , k − 1) Á É � .c a�5
pα1+1
1 pα2+1

2 · · · pαk+1
k P − 3 = q1 + q2 + · · · + qk−1,

U�V�Í�É ��©�ß ,
��·�k�l

.

(III)
i

k = 2k1 + 1 (k1 > 1) b , Å�5
pα1+1
1 pα2+1

2 · · · pαk+1
k P = q1 + q2 + · · · + qk−1 + 2

Z
pα1+1
1 pα2+1

2 · · · pαk+1
k P − 2 = q1 + q2 + · · · + qk−1.

Ê�g k − 1 Á ��� , á�n (II). a�b ��·�k�l .

Ê�g P Á V�Ç�È;¶ÎÉ � ,
c a�Æ ∀m ∈ Z+ Z k > 1,

��· 5�¢�ð3ñ�ò
6D§ � Û (n1, n2, · · · , nk). [�7�¨ k�<8©�ß ¶ 9;: .

4.2.5 ª�«µ¬� SP (n) ó φ(n) !¤� �
#�$�%�& Ð ,

'�)�*�°�,�-�. ��/�0�132���·
SP (nk ) = φ(n) ¶ ä�Û

Ò�ê�ë , ����ô�õ k = 1, 2, 3 btö ��· ¶(4�5�6D§ � Û .
Ô 7 Á ,

'�)�*
9;:(¹�æ ¶ :~ >

4.2.8 K L SP (n) = φ(n) y�u 4 �DC�E�F�N : n = 1, 4, 8, 18.O�P
:
�����

n = 1 Á ��· SP (n) = φ(n) ¶ Û .
¹�æ '�)���Ø �����

0 p�q ��· ¶ à���Û :

1. n > 1 Á j�� .

a�b , X�Y Smarandache ´�  � SP (n) ¶ ©�÷ ä r SP (n) ø Á j�� ,

f Á φ(n) Á ��� ,
c a SP (n) 6= φ(n).

2. n > 1 Á ��� .

(1) n = 2α, α ≥ 1.
d�e�ù 9

n = 2 R Á SP (n) = φ(n) ¶ Û ,

n = 4, 8 Á �Q· SP (n) = φ(n) ¶ Û .
i

α ≥ 4, (α − 2)2α−2 ≥ α,

2α | (2α−2)2
α−2 b ,

Ô
n | (φ(n)

2 )
φ(n)

2 , g Á SP (n) ≤ φ(n)

2
< φ(n).
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(2) n = 2αpα1
1 pα2

2 · · · pαk

k ,
à Ð pi Á j É � , p1 < p2 < · · · < pk,

αi ≥ 1, i = 1, 2, · · · , k, α ≥ 2, k ≥ 1. a�b ,

φ(n) = 2α−1pα1−1
1 pα2−1

2 · · · pαk−1
k (p1 − 1)(p2 − 1) · · · (pk − 1).

i
n † (φ(n))φ(n) b , X�Y Smarandache ´   � SP (n) ¶ ©�÷ '�)�ä

r SP (n) 6= φ(n).i
n | (φ(n))φ(n) b , X�Y φ(n) ¶?Ò�Ó�5 αk ≥ 2.

(i) Æ�g 2α. α ≥ 2, Å�5
(α − 1)

φ(n)

2
≥ (α − 1)2α−1pαk−1

k

pk − 1

2
≥ (α − 1) · 2 · 3 ≥ 6(α − 1)

≥ 3α > α,

g Á ä � 2α | (2(α−1))
φ(n)

2 .
c a 2α | (φ(n)

2 )
φ(n)

2 .

(ii) Æ�g pαi

i | n.
`

αi = 1, Ê�g
φ(n)

2
≥ 2α−1pαk−1

k

pk − 1

2
≥ 2 · 3 = 6 > 1

à Ð pi | (φ(n))φ(n)
Ô

pi | φ(n)
2 ,
'�)�ú õ pi | (φ(n)

2 )
φ(n)

2 .`
αi ≥ 2,

(αi − 1)
φ(n)

2
≥ (αi − 1)2α−1pαi−1

i

pi − 1

2
≥ (αi − 1) · 2 · 3 ≥ 6(αi − 1) ≥ 3αi > αi,

ä � pαi

i | (p
(αi−1)
i )

φ(n)
2 .
c a pαi

i | (φ(n)
2 )

φ(n)
2 . 4 £ , Æ�èWé pαi

i | n, pαi

i |
(φ(n)

2 )
φ(n)

2 .û�ü
(i) Z (ii),

'3) lýÔ ��Õ i n | (φ(n))φ(n) b , Å�5 n | (φ(n)
2 )

φ(n)
2 .c a SP (n) ≤ φ(n)

2
< φ(n).

(3) n = 2pα1
1 pα2

2 · · · pαk

k ,
à Ð pi Á j É � , p1 < p2 < · · · < pk, αi ≥ 1,

i = 1, 2, · · · , k, k ≥ 1. [�b ,

φ(n) = pα1−1
1 pα2−1

2 · · · pαk−1
k (p1 − 1)(p2 − 1) · · · (pk − 1).

i
n † (φ(n))φ(n) b , XþY Smarandache ´ÿ  � SP (n) ¶ ©þ÷ ä

r SP (n) 6= φ(n).i
n | (φ(n))φ(n) b , Ê φ(n) ¶?Ò�Ó ,

'�) 5 αk ≥ 2.
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(i) k ≥ 2.
'�)�* 9;:

n | (φ(n)
2 )

φ(n)
2 .\���æ

,
��� 5 , 2 | (φ(n)

2 )
φ(n)

2 . � \���æ , ∀pαi

i | n,
i

αi = 1 b ,

φ(n)

2
≥ pαk−1

k (pi − 1)
pk − 1

2
≥ 3 · 2 = 6 > 1

à Ð pi | (φ(n))φ(n)
Ô

pi | φ(n)
2 ,
'�)�ä £ ú õ pi | (φ(n)

2 )
φ(n)

2 .
i

αi ≥ 2 b ,

(αi − 1)
φ(n)

2
≥ (αi − 1)pαk−1

k (p1 − 1)
pk − 1

2
≥ (αi − 1) · 5 · 2 · 2

≥ 20(αi − 1) ≥ 10αi > αi,

Ô
pαi

i | (p
(αi−1)
i )

φ(n)
2 .

c a pαi

i | (φ(n)
2

)
φ(n)

2 . g Á 5 , n | (φ(n)
2

)
φ(n)

2 ,Ô
SP (n) ≤ φ(n)

2
< φ(n).

(ii) k = 1. a�b?5 , n = 2pα1
1 , α1 ≥ 2, φ(n) = pα1−1

1 (p1 − 1).

(ii)
′

p1 ≥ 5, Ê�g α1 ≥ 2,

(α1 − 1)
φ(n)
p1−1

2

= (α1 − 1)pα1−1
1 2 ≥ (α1 − 1) · 5 · 2

≥ 10(α1 − 1) ≥ 5α1 > α1,

Ô
pα1
1 | (p

(α1−1)
1 )

φ(n)
p1−1

2 .
c a pα1

1 | ( φ(n)
p1−1

2

)
φ(n)
p1−1

2 .
�����

, 2 | ( φ(n)
p1−1

2

)
φ(n)
p1−1

2 . g Á
5 , n | ( φ(n)

p1−1

2

)
φ(n)
p1−1

2 ,
Ô 7 Á SP (n) ≤ φ(n)

p1−1
2

< φ(n).

(ii)
′′

p1 = 3,
Ô

n = 2 · 3α1.

α1 = 1, φ(n) = φ(6) = 2, SP (n) = SP (6) = 6,
c a SP (n) 6= φ(n).

α1 = 2, φ(n) = φ(18) = 6, SP (n) = SP (18) = 6,
c a SP (n) = φ(n).

α1 ≥ 3, (φ(n)
3 )

φ(n)
3 = (2 · 3α1−2)2·3

α1−2
,
c a n | (φ(n)

3 )
φ(n)

3 ,
Ô

SP (n) ≤
φ(n)

3
< φ(n).ûÎü

(1), (2) Z (3),
'�)�ä � i n Á ��� b , U�V ��· SP (n) = φ(n) ¶Û ¿ n = 4, 8, 18.� n�4�o ,

'�) ¨ k�<8©�ß 4.2.8 ¶ 9;: .+�, áãâ�¶ ��/ '�)�ä £�9;:(¹�æ Ø ]�©�ß��
~ >

4.2.9 K L SP (n2) = φ(n) y�u 3 �DC�E�F�N : n = 1, 8, 18.

~ >
4.2.10 K L SP (n3) = φ(n) y�u 3 �DC�E�F�N : n = 1, 16, 18.
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���

:
\
	��

, Æ�è�é�ô © ¶Î6�§ � k ≥ 4,
'�)��� ��·

SP (nk) =

φ(n) 5�5�� ] 6D§ � Û .

4.3 ��� Smarandache �����������
���

4.1: v n > 1 w n 6= 24 � , º! ∑
d|n

1

SM(d)
I#"!$&%tC�E�F .

�'�
4.2: (*)�K L ∑

d|n
SM(d) = φ(n) M#"�N,+ , -
.�/
03K L M21

u�C�E�F�N .

���
4.3: (3) Z(n) M&4657+#8 , -29;: ∑

n≤x

Z(n) M6<�=2>� .

���
4.4: @�A3BDC�E�F m º k > 1, ?&@,A�B�K L :

m · (SP (n1) + SP (n2) + · · · + SP (nk)) = SP (n1 + n2 + · · · + nk).

u�»�¼8¾�C�E�F�N (n1, n2, · · · , nk).
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C D E F G

SPAC(n) H�I
5.1 J�K
~,L

5.1 @3A�B�C�E�F n, ?,@�M3N&O7PýM Smarandache Q�F*"�RS F SPAC(n) %UTWV n + k J,Q�F�M#X!Y(C�E�F k.

~&L
5.2 @�A3BDC�E�F n, ?&@7M,N

An = {SPAC(1) + SPAC(2) + · · · + SPAC(n)}/n.

~�L
5.3 @�A�B�C¤E�F n, ?�@ZM[N�X\Y;M7Q�F;"*R S F]%^TV n + k J,Q�F , w |k| %&X!Y�M(F k.

5.2 SPAC(n) ������_a`cbed
5.2.1 ��� Smarandache f�hgZi\j  SPAC(n)
~ >

5.2.1 k,l�A3B!m�M?C�E�F k, nUo
k, k − 1, k − 2, k − 3, · · · , 2, 1, 0prq*s

SPAC(n).

O P
: À k ¿�è�é;È ¶36W§ � , � n > k + 1. t¤T P Á + � P >

n!+n ¶'u % É � .
�����

P − 1, P − 2, · · · , P −k, · · · , n!+n, · · · , n!+2� Á ü � .
� #�'�) ���

k + 1
] 6D§ � :

p − k, p − k + 1, p − k + 2, · · · , p − 1, p.

[�v � ¶ Smarandache É � ä
wUx � ��y Á
SPAC(p − k) = k, SPAC(p − k − 1) = k − 1, · · · ,

SPAC(p − 1) = 1, SPAC(p) = 0.
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| é�Õ k, k − 1, k − 2, · · · , 1, 0

²�³ g SPAC(n). [�7�¨ k�<8©�ß
¶ 9;: .

5.2.2 Smarandache f�hgZi\j  SPAC(n) !~}������
=;>

5.2.1 � n %�A±BQC�E�F , H v n ��m]��lc�;� [n − n
7
12 ,

n] � [n, n + n
7
12 ] �ã��M prq ���&Q�F . �W�DJ
k,l�Q�F p � q nUo

n − n
7
12 ≤ p ≤ n

�
n < q ≤ n + n

7
12 .

=?>
5.2.2 � π (x) �!��IW��� x M#1Îu,Q�F�MÎ�ÎF , Htu�<�=2>� 

π (x) =
x

ln x
+ O

(
x

ln2 x

)

.

~ >
5.2.2 @�A3BDC�E�F n, ?&@�uU�,�! 

An =
1

n

n∑

a=1

SPAC(a) ≥ 1

2
ln n + O (1) .

O�P
:
��� Æ�è3é7� � È�¶�6�§ � n, T 2 = p1 < p2 < p3 < · · · <

pm ≤ n ÙWÚ��3� [1, n] Ð�¶Î435WÉ � . g Á Ê SPAC(a) ¶ ©�÷ ä r # �� (pi, pi+1] Ð�4�5�§ � a ¶8É � ä
wUx �
� Z3¿
∑

pi<a≤pi+1

SPAC(a) = pi+1 − pi − 1 + pi+1 − pi − 2 + · · · + 1 + 0

=
(pi+1 − pi)(pi+1 − pi − 1)

2
.

| é�Õ SPAC(1) = 1, 4 £ ÊÜn Ä�'�)�ä �
∑

a≤n

SPAC(a) = 1 +
∑

pi+1≤n

∑

pi<a≤pi+1

SPAC(a) +
∑

pm<a≤n

SPAC(a)

≥
∑

pi+1≤n

(pi+1 − pi)(pi+1 − pi − 1)

2
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=
1

2

∑

pi+1≤n

(pi+1 − pi)
2 − 1

2

∑

pi+1≤n

(pi+1 − pi)

=
1

2

∑

pi+1≤n

(pi+1 − pi)
2 − 1

2
(pm − 2) .

��,U��� R .�Ä 5 �

pm − 2 =
∑

pi+1≤n

(pi+1 − pi) ≤




∑

pi+1≤n

(pi+1 − pi)
2





1
2



∑

pi+1≤n

1





1
2

(5-1)

=




∑

pi+1≤n

(pi+1 − pi)
2





1
2

(π(n))
1
2 . (5-2)

� ��ä ��R .�Ä �
∑

pi+1≤n

(pi+1 − pi)
2 ≥ (pm − 2)2

π(n)
.

Êxa�í (5-2)
Ä � | é An ¶ ©�÷ ä � �

nAn ≥ 1

2

(pm − 2)2

π(n)
− 1

2
(pm − 2) =

1

2
(pm − 2)

[
pm − 2

π(n)
− 1

]

���
An ≥ 1

2n
(pm − 2)

[
pm − 2

π(n)
− 1

]

.

��, � ß 5.2.1 íW� ß 5.2.2 � | é
��� Ä n − pm � n
7
12

l�� ú õ �

An ≥

[

n + O
(

n
7
12

)]2

2n
[

n
lnn

+ O
(

n
ln2 n

)] + O
(pm

n

)

=
n2 + O

(

n
19
12

)

2n2

lnn
+ O

(
n2

ln2 n

) + O(1)

=
1

2
ln n + O (1) .

c ¿
lim

n→∞

[
1

2
ln n + O (1)

]

= +∞,
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4 £

lim
n→∞

An = +∞.

� �
An ÁU�U� ¶ . g Á ¨ k�<8©�ß ¶ 9;: .

5.3 ��� SPAC(n) �����������
���

5.1: �U !M,N#?&@�"3¡2¢¤£;:¥X!Y6Q�F�"2R S F�M¤¦�§
¨�©
1, 0, 0, ±1, 0, ±1, 0, −1, ±2, 1, 0, ±1, 0, −1, ±2, · · ·

?
@Uª7«[¬r�®�l,¯��DF*¢��Üu3»W¼D�DF3°�±³²ã»W¼&´ . (*)&¯��DF*¢
M¤+#8 .
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C¶µ E ·

Smarandache ¸º¹º» ¼a½ H�I
6.1 J�K
[ \   � Á,¾�¿3À,ÁUÂ!Ã Ë�Ì � q,Ä7Å F.Smarandache Æ�Ç7È�É�Ê

Ë¤¶ÌË Only Problems, Not Solutions Í�Î7Ï¤Ð��
Ð¤¶ , �,Ñ7Ò�Ó7Ô�Õ�Ö� ¶?Ò�Ó ! ×
Ø , Ù
Ô�ô�õ�Ú Smarandache ¢UÛ�Ü*Ý6Þ3ßWà�¶¤á ÷
â!L

6.1 ã*ä³å7æ�ç!è n, O*P\é
ê Smarandache »*ë~ì\í2îZïè Zw(n) M*N!%�X^Y7é&æ3ç�è m n!o n | mn. �
�,ð Zw(n) = min{m :

m ∈ N, n|mn}.

