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1�Ù {0

1�Ù {0

35�k¯K, vk)�6�Ö¥, {7ÛêZæÍ¶êØ;[F.Smarandache�

ÇJÑ
108�ÿ�)û�êØ¯K, ùÚå
¯õêØ;[�,�. �ÖÌ�0�


©¥k'Smarandache¼ê��Smarandache¼ê9Ù�'¯K�ïÄÚ#?Ð.

é?¿��ênÍ¶�Smarandache¼êS(n)½Â������êm¦�n|m!, =

S(n) = min{m : m ∈ N, n|m!}.

lS(n)�½Â<�N´íÑXJn = pα1
1 pα2

2 · · · pαr
r L«n�IO©)ª, @o

S(n) = max
1≤i≤r

{S(pαi
i )}.

ddØJO�ÑS(1) = 1, S(2) = 2, S(3) = 3, S(4) = 4, S(5) = 5, S(6) = 3, S(7) =

7, S(8) = 4, S(9) = 6, S(10) = 5, S(11) = 1, S(12) = 4, S(13) = 13, S(14) = 7, S(15) =

5, S(16) = 6 · · · .
é?¿��ênÍ¶��Smarandache¼êZ(n)½Â������êm¦�n�

Ø
m(m+1)

2 , =

Z(n) = min

{

m : m ∈ N, n

∣
∣
∣
∣

m(m + 1)

2

}

.

lZ(n)�½ÂN´íÑZ(n)�cA���: Z(1) = 1, Z(2) = 3, Z(3) = 2, Z(4) =

7, Z(5) = 4, Z(6) = 3, Z(7) = 6, Z(8) = 15, Z(9) = 8, Z(10) = 4, Z(11) = 10, Z(12) =

8, Z(13) = 12, Z(14) = 7, Z(15) = 5, Z(16) = 31, · · · .

'uS(n)ÚZ(n)��â5�, NõÆöÑ?1
ïÄ, ¼�
Ø�k��(

J. �ÖÌ��7ùüa¼ê9Ù�'¼ê��#ïÄ?Ð���XÚ�8Bo

(. äN/`, �ÖÌ��)Smarandache¼ê��Smarandache¼ê�ïÄ(J!

�Smarandache¼ê9�Smarandache¼ê�'¯KïÄ(JÚSmarandacheS�ïÄ

(J�, �êØOÐöJøë�]�, ��ïÄSmarandache¯K�ÆöJø��©z

��B.

1
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1�Ù Smarandache¼ê��Smarandache¼ê

1�Ù Smarandache¼ê��Smarandache¼ê

2.1 'uSmarandache¼ê���ß�

é?¿��ên, Í¶�F. Smarandache¼êS(n)½Â������êm¦�n|m!.

~XS(n)�cA��S(1) = 1, S(2) = 2, S(3) = 3, S(4) = 4, S(5) = 5, S(6) =

3, S(7) = 7, S(8) = 4, S(9) = 6, S(10) = 10, S(11) = 11, S(12) = 4, · · · . 'uS(n)�{

ü�â5�, �ë�©z[1, 7], ùpØ2­E.

'uS(n)����5�, NõÆö?1
ïÄ, ¼�
Ø�k��(J, ~XF.

Luca�Ç3©z[2]¥?Ø
¼ê

A(x) =
1

x

∑

n6x

S(n)

�þe.�O¯K, �Ñ
A(x)����r�þ.�O. Ó�¦�3©z[3]¥y²
?

ê
∑

n>1

nα

S(1) · S(2) · · ·S(n)

´ýéÂñ�, ¿JÑ
e¡�ßÿ:

ßßß���: é?¿¢êx > 1, kìCúª

LS(x) ≡
∑

n6x

ln S(n) = ln x − ln ln x + O(1).

'uù�ß�, �8q�vk<ïÄ, ��3yk�©z¥�vw�k'(Ø. F.

Luca �Ç@�k�Uy²ln x − ln ln x´LS(x)�þ., �´éJy²LS(x)�e.. ù

�¯K´k¿Â�, ���±�NÑS(n)¼ê�éêþ�©Ù5�. �d, �éù�¯

K, |^Ð�9)Û�{?1ïÄ, �±�Ñ�,ØÓ�(Ø, =Xe½n:

½½½nnn 2.1 éu?¿¢êx > 1, kìCúª

LS(x) ≡
∑

n6x

ln S(n) = ln x + O(1).

w,d½nØ=`²ß��1��Ì�ln ln x´Ø�3�, �Ò´`,©z[3]¥�ß

ÿ´�Ø�, Ó���Ñ
LS(x)��(L«/ª. �,XJ|^�ê©Ù¥���(

J, ��±���°(�ìCúª, =Ò´

3



Smarandache¼ê9Ù�'¯KïÄ

é?¿��êk > 1, k

LS(s) ≡ 1

x

∑

n6x

ln S(n) = ln x + C + O

(
1

lnk x

)

,

Ù¥C��O��~ê.

�
y²½n2.1, I�e¡�A�Ún.

ÚÚÚnnn 2.1 é?¿�êp, kìCúª

∑

p6x

ln p

p
= ln x + O(1),

∑

p6x

ln p = x + O
( x

ln x

)

.

y²:ë�©z[4 − 6].

e¡|^dÚn���Ñ½n�y². Äk�ÑLS(x)�þ.�O.

¯¢þ, dS(n)�Ð�5��, é?¿��ênkS(n) 6 n, ¤±dEuler¦Úú

ª(ë�©z[6]¥½n3. 1), k

LS(x)=
1

x

∑

n6x

ln S(n) 6
1

x

∑

n6x

ln n

=
1

x

∑

n6x

∫ x

1

ln ndy 6
1

x

∫ x

1

ln ydy +
ln(x + 1)

x

=ln x − 1 +
1

x
+

ln(x + 1)

x
.

=

LS(x) =
1

x

∑

n6x

ln S(n) 6 ln x + O(1). (2-1)

Ùg, Ó�|^þ¡�Ún5�OS(x) ≡ 1
x

∑

n6x

LnS(n) �e.. é?¿��

ên > 1, w,n��k���Ïfp, Ø��n = p · n1, u´dS(n)�5�

S(n) > p

�

ln S(n) = ln S(p · n1) > ln p.

l
dÙ��©
ð�ª(ë�©z[6]½n3.17), k

LS(x)

=
1

x

∑

n6x

ln S(n)

4



1�Ù Smarandache¼ê��Smarandache¼ê

>
1

x

∑

pn16x

ln p

=
1

x







∑

p6
√

x

ln p ·
∑

n6x
p

1 +
∑

n6
√

x

1 ·
∑

p6 x
n

ln p −
∑

p6
√

x

ln p ·
∑

n6
√

x

1







=
1

x







∑

p6
√

x

ln p ·
(

x

p
+ O(1)

)

+
∑

n6
√

x

1 ·
(x

n
+ O

( x

n ln x

))

−
∑

p6
√

x

ln p ·
(√

x + O(1)
)







=
1

x






x ·

∑

p6
√

x

ln p

p
+ O




∑

n6
√

x

ln p



+ x ·
∑

n6
√

x

1

n
+ O(x) −

√
x ·

∑

p6
√

x

ln p + O(
√

x)







=
1

x

{

x · ln
√

x + O(
√

x) + x ln
√

x + O(x) −
√

x

(√
x + O

(√
x

ln x

))}

=ln
√

x + ln
√

x + O(1)

= ln x + O(1).

=

LS(x) > ln x + O(1). (2-2)

dª(2-1)9(2-2)k

LS(x) = ln x + O(1).

u´�¤½n2.1�y².

2.2 �a�¹Smarandache¼êÚEuler¼ê��§I

éu?¿��ên, Í¶�Smarandache¼êS(n)½Â�����êm¦�n|m!,

=Ò´S(n) = min{m : m ∈ N, n|m!}.Smarandache¼ê��«5�´êØ9ÙA

^+�¥���©Ú<'5�ïÄ�K(ë�©z[1, 7]). éu��ên, �φ(n)´'

un�Euler¼ê, ùp�φ(n)L«Ø�un��np����ê��ê(ë�©z[4]). '

u�¹Euler¼êÚSmarandache¼ê��§

φ(n) = S(nk) (2-3)

�),éõÆöÑ?1
ïÄ,��
�
�Ð�(J[9−12] . �±|^Ð���{)ûT

�§3k = 7��¦)¯K, =�Ñe¡�½n.

½½½nnn 2.2 �k = 7�, �§φ(n) = S(nk)=k)n = 1, 80.

�
y²½n2.2, I�e¡�A�Ún.

5
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ÚÚÚnnn 2.2 Euler¼ê�È5¼ê, =éu?¿p����êmÚn, Kkφ(mn) =

φ(m)φ(n).

ÚÚÚnnn 2.3 �n = pα1
1 pα2

2 · · · pαk

k ´��ên�IO©)ª, Kk

φ(n) =
k∏

i=1

pαi−1
i (pi − 1).

ÚÚÚnnn 2.4 �n > 2�, K7k2|φ(n).

yyy²²²: (1)e��ênkÛ�Ïf, Ø���p, Kp > 2�2|p − 1.qdÚn2.3��(p −
1)|φ(n),¤±´�2|φ(n).

(2)e��ênvkÛ�Ïf, �n > 2�, 7kn = 2k,k´�u1���ê.dEuler¼

ê�5�´�φ(n) = 2k−1(2− 1) = 2k−1, ¤±�k2|φ(n). �d(1)Ú(2)��, Ún2.4¤

á.

ÚÚÚnnn 2.5 �n = pα1
1 pα2

2 · · · pαk

k ´��ên�IO©)ª, K

S(n) = max{S(pα1
1 ), S(pα2

2 ), · · · , S(pαk

k )}.

yyy²²²: ë�©z[7].

ÚÚÚnnn 2.6 éu�êpÚ��êk, kS(pk) 6 kp.AO/, �k < p�, kS(pk) = kp.

yyy²²²: ë�©z[7].

ÚÚÚnnn 2.7 �y = pα−2(p − 1) − αp, p��ê, K�α > 3�, ¼êy´üN4O�.

yyy²²²: Ï�y′ = (p − 1)pα−2 ln p − p,�α > 3�, ´�y′ > 0,�(Ø¤á.

e¡�Ñ½n2.2�y².rk = 7�\�§φ(n) = S(nk)¥,=

φ(n) = S(n7). (2-4)

w,n = 1´ª(2-4)�). ±eÌ�?Øn > 1��6.

�n > 1�n = pα1
1 pα2

2 · · · pαk

k ´��ên�IO©)ª,KdÚn2.5k

S(n7) = max{S(p7α1
1 ), S(p7α2

2 ), · · · , S(p7αk

k )} = S(p7r). (2-5)

dÚn2.2��,

φ(n) = φ(pr)φ

(
n

pr

)

= pr−1(p − 1)φ

(
n

pr

)

. (2-6)

éáª(2-4))ª(2-6)��,

pr−1(p − 1)φ

(
n

pr

)

= S(p7r). (2-7)

6
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��r = 1�, ep = 2,dª(2-7)��

S(27) = 8 = φ
(n

2

)

,

=n = 32, 


φ(32) = 25 − 24 = 16 6= S(327),

�n = 32Ø´ª(2-4)�).

ep = 3,K

S(37) = 18 = 2φ
(n

3

)

,

ù�Ún2.4gñ, ¤±ª(2-4)Ã).

Ón��, ep = 5, 7, 11�, ª(2-4)Ã).

ep > 11,K

S(p7) = 7p = (p − 1)φ

(
n

p

)

,

�2|p − 1, ù�Ún2.4gñ, ¤±ª(2-4)Ã).

��r = 2�, ep = 2, dª(2-7)��

S(214) = 16 = 2φ
(n

4

)

,

=φ(n
4 ) = 8, Kn = 64,


S(647) = S(242) = 46 6= 32 = 26 − 25 = φ(64),

¤±n = 64Ø´ª(2-4)�).

ep = 3, K

S(314) = 30 = 6φ
(n

9

)

,

ù�Ún2.4 gñ, ¤±ª(2-4)Ã).

Ón�y,ep = 5, 7, 11, 13,ª(2-4)Ã).

ep > 17,K

S(p14) = 14p = p(p − 1)φ

(
n

p2

)

,

=k

7 =
p − 1

2
φ

(
n

p2

)

,

ù�Ún2.4gñ, ª(2-4)Ã).

��r = 3�, ep = 2,

S(221) = 24 = 22φ
(n

8

)

,

7



Smarandache¼ê9Ù�'¯KïÄ

Kn
8 = 9, ¤±n = 72, 


φ(72) = (23 − 22)(32 − 3) = 24, S(727) = S(221 · 314) = 30 6= 24 = φ(72),

�n = 72Ø´ª(2-4)�).

ep = 3,K

S(321) = 45 = 18φ
( n

27

)

,

ù�Ún2.4gñ, ª(2-4)Ã).

ep = 5, 7, 11, 13, 17, 19,Ón�yª(2-4)Ã).

ep > 23,dÚn2.6k,

S(p21) = 21p = p2(p − 1)φ

(
n

p3

)

,

=

21 = p(p − 1)φ

(
n

p3

)

,

ù�p > 23gñ,�ª(2-4)Ã).

��r = 4�, ep = 2,

S(228) = 32 = 23φ
( n

16

)

,

=φ
(

n
16

)
= 4, ¤±n = 80,


φ(80) = (24 − 23)(5 − 1) = 32, S(807) = S(228 · 57) = 32 = φ(80),

�n = 80´ª(2-4)�).

ep = 3,

S(328) = 60 = 33 · 2φ
( n

81

)

,

ù´Ø�U�, Ïdª(2-4)Ã).

ep > 5,dÚn2.6k,

28p > S(p28) = p3(p − 1)φ

(
n

p4

)

,

=

28 > p2(p − 1)φ

(
n

p4

)

,

ù�p > 5gñ, �ª(2-4)Ã).

��r = 5�,ep = 2,

S(235) = 42 = 24φ
( n

32

)

,

8
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ù�Ún2.4gñ, ª(2-4)Ã).

ep > 3,

35p > S(p35) = p4(p − 1)φ

(
n

p5

)

,

=

35 > p3(p − 1)φ

(
n

p5

)

,

ù�p > 3gñ, �ª(2-4)Ã).

��r > 6�,ep = 2,

S(27r) = 2r−1φ
( n

2r

)

,

=�2r−1|S(p7r), dSmarandache¼ê�½ÂÚÚn2.5!2.6 ��, ùØ�U¤á, ¤±

ª(2-4)Ã).

ep > 3,K

7rp > S(p7r) = pr−1(p − 1)φ

(
n

pr

)

,

=

7r > pr−2(p − 1)φ

(
n

pr

)

> pr−2(p − 1),

dÚn2.7��,ùØ�U¤á, ¤±ª(2-4)Ã).

nþ¤ã: �k = 7�, �§φ(n) = S(nk)=k)n = 1, 80.Ïd�¤
½n2.2�y

².

2.3 �a�¹Smarandache¼êÚEuler¼ê��§II

éu��ên, �Smarandache¼ê�S(n), φ(n)´Euler¼ê, �!UY�ã�

¹Smarandache¼êÚEuler¼ê��§

φ(n) = S(nk)

�). 3þ�!¥, ®²�Ñ
�§(2-3)3k = 7���Ü), �!ò3dÄ:þ�Ñ�

§(2-3)3k > 8��¦)L§±9�§)��ê¯K. =kXeA�½n.

½½½nnn 2.3 �k = 8�, �§(2-3)=k)n = 1, 125, 250, 289, 578.

½½½nnn 2.4 �k = 9�, �§(2-3)=k)n = 1, 361, 722.

½½½nnn 2.5 �k > 10�, �§(2-3)=�3k����ê).

½½½nnn 2.6 en = pα1
1 pα2

2 · · · pαs
s ´��ên�IO©)ª, �

S(pkr) = max{S(pkα1
1 ), S(pkα2

2 ), · · · , S(pkαs
s )},

9
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K�p > 2k + 1�k > 1, r > 2�, �§(2-3)Ã); �2k + 1��ê�, �§(2-3) =k2�

), �n = 2p2.

e¡5���Ñ±þ½n�y². Äk½n2.3�y². rk = 8�\�§(2-3)��,

φ(n) = S(n8). (2-8)

w,n = 1´ª(2-8)�).±eÌ�?Ø�n > 1���6.

�n > 1�n = pα1
1 pα2

2 · · · pαs
s ´��ên�IO©)ª, KdÚn2.6k

S(n8) = max{S(p8α1
1 ), S(p8α2

2 ), · · · , S(p8αk

k )} = S(p8r) (2-9)

dÚn2.3��,

φ(n) = φ (pr) φ

(
n

pr

)

= pr−1(p − 1)φ

(
n

pr

)

. (2-10)

éá(2-8)-(2-10)ª��,

pr−1(p − 1)φ

(
n

pr

)

= S(p8r). (2-11)

��p = 2, r = 1�,d(2-11)��

φ
(n

2

)

= S(28) = 10, (2-12)

d(2-12)ª�í�φ
(

n
2

)
> 1. Kn7¹Û�Ïfq,���

S
(
q8
)

=







18, q = 3

35, q = 5

49, q = 7

8q, q > 7

(2-13)

¤±(2-9)ªÚ(2-12)ªgñ. ��p = 2, r = 1�, ª(2-8)Ã).


φ(32) = 25 − 24 = 16 6= S(327), �n = 32Ø´ª(2-8)�).

��p = 2, r = 2�, d(2-11)��2φ(n
4 ) = S(216) = 18, =φ(n

4 ) = 9, �Ún2.4gñ,

¤±�p = 2, r = 2�, ª(2-8)Ã).

Ón�y,�p = 2, r = 3, 4, 5, 6, 7, 8�, ª(2-8)Ã).

�p = 2, r > 8�, dÚn2.6k

8r >
1

2
S(28r) =

1

2
2r−1φ

( n

2r

)

= 2r−2φ
( n

2r

)

> 2r−2 =
1

4
2r,

=32r > 2r, gñ. ¤±�p = 2, r > 8�, ª(2-8)Ã).

��p = 3, r = 1�, d(5)ª��22φ
(

n
3

)
= S

(
38
)

= 18, =φ
(

n
3

)
= 9, �Ún2.4g

ñ,¤±�p = 3, r = 1�, ª(2-8)Ã).

10
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Ón�y,�p = 3, r = 2, 3, 4�,ª(2-8)Ã).

�p = 3, r > 5�, dÚn2.6k

8r >
1

3
S(28r) =

2

3
3r−1φ

( n

3r

)

= 2 · 3r−2φ
( n

3r

)

> 2 · 3r−2 > 2er−2 >

2

(

1 + (r − 2) +
1

2
(r − 2)2 +

1

6
(r − 2)3 +

1

24
(r − 2)4 +

1

120
(r − 2)5

)

> 8r,

gñ.¤±�p = 3, r > 5�,ª(2-8)Ã).

��p = 5, r = 1�, d(2-11)ª��4φ
(

n
5

)
= S(58) = 35,gñ,�ª(2-8)Ã).

�p = 5, r = 2�,20φ
(

n
25

)
= S(516) = 70, =2φ( n

25
) = 7, gñ, �ª(2-8)Ã).

�p = 5, r = 3�,100φ( n
125) = S(524) = 100, =φ

(
n

125

)
= 1, ¤±n = 125, 250,


φ(125) = φ(53) = 100 = S(524) = S(1258),

φ(250) = φ(2 · 53) = 100 = S(524) = S(2508),

�n = 125, 250´ª(2-8)�).

�p = 5, r = 4�, Ï�53 · 4φ
(

n
625

)
> S(532) = 130,¤±ª(2-8)Ã). Ón��

�p = 5, r > 4�, ª(2-8)�Ã).

��p = 7, r = 1�,d(2-11)ª��6φ
(

n
7

)
= S(78) = 49,gñ,�ª(2-8)Ã).

Ón���p = 7, r = 2�, (2-8)ªÃ).
�p = 7, r = 3�,Ï�

72 · 6φ
( n

243

)

> S(724) = 147,

¤±(2-8)ªÃ);�p = 7, r > 3�, ª(2-8)Ã); �p = 11, 13, r > 1�, ª(2-8)Ã).

��p = 17, r = 1�,d(2-11)ª��16φ
(

n
17

)
= S

(
178
)

= 17 · 8,gñ,�ª(2-8)Ã

).

�p = 17, r = 2�,k17 ·16φ
(

n
172

)
= S

(
1716

)
= 17 ·16,=φ

(
n

289

)
= 1,�n = 289, 578,




φ(289) = φ
(
172
)

= 272 = S
(
1716

)
= S(2898),

φ(578) = 272 = S
(
1716

)
= S

(
5788

)
,

�n = 289, 578´ª(2-8)�).

�p = 17, r > 3�, du17r−1 · 16φ
(

n
17r

)
> S

(
178r

)
,¤±ª(2-8)Ã).

��p = 19, r = 1�,k18φ
(

n
19

)
= S

(
198
)

= 8 · 19,gñ,¤±ª(2-8)Ã).

Ón,�p = 19, r = 2, 3�,ª(2-8)Ã);�p = 19, r > 4�, 19r > 19r−218φ( n
19r ) >

18 · 19r−2,gñ. �ª(2-8)Ã).

��p > 19, r = 1�,k(p − 1)φ(n
p ) = S(p8) = 8 · p,Ï�(p, p − 1) = 1, �e

11
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k 8p
p−1 = 2k(k ∈ N+), =p = k(p−1)

4 , gñ.¤±ª(2-8)Ã).

�p > 19, r > 2�,dÚn2.6k

8r > pr−2(p − 1)φ

(
n

pr

)

> 22 · 23r−2,

w,gñ.�ª(2-8)Ã).

nþ¤ã��:�k = 8�,ª(2-8)=k)n = 1, 125, 250, 289, 578.ù�Òy²
½

n2.3.

Ón,^�q��{�±y²½n2.4�¤á.

e¡y²½n2.5. é?¿�½���êk,�n > 1, �n = pα1
1 pα2

2 · · · pαs
s ´��

ên�IO©)ª, dS(n)�½Â��

S(nk) = max{S(pkα1
1 ), S(pkα2

2 ), · · · , S(pkαs
s )} = S(pkr).

qÏ

φ(n) = φ(pr)φ

(
n

pr

)

= pr−1(p − 1)φ

(
n

pr

)

, (2-14)

�d�§(2-3)��

pr−1(p − 1)φ

(
n

pr

)

= S
(
pkr
)
. (2-15)




p 6 S(pkr) 6 krp.

epr−1(p − 1)φ( n
pr ) = krp,Kdφ(n)�½Â95���pr−1(p − 1)|krp,=pr−2(p −

1)|kr.-y = pr−2(p − 1) − kr, p��½��ê,y´r�¼ê.K

y′ = (p − 1)pr−2 ln p − k.

�p > 2k + 1�r > 2�,��y′ > 0,�d�y´üN4O�,�´�y > 0.

¤±ª(2-15)�p > 2k+1�r > 2�Ã).==�3k����ênU¦�ª(2-13)¤

á.

��, �±dÚn2.2-2.6,(Ü½n2.4!½n2.5�y²�{íÑ½n2.6�¤á.

2.4 'u�Smarandache¼ê�ß�

Smarandache¼ê´dF.Smarandache�Ç3≪ Only Problems Not Solutions ≫�
Ö¥Ú?�, Ù½Â�S(n) = min{m : n|m!}.�5<��âSmarandache¼ê½Â


�Smarandache ¼êZ(n) = min
{

m : n|m(m+1)
2

}

.§�kNõk��5�, Nõ<Qé

12
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d?1LïÄ.

Erdös[15]Q²ßÿéuA�¤k�nÑkS(n) = P (n),Ù¥P (n)´�n����Ï

f¼ê. éuù�ßÿ8c¤¼���Ð(J´Aleksandar Ivic[25]���, ¦y²


N(x) = x exp

{

−
√

2 log x log log x

(

1 + O

(
log log log x

log log x

))}

,

ùpN(x)L«¤kØ�Lx��ê¥Ø÷v�§S(n) = P (n)��ê��ê.Mark

FarrisÚPatrick Mitchell[26]ïÄ
Smarandache¼êS(n)3�ê�þ�þe.�O, ¿

��
Xe(J:

(p − 1)α 6 S(pα) 6 (p − 1)(α + 1 + logα
p ) + 1;

Jozsef Sandor[27]ïÄ
�¹Smarandache¼êØ�ª��)5, y²


S(m1 + m2 + · · · + mk) < S(m1) + S(m2) + · · · + S(mk)

Ú S(m1 + m2 + · · · + mk) > S(m1) + S(m2) + · · · + S(mk)

�3Ã¡õ). Lu Yaming[28]?�Úy²
3�Ò¤áeþã�§��3Ã¡õ|).

'uS(n)ÚZ(n)�kNõ5�ÿØ�Ù, AO´Z(n)duÙ��©Ù�Ø5K5

¦�ïÄå5äké��(J.Ü©+3[29]¥JÑe�¯K:´Ä�õ�kk����

ê¦�
∑

n|d
1

S(d)���ê; ¼êZ(n)�þ�´õ�ºMajumdar3[30]¥JÑ
±eo

�ß�:

(1)Z(n) = 2n − 1��=�n = 2k,Ù¥k��K�ê;

(2)Z(n) = n − 1��=�n = pk,Ù¥p��u3��ê;

(3)XJnØUL��n = 2k�/ª, KkZ(n) 6 n − 1;

(4)é?¿�nÑkZ(n) 6= Z(n + 1).

�!òÌ��ã±þ¯K�)�, Ø�éuÜ©+¤JÑ�¯K�Ñ
�½)�,

���Majumdar¤JÑ�o�ß�´�(�. �
`²ß���(5, k�Ñe¡A

�Ún.

ÚÚÚnnn 2.8 eS(n) = P (n),�n�IO©)n = pα1
1 pα2

2 · · · pαr
r Pαr+1(n), @o7kαr+1 =

1;éu1 6 k 6 r,7kαk 6 P (n) − 2.

yyy²²²: eαr+1 > 1, KkP 2(n)|n,
n|S(n)! = P (n)!,KP 2(n)|P (n)!.ù�P (n)��êg

ñ.�kαr+1 = 1.

�n!¥�¹�Ïfp��ê�α,=÷vpα|n!, pα+1 ∤ n!,Kkα =
∑∞

l=1

[
n
pl

]

(y²ë

13
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�[31]). dukpαk

k |P (n)!,Ïdk

αk 6

∞∑

l=1

[
P (n)

pl
k

]

6

∞∑

l=1

P (n)

pl
k

=
P (n)

pk − 1
,

Ïd�pk 6= 2�´w,kαk 6 P (n) − 2; 
�pk = 2�, Kkt¦�2t < P (n) < 2t+1,d

�k

αk 6

t∑

l=1

[
P (n)

2l

]

6

t∑

l=1

P (n)

2l
= P (n) − P (n)

2

2t+1
< P (n) − 1,

Ï�αk��êÏdkα 6 P (n) − 2.

�
�\�B�ïÄZ(n), ½Â��#�¼êZ∗(n) = min{m : n|m(m + 1)}, w,
N´���n�Ûê�Z(n) = Z∗(n),�n�óê�Z(n) = Z∗(2n), Ïdùü�¼ê´�

��'�.e¡�Ñ'u¼êZ∗(n)�5�.

ÚÚÚnnn 2.9 �n = pk�, Z∗(n) = n−1;�n¹kü�±þØÓ��Ïf�,K7kZ∗(n) 6

n
2 − 1.

yyy²²²:dZ∗(n)�½Â´�Z∗(n) 6 n − 1, 
�n = pk�kpk|Z∗(n)(Z∗(n) + 1), �k

pk|Z∗(n)

½

pk|Z∗(n) + 1,

d�Ñ�±��Z∗(n) > pk − 1 = n − 1,�d�kZ∗(n) = n − 1.