6.2 Zw(n) ������_a`cbed
6.2.1 Zw(n) ñ��ò^ó]ôöõ\÷
â,ø

6.2.1 ã�ä*åUæ7ç�è n, ù3ú n = pα1
1 pα2

2 · · · pαr
r ��� n é2û*ü
ýþ  , ÿ�� Zw(n) = p1p2 · · · pr. ����� , Zw(p) = p, ¯�� p %Wä7å&Q&è .

â
ø
6.2.2 	�
��	 n %��Uë,ì�í¥î2è~� , Zw(n) = n.

â
ø
6.2.3 ãUä7å2æ�ç&è n, Zw(n) ≤ n.

â
ø
6.2.4 �#è

∞∑

n=1

Zw(n)

n

ð
��^é .

â
ø
6.2.5 �#è

∞∑

n=1

1

Zw(n)

ð
��^é .
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â
ø

6.2.6 Zw(n) ð�"���ï¥è , �W�2ð , 	 (m, n) = 1 � ,

Zw(m · n) = Zw(m) · Zw(n).

â
ø
6.2.7 Zw(n) �6ð�"2R^ï¥è , �W�2ð ,

Zw(m + n) 6= Zw(m) + Zw(n).

â
ø
6.2.8 	 n ≥ 1 � , Zw(n) ≥ 1.

â
ø
6.2.9 	 n ≥ 1 � , 0 <

Zw(n)

n
≤ 1.

â
ø
6.2.10 ã��6ä7å�� è ε > 0, k,lUæ�ç&è n ≥ 1, nUo

Zw(n)

n
< ε.

â
ø
6.2.11 ì�� Zw(n)

n
= 1, � �"!�#�$2æ�ç&è þ .

âUø
6.2.12 	 n %'&Uè)( , Zw(n) ð�&Uè ; 	 n %�*#è)( , Zw(n) ð

*¤è .

â
ø
6.2.13 +�,�-6ì�� Zw(n) = Zw(n + 1) .'��æ�ç&è þ .

â
ø
6.2.14 ãUä7å2æ�ç&è n, �U�,�"/

n∑

k=1

Zw(k) >
6 · n
π2

.

â
ø
6.2.15 �#è

∞∑

n=1

1

(Zw(n))a , a ∈ R, a > 0

ð
��^é .
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â
ø

6.2.16 ãUä7å�� è α, s <>= s − α > 1 ? α > 0, ��@'AB/
∞∑

n=1

(Zw(n))α

ns
=

ζ(s)ζ(s − α)

ζ(2s − 2α)

∏

p

[

1 − 1

ps + pα

]

,

C)D
ζ(s) % Riemann zeta- ï¥è ,

∏

p

E"F ãBG'��H&èBI�J .

â
ø
6.2.17 ãUä7å�� è α > 0 ? x ≥ 1, ��K�L�MN/

∑

n≤x

(Zw(n))α =
ζ(α + 1)xα+1

ζ(2)(α + 1)

∏

p

[

1 − 1

pα(p + 1)

]

+ O
(

xα+ 1
2
+ε
)

.

6.2.2 OQP Zw(n) ñ)R�ò�SQTVUVW
â
ø

6.2.18 ãUä7å2æ�ç&è n > 1, XY���Z�["/
1

n

n∑

k=2

ln(Zw(k))

ln k
= 1 + O

(
1

ln n

)

.

\�]
: ^ U(n) =

n∑

k=2

ln(Zw(k))

ln k
. ×
ØUÙ
Ô�_�` U(n) 3ba�c . d�ea

f
k > 1 g , h Zw(k) 3#á�i�ÙUÔ j�k�l)m Zw(k) n o k 36Ê�p j�qbr*ÝWà
3�s�t , Êvuxw�y zB{�|�à k p Zw(k) ≤ k 7 ln(Zw(k)) ≤ ln k, }�~�p�_
`�� :

U(n) =
n∑

k=2

ln(Zw(k))

ln k
≤

n∑

k=2

ln k

ln k
= n − 1 ≤ n. (6-1)

8���Ù,Ô _B` U(n) 3'�Bc . w yBz"{�|7à 2 ≤ k ≤ n, � k 3'���B��1"��
k = pα1

1 pα2
2 · · · pαs

s , Ù
Ô������ [2, n] ��3'Ê�p�|�à���������Þ�� A 7 B,

8�� A n�o���� [2, n] �#Ê"p"�"���B� αi ≥ 2 (i = 1, 2, · · · , s) 3�{�|à k 3���� ; B n�oB��� [2, n] ��Ê�p��������p,Î� αi = 1 (1 ≤ i ≤ s) 3
{�|�à k 3���� . ���
Ù
Ô�p

U(n) =
n∑

k=2

ln(Zw(k))

ln k
≥

n∑

k=2

ln(Zw(k))

ln n
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=

1

ln n

∑

k∈A

ln(Zw(k)) +
1

ln n

∑

k∈B

ln(Zw(k)). (6-2)

��� h���� A 3#á�i���� A �"� � [2, n] �� �p Square-full àN3b��� ,  ¡uÙ
Ô�p�_�`�� :
∑

k∈A

ln(Zw(k)) ≤
∑

k∈A

ln k ≤
√

n · ln n. (6-3)

¢"£ Ü�¤ , wN�By�z n ∈ B,
£ á ¥�¦ £ �Nr!à p, §�¨ p|n ©

(

p,
n

p

)

=

1. q)g�ª�z�«¡r[à\á¬®3�¯¡°�j±qB²�� ( ³®´�µ¡¶ [2] á¬ 4.10, µ
¶ [3] 7 [8]):

∑

k≤n

ln p

p
= ln n + O (1) ,

∑

k≤n

ln p = n + O
( n

ln n

)

7
∑

k≤n

ln p

p2
= D + O

(
1

ln n

)

,

8�� D
� {�·&à . ����¸�¹�p�_�`��

∑

k∈B

ln(Zw(k)) =
∑

pk≤n

(p, k)=1

ln(Zw(pk)) =
∑

pk≤n

(p, k)=1

(ln p + ln(Zw(k)))

≥
∑

pk≤n

(p, k)=1

ln p =
∑

p≤n

ln p
∑

k≤n
p

(p, k)=1

1

=
∑

p≤n

ln p

(
n

p
− n

p2
+ O(1)

)

= n
∑

p≤n

ln p

p
− n

∑

p≤n

ln p

p2
+ O




∑

p≤n

ln p





= n ln n + O(n). (6-4)

h (6-2), (6-3) 7 (6-4) ��¸�¹�jk�¨�«�_�`�� :

U(n) =
n∑

k=2

ln(Zw(k))

ln k
≥ 1

ln n

∑

k∈B

ln(Zw(k)) + O
(√

n ln n
)
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≥ 1

ln n
(n ln n + O(n)) + O

(√
n ln n

)
= n +

( n

ln n

)

. (6-5)

º � (6-2) 7 (6-5) ��¸�¹�»�¼�l�m¾½�¿BÀ�� :

1

n

n∑

k=2

ln(Zw(k))

ln k
= 1 + O

(
1

ln n

)

.

����Á��NÂWá¬�3�Ã�Ä .

¦�a�Å�á¬N��Æ n → ∞, »�Ç>¨�«È���l�ÉÊ�Ë
6.2.18 Ì�ÍBÎ�Ï�ÐÑ n, XY���Ò�Ó

lim
n→∞

1

n

n∑

k=2

ln(Zw(k))

ln k
= 1.

6.2.3 OQP®Ô)R Zw(k)

θ(k)

Õ SQTVUVW
Ö�×

6.2.19 Ì�Í�Î�Ï Ð�Ñ k > 1, Ø θ(k) =
∑

n≤k

ln (Zw(n)), X�Y��
K�L�MN/

Zw(k)

θ(k)
=

Zw(k)
∑

n≤k

ln (Zw(n))
= O

(
1

ln k

)

.

\�]
: d)e�a , wNy�z)e�Ù x > 1 ÚNy�z){"|�Ù n, Û�Ü Möbius Ý

Ù µ(n) 3bÞ�ß :

|µ(n)| =
∑

d2|n
µ(d)

à ª�z�«
∞∑

n=1

µ(n)

n2
=

1

ζ(2)
=

6

π2

¸�¹�p
∑

n≤x

|µ(n)| =
∑

n≤x

∑

d2|n
µ(d)

=
∑

md2≤x

µ(d)
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=
∑

d≤√
x

µ(d)
∑

m≤ x

d2

1

=
∑

d≤√
x

µ(d)
( x

d2
+ O(1)

)

= x





∞∑

d=1

µ(d)

d2
−
∑

d>
√

x

µ(d)

d2



+ O




∑

d≤√
x

|µ(d)|





= x

(
6

π2
+ O

(
1√
x

))

+ O
(√

x
)

=
6

π2
x + O

(√
x
)
.

��¤�¸v¹�ævç�è�� º Évé�ÃêÄNë¡¬ . w�y�zv��â�ã±ä�å�Ù n,

Zw(n) = n, ìp
θ(k) =

∑

n≤k

ln (Zw(n))

≥
∑

n≤k

|µ(n)| ln n

≥
∑

√
k≤n≤k

|µ(n)| ln(
√

k)

=
1

2
ln k

∑

√
k≤n≤k

|µ(n)|

=
1

2
ln k




∑

n≤k

|µ(n)| −
∑

n≤
√

k

|µ(n)|



 . (6-6)

ä�í�p

θ(k) ≥ 1

2
ln k




∑

n≤k

|µ(n)| −
∑

n≤
√

k

|µ(n)|





≥ 1

2
ln k

(
6

π2
k + O(

√
k)

)

=
3

π2
k · ln k + O(

√
k · ln k). (6-7)
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ª�z�« Zw(n) ≤ n, ����¸�¹�»�Ç>¨�«

0 <
Zw(k)

θ(k)
≤ k

3
π2k · ln k + O(

√
k · ln k)

= O

(
1

ln k

)

î
Zw(k)

θ(k)
= O

(
1

ln k

)

.

è�ï�Á��NÂ>ë¬�3�Ã�Ä .

Û�Ü ë¬�¸�¹�»�Ç>¨�«È�� º É :Ê�Ë
6.2.19 Ì�ÍBÎ�Ï�ÐÑ k, XY���ðBñ�ò>ó

lim
k→∞

Zw(k)

θ(k)
= 0.

6.3 Zw(n) ôöõø÷úùøûýü
þxÿ

6.1: ������� Zw(n) = Zw(n + 1) + Zw(n + 2) ��� .

w 1000 u	�'3 Zw(n) 3�
 , ��ã�	��p�1 .

þxÿ
6.2: ������� Zw(n) + Zw(n + 1) = Zw(n + 2) ��� .

w 1000 u	�'3 Zw(n) 3�
 , p�©���p 6 ��1
Zw(1) + Zw(2) = Zw(3), Zw(3) + Zw(4) = Zw(5),

Zw(15) + Zw(16) = Zw(17), Zw(31) + Zw(32) = Zw(33),

Zw(127) + Zw(128) = Zw(129), Zw(225) + Zw(256) = Zw(257).þxÿ
6.3: ������� Zw(n) = Zw(n + 1) · Zw(n + 2) ��� .

w 1000 u	�'3 Zw(n) 3�
 , ��ã�	��p�1 , ���w� �pN3 n, ��ã���� �B» ? ª�z�« È�� n ���"Ù , aBÅ�ã���Bp"1 . d�e a ,
f

n ���"Ùg ,

Zw(n) ���BÙ , Zw(n + 1) · Zw(n + 2) ���BÙ . íg , � ã��j � » . È
� n, n + 1, n + 2 �����â�ã�äbå�Ù , ìp n = n2 + 3n + 2,

��� è�j���» ,

Ç���ã�	��p�1 .
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þxÿ
6.4: ������� Zw(n) ·Zw(n+1) = Zw(n+2) �����	����� .

w 1000 u	�'3 Zw(n) 3�
 , ��ã�	��p�1 , ���w� �pN3 n, ��ã���� ��» ? ªBz"«�È�� n � � Ù , a�ÅBã ���p 1 . d"e�a ,
f

n � � Ù�g ,

Zw(n) ���BÙ , Zw(n + 1) · Zw(n + 2) ���BÙ . íg , � ã��j � » . È
� n, n + 1, n + 2 �����â�ã�äbå�Ù , ìp n2 + n = n + 2,

��� è�j���» ,

Ç���ã�	��p�1 .

þ�ÿ
6.5: �!�	�'� Zw(n) · Zw(n + 1) = Zw(n + 2) · Zw(n + 3) �

���	����� .

w 1000 u	�'3 Zw(n) 3�
 , ��ã�	��p�1 , ���w� �pN3 n, ��ã���� ��» ?

þxÿ
6.6: ������� Zw(n) = S(n) ��� ,

C)D
S(n) " Smarandache #

Ñ .

þxÿ
6.7: $�I�%'&��bÏ�ÐÑ k, (�) Zw(n), · · · , Zw(n + k)

D+*�,
��-�$HÑ .

þ'ÿ
6.8: �.�'��� Zw(Z(n)) − Z(Zw(n)) = 0 ��� ,

C�D
Z(n) "/

Smarandache #¾Ñ .

þxÿ
6.9: �����'AB/ Zw(Z(n)) − Z(Zw(n)) > 0 ��� .

þxÿ
6.10: �����'AB/ Zw(Z(n)) − Z(Zw(n)) < 0 ��� .

þxÿ
6.11: ���'#¾Ñ

Zw(Z(n)), Z(Zw(n)), Zw(Z(n)) − Z(Zw(n))

���10 .

þ�ÿ
6.12: "�243�5�687�Ï"Ð�Ñ m, n, k, (�) Zw(m · n) = mk ·

Zw(n) 9	: .

þxÿ
6.13: "'2�3 5�ÐÑ k > 1 ; n > 1 (�) Zw(n)k = kZw(n · k) 9

: .

83



Smarandache 01 2"3 465�7�8�9�:�;
þxÿ

6.14: �������
Zw(n)r + Zw(n)r−1 + · · · + Zw(n) = n

C)D
r "�Ï�ÐÑ , < r ≥ 2.
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Smarandache E FHG IKJ

7.1 LNM
è £ Ý�ÙB� O�P�Q R�S'T U�V Ù É W�X F.Smarandache Y	ZB¦�[  

U3]\ Only Problems, Not Solutions ^ £�_ �	`�a3 ,
à b�c�d ¹�egfh 3bÞ�ß ! i�j , ¸�¹	kNm Smarandache @�A�s�Ý>Ù�3�ëi

Ö	l
7.1 Ì Í�Î�ÏBÐ�Ñ n, Smarandache m�n1o.#bÑ Sdf(n) p'q�r

<>= Sdf(n)!! s�t n Ð�u �1%'&��bÏ�ÐÑ .

7.2 Smarandache vxwzy ôöõø÷|{~}����
7.2.1 Smarandache �����±Ô)R Õ��������Ö�×

7.2.1 Ì!�bÍBÎHÑ p, Sdf(p) = p.

Ö�×
7.2.2 Ì!�bÍBÎ���� �g���4��Ñ n, XY��

Sdf(n) = 2 · max{p1, p2, p3, · · · , pk}
C)D

{p1, p2, p3, . . . pk} " n �>H.��� .

\�]
: j � £4� Þ , ¸�¹�� n = p1 ·p2 ·p3, ��� p3 > p2 > p1 © p1 = 2.

È�� � Ù���A�sB� n ���BÙ , �'��� � 2 · 4 · 6 · m �4� n |� '��¡�¢ {�|
Ù m � 2 · p3. d�ea�w�� m = 2 · p3, ¸�¹�p :

2 · 4 · 6 · 2 · p2 · 2 · p3 = (2 · p2 · p3)(4 · 6 · 2 · 2) = k · (2 · p2 · p3), k ∈ N

Ö�×
7.2.3 Ì!�bÍBÎ���� �g����Ñ n, XY��

Sdf(n) = max{p1, p2, p3, · · · , pk},
C)D

{p1, p2, p3, · · · , pk} " n �>H.��� .

\�]
: j � £4� Þ , ¸�¹�� n = p1 · p2, ��� p1 Ú p2 ������jNq4�>r�Ù© p2 > p1.
£�£ « p2 ����Ù n �8As ��¤���� n �¥��Ù , ä �Bf p1 < p2 gè���A�s £ ë8¦�§ p1 · p2 ��t , ¨�ï�� n �1A�s � : 1 · 3 · 5 · · · · · p1 · p2.
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Ö�×

7.2.4 ³'Ñ ∞∑

n=1

1

Sdf(n)
"�´�µ�� .

\�]
: è��"ë�¬ �vh6ÚB� ∑

p

1

p
�1¶ ·�Þ £ ¸ ¨B«!� , �� p ��y z

r�Ù . d�ea , h¾ë¬ 7.2.1 ��¨ ∞∑

k=1

1

Sdf(k)
>
∑

p

1

p
, è�ï�Á��NÂ>ë¬!��Ã

Ä .

Ö�×
7.2.5 Sdf(n) ¹ º�#¾Ñ�"!»1�8¼�#¾Ñ . ½ ¾8"�¿ (n, m) = 1 À

Sdf(n + m) 6= Sdf(n) + Sdf(m).

\�]
: d�ea , Á�È :Sdf(2 + 15) 6= Sdf(2) + Sdf(15).

Ö�×
7.2.6 Sdf(n) ¹ º�#¾Ñ�"!»1��og#¾Ñ . ½ ¾8"�¿ (n, m) = 1 À

Sdf(n · m) 6= Sdf(n) · Sdf(m).

\�]
: d�ea , Á�È :Sdf(3 · 4) 6= Sdf(3) · Sdf(4).

Ö�×
7.2.7 Sdf(n) ≤ n.

\�]
: d�ea ,

f
n �4Â�â�ã�äbå�Ù�g , h¾ë¬ 7.2.1, 7.2.2 Ú ë¬ 7.2.3,

p Sdf(n) ≤ n.
f

n j���Â�â ã�ä�å�ÙNg , hx��Ý'Ù Sdf(n) ��¡�Ã	
 £ ë
j�Ã�� n,

f ¸�¹�Æ�« n �1A�s , � � h £ ë�� n ����Ù .

Ö�×
7.2.8 ³'Ñ ∞∑

n=1

Sdf(n)

n
"�´�µ�� .

\�]
: d�ea ,

∞∑

k=1

Sdf(k)

k
>

∞∑

p=2

Sdf(p)

p
, ��� P �y�z�r�Ù . h6��r

Ù p p�Â�Ä Å�Æ ,
à © Sdf(p) = p, ä�í ∞∑

p=2

Sdf(p)

p
��¶�·�� .

Ö�×
7.2.9 Ì�ÍBÎ�Ï�ÐÑ , Ç4È�� Sdf(n) ≥ 1.
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ÊgË
: è	ÆBë�¬��.Ì�Í���Ý�Ùg�'ë�Î £	¸ ¨ « . Ï�Ð�Ñ , Ò n = 1 Ó ,Ô�Õ ë	Î���¡�¢�Ö�×BÙ�ØBë Ù 1. Ò n 6= 1 Ó , Í�Ú 1 ��A�É�ØBë Û�Ù n �

��Ù , Ü.Ì Sdf(n) ≥ 1.

Ö�×
7.2.10 Ì�ÍBÎ�Ï�ÐÑ , Ç4È�� 0 <

Sdf(n)

n
≤ 1.

Ê!Ë
: è�Æ ë4Ý�Þ�Ì Í¾ë4Ý 7.2.7 Ú ë4Ý 7.2.9

£�¸	ß à
.

Ö�×
7.2.11 Sdf(p#

k ) = 2pk, á�â p#
k ã'ä4å k º4æÑg��o	ç .

Ê!Ë
: è�Æ ë4Ý�Þ�Ì Í¾ë4Ý 7.2.2

£�¸	ß à
.

Ö�×
7.2.12 ��è Sdf(n)

n
= 1 ���'é�ê8º�Ï�ÐÑ � .

Ê�Ë
: è�Æ�ë	Ý�ÞëÌ'Íbë	Ý 7.2.1

£�¸�ß'à
. Ï'Ð	Ñ , ì�Â�Ä'Å4Æ'í

Ù Ô�Õ ��ã� .

Ö�×
7.2.13 #¾Ñ Sdf(n) î�ï�ð1� ñ�»	ò . ó�¾8" Sdf( � ) = � ,

Sdf( ð ) = ð .

Ê!Ë
: è�Æ ë4Ý�Þ�Ì Í¾ë4Î £�¸	ß à .

Ö�×
7.2.14 ô õ�ö¥��è Sdf(n) = Sdf(n + 1) ÷1�	ø	ù4ú � .

Ê�Ë
: Ï�Ð�Ñ , Û�Ü"ë�Ý 7.2.13, n Ú Sdf(n) ��� ��Þ	û�ü Ø�ý . ä>í

Ò n þ8��Ù�Ó , Sdf(n) ¨�Ù���Ù , � n + 1 Ù���Ù , Sdf(n + 1) Ù���Ù . í!Ó
ã��Â�ª . ÿ+Ý�Þ ß , Ò n þ8��Ù�Ó , ã��Â�ª .

7.3 Smarandache vxwzy ôöõø÷úùøûýü
þxÿ

7.1: ��ó |Sdf(n + 1) − Sdf(n)| "'2���� .

þ>ÿ
7.2: $����4è Sdf(n + 1)

Sdf(n)
= k,

Sdf(n)

Sdf(n + 1)
= k �1ø�ù	ú'� .

á�â k "����8ø	ù4ú , �4<
	!� å -	º	��è n > 1.

��
:
= Ø4Æ����Â�ª .
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þxÿ

7.3: Ç4È�p q Sdf(n) � k �����!r :

Sdfk(n) = Sdf(Sdf(Sdf · · · (Sdf(n)) · · · )),

á�â Sdf ��� k � . 	!���1��� n, ��� Sdf(n) �������������! �"�s$#�%
�	º�p'&�(*)*���	º'+�, .

-�.
7.4: /��0!1*�¥ø	ù4ú k, 2�# Sdf(n) 3 Sdf(k + n) 46587�9:; �	º4æ4ú .

-$.
7.5: 	g� n ≥ 1, �
<>= Smarandache m!n�o@?+ú Sdf(n) A��BDC ��E!FD�1ú@G 0.1232567491011 · · · ����H ú�I��!��H ú . Ç È�J�¹

º1ú���K Smarandache L�M8N�O�ú .

-�.
7.6: PQ ∞∑

k=1

(−1)k · Sdf(k)−1 ��& .

-�.
7.7: PQ ∞∏

n=1

1

Sdf(n)
��& .

-�.
7.8: Q�R lim

k→∞

Sdf(k)

θ(k)
��& , á�â θ(k) =

∑

n≤k

ln(Sdf(n)).

-�.
7.9: �! :;!S8T ø	ù4ú m,n,k, 2�#�U�V

Sdf(n · m) = mk · Sdf(n)

F�W .

-�.
7.10: /X�Y�è Sdf(n)! = Sdf(n!) �Z�1�	ø	ù4ú[ .

-�.
7.11: 	!� k > 1 3 n > 1, /X�Y�è Sdf(nk) = k · Sdf(n) �Z�

�	ø	ù4ú[ .

-$.
7.12: 	g� k > 1, /�XY1è Sdf(nk) = n · Sdf(k) ���8� ø ù

ú[ .

-�.
7.13: /!X�Y4è Sdf(nk) = nm · Sdf(m) �*����ø�ù	ú![ , á

â k > 1, m, n > 0.
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-�.
7.14: 	dc�?�ú Sdf(n) � å�e º'& , »ZU�V

n

Sdf(n)
≤ 1

8
· n + 2, 1 ≤ n ≤ 1000

F�W . ¿ n > 1000 À , f'»ZU�V8�! 8g@h'F�W .

-�.
7.15: 	dc�?�ú Sdf(n) � å�e º'& , »ZU�V

Sdf(n)

n
≤ 1

n0.73
, 1 ≤ n ≤ 1000

F�W . ¿ n > 1000 À , f'»ZU�V8�! 8g@h'F�W .

-�.
7.16: 	dc�?�ú Sdf(n) � å�e º'& , »ZU�V

1

n
+

1

Sdf(n)
< n− 1

4 , 2 < n ≤ 1000

F�W . ¿ n > 1000 À , f'»ZU�V8�! 8g@h'F�W .

-�.
7.17: 	dc�?�ú Sdf(n) � å�e º'& , »ZU�V

1

n · Sdf(n)
< n− 5

4 , 1 ≤ n ≤ 1000

F�W . ¿ n > 1000 À , f'»ZU�V8�! 8g@h'F�W .

-�.
7.18: ��� Smarandache _�`8É�a�b�a�b Sdf(n) i8j*k�l�b

∞∑

n=1

1

Sdfa(n)
, m@n a > 0, a ∈ R

i$o ·*p .

-�.
7.19: ��<

lim
n→∞

n∑

k=2

ln Sdf(k)

ln(k)

n

��&��! �qZr�c*s4ºZt�u���ú�v
O�ú .
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-�.

7.20: X
[�Y�è
Sdf(n)r + Sdf(n)r−1 + · · · + Sdf(n) = n,

á�â r ≥ 2 �	ø	ù4ú . �$�
Sdf(n)r + Sdf(n)r−1 + · · · + Sdf(n) = k · n,

á�â r, k ≥ 2 "
�	ø	ù4ú .

-�.
7.21: ��< Sdf

(
m∏

k=1

mk

)

3 m∑

k=1

Sdf(mk) ����� .
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��� � �
Smarandache-totient ���

8.1 ���
�*�

, �*����� � Smarandache-totient a�bdi'�4Î
�
�

8.1 	����8ø	ù4ú n, K Smarandache-totient ?�ú Zt(n) ������� m∑

k=1

ϕ(k)  $¡ n ù�¢�Z0!1*�¥ø	ù4ú m, á�â ϕ(n) � Euler ?�ú .

8.2 £ Smarandache-totient ¤¦¥�§©¨«ª¬¯®
8.2.1 ° Smarandache-totient ±D²¦³D´¶µ¸·º¹
�*»

8.2.1 ?�ú Zt(n) ¼½Z¾�¿�À�½Z¾*N , ó�Á��ºÂ (m, n) = 1 Ã ,

Zt(m + n) 6= Zt(m) + Zt(n), Zt(m · n) 6= Zt(m) · Zt(n).

ÄdÅ
: ÆÇ
È , Zt(2 + 3) 6= Zt(2) + Zt(3), Zt(2 · 3) 6= Zt(2) ·Zt(3).

�*»
8.2.2 	����8ø	ù4ú n > 1, É'Ê Zt(n) > 1.

Ä@Å
: Æ�Ç�È , Ë�ÌdÍ n > 0 Î , ϕ(n) > 0. Í n = 1 Î , ϕ(n) = 1. ÏÐ Í�Ñ�Ò�Í n = 1 Î , Zt(n) = 1.

�*»
8.2.3 	����8ø	ù4ú n ≥ 1, É'Ê

Zt(n)
∑

k=1

ϕ(k) ≤ Zt(n) · (Zt(n) + 1)

2
.

ÄdÅ
: ÓÔ Zt(n) = m. Õ1þ�Í n ≥ 1 Î , ϕ(n) ≤ n. Ì�Ö4ì

m∑

k=1

ϕ(k) ≤
m∑

k=1

k =
m · (m + 1)

2
.

91



Smarandache w
x�y!i�z|{�}�m�~*���

�*»
8.2.4 ×1ú ∞∑

n=1

1

Zt(n) Ø*Ù .

ÄdÅ
: Ú*Û��
Ü , ÓÔ Zt(n) = m, Ì�Ö ,

m∑

k=1

ϕ(k) = a ·n, Ý�Þ a ∈ N .

ß
à 3 · m2

π2
≈ a · n. Õ$á à m ≈

√

π2 · a · n
3

k
∞∑

n=1

1

Zt(n)
≈

∞∑

n=1

1

π
√

a·n
3

>
3

a · π

∞∑

n=1

1

n

â�ã
, ÝÖ�Õ1þ lim

n→∞

∞∑

n=1

1

n
Ö â�ã i .

�*»
8.2.5 ×Zä ∞∑

n=1

Zt(n)

n Ø*Ù .

ÄdÅ
: ÆÇ
È ,

∞∑

n=1

Zt(n)

n
≈ π ·

∞∑

n=1

√
a·n
3

n
>

∞∑

n=1

1

n
.

Ì�Ö*å�æ
á�l�b â�ã .

�*»
8.2.6 n ≤ π2

3

n∑

k=1

ϕ(k).

ÄdÅ
: ÆÇ
È , Ë|Ì

n∑

k=1

ϕ(k) ≈ 3n2

π2
,

çè �
édiZê�ë�ì�í n ≤ n2, ÝÖ*î*ï�i .

�*»
8.2.7

Zt(n)
∑

k=1

ϕ(k) ≥ n.
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ÄdÅ
: Ý�ð�ê
ñ*å Ð Ë Zt(n) i'�
Ü*ò�ó�ôõ . ÆÇ
È ,

m∑

k=1

ϕ(k) = a · n, (a ∈ N).

Í a = 1 Î ,
m∑

k=1

ϕ(k) = n. Í a > 1 Î ,
m∑

k=1

ϕ(k) > n. Ì�Ö��
é�ô*ö .

�*»
8.2.8 Zt(n) ≥

⌊

π ·
√

n

3

⌋

.

ÄdÅ
: Ý�ð�ê
ñ*å Ð Ë Zt(n) i'�
Ü*ò�ó�ôõ . ÆÇ
È ,

Zt(n) ≈ π ·
√

a · n
3

≥
⌊

π ·
√

n

3

⌋

, a ∈ N.

m@n bnc ÷ø*ù�ú*ûda�b , ì'Ö�ü
ý�þ n i$ÿ�����û�b .

�*»
8.2.9 Zt(n) < n ½��'F�W .

ÄdÅ
: ��� Zt(n) i Ð	��
 ð��ü����áü���� :

Zt(3) = 4, Zt(7) = 9 � .

�*»
8.2.10 Zt(n) ����&���� � N −{0}, ��� N �������
ä �"! .

ÄdÅ
: ÆÇ
È , #�$�%���û�b m, �*��å Ð"& õ
��!i n, ���

n ≈ 3 · m2

a · π2
, a ∈ N

' ô Zt(n) = m.

8.3 £ Smarandache-totient ¤¦¥�§)(+*-,
-�.

8.1: /�. ��� Zt(n), Zt(n+1), Zt(n+2), · · · , Zt(n+k) �/01dC �Z0�2"���
ä k.

93



Smarandache w
x�y!i�z|{�}�m�~*���
��� : #Ì 1000

Ð�3 i Zt(n) i"� , �*��ô�æ k = 5, k = 4 Î ,
à

Zt(514) < Zt(515) < Zt(516) < Zt(517) < Zt(518) < Zt(519),

Zt(544) < Zt(545) < Zt(546) < Zt(547) < Zt(548).-�.
8.2: /X�Y54 Zt(n) = n ��6ZÊ����
ä[ .

#�Ì 1000
Ð73 i Zt(n) i8� , ����ô�æ n = 1, 2, 5 Ö�9�:�;Di�x . <

Ö�9�:�;Ö�=> à m�?
x . ádÎ , �*��@�A�B*x ��C iD:�;
n∑

k=1

ϕ(k) = a · n, a ∈ N.

-�.
8.3: �"! A ��� Zt(n) < n EDF�GHE�IZä , �"! B ��� Zt(n) >

n EDF�GHE�IZä , JX lim
n→∞

A

B
.

-�.
8.4: PQLK�M�E�&�N�O'Ê�P :

dn = |Zt(n + 1) − Zt(n)|

rn =
Zt(n + 1)

Zt(n)

ln =
|Zt(n) − Zt(m)|

|n − m| n, m ∈ N

-�.
8.5: J�/XQ���
ä n, 2�R

(1) Zt(n)|Zt(n + 1),

(2) Zt(n + 1)|Zt(n).

#Ì 1000
Ð�3 i Zt(n) i"� , �*� & õHS���� (1) i$Ï à x�í :

Zt(1)|Zt(2), Zt(2)|Zt(3), Zt(80)|Zt(81),

Zt(144)|Zt(145), Zt(150)|Zt(151), Zt(396)|Zt(397),

Zt(549)|Zt(550), Zt(571)|Zt(572), Zt(830)|Zt(831).
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��� (2) i$Ï à x�í :

Zt(34)|Zt(33), Zt(46)|Zt(45), Zt(75)|Zt(74), Zt(86)|Zt(85),

Zt(90)|Zt(89), Zt(108)|Zt(107), Zt(172)|Zt(171), Zt(225)|Zt(224),

Zt(242)|Zt(241), Zt(465)|Zt(464), Zt(650)|Zt(649), Zt(886)|Zt(885).