�n¹kü�±þØÓ��Ïf�, d�n7�©)�ü�p���u1��ê

�¦È, �n = mk,Ù¥(m, k) = 1,d���k�Ûê, K7½�3����3b, b′á

uk����K�{X¦�mb ≡ −l mod k�mb′ ≡ l mod k, Ïd7kZ∗(n) 6

min{mb, mb′ − 1}.
5¿�k|(mb + mb′),Ïdkk|(b + b′),�kb + b′ = k,duk�Û

ê, �7kmin{b, b′} 6
(k−1)

2 ,Ïd

Z∗(n) 6 m
k − 1

2
=

n

2
− m

2
6

n

2
− 1.

d±þ�Ún�±��e¡A�½n.

½½½nnn 2.7 -

f(n) =
∑

d|n

1

S(d)
,

@o3n 6 x��ê¥Ø�N(x)��ê	, f(n)þØ��ê�, Ù¥

N(x) = x exp

{

−
√

2 log x log log x

(

1 + O

(
log log log x

log log x

))}

,

14
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=f(n)3A�¤k��êþÑØ��ê�.

yyy²²²:dAleksandar Ivic[25]�(J, �Iy²�S(n) = P (n)�, f(n)Ø��ê.

eS(n) = P (n),dÚn2.8�, ��n�IO©)�n = pα1
1 pα2

2 · · · pαr
r P (n), Ù¥αk 6

P (n) − 2,ònP�n = mP (n),¤±d�k

f(n)=
∑

d|n

1

S(d)
=
∑

d|m

1

S(d)
+
∑

d|m

1

S(dP (n))

=
∑

d|m

1

S(d)
+
∑

d|m

1

P (n)

=
∑

d|m

1

S(d)
+

∏r
k=1(αk + 1)

P (n)
.

�I5¿�éud|m, S(d) < S(n) = P (n), αk + 1 6 P (n) − 1 < P (n), Ïdéu1�

Ü©, òÙÏ©�, Ù©1��Ïf��uP (n),éu1�Ü©Ù©f��Ïf���

uP (n),ÏdÙ�½Ø´�ê, ÏdùüÜ©�\Ø�U¤��ê.½n2.7�y.

½½½nnn 2.8 (i)Z(n) = 2n − 1��=�n = 2k, Ù¥k��K�ê;

(ii) Z(n) = n − 1��=�n = pk, Ù¥p��u2��ê;

(iii)XJnØUL��n = 2k�/ª, KkZ(n) 6 n − 1.

yyy²²²:(i)�n = 2k�(=�Äk���ê, k = 0´w,�), d�kZ(n) = Z∗(2n),�dÚ

n2.9��Z(n) = 2n− 1; eZ(n) = 2n− 1,7kn�óê, ÄKZ(n) = Z∗(n) 6 n− 1, b

�n 6= 2k,�2n���¹k��Û�Ïf,dÚn2.9��Z(n) = Z∗(2n) 6
2n
2 −1 = n−1,

gñ, �n = 2k.

(ii)�n = pk, �p��u2��ê�, d�kZ(n) = Z∗(n), dÚn2.9��Z(n) =

n − 1; eZ(n) = n − 1,w,nØ�U´óê, b�n 6= pk,Kn��¹kü�Û�Ïf, d

Ún2.7��Z(n) = Z∗(n) 6
n
2 − 1,gñ, �kn = pk, �p��u2��ê.

(iii)enØUL��n = 2k�/ª, K7kn�Ûê, d�kZ(n) = Z∗(n) 6 n − 1,

½Kn�óê���¹k��Û�Ïf, dÚn2.9��d�k

Z(n) = Z∗(2n) 6
2n

2
− 1 = n − 1.

½½½nnn 2.9 é?¿�nÑkZ(n) 6= Z(n + 1).

yyy²²²:b�kn¦�Z(n) = Z(n + 1) = m,K�3k, k′¦�nk = (n + 1)k′ = m(m+1)
2 ,d

u(n, n+1) = 1,Ïdkn+1|k, n|k′,Ïdkn+1 6 k, n 6 k′,����m(m+1)
2 > n(n+1),

�km > n + 1,d½n2.8��K7kn = 2t, n + 1 = 2t′ ,��U´n = 1, d�w,

kZ(1) 6= Z(2).

15
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½½½nnn 2.10 é?¿�x > 1, k

x2
J∑

j=1

aj

logj
x

+ O

[
x2

logJ+1
x

]

6
∑

n6x

Z(n) 6
3

8
x2 + O

[
x2

lnx

]

,

Ù¥aj = ζ(j+1)
2

.

yyy²²²: Äky²Ø�ªm�Ü©:d½n2.8��,�n = 2k�, Z(n) = 2n−1,�n = pk�,

Z(n) = pk − 1, �n�¹kÛ�êÏf�óê�, Z(n) 6 n − 1; �n�¹k2�±þ�Û

�êÏf�Ûê�kZ(n) 6
(n−1)

2 , Ïd��

∑

n6x

Z(n)=
∑

k6[x
2
]

Z(2k) +
∑

k6[x
2
]

Z(2k + 1) + O(x)

6
∑

k6[x
2
]

2k − 1 +
∑

k6[x
2
]

k +
∑

p6x

p − 1

2
+
∑

k6ln x

2k + O(x)

=3
∑

k6[x
2
]

k +
∑

p6x

p − 1

2
+
∑

k6ln x

2k + O(x)

=
3

8
x2 + O

(
x2

ln x

)

.

e¡y²½n���Ü©: Ï�P (n)|n
∣
∣
∣
Z(n)(Z(n)+1)

2 ,�kP (n)|Z(n)(Z(n) + 1), ¤

±Z(n) > P (n) − 1,Ïd��:

∑

n6x

Z(n)>
∑

n6x

(P (n) − 1)

=
∑

n6x

P (n) + O(x)

=x2
J∑

j==1

aj

logj
x

+ O

(
x2

logJ+1
x

)

.

���Úë�©z[25].

2.5 'uSmarandache¼ê��Smarandache¼ê��§I

2.5.1 �µ9yG

é?¿��ênÍ¶�F. Smarandache¼êS(n)½Â������êm¦�n|m!

=S(n) = min{m : m ∈ N, n|m!}. lS(n)�½Â<�N´íÑXJn = pα1
1 pα2

2 · · · pαr
r

L«n�IO©)ª, @oS(n) = max
16i6r

{S(pαi
i )}. ddØJO�ÑS(1) = 1, S(2) =

2, S(3) = 3, S(4) = 4, S(5) = 5, S(6) = 3, S(7) = 7, S(8) = 4, S(9) = 6, S(10) =

5, S(11) = 1, S(12) = 4, S(13) = 13, S(14) = 7, S(15) = 5, S(16) = 6 · · · .'uS(n)�
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�â5�,NõÆö?1
ïÄ,¼�
Ø�k��(J[7,27,28,33,36]. ~X, Lu Yamingï

Ä
�a�¹S(n)�§��)5[28] , y²
T�§kÃ¡õ|��ê), =y²
é?

¿��êk > 2�§

S(m1 + m2 + · · · + mk) = S(m1) + S(m2) + · · · + S(mk)

kÃ¡õ|��ê)(m1, m2, · · · ,mk).

Jozsef Sandor[27]?�Ú`²é?¿��êk > 2, �3Ã¡õ|��ê

(m1, m2, · · · , mk)

÷vØ�ª

S(m1 + m2 + · · · + mk) > S(m1) + S(m2) + · · · + S(mk).

Ó�, q�3Ã¡õ|��ê(m1 + m2 + · · · + mk)÷vØ�ª

S(m1 + m2 + · · · + mk) < S(m1) + S(m2) + · · · + S(mk).

d	, Mó¸[36]¼�
k'S(n)�����(J[36]. =y²
ìCúª

∑

n6x

(S(n) − P (n))2 =
2ζ(3

2)x
3
2

3 ln x
+ O

(

x
3
2

ln2 x

)

,

Ù¥P (n)L«n����Ïf, ζ(s)L«Riemann Zeta-¼ê.

y3½Â,���â¼êZ(n)�

Z(n) = min

{

m : m ∈ N, n

∣
∣
∣
∣

m(m + 1)

2

}

.

T¼êk���¡��Smarandache¼ê. 'u§�Ð�5�, �,�8���Øõ, �

´�kØ�<?1LïÄ,¼�
�
kd��nØïÄ¤J[37−39]. AO3©z[40]�

13Ù¥, Kenichiro KashiharaØã
¼êZ(n)��
Ð�5�, Ó��JÑ
e¡ü�

¯K:

(A)¦�§Z(n) = S(n)�¤k��ê);

(B)¦�§Z(n) + 1 = S(n)�¤k��ê).

�!�Ì�8�´|^Ð��{ïÄ�§(A) 9(B)��)5, ¿¼�
ùü��

§�¤k��ê), äN/`, =y²
e¡�½n.

½½½nnn 2.11 é?¿��ên > 1,¼ê�§

Z(n) = S(n)

¤á��=�n = p·m,Ù¥p�Û�ê, m�p+1
2 �?¿�u1�Ïê. =m|p+1

2 �m > 1.

17
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½½½nnn 2.12 é?¿��ên,¼ê�§

Z(n) + 1 = S(n)

¤á��=�n = p · m, Ù¥p�Û�ê, m�p−1
2 �?¿Ïê. =m|p−1

2 .

w,, T½n�.)û
¯K(A)9(B). ½=y²
ùü��§ÑkÃ¡õ��

�ê), ¿�Ñ
§�z�)�äN/ª. Ù¥, AO3«m[1, 100]¥, �§Z(n) =

S(n)k9�),§�©O´n = 1, 6, 14, 15, 22, 28, 33, 66, 91.éu¯K(B),w,�§Z(n)+

1 = S(n)3«m[1, 50]¥k19 �), §�©O´

n = 3, 5, 7, 10, 11, 13, 17, 19, 21, 23, 26, 29, 31, 34, 37, 39, 41, 43, 47.

|^Ð��{�Ñ½n�y².

Äky²½n2.10. ¯¢þ, �n = 1�, �§Z(n) = S(n)¤á. �n = 2, 3, 4, 5�,

w,Ø÷v�§Z(n) = S(n). u´, b½n > 6÷v�§Z(n) = S(n), Ø��Z(n) =

S(n) = k. d¼êZ(n)9S(n)�½Â��, k´�����ê, ¦�n÷ve¡�ü��

Øª:

n

∣
∣
∣
∣

k(k + 1)

2
, n|k!. (2-16)

Äk,y²3ª(2-16)¥k+1Ø�U��ê. ¯¢þXJk+1��ê,Ø��k+1 =

p,u´3n|p(p−1)
2 ¥�(n, p) = 1�, á�íÑn|p−1

2 .l
n�Ø

p−2
∑

i=1

i =
(p − 1)(p − 2)

2
.

ù�k = p − 1������ê¦�n|k(k+1)
2 gñ��(n, p) > 1�, dup��ê, ¤±

íÑp|n. 2dun|k!, á���p|k!. ù´Ø�U�, Ï�p = k + 1,¤±pØ�U�

Ø(p − 1)!, l
y²
3ª(2-16)¥k + 1Ø�U��ê.

Ùg, y²3ª(2-16)¥�k�Ûê�k�½��ê. ¯¢þ�k�Ûê�k+1
2 ��

ê, ek�Üê, K�k�±©)¤ü�ØÓ�ê�¦È�, Ø��k = a · b, a > 1, b >

1�a 6= b. u´5¿�(k, k+1
2 ) = 1,ØJíÑk = a · b|(k − 1)!k+1

2 |(k − 1)! 2dun�

Ø
k(k+1)

2 á�íÑn|(k − 1)!. ù�k´�����ê¦�n|k!gñ. �k�Üê��,�

�ê����, �k = pα.duk�Ûê, ¤±p > 3, l
p, 2p, · · · , pα−1þ�uk − 1�z

�êÑ�Ø(k − 1)!, u´dn�Øk(k+1)
2 E,�±íÑn|(k − 1)!. ù�k�½Âgñ, ¤

±�k�Ûê��½��ê.

(Ü±þü«�¹íÑ�k�Ûê�kk = p,d�n�Øp(p+1)
2 p!, �´�n�

Øp+1
2 �,w,kS(n) < p;�n = p�Z(n) 6= S(n). ¤±�±�n = p · m, Ù¥m´p+1

2 �

18
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?��u1�Ï�.

y3y²�n = p ·m, Ù¥m´p+1
2
�?��u1�Ïê�, �½kZ(n) = S(n).¯¢

þd�w,kS(pm) = S(p) = p.Ï�mØ�Ø
p−1∑

i=1

i = p(p−1)
2

, ÄK�m�Øp+1
2
gñ!¤

±Z(pm) = p, l
Z(pm) = S(pm).

��, y²Ø�3óêk¦�Z(n) = S(n) = k. ^�y{5y²ù�(Ø. b

½�3óêk = 2m, ¦�Z(n) = S(n) = k = 2m,Kd¼êZ(n)9S(n)�½Â�

�,n�Øk(k+1)
2 = m(2m + 1) 9(2m)!. dc¡�©Û��2m + 1Ø�U��ê, ÄK

�(n, 2m + 1) = 1�, n�Ø
2m−1∑

i=1

i = m(2m − 1), w,ù�2m´�����ê¦�n�

Øm(2m + 1)gñ!�(n, 2m + 1) > 1�,d�ê�5�á�íÑp = 2m + 1|n, l
2

dn|(2m)!��p = 2m + 1|(2m)!, gñ!¤±2m + 1Ø�U��ê, Ó��±y²mØ�

U�Üê, ÄKN´íÑn|(2m − 1)!, �2m´�����ê¦�n|(2m)!gñ!l
m�

�êp, k = 2p. u´��n|p(2p + 1)! 9n|(2p)!. �´, �n�up(2p + 1)�?�Ï��Ñ

´Ø�U�!�Ò´`é?¿k|p(2p + 1), Ø�UkS(k) = 2p. u´, �¤
½n2.10�

y².

y3y²½n2.11. �½n2.10�y²�{�q, ùp��Ñ�VL§. b½��

ên÷v�§Z(n) + 1 = S(n), ¿�Z(n) + 1 = S(n) = k. u´d¼êZ(n)9S(n)�½

ÂØJíÑk´�����ê, ¦�

n

∣
∣
∣
∣

k(k − 1)

2
, n|k!. (2-17)

w,, ªf(2-17)¥�k�Ûê��½��ê!ÄK�JÑn|(k − 1)!, �k´����

�ê¦�n|k!gñ. Ïdk = p���ê. 2dn|p(p−1)
2 , ¿5¿S(p−1

2 ) < p,á�í

Ñn = p · m,m�p−1
2 �?��Ïê. N´�y�n = p · m,m�p−1

2 �?��Ïê�, n÷

v�§Z(n) + 1 = S(n).

�ª(2-17)¥k = 2m�óê�, k − 1 = 2m − 1�½��ê, l
��Ø�3ù��

��ên¦�Z(n)+1 = S(n) = 2m. ¤±,�§Z(n)+1 = S(n)¤á��=�n = p ·m,

Ù¥m�p−1
2 �?��Ïê. u´, �¤
½n2.11�y².

2.5.2 �
�'¯K

'uSmarandache¼êS(n)9�Smarandache¼êZ(n)5��ïÄ�,��
Ø�

?Ð, �´E,�3Ø�¯K. �
Buk,��Öö?1ë�Ú?�ÚïÄ, ùp0

��
�¼êS(n)9Z(n) k'�¿�k¿Â�¯K.

¯̄̄KKK2.1 é?¿��ên,�H(n)L««m[1, n]¥¤k¦S(n)��ê���ê��
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ê. ÁïÄH(n)�ìC5�. ßÿ:

lim
n→∞

H(n)

n
= 1.

¯̄̄KKK2.2 �õkk����ên,¦�

∑

d|n

1

S(d)

��ê, Ù¥
∑

d|nL«én�¤k�Ïê¦Ú. ?�Úßÿþª��ê��=�n = 1, 8.

¯̄̄KKK2.3 ïÄ¼ê
S(n)
P (n)9

P (n
S(n))�þ�5�, ¿�Ñþ�

∑

n6x

S(n)

P (n)
,
∑

n6x

P (n)

S(n)

���ìCúª, Ù¥P (n)L«n����Ïf. �xªuÃ¡�, ßÿ1��þ�ìC

uc · x,Ù¥c�,��u1�~ê;1��þ�AT�xÓ�. �,¯K2.3�¯K2.1��

�'. XJ¯K2.1¥�ßÿ�(, @oÒ�±¼�1��þ��ìCúª.

¯̄̄KKK2.4 ¼êZ(n)��©ÙéØ5K, ék
nXn = m(m+1)
2 , kZ(n) = m <

√
2n.


éu,�
nXn = 2α, kZ(n) = 2α+1 − 1 = 2n − 1. Ïdk7�ïÄZ(n)�þ�5

�, �Ñþ�

∑

n6x

Z(n),
∑

n6x

ln(Z(n)),
∑

n6x

1

Z(n)

���ìCúª.

¯̄̄KKK2.5 ¦�§Z(n) = φ(n)�¤k��ê), Ù¥φ(n)�Euler¼ê. ù��§k

Ã�õ���ê), ~Xn��êp�þ÷v�§. �n = 2p�p ≡ 1(mod4)�, n�÷v

T�§. Ø
ù
²�)	, ´Ä�kÙ¦��ê)´��úm�¯K.ßÿT�§�

kn = 1±9þãü«).

¯̄̄KKK2.6 ¦�§S(Z(n)) = Z(S(n))�¤k��ê). ßÿT�§�õkk���

�ê).

2.6 'uSmarandache¼ê��Smarandache¼ê��§II

é?¿��ên,Í¶�F.Smarandache¼êS(n)½Â������êm¦�n|m!,

=S(n) = min{m : m ∈ N, n|m!}, d¼ê´Í¶êØ;[F.Smarandache35Only

Problems,Not Solutions6�Ö¥Ú\�, ¿ïÆ<�ïÄ§�5�. lS(n) �½ÂN

´íÑ:XJn = pα1
1 pα2

2 · · · pαr
r L«n�IO©)ª, @oS(n) = max

16i6r
{S(pαi

i )}.dd�
ØJO�ÑS(n)�cA���:S(1) = 1, S(2) = 2S(4) = 4, S(5) = 5, S(6) = 3, S(7) =
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7, S(8) = 4, S(9) = 6, S(10) = 5, S(11) = 11, S(12) = 4, S(13) = 13, S(14) = 7, S(15) =

5, S(16) = 6, · · · .'uS(n)��«�â5�, NõÆö?1
ïÄ,¼�
Ø�k��(

J, ë�©z[7,27,28,33]. ~X3©z[36]¥, ïÄ
Úª

∑

d|n

1

S(d)
(2-18)

��ê�¯K, ¿y²
e¡3�(Ø:

(a)�n�Ã²�Ïfê�, (2-18)ªØ�U´��ê;

(b)é?¿Û�êp9?¿��êα, �n = pα�α 6 p�, (2-18)ªØ�U´��ê;

(c)éu?¿��ên,�n�IO©)ª�pα1
1 · pα2

2 , · · · , p
αk−1

k−1 · pk�S(n) = pk�,

(2-18)ªØ�U´��ê.

d	, 3©z[27]¥, J. SandorÚ\
�F. Smarandache¼êZ(n)Xe: Z(n)½Â�

�����êm, ¦�n�Øm(m+1)
2 , =

Z(n) = min

{

m : m ∈ N, n

∣
∣
∣
∣

m(m + 1)

2

}

.

lZ(n)�½ÂN´íÑZ(n)�cA���: Z(1) = 1, Z(2) = 3, Z(3) = 2, Z(4) =

7, Z(5) = 4, Z(6) = 3, Z(7) = 6, Z(8) = 15, Z(9) = 8, Z(10) = 4, Z(11) = 10, Z(12) =

8, Z(13) = 12, Z(14) = 7, Z(15) = 5, Z(16) = 31, · · · .'uZ(n) ��â5�, NõÆö�

?1
ïÄ, ¼�
Ø�k��(J, ë�©z[38 − 41]. �!�Ì�8�´ïÄ¼ê

�§

Z(n) + S(n) = kn (2-19)

��)5, Ù¥k�?¿��ê, ¿|^Ð�9|Ü�{¼�
ù��§�¤k��ê

). äN/`�Ò´y²
e¡�½n:

½½½nnn 2.13 �k = 1�, n = 6, 12´�§(2-19)=k�ü�AÏ��ê); 
d�Ù§�

�ên÷v�§(2-19)��=�n = p · u½ön = p · 2α · u, Ù¥p > 7��ê, 2α|p − 1,

u´p−1
2α �?¿���u1�ÛêÏf.

½½½nnn 2.14 �k = 2�, n = 1´�§(2-19)���AÏ); Ù§��ên÷v�§(2-19)�

�=�n = p · u,Ù¥p > 5��ê,u´p−1
2 �?¿��óêÏf.

5¿�, Z(n) 6 2n − 19S(n) 6 n, ¤±�k > 2�, �§(2-19)vk��ê). l

½néN´é��Fermat�ê, =/XªFn = 22n
+ 1��ê, Ù¥n > 1��ê. ~

XF1 = 5, F2 = 17, F3 = 257��. d½n2.13ØJíÑe¡�íØ:

íííØØØ2.1 �k = 1�, XJn¹kFermat�Ïf, KnØ�U÷v�§(2-19).
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|^Ð�9|Ü�{5�¤½n�y². Äky²½n2.13. ù�k = 1. 5¿

�Z(1) + S(1) = 2 6= 1, Z(2) + S(2) = 5 6= 3, Z(3) + S(3) = 5 6= 3, Z(4) + S(4) = 11 6=
4, Z(5) + S(5) = 9 6= 5, Z(6) + S(6) = 6,¤±n = 1, · · · , 5Ø÷v�§(2-19). n = 6÷v

�§(2-19). u´�Ù§n÷v�§(2)��½kn > 7.�n = pα1
1 pα2

2 · · · pαk

k �n �IO©

)ª, d�dF.Smarandache¼ê�5��

S(n) = max
16i6r

{S(pαi
i )} ≡ S(pα) = u · p,

Ù¥p�,�pi, α�,�αi, u 6 α.

y35¿�p|n9S(n) = u · p,¤±��n = pα · n1,�n÷v�§(2-19)�k

Z(n) + u · p = pα · n1. (2-20)

Äky²3(2-20)ª¥α = 1. ÄKb½α > 2, u´d(2-20)ªá�íÑp|Z(n) =

m.dZ(n) = m �½Â�n = pα · n1�Ø
m(m+1)

2 , 
(m, m + 1) = 1,¤±pα|m.l


d(2-20)ªíÑpα|S(n) = u · p, =pα−1|u,l
pα−1 6 u.�´,��¡, 5¿�S(n) =

S(pα) = u · p, dF.Smarandache¼êS(n)�5��u 6 α,¤±pα−1 6 u 6 α. dª

éÛ�êpw,Ø¤á. XJp = 2, K�α > 3�, pα−1 6 u 6 α �Ø¤á. u

´�k�«�U:u = a = 2. 5¿�n > 5±9S(n) = 4,¤±d��k�«�

U:n = 12,
n = 12´�§(2)���). ¤±XJÙ§��ên÷v�§(2-19),K(2-

20)ª¥7kS(n) = p, α = u = 1.3ù«�¹e, -Z(n) = m = p · v, K(2-20)ª¤

�

v + 1 = n1,

½ön1 = v + 1,=n = p · (v + 1), Z(n) = p · v. 2dZ(n)�½Â�n = p · (v + 1)�Ø

Z(n)(Z(n) + 1)

2
=

pv · (pv + 1)

2
,

½ö(v + 1)�Ø

Z(n)(Z(n) + 1)

2
=

v · (pv + 1)

2
,

5¿�(v + 1, v) = 1,¤±�v�óê�dþªá�íÑv + 1|pv + p − p + 1,=v +

1|p − 1½öv + 1|p−1
2 . w,ép−1

2 �?¿�u1�ÛêÏfr, n = p · r ´�§(2-19)�).

Ï�d�kZ(p · r) = p · (r − 1).

�v�Ûê�, d(v + 1)�Ø

Z(n)(Z(n) + 1)

2
=

v · (pv + 1)

2
,
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��

(v + 1)

∣
∣
∣
∣

pv + 1

2
=

(p − 1)(v + 1) + v − p + 2

2
.

dd�íÑ

p − 1 = (2k + 1) · (v + 1).

u´�p − 1 = 2β · h,Ù¥h�Ûê, Kv+1
2β ��uh�ÛêÏf. N´�yé?¿Û

êr|h�r < h, n = p · 2β · r ��§(2-19)�). Ï�d�k

Z(p · 2β · r) = p · (2β · r − 1).

¯¢þ, 5¿�r|h. ÄkN´íÑp · 2β · r�Øm(m+1)
2 .u´dZ(n)�½Â�

Z(p · 2β · r) = p · (2β · r − 1).

u´y²
½n2.13.

y3y²½n2.14. d�5¿�k = 2, ¤±�n = 1�, kZ(1) + S(1) = 2=n = 1´

�§(2-19)���). XJ�§(2-19)�kÙ§��ê)n > 2,Kd½n2.13�y²�{

ØJíÑn = p · u, Ù¥p > 5��ê, S(u) < p. �\�§(2-19)��

Z(p · u) + S(p · u) = 2p · u.

ddªá�íÑp�ØZ(p · u).�Z(p · u) = p · v, Kv = 2u − 1.dZ(n)�½Â�p · u�
Ø

p(2u−1)(p(2u−1)+1)
2 . l
u�Øp−1

2 . d	, �u�p−1
2 �?��u1�ÛêÏê�, Z(p ·

u) = p · (u − 1), ¤±d�n = p · uØ´�§(2-19)���ê); �u�p−1
2 �?�óêÏ

ê�k

Z(p · u) = p · (2u − 1),

d�

Z(p · u) + S(p · u) = 2p · u.

u´�¤
½n2.14�y².

d½n2.13ØJíÑ©¥�íØ. ¯¢þ½n2.13 ¥��êØ�U´Fermat�ê,

Ï��p�Fermat �ê�, p − 1vk�u1�ÛêÏf.

2.7 'uSmarandache¼ê��ê

é?¿��ên, Í¶�F.Smarandache¼êS(n)½Â������êm¦�n | m!.
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=Ò´S(n) = min{m : m ∈ N, n|m!}. ù�¼ê´{7ÛêZæÍ¶êØ;
[F.Smarandache�Ç3¦¤Í�5Only Problems, Not Solutions6�Ö¥Ú\�, ¿

ïÆ<�ïÄ§�5��lS(n)�½Â<�N´íÑXJn = pα1
1 pα2

2 · · · pαr
r L«n�I

O©)ª, @oS(n) = max
16i6r

{S(pαi

i )}. dd�ØJO�ÑS(n)�cA���: S(1) = 1,

S(2) = 2, S(3) = 3, S(4) = 4, S(5) = 5, S(6) = 3, S(7) = 7, S(8) = 4, S(9) = 6,

S(10) = 5, S(11) = 11, S(12) = 4, S(13) = 13, S(14) = 7, S(15) = 5, S(16) = 6,

· · · · · · . 'uS(n)��â5�, NõÆö?1
ïÄ, ¼�
Ø�k��(J�ë�©

z[28, 32, 36, 37, 57]. ~X, Lu Yaming[28] 9Wju[32]ïÄ
�a�¹S(n)�§��)

5, y²
T�§kÃ¡õ|��ê). =Ò´y²
é?¿��êk > 2, �§

S(m1 + m2 + · · · + mk) = S(m1) + S(m2) + · · · + S(mk)

kÃ¡õ|��ê)(m1, m2, · · · , mk).

Mó¸[36]¼�
k'S(n)�����(J��Ò´y²
ìCúª

∑

n6x

(S(n) − P (n))2 =
2ζ
(

3
2

)
x

3
2

3 ln x
+ O

(

x
3
2

ln2 x

)

,

Ù¥P (n)L«n����Ïf, ζ(s)L«Riemann zeta-¼ê.

ÚÂ=[57]ïÄ
'uSmarandache¼ê���ß�, =Ò´y²
�n�,
AÏ

�ê(~Xn�Ã²�Ïfê)�, Úª

∑

d|n

1

S(d)

Ø�U��ê.

y3-PS(n)L««m[1, n]¥S(n)��ê���ên��ê. 3���uL�©z

¥, J.CastilloïÆïÄ4� lim
n−→∞

PS(n)

n
��3¯K. XJ�3, (½Ù4�. ù�¯K

´k��, §�«
F.Smarandache¼êS(n)�©Ù�5Æ5, Ó��`²3ý�õê

�¹e, F.Smarandache¼êS(n)��ê�!