��ñ*�*��T C, D U�V
÷ø (1) k (2) i$x�i$ð�b , W�B
lim

n→∞
D

C
,

lim
n→∞

(D − C)2

|C2 − D2| .X�Y
8.6: ZX�Y54 Zt(n + 1) = Zt(n) E�6ZÊ����
ä[ .

[�\
: �*��]�^�Ý�ð�:�;�_�x .

X"Y
8.7: Z�X Zt(n + m) ` Zt(n), Zt(m) acbE��d� , �8� Zt(n ·

m) ` Zt(n), Zt(m) adbQE���� .

X�Y
8.8: e�fhg�ä Zt(n) i ϕ(n). jlknmporq K �s� Zt(n) >

ϕ(n) EDF�GHE�IZä , q L ��� Zt(n) < ϕ(n) EDF�GHE�IZä . PQ
lim

n→∞
K

L
.

UHt u�Ì6a�b Zt(n) k ϕ(n) iv 100 ð n � , �H� Zt(n) > ϕ(n) i n �à
:

n = 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 14, 15, 16, 17, 18, 19, 20, 24, 25, 26, 27 · · ·
w ��� Zt(n) < ϕ(n) i n � à :

n = 11, 21, 22, 23, 28, 29, 32, 35, 42, 43, 46, 49, 51 · · ·

Í 1 ≤ n ≤ 10000 Î , :�; Zt(n) = ϕ(n)
à Ð	�

9 ð�x :

n = 1, 40, 45, 90, 607, 1025, 1214, 2050, 5345.

95



Smarandache w
x�y!i�z|{�}�m�~*���
W�B : :�; Zt(n) = ϕ(n) Ö�= à�àpx ð�x . y�z���� |K − L|=0 i n i

ð�b .

X�Y
8.9: {| Zt(n) EQ}8!dg äpE n E���~ .

��� Zt(n) i k ���Q�da�b�í :

Ztk(n) = Zt(Zt(Zt(· · · (Zt(n)) · · · )

m@n Zt ��� k � .

W�B : #!Ì�Ï à i n, �L�L� Zt(n) i��������ô!õ���ð������7���
ð����H�L�
X�Y

8.10: ZX�Y54 Zt(n) + Zt(n + 1) = Zt(n + 2) E�6ZÊ����
ä
[ , ��Q��f7�54pE8�N�O5N�Êp��I .

#Ì 1000
Ð�3 i Zt(n) i"� , �*� & õHS�����È���:�;�i$x�í n = 6:

Zt(6) + Zt(7) = Zt(8).

X�Y
8.11: Z����54 Zt(n) = Zt(n + 1) + Zt(n + 2) E�6ZÊ����
ä

� .

#Ì 1000
Ð�3 i Zt(n) i"� , �*� & õHS�����È���:�;�i$x�í n = 49:

Zt(49) = Zt(50) + Zt(51).

9�:�;Ö�=����m�?�i$x ?

XDY
8.12: ZL�7�Q4 Zt(n) = Zt(n + 1) · Zt(n + 2) E6
Ê7�7��ä

� .

#!Ì 1000
ÐL3 i Zt(n) i5� , ��L� à & õ��7��È��L:�;6i'x , ��ë

9�:�;Ö�= à x ? z������L��*Û�÷�� : Zt(n) < Zt(n + 1) ·Zt(n + 2) � 
, ��ñ*�*��å Ð ö���Ý�ðü����¡��   , ì8¢*ö���SD9�:�;�_�x .

XDY
8.13: ZL�7�Q4 Zt(n) · Zt(n + 1) = Zt(n + 2) E6
Ê7�7��ä

� .
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#!Ì 1000
ÐL3 i Zt(n) i5� , ��L� à & õ��7��È��L:�;6i'x , ��ë

9�:�;Ö�= à x ?

X�Y
8.14: Z����54 Zt(n) ·Zt(n + 1) = Zt(n + 2) ·Zt(n + 3) E�6

Ê����
ä�� .

#!Ì 1000
ÐL3 i Zt(n) i5� , ��L� à & õ��7��È��L:�;6i'x , ��ë

9�:�;Ö�= à x ?

X�Y
8.15: Z����54 Z(n) = Zt(n) E�6ZÊ����
ä�� , ¦l§ Z(n) N

Pseudo-Smarandache g ä .

#�Ì 60
Ð73 i Zt(n) i8� , ��� & õ�����È��7:�;Di�x�í :n = 1, 24,

ì Z(1) = Zt(1) = 1, Z(24) = Zt(24) = 15. �!ë�97:7;�ÖL=�> à mH?
x ?

X"Y
8.16: Z7����4 Zt(n) = Z(n) − 1 i Zt(n) = Z(n) + 1 EQ6�Ê

���
ä�� .

#Ì 60
Ð�3 i Zt(n) i"� , �*� â¨ ����:�; Zt(n) = Z(n) − 1 i à :

Zt(2) = Z(2) − 1, Zt(9) = Z(9) − 1,

Zt(18) = Z(18) − 1, Zt(44) = Z(44) − 1.

����:�; Zt(n) = Z(n) + 1 i à :

Zt(5) = Z(5) + 1, Zt(6) = Z(6) + 1,

Zt(10) = Z(10) + 1, Zt(20) = Z(20) + 1,

Zt(40) = Z(40) + 1, Zt(51) = Z(51) + 1.

��ë�9�:�;Ö�= à�àpx ð�x ?

XnY
8.17: Z©�ª�h4 Zt(n) = S(n) E«6 Ê¬�¬�¸ä©� , ¦

§ S(n) N Smarandache g ä .

#Ì 84
Ð�3 i Zt(n) i"� , �*� â¨ ����:�; Zt(n) = S(n) i à :

Zt(1) = S(1), Zt(2) = S(2) = 2,
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Zt(5) = S(5) = 5, Zt(10) = S(10) = 5.

��ë�9�:�;Ö�=> à m�?
x ?

X"Y
8.18: Z7����4 S(n) = Zt(n) + 1 i S(n) = Zt(n) − 1 EQ6�Ê

���
ä�� .

#Ì 84
Ð�3 i Zt(n) i"� , �*� â¨ ����:�; S(n) = Zt(n) + 1 i à :

S(4) = Zt(4) + 1.

����:�; S(n) = Zt(n) − 1 i à :

S(3) = Zt(3) − 1, S(6) = Zt(6) − 1,

S(9) = Zt(9) − 1, S(17) = Zt(17) − 1,

S(18) = Zt(18) − 1, S(34) = Zt(34) − 1,

S(51) = Zt(51) − 1.

��ë�9�:�;Ö�=> à m�?
x ? Ö�= à�àpx ð�x ?

�!ñ����H7BL:7; S(n) = Zt(n) − 1 iZx , ��� â�¨�à�® ð�¯�° i
x n = 17 k n = 18. Ö�=>�����±�²@i$x ?

X�Y
8.19: Z����54 S(n) = 2 · Zt(n) − Z(n) E�6ZÊ����
ä�� .

#Ì 84
Ð�3 i Zt(n) i"� , �*� â¨�à�® ð�x :

S(9) = 2 · Zt(9) − Z(9), S(18) = 2 · Zt(18) − Z(18).

��ë�:�;�i$x�³p´�i8u�µ .

X�Y
8.20: Z����54 Zt(p) = p

′ E�6ZÊ����
ä�� , ¦l§ p i p
′ Nd½H¶

E8G
ä .

#Ì 60
Ð�3 i Zt(n) i"� , �*� â¨�à�· ð�x :

Zt(29) = 13, Zt(41) = 67, Zt(43) = 23.

��ë�:�;Ö�=����m�?H¸$x .
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X5Y
8.21: ZH����4 Zt(p) = p E�6�Ê����äH� , ¦r§ p NL¹pº�G

ä .

#Ì 60
Ð�3 ¸ Zt(n) ¸"� , �*� â¨�à�® ð�x :

Zt(2) = 2, Zt(5) = 5.

��ë�:�;Ö�=����»�?H¸$x .

X"Y
8.22: Z�. �'� Zt(n) i Zt(k + n) acb8¼L½D¾7¿7À�I�G*ä p EÁ�Â ���
ä k.

X�Y
8.23: Z����54 Zt(Z(n)) − Z(Zt(n)) = 0 ED���
ä�� .

X�Y
8.24: ��!½�ÃLÄ Zt(Z(n)) − Z(Zt(n)) > 0.

X�Y
8.25: ��!½�ÃLÄ Zt(Z(n)) − Z(Zt(n)) < 0.

X�Y
8.26: ÅHÆ�g ä Zt(Z(n)), Z(Zt(n)) i Zt(Z(n))−Z(Zt(n)) EÇHÈ

.

X�Y
8.27: ÉcÊ lim

n→∞
Z1

Z2
E�~ , ¦«§ Z1 =

∑

n

Zt(Z(n)), Z2 =

∑

n

Z(Zt(n)).

X�Y
8.28: É7Ê

lim
n→∞

∑

n

|Zt(Z(n)) − Z(Zt(n))|
∣
∣
∣
∣
∣

∑

n

Zt(Z(n)) −
∑

n

Z(Zt(n))

∣
∣
∣
∣
∣

.

X�Y
8.29: É7Ê

lim
n→∞

(
∑

n

|Zt(Z(n)) − Z(Zt(n))|
)2

∑

n

(Zt(Z(n)) − Z(Zt(n)))2
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E�~ .

X�Y
8.30: É7Ê

lim
n→∞

∣
∣
∣
∣
∣

∑

n

1

Zt(Z(n))
−
∑

n

1

Z(Zt(n))

∣
∣
∣
∣
∣

E�~ .

X�Y
8.31: É7Ê

lim
n→∞

∑

n

Zt(n)

Z(n)

E�~ .

X�Y
8.32: ÅHÆ�g ä F (n) = S(Z(Zt(n))) E5Õ�Ö .

X�Y
8.33: É7Ê

lim
n→∞

∑

n

|Zt(Z(n)) − Z(Zt(n))|

E�~ .

X�Y
8.34: e�f Ç�× g ä Z(n) i Zt(n) E8ØLK�ÙD~LÕ�Ö :

Zt1 =
∑

n

1

(Zt(n))!
, Z1 =

∑

n

1

(Z(n))!
,

Zt2 =
∑

n

Zt(n)

n!
, Z2 =

∑

n

Z(n)

n!
,

Zt3 =
∑

n

1
n∏

i=1

Zt(i)

, Z3 =
∑

n

1
n∏

i=1

Z(i)

,

Zt4(a) =
∑

n

na

n∏

i=1

Zt(i)

, Z4(a) =
∑

n

na

n∏

i=1

Z(i)

,

Zt5 =
∑

n

(−1)n−1 · Zt(n)

n!
, Z5 =

∑

n

(−1)n−1 · Z(n)

n!
,
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Zt6 =
∑

n

Zt(n)

(n + 1)!
, Z6 =

∑

n

Z(n)

(n + 1)!
,

Zt7 =
∞∑

n=r

Zt(n)

(n + r)!
, Z7 =

∞∑

n=r

Z(n)

(n + r)!
,

Zt8 =
∞∑

n=r

Zt(n)

(n − r)!
, Z8 =

∞∑

n=r

Z(n)

(n − r)!
,

Zt9 =
∑

n

1
n∑

i=1

Zt(i)

i!

, Z9 =
∑

n

1
n∑

i=1

Z(i)

i!

,

Zt10(a) =
∑

n

1

(Zt(n))a ·
√

Zt(n)!
, Z10(a) =

∑

n

1

(Zt(n))a ·
√

Z(n)!
,

Zt11(a) =
∑

n

1

(Zt(n))a ·
√

(Zt(n) + 1)!
,

Z11(a) =
∑

n

1

(Zt(n))a ·
√

(Z(n) + 1)!
.

X�Y
8.35: Ü × n ≥ 1, �d�ÞÝcg�ä Zt(n) ßáàlâäãc6dåsæ

E�ä«ç 0.1243549107585 · · · N>Êáè ärérNëênè ä . mcoáìr�áIDärNí
Smarandache-totient î�ä .

X�Y
8.36: É7ÊQi�Ä

∞∑

n=1

(−1)k · Zt(k)(−1) i
∞∑

n=1

(−1)k · Z(k)(−1)

E�~ .

X�Y
8.37: É7Ê

∞∏

n=1

1

Zt(n)
i

∞∏

n=1

1

Z(n)

E�~ .
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X�Y

8.38: ï�É F = π4S E�~ , ¦l§ S =
∑

k

1

a(k)
, � a(k) = S(k),

Z(k), Zt(k) g ä@Ã , e�ð��Lñ�ò
ä F N�O5N��
ä .

X�Y
8.39: N�O8¾�¿�óDô����
ä m, n, k õ�R

Zt(m · n) = mk · Zt(n)

æ�ö .

î�ï , #�Ì m = 1, á@Î Zt(1 · n) = Zt(n), ìQ9�:�; à _ x ð�Ì . #
Ì n = 1, á@Î Zt(m · 1) = mk,

ç�è ÍZÑÒ�Í Zt(m) = m, k = 1 Î , m Ö
�
ð�Ì . 9�:�;Ö�=> à »�?Ì .

X�Y
8.40: ÷ FZt(n) = m, ¦l§ m ���5õ�R Zt(k) = n E�øH¶5ED�

�
ä k E�IZä . ÅHÆ�g ä FZt(n) E5Õ�Ö , ��ï�É :

lim
m→∞

m∑

k=1

FZt(k)

k

m

E�~ .X�Y
8.41: N�O8¾�¿����
ä k > 1, n > 1, ù8ú��54

Zt(n)k = k · Zt(n · k).

X�Y
8.42: ÅHÆ í Smarandache-totient û�i×Zä

∞∑

n=1

1

Ztα(n)
¦l§ α N�2 × ô�E"¹Lº ü|ä

EDý Ù Õ .X�Y
8.43: ÅHÆ*×Zä

∞∑

n=1

xn+1 − xn

Zt(xn)

EDý Ù Õ . ¦l§ xn N /0 äHã , þ lim
n→∞

xn = ∞.
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X�Y
8.44: �Q��ÿ��

lim
n→∞

n∑

k=2

ln(Zt(k))

ln(k)

n

N�O���ý ×�� I����pE$ä��î�ä .

X�Y
8.45: ��7�54
Zt(n)r + Zt(n)r−1 + · · · + Zt(n) = n r ∈ N, r ≥ 2.

Zt(n)r + Zt(n)r−1 + · · · + Zt(n) = k · n r, k ∈ N, r, k ≥ 2.

X�Y
8.46: �Q� Zt

(
m∏

k=1

mk

)

i
m∑

k=1

Zt(mk) adbQE ÇHÈ .

X�Y
8.47: ��7�54 :

⌊

eϕ(n)
⌋

− Zt(n) = 0.

	
1 ≤ n ≤ 5000 
 , :�;�� à �
ð�Ì n = 2, Ý�ð�Ì��=��� ?
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��� � �

Smarandache ���
9.1 ���
���

, ������ Û Smarandache ¥8� ¸"!$#
%'&

9.1 Üh¹ º)(+*', n,
í

Smarandache -., Z(n) /1032hù
ú

m∑

k=1

k 465 n *87�9 Á�Â 9:(�*$, m.

9.2 ; Smarandache <>=�?A@CBEDGF

9.2.1 H Smarandache IKJ>LKMON1P'Q
%�R

9.2.1 Ü�¹LºS(�*$, n, T$U�V í Smarandache -W, Z(n) ≥ 1.

X.Y
: Z�[8\S]�^K_�`W!$#�a�b�c�d .e�f d :
	hg�ij	

n = 1 
 , k Z(n) = 1.

%�R
9.2.2 Ü�l8mS(�*$, n, Z(n) < n ø�n5æ�ö .

X.Y
: o�p : Z(2) = 3, Z(4) = 7, Z(8) = 15.

%�R
9.2.3 Ü�l8m$q$, p ≥ 3, Z(p) = p − 1.