,
'uù�¯K, duØ��lÛeÃ, ¤±�8vk<ïÄ, ��vkw�L

k'�¡�Ø©. �!�Ì�8�´|^Ð��{ïÄù�¯K,¿���.)û�ä

N/`�Ò´y²
e¡�:

½½½nnn 2.15 é?¿��ên > 1, kìCúª

PS(n)

n
= 1 + O

(
1

ln n

)

.

w,ù´��'J.Castillo¯K�r�(Ø. �,XÛU?þª¥�Ø���´�

�k¿Â�¯K, k�u?�ÚïÄ! dd½ná���e¡�:
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íííØØØ2.2 é?¿��ên, k4�

lim
n−→∞

PS(n)

n
= 1.

ù!|^Ð��{�Ñ½n���y². Äk�On − PS(n)�þ.. ¯¢þ

�n > 1�, �n = pα1
1 pα2

2 · · · pαr
r L«n�IO©)ª, @od¼êS(n)�½Â95��

�S(n) = S (pαi
i ) = m · pi. eαi = 1, @om = 1�S(n) = pi��ê. eαi > 1, @

om > 1, KS(n)�Üê. ¤±n − PS(n)�«m[1, n]¥¤kS(n) = 19S(n)�Üê

�n��ê! w,S(n) = 1��=�n = 1. u´-M = ln n, Kk

n − PS(n) = 1 +
∑

k6n

S(k)=S(pα), α>2

1 6 1 +
∑

S(k)6M

1 +
∑

kpα6n

αp>M, α>2

1. (2-21)

y3©O�Oª(2-21)¥���, w,k

∑

kpα6n

αp>M, α>2

1 6
∑

kp26n

2p>M

1 +
∑

kpα6n

αp>M, α>3

1 6
∑

M
2

<p6
√

n

∑

k6 n
p2

1 +
∑

pα6n

αp>M, α>3

∑

k6 n
pα

1

≪
∑

M
2

<p6
√

n

n

p2
+

∑

pα6n

αp>M, α>3

n

pα
≪ n

ln n
+

∑

p6
√

n

αp>M, α>p

n

pα
+

∑

p6
√

n

αp>M, 36α<p

n

pα

≪ n

ln n
+
∑

p6
√

n

α>
√

M

n

pα
+

∑

p6
√

n

p>
√

M, α>3

n

pα

≪ n

ln n
+

n

2
√

M−1
+

n

M
≪ n

ln n
. (2-22)

éuª(2-21)¥�,��, I�æ�#��O�{. é?¿�êp 6 M , -α(p) =
[

M
p−1

]

, =Ò´α(p)L«Ø�L M
p−1����ê. �u =

∏

p6M

pα(p). é?¿÷vS(k) 6

M���êk, �S(k) = S(pα), KdS(k)�½Â�½kpα|M !, l
α 6

∞∑

j=1

[
M

pj

]

6

M

p − 1
. ¤±¤k÷vS(k) 6 M���êk�½�Øu, 
ù�k��êØ¬�Lu��Ï

ê��ê, =Ò´d(u). ¤±k

∑

S(k)6M

16
∑

d|u
1 =

∏

p6M

(1 + α(p))

=
∏

p6M

(

1 +

[
M

p − 1

])

=exp




∑

p6M

ln

(

1 +

[
M

p − 1

])


 , (2-23)
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Ù¥exp(y) = ey.

d�ê½n�ü«/ª(ë�©z[4]9[6])

π(M) =
∑

p6M

1 =
M

ln M
+ O

(
M

ln2 M

)

,
∑

p6M

ln p = M + O

(
M

ln M

)

��:

∑

p6M

ln

(

1 +

[
M

p − 1

])

6
∑

p6M

ln

(

1 +
M

p − 1

)

=
∑

p6M

[

ln (p − 1 + M) − ln p − ln

(

1 − 1

p

)]

6π(M) · ln(2M) −
∑

p6M

ln p +
∑

p6M

1

p

=
M · ln(2M)

ln M
− M + O

(
M

ln M

)

= O

(
M

ln M

)

. (2-24)

5¿�M = ln n, dª(2-23)9ª(2-24)á����Oª:

∑

S(k)6M

1 ≪ exp

(
c · ln n

ln ln n

)

, (2-25)

Ù¥c���~ê.

5¿� exp
(

c·ln n
ln lnn

)
≪ n

lnn , u´(Üª(2-21), ª(2-22)9ª(2-25)á�íÑ�Oª:

n − PS(n) = 1 +
∑

k6n

S(k)=S(pα), α>2

1 = O
( n

ln n

)

.

¤±

PS(n) = n + O
( n

ln n

)

.

u´�¤
½n�y².
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1nÙ �Smarandache¼ê9�Smarandache¼ê�'��


Ù§¼ê

3.1 �a��Smarandache¼ê�'�¼ê�§

c¡�Ñ
Smarandache¼êS(n), Ù½Â������êm¦�n|m!, =S(n) =

min{m : m ∈ N, n|m!}. lS(n) �½ÂN´íÑ: XJn = pα1
1 pα2

2 · · · pαk

k L«n�IO

©)ª, @o

S(n) = max{S(pα1
1 ), S(pα2

2 ), · · · , S(pαk

k )}.

'u¼êS(n)��â5�, ë�©z[7, 36, 53 − 55, 57]. 3©z[58]¥, SandorÚ\


Smarandache¼êS(n)�éó¼êS∗(n), ½ÂXe, éu?¿��ên, S∗(n)½Â�

�����êm¦�m!|n, =k

S∗(n) = max{m : m ∈ N, m!|n}.

'uS∗(n)��â5��kÆö?1LïÄ, ��
�X�ïÄ¤J. ~X3©z[59]¥

�ZïÄ
k'S∗(n)�¼ê�§

∑

d|n
SL∗(d) =

∑

d|n
S∗(d)

��)5¿��
��k��(Ø, =e

A =






n :
∑

d|n
SL∗(d) =

∑

d|n
S∗(d), n ∈ N






,

Kéu?¿�¢ês, Drichlet?êf(s) =
∑

n>1,n∈A

1
ns3s 6 1�uÑ, 3s > 1�Âñ, �

kð�ª

f(s) = ζ(s)

(

1 − 1

12s

)

,

Ù¥SL∗(n)�Smarandache LCM�éó¼ê, �½Â�

SL∗(n) = max{k : [1, 2, · · · , k]|n, k ∈ N},

ζ(s)L«Riemann zeta¼ê.

3©z[27], SandorÚ\
�Smarandache¼êZ(n)½ÂXe: éu?¿���ên,
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Z(n)������êm, ¦�n|m(m+1)
2 , =

Z(n) = min

{

m : m ∈ N, n

∣
∣
∣
∣

m(m + 1)

2

}

.

lZ(n)�½Â�±O�ÑZ(n)�cA���: Z(1) = 1, Z(2) = 3, Z(3) = 2, Z(4) =

7, Z(5) = 4, Z(6) = 3, Z(7) = 6, Z(8) = 15, Z(9) = 8, Z(10) = 1, · · · . 'uZ(n)��â5

�, NõÆöÑ?1
ïÄ, ¼�
Ø�k¿Â�(J[4,6,63−68], Ó���
Z(n)�
{

ü5�:

a)éu?¿��êα9Û�êp, Z(pα) = pα − 1;

b)éu?¿��êα,Z(2α) = 2α+1 − 1.

�!Ì�0�'u�Smarandache¼ê�Smarandacheéó¼ê�¼ê�§

Z(n) + S∗(n) − 1 = kn, k > 1 (3-1)

��)5. ù�¯K8c�vk<ïÄ,Ü©+�ÇïÆïÄù�a�§��ê)��

¹, ùé?�ÚïÄ¼êS∗(n)�Z(n)�5�9§��m�'Xk�½nØÄ:, �­

��´�±)û�§�'�?ê�ñÑ5�¯K, ���
�Ð�AÏ(J, l
WÖ

ù�ïÄ+���x. �!|^Ð�9|Ü��{¼�
ù��§�¤k��ê). ½

=y²
e¡�½n:

½½½nnn 3.1 ¼ê�§(3-1)�k = 1�,��=��k���)n = 1; �k = 2�, ��=

�n = 2α, α > 1÷v�§(3-1); �k > 3�, �§(3-1)Ã).

|^Ð�9|Ü��{�±���Ñ½n�y². �
{üå�, Ø��S∗(n) =

m. �k = 1�, w,n = 1÷v�§(3-1). ¤±n = 1´�§(3-1)���).

e¡b½n > 1�÷v�§(3-1). d�Smarandache¼êZ(n)�½Â�

Z(n)(Z(n) − 1) + mZ(n) = nZ(n).

ddª¿(ÜZ(n)�½Âá��±íÑn�ØmZ(n), 5¿�m!|n, ¤±�±

�mZ(n) = qn, ½öZ(n) = qn
m . òdª�<ª(3-1)�� qn

m + m − 1 = n. 
dS∗(n) =

m�½Â�m!|n, l
��n = m! · n1, d�, þª�z�

q(m − 1)! · n1 + m − 1 = m! · n1. (3-2)

3ª(3-2)¥kü�w,�±�(m − 1)!�Ø, ¤±d�Ø�5�´�ª(3-2)¥

�1n�m − 1�U�(m − 1)!�Ø. w,(m − 1)!�Øm − 1��=�m = 1, 2, 3.

�m = 1�, dª(3-2)��q = 1, d�kZ(n) = n, d¼êZ(n)�½Â95���,

vk��ên > 1÷vZ(n) = n. �m = 2�, dª(3-1)�Z(n) = n − 1�n > 1, d

�n = pα, α > 1, p�Û�ê, �²u��n = pα, α > 1Ø´ª(3-1)�). �m = 3�,
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=S∗(n) = m = 3, Kn = 6, ²�yn = 6Ø÷vª(3-1).¤±�k = 1�, ��ên÷v

ª(3-1)��=�n = 1. �k = 2�, w,n = 1Ø÷vª(3-1).

Ón, b½n > 1�÷v�§(3-1). �âZ(n)�½Â�d�k

Z(n)(Z(n) − 1) + mZ(n) = 2nZ(n).

á��±ín�ØmZ(n), 5¿�m!|n, �±�mZ(n) = q′n, ½öZ(n) = q′n
m . òd

ª�\ª(3-1)�� q′n
m +m−1 = 2n. 
dS∗(n) = m�½Â�m!|n,l
��n = m!·n2,

d�þª�z�

k(m − 1)! · n2 + m − 1 = 2m! · n2. (3-3)

3ª(3-3)¥kü�w,�±�(m − 1)!�Ø, ¤±d�Ø�5�´�ª(3-3)¥

�1n�m − 1�U�(m − 1)!�Ø. w,(m − 1)!�Øm − 1��=�m = 1, 2, 3.

�m = 1�, d(3-3)ª��k = 2, d�kZ(n) = 2n, d¼êZ(n)�½Â95���,

vk��ên > 1 ÷vZ(n) = 2n. �m = 2�,d(3-1)ª�Z(n) = 2n − 1�n > 1,¤

±,n = 2α, α > 1´ª(3-1)�). �m = 3�,=S∗(n) = m = 3,Kn = 6, ²�yn = 6Ø

÷v(3-1)ª. nþ, �k = 2�, ��ên÷v(3-1)ª��=�n = 2α, α > 1.

�k > 3�, d±þü«�¹�y²Ón�±í�, vk��ên > 1÷vZ(n) =

kn,ÚZ(n) = kn − 1, �n = 6�Ø÷v(3-1)ª. ��§(3-1)Ã).

nþ¤ã, B�¤
½n3.1�y².

3.2 'uSmarandachep�¼ê��Smarandache¼ê��§

Í¶�Smarandache¼êS(n)½Â������êm¦�n|m!,=S(n) = min{m :

n|m!}. 
Í¶��Smarandache¼êZ(n)½Â�÷v
m∑

k=1

kU�n�Ø�����

êm,=Z(n) = min{m : n|(m(m + 1))/2}.~X,Z(n)�cA���Z(1) = 1, Z(2) =

3, Z(3) = 2, Z(4) = 7, Z(5) = 5, Z(6) = 3, Z(7) = 6, Z(8) = 15, Z(9) = 9, Z(10) =

4, Z(11) = 10, Z(12) = 8, Z(13) = 12, Z(14) = 7, Z(15) = 5, Z(16) = 3, Z(17) =

16, Z(18) = 8, Z(19) = 18, Z(20) = 15, · · · .

'u¼êS(n)ÚZ(n), NõÆöïÄ
§��5�, ¿��
�
­��(

J[7,29,69−72]. 32.5!ïÄ
�§

Z(n) = S(n), Z(n) + 1 = S(n)

��)5, ¿�Ñ
�§�Ü��ê).
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©z[75]
Ú?
Í¶�Smarandachep�¼êSc(n),½Â�

max{m : y|n!, 1 < y 6 m, (m + 1)†n!}.

~X, Sc(n)�cA��Sc(1) = 1, Sc(2) = 2, Sc(3) = 3, Sc(4) = 4, Sc(5) = 6, Sc(5) =

5, Sc(7) = 10, Sc(8) = 10, Sc(9) = 10, Sc(10) = 10, Sc(11) = 12, Sc(13) = 16, Sc(14) =

16, Sc(15) = 16, · · · . ©z[72] Ó�ïÄ
Sc(n)¼êÚZ(n)¼ê�m�'X�§

Z(n) + Sc(n) = 2n,

��
�
­��(J, ¿JÑ
e¡�ß�.

ßßß���: én ∈ N+, �§

Sc(n) + Z(n) = 2n

¤á��=�n = 1, 3α, p2β+1, α�¦�3α + 2��ê��u�u2��ê, p > 5��

ê,β�¦�p2β+1 + 2��ê�?���ê.

�!ò�Ñù�ß��y², =��
e¡�½n.

½½½nnn 3.2 �n´Û��ê�, �§

Sc(n) + Z(n) = 2n

�)���U�n = 1, 3α, p2β+1, α�¦�3α + 2��ê��u�u2���ê, p > 5�

�ê, β�¦�p2β+1 + 2��ê�?���ê.

½½½nnn 3.3 �n´óê�,©ü«�¹:

(1)n�2���, nØ´�§Sc(n) + Z(n) = 2n�);

(2)n´¿©��óê, �n��k3�ØÓ��Ïf�, nØ´�§Sc(n) + Z(n) =

2n�).

�
y²½n3.2Ú½n3.3, k�Ñe¡A�Ún.

ÚÚÚnnn 3.1 eSc(n) = x ∈ N+,�n 6= 3,Kx + 1��un����ê.

ÚÚÚnnn 3.2 (1)eα ∈ N+,KZ(2α) = 2α+1 − 1;

(2)ep´Ø�u2��ê, α ∈ N+, KZ(pα) = pα − 1.

ÚÚÚnnn 3.3 �n ∈ N+,�n > 59�, KkSc(n) < 3n/2.

ÚÚÚnnn 3.4 ���ên¿©��, 3n�n + n7/12�m7k���ê.

Ún3.1-3.4�y²ë�©z[30, 75, 77].

e¡y²½n3.2. �n´Û��ê�, ©6«�¹5?Ø.
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(1)n = 1÷v��§.

(2)n = 3, Z(3) = 2, Sc(3) = 3,�3Ø´��§�).

(3)n = 3α(α > 2),�3α + 2��ê, K

Sc(3α) = 3α + 1, Z(3α) = 3α − 1,

�3α´��§�).

(4)n = 3α(α > 2),�3α + 2Ø��ê, KdÚn3.1�Ún3.2, k

Sc(3α) > 3α + 1, Z(3α) = 3α − 1,

�3αØ´��§�).

(5)n = pγ , γ > 1, p > 5��ê, K

Z(pγ) = pγ − 1

�n 6= 3, ù�©2«�¹:

�en = p2β , β > 1, Kp ≡ ±1(mod3),u´

p2β ≡ 1(mod3),

l


p2β + 2 ≡ 0(mod3),

Kp2β + 2 Ø�U��ê, �dÚn3.1, d��nØ´��§�).

�en = p2β+1,Ù¥p > 5��ê, β�¦�p2β+1 + 2 ��ê�?¿��ê, dÚ

n3.1,�

Sc(p2β+1) = p2β+1 + 1.

dÚn3.2, �Z(p2β+1) = p2β+1 − 1,KSc(p2β+1) + Z(p2β+1) = p2β+1 + 1 + p2β+1 − 1 =

2p2β+1,�n = p2β+1���§¤á. ep2β+1 + 2Ø��ê, KdÚn3.1, �Sc(p2β+1) >

p2β+1, �n = p2β+1Ø´��§�).

(6)2†n, n = pα1
1 n1, (p1, n1) = 1, α1 > 1, p1 > 3 ��ê, Ó{�§

n1x ≡ 1(modpα1
1 )

k), ?
��Ó{�§

n2
1x

2 ≡ 1(modpα1
1 )

k), Ù)Ø���y,K��1 6 y 6 pα1
1 − 1,qpα1

1 − y½�c¡Ó{�§�), K�
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�1 6 y 6
(p

α1
1 −1)

2
. d

n2
1y

2 ≡ (modpα1
1 ),

K

pα1
1 |(n1y − 1)(n1y + 1),


(n1y − 1, n1y + 1)|2, u´(pα1
1 − 1)|(n1y − 1)½(pα1

1 − 1)|(n1y + 1).

e(pα1
1 − 1)|(n1y − 1),Kn = pα1

1 n2

∣
∣
∣
(n1y−1)(n1y)

2 , l


Z(n) = m 6 n1y − 1 6
(pα1

1 − 1)n1

2
− 1 6

n

2
,

e(pα1
1 − 1)|(n1y + 1), Kn = pα1

1 n1

∣
∣
∣
(n1y−1)(n1y)

2
, l


Z(n) = m 6 n1y 6
(pα1

1 − 1)n1

2
6

n

2
.

dÚn3.3, �n > 59�, Kk

Sc(n) + Z(n) <
3n

2
+

n

2
= 2n,

�d��nØ÷v��§. 
�n < 59�|^O�Å�?1u�ù«�¹e�nØ÷v

��§. nþ¤ã, ½n3.2¤á.

e¡y²½n3.3. ©±en«�¹.

(1)�n = 2α, α > 1�,

Z(2α) = 2α − 1, Sc(2α) > 1,

�n = 2αØ÷v��§.

(2)�n = 2kpα, α > 1, (2k, pα) = 1, p > 3��ê�, Ó{�§

4kx ≡ 1(modpα)

k),��Ó{�§

16k2x2 ≡ 1(modpα)

k), Ù)Ø���y,K��1 6 y 6 pα − 1,qpα − y½�c¡Ó{�§�), K�

�1 6 y 6
(pα−1)

2 .d

16k2y2 ≡ 1(modpα),

Kpα|(4ky − 1)(4ky + 1),
(4ky − 1, 4ky + 1) = 1,u´pα|(4ky − 1)½pα|(4ky + 1).
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epα|(4ky − 1), Kn = 2kpα
∣
∣
∣
4ky(4ky−1)

2
, l
k

Z(n) = m 6 4ky − 1 6
4k(pα − 1)

2
− 1 6 n − 2k − 1 6

(

1 − 1

pα

)

n.

epα|(4ky + 1), Kn = 2kpα
∣
∣
∣
4ky(4ky+1)

2 , l
k

Z(n) = m 6 4ky 6
4k(pα − 1)

2
6 n − 2k 6

(

1 − 1

pα

)

n.

(3)�n = (2k + 1)2α, α > 1, k > 1�, KÓ{�§

(2k + 1)x ≡ 1(mod2α+1)

�

(2k + 1)x ≡ −1(mod2α+1)

þ7k), �)�Ûê, �α�Ó{�§

(2k + 1)x ≡ 1(mod2α+1)

�), e1 6 α 6 2α − 1, K�α=�, ÄK

2α + 1 6 α 6 2α+1 − 1,

K

2α+1 − α 6 2α+1 − 2α − 1 = 2α − 1,

�2α+1 − α÷vÓ{�§

(2k + 1)x ≡ −1(mod2α+1),

�ü�Ó{�§¥7k��÷v

1 6 α 6 2α − 1

�)α, K2α+1|[(2k + 1)α + 1]½2α+1|[(2k + 1)α − 1].

e2α+1|[(2k + 1)α + 1],K2α+1(2k + 1)|[(2k + 1)α + 1](2k + 1), l


Z(n) 6 α(2k + 1) 6 (2α − 1)(2k + 1) 6

(

1 − 1

2α

)

n.


�2α+1|[(2k + 1)α − 1]�, Ón�kZ(n) 6
(
1 − 1

2α

)
n.

o�, éu(2),(3)ü«�¹, =

n = 2αpα1
1 pα2

2 · · · pαk

k (α > 1, αi > 1, k > 2)
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�ÙIO�©)ª, -

qγ = min{2α, pα1
1 , pα2

2 , · · · , pαk

k },

K

n = 2αpα1
1 pα2

2 · · · pαk

k > q3γ ,

l
qγ < 3
√

n,K

Z(n) 6 n

(

1 − 1

qγ

)

< n

(

1 − 1
3
√

n

)

= n − n
2
3 ,

ù�, �n¿©��, dÚn3.4,

Sc(n) + Z(n) < n + n
7
12 + n − n

2
3 < 2n,

=TnØ÷v��§. nþ¤ã, ½n3.3¤á.

3.3 'u¹�Smarandache¼ê9Ùéó¼ê��§

é?¿��ênÍ¶��Smarandache¼êZ(n)½Â�÷v
m∑

k=1

kU�n�Ø���

���êm,=Z(n) = min{m : m ∈ N+, n|m(m+1)
2 }. dZ(n)�½ÂN´íÑZ(1) =

1, Z(2) = 3, Z(3) = 2, Z(4) = 7, Z(5) = 4, Z(6) = 3, Z(7) = 6, Z(8) = 15, Z(9) =

8, Z(10) = 4, Z(11) = 10, · · · .NõÆöïÄ
¼êZ(n) �5�, ��
�
­��(

JÚß�[30,79,80]:

(a)éu?¿��ên,kZ(n) > 1;

(b)éu?¿Û�êpÚ��êk, kZ(pk) = pk − 1, Z(2k) = 2k+1 − 1;

(c)en�?¿Üê, KZ(n) = max{Z(m) : m|n}.
©z[27]Ú\
¼êZ(n)�éó¼êZ∗(n), òÙ½Â�÷vnU�

∑m
k=1 k�Ø�

�����êm, =Z∗(n) = max
{

m : m ∈ N+, m(m+1)
2 |n

}

. ~XZ∗(n)�cA��

�Z∗(1) = 1, Z∗(2) = 1, Z∗(3) = 2, Z∗(4) = 1, Z∗(5) = 1, Z∗(6) = 3, Z∗(7) = 1, Z∗(8) =

1, Z∗(9) = 2, · · · . d©z[27, 82], Z∗(n)äkXe5�:

(d)ü�Û�êp, qe÷vp = 2q − 1, KZ(pq) = p; ep = 2q + 1, KZ(pq) = p − 1;

(e)en = 3st(s�?¿��ê,t�Üê), KZ∗(n) > 2;

(f)é¤k��êa, b, kZ∗(ab) > max{Z(a), Z(b)}.
Ü©+ïÆïÄ�a�¹¼êZ(n)9Ùéó¼êZ∗(n)��§

Z(n) + Z∗(n) = n (3-4)

��)5, ¿JÑe¡�ß�:

ßßß���: (A)�§(3-4)�kk��óê). �N�k��óê)n = 6;
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(B)�§(3-4)�¤kÛê)7�Û�êp���(p > 5).

'ud¯K, ©z[83]éÙ?1
ïÄ, y²
ß�(B), ¿(¡ß�(A)E´úm�

¯K. �!ò?�Ú0�éùü�ß�?1�ïÄ, |^Ð��{Ú|Ü�{y¢
ù

ü�ß���(5, ��
e¡�(Ø:

½½½nnn 3.4 �§(3-4)�k��óê)n = 6;�§(3-4)�¤kÛê)�n = pk,�p��ê,

k�?¿��ê.

yyy:©ü«�¹?Ø.

1)�n�óê�, ©±e4«�¹5y²:

1.1)�n = 2k(k > 1)�, kZ(2k) = 2k+1 − 1, Z∗(2k) = 1.l
Z(2k) + Z∗(2k) 6=
2k,�2kØ´�§(3-4)�).

1.2)�n = 2p(p�Û�ê)�,ep = 3,KZ(6) = 3, Z∗(6) = 3,l
Z(6) + Z∗(6) =

6,�n = 6´�§(3-4)�);ep = 5,KZ(10) = 4, Z∗(10) = 4,l
Z(10) + Z∗(10) = 8 6=
10, �n = 10Ø´�§(3-4)�);ep > 5,KZ∗(2p) = 1,��=�Z(2p) = 2p − 1�, �

§(3-4)k). KI2p|2p(2p−1)
2 ,dd��2p − 1�óê, gñ.

1.3)�n = 2kpα(k,α���ê)�,e2k�pα�m�3/XA = 2B ± 1�'Xª, K�

U�

px = 2 · 2y ± 1, (3-5)


Ø�U�32y = 2 · px ± 1.ùpx,y´©O�uα, k���ê. ¯¢þ, o¬�3Ø

��é�xÚy¦�(3-5)ª¤á. �÷vª(3-5)¤á����xÚy©OP�Xe?Ø¥

�b,d�a,c:

1.3.1)epx = 2 · 2y − 1, KZ∗(n) = max{px} = pb = 2 · 2a − 1.-

Z(n) = m = n − Z∗(n) = 2kpα − pb = 2kpα − 2 · 2a + 1,

Kk

2kpα

∣
∣
∣
∣

(2kpα − pb)(2kpα − 2 · 2a + 2)

2
(3-6)

�k = 1�, Ka = 1,��pb = 3,u´8(�n = 2p�/ª;�k > 1�, dª(3-6)�

2kpα−b|(2kpα−b − 1)(2k−1pα − 2a + 1)

w,, ÃØb = α�´b < α,óêÑØ�U�Ø2�Ûê�È, �d��§(3-4)Ã).

1.3.2)epx = 2 · 2y + 1,K

Z∗(n) = max{px − 1} = pd − 1 = 2 · 2c.
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-

Z(n) = m = n − Z∗(n) = 2kpα − pd + 1 = 2kpα − 2 · 2c,

K

2kpα

∣
∣
∣
∣

(2kpα − 2 · 2c)(2kpα − pd + 2)

2
(3-7)

�k = c�,dª(3-7)k2pα|(pα−2)(2kpα−pd+2),óêØ�U�ØÛê,�§(3-4)d�Ã

);�k > c�,k2k−cpα|(2k−c−1pα−1)(2kpα−pd+2),
pα|(2k−c−1pα−1)(2kpα−pd+2)Ø

�U¤á, l
d��§(3-4)Ã).

1.3.3) eØ�3'Xª(3-5). KZ∗(n) = 1. 
Z(n) 6= n − 1. ÄKÓ�¹1.2)¥�?

Ø��, ��Ûê�2�Ø�gñ.

1.4)�n = 2kuv�, Ù¥(2k, u) = (u, v) = (v, 2k) = 1.Px,y©O�u,v�Ïf,z�

�uk���ê. n���Ïf�me�3/XA = 2B ± 1�'Xª, ��U�x =

2 ·2z ±1½x = 2y ·2z ±1,
Ø�U�32z = 2x±1½2zy = 2x±1. w,�3õéx,y,z÷

ve¡?Ø¥¤�9�Ø½�§:

1.4.1)ex = 2 · 2z − 1,KZ∗(n) = max{x} = x1 = 2 · 2z1 − 1.-

Z(n) = m = n − Z∗(n) = 2kuv − x1 = 2kuv − 2 · 2z1 + 1.