XrY
: s Z(p) = m, tvu m xw�yxz . `|{ m∑

k=1

k =
m(m + 1)

2
, }�~

!$#�^�� m $���
p|m(m + 1)

2�6�x� wSy�z .���
, p ��!Syj� m ��� m+1, ��������� �6�x��� z� p = m+1 �

� p − 1 = m,
g

p 6= 2. ��� , � p = 2, �$k Z(2) = 3.

%jR
9.2.4 Ü.lvm�q�, p ≥ 3 � k ∈ N , T�U.V Z(pk) = pk − 1.�

p = 2 � , �"V Z(2k) = 2k+1 − 1.
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X�Y
: s Z(pk) = m, tKu m ���[8w$y�z . `W{ m∑

k=1

k =
m(m + 1)

2
,

}�~x!$#�^�� m $���
pk|m(m + 1)

2�6�x� wSy�z .���
, pk �.!xy�� m � m + 1, �j������� �$�r�v� z. pk = m +

1 � pk − 1 = m,
g

p 6= 2. ��� , � p = 2, �$k Z(2) = 3.

%�R
9.2.5 ��l8m"��, n, T$U�V Z(n) = max{Z(m), �K  m|n}.

X.Y
: ¡�¢ n $£�z , ¤.
S\S]j¥S¦ :

Z(n) ≥ max{Z(m), tru m|n}.

s Z(n) = p, Z(m) = q, tru m|n. ¢ q > p, {�$k
n|p(p + 1)

2
, m|q(q + 1)

2
.

§�R
9.2.6 (1) Z(n) ¨ ø�©Sª�9 , þ Z(m+n) ø�n�«8¬ Z(n)+Z(m).

(2) Z(n) ¨ ø�©�j9 , þ Z(m · n) ø�n�«8¬ Z(n) · Z(m).

X.Y
: o�p :

Z(2 + 3) = Z(5) = 4 6= 5 = Z(3) + Z(2),

Z(2 · 3) = Z(6) = 3 6= 2 · 3 = Z(2) · Z(3).

§�R
9.2.7 ÿr® lim

n→∞

n∑

k=1

1

Z(k) ¯�° .

X.Y
: ±�²$³ , }�~.�hz Z(n)

� !$#�����k
n∑

k=1

1

Z(k)
>

n∑

p=3

1

Z(p)
=
∑

3≤p≤n

1

p − 1
>
∑

3≤p≤n

1

p
.

´�µ�¶ � ,
∑

p

1

p ·�¸�¹
�

. º6¤ ,
n∑

k=1

1

Z(k) »�·�¸�¹
�

.
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§�R

9.2.8 Ær® lim
n→∞

n∑

k=1

Z(k)

k ¯�° .

X.Y
: ±�²$³ , }�~.�hz Z(n)

� !$#�����k
n∑

k=1

Z(k)

k
>

n∑

p=3

Z(p)

p
=
∑

3≤p≤n

p − 1

p
>
∑

3≤p≤n

1

p
.

`Á{ ∑

3≤p≤n

1

p ·�¸�¹
�

. º6¤ ,
n∑

k=1

Z(k)

k »�·�¸�¹
�

.

§�R
9.2.9 ��l8m m ≥ 1, Ç�È�É$Ê n ≥ 1, Ë�Ì Z(n) = m.

9.2.2 Í)Î3H Smarandache IKJ>LvÏOÐ
���

, ����!.#K�.[KÃ ��ÑKÒ �xz U(n) prÓ : U(1) = 1. Ô n >

1
g

n = pα1
1 pα2

2 · · · pαs
s ¦ n

�:Õ�Ö�× º:z�Ø�½�Ù�Ú , !$# :

U(n) = max{α1p1, α2p2, · · · , αsps}.

Z�[.�hz�k.Ú »$Û�Ü ¦ Smarandache ^�Ýj�hz .Þ �$ß.�hà�á+âÁ�
·�ã�ä�å�æ�ç�è�é8ê$ç�ë

Z(n) = U(n)
Â

Z(n) + 1 = U(n)

� ^�½�ì , í�î�c�ï|Z�ð�[ ç�ë
� µ kxwSy�z�½ , ñ�ò�ó�ô »�õ�·$ör÷ ïÓ�ø � :

§�R
9.2.10 ��l8mS(�*$, n > 1 ù$-W,�ú"û

Z(n) = U(n)

ü�ý �ÿþ��'�
n = p · m, �K  p 2��Sq$,�ù m 2 p + 1

2
96l8m��$¬ 1 9��ÿ, .�	� ¨ m | p + 1

2

þ
m > 1.

X�Y
: ±.²x³ , Ô n = 1 Ú , ç8ë Z(n) = U(n) = 1 
�� . Ô n = 2,

3, 4, 5 Ú ,
���

n .�r� ç�ë Z(n) = U(n). { · ¡�! n ≥ 6
g �r� ç
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ë Z(n) = U(n), ���¢ n = pα1
1 pα2

2 · · · pαs
s ¦ n

��Õ�Ö�× º�zjØ�½�Ù , í
s U(n) = U (pα) = αp. { · `���z Z(n)

Â
U(n)

� !�#�^x� αp ·
���.�

wSy�z���c n ����Ó�ø � yj��Ù :

n | αp(αp + 1)

2
, pα | n. (9-1)

��� ��� öK÷
�

(9-1) Ù�u α = 1. ±x²�³�p�� α > 1, ��` pα | n ����  
pα | αp(αp + 1)

2
. (9-2)

`�{ (p, αp + 1) = 1,
µ _r`"³�Ù���� �  pα−1 | α. Ô p ¦�� × z Ú�.�

(9-2) Ù · .^��
�

, º8¦8¤'Ú pα−1 > α, � pα−1 | α ��� . Ô p =

2 Ú ,
�  α = 2. Z Ú (9-2) Ù�
r¦ 4 |4 × 5

2
= 10, ��� !

µ _ � (9-1) Ù
u��K!jk α = 1

g
p ¦�� × z . ¤OÚx^K¢ n = p · m. �1` (9-1) Ù�^ �

 p ·m |p(p + 1)

2
, ¥ õ�· m |p + 1

2
.
���

m 6= 1. ��� n = p, Z(p) = p− 1,

U(p) = p � Z(n) = U(n) ��� !  rÔ n = p · m, m ¦ p + 1

2

�"! f$# { 1
�

º:zjÚ , Z(n) = p, U(n) = p,
µ _|��!Sk Z(n) = U(n). %� �  n > 1

g
��� ç�ë Z(n) = U(n) Ô g�i Ô n = p · m, m ¦ p + 1

2

�&! f�# { 1
� º:z .

{ ·
' 
�ïh!�( 9.2.10

�
ör÷ .

§�R
9.2.11 ��l8mS(�*$, n ù$-W,�ú"û

Z(n) + 1 = U(n)

ü�ý �ÿþ��'�
n = p · m, �K  p 2��Sq$,�ù m 2 p − 1

2
96l8mS(��ÿ, .

�	�
¨ m | p − 1

2
.

XrY
:
���

n = 1 ���� ç�ë Z(n) + 1 = U(n). { · ��8¢ n > 2
g

��� ç�ë Z(n) + 1 = U(n), í$s U(n) = U (pα) = αp. { · ` Z(n) + 1 =

U(n) ^�c Z(n) = αp − 1. )v`h�hz Z(n)
Â

U(n)
� !$#�^ �  

n | αp(αp − 1)

2
, pα | n. (9-3)

`|{ (p, αp − 1) = 1,
µ _8` (9-3) Ù��$� �  pα−1 | α. %� ã�ä�öv÷ !( 9.2.10

� Ø�*�+ ë �,
�  α = 1

g
p ¦�� × z .

µ _|^�¢ n = p · m. )
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ã�ä (9-3) Ù$�, �  m |p − 1

2
.  rÔ n = p · m, m ¦ p − 1

2

�"! f w�º�z
Ú , -$.0/ ö n ��� ç�ë Z(n) + 1 = U(n).

µ _ ç�ë Z(n) + 1 = U(n) 
��
Ô g�i Ô n = p · m, m ¦ p − 1

2

�&! f w�º:z . { ·
' 
�ïh!�( � ör÷ .1 ³ µ�2 ,

�x� �x� � !�($3�48½.¾Kï çxë Z(n) = U(n)
Â

Z(n) +

1 = U(n)
� ^�½Kì ¿$À . »�õK·.ö+÷ ï�ZKð�[ ç�ë k65�7988[�w.yzK½ , ír�  vï�:r��;K[v½ � ñKò9<�Ù ! =?> �A@CB [1, 100] u , ç

ë Z(n) = U(n) k 9 [�½ , :$��Ø�> · n = 1, 6, 14, 15, 22, 28, 33, 66, 91.

 ç�ë Z(n) + 1 = U(n)
�D@EB

[1, 50] u8k 19 [ ½ , :v�)Ø?> · n =

3, 5, 7, 10, 11, 13, 17, 19, 21, 23, 26, 29, 31, 34, 37, 39, 41, 43, 47.

9.2.3 FAG)H Smarandache IKJ>LEH�IKJML
��N$O

[9] u , Kenichiro Kashihara P�Qx] 2 ï��$z Z(n)
� �$R å�æì�S , TSÚ »

U  �ï6Ó�ø�ð�[ ¿ÁÀ6V
(A). W ç�ë Z(n) = S(n)

� µ kxwSy�z�½ ;

(B). W ç�ë Z(n) + 1 = S(n)
� µ kxwSy�z�½ .Þ ��ßK�Sà�á â6�

·�ã�äxå8æxç�è�é.ê�ç�ë (A)
Â

(B)
� ^�½8ì , í

î�c�ï|Z�ð�[ ç�ë
� µ kxwSy�z�½ , ñ�ò�ó�ô »�õ�·$ör÷ ï6Ó�ø

��V
§�R

9.2.12 ��l8mS(�*$, n > 1, -W,�ú"û
Z(n) = S(n)

üxý �Áþ��3�
n = p · m, ��  p 2���q�, , m 2 p + 1

2
9hljmM��¬ 1 9M�Á, .�	� ¨ m | p + 1

2

þ
m > 1.X�Y

: ±x²�³.Ô n = 1 Ú , ç�ë Z(n) = S(n) 
�� . Ô n = 2, 3, 4, 5 Ú ,��� ��x� ç�ë Z(n) = S(n). { · ¡j! n ≥ 6
g �x� ç�ë Z(n) = S(n),

��8¢ Z(n) = S(n) = k. `���z Z(n)
Â

S(n)
� !�#�^x� k ·

���.� w�y
z���c n ����Ó�ø � ð�[�yj��Ù :

n | k(k + 1)

2
, n | k!. (9-4)

��� ��� ör÷
�

(9-4) Ù.u k+1 �^���¦ × z . ±�²$³�p�� k+1 ¦ × z , 
�x¢ k + 1 = p, { ·

�
n | p(p − 1)

2
u�Ô (n, p) = 1 Ú , ��� �  n | p − 1

2
.
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%� n y'� p−2
∑

i=1

i =
(p − 1)(p − 2)

2
. Z�� k = p − 1 ¦ ���)� wjyKz6�

c n |k(k + 1)

2
��� ! Ô (n, p) > 1 Ú , `|{ p ¦ × z ,

µ _ �  p | n. ) `
{ n | k! ��������c�d p|k!. Z · �^��

�
, º�¦ p = k + 1,

µ _ p �^��"y
� (p − 1)!. %� ör÷ ï

�
(9-4) Ù.u k + 1 �^���¦ × z .

t�X���� ö�÷
�

(9-4) ÙKu�Ô k ¦��xzrÚ k �8!8¦ × z . ±�²�³rÔ k ¦
��z.Ú k + 1

2
¦Sy�z , � k ¦S£�z , �jÔ k ^v_|Ø�½�
�ð�[$6T|y�z � Ý�Y ,

��x¢ k = a · b Z a > 1, b > 1
g

a 6= b. { ·
e�f d

(

k,
k + 1

2

)

= 1, �,
�  k = a · b | (k − 1)!,

k + 1

2
| (k − 1)!

Â k(k + 1)

2
| (k − 1)!. )v`Á{ n y

� k(k + 1)

2
������� �  n|(k − 1)!. Z$� k ·

�x��� wSy�z���c n|k! ��� .

Ô k ¦S£�z g ¦S�x� × z � ç
[ Ú , ¢ k = pα

g
α ≥ 2. `W{ k ¦���z�Z µ

_ p ≥ 3, %� p, 2p, · · · , pα−1 \ � { k − 1
g ;�[xz$]�y�� (k − 1)!, { ·` n y.� k(k + 1)

2

^ � ^v_ �`_ n|(k − 1)!. Z�� k
�0a�b ��� !

µ _SÔ k ¦
��zjÚ"� a ¦ × z !

\ £ _.³+ðdcAeDfAgdh �i_ Ô k ¦E�3z Úvk k = p, ¤ Ú n y
� p!
Â

n y'� p(p + 1)

2
. j · Ô n y'� p + 1

2
Ú ,
��� k S(n) < p; Ô n =

p Ú Z(n) 6= S(n).
µ _0g�h.^O_S¢ n = p · m, t'u m ·

p + 1

2

��! � #
{ 1
� º:z .�M� g�h öO÷ Ô n = p · m, tOu m ·

p + 1

2

��! � # { 1
� º�z Ú ,

� a k Z(n) = S(n). ±.²x³8¤�Ú �8� k S(pm) = S(p) = p. º�¦ m 
yO� p−1

∑

i=1

i =
p(p − 1)

2
, �K�9� m yO� p + 1

2
��� !

µ _ Z(pm) = p, %
 Z(pm) = S(pm).��k

, g�h ö�÷ �l
��m z k �xc Z(n) = S(n) = k. g�h ä

n
öxèo

öv÷ Z8�8\�] . ¡ a l �$m z k = 2m ��c Z(n) = S(n) = k = 2m, �
`$�$z Z(n)

Â
S(n)
��a�b ^�� n yK� k(k + 1)

2
= m(2m + 1)

Â
(2m)!. `p ø � ØM*.^�� 2m + 1 j^9�j¦ × z , �.��Ô (n, 2m + 1) = 1 Ú , n y

� 2m−1∑

i=1

i = m(2m − 1),
��� Z�� 2m ·

�j��� w�y8z$�xc n yr� m(2m +

1) ��� ! Ô (n, 2m + 1) > 1 Ú , ` × z � ì�S$��� ��_ p = 2m + 1 | n, %
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 �)O` n | (2m)! c.d p = 2m + 1|(2m)!, �$� !

µ _ 2m + 1 8^6�8¦ ×
z , T&qx^�_ öv÷ m �^���¦$£xz , ����-�. �9_ n | (2m − 1)!, � 2m ·� �'� w.yvz`�Kc n | (2m)! ��� ! %6 m ¦ × z p, k = 2p. { · ^c n | p(2p+1)!

Â
n|(2p)! Z S(n) = Z(n) = 2p. j · Ô n æ { p(2p+1)

�&!
�.ºhz.Ú0] · �^��

�
! »�õ�· ô�r

! f
k | p(2p + 1), �^���k S(k) =

2p. { ·
' 
�ï a ( 9.2.12

�
ör÷ .

§�R
9.2.13 ��l8mts�u�v n ù�wxv�ú"û

Z(n) + 1 = S(n)

üjý �6þ$�1�
n = p · m, �'  p y���q$v , m y p − 1

2
9Slrm?�&v .

���
¨ m | p−1

2 .

X�Y
: � a ( 9.2.12

�
öK÷:ç�è

z�{
, Z�|�}�~ _ #�� + ë . ¡ a w

y�z n �8� çxë Z(n) + 1 = S(n), íx¢ Z(n) + 1 = S(n) = k. { · `$�z Z(n)
Â

S(n)
�"a�b �, �6_ k ·

�x��� wSy�z���c
n | k(k − 1)

2
, n | k!. (9-5)

���
(9-5) Ù.u$Ô k ¦t��zjÚ"� a ¦ × z ! ����^ �6_ n | (k − 1)!, � k ·

�
��� w�y8z$�xc n | k! ��� . º"¤ k = p ¦�� × z . ))` n | p(p − 1)

2
í e

f
S

(
p − 1

2

)

< p, �$� �9_ n = p · m, m ¦ p − 1

2

�	! �xw.º"z . -�.�/
ö Ô n = p · m, m ¦ p − 1

2

�&! ��w�º:zjÚ , n ��� ç�ë Z(n) + 1 = S(n).