Ø���5, �u = ex1, Kk

2kuv

∣
∣
∣
∣

(2kuv − x1)(2
kuv − 2 · 2z1 + 2)

2
(3-8)

�k = 1�, kz1 = 1, ��2ev|(2ev − 1)(uv − 1), ,
v|(2ev − x1)(uv − 1)Ø�U¤á,

��Ñgñ; �k > 1�, k

2kev|(2kev − 1)(2k−1uv − 2z1 + 1),

l
��óê�ØÛê�gñ.

1.4.2)ex = 2 · 2z + 1, KZ∗(n) = max{x − 1} = x2 − 1 = 2 · 2z2. -

Z(n) = m = n − Z∗(n) = 2kuv − x2 + 1 = 2kuv − 2 · 2z2,

K

2kuv

∣
∣
∣
∣

(2kuv − 2 · 2z2)(2kuv − 2 · 2z2 + 1)

2
, (3-9)

�k = z2�,k2uv|(uv−2)(2kuv−2k+1+1),óêØ�U�ØÛê,�Ñgñ;�k > z2�,

k

2k−z2+1uv
∣
∣(2kuv − 2)(2kuv − x2 + 2),
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u|(2kuv − 2)(2kuv − x2 + 2)Ø�U¤á, �Ñgñ.

1.4.3)ex = 2y · 2z − 1,KZ∗(n) = max{x} = x3 = 2y3 · 2z3 − 1. -

Z(n) = m = n − Z∗(n) = 2kuv − x3 = 2kuv − 2y3 · 2z3 + 1.

Ø���5, �u = tx3, Kk

2kuv

∣
∣
∣
∣

(2kuv − x3)(2
kuv − 2y3 · 2z3 + 2)

2
, (3-10)

�k = 1�, kz3 = 1, ��2tv|(2tv − 1)(uv − 2y3 + 1), ,
v|(2tv − 1)(uv − 2y3 + 1)Ø

�U¤á, �Ñgñ; �k > 1, k2ktv|(2ktv − 1)(2k−1uv − 2z3y3 + 1), ���óê�ØÛ

ê�gñ.

1.4.4)e= 2y · 2z + 1, KZ∗(n) = max{x − 1} = x4 − 1 = 2y4 · 2z4. -

Z(n) = m = n − Z∗(n) = 2kuv − x4 + 1 = 2kuv − 2y4 · 2z4 ,

Ø���5, �v = sy4, Kk

2kuv

∣
∣
∣
∣

(2kuv − 2y4 · 2z4)(2kuv − 2y4 · 2z4 + 1)

2
, (3-11)

�k = z4, k2uv|(uv − 2y4)(2
kuv − 2z4+1y4 + 1), óêØ�U�ØÛê, �Ñgñ;

�k > z4�,k2k−z4+1su|(2k−z4su−2)(2kuv−x4 +2),
u|(2k−z4su−2)(2kuv−x4 +2)Ø

�U¤á, �Ñgñ.

1.4.5)eØ�3±þ4«'Xª, KZ∗(n) = 1.
Z(n) 6= n − 1,ÄK¬�Ñn − 1�ó

ê�gñ.

nþ¤ã, �§(3-4)�óê)k�=k���n = 6.

2)�n�Ûê�, ©±e3«�¹?Ø:

2.1)w,n = 1Ø´�§(3-4)�).

2.2)�n = pk(p�Û�ê, k���ê)�, ep = 3,KZ(n) = n − 1, Z∗(n) = 2,l


Z(n) + Z∗(n) 6= n; ep > 5,KZ(n) = n − 1, Z∗(n) = 1.�n = pk´�§(3-4)�).

2.3)�n¹kõ�ØÓ�Ïf�, �n = uv,ùp(u, v) = 1. �x,y©O�u,v�Ïf.

Ø���5, �u > v. ©e�A«�¹?Ø:

2.3.1)e�3'Xªx = 2y − 1. �Z∗(n) = max{x} = x1 = 2y1 − 1. Pu = bx1. -

Z(n) = m = n − Z∗(n) = uv − x1 = uv − 2y1 + 1,

Kk

uv

∣
∣
∣
∣

(uv − x1)(uv − 2y1 + 2)

2
,
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dd��

bv

∣
∣
∣
∣

(bv − 1)(uv − 2y1 + 2)

2
,




v

∣
∣
∣
∣

(bv − 1)(uv − 2y1 + 2)

2
,

w,Ø¤á, ��Ñgñ.

2.3.2)e�3'Xªx = 2y + 1. �Z∗(n) = max{x − 1} = x2 − 1 = 2y2. Pn = dy2.

-

Z(n) = m = n − Z∗(n) = uv − x2 + 1 = uv − 2y2,

Kk

uv

∣
∣
∣
∣

(uv − x2 + 2)(uv − 2y2)

2
,

�2du|(du − 2)(uv − x2 + 2), 
u|(du − 2)(uv − x2 + 2), w,Ø¤á, ��Ñgñ.

2.3.3)eØ�3/Xx = 2y ± 1�'Xª, KZ∗(n) = 1. -Z(n) = m = n − 1, w

,n
∣
∣
∣
n(n−1)

2 ¤á. eyd����mØ´÷vZ(n)½Â����.

dÓ{�§uX ≡ 1(modv)k). ��u2X2 ≡ 1(modv)k). Ù)Ø���Y , K

��1 6 Y 6 v − 1. Kv|(uY − 1)(uY + 1).

�v|(uY − 1)�, k

n = uv

∣
∣
∣
∣

uY (uY − 1)

2
,

�

Z(n) = m 6 uY − 1 6 u(v − 1) − 1 < uv − 1;

�v|(uY + 1)�, k

n = uv

∣
∣
∣
∣

uY (uY + 1)

2
,

�

Z(n) = m 6 uY 6 u(v − 1) < uv − 1.

�m = n − 1Ø´÷vZ(n)½Â����.

nÜ±þA«�¹, Ûên´�§(3-4)�)��=�n = pk, Ù¥p > 5��ê, k�

��ê.

nþ¤ã, ½n3.4¤á.
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3.4 'u¹Smarandachep�¼ê��Smarandache¼ê��§

é?¿��ên,�Smarandache¼êZ(n)½Â�¦�n�Ø
m∑

k=1

k������êm,

=Z(n) = min
{

m : n
∣
∣
∣
m(m+1)

2

}

.~X, T¼ê�cA���:Z(1) = 1, Z(2) = 3, Z(3) =

2, Z(4) = 7, Z(5) = 5, Z(6) = 3, Z(7) = 6, Z(8) = 15, Z(9) = 9, Z(l0) = 4, Z(11) =

l0, Z(12) = 8, Z(13) = 12, Z(14) = 7, Z(15) = 5, Z(16) = 31, Z(17) = 16, Z(18) =

8, Z(l9) = 8, Z(20) = 15, · · · .
'uù�¼ê, NõÆöïÄ
§�5�, ¿��
�
­��(J, �©

z[85 − 89]. ~X, Ü©+3©z[87]¥ïÄ
�§Z(n) = S(n), Z(n) + 1 = S(n)��)

5, ¿�Ñ
�§��Ü��ê), 'uùü��§, 3�Ö�2.5!¥k�[�ã.


3©z[75]¥, Ú?
Smarandachep�¼êSc(n), Sc(n)½Â�÷vy|n!�1 6

y 6 m����êm,=Sc(n) = max{m : y|n!, 1 6 y 6 m, m + 1†n!}.
~X,Sc(n)�cA���:Sc(1) = 1, Sc(2) = 2, Sc(3) = 3, Sc(4) = 4, Sc(5) =

6, Sc(6) = 6, Sc(7) = 10, Sc(8) = 10, Sc(9) = 10, Sc(l0) = 10, Sc(11) = 12, Sc(12) =

12, Sc(13) = 16, Sc(14) = 16, Sc(15) = 16, · · · .
©z[75]ïÄ
Sc(n)�Ð�5�, ¿y²
±e(Ø: eSc(n) = x, �n 6= 3,

Kx + 1´�un����ê.

3©z[91]¥Ú?
�Smarandacheéó¼êZ∗(n), Z∗(n)½Â�÷v
m∑

k=1

k�Øn�

����êm, =Z∗(n) = max
{

m : m(m+1)
2 |n

}

. ©z[272]ïÄ
Z∗(n)�5�, ��


�
­��(J. ©z[86]¥ïÄ
ùn�¼ê�m�'X�§Z(n) + Z∗(n) = n

(�3.3!)�Sc(n) = Z∗(n) + n, ��
�
­�(J, ¿JÑ
�
��)û�ß�:

ßßß���:�§Sc(n) = Z∗(n) + n�)�pα, Ù¥p��ê,2†α, pα + 2���ê. �!�8�

´ïÄ±þ¯K, ��
e¡�:

½½½nnn 3.5 �§Sc(n) = Z∗(n) + n�)�pα, Ù¥p��ê, 2†α, pα + 2���ê, ±9÷

v^�α(2α − 1)†n(α > 1), n + 2 ��ê, n���ê.

3y²½n�ck�Ñe¡�A�Ún.

ÚÚÚnnn 3.5 eSc(n) = x ∈ Z,�n 6= 3,Kx + 1��un����ê.

yyy²²²:�©z[75].

dd��, Sc(n)Ø
3n = 1, n = 3�Ûê	, 3Ù{�¹e��Ñ´óê.

ÚÚÚnnn 3.6

Z∗(pα) =







2, p 6= 3

1, p = 3
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ÚÚÚnnn 3.7 en ≡ 0(modα(2α − 1)),KkZ∗(n) > 2α > 1.

ÚÚÚnnn 3.8

Z∗(n) 6

√
8n + 1 − 1

2
.

Ún3.6-Ún3.8�y²�ë�©z[27].

ÚÚÚnnn 3.9 �n = pα0
0 pα1

1 pα2
2 · · · pαk

k (p0 = 2, pi > 3, k > 1, αi > 1)�n�IO�©)ª�,k

Z(n) 6 n − n

min{pα0
0 , pα1

1 , pα2
2 , · · · , pαk

k }
yyy²²²:aqu3.3!¥y²½n3.3��{. �n = pα0

0 pα1
1 pα2

2 · · · pαk

k (p0 = 2, pi > 3, k >

1, αi > 1)�ÙIO�©)ª�, ©ü«�¹5y².

(i)�n = 2kpα, α > 1, (2k, pα) = 1, p > 3��ê, dÓ{�§

4kx ≡ 1(modpα)

k), ��Ó{�§

16k2x2 ≡ 1(modpα)

k), Ù)Ø���y,K��1 6 y 6 pα−1,qpα−y½�c¡Ó{�§�), K�

�1 6 y 6
pα−1

2 .d

16k2y2 ≡ 1(modpα),

Kpα |(4ky − 1)(4ky + 1),
(4ky − 1, 4ky + 1) = 1,u´pα |4ky − 1 ½pα |4ky + 1 .

epα |4ky − 1, Kn = 2kpα
∣
∣
∣
4ky(4ky−1)

2 , l


Z(n)=m 6 4ky − 1

6
4k(pα − 1)

2
− 1 6 n − 2k − 1 6

(

1 − 1

pα

)

n

6n − n

min{pα0
0 , pα1

1 , pα2
2 , · · · , pαk

k } .

epα |4ky + 1, Kn = 2kpα
∣
∣
∣
4ky(4ky+1)

2 , l
�k

Z(n) = m 6 4ky 6
4k(pα − 1)

2
6 n − 2k =

(

1 − 1

pα

)

n 6 n − n

min{pα0
0 , pα1

1 , pα2
2 , · · · , pαk

k } .

(ii)�n = 2α(2k + 1), (α > 1, k > 1),KÓ{�§

(2k + 1)x ≡ 1(mod2α+1)

�

(2k + 1) ≡ −1(mod2α+1)
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þk), �)�Ûê, �α�Ó{�§

(2k + 1)x ≡ 1(mod2α+1)

�), e1 6 α 6 2α − 1,K�α=�, ÄK

2α + 1 6 α 6 2α+1 − 1,

K

2α+1 − α 6 2α+1 − 2α − 1 = 2α − 1,

�2α+1 − α÷vÓ{�§

(2k + 1)x ≡ −1(mod2α+1),

�ü�Ó{�§¥7k��÷v1 6 α 6 2α−1�)α,K2α+1 |(2k + 1)α + 1½2α+1 |(2k + 1)α − 1,

e2α+1 |(2k + 1)α + 1,K

2α+1(2k + 1) |[(2k + 1)α + 1](2k + 1)α,

l


Z(n) 6 α(2k + 1) 6 (2α − 1)(2k + 1) 6

(

1 − 1

2α

)

n 6 n − n

min{pα0
0 , pα1

1 , pα2
2 , · · · , pαk

k } .


�2α+1|(2k + 1)α − 1�, Ón�k

Z(n) 6

(

1 − 1

2α

)

n 6 n − n

min{pα0
0 , pα1

1 , pα2
2 , · · · , pαk

k } .

nÜ(i),(ii)k, �n = pα0
0 pα1

1 pα2
2 · · · pαk

k (p0 = 2, pi > 3, k > 1, αi > 1)�ÙIO�©)

ª�, K

Z(n) 6 n − n

min{pα0
0 , pα1

1 , pα2
2 , · · · , pαk

k } .

e¡ò�Ñ½n�y², ©Ê«�¹5y².

(1)n = 1�, Z∗(1) = 1, Sc(1) = 1,K1Ø�Ù).

(2)n = 3α(α > 1),dÚn3.6, Z∗(3α) = 2,en = 3α´��§�),KSc(3α) =

2 + 3α,Ï�3|3α + 2 + 1,l
3α + 2 + 1Ø�U��ê
�Ún3.5�gñ, �n = 3αØ´

��§�).

(3)n = pα(α > 1, p > 5),dÚn3.6,Z∗(pα) = 1,en = pα´��§�),KSc(pα) =

1 + pα,Ï�p > 5�, 3|p2β+2,�dÚn3.5, αØU�óê, ��pα + 2(2†α) ��ê�,

n = pα(α > 1, p > 5��ê)÷v��§.

(4)n = 2α(α > 1),em(m+1)
2 |2α,Ï(m, m+1) = 1,Km = 1,�Z∗(2α) = 1,en = 2α´

��§�),KSc(2α) = 1 + 2α,Ï2|(2α + 1 + 1),�Ún3.5gñ,�n = 2α(α > 1)Ø´�
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�§�).

(5)n = pα1
1 pα2

2 · · · pαk

k (k > 2, αi > 1) �ÙIO�©)ª. q©�ü«�¹5y².

(i)2†n,K2†pαi
i �,l
2|Sc(n),en�÷v��§,K7L2†Z∗(n).y�ÄZ∗(n),e�

3�êα(α > 1),¦α(2α − 1)|n,KZ∗(n) > 2α − 1,e�3�êα(α > 1),¦α(2α + 1)|n,

KZ∗(n) > 2α,l


Z∗(n) = max{max{2k : k(2k + 1)|n}, max{2k − 1 : k(2k − 1)|n}}.

2©n«�¹5?Ø

1�,eZ∗(n) = 2α − 1 > 1,Kα(2α − 1)|n,kα|n, α|[n + (2α − 1) + 1]. en�÷v

��§, KSc(n) = 2α − 1 + n.
Sc(n) + 1Ø��ê, �Ún3.5�gñ.

1�, eZ∗(n) = 2α > 1,Kα(2α + 1)|n,kα|n, (2α + 1)|n.en�÷v��§,

KSc(n) = 2α + n.
Sc(n) + 1Ø��ê, �Ún3.5�gñ.

��, eZ∗(n) = 1, dα > 1, Kα(2α − 1)†n, l
en + 2Ø´�ê,dÚn3.5, ù

��n Ø´��§�). en + 2��ê, dÚn3.5, ù��n���§�). =α(2α −
1)†n, n + 2 ��ê����ên���§�).

(ii)2|n,en÷v��§, K7LZ∗(n)�óê,�Z∗(n) > 2,


Z∗(n) = m > 2,
m(m + 1)

2
|n ,

K(m + 1)|n,?
(m + 1)|(n + m + 1), ù�Sc(n) = n + m + 1Ø´�ê,�Ún3.5gñ.

Ïd, �§Sc(n) = Z∗(n) + n�)�pα, Ù¥p��ê, 2†α, pα + 2���ê, ±9÷v^

�α(2α − 1)†n(α > 1), n + 2 ��ê, n���ê. ùÒ�¤
½n3.5�y².

3.5 'uSmarandacheV�¦¼ê

é?¿���ên,Í¶��Smarandache¼êZ(n)½Â������êm¦

�n|m(m+1)
2 , =Z(n) = min

{

m : m ∈ N, n|m(m+1)
2

}

.ù�¼ê´dÛêZæÍ¶êØ

;[Smarandache3©z[7]¥Ú?�. 'u¼êZ(n)��ê5�, NõÆö?1
ïÄ,

¼�
Ø�k��(J[28,36,97−99]. ~X:

(1)éu?¿��ên,Z(n) < nØð¤á.

(2)é?¿�êp > 3, Z(p) = p − 1.

(3)é?¿�êp > 39k ∈ N, Z(pk) = pk − 1.�p = 2�, KkZ(2k) = 2k+1 − 1.

(4)Z(n)´Ø�\�,=Z(m+n)Øð�uZ(m)+Z(n);Z(n)�Ø´�¦�, =Z(m ·
n)Øð�uZ(m) · Z(n).

l±þ��{ü�5��±wÑ, Z(n)��©ÙéØ5Æ, 'u§�5��k�u
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?�ÚïÄ.

d	Smarandache�½Â,	��êØ¼êSdf(n)�Sdf(n) = min{m : m ∈
N, n|m!!}. T¼ê¡�SmarandacheV�¦¼ê, 'u§�Ð�5�, �kØ�Æö

?1
ïÄ¿��
�
­��(J[4,6,31,100]. ~X, Sdf(n)k��é­��5�,

=Sdf(n)�±Ûó5ØC, �Ò´`en���Ûê, KSdf(n)��Ûê, 
en���

óêKSdf(n)��óê. éN´uy, Sdf(n)�´��éØ5Æ�¼ê,cÙ´3n�ó

ê��ÿSdf(n)LyÑéØ­½�5�.

éZ(n)ÚSdf(n), ùü�þLyÑØ­½5��¼ê, UÄ3§��méÑ�
é

XQ? �!�Ì�8�Ò´ïÄ
e¡ü�¼ê�§��)5, =¦�§

Z(n) = Sdf(n), Z(n) + 1 = Sdf(n)

�¤k��ê).�!ÏLÐ��{0�ù�¯K�)�, =y²
e¡�ü�½n.

½½½nnn 3.6 é?¿��ên > 1, ¼ê�§

Z(n) = Sdf(n) (3-12)

=kÛê),�Ù¤k)=k2«/ª:

�n = 45;

�n = pα1
1 pα2

2 · · · pαk

k p,

Ù¥k > 1, p1 < p2 < · · · < pk < pþ�Û�ê, é1 6 i 6 k, αi > 1,Ó�p + 1 ≡
0(modpαi

i ).

½½½nnn 3.7 é?¿��ên > 1, ¼ê�§

Z(n) + 1 = Sdf(n) (3-13)

=kÛê), �Ù¤k)=k3«/ª:

�n = 9;

�n = p;

�n = pα1
1 pα2

2 · · · pαk

k p,

Ù¥k > 1, p1 < p2 < · · · < pk < p þ�Û�ê, é1 6 i 6 k, αi > 0 ����3�

�αi > 1, Ó�p − 1 ≡ 0(modpαi
i ).

e¡y²ùü�½n. Äk½n3.6. ¯¢þ, �n = 1�, �§Z(n) = Sdf(n)¤á.

éN´�y, �n = 2, 3, 4, 5, 6, 7�, Z(n) = Sdf(n)Ø¤á. u´Ø��n > 8.

Äky²�§(3-12)Ø�Ukóê). �n = 2αpα1
1 pα1

2 · · · pαk

k �n�IO©)Ïª.

(1)ek = 0,=n = 2α, d�dSdf(n)�5���Sdf(2α)�óê, 
Z(2α) = 2α+1 −
1���Ûê, l
Sdf(2α) 6= Z(2α).�d�nØ÷v�§.
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(2)ek > 1,Kn = 2αpα1
1 pα1

2 · · · pαk

k .dSdf(n) �±Ûó5ØC��, eZ(n) =

Sdf(n) = a,Ka7��óê, Ø��Z(n) = Sdf(n) = 2m,u´dZ(n)½Âk

2αpα1
1 pα1

2 · · · pαk

k |m(2m + 1). (3-14)

d(3-14)ª��, 7k2α|m,�é∀pαi
i 7kpαi

i |m ½pα
i |(2m + 1). d2α|m�íÑ

2α|m!!. (3-15)

PS1 = {pαi
i : pαi

i |m}, S2 = {pαj

j : p
αj

j |(2m + 1)}.
5¿���¯¢,=S2 6= Ø,ù´Ï�eS2 = Ø,Ké¤kpαi

i þkpαi

i |m,q2α|m,u

´d2αpα1
1 pα2

2 · · · pαk

k | (2m−1)·2m
2

��, Z(n) 6 2m − 1,�S2 6= Øu´:

(i)eS1 = Ø,=∀pαi
i , pαi

i |(2m + 1). emax{pαi
i } 6 m,(Ü(3-15)ª�, Sdf(n) 6 m;

emax{pαi

i } > m,(Ü(3-15)ª�, Sdf(n) = 2s, 7∃p
αi0

i0
∈ S2,¦�p

αi0

i0
|s. �,m 6= s.l


Sdf(n) 6= 2m;

(ii)eS1 6= Ø, �pαi
i ∈ S1, p

αj

j ∈ S2. emax{pαi
i } < max{pαj

j },aq(i)�©Û�

{��, ÃØmax{pαj

j } 6 m,�´max{pαj

j } > m,ÑkSdf(n) 6= 2m. emax{pαi
i } >

max{pαj

j }�, �íÑSdf(n) 6 m.

nÜ(i),(ii)��, d�Sd(n) 6= Z(n).ùÒy²
�§(3-12)Ø�Ukóê).

en�Ûê, �n = pα1
1 pα1

2 · · · pαk

k pα �n�IO©)Ïª. ±e©3«�¹?Ø:

(1)ek = 0,=n = pα,d�Z(pα) = pα − 1�ó, 
Sdf(n)�Û, ¤±Z(pα) 6=
Sdf(pα).

(2)ek > 1�α = 1,Kn = pα1
1 pα1

2 · · · pαk

k p.

�emax{pαi
i } < p, KdSdf(n)5���

Sdf(n) = Sdf(pα1
1 pα1

2 · · · pαk

k p) = max{Sdf(pα1
1 ), · · · , Sdf(pαk

k ), Sdf(p)} = p.

e¤áZ(n) = Sdf(n) = p, KdZ(n)½Â�

pα1
1 pα1

2 · · · pαk

k p

∣
∣
∣
∣

p(p + 1)

2
.

u´7L¤ápαi

i |(p + 1), =p + 1 ≡ 0(modpαi

i ).

,��¡, y²��÷vp + 1 ≡ 0(modpαi
i ), ÒkZ(n) = p.é∀h < p,

(i)eh < p − 1,Kdp † h(h+1)
2 �, pα1

1 pα1
2 · · · pαk

k p † h(h+1)
2 , �Z(n) 6= h;

(ii)eh = p−1,Kdpαi

i |(p+1)9(p−1, p+1) = 2�, pα1
1 pα1

2 · · · pαk

k p† (p−1)p
2 ,�Z(n) 6=

p − 1.l
��, ep + 1 ≡ 0(modpαi
i ), KkZ(n) = Sdf(n), ù=´�§(3-12)��|).

�emax{pαi
i } > p, Kd�Sdf(n) = p, ½Sdf(n) = max

16i6k
{Sdf(pαi

i )} = Sdf(p
αj

j ).

(i)eSdf(n) = p,Kdmax{pαi
i } > p�, max{pαi

i } † p(p+1)
2 , �Z(n) 6= p,l
Z(n) 6=
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Sdf(n).

(ii)eSdf(n) = max
16i6k

{Sdf(pαi
i )} = Sdf(p

αj

j ), dSdf(n)�5��,7kpj |Sdf(p
αj

j ),

u´pj |Sdf(n).

Äk5¿���¯¢, =é?¿Û�êp9α > 2, Øpα = 32	, þkSdf(pα) < pα,

Ï�ep 6 2α − 1, KSdf(pα) = (2α − 1)p < pα(Øpα = 32	); ep < 2α − 1, KéN´

dp2|pα!!�, Sdf(pα) < pα. 
�Sdf(n) = max
16i6k

{Sdf(pαi
i )} = Sdf(32) = 9�, éN´�

yn = 32 × 5 = 45��), Ù{�¹þØ¤á.

éuSdf(n) = max
16i6k

{Sdf(pαi
i )} = Sdf(p

αj

j ) < p
αj

j , e¤áZ(n) = Sdf(n) =

m,Km < p
αj

j �pα1
1 pα1

2 · · · pαk

k p|m(m+1)
2 . qd±þ©Û�, pj |m,l
p

αj

j |m,ù�m <

p
αj

j gñ. �Z(n) 6= Sdf(n).

(3)ek > 1�α > 2, Kn = pα1
1 pα1

2 · · · pαk

k pα.

�eSdf(n) = max
16i6k

{Sdf(pαi
i )} = Sdf(pα), dk > 1�pα 6= 32,u´Sdf(n) =

Sdf(pα) = m < pα.d�dp|m9m < pα�íÑpα † m(m+1)
2 , ÏdZ(n) 6= m,�Z(n) 6=

Sdf(n).

�eSdf(n) = max
16i6k

{Sdf(pαi
i )} = Sdf(p

αj

j ), dα > 2�, 3ù«�¹eαj >

2�p
αj

j 6= 32,u´Sdf(n) = Sdf(p
αj

j ) = m < p
αj

j . Ó�, dp
αj

j † m(m+1)
2 �, Z(n) 6=

m,�Z(n) 6= Sdf(n).

u´B�¤
½n3.6�y².

e¡y²½n3.7. �½n3.6�y²�{�q, ùü��Ñ�VL§. dZ(p) = p −
19Sdf(p) = p��,n = p÷v�§(3-13). én = pk��/, Z(pk) + 1 = pk − 1 + 1 = pk,

�´Øn = 32	þ¤áSdf(pk) < pk,�,Ø�U÷v�§(3-13). 
n = 32 = 9TÐÒ

´�§(3-13)���AÏ). én = pα1
1 pα1

2 · · · pαk

k p��/, �N´y², �¦Z(n) + 1 =

Sdf(n)��=�÷vp − 1 ≡ 0(modpαi

i ). Ù{�¹þ�½n3.6�y²�{aq,ùpò

Ø2Kã.

3.6 �a2Â�Smarandache¼ê

Í¶��Smarandache�¼êZ(n)½Â�:

Z(n) = min{m : m ∈ N+, n

∣
∣
∣
∣

m(m + 1)

2
}. (3-16)

©z[105]í2
�Smarandache¼ê, é?¿���ên,í2�Smarandache¼

êZ3(n)½Â�

Z3(n) = min{m : m ∈ N+, n

∣
∣
∣
∣

m(m + 1)(m + 2)

6
}. (3-17)
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�!ò0�'uZ3(n)�Ð�5��ïÄ, ©Oén = 2lp, n = 2lpk, n = 2l ×
3k, l, k ∈ N+, p > 3��ê, �Ñ
Z3(n)�¼ê�/ª. ùé¼ê�§��ê), þ�9

ìCúª�¯K�ïÄ�´k¿Â�[29,36,107].

ÚÚÚnnn 3.10 é?¿��êk, �êp, eZ3(kp) = m, Km7�lp− 2, lp− 1, lp, l ∈ N+n«

�/.

yyy²²²:Ï�Z3(n) > 1,�p = 2, 3�, Únw,¤á. �p > 3´�ê, dp|m(m + 1)(m +

2)/6, Kp7�Øm, m + 1, m + 2Ù¥��, Ïdm7klp − 2, lp − 1, lp, l ∈ N+n«�/.

y..

e¡ò�Ñ'uZ3(n)�A�{ü5�9y².