Ô (9-5) Ù.u k = 2m ¦ m zjÚ , k − 1 = 2m − 1 � a ¦ × z , %� �^��
�l � Z�q � w$y�z n ��c Z(n) + 1 = S(n) = 2m.

µ _ ç�ë Z(n) + 1 =

S(n) 
��rÔ g�i Ô n = p · m, tvu m ¦ p − 1

2

�	! �xw.º"z . { ·
' 
Kïa ( 9.2.13

�
ör÷ .�O� gAh ��a (A3�43½ ¾ ï ¿jÀ (A)

Â
(B). »3õ ·'ö ÷ ïrZðO[ ç3ë ]'k�5�7�8�[ w'y zO½ , íd~ _ ï`:dhD;3[3½ � ñ3ò

<+Ù ! =�> ��@�B [1, 100] u , ç3ë Z(n) = S(n) k 9 [+½ , :dh Ø
> · n = 1, 6, 14, 15, 22, 28, 33, 66, 91. r { ¿�À (B),

�O�
ç+ë Z(n) + 1 = S(n)

�K@�B
[1, 50] uvk 19 [ ½ , :Ah1Ø�> · n =

3, 5, 7, 10, 11, 13, 17, 19, 21, 23, 26, 29, 31, 34, 37, 39, 41, 43, 47.
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9.2.4 FAG)H Smarandache IKJ>L`�A�
� { � Smarandache ��z Z(n) ì�S � érê

� ��� c ï���xÄjÅ , j
·
^ � l � �� ¿ÁÀ ! ¦�ï���{$k���� �&� ��Ä���������Ä���� é8ê , Z
|�g�h�������R��8�hz Z(n) k �r¿ÁÀ p�Ó V��N�O

[9] u , Kenichiro Kashihara P�Q�����g�h é8ê
a). |Z(n + 1) − Z(n)|,
b).

Z(n + 1)

Z(n)

· �$k�� .� Þ �$ß u , g�h���½x¾SZ�[ ¿ÁÀ . ¥ õ�· g�h�� ör÷ Ó�ø
�

� R
9.2.1 � k � h ¨�l8mts�u�v þ (h, k) = 1, �6�ÁÈ$�0v nk+h  

Ç�È� �¡�¢SÊ$q�v , �K  n = 0, 1, 2, 3, · · · .X.Y
: Z ·

£�¤.�
Dirichlet

a ( , ��¥ N�O [7].

§�R
9.2.14 ��¦�§���¨6l8mts�u�v M , V$ �¡�¢SÊts�u�v n ©	¦

Z(n + 1)

Z(n)
> M � |Z(n + 1) − Z(n)| > M.

`ÿ¤�^�� , |Z(n + 1) − Z(n)| � Z(n + 1)

Z(n) · 5��
�

.X�Y
:
��� g�h ã�ä

ª ( o öK÷
a ( . ±x²�³ , r ! f w$y�z M , g

h � m �8� 2m > M .
e�f d (22m+1, 2m + 1

)
= 1, º�¤�}x~ Dirichlet

a
( , g�h��.¥hc�d :

��« z
22m+1k + 2m + 1, tru k = 0, 1, 2, · · ·

u�l � 5$7�8"[ × z .

{ · , � a l � �$[xwSy�z k0 ��� 22m+1k0 + 2m + 1 = P ·
× z . r

{ × z P , }�~ Z(n)
�"a�b k

Z(P ) = P − 1 = 22m+1k0 + 2m,

Z(P − 1) = Z(22m+1k0 + 2m) = Z(2m(2m+1k0 + 1)).

º�¦
2m+1k0∑

i=1

i =
2m+1k0(2

m+1k0 + 1)

2
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� 2m(2m+1k0 + 2m) \ yj� 2m+1k0∑

i=1

i, { · k
Z(P − 1) ≤ 2m+1k0.

º6¤
Z(P )

Z(P − 1)
>

22m+1k0 + 2m

2m+1k0
> 2m > M.

µ _ Z(P )
Z(P−1) 5�� .

T�(�^�c
|Z(P ) − Z(P − 1)| ≥ |Z(P )| − |Z(P − 1)|

≥ 22m+1k0 + 2m − 2m+1k0

= 2m+1k0(2
m − 1) + 2m > 2m > M.

º6¤ |Z(P ) − Z(P − 1)| »�· 5��
�

.

ºS¦Sk�5�7$8�[8w$y�z m ��� 2m > M , º:¤ » k�5�7$8�[8w$y�z n

��� |Z(n + 1) − Z(n)| � Z(n + 1)

Z(n) · 5��
�

. Z õ
' 
�ï a ( � ör÷ .

9.3 ¬ Smarandache ¯®±°K²±³µ´
§$¶

9.2: Z2(n) = Z(Z(n)), ·�¸M¹ , Zk(n) = Z(Z(· · ·Z(n) · · · )),º�» wxv Z ¼�½`¾ k ¿ .

À&Á
9.1: ��¬"Â�Ã�¨0·�Ä�u�v k, m ∈ N , Å$Æ$©"¦jú�û Zk(n) =

m ¨0Ç0È�s�u�v�É .

À	Á
9.2: Æ8ú$û S(Z(n)) = Z(S(n)) ¨�Ç�È�s�u�v�É . Ê�Ë�Ìjú

û�Í$¢ÎÈ�È�®�Êts�u�v�É .

À�Á
9.3: Ï�Ð�Ñ�Ò�Ó&Ä�v�Ô9Õt¨�Ö�×

(1) Z(m + n) Ø Z(m), Z(n),

(2) Z(mn) Ø Z(m), Z(n).

À�Á
9.4: Ù�Æ�Ñ�ÒSú"û�¨0Ç0È�s�u�v�É

(1) Z(n) = Z(n + 1),

112



����� �
Smarandache �hz

(2) Z(n) u�Ú Z(n + 1),

(3) Z(n + 1) u�Ú Z(n).

r�{ Z(n)
�&p

50 Û�Ü , g�h�Ý�ÞS��� (2)
�&ß

:

Z(6)|Z(7), Z(22)|Z(23), Z(28)|Z(29), Z(30)|Z(31), Z(46)|Z(47).

à�á
(3) â ß :

Z(10)|Z(9), Z(18)|Z(17), Z(26)|Z(25), Z(42)|Z(41), Z(50)|Z(49).

ã  , g�h�ä ß$å Þ à�á Z(n) = Z(n + 1) â"ætç�è .

À�Á
9.5: Ù�Æ�Ñ�ÒSú"û�¨0Ç0È�s�u�v�É

(1) Z(n) + Z(n + 1) = Z(n + 2),

(2) Z(n) = Z(n + 1) + Z(n + 2),

(3) Z(n) · Z(n + 1) = Z(n + 2),

(4) Z(n) = Z(n + 1) · Z(n + 2),

(5) 2Z(n + 1) = Z(n) + Z(n + 2),

(6) Z(n + 1) · Z(n + 1) = Z(n) · Z(n + 2),

ÀÎÁ
9.6: �r¬"é�ê�Â�Ã�¨"s$u�v m, Ù�Æ�©0¦ Z(n) = m ¨�Ç�È$s

u�v n.

ÀÎÁ
9.7: (1) Ù�Æ�©0¦ Z(n), Z(n + 1), Z(n + 2), Z(n + 3) ë�ì

¨0Ç0È�s�u�v n,

(2) Ù�Æ�©�¦ Z(n), Z(n + 1), Z(n + 2), Z(n + 3) ë�í6¨�Ç�È�s�u
v n.

r�î Z(n) â p 35 Û�Ü , g�h ß�ï�ð è�ñ :

Z(6) = 3 < Z(7) = 6 < Z(8) = 15,

Z(21) = 6 < Z(22) = 11 < Z(23) = 22,

Z(30) = 15 < Z(31) = 30 < Z(32) = 63.ß�ï�ò è�ñ :

Z(8) = 15 > Z(9) = 8 > Z(10) = 4,

113



Smarandache ¼$½x¾�â ¿ÁÀ�Â�ó Ã�Ä�Å
Z(13) = 12 > Z(14) = 7 > Z(15) = 5,

Z(16) = 31 > Z(17) = 16 > Z(18) = 8.À`Á
9.8: w6v Z(n) ¨9ôµõ�öE÷iø9ùKú�ù.�DÈüû n ý n =

m(m + 1)

2
, È Z(n) = m <

√
2n. þtÿ ¬���·�û n ý n = 2α, È Z(n) =

2α+1 − 1 = 2n − 1. ����È�������	 Z(n) ¨�
Îô��� ù Â���
Îô
∑

n≤x

Z(n),
∑

n≤x

ln(Z(n)),
∑

n≤x

1

Z(n)

¨"·�Ê�������� .

À�Á
9.9: Æ�ú"û Z(n) = φ(n) ¨0Ç0È�s�u�v�É , ��� φ(n) y Euler w

v .
º ·vú8û6È� ���¢jÊ�s`uMv9É , ��ý�� n y! Mv p "�
6©$¦)ú8û .� n = 2p
þ

p ≡ 1(mod 4) " , n #M©0¦�Ì�úSû . Ú9¾ º û%$'&�É)(vù+*-,. È)�/	s�u�v�É�*$·�Ê0�1�¨243 . Ê$ËtÌxú"û50È n = 1 6�7'8%9MÓ: É .
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ACB D EGFCH I

Smarandache J K
10.1 LNMPORQ Smarandache SUTVQWOYX�Z
[]\

10.1: 6 1 ^`_%a�b Smarandache c%d0a!e`f-g
111, 1221, 13331, 144441, 1555551, 16666661, 177777771,

1888888881, 19999999991, 1101010101010101010101, · · ·h+i @�ñ-jlk%m�n n o�p'q�r's n t%q�u%k-j�v�w%xzy'{�| 1.i'} @~'���%���!�)�'k��l�!�'�!��� > �k)���)�!� n2 + 2. ��z��� n2 + 2

3
� >��%� k , � � ; n �����%� >�� �zk .

[]\
10.2: 6 n ^`_%a�b Smarandache c%d0a!e%���lf-g

n1n, n22n, n333n, n4444n, n55555n, n666666n,

n7777777n, n88888888n, · · ·���
n �����'� � k .�� ]¡ @�~-j�¢%� .

[]\
10.3: Smarandache £]¤%¥'¦�§%f%f-g

1, 21, 123, 4321, 12345, 654321, 1234567,

87654321, 123456789, 10987654321, 1234567891011, · · ·

v'¨ h 1 o%p'u'©'k����ª%« � k . w�¨ h 1 o%pq%u'¬'k����ª%«jlz@ � k .®%¯ � @�~ � �!���%�zk��°z±'²�³ ®%¯ � @�~ �]´ n �%� n
� k .µl¶�·+¸�¹%º �%� > ��»�¼'k%�z�%�'� m(m + 1)

2
.

[]\
10.4: Smarandache £]¤%¥'¦�§%f)½�azf-g (SACRP )

2, 32, 235, 7532, 235711, 13117532, 2357111317,
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1917117532, 23571113171923, · · ·hli @~)©)k'�)v)y h 2 o�p)u�'ª�«-�'k . ¬)k'�!Æ)�'ª�«��'kÇ �zz@�j , wzy h 2 o�p .®%¯ � @�~ � �!���%�zk ?°�±²%³ >�È ��j0»%¼k'���'�)�'��k . �-�z�%��'��k'u)É ± j»�¼'k%�z�%�'Æ%�%�zk ?°z±)¸�¹

”
º |'�zk ” �%�zk%u%»�¼'k%�z�%�'Æ%�%�zk .®%¯ È @�~ � �%Ê���ËzÌ%Í�Îz� , ËzÌ%Ï�Îz� .[]\

10.5: Smarandache £]¤%¥'¦�§%f Fibonacci f-g
1, 11, 112, 3211, 11235, 853211, 11235813,

2113853211, 112358132134, · · ·Ð�Ñ
lim

n→∞
a(n)

a(n + 1)
j�Ò ,

¯ �'Ó�Ô0Õ�Ö�×
?

[]\
10.6: Smarandache Ø�Ù)Ú'Û`f-g .

1, 4, 9, 36, 81, 100, 121, 144, 169, 196,

225, 324, 400, 441, 484, 529, 900, 961, · · ·°z± �'� º � h+i Í�Îz@�~-jl� > ��jl»�¼'k%�z�%��Ü ¶ � � Í�Î%k .¯ � k%~z�%Ý)Þ'�0� × ?[]\
10.7: Smarandache Ø�Ù)ß'Û`f-g .

1, 8, 125, 512, 1000, 1331, 8000, 19683, 35937, · · ·°z± �'� º � h+i Í�Îz@�~-jl� > ��jl»�¼'k%�z�%��Ü ¶ � � Ï�Î%k .¯ � k%~z�%Ý)Þ'�0� × ?Ð�Ñ%à%ázâ'ã j >�ä�å�æ j�Ò :

a(1) +
b(1)

a(2) + b(2)

a(3)+ b(3)

a(4)+
b(4)

a(5)+···

.

�ç�
a(n) � Smarandache

º |'Í)Î�@)~ , b(n) � Smarandache
º |'Ï)Î@�~ .
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[]\

10.8: Smarandache Øzé�Ú'Û`f-g .

1, 4, 9, 49, 144, 289, · · ·°z± �'� º � h+i @�~-jl� > ��jl»�¼'k%�z�%ê�Ü ¶ � � Í�Î%k .¯ � k%~z�%Ý)Þ'�0� × ?®%¯ � @�~ � �!�����'� º |%Í�Î%k ?

[]\
10.9: Smarandache Øzé Fibonacci a�g .

1, 1, 2, 3, 5, 8, 13, 21, · · ·°z± �'� º � h+i @�~-jl� > ��jl»�¼'k%�z�%ê�Ü ¶ � � Fibonacci k .¯ � k%~z�%Ý)Þ'�0� × ?¯ � k%~z�!�����'�%�zk ?

[]\
10.10: ë%ì�a�g .

2, 3, 6, 12, 18, 24, 36, 48, 54, · · ·>zä ¸z¹
: í m1, m2 �%k�~�jlî'x%� , ï µ k ≥ 3 ð , mk ñ'ò î'x ���ó+��jlôzê�j�õ)ö�÷ . k ≥ 3 j�ø%�%�'{ º h�ù m1, m2

��ú
.ûü ¯ � @�~-jlýzþ .

[]\
10.11: Smarandache Øzé�a�g .

1, 24, 369, 481216, 510152025, 61218243036,

7142128354249, 816243240485664h+i @�~ ´ n �'� · h à k'q�ÿ º � n, 2 · n, 3 · n, · · · n · n.¯ ��� ~z�!�����'�%�zk ?Ð�Ñ
lim

k→∞

∑

k

a(k + 1)

a(k)
j�Ò .

[]\
10.12: Smarandache � − �����lazf-g .

1, 21, 213, 4213, 42135, 642135, 6421357, 86421357,

10864213579, 1086421357911, 121086421357911, · · · .
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¯ ��� ~�n 1 o�p , 
��zv%¨%|� ¶ k ,

¶	� wz¨%| .
¯ ��� ~�n 1 op , 
��zv%¨%|� ¶ k ,

¶	� wz¨%| .¯ ��� ~ ´ n �%� n
� k%u ¯ n

� k-j�� ñ�ò n(n + 1)

2
.�'� ¯ È ��j�����k%�	���%k%~ 1, 1, 3, 3, 5, 5, , 7, , 9, · · · .�� ]¯ � k%~-j�¢%� a(n).� ¸ ¯ � k%~z�!�����'�%�zk ?��� º ��� ò n = (2 · k + 1) · 5 � n = (2 · k + 1) · 5 + 1 j�� a(n),� ± j�����k!� ñ�ò 5 u � ±���¸ �!� � � �k . �!u!»)¼-k!��!�� 3 j���k�jz��Æ ��¸ �-� � � ��k , Æ�������� ò ¯ � k-~ ´ n �

� n · (n + 1)

2
= 3 · m,

���
m �� ¶ k .

[]\
10.13: Smarandache � − � ���lazf-g .