(1)�n = 2lp, l ∈ N+, p > 3��ê,�Z3(2
lp) = m,�Äm = gp−2,m = gp−1,m =

gpn«�¹9g���k:

(a)eg = 1, m = p − 2,d�=km + 1 = p − 1�óê, d2lp|(p − 2)(p − 1)p/6,K

k2l+1|p − 1,^Ó{ªLã=�, �p − 1 ≡ 0(mod2l+1)�,Z3(2
lp) = p − 2;em =

p − 1, d2lp|(p− 1)p(p + 1)/6,Kk2l|p− 1½ö2l|p + 1,=�p ± 1 ≡ 0(mod2l),�p− 1 6≡
0(mod(2l+1))�, Z3(2

lp) = p − 1;e2lp|p(p + 1)(p + 2)/6,Kkp + 1 ≡ 0(mod(l + 1)), d

�p + 1 ≡ 0(mod2l),AkZ3(2
lp) = p − 1.

(b)Ón,eg = 2, m = 2p−2�,d2lp|(2p−2)(2p−1)2p/6,K2l−1|p−1,=�p−1 ≡
0(mod2),�p − 1 6≡ 0(mod2l)�, Z3(2

lp) = 2p − 2;m 6= 2p − 1,ù´Ï�em = 2p −
1,K2lp|(2p−1)2p(2p+1)/6,ù´Ø�U�;em = 2p,d2lp|2p(2p+1)(2p+2)/6,K2l−1|p+

1,=p + 1 ≡ 0(mod2l−1),�p + 1 6≡ 0(mod2l).

(c)eg = 2k, k > 1, k ∈ N ,d2lp|(2kp − 2)(2kp − 1)2kp/6, K2l|2k,dZ3(n)���5,

�2k = 2l, d�, Z3(2
lp) = 2lp − 2.

(d)eg > 3�Ûê, m = gp − 2,d2lp|(gp − 2)(gp − 1)gp/6, k2l+1|gp − 1;em =

gp − 1,d2lp|(gp − 1)gp(gp + 1)/6,K2l−1|gp − 1½ö2l|gp + 1;em = gp,d2lp|gp(gp +

1)(gp + 2)/6, K2l+1|gp + 1,½k2l|gp + 1, d�Akm = gp − 1.Ón, eg > 3�Ûê,

m = 2gp − 2,d�k2l−1|gp − 1;em = 2gp, g > 3�Ûê, d�k2l−1|gp + 1.�dm®v
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kÙ§�U��/. nþ, k

Z3(2
lp) =







p − 2, p − 1 ≡ 0(mod2l+1);

p − 1, p ± 1 ≡ 0(mod2l);

2p − 2, p − 1 ≡ 0(mod2l−1);

2p, p + 1 ≡ 0(mod2l−1);

gp − 2, gp − 1 ≡ 0(mod2l+1);

gp − 1, gp ± 1 ≡ 0(mod2l);

2sp − 2, sp − 1 ≡ 0(mod2l−1);

2sp, sp + 1 ≡ 0(mod2l−1);

2lp − 2, Ù§,

Ù¥3 6 g 6 2l − 1, 3 6 s 6 2l−1 − 1�Ûê.

(2)Ón, �n = 2lpk, l ∈ N+, k ∈ N+, p > 3��ê�, k

Z3(2
lpk) =







pk − 2, pk − 1 ≡ 0(mod2l+1);

pk − 1, pk ± 1 ≡ 0(mod2l);

2pk − 2, pk − 1 ≡ 0(mod2l−1);

2pk, pk + 1 ≡ 0(mod2l−1);

gpk − 2, gpk − 1 ≡ 0(mod2l+1);

gpk − 1, gpk ± 1 ≡ 0(mod2l);

2spk − 2, spk − 1 ≡ 0(mod2l−1);

2spk, spk + 1 ≡ 0(mod2l−1);

2lpk − 2, Ù§,

Ù¥3 6 g 6 2l − 1, 3 6 s 6 2l−1 − 1�Ûê.

�n = 2l × 3k, l, k ∈ N+�, �Ä�þª9©z[105]¥5�2 (©z[105]¥[4]ª)k

Z3(2
l × 3k) =







3k+1 − 2, 3k+1 − 1 ≡ 0(mod2l+1);

3k+1 − 1, 3k+1 ± 1 ≡ 0(mod2l);

2 × 3k+1 − 2, 3k+1 − 1 ≡ 0(mod2l−1);

2 × 3k+1, 3k+1 + 1 ≡ 0(mod2l−1);

g · 3k+1 − 2, g · 3k+1 − 1 ≡ 0(mod2l+1);

g · 3k+1 − 1, g · 3k+1 ± 1 ≡ 0(mod2l);

2s · 3k+1 − 2, s · 3k+1 − 1 ≡ 0(mod2l−1);

2s · 3k+1, s · 3k+1 + 1 ≡ 0(mod2l−1);

2l × 3k+1 − 2,Ù§,
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Ù¥3 6 g 6 2l − 1, 3 6 s 6 2l−1 − 1�Ûê.

3.7 ���¹Smarandache¼ê91�a�Smarandache¼ê��§

é?¿��ên, Í¶�Smarandache¼ê�S(n)½Â������êm¦�n|m!.

=S(n) = min{m : m ∈ N, n|m!}.
1�a�Smarandache¼êZ2(n)½Â������

êk¦�
n�Øk2(k+1)2

4 ,½ö

Z2(n) = min

{

k : k ∈ N, n

∣
∣
∣
∣

k2(k + 1)2

4

}

,

Ù¥NL«¤k��ê�8Ü. ùü�¼ê±9k'Smarandache¼ê�½Â�ë�©

z[7]. lS(n)9Z2(n)�½ÂN´íÑ§��cA���:

S(1) = 1, S(2) = 2, S(3) = 3, S(4) = 4, S(5) = 5, S(6) = 3, S(7) = 7, S(8) = 4, · · · .

Z2(1) = 1, Z2(2) = 3, Z2(3) = 2, Z2(4) = 3, Z2(5) = 4, Z2(6) = 3, Z2(7) = 6, Z2(8) = 7, · · · .

'uS(n)�Ð�5�, NõÆö?1
ïÄ, ¼�
Ø�k¿Â�(J[28,36,97−100]. ~

X©z[28]ïÄ
�§

S(m1 + m2 + · · · + mk) =
k∑

i=1

S(mi)

��)5, |^)ÛêØ¥Í¶�n�ê½ny²
é?¿��êk > 3, T�§kÃ¡

õ|��ê)(m1, m2, · · · , mk).

©z[36]ïÄ
S(n)��©Ù¯K, y²
ìCúª

∑

n6x

(S(n) − P (n))2 =
2ζ(3

2)x
3
2

3 ln x
+ O

(

x
3
2

ln2 x

)

,

Ù¥P (n)L«n����Ïf,ζ(s)L«Riemann zeta-¼ê.

©z[97 − 98]ïÄ
S(2p−1(2p − 1))�e.�O¯K, y²
é?¿�êp > 7, k

�Oª

S(2p−1(2p − 1)) > 6p + 19S(2p + 1) > 6p + 1.

�C, ©z[99]¼�
����(Ø:=y²
é?¿�êp > 17Ú?¿ØÓ���

êa 9b,k�Oª

S(ap + bp) > 8p + 1.

d	, ©z[100]?Ø
Smarandache¼ê�,�«e.�O¯K, =Smarandache¼
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êé¤�êê�e.�O¯K, y²
é?¿��ên > 3k�Oª:

S(Fn) = S(22n

+ 1) > 8 · 2n + 1,

Ù¥Fn = 22n
+ 1�Í¶�¤�êê.

'uS(n)�Ù§ïÄSN�~�õ, ùpØ2���Þ. 
éu¼êZ2(n)�5�,

�8
)�é�, $�Ø��ù�¼ê�þ�´ÄäkìC5�.

�!�Ì�8�´|^Ð��{ïÄ¼ê�§Z2(n) + 1 = S(n)��)5, ¿¼�


ù��§�¤k��ê), äN/`�Ò´y²
e¡�:

½½½nnn 3.8 é?¿��ên,¼ê�§Z2(n) + 1 = S(n)k�=ke�n«/ª�):

(A)n = 3, 4, 12, 33, 2 · 33, 22 · 33, 23 · 33, 24 · 33, 34, 2 · 34, 22 · 34, 23 · 34, 24 · 34;

(B)n = p · m,Ù¥p > 5��ê, m��Ø (p−1)2

4
�?¿��ê;

(C)n = p2 · m,Ù¥p > 5��ê�2p − 1�Üê, m�(2p − 1)2�?¿�u1�Ïê.

w,T½n�.)û
�§Z2(n) + 1 = S(n)��)5¯K. ½=y²
ù��§

kÃ¡õ���ê)¿�Ñ
§�z�)�äN/ª.

e¡|^Ð��{±9Smarandache¼ê�5��Ñ½n���y². k'g,ê

��Ø5�±9�ê�k'SN�ë�©z[4 − 6]. ¯¢þN´�y: �

n = 3, 4, 12, 33, 2 · 33, 22 · 33, 23 · 33, 24 · 33, 34, 2 · 34, 22 · 34, 23 · 34, 24 · 34

�, �§Z2(n) + 1 = S(n)w,¤á. y3©e¡A«�¹�[?Ø:

�S(n) = S(p) = p > 5�, �n = mp,KS(m) < p�(m,p) = 1.d�en÷v�

§Z2(n)+1 = S(n),@oZ2(n) = p−1,¤±dZ2(n)�½Âkn�Ø (p−1)2p2

4 ,=mp| (p−1)2p2

4 .¤

±m| (p−1)2

4 ,Ïdm� (p−1)2

4 �?¿�Ïê. ��, �n = mp�m| (p−1)2

4 �, kS(n) =

p, Z2(n) = p − 1, ¤±n = mp´�§Z2(n) + 1 = S(n)�). u´y²
½n¥�1�

«�¹(B).

�S(n) = S(p2) = 2p, p > 5�, �n = mp2,KS(n) < 2p�(m, p) = 1.d�en÷v

�§Z2(n) + 1 = S(n),@oZ2(n) = 2p− 1,¤±dZ2(n)�½Âkn �Ø(2p− 1)2p2,¤±

mp2|(2p − 1)p2,½öm|(2p − 1)2.

w,m 6= 1, ÄKn = p2, S(p2) = 2p,
Z2(p
2) = p − 1.¤±d�n = p2Ø÷v�

§Z2(n) + 1 = S(n).u´m7L´(2p − 1)2����u1�Ïê. d	, Ï�2p − 1�Ü

ê, ��n = mp2�, Z2(n) 6= p − 1, Z2(n) 6= p, ¤±Z2(n) = 2p − 1, 
S(n) = 2p, ¤

±n = mp2 ÷v�§Z2(n) + 1 = S(n).u´y²
½n¥��/(C).

y3y²�S(n) = S(pα)�p > 5±9α > 3�, nØ÷v�§Z2(n) + 1 = S(n). ù

��n = mpα, S(m) 6 S(pα), (m, p) = 1. u´kS(n) = hp, ùph 6 α.en÷v�
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§Z2(n) + 1 = S(n),KZ2(n) = hp − 1. u´dZ2(n)�½Âk

n = mpα

∣
∣
∣
∣

(hp − 1)2m2p2

4

l
d�Ø�5���pα−2|h2 6 α2.¤±p|h. �α > h > 5. �p > 5�α > 5�,

pα−2|h2 6 α2´Ø�U�, Ï�d�kØ�ªpα−2 > α2.

y3�ÄS(n) = 3, d�n = 3½ö6.²�yn = 3´�§Z2(n) + 1 = S(n)��

�); �S(n) = S(32) = 6�, n = 9, 18, 36, 45, ²�y§�ÑØ÷v�§Z2(n) + 1 =

S(n);�S(n) = S(33) = 9�,

n = 33, 2 · 33, 22 · 33, 5 · 33, 7 · 33, 23 · 33, 10 · 33, 14 · 33, 16 · 33, 20 · 33.

d�²�y

n = 33, 2 · 33, 22 · 33, 23 · 33, 24 · 33

÷v�§Z2(n) + 1 = S(n);Ó��±íÑ�S(n) = S(34) = 9�, �k

n = 34, 2 · 34, 22 · 34, 23 · 34, 24 · 34

÷v�§Z2(n) + 1 = S(n).

���ÄS(n) = S(2α).w,n = 1, 2Ø÷v�§Z2(n)+1 = S(n). eS(n) = S(4) =

4, @on = 4, 12.²�yn = 4, 12÷v�§Z2(n) + 1 = S(n);�S(n) = S(23) = 4�, d

�n = 8, 24.²�yù��nþØ÷v�§Z2(n) + 1 = S(n);�S(n) = S(24) = 6�, d

�n = 16, 3 · 16, 5 · 16, 15 · 16.²u�§�þØ÷v�§Z2(n) + 1 = S(n); �S(n) =

S(25) = 8�,

n = 25, 3 · 25, 5 · 25, 7 · 25, 15 · 25, 21 · 25, 35 · 25, 105 · 25,

d�N´�y§�þØ÷v�§Z2(n) + 1 = S(n);�

S(n) = S(2α) = 2h, α > max{6, h}

�, �n = m · 2α, KS(m) < S(2α)�(m, 2) = 1.d�en÷v�§Z2(n) + 1 = S(n), K

d¼êZ2(n)�½Â, �

n = m · 2α

∣
∣
∣
∣

(2h − 1)2(2h)2

4
= (2h − 1)2h2 ,

ddíÑ2α|h2 6 (α− 1)2 < α2, ù�Ø�ª9�Ø5´Ø�U�, Ï�A^êÆ8B{

N´y²�α > 6�,2α > (α − 1)2 > h2.

nÜ±þ�«�¹, á��¤½n3.8�y².
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3.8 'uSmarandache LCM¼ê�Smarandache¼ê�þ�

é?¿��ên,Í¶�Smarandache¼êS(n)½Â������êm¦�n|m!.=

Ò´S(n) = min{m : m ∈ N, n|m!}, 
Smarandache LCM¼êSL(n)½Â�����

êk,¦�n|[1, 2, · · · , k],[1, 2, · · · , k] L«1, 2, · · · , k���ú�ê. 'uùü�¼ê�

5�, NõÆö?1
ïÄ, ¿��
Ø�­��(J[8,14,29,37−39] . ~X, ©z[39]ï

ÄSL(n)��©Ù¯K, y²
ìCúª

∑

n6x

(SL(n) − P (n))2 =
2

5
· ζ
(

5

2
· x

5
2

ln x

)

+ O

(

x
5
2

ln x

)

,

Ù¥P (n)L«n����Ïf.

©z[39]�?Ø
�§SL(n) = S(n)��)5, ¿��)û
T¯K. =y²
:?

Û÷vT�§���ê�L«�n = 12½ön = pα1
1 pα2

2 · · · pαr
r p, Ù¥p1, p2, · · · , pr, p´

ØÓ��ê�α1, α2, · · · , αr, ´÷vp > pαi

i (i = 1, 2, · · · , r)���ê.

�!Ì�0�|^Ð�9|Ü�{ïÄ·Üþ�

∑

n6x

S(n)

SL(n)
(3-18)

�ìC5�. ù�¯K´k¿Â�, Ï�ª(3-18)�ìC5�N
ùü�¼ê�©Ù�

5Æ5, XJìCúª

∑

n6x

S(n)

SL(n)
∼ x

¤á, @oÒ�±ä½¼êS(n)ÚSL(n)��A�??��!�!�éù�¯K?1
ï

Ä, ¿y²
§��(5. äN/`=y²
e¡ü�(Ø.

½½½nnn 3.9 é?¿¢êx > 1kìCúª

∑

n6x

S(n)

SL(n)
= x + O

(
x ln ln x

ln x

)

.

½½½nnn 3.10 é?¿¢êx > 1kìCúª

∑

n6x

P (n)

SL(n)
= x + O

(
x ln ln x

ln x

)

,

Ù¥P (n)L«n����Ïf.

w,½n¥�Ø��´�~f�, =Ø���Ì�=��� ln ln x
lnx Ïf, ´Ä�3�

��r�ìCúª�´��k��¯K.
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e¡y²ùü�½n. �y²½n3.9, aq/, ��±íÑ½n3.10. ¯¢þ²L{

üC/á���

∑

n6x

S(n)

SL(n)
=
∑

n6x

S(n) − SL(n)

SL(n)
+
∑

n6x

1

=x + O




∑

n6x

|SL(n) − S(n)|
SL(n)



 . (3-19)

y3|^¼êS(n)9SL(n)�5�±9Ð��|Ü�{5�Oª(3-19)¥�Ø��.

dSL(n)�5���n�IO©)ª�pα1
1 pα2

2 · · · pαk

k �k

SL(n) = max{pα1
1 , pα2

2 , · · · , pαk

k }.

eSL(n)��êp,@oS(n)���êp.Ïd, 3ù«�¹ekSL(n) − S(n) = 0.¤±3

ª(3-19)�Ø��¥, ¤k�"�7Ñy3@
¦SL(n)Ø�u�ê��ên¥, =

SL(n) = max{pα1
1 , pα2

2 , · · · , pαk

k } ≡ pα, α > 2.

�A�«m[1, x]¥¤k÷vþª^�n�8Ü, é?¿n ∈ A, �n = pα1
1 , pα2

2 , · · · , pαk

k =

pα · n1, Ù¥(p, n1) = 1. y3©ü«�¹?Ø:�A = B + C,Ù¥n ∈ BXJSL(n) =

pα >
ln2 x

9(ln lnx)2 . n ∈ CXJSL(n) = pα < ln2 x
9(ln lnx)2 . u´k

∑

n6x

|SL(n) − S(n)|
SL(n)

=
∑

n∈B

|SL(n) − S(n)|
SL(n)

+
∑

n∈C

|SL(n) − S(n)|
SL(n)

6
∑

n6
9x(ln ln x)2

ln2 x

∑

ln2 x
9(ln ln x)2

6pα6 x
n

α>2

1 +
∑

n∈C

1 ≡ R1 + R2. (3-20)

y3©O�Oª(3-20)¥���. Äk�OR1. 5¿�pα 6 ln4 x�kα 6 4 ln ln x u´

d�ê½nk

R1 6
∑

n6 x
ln4 x

∑

pα6 x
n

α>2

1 +
∑

x
ln4 x

6n6
9x(ln ln x)2

ln2 x

∑

pα6 x
n

α>2

≪
∑

n6 x
ln4 x

∑

p6
√

x
n

∑

α6ln x

1 +
∑

x
ln4 x

6n6
9x(ln ln x)2

ln2 x

∑

p6
√

x
n

∑

α64 ln lnx

1

≪
∑

n6 x
ln4 x

√
x

n

ln x

ln ln x
+

∑

x
ln4 x

6n6
9x(ln ln x)2

ln2 x

√
x

n

≪ x ln ln x

ln x
. (3-21)
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y3�OR2,5¿�8ÜC¥�¹����êØ¬�L�êpα1
1 pα2

2 · · · pαk

k ��ê, Ù

¥αi 6 2 ln ln x, pi 6
lnx

3 ln lnx
, i = 1, 2, · · · . u´5¿��ê©Ùúª

∑

p6y

ln p = y + O

(
y

ln y

)

, − ln

(

1 − 1

ln p

)

∼ 1

ln p
,

k

R2 =
∑

n∈C

1 6
∏

p6 ln x
3 ln ln x




∑

06α62 ln ln x

pα





=
∏

p6 ln x
3 ln ln x

p2 ln ln x

1 − 1
ln p

≪
∏

p6 ln x
3 ln ln x

(

1 − 1

ln p

)−1

exp



2 ln ln x
∑

p6 ln x
3 ln ln x

ln p





≪ exp




3

4
ln x +

∑

p6 ln x
3 ln ln x

1

ln p





≪ x

ln x
, (3-22)

Ù¥exp(y) = ey.

(Üª(3-20),(3-21)9ª(3-22), íÑ�Oª

∑

n6x

|SL(n) − S(n)|
SL(n)

≪ x ln ln x

ln x
. (3-23)

|^ª
(3-19)9ª(3-23)á�íÑìCúª

∑

n6x

S(n)

SL(n)
= x + O

(
x ln ln x

ln x

)

.

u´�¤
½n3.9�y².

5¿��SL(n) = p��ê�,S(n) = P (n) = p; �SL(n)Ø��ê�, P (n) 6

S(n) 6 SL(n), u´dy²½n3.9��{á�íÑ½n3.10.

3.9 'uSmarandache LCM¼ê9Ùéó¼ê

éu?¿���ên, Smarandache LCM¼ê�½Â�

SL(n) = min{k : k|[1, 2, · · · , k], k ∈ N}.
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'u§�5�9¼ê�§kNõÆö?1LïÄ, ��
�
(J. ~XMurthy3

©z[14]¥y²
�n��ê�,SL(n) = S(n). Ó��?Ø


SL(n) = S(n), S(n) 6= n

��)5. ùpS(n) = min{m : n|m!,m ∈ N}�Smaranache¼ê. ��Le Mao-

hua3©z[19] )û
Murthy3©z[14]JÑ�¯K, �Ñ��=�n = 12 ½ön =

pα1
1 pα2

2 · · · pαr
r p, (p > pαi

i , i = 1, 2, · · · , r)��§k).

Lv Zhongtian 3©z[20]?Ø
SL(n)�ìC5�, ��
���Ð�þ�O�ú

ª

∑

n6x

SL(n) =
π2

12

x2

ln x
+

k∑

i=2

ci · x2

lni x
+ O

(
x2

lnk+1 x

)

,

ùpx > 1�¢ê, k���ê,c��O��~ê.


éu?¿���ên,Í¶�Smarandache LCM¼ê�éó¼ê½Â�

SL∗(n) = max{k : [1, 2, · · · , k]|k, k ∈ N}.

dSL∗(n)�½Â�±N´íÑ,SL∗(1) = 1, SL∗(2) = 2, SL∗(3) = 1, SL∗(4) = 2, SL∗(5) =

1, SL∗(6) = 3, SL∗(7) = 1, SL∗(8) = 2, SL∗(9) = 1, SL∗(10) = 2,��. w,, �n�Û

ê�, SL∗(n) = 1, �n�óê�, SL∗(n) > 2. 'uù�¼ê�Ù¦5�, NõÆö�?

1LïÄ, ��
�X�ïÄ¤J, �©z[4, 19 − 21].

~X3©z[21]¥, Tian ChengliangïÄ
¼ê�§

∑

d|n
SL∗(d) = n

Ú
∑

d|n
SL∗(d) = φ(n)

��)5, ¿�Ñcö�k�����ê)n = 1, 
�ö���ê)�n = 1, 3, 14. d

	3©z[21]¥, ¦�ïÄ
SL∗(n)�?êÚ9þ�, ��
��k��(J:

∞∑

n=1

SL∗(n)

ns
= ζ(s)

∞∑

α=1

∑

p

(pα−1)(ps − 1)

[1, 2, · · · , pα]

Ú

∑

n6x

SL∗(n) = c · x + o(ln2 x),

Ù¥ζ(s)�Riemann zeta-¼ê.
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�Z3©z[59]ïÄ
�§
∑

d|n SL∗(d) =
∑

d|n S∗(d), ¿�ÑÙ)�

(1)n�Ûê;

(2)�3†n�, Kn = 2αpα1
1 pα2

2 · · · pαk

k , p1 > 5, α > 1, αi > 0, k > 1, i = 1, 2, · · · , k;

(3)�3|n�,Kn = 2α · 3α1pα2
2 · · · pαk

k , p2 > 5, α > 1, αi > 0, k > 2, i = 1, 2, · · · , k.

�

A =






n :
∑

d|n
SL∗(d) =

∑

d|n
S∗(d), n ∈ N






,

½Â

f(s) =
∞∑

n=1
n∈A

1

ns
, (Re(s) > 1),

K�Z���
'uÙ)�8Ü���ð�ª

f(s) = ζ(s)

(

1 − 1

12s

)

,

Ù¥ζ(s)�Riemann zeta-¼ê.

�!�Ì�8�´|^Ð�êØÚ©Û��{ïÄ¼ê�§

∏

d|n
SL∗(d) + 1 = 2ω(n) (3-24)

��)5, ¿��
Ù¤k���ê), =Ò´e¡½n.

½½½nnn 3.11 é?¿���ên, ¼ê�§(3-24)k)��=�n = pα, α > 1, p > 3��

ê.

yyy²²²: dSL∗(n)�½Â, ´�n = 1, 2w,Ø´�§(3-24)�). e¡©ü«�6?1?

Ø:

(1)en = p > 3��ê,Kω(n) = ω(p) = 1,
∏

d|n
SL∗(d)+1 = SL∗(1) ·SL∗(p)+1 = 2,

¤±, w,n = p��ê´�§(3-24)�).

(2)en�Üê, @o�Xe©Û:

1)�n = 2α, α > 1�,´�ω(n) = ω(2α) = 1,


∏

d|n
SL∗(d) + 1 = SL∗(1) · SL∗(2) · · ·SL∗(2α) + 1 = 2α + 1,

K2α + 1 = 2,=2α = 1,��α = 0,ù�α > 1gñ. ¤±n = 2α,α > 1Ø´(3-24)�).

2)�n = 2αpβ�,α > 1, β > 1, p > 3��ê, d�ω(n) = ω(2αpβ) = 2, 
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dSL∗(n)�½ÂÚ5�´�
∏

d|2αpβ

SL∗(d) + 1 =
α∏

m=0

β∏

n=0
SL∗(2mpn) + 1 > 2α+β + 1 > 4,

�n = 2αpβ , α > 1, β > 1, p > 3�, �§(3-24)Ã).

3)�n = 2αpα1
1 pα2

2 · · · pαk

k �, α > 1, αi > 1, i = 1, 2, · · · , k, k > 1, pi > 3 �pÉ�

�ê.´�ω(n) = ω(2αpα1
1 pα2

2 · · · pαk

k ) = k + 1, 


∏

d|2αp
α1
1 p

α2
2 ···pαk

k

SL∗(d) + 1=
α∏

n=0

α1∏

m1=0

· · ·
αk∏

mk=0

SL∗(2npm1
1 pm2

2 · · · pmk

k ) + 1

>2
α+

k∑

i=1
αi

+ 1

>2α+k·1 + 1

>2k+1 + 1

> 2k+1.

¤±n = 2αpα1
1 pα2

2 · · · pαk

k �, �§(3-24)�Ã).

4)�n = pα�, α > 1, p > 3��ê. á�kω(n) = ω(pα) = 1,
d½Â

�
∏

d|pα

SL∗(d) + 1 =
α∏

m=0
SL∗(pm) + 1 = 1 + 1 = 2, ¤±(3-24)ª¤á. �n = pα´

�§(3-24)�).

5)�n = pα1
1 pα2

2 · · · pαk

k �, αi > 1, 3 6 p1 < p2 · · · < pk, i = 1, 2, · · · , k, k > 2, du

ω(n) = ω(pα1
1 pα2

2 · · · pαk

k ) = k,

∏

d|pα1
1 p

α2
2 ···pαk

k

SL∗(d) + 1 =
α1∏

m1=0

α2∏

m2=0

· · ·
αk∏

mk=0

SL∗(pm1
1 pm2

2 · · · pmk

k ) + 1 = 1 + 1 = 2,

d�7k2 = 2k,=k = 1,ùÚk > 2gñ.¤±n = pα1
1 pα2

2 · · · pαk

k �, �§(3-24)�Ã).

nÜ±þ?Ø(1)Ú(2)��, �§(3-24)k)��=�n = pα, α > 1, p > 3��ê,

ù�Ò�¤
½n3.11�y².
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1oÙ SmarandacheS�ïÄ

4.1 Smarandache LCM 'ÇS�I

�(x1, x2, ..., xt)Ú[x1, x2, ..., xt]©OL«x1, x2, ..., xt���úÏfÚ��ú�ê.

�r ´���u1���ê. é?¿��ên, K

T (r, n) =
[n, n + 1, ..., n + r − 1]

[1, 2, ..., r]

P�SLR(r) = {T (r, n)}∞n=1¡���r�Smarandache LCM'ÇS�. Maohua Le [22]

ïÄ
§�5�, �Ñ
'uSLR(2), SLR(3) ÚSLR(4)�4íúª, é²w,

T (2, n) =
1

2
n(n + 1).

T (3, n) =







1
6n(n + 1)(n + 2), en ´Ûê ;

1
12n(n + 1)(n + 2),en ´óê.

T (4, n) =







1
24n(n + 1)(n + 2)(n + 3), en 6≡ 0(mod3);

1
72n(n + 1)(n + 2)(n + 3), en ≡ 0(mod3).

�!�Ñ�r = 5��4íúª, =�Ñe¡�½n.

½½½nnn 4.1 éu?¿��ên,k

T (5, n) =
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





1
120

n(n + 1)(n + 2)(n + 3)(n + 4), n 6≡ 0(mod2)�n 6≡ 0(mod3)�n 6≡ 0(mod4)

�n + 1 6≡ 0(mod3);

1
240n(n + 1)(n + 2)(n + 3)(n + 4), n ≡ 0(mod2)�n 6≡ 0(mod3)�n 6≡ 0(mod4)

�n + 1 6≡ 0(mod3);

1
360n(n + 1)(n + 2)(n + 3)(n + 4), n ≡ 0(mod2), n 6≡ 0(mod3)½n 6≡ 0(mod2),

n 6≡ 0(mod3), n 6≡ 0(mod4), n + 1 6≡ 0(mod3);

1
480

n(n + 1)(n + 2)(n + 3)(n + 4), n 6≡ 0(mod3), n ≡ 0(mod4), n + 1 6≡ 0(mod3);

1
720n(n + 1)(n + 2)(n + 3)(n + 4), n ≡ 0(mod2), n 6≡ 0(mod3), n 6≡ 0(mod4),

n + 1 ≡ (mod3)½n ≡ 0(mod2), n ≡ 0(mod3),

n 6≡ 0(mod4);

1
1440n(n + 1)(n + 2)(n + 3)(n + 4), n 6≡ 0(mod3), n ≡ 0(mod4), n + 1 ≡ 0(mod3)

½n ≡ 0(mod3), n ≡ 0(mod4).

e¡|^��ú�êÚ��ú�ê�5�5y²½n4.1. �,[n, n + 1, n + 2, n +

3, n + 4] = [n(n + 1), (n + 2)(n + 3), n + 4], �´[n(n + 1), (n + 2)(n + 3), n + 4](n(n +

1), (n+2)(n+3), n+4) 6= n(n+1)(n+2)(n+3)(n+4). ¤±éu?¿ü��ê���ú

�ê���ú�ê�5�í2�?¿n�9n�±þ�ê�¿Ø¤á. ¦)T (r, n)�

4íúª, '�´�¦Ñ[n, n + 1, n + 2, n + 3, n + 4], 3dòn©O©a?1`². du

Ó{'X´�d'X, ¤±^§�±r�ê8y©�eZ��da.

(1)en ≡ 0(mod2), n 6≡ 0(mod3), n 6≡ 0(mod4),

[n, n+1, n+2, n+3, n+4]

ó ó ó

2 3 4 5 6

10 11 12 13 14

14 15 16 17 18

22 23 24 25 26

26 27 28 29 30

34 35 36 37 38

38 39 40 41 42

��nóê[n, n+2, n+4] = 1
4 [n(n+2)(n+4)],��Ûê[n+1, n+3] = (n+1)(n+3),

en + 1 ≡ 0(mod3)�,Kn + 4 ≡ 0(mod3),¤±

[n, n + 1, n + 2, n + 3, n + 4] =







1
12 [n(n + 1)(n + 2)(n + 3)(n + 4)],�n + 1 ≡ 0(mod3)�,

1
4 [n(n + 1)(n + 2)(n + 3)(n + 4)], �n + 1 6≡ 0(mod3)�.
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(2)en ≡ 0(mod3),n 6≡ 0(mod2),

[n, n+1, n+2, n+3, n+4]

ó ó

3 4 5 6 7

9 10 11 12 13

15 16 17 18 19

21 22 23 24 25

27 28 29 30 31

33 34 35 36 37

ü��óê[n + 1, n + 3] = 1
2
[(n + 1)(n + 3)], qÏ�n ≡ 0(mod3),n + 3 ≡

0(mod3),¤±[n, n + 3] = 1
3 [n(n + 3)],¤±d�

[n, n + 1, n + 2, n + 3, n + 4] =
1

6
[n(n + 1)(n + 2)(n + 3)(n + 4)].

(3)en ≡ 0(mod4),n 6≡ 0(mod3),

[n, n+1, n+2, n+3, n+4]

ó ó ó

4 5 6 7 8

8 9 10 11 12

16 17 18 19 20

20 21 22 23 24

28 29 30 31 32

32 33 34 35 36

40 41 42 43 44

n��óê, qÏ�n ≡ 0(mod4),n + 4 ≡ 0(mod4), ¤±[n, n + 2, n + 4] = 1
8 [n(n +

2)(n + 4)], en + 1 ≡ 0(mod3),Kn + 4 ≡ 0(mod3),¤±

[n, n + 1, n + 2, n + 3, n + 4] =







1
8n(n + 1)(n + 2)(n + 3)(n + 4), �n + 1 6≡ 0(mod3)�,

1
24n(n + 1)(n + 2)(n + 3)(n + 4),�n + 1 ≡ 0(mod3)�.

(4)en ≡ 0(mod2),n ≡ 0(mod3),n 6≡ 0(mod4),
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[n, n+1, n+2, n+3, n+4]

ó ó ó

6 7 8 9 10

18 19 20 21 22

30 31 32 33 34

42 43 44 45 46

54 55 56 57 58

n��óê[n, n + 2, n + 4] = 1
4 [n(n + 2)(n + 4)],�n ≡ n + 3 ≡ 0(mod3),¤±

[n, n + 1, n + 2, n + 3, n + 4] =
1

12
[n(n + 1)(n + 2)(n + 3)(n + 4)].

(5)en ≡ 0(mod3),n ≡ 0(mod4),

[n, n+1, n+2, n+3, n+4]

ó ó ó

12 13 14 15 16

24 25 26 27 28

36 37 38 39 40

48 49 50 51 52

60 61 62 63 64

n��óê[n, n + 2, n + 4] = 1
8 [n(n + 2)(n + 4)],Ï�, n ≡ n + 4 ≡ 0(mod4),n ≡

n + 3 ≡ 0(mod3), ¤±[n, n + 3] = 1
3 [n(n + 3)],¤±

[n, n + 1, n + 2, n + 3, n + 4] =
1

24
[n(n + 1)(n + 2)(n + 3)(n + 4)].

(6)en 6≡ 0(mod2),n 6≡ 0(mod3),n 6≡ 0(mod4)
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[n, n+1, n+2, n+3, n+4]

ó ó

5 6 7 8 9

7 8 9 10 11

11 12 13 14 15

13 14 15 16 17

17 18 19 20 21

19 20 21 22 23

23 24 25 26 27

25 26 27 28 29

ü��óê[n+1, n+3] = 1
2 [(n+1)(n+3)],en+1 ≡ 0(mod3),[n, n+1, n+2, n+

3, n+4] = 1
6 [n(n+1)(n+2)(n+3)(n+4)];en+1 ≡ 0( mod 3), [n, n+1, n+2, n+3, n+4] =

1
2 [n(n + 1)(n + 2)(n + 3)(n + 4)].

r±þ8a?1�n, �Ó^��4íúª8��a, B��
½n4.1.

4.2 Smarandache LCM 'ÇS�II

þ�!�Ñ
Smarandache LCM'ÇS�©O3��u2,3,4,5��4íúª, ù�

!òïÄSmarandache LCM'ÇS����Ï�úª, �ÑSmarandache LCM'ÇS

�©O'u�r!'un���Ï�úª, =��
e¡�A�(J.

½½½nnn 4.2 é?¿g,ên, r§·�kXe4íúªµ

T (r + 1, n) =
n + r

r + 1

([1, 2, ..., r], r + 1)

([n, n + 1, ..., n + r − 1], n + r)
T (r, n),

íííØØØ 4.1 XJr + 1 Ún + r Ñ´�ê§K·�k���é{ü�úªµ

T (r + 1, n) =
n + r

r + 1
T (r, n).

½½½nnn 4.3 é?¿g,ên, r§·�k,��4íúªµ

T (r, n + 1) =
n + r

n

(n, [n + 1, ..., n + r])

([n, n + 1, ..., n + r − 1], n + r)
T (r, n).

íííØØØ 4.2 XJn Ún + r Ñ´�ê�r < n§K·��k���{ü�úªµ

T (r, n + 1) =
n + r

n
· T (r, n);
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XJn Ún + r Ñ´�ê�r > n§K·�k

T (r, n + 1) = (n + r) · T (r, n).

½½½nnn 4.4 é?¿g,ên, r§·�k4íúªµ

T (r + 1, n + 1)=
n + r

n
· n + r + 1

r + 1
· ([1, 2, ..., r], r + 1)

([n + 1, ..., n + r], n + r + 1)

· (n, [n + 1, ..., n + r])

([n, n + 1, ..., n + r − 1], n + r)
· T (r, n).

�
y²ùA�½n, I�±eA�Ún.

ÚÚÚnnn 4.1 é?¿��êaÚb, k(a, b)[a, b] = ab.

ÚÚÚnnn 4.2 é?¿��ês, t�s < t, k

(x1, x2, ..., xt) = ((x1, ..., xs), (xs+1, ..., xt))

Ú

[x1, x2, ..., xt] = [[x1, ..., xs], [xs+1, ..., xt]].

Ún4.1Ú4.2�y²�ë�©z[6].

e¡5y²½n4,2. Äk�â�âT (r, n) �½Â, Ún4.1Ú4.2, k

[n, n + 1, ..., n + r]= [[n, n + 1, ..., n + r − 1], n + r]

=
[n, n + 1, ..., n + r − 1](n + r)

([n, n + 1, ..., n + r − 1], n + r)
,

[1, 2, · · · , r + 1] = [[1, 2, · · · , r], r + 1] =
(r + 1)[1, 2, · · · , r]

([1, 2, · · · , r], r + 1)
,

u´§·���'uT (r + 1, n)�4íúª

T (r + 1, n)=
[n, n + 1, ..., n + r]

[1, 2, ..., r + 1]

=
[[n, n + 1, ..., n + r − 1], n + r]

[[1, 2, ..., r], r + 1]

=

(n+r)[n,n+1,...,n+r−1]
([n,n+1,...,n+r−1],n+r)

(r+1)[1,...,r]
([1,2,...,r],r+1)

=
n + r

r + 1

[n, n + 1, ..., n + r − 1]

[1, 2, ..., r]

([1, 2, ..., r], r + 1)

([n, n + 1, ..., n + r − 1], n + r)

=
n + r

r + 1

([1, 2, ..., r], r + 1)

([n, n + 1, ..., n + r − 1], n + r)
T (r, n).

ù�Ò�¤
½n4.2�y².
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íØ4.1�y². �r + 1 Ún + r Ñ´�ê�, w,k

([1, 2, · · · , r], r + 1) = 1,

([n, n + 1, · · · , n + r − 1], n + r) = 1,

Kd½n4.2, ·�k

T (r + 1, n)=
n + r

r + 1

([1, 2, ..., r], r + 1)

([n, n + 1, ..., n + r − 1], n + r)
T (r, n)

=
n + r

r + 1
T (r, n).

ùÒy²
íØ4.1.

½n4.3�y²: Ó��âT (r, n)�½ÂÚÚn4.1�Ún4.25y²½n4.3. Äkd

Ún4.1ÚÚn4.2, k

[n, [n + 1, n + 2, · · · , n + r]] =
n[n + 1, n + 2, · · · , n + r]

(n, [n + 1, n + 2, · · · , n + r])
,

u´

[n + 1, n + 2, · · · , n + r]

=
[n, [n + 1, n + 2, · · · , n + r]] · (n, [n + 1, n + 2, · · · , n + r])

n

=
[n, n + 1, n + 2, · · · , n + r] · (n, [n + 1, n + 2, · · · , n + r])

n
,

u´�Ñ'uT (r, n + 1)�4íúª

T (r, n + 1)=
[n + 1, ..., n + r]

[1, 2, ..., r]

=
[n, n + 1, ..., n + r](n, [n + 1, ..., n + r])

n

1

[1, 2, ..., r]

=
(n, [n + 1, ..., n + r])

n[1, 2, ..., r]

[n, n + 1, ..., n + r − 1](n + r)

([n, n + 1, ..., n + r − 1], n + r)

=
n + r

n

(n, [n + 1, ..., n + r])

([n, n + 1, ..., n + r − 1], n + r)

[n, n + 1, ..., n + r − 1]

[1, 2, ..., r]

=
n + r

n

(n, [n + 1, ..., n + r])

([n, n + 1, ..., n + r − 1], n + r)
T (r, n).

ùÒ�¤
½n4.3�y².

íØ4.2�y². �n´�ê�r < n�, [n+1, n+2, · · · , n+ r]7Ø¹k�Ïfn§

Kk

(n, [n + 1, n + 2, · · · , n + r]) = 1;
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Ó�, en + r �´�ê, K7,k

([n, n + 1, · · · , n + r − 1], n + r) = 1.

Ïd�±��

T (r, n + 1) =
n + r

n

(n, [n + 1, ..., n + r])

([n, n + 1, ..., n + r − 1], n + r)
T (r, n) =

n + r

n
T (r, n).

�n´�ê�r > n�, [n + 1, n + 2, · · · , n + r] 7¹�Ïfn, Ïd

(n, [n + 1, n + 2, · · · , n + r]) = n,

�Ó�dun + r ´�ê, Ïdk

T (r, n + 1)=
n + r

n

(n, [n + 1, ..., n + r])

([n, n + 1, ..., n + r − 1], n + r)
T (r, n)

= (n + r)T (r, n).

ùÒy²
íØ4.2.

½n4.4�y²: A^½n4.2Ú½n4.3 éN´��½n4.4�(J, =

T (r + 1, n + 1)

=
n + r + 1

r + 1

([1, 2, ..., r], r + 1)

([n + 1, ..., n + r], n + r + 1)
T (r, n + 1)

=
(n + r + 1)(n + r)

(r + 1)n

([1, 2, ..., r], r + 1)

([n + 1, ..., n + r], n + r + 1)

(n, [n + 1, ..., n + r])

([n, ..., n + r − 1], n + r)
T (r, n).

ùÒ�¤
½n4.4�y².

4.3 Smarandache 1�ª

4.3.1 SmarandacheÌ�1�ª

éu?Û��ên,n × n1�ª
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 2 · · · n − 1 n

2 3 · · · n 1
...

...
...

...

n − 1 n · · · n − 3 n − 2

n 1 · · · n − 2 n − 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(4-1)

¡�n�SmarrandacheÌ�1�ª, P�SCND(n).
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�a,d´Eê,n × n1�ª
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a a + d · · · a + (n − 2)da + (n − 1)d

a + d a + 2d · · · a + (n − 1)d a
...

...
...

...

a + (n − 2)da + (n − 1)d · · · a + (n − 4)da + (n − 3)d

a + (n − 1)d a · · · a + (n − 3)da + (n − 2)d

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(4-2)

¡�'uêé(a, d)�n�SmarrandacheÌ��â?ê1�ª�L«�SCAD(n; a, d).

3©z[34]¥, Murthy�Ñ
e¡ü�Ún.

ÚÚÚnnn 4.3 éu?Û��ên,

SCND(n) = (−1)
n
2 nn−1 (n + 1)

2
. (4-3)

ÚÚÚnnn 4.4 éu?¿��ên�?¿Eêéa, d, k

SCAD(n; a, d) =







a, �n = 1�,

(−1)
n
2 (nd)n−1 (a+(n−1)d)

2 ,�n > 1�.
(4-4)


3©z[35]¥, Le Maohuay²
'uSCND(n)�SCAD(n; a, d)�ßÿ. =Le

Maohua|^®���1�ª
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a1 a2 · · · an−1 an

an a1 · · · an−2 an−1

...
...

...
...

a3 a4 · · · a1 a2

a2 a3 · · · an a1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=
∏

xn=1

(a1 + a2x + · · · + anxn) (4-5)

y²
Ún4.3�4.4¢Sþ�±��O�=�.

X�O�ª(4-1), ��l�.�1n1m©, þ�1�−1�\�e�1, 
1�1

ØÄ, ¦

SCND(n) =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 2 · · · n − 1 n

1 1 · · · 1 1 − n
...

...
...

...

1 1 · · · 1 1

11 − n · · · 1 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.
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,�12��1n��Ü\�1��, 2r1��Ðm���(Ø,=

SCND(n)=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

n(n − 1)/2 2 · · · n − 1 n

0 1 · · · 1 1 − n
...

...
...

...

0 1 · · · 1 1

0 1 − n · · · 1 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=
n(n + 1)

2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 · · · 11 − n
...

...
...

1 · · · 1 1

1 − n · · · 1 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
n−1

=(−1)
n
2 nn−1 (n + 1)

2
.

Ó�, ª(4-2)��^ù«�{O�.

rSCND(n)��z, �a1, a2, · · · , an´n�Eê,n × n 1�ª
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a1 a2 · · · an−1 an

a2 a3 · · · an a1

...
...

...
...

an−1 an · · · an−3 an−2

an a1 · · · an−2 an−1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(4-6)

¡�'uëêa1, a2, · · · , an�n�SmarandacheÌ�1�ª�L«�SCD(a1, a2, · · · , an).é

un�SmarandacheÌ�1�ªSCD(a1, a2, · · · , an), A^ª(4-5), ���e¡�½n.

½½½nnn 4.5 éun�?¿Eêa1, a2, · · · , an,

SCD(a1, a2, · · · , an) = (−1)r
∏

xn=1

(a1 + a2x + · · · + anxn−1), (4-7)

Ù¥

r =







n
2 − 1, en´óê,

(n − 1)/2,en´Ûê.
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SCD(a1, a2, · · · , an)�,�«AÏ�¹´: �a, qü�Eê, n × n1�ª
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a aq · · · aqn−2 aqn−1

aq aq2 · · · aqn−1 a
...

...
...

...

aqn−2 aqn−1 · · · aqn−4 aqn−3

aqn−1 a · · · aqn−3 aqn−2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(4-8)

¡�'u(a, q)�n�SmarandacheÌ�AÛ?ê1�ª�L«�SCGD(n; a, q).

éu, n�SmarandacheÌ�AÛ?ê1�ªSCGD(n; a, q), kXe�½n:

½½½nnn 4.6 éu?¿��ên�?¿Eêéa, q,

SCGD(n; a, q) = (−1)ran(1 − qn)n−1. (4-9)

½n4.6�y²:lª(4-6)!(4-8)k

SCGD(n; a, q) = SCD(a, aq, aq2, · · · , aqn−1),

2dª(4-7), �±��

SCD(a, aq, aq2, · · · , aqn−1)=(−1)r
∏

xn=1

(a + aqx + aq2x2 + · · · + aqn−1xn−1)

=(−1)ran
∏

xn=1

(1 + qx + q2x2 + · · · + qn−1xn−1).

XJxn = 1,K(1 + qx + q2x2 + · · · + qn−1xn−1)(1 − qx) = 1 − qn,du

∏

xn=1

(1 − qx) = qn
∏

xn=1

(
1

q
− x

)

= qn

(
1

qn
− x

)

= 1 − qn,

���ª(4-9). ¤±½n4.6¤á. ¢Sþ, Ún4.3!Ún4.4!½n4.6Ñ´½n4.5�A

Ï�¹.

4.3.2 Smarandache Vé¡1�ª

3©z[35]¥, éu?¿��ên, n × n1�ª
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 2 · · · n − 1 n

2 3 · · · n n − 1
...

...
...

...

n − 1 n · · · 3 2

n n − 1 · · · 2 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(4-10)

¡�n�SmarandacheVé¡1�ª�L«�SBND(n).
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�a,büEê,n × n1�ª
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a a + d · · · a + (n − 2)da + (n − 1)d

a + b a + 2d · · · a + (n − 1)da + (n − 2)d
...

...
...

...

a + (n − 2)da + (n − 1)d · · · a + 2d a + d

a + (n − 1)da + (n − 2)d · · · a + d a

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(4-11)

¡�'u(a, d)�n�SmarandacheVé¡�â?ê1�ª�L«�SBAD(n; a, d).

'un�SmarandachVé¡1�ªSBND(n)�SmarandachVé¡�â?ê1�

ªSBAD(n; a, d) , Le Maohuay²
e
�Ún4.6,Ún4.7.

ÚÚÚnnn 4.5 éu?¿��ên,

SBND(n) = (−1)
n(n−1)

2 2n−1(n + 1). (4-12)

ÚÚÚnnn 4.6 éu?¿��ên�?¿Eêéa, d,

SBAD(n; a, d) = (−1)
n(n−1)

2 2n−2dn−1 (2a + (n − 1)d) . (4-13)

�a, d´Eê, n × n1�ª
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a aq · · · aqn−2 aqn−1

aq aq2 · · · aqn−1 aqn−2

...
...

...
...

aqn−2 aqn−1 · · · aq2 aq

aqn−1 aqn−2 · · · aq a

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(4-14)

¡�'u(a, q)�n�SmarandacheVé¡AÛ?ê1�ª�L«�SBGD(n; a, q).

'un�SmarandacheVé¡AÛ?ê1�ªSBGD(n; a, q),ke¡�½n.

½½½nnn 4.7 éu?¿��ên�Eêéa, d,

SCGD(n; a, d) =







0, �n = 2�,

(−1)
n(n−1)

2 anqn(n−2)(n−1)(q2 − 1)n−1,�n 6= 2�.
(4-15)

½n4.7�y²:�O�ª(4-14), �IO�
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 q · · · an−2 qn−1

q q2 · · · qn−1 qn−2

...
...

...
...

qn−2 qn−1 · · · q2 q

qn−1 qn−2 · · · q 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

. (4-16)

68



1oÙ SmarandacheS�ïÄ

dª(4-14), �n = 1½n = 2�, ��ª(4-15)¤á. Ïd�b½n > 2. rª(4-16)�

12�JÑúÏfq,12 ��−1�\�11�, ,�U11�Ðm, �
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 q · · · an−2 qn−1

q q2 · · · qn−1 qn−2

...
...

...
...

qn−2 qn−1 · · · q2 q

qn−1 qn−2 · · · q 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= q(−1)n+1(qn−1 − qn−3) ·

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 q · · · an−2 qn−1

q q3 · · · qn−1 qn−2

...
...

...
...

qn−3 qn−1 · · · q3 q2

qn−2 qn−2 · · · q2 q

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= q(−1)n−1(qn−1 − qn−3)q2(−1)n · (qn−2 − qn−4) · · ·

qn−2(−1)4(q2 − 1)

∣
∣
∣
∣
∣
∣

1 qn−1

q qn−2

∣
∣
∣
∣
∣
∣

=(−1)
n(n−1)

2 q(n−2)(n−1)(q2 − 1)n−1.

dd, ���ª(4-15). ½n4.7�y.

í2SBND(n)����/. �a1, a2, · · · , an,´n �Eê, n × n1�ª
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a1 a2 · · · an−1 an

a2 a3 · · · an an−1

...
...

...
...

an−1 an · · · a3 a2

an an−1 · · · a2 a1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(4-17)

¡�'uëêa1, a2, · · · , an�n�SmarandacheVé¡1�ª�L«�SBD(a1, a2, · · · , an).

éuSBD(a1, a2, · · · , an)�O�, �´���)û�¯K.

4.4 Smarandache ��ê

�N+´�N��ê�8Ü. éu��ên, �

S(n) = min{k|k ∈ N+, n|k!}. (4-18)

Xd�S(n)¡�'un�Smarandache¼ê. �n´��ê, XJn�ØÓ�ê�Ú�

u2n, K¡n´��ê. �Ï±5, ��ê��´êØ¥���Ú<'5�¯K[41]. �

C, Ashbacher[42]ò��ê�Vgí2�
Smarandache¼ê��, ò÷v

∑

d|n
S(d) = n + 1 + S(n) (4-19)

���ên¡�Smarandache��ê.éd, Ashbachery²
: �n 6 106�,=kSmarandache�
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�ê12. �!ò?�Ú0�Smarandache��ê, =y²
:

½½½nnn 4.8 =kSmarandache��ê12.

ÚÚÚnnn 4.7 XJ

n = pr1
1 pr2

2 · · · prk

k (4-20)

´��ên�IO©)ª, K

S(n) = max {S(pr1
1 ), S(pr2

2 ), · · · , S(prk

k )} . (4-21)

yyy²²²:ë�©z[43].

ÚÚÚnnn 4.8 éu�êpÚ��êr, 7kS(pr) 6 pr.

yyy²²²:ë�©z[43].

ÚÚÚnnn 4.9 éu��ên,�d(n)´n�Øê¼ê. d�,d(n)´È5¼ê;�(4-20)´n�I

O©)ª,K

d(n) = (r1 + 1)(r2 + 1) · · · (rk + 1). (4-22)

yyy²²²:ë�©z[44]¥�~6.4.2.

ÚÚÚnnn 4.10 Ø�ª

n

d(n)
< 2, n ∈ N (4-23)

=k)n = 1, 2, 3, 4, 6.

e¡y²½n4.8. �n´·Ün 6= 12�Smarandache��ê. �â©z[41]¥�(

J, ��n > 106. �(4-20)´n�IO©)ª. �âÚn4.7��

S(n) = S(pr), (4-24)

Ù¥

p = pj, r = rj, 1 6 j 6 k. (4-25)

l(4-24)��

n|S(pr)!, (4-26)

¤±éun�?Û�êdÑk

S(d) 6 S(pr). (4-27)
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éu��ên, �

g(n) =
∑

d|n
S(d). (4-28)

d�, l(4-19)Ú(4-28)��n·Ü

g(n) = n + 1 + S(n). (4-29)

q�d(n)´n�Øê¼ê.l(4-27)Ú(4-29)��

d(n)S(pr) > n. (4-30)

dul(4-20)Ú(4-24)��gcd(pr, n/pr) = 1, ¤±

n = prm,m ∈ N, gcd(pr, m) = 1. (4-31)

qlÚn4.9��,d(n)´È5¼ê, �l(4-31)��

d(n) = d(pr)d(m) = (r + 1)d(m). (4-32)

ò(4-31)Ú(4-32)�\(4-30)=�

(r + 1)S(pr)

pr
> 3

m

d(m)
. (4-33)

�f(n) = n
d(n) , d�(4-33)��¤

(r + 1)S(pr)

pr
> f(m). (4-34)

u´, �âÚn4.8ÚÚn4.10, l(4-34)��: =kSmarandache��ê12. ½n4.8y..

4.5 Smarandache 3n êiS�

é?¿��ên, Í¶�Smarandache 3nêiS�an½Â�

an = 13, 26, 39, 412, 515, 618, 721, 824, ....

Tê��z��êÑ�±©�üÜ©, ¦�12Ü©´11Ü©�3�. ~X, a12 =

1236, a20 = 2060, a41 = 41123, a333 = 333999, ....ù�ê�´Í¶êØ;[Smarandache�

Ç3©z[7]Ú©z[46]¥JÑ�, Ó�¦ïÆ<�ïÄTê��5�. 'uù�

¯K, ®ÚåØ�Æö�5¿, ¿���
ïÄ¤J[47−49].3©z[49]¥, Ü©+ß

ÿSmarandache 3nêiS�¥�Uvk��²�ê, �,©z[49]¥vk��)ûTß

�, �y²
±e(Ø:

(a)�n�Ã²�Ïfê�, anØ�U´��²�ê;
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(b)�n���²�ê�, anØ�U´��²�ê;

(c)XJan´����²�ê,@okn = 22a1 ·32a2 ·52a3 ·112a4 ·n1,Ù¥(n1, 330) = 1.

ù
(Ø�ß���(5Jø
­��â, �«
ïÄT¯K��
g´Ú�{,

l,��¡w«ÑSmarandache 3nêiS���
S35�. 'uù�ê�cn��¦

Ú¯K´k¿Â�, �Ò´`´Ä�3a1 + a2 + ... + aN ���(��¦Úúª½öì

Cúª? ²L{üí�ÚO�, �±�Ñ��E,�O�úª, Ù(J�N�(�/ª

k', �´/ª¿Øn�, 
�l¥ØU��Ì�Ü©, =ØU��ìCúª. u´, �

!�Äþ�

ln a1 + ln a2 + ... ln aN

�ìC5¯K, |^Ð��{9�ê�? 5�y²
e¡�(Ø.