1, 12, 312, 3124, 53124, 531246, 7531246, 75312468,

975312468, 97531246810, · · · .¯ ��� ~�n 1 o�p , 
��%wz¨%|� ¶ k ,
¶	� v%¨%| .¯ ��� ~ ´ n �%� n

� k%u ¯ n
� k-j�� ñ�ò n(n + 1)

2
.�� ¯ È ��j!�"�)k'�#�	�'k'~ 2, 2, 4, 4, 6, 6, , 8, , 0, · · · u#$� ´ � � ñ�ò 1.Ð�Ñ	% ò ¯ ��� ~-j â å�æ � â	& æ j�Ò .

[]\
10.14: Smarandache � − ��½�azf-g .

2, 32, 325, 7325, 732511, 13732511, 1373251117, 191373251117,

19137325111723, 2919137325111723, · · · .¯ ��� ~�n%�zk 2 o�p , 
��zv%¨%|'�zk ,
¶	� wz¨%|�ª�«�j`�zk .´

n ��jl»�¼'k%�z�%�"' ñ�ò n2

2 · ln(n)
.¯ � k%~ � �!�����'�%�zk ?¯ � k%~z�!�����'� º |'�zk ?

[]\
10.15: Smarandache � − �z½�azf-g .
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2, 23, 523, 5237, 115237, 11523713, 1711523713, 171152371319,

23171152371319, 2317115237131929, · · · .¯ ��� ~�n%�zk 2 o�p , 
��%wz¨%|'�zk ,
¶	� v%¨%|�ª�«�j`�zk .¯ � k%~ � �!�����'�%�zk ?í a(n) � Smarandache v − w��zk � ~ , b(n) � Smarandache w − v�zk � ~ .

Ð�Ñ%à%á
Smarandache

� ä â å�æ j�Ò :

a(1) +
b(1)

a(2) + b(2)

a(3)+ b(3)

a(4)+
b(4)

a(5)+···

.

[]\
10.16: Smarandache � − ����lf-g .í a(n) � n ≥ 1 j���� � ~ . � � Smarandache v − w�) ¹ � ~�� ·h à k'q�ÿ���� :

a(1), a(1)a(2), a(3)a(1)a(2), a(3)a(1)a(2)a(4), a(5)a(3)a(1)a(2)a(4), · · ·
¯ ��� ~ ú#* a(1) +z�!�����	, ò k%~ a(n)?

[]\
10.17: Smarandache � − �'���lf-g .í a(n) � n ≥ 1 j���� � ~ . � � Smarandache w − v�) ¹ � ~�� ·h à k'q�ÿ���� :

a(1), a(2)a(1), a(2)a(1)a(3), a(4)a(2)a(1)a(3), a(4)a(2)a(1)a(3)a(5), · · ·
¯ ��� ~ ú#* a(1) +z�!�����	, ò k%~ a(n)?

[]\
10.18: ¥'¦�f-g .

1, 12, 123, 1234, 12345, 123456, 1234567, 12345678, 123456789,

12345678910, 1234567891011, 123456789101112, 12345678910111213, · · · .¯ ��� ~ � �!��� � �zk ?
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[]\

10.19: -/.�f-g .

1, 12, 21, 123, 231, 312, 1234, 2341, 3412, 4123,

12345, 23451, 34512, 45123, 1234, 123456, 234561, 45612,

456123, 561234, 612345, 1234567, 2345671, 3456712 · · · .¯ ��� ~ � �!��� � �zk ?

[]\
10.20: 0"1�f-g .

1, 11, 121, 1221, 12321, 123321, 1234321, 2344321,

123454321, 1234554321, 12345654321, 123456654321,

1234567654321, 12345677654321, 123456787654321,

1234567887654321, 12345678987654321, 123456789987654321,

12345678910987654321, 234567891010987654321,

123456789101110987654321, 2345678910111110987654321, · · · .¯ ��� ~ � �!��� � �zk ?

[]\
10.21: c%d`f-g .

12, 1342, 135642, 13578642, 13579108642, 135791112108642,

1357911131412108642, 13579111315161412108642,

135791113151718161412108642,

1357911131517192018161412108642, · · ·¯ ��� ~ � �%Ê���ËzÌ�2�k ?
°z±�3�465�7 � !

[]\
10.22: ß'Û�ë�a�g .

2, 9, 217, 13825, 1728001, 373248001, 128024064001,

65548320768001, · · ·
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Cn = 1 + c1c2 · · · cn,
���

ck � ´ k
� Ï�Î%k .¯ ��� ~ � �!��� � �zk ?

[]\
10.23: 8lé�ë�a�g .

2, 3, 13, 289, 34561, 24883201, 125411328001,

5056584744960001, · · ·

Fn = 1 + f1f2 · · · fn,
���

fk � ´ k
�/9 ô%k .¯ ��� ~ � �!��� � �zk ?

[]\
10.24: a�g'b;:)g .

a) <	=	>%k%~ .

1, 1, 2, 1, 2, 3, 1, 2, 3, 4, 1, 2, 3, 4, 5, 1, 2, 3, 4, 5, 6,

1, 2, 3, 4, 5, 6, 7, 1, 2, 3, 4, 5, 6, 7, 8, · · ·

b) <	?	>%k%~ .

1, 2, 1, 3, 2, 1, 4, 3, 2, 1, 5, 4, 3, 2, 1, 6, 5, 4, 3, 2, 1,

7, 6, 5, 4, 3, 2, 1, 8, 7, 6, 5, 4, 3, 2, 1, · · ·

c) <	=�@	A�>%k%~ .

1, 1, 2, 1, 1, 2, 3, 2, 1, 1, 2, 3, 4, 3, 2, 1,

1, 2, 3, 4, 5, 4, 3, 2, 1, 1, 2, 3, 4, 5, 6, 5, 4, 3, 2, 1, · · ·

d) <	?�@	A�>%k%~ .

5, 4, 3, 2, 1, 2, 3, 4, 5, 6, 5, 4, 3, 2, 1, 2, 3, 4, 5, 6 · · ·

e) <	=���B	>%k%~ .

1, 1, 1, 2, 2, 1, 1, 2, 3, 3, 2, 1, 1, 2, 3, 4, 4, 3, 2, 1,

1, 2, 3, 4, 5, 5, 4, 3, 2, 1, 1, 2, 3, 4, 5, 6, 6, 5, 4, 3, 2, 1, · · ·

121



Smarandache ¾�¿)À!j)Á�Â%Ã �	� Ä�Å
f) <	?���B	>%k%~ .

1, 1, 2, 1, 1, 2, 3, 2, 1, 1, 2, 3, 4, 3, 2, 1, 1, 2, 3, 4,

5, 4, 3, 2, 1, 1, 2, 3, 4, 5, 6, 5, 4, 3, 2, 1, 1, 2, 3, 4, 5, 6, · · ·

g) C�D�>%k%~ .

1, 2, 1, 3, 4, 2, 1, 3, 5, 6, 4, 2, 1, 3, 5, 7, 8, 6, 4, 2,

1, 3, 5, 7, 9, 8, 6, 4, 2, 1, 3, 5, 7, 9, 10, 8, 6, 4, 2, · · ·E	F h+i � � � k%~-j�¢ æ .

[]\
10.25: G�HI���la�g .

1, 22, 333, 4444, 55555, 666666, 7777777, 88888888, 999999999,

10101010101010101010, 1111111111111111111111,

121212121212121212121212, 13131313131313131313131313,

1414141414141414141414141414, 51515151515151515151515151515, · · ·ûü ¯ ��� ~-jlýzþ .

[]\
10.26: G�H%½�a%a�g .

2, 23, 235, 2357, 235711, 23571113, 2357111317,

235711131719, 23571113171923, · · ·ûü ¯ ��� ~-jlýzþ .

[]\
10.27: §�J�G�H%½�a%a�g .

2, 32, 532, 7532, 117532, 13117532, 1713117532,

191713117532, 23191713117532, · · ·ûü ¯ ��� ~-jlýzþ .
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[]\
10.28: G�H#K0a%a�g .

1, 13, 135, 1357, 13579, 1357911, 135791113,

13579111315, 1357911131517, · · ·ûü ¯ ��� ~-jlýzþ .[]\
10.29: G�H�Lza%a�g .

2, 24, 246, 2468, 246810, 24681012,

2468101214, 246810121416, · · ·ûü ¯ ��� ~-jlýzþ .[]\
10.30: §�J�G�H�Lza%a�g .

2, 42, 642, 8642, 108642, 12108642,

1412108642, 161412108642, · · ·ûü ¯ ��� ~-jlýzþ .[]\
10.31: G�H�Ú'Û0a�g .

1, 14, 149, 14916, 1491625, 149162536,

14916253649, 1491625364964, · · ·ûü ¯ ��� ~-jlýzþ .¯ ��� ~ � �!��� � ËzÌ%Í�Î%k ?[]\
10.32: §�J�G�H�Ú'Û0a�g .

1, 41, 941, 16941, 2516941, 362516941,

49362516941, 6449362516941, · · ·ûü ¯ ��� ~-jlýzþ .¯ ��� ~ � �!��� � ËzÌ%Í�Î%k ?[]\
10.33: G�H�ß'Û0a�g .
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1, 18, 1827, 182764, 182764125,

182764125216, 182764125216343, · · ·ûü ¯ ��� ~-jlýzþ .¯ ��� ~ � �!��� � ËzÌ%Ï�Î%k ?

[]\
10.34: §�J�G�H�ß'Û0a�g .

1, 81, 2781, 642781, 125642781,

216125642781, 343216125642781, · · ·ûü ¯ ��� ~-jlýzþ .¯ ��� ~ � �!��� � ËzÌ%Ï�Î%k ?

[]\
10.35: G�H6MONOP�Q�a�g .

1, 11, 112, 1123, 11235, 112358, 11235813,

1123581321, 112358132134, · · ·ûü ¯ ��� ~-jlýzþ .¯ ��� ~ � �"RTS%�	U%k × ?[]\
10.36: §�J�G�H6MONOP�Q�a�g .

1, 11, 211, 3211, 53211, 853211, 13853211,

2113853211, 342113853211, · · ·ûü ¯ ��� ~-jlýzþ .¯ ��� ~ � �"RTS%�	U%k × ?

[]\
10.37: V�W Smarandache Pierced X .µ

n ≥ 1 ð , c(n) = 101 × (104n−4 + 104n−8 + · · · + 104 + 1)
¸%¹�Y

Smarandache Pierced Z . î	[z� Y :

101, 1010101, 10101010101, 101010101010101,

1010101010101010101, · · · · · ·
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ûü ¯ ��� ~-jlýzþ .® � ~ {c(n)

101

} � � ��� � �çk ? Kashihara Kenichiro \^] ®^_
`

[9]
� ËzÌ%¿)À * ¯ � Á�Â , q�u�a6b * ® � ~ {c(n)

101

} � 7 �'�zk .

µ
n ≥ 2 ð ,

� ~ {c(n)

101

} ��Ý%Í�Î�cd> � ~ × ?e�f
10.37: � ò ���'� � k n g�h 9 | n,

°z± � 9 | c(n).i ¶
(101, 9) = 1, c ¡ 9

��ú c(n)

101
.

j�k
10.37: �%Ý)Þ'� � � � k n l%� c(n)

101
�%��Ý%Í�Î�cd>%k .mon

:
°±�p�q ñ Î/r�Ë�� ¸#s j�atb . 
/� °±�¸)¹ k-free k :í k ≥ 2 �	u ¸ j�� � k . � ò �)�� � k n > 1,

°�± B n � k-free k ,
�� � ò �!�!�)k p g/h p|n, � � pk † n.

°)± B 2-free k Y ÝÍ!Îvc�>k ;

3-free k Y Ý%Ï�Î�cd>%k .
³ ® °z±�w�x a6b ¸Ts . y i ¶

10 ≡ 1(mod 9).��
a ≡ b(mod m), � � an ≡ bn(mod m) � ò � � � � � k n ,

°'±
�

104n−4 ≡ 1(mod 9),

104n−8 ≡ 1(mod 9),

· · · · · ·
104n ≡ 1(mod 9).i ¶

1 ≡ 1(mod 9).

c ¡ ,

c(n)

101
= 104n−4 + 104n−8 + · · · + 104 + 1 ≡ n(mod 9).°z± Ï�z`�'�

c(n)

101
≡ 104n−4 + 104n−8 + · · · + 104 + 1 ≡ n ≡ 0(mod 9).

· Ý�Í'Î{c!>�k�j ¸z¹ � h]i ý%þ °%±'º � µ 9|n,
c(n)

101
���zÝ�Í'Î

cd>%k .
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¯ �%Ë�� * ¸Ts j�a6b .

10.2 |~}������ SUT
10.2.1 �����^��� �v�����
e��

10.2.1 � {pn} ����½za%f�g , ½zaß)Û�8]f�g {xn} �)��^	��
pxn

n − 1 ≡ 0(mod pn+1) bO�����	��a xn.

� � ~-j�î	[z��j�Ò Y :

2, 4, 6, 10, 12, 4, 9, 22, 7, 10, 4, 10, 7, 46, 13,

29, 60, 66, 70, 18, 39, 82, 88, · · · .ûü ¯ ��� ~-jlýzþ .�#�
1: �'½zaß)Û�8]f�g {xn}   , ¡£¢¥¤�¦#§O¨/© , ª�«�§T¬�

Lza .

�"�
2: ��½�a)ß'Û/8+f-g {xn}   , ®#¯�°�±�²�½�a .

�"�
3: ��½�a)ß'Û/8+f-g {xn}   , ®#¯�°�±�²zÚ'Û0a .

e��
10.2.2 � {sn} ���zÚ)Û0f�g sn = n2, Ú)Û�8]f�g {yn} �)��^� � syn

n − 1 ≡ 0(mod sn+1) bO�����	��a yn.� � ~-j�î	[z��j�Ò Y :

1, 3, 2, 5, 3, 7, 4, 9, 5, 11, 6, 13, 7, 15, 8, 17, · · · .

ûü ¯ ��� ~-jlýzþ .e�f
10.2.1 0�W�Ú'Û/8+f-g , ³T´�®

yn =

{

k, n = 2k − 1,

2k + 1, n = 2k

m�n
:
&�µ Í�Î 9O� ~-j ¸�¹ ,

°z± �
n2y − 1 = (n2 − 1)(n2y−2 + n2y−4 + · · · + n2 + 1) ≡ 0(mod (n + 1)2).
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¶
(n − 1, n + 1) = 1, ï��

n2y−2 + n2y−4 + · · · + n2 + 1 ≡ 0(mod (n + 1))

c ¡ º � y = n + 1.¶
(n − 1, n + 1) = 2, ï��

n2y−2 + n2y−4 + · · · + n2 + 1 ≡ 0

(

mod
n + 1

2

)

c ¡ º � y =
n + 1

2
.¯ �%Ë�� * ¸Ts j�a6b .

10.2.2 ·�¸¹�����oº �¹»½¼I¾o¿¹À�Á
�����ç� � k n, í {cn} ÂvÃ-Ï�Î�k�~ , z cn = n3. ��Ï�Î 9 k~ {xn}
¸%¹�Y õ!ö-j�� � k xn l'� cxn

n ≡ 1(mod cn+1). Ä � k'~ {xn} jî#[�� Y�5 x1 = 1, x2 = 6, x3 = 16, x4 = 50, x5 = 6, x6 = 98, x7 = 64,

x8 = 54, x9 = 50, x10 = 242, x11 = 12, · · · .
% ò k!~ {xn} j�ýþ ,

°±�Å î#Æ�Ç�j!y'� , È	É�Ê 7 �	Ë û!ü ¯ � Á+Â !
®"_ `

[9]
�

, Kenichiro

Kashihara Ì�Í * ¯ � k!~ , ó'ðTÎ   * % ò Ï�Î 9 k!~ {xn} j�x � 34
:

(A): k%~ {xn}
� ú#* ´ � �	+ ,

�	Ï �'{%�z¬%k ;

(B):
® k%~ {xn}

�¥Ð%® Ý Ô � � Í�Î%k .ÑoÒ j�Ó£Ô Å j!�£Õ pvq ñ Î£r û ü kç~ {xn} j Ñ£Ö Á%Â , q
u   * xn j/×6Ø6ÂoÃ6A æ . Ù Y Ñ _^Ú � j�ÛtÜ#Ý p ,

°�± Ë�Ì�¿À * Kenichiro Kashihara \£]�Î   j hzi x � 364 , z)����aÞb * 34
(A) Ã 3�4 (B) ��� � j ! ×�Ø�ß"�%Æz���Ta6b * à%á j :

e�f
10.2.2. 0�à/á��	��a n, {xn} �'�Oâ	ã , ä�³T´�®����"å

(a). xn = (n + 1)2, â#æ n ≡ 1 (mod 6) ç�è n ≡ 3 (mod 6),

(b). xn = 2(n + 1)2, â#æ n ≡ 0 (mod 6) ç�è n ≡ 4 (mod 6),

(c). xn = 1
3 · (n + 1)2, â#æ n ≡ 5 (mod 6),

(d). xn = 2
3 · (n + 1)2, â#æ n ≡ 2 (mod 6).i ¶ · ¡ ¸�s Ï{é�ê   ú£* x1 + ,

� É!ø-� xn (n > 1) m Y ¬-k .ó�ð ·`¸"s j (a) Æ)k~ {xn} ë/ìÝ-Þ�� � Ë)ÌÍ!Îk . n#�Ë)Ì¿-À*
Kenichiro Kashihara \	]TÎ   jlx � 3�4 !
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: 
#�/u   3/4 (A) j�í/î#a^b . ï�Û"ð#��!��� � k n > 1,í y ��õ)ö�ñ0� �	ò l%�
n3y ≡ 1(mod (n + 1)3). (10-1)

ï · (10-1)
æ Ã"ó�� æ ¸Ts%º �

n3y − 1 = (n + 1 − 1)3y ≡ (−1)3y − 1 ≡ (−1)y − 1 ≡ 0 (mod (n + 1)).