½½½nnn 4.9 é?¿¿©����êN , kìCúª

∑

n6N

ln an = 2N · ln N + O(N).

e¡y²T½n. Äk�Äan�(�, �n�k ê, =n = bkbk−1...b2b1,Ù¥1 6

bk 6 9, 0 6 bi 6 9(i = 1, 2, ..., k − 1). u´d¦{�? {K��, �

333...34
︸ ︷︷ ︸

k−1

6 n 6 333...3
︸ ︷︷ ︸

k

�, 3n�k ê; �

333...34
︸ ︷︷ ︸

k

6 n 6 333...33
︸ ︷︷ ︸

k+1

�, 3n�k + 1 ê. dan�½Âá���

an = n · (10k + 3),

½

an = n · (10k+1 + 3).

é?¿¿©����êN , w,�3��êM , ¦�:

333...33
︸ ︷︷ ︸

M

< n 6 333...33
︸ ︷︷ ︸

M+1

. (4-35)

u´dc¡�©Û, kð�ª

∏

16n6N

an =
3∏

n=1

an ·
33∏

n=4

an · · ·
1
3
(10M−1)
∏

n= 1
3
(10M−1−1)+1

an ·
N∏

n= 1
3
(10M−1)+1

an =

N !(10 + 3)3 · (100 + 3)30 · ... · (10M + 3)3·10
M−1 · (10M+1 + 3)N− 1

3
(10M−1). (4-36)
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5¿��x → 0�, k�Oªln(1 + x) = x + O(x2),¤±

M∑

k=1

ln(10k + 3)3·10
k−1

=
M∑

k=1

3 · 10k−1 ·
(

k · ln 10 +
3

10k
+ O

(
1

102k

))

=
M∑

k=1

k · 10k−1 · 3 ln 10 +
9

10
M + O(1)

=
1

3
M · 10M · ln 10 − 1

27
(10M − 1) · ln 10 +

9

10
M + O(1)

=
1

3
M · 10M · ln 10 + O(N). (4-37)

ln(10M+1 + 3)N− 1
3(10

M−1) =

(

N − 1

3

(
10M − 1

)
)

ln(10M+1 + 3)

=

(

N − 1

3

(
10M − 1

)
)

(M + 1) ln 10 + O(1)

=N · M · ln 10 − 1

3
· M · 10M · ln 10 + O(N). (4-38)

A^Euler¦Úúª½½È©�5�, N´��

ln(N !) =
∑

16n6N

ln n = N · ln N − N + O(1). (4-39)

5¿�ª(4-35), ØJ�Ñ�Oª

10M < N 6 10M+1,

½ö

ln N = M ln 10 + O(1). (4-40)

(Üð�ª(4-36)9ì?úª(4-37)-(4-40), á���ìCúª

∑

n6N

ln an

=
∑

16n6N

ln n +
M∑

k=1

ln(10k + 3)3·10
k−1

+ ln(10M+1 + 3)N− 1
3
(10M−1)

=2N · ln N + O(N).

u´½n4.9�y. w,, ù�ìCúª�'�o÷, ´Ä�3�°(�ìCúª, �k

�u?�ÚïÄ.
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4.6 Smarandache kn êiS�

éu∀k ∈ N+, Í¶�Smarandache kn êiS�{a (k, n)}½Â�ù��ê8, T8

Ü¥�z��êÑ�±©¤üÜ©, ¦�1�Ü©´1�Ü©�k�. ~Xþ�!�Ñ


Smarandache 3nêiS�

{a (3, n)} = {13, 26, 39, 412, 515, 618, 721, 824, ...} ,

=Ò´Tê��z��êÑ�±©�üÜ©, 1�Ü©´1�Ü©�3�.

þ�!¥�Ñ
'u

ln a (3, n)

�þ�5�, y²
ìCúª

∑

n6N

ln a (3, n) = 2N · ln N + O (N) .

'uù�ê��Ù¦5�, �8q��vk<ïÄ, ïÄù�ê��5�´k¿Â�,

���±�NÑù
AÏê��A�9©Ù5�. �!¤�9�Ð�êØ�£�ë�

©z[6]. �!|^Ð�9|Ü�{ïÄ


n

a (k, n)

�þ�5�, ¿�Ñ
A�k��ìCúª.

½½½nnn 4.10 �k ∈ N+, 2 6 k 6 5, Ké?¿¿©���êx, kìCúª

∑

16n6x

n

a (k, n)
=

9

k · 10 · ln 10
ln x + O (x) .

½½½nnn 4.11 �k ∈ N+, 6 6 k 6 9,K�¢êx ¿©��, EkìCúª

∑

16n6x

n

a (k, n)
=

9

k · 10 · ln 10
ln x + O (x) .

AO/, �k = 396 �, d½n4.10��±íÑe¡íØ:

íííØØØ 4.3 é?¿¿©���êx, kìCúª

∑

16n6x

n

a (3, n)
=

3

10 · ln 10
ln x + O (x) .

íííØØØ 4.4 é?¿¿©���êx, kìCúª

∑

16n6x

n

a (6, n)
=

3

20 · ln 10
ln x + O (x) .
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w,ùA�ìCúªØ´�©°(, ´Ä�3�°(�ìCúªE,´��úm�¯

K, ò´UYïÄ�8I.

e¡y²ùü�½n. �y²½n4.10 ¥k = 293 ��¹, aq/�±íÑ½

n4.10 ¥k = 4, 59½n4.11. Äky²½n4.10¥k = 2. �Ä�a (2, n)�(�, �n�

�?�L«�k  ê, =Ò´

n = bkbk−1 · · · b2b1,

Ù¥

1 6 bk 6 9, 0 6 bi 6 9, i = 1, 2, · · ·, k − 1.

u´d¦{�? {K��, �10k−1 6 n 6 5 · 10k−1 − 1�, 2n �k  ê; �5 · 10k−1 6

n 6 10k − 1�, 2n �k + 1 ê. da (2, n)�½Âá���

a (2, n) = n ·
(
10k + 2

)
,

½ö

a (2, n) = n ·
(
10k+1 + 2

)
.

é?¿¿©���êx, w,∃M ∈ N+¦�

5 · 10M
6 x < 5 · 10M+1, (4-41)

u´kð�ª

∑

16n6x

n

a (2, n)

=
4∑

n=1

n

a (2, n)
+

49∑

n=5

n

a (2, n)
+

499∑

n=50

n

a (2, n)
+

4999∑

n=500

n

a (2, n)
+

· · · +
5·10M−1∑

n=5·10M−1

n

a (2, n)
+

∑

5·10M6n6x

n

a (2, n)

=
4∑

n=1

1

10 + 2
+

49∑

n=5

1

102 + 2
+

499∑

n=50

1

103 + 2
+

4999∑

n=500

1

104 + 2

· · · +
5·10M−1∑

n=5·10M−1

1

10M+1 + 2
+

∑

5·10M6n6x

1

10M+2 + 2

=
5 − 1

10 + 2
+

50 − 5

102 + 2
+

500 − 50

103 + 2
+

5000 − 500

104 + 2
+

· · · + 5 · 10M − 5 · 10M−1

10M+1 + 2
+ O

(
x − 5 · 10M

10M+2 + 2

)

=
9 · 10

2 ·
(
102+2

) +
9 · 102

2 ·
(
103+2

) +
9 · 103

2 ·
(
104+2

) + · · · + 9 · 10M

2 ·
(
10M+1+2

) + O (1)
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=
9 ·
(
102 + 2 − 2

)

20 ·
(
102 + 2

) +
9 ·
(
103 + 2 − 2

)

20 ·
(
103 + 2

) +
9
(
104 + 2 − 2

)

20
(
104 + 2

) +

· · · + 9
(
10M+1 + 2 − 2

)

20
(
10M+1 + 2

) + O (1)

=
9

20
M + O

(
M∑

m=1

1

10m

)

+ O (1)

=
9

20
M + O (1) . (4-42)

5¿�ª(4-41) , �éê�k�Oª

M ln 10 + ln 5 6 x < ln 5 + (M + 1) ln 10

½ö

M =
1

ln 10
ln x + O (1) .

¤±dª( 4-42) ��ìCúª

∑

16n6x

n

a (k, n)
=

9

20 · ln 10
ln x + O (x) .

u´y²
½n4.10¥k = 2��¹.

y3y²½n4.10 ¥k = 3��¹. �Ä�ê�a (3, n)�(�, �n��?�L«

�k ê, =Ò´

n = bkbk−1 · · · b2b1,

Ù¥

1 6 bk 6 9, 0 6 bi 6 9, i = 1, 2, · · ·k − 1.

u´d¦{�? {K��, �

333 · · · 34
︸ ︷︷ ︸

k−1

6 n 6 333 · · · 33
︸ ︷︷ ︸

k

�, 3n�k ê; �

333 · · · 34
︸ ︷︷ ︸

k

6 n 6 333 · · · 33
︸ ︷︷ ︸

k+1

�, 3n�k + 1 ê. u´�n�k ê�, da (3, n)�½Â��

a (3, n) = n ·
(
10k + 3

)
,

½ö

a (3, n) = n ·
(
10k+1 + 3

)
.
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é?¿¿©���êx, w,∃M ∈ N+, ¦�

333 · · · 33
︸ ︷︷ ︸

M

6 x < 333 · · · 33
︸ ︷︷ ︸

M+1

, (4-43)

u´kð�ª

∑

16n6N

n

a(3, n)

=
3∑

n=1

n

a(3, n)
+

33∑

n=4

n

a(3, n)
+

333∑

n=34)

n

a(3, n)
+

3333∑

n=334

n

a(3, n)
+

· · ·
1
3
·(10M−1)
∑

n= 1
3
·(10M−1−1)+1

n

a(3, n)
+

∑

1
3
(10M−1)+16N6x

n

a(3, n)

=
3∑

n=1

1

10 + 3
+

33∑

n=4

1

102 + 3
+

333∑

n=34

1

103 + 3
+

3333∑

n=334

1

104 + 3
+

· · · +
1
3
·(10M−1)
∑

n= 1
3
·(10M−1−1)+1

1

10M + 3
+

∑

1
3
·(10M−1)+16n6x

1

10M+1 + 3

=
3

10 + 3
+

33 − 3

102 + 3
+

333 − 33

103 + 3
+

3333 − 333

104 + 3
+

· · · +
1
3 · (10M − 1) − 1

3(10M−1 − 1)

10M + 3
+ O

(

x − 1
3 · (10M − 1)

10M+1 + 3

)

=
3 · 1

10 + 3
+

3 · 10

102 + 3
+

3 · 102

103 + 3
+

3 · 103

104 + 3
+

· · · + 3 · 10M−1

10M + 3
+ O(1)

=
3 · (10 + 3 − 3)

10 · (10 + 3)
+

3 · (102 + 3 − 3)

10 · (102 + 3)
+

3 · (103 + 3 − 3)

10 · (103 + 3)
+

3 · (104 + 3 − 3)

10 · (104 + 3)
+

· · · + 3 · (10M+1 + 3 − 3)

10 · (10M + 3)
+ O(1)

=
3

10
M + O

(
M∑

m=1

1

10m

)

+ O(1)

=
3

10
M + O(1). (4-44)

5¿�ª(4-43) =´

1

3
·
(
10M − 1

)
6 x <

1

3
·
(
10M+1 − 1

)
,

u´k�Oª

M =
1

ln 10
ln x + O (1) .
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¤±dª(4-44) ��ìCúª

∑

16n6x

n

a (3, n)
=

3

10 · ln 10
ln x + O (x) .

u´�¤
½n4.10 ¥k = 3�y². |^Ó���{��±íÑ½n4.10 ¥k = 4, 5�

(Ø. �u½n4.11 �y², Ú½n4.10 �y²aq, �´3¦Ú¥én �©{ØÓ, ù

pÒØ��Þ~.

4.7 Smarandache ²�ê�

é?¿�K�ên, ^SP (n)L«n�Smarandache��²�ê, =Ò´�u½�un

�����²�ê. ~XTê��cA��:

0, 1, 4, 4, 4, 9, 9, 9, 9, 9, 16, 16, 16, 16, 16, 16, 16, 25, · · · .

^IP (n)L«n�Smarandache��²�ê, =Ò´Ø�Ln�����²�ê.ù�ê�

�cA��:

0, 1, 1, 1, 4, 4, 4, 4, 4, 9, 9, 9, 9, 9, 9, 9, 16, 16, 16, 16, 16, 16, 16, 16, 16, 25, · · · .

-

Sn =
(SP (1) + SP (2) + · · · + SP (n))

n
;

In =
(IP (1) + IP (2) + · · · + IP (n))

n
;

Kn = n
√

SP (1) + SP (2) + · · · + SP (n);

Ln = n
√

IP (1) + IP (2) + · · · + IP (n).

3©z[7]¥, {7ÛêZæÍ¶êØ;[Smarandache�ÇJÑ
ùü�ê�,

¿ïÆ<�ïÄ§��«5�, k'ù
SNÚk'�µë�©z[51, 52, 57].3©

z[56]¥, F�Kenichiro KashiharaÆ¬2géùü�ê��)
,�, Ó�JÑ
ïÄ

4�Sn

In
!Sn − In!

Kn

Ln
9Kn − Ln�ñÑ5¯K, XJÂñ, ¿¦Ù4�. 3©z[60]¥,

��ÄgïÄ
ùA�þ��ìC5¯K, ¿|^Ð�9)Û�{y²
e¡A�(

Ø:
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½½½nnn 4.12 é?¿¢êx > 2, kìCúª

∑

n6x

SP (n) =
x2

2
+ O(x

3
2 );

∑

n6x

IP (n) =
x2

2
+ O(x

3
2 ).

dd½ná�íÑe¡�íØ:

íííØØØ 4.5 é?¿��ên, kìCúª

Sn

In
= 1 + O(n− 1

2 );

94�ª

lim
n→∞

Sn

In
= 1.

íííØØØ 4.6 é?¿��ên, kìCúª

Kn

Ln
= 1 + O(n− 1

2 );

94�ª

lim
n→∞

Kn

Ln
= 1,

lim
n→∞

(Kn − Ln) = 0.

,
, 'uSn − In�ìC5¯K, �8q�vk<ïÄ, ��vk3yk�©

z¥w�.,
, �ö@�ù�¯K´k��, Ù�Ï3u��¡§�)û�±é

©z[56]¥�¯K�±���£�, xþ�÷�éÒ;,��¡��±�xÑü«ê

�SP (n)9IP (n)���«O.�ÖÄu©z[60]¥�g�¿(ÜÓa��Ü¿±9Ø�

��°(?n, ïÄ
Sn − In�ìC5¯K, ¼�
���r�ìCúª, äN/`�

Ò´y²
e¡�½n.

½½½nnn 4.13 éu?¿��ên > 2, kìCúª

Sn − In =
4

3

√
n + O(1).

ù�(J�Ö
©z[60]�Øv, Ó�ò©z[56]¥éê�Sn9InJÑ�¤k¯K

��
)û. �,, dT½n��±íÑe¡�4�:

lim
n→∞

(Sn − In)
1
n = 1;

lim
Sn − In√

n
=

4

3
.
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e¡y²d½n. |^Ð��{9Euler¦Úúª©OéSn9In?1�~°(��

O, �ª|^ü�°(��O�Ñ½n�y².é?¿��ên > 2, w,�3����

�êM÷v:M2 < n 6 (M + 1)2, =M = n
1
2 + O(1).u´k

S(n)=
1

n

∑

k6n

SP (k) =
1

n

∑

k6M2

SP (k) +
1

n

∑

M2<k6n

SP (k)

=
1

n

∑

h6M

∑

(h−1)2<k6h2

SP (k) +
1

n

∑

M2<k6n

(M + 1)2

=
1

n

∑

h6M

(h2 − (h − 1)2)h2 +
1

n
(n − M2)(M + 1)2

=
1

n

∑

h6M

(2h3 − h2) +
1

n
(n − M2)(M + 1)2

=
M2(M + 1)2

2n
− M(M + 1)(2M + 1)

6n
+

1

n
(n − M2)(M + 1)2

=(M + 1)2 − M(M + 1)(2M + 1)

6n
− M2(M + 1)2

2n
. (4-45)

Ón�âIP (n)�½Â, �kO�úª

In =
1

n

∑

k6n

IP (k) =
1

n

∑

k<M2

IP (k) +
1

n

∑

M26k6n

IP (k)

=
1

n

∑

h6M

∑

(h−1)26k<h2

IP (k) +
1

n

∑

M26k6n

M2

=
1

n

∑

h6M

(h2 − (h − 1)2)(h − 1)2 +
1

n
(n − M2 + 1)M2

=
1

n

∑

h6M

(2h3 − 5h2 + 4h − 1) +
1

n
(n − M2 + 1)M2

=
M2(M + 1)2

2n
− 5M(M + 1)(2M + 1)

6n
+

2M(M + 1)

n
− M

n
+

(n − M2 + 1)M2

n

=M2 − M2(M2 − 2M − 3)

2n
− 5M(M + 1)(2M + 1)

6n
+

2M2 + M

n
. (4-46)

u´d(4-45)Ú(4-46)�

Sn − In =(M + 1)2 − M(M + 1)(2M + 1)

6n
− M2(M + 1)2

2n
−

[

M2 − M2(M2 − 2M − 3)

2n
− 5M(M + 1)(2M + 1)

6n
+

2M2 + M

n

]

=2M + 1 − 2M3 + 7M

3n
. (4-47)

5¿�

M = n
1
2 + O(1),
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d(4-47)ªB�íÑ

Sn − In =2M − 2M

3
+ O(1) =

4

3
M + O(1)

=
4

3

√
n + O(1).
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1ÊÙ Ù§êØ¯K

5.1 ¹kFibonacciê�Lucasê�ð�ª

¯¤±�, FibonacciS�{Fn} �LucasS�{Ln}(n = 0, 1, 2, ...) ´d���548

S�

Fn+2 = Fn+1 + Fn,

Ln+2 = Ln+1 + Ln

5½Â�, Ù¥n > 0, F0 = 0, F1 = 1, L0 = 2 �L1 = 1. ùü�S�3êÆ!ïÓ

Æ!O�ÅD�)ÔÆ���+�Ñu�X4Ù­���^. Ïd'uFn ÚLn ��

«��5��ïÄáÚ
IS	¯õÆö�81. R.L.Duncan[76] ÚL.Kuipers[78] ©O

31967cÚ1969cy²
log Fn ´�1 ��©Ù�. Neville Robbins[81] 31988cïÄ


/Xpx2 ± 1, px3 ± 1 (Ù¥p ´�ê)�Fibonacciê. 'uFibonacciê�ð�ªù�¡

SN, �kØ�é¤��(J. ~X,

m∑

n=0

Fn = Fm+2 − 1,

m−1∑

n=0

F2n+1 = F2m,

m∑

n=0

nFn = mFm+2 − Fm+3 + 2,

m∑

n=0

Cn
mFc−nF n

k Fm−n
k+1 = Fmk+c,

Ù¥Cn
m = m!

n!(m−n)! .

2004c, Ü©+[84]��
�¹Fn ÚLn �A��2��ð�ª

∑

a1+a2+···+ak+1=n

Fm(a1+1)Fm(a2+1) . . . Fm(ak+1+1) = (−1)mnF k+1
m

2kk!
U

(k)
n+k

(
im

2
Lm

)

,

∑

a1+a2+···+ak+1=n+k+1

Lma1Lma2 . . . Lmak+1
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= (−1)m(n+k+1) 2

k!

k+1∑

h=0

(
im+2

2
Lm

)h
(k + 1)!

h!(k + 1 − h)!
U

(k)
n+2k+1−h

(
im

2
Lm

)

,

Ù¥k, m ´?¿��ê, n, a1, a2, . . . , ak+1 ´�K�ê�i ´−1 �²��, Uk(x) ´1

�aChebyshevõ�ª.

´w[90]3dÄ:þq��
'uFibonacciõ�ª�A�ð�ª

∑

a1+a2+···+ak=n

Fa1+1(x) · Fa2+1(x) · · ·Fak+1(x) =

[n
2
]

∑

m=0

Cm
n+k−1−m · Ck−1

n+k−1−2m · xn−2m,

Ù¥Fibonacciõ�ªFn(x)d���548úªFn+2(x) = xFn+1(x) + Fn(x)½Â, �

Ð��F0(x) = 0,F1(x) = 1; Cn
m = m!

n!(m−n)! ,[z]L«Ø�Lz����ê; �x = 1�,

Fn(x) = Fn, dd��A�'uFibonacciê�ð�ª,±eA�úªÑé?¿���êk

Ún¤á

∑

a1+a2+···+ak=n+k

Fa1 · Fa2 · · ·Fak
=

[n
2
]

∑

m=0

Cm
n+k−1−m · Ck−1

n+k−1−2m,

∑

a1+a2+···+ak=n+k

F2a1 · F2a2 · · ·F2ak
= 3k · 5n−k

2

[n
2
]

∑

m=0

Cm
n+k−1−m · Ck−1

n+k−1−2m · 5−m,

∑

a1+a2+···+ak=n+k

F3a1 · F3a2 · · ·F3ak
= 22n+k

[n
2
]

∑

m=0

Cm
n+k−1−m · Ck−1

n+k−1−2m · 16−m,

∑

a1+a2+···+ak=n+k

F4a1 · F4a2 · · ·F4ak
= 3n · 7k · 5n−k

2

[n
2
]

∑

m=0

Cm
n+k−1−m · Ck−1

n+k−1−2m · 45−m,

∑

a1+a2+···+ak=n+k

F5a1 · F5a2 · · ·F5ak
= 5k · 11n

[n
2
]

∑

m=0

Cm
n+k−1−m · Ck−1

n+k−1−2m · 121−m.

�!Ì�ÏLrxnL«¤Chebyshevõ�ª5���¹Fibonacciê�Lucasê�o

�ð�ª. �Ò´, �y²e¡�ü�½n.

½½½nnn 5.1 é?¿�K�ên Ú��êm, kð�ª

L2n
m = (−1)mn (2n)!

(n!)2
+ (2n)!

n∑

k=1

(−1)m(n−k)

(n − k)!(n + k)!
L2km;

L2n+1
m = (2n + 1)!

n∑

k=0

(−1)m(n−k)

(n − k)!(n + k + 1)!
L(2k+1)m.
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½½½nnn 5.2 é?¿�K�ên Ú��êm, kð�ª

L2n
m =

(2n)!

Fm

n∑

k=0

(−1)m(n−k)(2k + 1)

(n − k)!(n + k + 1)!
F(2k+1)m;

L2n+1
m =

2(2n + 1)!

Fm

n∑

k=0

(−1)m(n−k)(k + 1)

(n − k)!(n + k + 2)!
F2(k+1)m.

�!ò�Ñ3½ny²¥I�^��A�Ún. 3�ÑÚn�cÄkI�1�

aChebyshevõ�ªTn(x) Ú1�aChebyshevõ�ªUn(x) (n = 0, 1, · · · ) ���L�
ª

Tn(x) =
1

2

[(

x +
√

x2 − 1
)n

+
(

x −
√

x2 − 1
)n]

,

Un(x) =
1

2
√

x2 − 1

[(

x +
√

x2 − 1
)n+1

−
(

x −
√

x2 − 1
)n+1

]

.

�,§���±^Xe48úª5½Â:

Tn+2(x) = 2xTn+1(x) − Tn(x),

Un+2(x) = 2xUn+1(x) − Un(x),

Ù¥n > 0, T0(x) = 1, T1(x) = x, U0(x) = 1 �U1(x) = 2x.

e¡�ÑXeA�Ún.

ÚÚÚnnn 5.1 é?Û��êm Ún, kð�ª

Tn(Tm(x)) = Tmn(x),

Un(Tm(x)) =
Um(n+1)−1(x)

Um−1(x)
.

y²: ë�©z[84].

ÚÚÚnnn 5.2 �i ´−1 �²��, m Ún ´?¿��ê, Kkð�ª

Un

(
i

2

)

= inFn+1,

Tn

(
i

2

)

=
in

2
Ln,

Tn

(

Tm

(
i

2

))

=
imn

2
Lmn,

Un

(

Tm

(
i

2

))

= imnFm(n+1)

Fm
.

y²: w,kUn

(
i
2

)
= inFn+1, Tn

(
i
2

)
= in

2 Ln, K�âÚn5.1, qN´/��{e

�ü�úª. ùÒy²
Ún5.2.
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ÚÚÚnnn 5.3 é?¿�K�ên, �

xn ≡ 1

2
an·0T0(x) +

∞∑

k=1

an·kTk(x) (5-1)

�

xn ≡
∞∑

k=0

bn·kUk(x), (5-2)

Kk

an·k =







2n!
(n−k)!!(n+k)!! , n > k,n + k´óê;

0, Ù¦.
(5-3)

bn·k =







2(k+1)n!
(n−k)!!(n+k+2)!! , n > k,n + k´óê;

0, Ù¦.
(5-4)

y²: ��, Chebyshevõ�ªkéõ5�(ë�©z[92]). ~X

∫ 1

−1

Tm(x)Tn(x)√
1 − x2

dx =







0, m 6= n,

π
2 , m = n > 0,

π, m = n = 0;

(5-5)

Tn(cos θ) = cosnθ; (5-6)

∫ 1

−1

√

1 − x2Um(x)Un(x) dx =







0, m 6= n,

π
2 , m = n > 0,

π, m = n = 0;

(5-7)

Un(cos θ) =
sin(n + 1)θ

sin θ
. (5-8)

Äky²(5-3)ª. é?¿�K�êm, Äk�(5-1)ªü>Ó�¦± Tm(x)√
1−x2 , 2ü>

l−1 �1 È©, ��A^(5-5)ª��

∫ 1

−1

xnTm(x)√
1 − x2

dx=
1

2
an·0

∫ 1

−1

Tm(x)T0(x)√
1 − x2

dx +
∞∑

k=1

an·k

∫ 1

−1

Tm(x)Tk(x)√
1 − x2

dx

=
π

2
an·m, (m = 0, 1, 2, · · · )

Ïd,

an·m =
2

π

∫ 1

−1

xnTm(x)√
1 − x2

dx.
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�x = cos t, �â(5-6)ªk

an·m =
2

π

∫ π

0

cosnt cosmtdt

=
2

π

∫ π

0

cosnt (cos(m − 1)t cos t − sin(m − 1)t sin t) dt

=
2

π

∫ π

0

cosn+1t cos(m − 1)t dt − 2

π

∫ π

0

cosnt sin(m − 1)t sin t dt

=an+1·m−1 +
2

π
· 1

n + 1

∫ π

0

sin(m − 1)t d(cosn+1t)

=an+1·m−1 +
2

π
· 1

n + 1
· cosn+1t · sin(m − 1)t

∣
∣
∣
∣

π

0

− 2

π
· m − 1

n + 1

∫ π

0

cosn+1t cos(m − 1)t dt

=an+1·m−1 −
m − 1

n + 1
· an+1·m−1

=
n − m + 2

n + 1
· an+1·m−1

=
n − m + 2

n + 1
· n − m + 4

n + 2
· an+2·m−2

= · · ·

=
n − m + 2

n + 1
· n − m + 4

n + 2
· · · n − m + 2m

n + m
· an+m·0

=

(n+m)!!
(n−m)!!

(n+m)!
n!

· an+m·0.

e¡O�an+m·0, w,

an+m·0 =
2

π

∫ π

0

cosn+m t dt.