· ð æ Ï"é�ê   y
�'¸"Y ¬ ò ! øoô µ n > 1 ð , xn

�'¸"Y ¬ ò . ò ��a£b* 3�4
(A).Y Ñ/Ö

xn ñ�×/ØÒ ,
°±�õ ã Ý p ó Ï æ (10-1) Ã�ó)� æ ¸#s q"ö� y

Y ¬ ò º � :

n3y − 1 = (n + 1 − 1)3y − 1

≡ 3y(3y − 1)

2
· (n + 1)2 − 3y(n + 1)

≡ 0 (mod (n + 1)3). (10-2)

· ð æ Æ º ô÷ê   ó Ï æ
− 3y(n + 1) ≡ 0 (mod (n + 1)2). (10-3)

°�± å [£øvùoú£ûoü :
µ

(3, n + 1) = 1 ð ,
·

(10-3)
æ Ïoé£ê   y =

k(n + 1),
���

k
Y ���'� �	ò . ý y = k(n + 1) þ	ÿ (10-2)

æ º �
3k(3k(n + 1) − 1)

2
· (n + 1)3 − 3k(n + 1)2 ≡ 0 (mod (n + 1)3). (10-4)

· ò y
Y ¬ ò , øvô µ n+1

Y ¬ ò ð , (10-4)
æ ñ�õ)ö%� �	ò ¿ Y k = n+1.¡ ðdö��'� 2|n+1, (3, n+1) = 1, ��� n = 6t+1 �%÷ n = 6t+3,

���
t
Y

������� �	ò . øvô µ n
Y A � 6t + 1 �%÷ 6t + 3 ñ0� �	ò (

���
t
Y ���'��	ò

) ð , g�h n3xn ≡ 1 (mod (n + 1)3) ñ�õ)ö%� �	ò xn

Y
xn = (n + 1)2.ó�� µ n + 1

Y © ò ð , ö-��� y
Y ¬ ò	� ø�ô (10-4)

æ ñ�õ�ö�� �ò ¿�Ü Y k = 2(n + 1).
¡ ð/ö���� (6, n + 1) = 1, �£� n = 6t �÷ n = 6t + 4,

���
t
Y �!�
��� ��ò . ø¹ô µ n

Y A � 6t �÷ 6t + 4 ñz��/ò
(
���

t
Y ��!� �/ò ) ð , g#h n3xn ≡ 1 (mod (n + 1)3) ñ0õ�ö)� �ò

xn

Y
xn = 2(n + 1)2.
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µ
(3, n+1) > 1, z`��� 3 | n+1 ð ,

·
(10-3)

æ Ï	é�ê   y =
1

3
k(n+1),���

k
Y ���'� �	ò . ý y =

1

3
k(n + 1) þ	ÿ (10-2)

æ º �
k(k(n + 1) − 1)

2
· (n + 1)3 − k(n + 1)2 ≡ 0 (mod (n + 1)3). (10-5)

i ¶çµ
2|n + 1 ð , g/h (10-5)

æ ñ�õ-ö� ��ò k = n + 1.
¡ ð�ö!�� 6|n + 1, z���� n = 6t + 5, øÞô µ n

Y A � 6t + 5 ñ'� �{ò (
� �

t
Y

����� �6ò ) ð , g{h ó Ï Î� n3xn ≡ 1 (mod (n + 1)3) ñ%õçö�� �ò
xn

Y
xn = 1

3
· (n + 1)2.

� µ (2, n+1) = 1 ð , ö��'� y
Y ¬ ò , øvô÷g�h (10-5)

æ ñ�õ)ö%� �ò
k = 2(n + 1).

¡ ðOö�!� 3|n + 1, (2, n + 1) = 1, z��� n = 6t + 2,ø�ô µ n
Y A � 6t + 2 ñ� �£ò (

� �
t
Y ���ç� �£ò ) ð , g6h ó Ï Î

� n3xn ≡ 1 (mod (n + 1)3) ñzõ�ö-� �{ò xn

Y
xn =

2

3
· (n + 1)2.

·
ò n ≡ 0, 1, 2, 3, 4, 5 (mod 6) ��� * ø%�� ¶ ò , ���%Ë�� * ¸Ts ñ�a
b !
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Smarandache ��� � ��� ���

11.1  "!$#$%'&)($*$+-,
(1) .0/

px
n+1 − px

n = 1

132
pn 465 n 7�809 . : 0.5 ; 1 <>= , ?0.0/A@CB6D6E .F

n = 1 G , .0/A@AH�I0E . JLK 4 :

3x − 2x = 1, x = 1;

F
n = 31 G , .0/A@AHNMOE . JLK 4 :

127x − 113x = 1, x = 0.567148 · · · = a0.PRQ
, Andrica SAT

An = p
1
2
n+1 − p

1
2
n < 1U0VAWCX
Y

(2) Bn = pa
n+1 − pa

n < 1,
132

a < a0.

(3) Cn = p
1
k

n+1 − p
1
k
n <

2

k
,
132

k ≥ 2.

(4) Dn = pa
n+1 − pa

n <
1

n
,
1Z2

a < a0 [ n \�]�I . ^N_0`CaNb�7�c0de 809 , n = n(a) f0g .

(a)
F

a0 < a < 1 G , h�i 4Aj f0g .

(b) 4Aj6k :NlOm�9 n0( n0o�_ a ; n), pAq F n ≥ n0 G , (4) i0f0g .

(5)
pn+1

pn

≤ 5

3
,
F

n = 2 GOr
s�f�g . Jozsef Sandor t�uwvRx�y{zN|
?6SAT ( }~��0� [56]).

11.2 Smarandache ���"�����-�
Smarandache

U0���0���
(SDS) 4 :

1, 23, 456, 7891, 23456, 789123, · · · .
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Smarandache

U��C���N�C� 4 : 1, 32, 654, 1987, 65432, · · · ,
Q �� 2 @
bO�6� 4 809 .

11.3 Smarandache ����� %
Smarandache ¡£¢�¤L9�¥6¦ X : ^A§�¨A©�¥ e lOm�9 m, @

L : Z → Z

L(x, m) = (x + c1) · · · (x + cϕ(m))132
ϕ 4 Euler ¤L9 , c1, · · · , cϕ(m) 46ª m

e�«0¬A ¢�® .¯C°
Smarandache ¡£¢�¤L9 e�±0² .

11.4 Smarandache ϕ ³�´
^A§�¨�lOm�9 z, m, [ m 6= 0, µ6@

aϕ(ms)+s ≡ as(mod m),

132
ϕ 4 Euler ¤L9 , ms ; s

U0¶�·
Smarandache ϕ ¸A¹�q�º :5 DA» :

A := a

M := m

i := 0

5�¼ » : ½0¸ d = (A, M), M ′ =
M

d
.

5A¾ » :
F

d = 1 G , ¿ s = i, ms = M ′,F
d 6= 1 G , ¿ A := d, M = M ′, i := i + 1, À 5�¼ » .

Euler ¥6Á e VAW :^A§�¨�lOm�9 a, m, [ (a, m) = 1, µ6@ aϕ(m) ≡ 1(modm).

Smarandache totient ¤L9�¥6¦ X :

sϕ : Z2 → Z2
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F

m 6= 0, sϕ(a, m) = (ms, s) G , @ aϕ(ms)+s ≡ as(mod m).¯È°
Smarandache ϕ ¥ÉÁ , Smarandache ϕ ¸	¹ , Smarandache to-

tient ¤L9 .

11.5 Smarandacheials

^A§�¨�lOm�9 n, k, Ê n > k ≥ 1, Smarandacheials ¥6¦ X :

!n!k =
∏

0<|n−k·i|≤n

i=0, 1, 2,···

(n − k · i)

Ë�Ì
:

(1)
F

k = 1 G :

!n!1 = !n! =
∏

0<|n−i|≤n

i=0, 1, 2,···

(n − i) = n(n − 1)(n − 2) · · · (2)(1)

(−1)(−2) · · · (−n + 2)(−n + 1)(−n)

= (−1)n(n!)2.PRQ
,

!5! = 5(5 − 1)(5 − 2)(5 − 3) · · · (5 − 9)(5 − 10)

= 5 · 4 · 3 · 2 · 1 · (−1) · (−2) · (−3) · (−4) · (−5) = −14400.

? ��� eRÍ�Î � X :

4, −36, 576, −14400, 518400, −25401600, 1625702400,

−131681894400, 13168189440000, −1593350922240000,

229442532802560000, −38775788043632640000,

7600054456551997440000, −1710012252724199424000000, · · ·

(2)
F

k = 2 G :

(a)
F

n
XOÏ 9�G , @

!n!2 =
∏

0<|n−2i|≤n

i=0, 1, 2,···

(n − 2i) = n(n − 2)(n − 4) · · · (3)(1)
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(−1)(−3) · · · (−n + 4)(−n + 2)(−n)

= (−1)
(n+1)

2 (n!!)2.

(b)
F

n
XOÐ 9�G , @

!n!2 =
∏

0<|n−2i|≤n

i=0, 1, 2,···

(n − 2i) = n(n − 2)(n − 4) · · · (4)(2)

(−2)(−4) · · · (−n + 4)(−n + 2)(−n)

= (−1)
n
2 (n!!)2.PRQ

, !3!2 = 3(3−2)(3−4)(3−6) = 9, !4!2 = 4(4−2)(4−6)(4−8) = 64.? ��� eRÍ�Î � X :

9, 64, −225, −2304, 11025, 147456, −893025,

−14745600, 108056025, 2123366400, · · ·

(3)
F

k = 3 G :

!n!3 =
∏

0<|n−3i|≤n

i=0, 1, 2,···

(n − 3i) = n(n − 3)(n − 6) · · ·

PRQ
, !7!3 = 7(7− 3)(7− 6)(7− 9)(7− 12) = 7(4)(1)(−2)(−5) = 280.? ��� eRÍ�Î � X :

−8, 40, 326, 280, −2240, −26244, −22400,

−246400, 3779136, 3203200, −44844800, · · ·

(4)
F

k = 4 G :

!n!4 =
∏

0<|n−4i|≤n

i=0, 1, 2,···

(n − 4i) = n(n − 4)(n − 8) · · ·

PRQ
, !9!4 = 9(9−4)(9−8)(9−12)(9−16) = 9(5)(1)(−3)(−7) = 945.? ��� eRÍ�Î � X :

−15, 144, 105, 1024, 945, −14400, −10395,
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−147456, −135135, 2822400, 2027025, · · ·

(5)
F

k = 5 G :

!n!5 =
∏

0<|n−5i|≤n

i=0, 1, 2,···

(n − 5i) = n(n − 5)(n − 10) · · ·

PRQ
,

!11!5 = 11(11 − 5)(11 − 10)(11 − 15)(11 − 20)

= 11(6)(1)(−4)(−9) = 2376.

? ��� eRÍ�Î � X :

−24, −42, 336, 216, 2500, 2376, 4032,

−52416, −33264, −562500, −532224,

−891072, 16039296, · · ·

D6ÑAÒ , ^A§�¨�lOm�9 n, k, Ê n > k ≥ 1, Smarandacheials ¥6¦ X :

!n!mk =
∏

0<|n−k·i|≤m

i=0, 1, 2,···

(n − k · i)

Ë�Ì
:

!7!32 = (7 − 4)(7 − 6)(7 − 8)(7 − 10) = (3)(1)(−1)(−3) = 9.

!7!92 = 7(7 − 2)(7 − 4)(7 − 6)(7 − 8)

(7 − 10)(7 − 12)(7 − 14)(7 − 16)

= 7(5)(3)(1)(−1)(−3)(−5)(−7)(−9)

= −99225.

11.6 Smarandache & Ó"Ô�Õ-Ö$×
FÙØ�Ú e 7N9�Û�Ü3G , Ý�Þ3ßLà�áNâ�ã�;�E�ä Ø�Ú e ��® . Smaran-

dache t6u�åAæ0çAè�90¹Aé�ê ØAÚ cAë .
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Ê n ≥ 2 éNê Ø�Ú S1, S2, · · · Sn

e 7�9 , ì�� Ø�Ú :NÝ�Þ>ß 2Níïî @UCð e .�i0cAë .Ê 1 ≤ k ≤ n, Smarandache tCu>ñóò : 9 i1i2 · · · ik é>ê�Ý�Þ	ß 2 ØÚ
Si1, Si2, · · · , Sik

eÙôOõ�ö �
.
î @ ØAÚ e�÷Aö ( JLK 4 ,

î @ ØAÚ eÙøeRù
) ú X 0.û 7�ÝAÞß�ü6@ 2n 7�ý0cAë ö � , J X 9 12 · · ·n

e�þ6ÿ 9 2 k 7�9��e�� Ú
.F
n = 3 G , ÝAÞß£é�ê Ì�� :

11.7 Smarandache ��,��	��
�������
D37 ô ÊÉ®�� Ξ � X Smarandache j ¥ e , � 1 2 k :	D37 ô Ê ,: Ξ
2 ¡6GLé��Zò�fAg���ýAfAg , ����� í����{í h�.�i0é��NýAfAg . ì 3e ®���� X Smarandache ®�� . Smarandache !OT e�"�# K 4�$&% ø ¯° ì � 9('�®)� ,

Æ(*,+ �.-)/^.0 ².1,2{e Á
E .
+�3 h , Smaran-

dache !�T 4 2�4�5�687 -�9�:;!�T e D �&<�=�>�? .D�7A@C@ Smarandache j ¥ ô Ê eCB.DAE =F� X Smarandache
ÎAG

,<,H Ò , ^
§�¨Cm�9 n ≥ 2, @ Smarandache n- I ?{eCJ)K . L.F.Mao ©ò | D Ñ ± $L% Smarandache n- I ? e . ¹ ( }NM � � [57] ; [58]),

L.F.Mao $8% e 2- Ý Smarandache I ?�O � X Ò3ß Î�G .
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D�Ñ ± Ò $�% Smarandache ®;� U íQP ç
9)' � Ú e .N¹ , J6©�¥ýÉ¡Ù®���<É=OD�7 � Ú(R $ ,

ÆA* q
º Smarandache ®�� ,
<.H Ò ,

U íP ç Smarandache S E = e .
¹ , JA©>¥ n 7 �.� ýó¡ e&B,D �)T(U E= A1, A2, · · · , An, ¥6¦�D67 n- S E = X
∑

=
n⋃

i=1

Ai.

ì  >e S E =�I�U k : ,
Ë�Ì

, V0ç�x�W69�' 20eYX(ZQ[(ZQ\ ;^]_UE = , $8% S X(Z S [(Z S \ ;�S`]_U E = , V0ç � Ú !�T $8% � Ú I ?ø ¯° 1 h eba � R $ ,
ÆA*�c.d�� Ú

,
a � Î;G r . eb8f.g ( }AM��� [59]).
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