�
{z, �In =
∫ π
0 cosn t dt. �n �Ûê�, Ï�f(x) = cosx 3«m[0, π] þ´Û¼

ê, K

In =

∫ π

0

cosn t dt = 0; (5-9)

�n �óê�, k

In =

∫ π

0

cosn t dt =

∫ π

0

cosn−1 t d sin t

=sin t cosn−1 t

∣
∣
∣
∣
π
0 + (n − 1)

∫ π

0

sin2 t · cosn−2 t dt

=(n − 1)

∫ π

0

(
1 − cos2 t

)
cosn−2 t dt

=(n − 1)

∫ π

0

cosn−2 t dt − (n − 1)

∫ π

0

cosn t dt
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=(n − 1)In−2 + (n − 1)In. (5-10)

Ïd��'uIn�4íúª

In =
n − 1

n
· In−2. (5-11)

Kdª(5-11)�

In =
n − 1

n
· In−2 =

n − 1

n
· n − 3

n − 2
· In−4

= · · ·

=
n − 1

n
· n − 3

n − 2
· · · 1

2
· I0, (5-12)


dIn�½Â��

I0 =

∫ π

0

cos0 t dt =

∫ π

0

1 · dt = π. (5-13)

Ïd(Üª(5-9), (5-12)Ú(5-13), ��

In =

∫ π

0

cosn t dt

=







(n−1)!!
n!! π, �n ´óê,

0, �n ´Ûê.

dd��

an+m·0 =
2

π

∫ π

0

cosn+m t dt

=







2(n+m−1)!!
(n+m)!! , �n + m ´óê,

0, �n + m ´Ûê.

Ïd

an·m =







(n+m)!!
(n−m)!!
(n+m)!

n!

2(n+m−1)!!
(n+m)!!

= 2n!
(n−m)!!(n+m)!!

, n > m,n + m ´óê,

0, Ù¦.

-m = k, á=��
(5-3)ª.

^aq��{, 5y²(5-4)ª. é?¿�K�êm, Äk�(5-2)ªü>Ó¦

±
√

1 − x2Um(x), 2l−1 �1 È©, ��|^(5-7)ª��

∫ 1

−1

√

1 − x2xnUm(x) dx=
∞∑

k=0

bn·k

∫ 1

−1

√

1 − x2Um(x)Uk(x) dx

=
π

2
bn·m, (m = 0, 1, 2, · · · )
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-m = k, Kk

bn·k =
2

π

∫ 1

−1

√

1 − x2xnUk(x) dx.

�x = cos t �â(5-8)ª, k

bn·k =
2

π

∫ π

0

cosnt · sin(k + 1)t · sin t dt

=
2

π
· −1

n + 1

∫ π

0

sin(k + 1)t d(cosn+1t)

=
2

π
· −1

n + 1

(

cosn+1t · sin(k + 1)t
∣
∣
π

0
− (k + 1)

∫ π

0

cosn+1t · cos(k + 1)t dt

)

=
2

π
· k + 1

n + 1

∫ π

0

cosn+1t · cos(k + 1)t dt

=
k + 1

n + 1
· an+1·k+1.

|^(5-3)ª, k

bn·k =







2(k+1)n!
(n−k)!!(n+k+2)!! , n > k,n + k ´óê;

0, ÄK.

Ïd��
(5-4)ª. ùÒy²
Ún2.3.

ÚÚÚnnn 5.4 é?¿�K�ên, rxn L«¤Xe�/ª

x2n =
(2n)!

4n(n!)2
T0(x) +

2(2n)!

4n

n∑

k=1

1

(n − k)!(n + k)!
T2k(x)

=
(2n)!

4n

n∑

k=0

2k + 1

(n − k)!(n + k + 1)!
U2k(x),

x2n+1 =
(2n + 1)!

4n

n∑

k=0

1

(n − k)!(n + k + 1)!
T2k+1(x)

=
(2n + 1)!

4n

n∑

k=0

k + 1

(n − k)!(n + k + 2)!
U2k+1(x).

y²: 3Ún5.3�ª(5-3)Úª(5-4)¥, �ank 6= 0 �, n + k 7�óê, =n �k ä

k�Ó�Ûó5, |^ù�:, òy²Ún5.4.

Äky²1���ª, �âª(5-1)9(5-3), k

x2n =
1

2
a2n·0T0(x) +

∞∑

k=1

a2n·kTk(x)

=
1

2
a2n·0T0(x) +

n∑

k=1

a2n·2kT2k(x)
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=
1

2
· 2(2n)!

(2n)!!(2n)!!
T0(x) +

n∑

k=1

2(2n)!

(2n − 2k)!!(2n + 2k)!!
· T2k(x)

=
(2n)!

4n(n!)2
T0(x) +

2(2n)!

4n

n∑

k=1

1

(n − k)!(n + k)!
· T2k(x),

,��¡, dª(5-2)Úª(5-4)�

x2n =
∞∑

k=0

b2n·kUk(x)

=
n∑

k=0

b2n·2kU2k(x)

=
n∑

k=0

2(2k + 1)(2n)!

(2n − 2k)!!(2n + 2k + 2)!!
· U2k(x)

=
(2n)!

4n

n∑

k=0

2k + 1

(n − k)!(n + k + 1)!
· U2k(x).

éu1���ª, Ï�2n + 1 ´Ûê, ¤±a2n+1·0 = 0, ÏddÚn5.3¥ª(5-1)Ú

ª(5-3), k

x2n+1 =
∞∑

k=1

a2n+1·kTk(x)

=
n∑

k=0

a2n+1·2k+1T2k+1(x)

=
n∑

k=0

2(2n + 1)!

(2n − 2k)!!(2n + 2k + 2)!!
· T2k+1(x)

=
(2n + 1)!

4n

n∑

k=0

1

(n − k)!(n + k + 1)!
· T2k+1(x),

,��¡, dª(5-2)Úª(5-4)�

x2n+1 =
∞∑

k=0

b2n+1·kUk(x)

=
n∑

k=0

b2n+1·2k+1U2k+1(x)

=
n∑

k=0

2(2k + 2)(2n + 1)!

(2n − 2k)!!(2n + 2k + 4)!!
· U2k+1(x)

=
(2n + 1)!

4n

n∑

k=0

k + 1

(n − k)!(n + k + 2)!
· U2k(x).

ùÒy²
Ún5.4.
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y35�Ñ1�!ü�½n�y².

½n5.1�y²: �âÚn5.4, -x = Tm(x), Kk

T 2n
m (x) =

(2n)!

4n(n!)2
T0(Tm(x)) +

2(2n)!

4n

n∑

k=1

1

(n − k)!(n + k)!
T2k(Tm(x)),

T 2n+1
m (x) =

(2n + 1)!

4n

n∑

k=0

1

(n − k)!(n + k + 1)!
T2k+1(Tm(x)),

2-x = i
2
¿�\þª, �âÚn5.2 �±��

i2mn

22n
L2n

m =
(2n)!

4n(n!)2
+

2(2n)!

4n

n∑

k=1

1

(n − k)!(n + k)!

i2mk

2
L2mk,

i(2n+1)m

22n+1
L2n+1

m =
(2n + 1)!

22n

n∑

k=0

1

(n − k)!(n + k + 1)!

i(2k+1)m

2
Lm(2k+1).

=

L2n
m = (−1)mn (2n)!

(n!)2
+ (2n)!

n∑

k=1

(−1)m(k−n)

(n − k)!(n + k)!
L2km,

L2n+1
m = (2n + 1)!

n∑

k=0

(−1)m(k−n)

(n − k)!(n + k + 1)!
Lm(2k+1).

ùÒ�¤
½n5.1�y².

½n5.2�y²: |^Ún5.4, k

T 2n
m (x) =

(2n)!

4n

n∑

k=0

2k + 1

(n − k)!(n + k + 1)!
U2k(Tm(x)),

T 2n+1
m (x) =

(2n + 1)!

4n

n∑

k=0

k + 1

(n − k)!(n + k + 2)!
U2k+1(Tm(x)),

¿�-x = i
2 , �âÚn5.2 k

i2mn

22n
L2n

m =
(2n)!

4n

n∑

k=0

2k + 1

(n − k)!(n + k + 1)!
i2mk Fm(2k+1)

Fm
,

im(2n+1)

22n+1
L2n+1

m =
(2n + 1)!

4n

n∑

k=0

k + 1

(n − k)!(n + k + 2)!
i(2k+1)m Fm(2k+2)

Fm
.

z{��

L2n
m = (2n)!

n∑

k=0

(−1)m(k−n)(2k + 1)

(n − k)!(n + k + 1)!

Fm(2k+1)

Fm
,

L2n+1
m = 2(2n + 1)!

n∑

k=0

(−1)m(k−n)(k + 1)

(n − k)!(n + k + 2)!

F2m(k+1)

Fm
.
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ùÒy²
½n5.2.

5.2 Dirichlet L-¼ê�n�Ú

é�«n�Ú��O´)ÛêØ¥�­��ïÄ�K��. �p ´�ê, f(x) =

a0 + a1x + · · · + akx
k ´���êXê�kgõ�ª, �÷v(p, a0, a1, . . . , ak) = 1. @

31932c, L. J. Mordell[93]ïÄ
Xe¤ã��Cên�Ú¿��
Í¶�½n

p−1
∑

x=1

e

(
f(x)

p

)

≪ p1− 1
k ,

Ù¥e(y) = e2πiy.

3�c�uÛ�[94,95,101]ÚDnä[102]òù�¯K*Ð�
ü�Cþ, =

p−1
∑

x=1

p−1
∑

y=1

e

(
f(x, y)

p

)

≪ p2− 2
k ,

Ù¥f(x, y)´'uü�Cþx Úy �kgõ�ª, �´¢Ã�´, ù�(JØUÚüCþ

n�Úp�=�.

��, L. Carlitz ÚS. Uchiyama[103]qU?
©z[93]�(J
∣
∣
∣
∣
∣

p−1
∑

x=1

e

(
f(x)

p

)
∣
∣
∣
∣
∣
6 k

√
p,

Ù¥k > 2.

�!¥, ½ÂXe�A��n�Ú

q
∑

a=1

χ(a)e

(
f(a)

q

)

,

Ù¥χ ´���q �DirichletA�, �q ∤ (a0, a1, . . . , ak).

�f(a) = na�, Tn�ÚC¤
GaussÚ

G(n, χ) =

q
∑

a=1

χ(a)e

(
an

q

)

.

AO/, �n = 1, P

τ (χ) =

q
∑

a=1

χ(a)e

(
a

q

)

.

�χ = χ0�, P

Cq(n) =

q
∑

′

a=1

e

(
na

q

)

,
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¡�RamanujanÚ, Ù¥

q
∑

′

a=1

L«é¤k�qp��a ¦Ú. ù´þ¡¤?Ø�n�Ú�

AÏ�¹(eq = p ´�ê�f(a) = na), �,§�5��
)
éõ.

'uGaussÚ�5�, w,k

G(n1, χ) = G(n2, χ), n1 ≡ n2(modq),

G(−n, χ) = χ(−1)G(n, χ), G(n, χ̄) = χ(−1)G(n, χ̄),

G(n, χ) = χ̄(n)τ (χ), (n, q) = 1,

Cq(n) = Cq(1) = τ (χ0), (n, q) = 1,

d�, χ ´�q�A�, χ0 ´ÌA�, �q, n ´��ê.

,	, eχ, χ1 Úχ2 ©O��q, q1 Úq2�A�, �÷v^�

q = q1q2, (q1, q2) = 1, χ = χ1χ2,

KGaussÚ�±©)�eª

G(n, χ) = χ1(q2)χ2(q1)G(n, χ1)G(n, χ2).

eχ��q���A�('u�A��½Â�ë�©z[6, 106,]), �χ(n)(�q)´

d�A�χ∗(�q∗)�Ñ�, �q1´Úq∗ k�Ó�Ïf(ØO­ê)�q���Øê, K

é(n.q) > 1, �q∗ 6= q1

(n, q1)
�, kG(n, χ) = 0; �q∗ = q1

(n, q1)
�, k

G(n, χ) = χ̄∗
(

n

(n, q)

)

χ∗
(

q

q∗(n, q)

)

µ

(
q

q∗(n, q)

)

φ(q)φ−1

(
q

(n, q)

)

τ (χ∗),

Ù¥, µ(n) ´Möbius¼ê, φ(q) ´Euler¼ê.

'uτ (χ) ��­��5���Ò´eχ ´���q(q �?¿��ê) ��A�,

K|τ (χ)| =
√

q, �é?¿�χ �q, �kXeØ�ª(ë�©z[6] Ú[106])

|τ (χ)| 6
√

q.

,	, τ (χ)�k��©)ª. eχq ⇔ χ∗
q∗, k

τ (χ) = χ∗
(

q

q∗

)

µ

(
q

q∗

)

τ (χ∗).

�´, �χ ´�����DirichletA�, 
f(a) �´�����kgõ�ª�,

p
∑

a=1

χ(a)e

(
f(a)

p

)

���Cz´4ÙØ5Æ�. ��kNõÆöé§�
�½�ïÄ.

é�êq > 3, k �õ�ªf(x) �gê, φ(q)�Euler¼ê, χ ´�q�Dirichlet A�,
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e(k, qφ(q)) = 1, Mó¸[108] �Ñ
ù«�A����n�Ú����ª

q
∑

m=1

∑

χ mod q

∣
∣
∣
∣
∣

q
∑

a=1

χ(a)e

(
f(a)

q

)
∣
∣
∣
∣
∣

4

= φ2(q)q2
∏

pα‖q

(

α + 1 − α + 2

p

)

,

Ù¥
∏

pα‖q L«é¤k÷vpα|q �pα+1 ∤ q �p ¦È.

�q, m, n 9k ´�ê�÷vq, k > 1, (q, k) = 1�, 4uw[109]ïÄ
Xe/ª�·

Ü�êÚ

C(m, n, k, χ; q) =

q
∑

a=1

χ(a)e

(
mak + na

q

)

,

��
e¡��ª

∑

χ mod q

q
∑

m=1

|C(m,n, k, χ; q)|4 = q2φ2(q)
∏

pα‖q
α>2

(

α + 1 − α + 1 + 2(k, p − 1)

p

)

·

·
∏

p‖q

(

2 − 2((k, p − 1) + 1)

p
− 1

p2
+

(k, p − 1)2

p(p − 1)

)

,

Ù¥
∏

pα‖q½ÂÓþ.


4ïæ!½­2ÚÐ7[110]�´òXe/ª��Cên�Úí2�3�«mþ

¿�Ñ
�Oª

∑

x<m6x+y

Λ(m)e(mkα) ≪ (qx)ǫ

(

q
1
2yλ

1
2

x
1
2

+ q
1
2 x

1
2 λ

1
6 + y

1
2 x

3
10 +

x
5
4

λ
1
6

+
x

q
1
2λ

1
2

)

,

Ù¥, Λ(n) ´von Mangoldt¼ê, k > 1 ´�ê, x, y Ñ�¢ê�2 6 x 6 y, α =

a
q + d,1 6 a 6 q, (a, q) = 1, λ = |d|xk + x2y−2. Ù§'un�Ú�SN�ë�©

z[111-119].


�!´òn�Ú
p
∑

a=1

χ(a)e

(
f(a)

p

)

,

�Dirichlet L-¼ê?1\�, �Ñ¦��\�þ��ìCúª. 'uDirichelet L-¼ê

�\�þ�, IS	¯õÆöÑé§?1
ïÄ(ë�©z[120-127]).

32002c´wÚÜ©+[128]Ò�Ñ
Dirichlet L-¼êÚτ (χ) \�þ��ìCúª.

∑

χ6=χ0

|τ (χ)|m|L(1, χ)|2k

=N
m
2
−1φ2(N)ζ2k−1(2)

∏

p|q

(

1 − 1

p2

)2k−1∏

p∤q

(

1 −
1 − Ck−1

2k−2

p2

)
∏

p|M

(

p
m
2

+1 − 2p
m
2 + 1

)

+O
(

q
m
2

+ǫ
)

,
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Ù¥q > 3 ��ê�÷vq = MN, (M, N) = 1, M =
∏

p‖q
p (

∏

p‖q L«é¤k÷vp|q

�p2 ∤ q �p ¦È), Cn
m = m!

n!(m−n)!
.

u´, �!rù���2Ân�Ú�Dirichlet L-¼ê(Ü3�å, ïÄ§�\�þ

��ìC5�

∑

χ6=χ0

∣
∣
∣
∣
∣

p−1
∑

a=1

χ(a)e

(
f(a)

p

)
∣
∣
∣
∣
∣

2

|L(1, χ)|2m,

�Ñ
������(Ø. ù¦U
�\�Ù/��ù���2Ân�Ú�Dirichlet

L-¼ê�m�,«éX. �O(/`, òy²e¡�½n:

½½½nnn 5.3 �p > 3 ´�ê�χ´�p �DirichletA�. 2�f(x) =
∑k

i=0 aix
i´���ê

Xê�kgõ�ª�÷vp ∤ (a0, a1, . . . , ak). Ké?¿��êm Úk, kXeìCúª

∑

χ6=χ0

∣
∣
∣
∣
∣

p−1
∑

a=1

χ(a)e

(
f(a)

p

)
∣
∣
∣
∣
∣

2

|L(1, χ)|2m

= p2 ζ2m−1(2)
∏

p0

(

1 − 1 − Cm−1
2m−2

p2
0

)

+ O
(

p2− 1
k
+ǫ
)

,

Ù¥
∏

p0
L«é¤kØÓup ��ê¦È, Cn

m = m!
n!(m−n)! , ��O~ê=�6u��êk

Ú?��½�¢êǫ.

e-f(a) = a, kDirichlet L-¼ê�τ (χ)\�þ��ìCúª, ùÙ¢Ò´©

z[128] ���AÏ�¹. r§�¤XeíØ:

íííØØØ 5.1 �p > 3 ´���ê�χ ´�p�Dirichlet A�, Ké?¿���êm, kXe

ìCúª

∑

χ6=χ0

|τ (χ)|2 |L(1, χ)|2m

= p2 ζ2m−1(2)
∏

p0

(

1 − 1 − Cm−1
2m−2

p2
0

)

+ O(p1+ǫ).

��/, éuq > 3 ´�ê, ^8c¤Ýº��{Ã{��, �´�&

∑

χ6=χ0

∣
∣
∣
∣
∣

q
∑

a=1

χ(a)e

(
f(a)

q

)
∣
∣
∣
∣
∣

2

|L(1, χ)|2m,

�ìCúª´�3�, ÏdùE´��m�5¯K.

�
�¤½n�y², I�e¡A�Ún. Äk�Ñ�kõ�ª�n�Ú���ð

�ª.

94



1ÊÙ Ù§êØ¯K

ÚÚÚnnn 5.5 �f(x) ´�êXê�kgõ�ª, P�f(x) = a0 + a1x + · · · + akx
k, ¿�χ ´

�p(p > 3 ´�ê) �DirichletA�. Kk

∣
∣
∣
∣
∣

p−1
∑

a=1

χ(a)e

(
f(a)

p

)
∣
∣
∣
∣
∣

2

= p − 1 +

p−1
∑

a=2

χ(a)

p−1
∑

b=1

e

(
g(b, a)

b

)

,

Ù¥g(b, a) = f(ab) − f(b) =
∑k

i=0 ai(a
i − 1)bi.

y²: 5¿�1 6 b 6 p − 1, Kk(b, p) = 1. �âA����5, �±��

∣
∣
∣
∣
∣

p−1
∑

a=1

χ(a)e

(
f(a)

p

)∣∣
∣
∣
∣

2

=

p−1
∑

a, b=1

χ(a)χ̄(b)e

(
f(a) − f(b)

p

)

=

p−1
∑

a=1

p−1
∑

b=1

χ(ab)χ̄(b)e

(
f(ab) − f(b)

p

)

.

-

g(b, a) = f(ab) − f(b) =
k∑

i=0

ai(a
i − 1)bi,

Ïd
∣
∣
∣
∣
∣

p−1
∑

a=1

χ(a)e

(
f(a)

p

)∣∣
∣
∣
∣

2

=

p−1
∑

a=1

p−1
∑

b=1

χ(a)e

(
g(b, a)

p

)

=

p−1
∑

b=1

χ(1)e

(
g(b, 1)

p

)

+

p−1
∑

a=2

p−1
∑

b=1

χ(a)e

(
g(b, a)

p

)

= p − 1 +

p−1
∑

a=2

χ(a)

p−1
∑

b=1

e

(
g(b, a)

b

)

.

ùÒy²
Ún5.5.

ÚÚÚnnn 5.6 �f(x) E,÷vÚn5.5�^�, 2-g(x) = g(x, a) = f(ax) − f(x) =
∑k

i=0 ai(a
i − 1)xi, KkXe�Oª

∣
∣
∣
∣
∣

p−1
∑

b=1

e

(
g(b, a)

p

)
∣
∣
∣
∣
∣







≪ p1− 1
k , p ∤ (b0, b1, . . . , bk)

= p − 1, p|(b0, b1, . . . , bk)

Ù¥bi = ai(a
i − 1), i = 0, 1, . . . , k �k ´õ�ªf(x)�gê.

y²: w,�p |(b0, b1, . . . , bk)�(Ø¤á. �p ∤ (b0, b1, . . . , bk)�, �âg(x, a) �½

Â, k(ë�©z[93, 103])
∣
∣
∣
∣
∣

p−1
∑

b=1

e

(
g(b, a)

p

)
∣
∣
∣
∣
∣
≪ p1− 1

k .

ùÒy²
Ún5.6.
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ÚÚÚnnn 5.7 �p ´�ê, p > 3 �dm(n) P�rnL«¤m�Ïf�L{�ê, =dm(n)

´m gÏf¼ê. Ké?¿ECþs, Re(s) > 1, k

∞∑

n=1
(n, p)=1

d2
m(n)

ns
= ζ2m−1(s)

(

1 − 1

ps

)2m−1∏

p0

A(m, p0, s),

Ù¥ζ(s) ´Riemann zeta-¼ê¿�
∏

p0
L«é¤kØÓup��ê¦È, A(m, p, s) =

∑2m−2
i=0

1
pis

∑i
j=0(−1)jCj

2m−1

(

Ci−j
m+i−j−1

)2
, Cn

m = m!
n!(m−n)!

.

y²: ë�©z[129]¥�Ún2.3, �-q = p ��ê.

ÚÚÚnnn 5.8 �p ´�êp > 3 �χ ´�p �DirichletA�. PA(y, χ) = A(y, χ, m) =
∑

N6n6y χ(n)dm(n), KkXe�O

∑

χ6=χ0

|A(y, χ)|2 ≪ y2− 4
2m +ǫp2,

Ù¥ǫ ´?¿�½��ê.

y²: ë�©z[127]¥�Ún4, ¿�q��ê.

ÚÚÚnnn 5.9 �p > 3 ´�ê�χ ´�p �DirichletA�. Ké?¿1 < a < p Ú?¿��

êm, kXeìCúª

∑

χ6=χ0

χ(a)|L(1, χ)|2m =
p dm(a)

a
ζ2m−1(2)

∏

p0

A(m, p0, s) + O(pǫ),

Ù¥ǫ ´?¿�½��ê,
∏

p0
L«é¤kØÓup ��ê¦È, A(m, p, s) =

∑2m−2
i=0

1
pis

∑i
j=0(−1)jCj

2m−1

(

Ci−j
m+i−j−1

)2
, Cn

m = m!
n!(m−n)! .

y²: �
�Bå�, -

A(χ, y) =
∑

p
a
6n6y

χ(n)dm(n), B(χ, y) =
∑

p6n6y

χ(n)dm(n).

KéRe(s) > 1, Dirichlet ¼êL(s, χ) ýéÂñ, Ïd|^Abelð�ªk

Lm(s, χ)=
∞∑

n=1

χ(n)dm(n)

ns

=

p
a∑

n=1

χ(n)dm(n)

ns
+ s

∫ +∞

p
a

A(χ, y)

ys+1
dy

=

p
∑

n=1

χ(n)dm(n)

ns
+ s

∫ +∞

p

B(χ, y)

ys+1
dy.
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w,þªés = 1 �¤á(d�χ 6= χ0). Ïd�âDirichlet L-¼ê�½Â, é?¿��

êa 6= 1 k

∑

χ6=χ0

χ(a)|L(1, χ)|2m

=
∑

χ6=χ0

χ(a)

∣
∣
∣
∣
∣

∞∑

n=1

χ(n)dm(n)

n

∣
∣
∣
∣
∣

2

=
∑

χ6=χ0

χ(a)

( ∞∑

n=1

χ(n)dm(n)

n

)( ∞∑

l=1

χ̄(l)dm(l)

l

)

=
∑

χ6=χ0

χ(a)




∑

16n6
p
a

χ(n)dm(n)

n
+

∫ +∞

p
a

A(χ, y)

y2
dy





(
p
∑

l=1

χ̄(l)dm(l)

l
+

∫ +∞

p

B(χ̄, y)

y2
dy

)

=
∑

χ6=χ0

χ(a)





p
a∑

n=1

χ(n)dm(n)

n





(
p
∑

l=1

χ̄(l)dm(l)

l

)

+
∑

χ6=χ0

χ(a)





p
a∑

n=1

χ(n)dm(n)

n





(∫ +∞

p

B(χ̄, y)

y2
dy

)

+
∑

χ6=χ0

χ(a)

(
p
∑

l=1

χ̄(l)dm(l)

l

)(
∫ +∞

p
a

A(χ, y)

y2
dy

)

+
∑

χ6=χ0

χ(a)

(
∫ +∞

p
a

A(χ, y)

y2
dy

)(∫ +∞

p

B(χ̄, y)

y2
dy

)

≡M1 + M2 + M3 + M4.

y35©O�Oþª�����ª¥�z��.

(i)|^�p �A����'X, ���(p, l) = 1 �, kð�ª

∑

χ mod p

χ(n)χ̄(l) =







φ(p),en ≡ l mod p ;

0, Ù¦.

K�âÚn5.7, éN´��

M1 =
∑

χ6=χ0

χ(a)





p
a∑

n=1

χ(n)dm(n)

n





(
p
∑

l=1

χ̄(l)dm(l)

l

)

=
∑

χ mod p

p
a∑

n=1

p
∑

l=1

χ(an)χ̄(l)dm(n)dm(l)

nl
−

p
a∑

n=1

p
∑

l=1

dm(n)dm(l)

nl
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=φ(p)

p
a∑

′

n=1

p
∑

′

l=1
an≡l( mod p)

dm(n)dm(l)

nl
+ O(pǫ)

=φ(p)

p
a∑

′

n=1

d2
m(n)dm(a)

an2
+ O(pǫ)

=
dm(a)φ(p)

a

p
a∑

′

n=1

d2
m(n)

n2
+ O(pǫ)

=
dm(a)φ(p)

a





∞∑
′

n=1

d2
m(n)

n2
−

∞∑
′

n= p
a

d2
m(n)

n2



+ O(pǫ)

=
dm(a)φ(p)

a

∞∑
′

n=1

d2
m(n)

n2
+ O




dm(a)φ(p)

a

∞∑
′

n= p
a

d2
m(n)

n2
+ pǫ





=
p dm(a)

a
ζ2m−1(s)

(

1 − 1

ps

)2m−1 ∏

p0 6=p

A(m, p0, s) + O(pǫ).

=
p dm(a)

a
ζ2m−1(2)

∏

p0

A(m, p0, s) + O(pǫ),

Ù¥ÎÒ
∑ ′

n L«é¤k�pp��n¦Ú,
∏

p0
L«é¤kØÓup��ê¦È, 3þ

ª¥^�
mgØê¼ê�{ü�O, =dm(n) ≪ nǫ.

(ii)�âÚn5.7ÚA��5�, k

M2 =
∑

χ6=χ0

χ(a)





p
a∑

n=1

χ(n)dm(n)

n





(∫ +∞

p

B(χ̄, y)

y2
dy

)

=
∑

χ6=χ0

χ(a)





p
a∑

n=1

χ(n)dm(n)

n





(
∫ p3(2m−2)

p

∑

p6n6y χ̄(n)dm(n)

y2
dy

)

+
∑

χ6=χ0

χ(a)





p
a∑

n=1

χ(n)dm(n)

n





(∫ +∞

p3(2m−2)

∑

p6n6y χ̄(n)dm(n)

y2
dy

)

≪
∫ p3(2m−2)

p

1

y2

∣
∣
∣
∣
∣
∣

p
a∑

n=1

y
∑

l=p

dm(n)dm(l)

n

∑

χ6=χ0

χ(an)χ̄(l)

∣
∣
∣
∣
∣
∣

dy

+pǫ

∫ +∞

p3(2m−2)

1

y2

∑

χ6=χ0

|B(χ̄, y)|dy.

|^CauchyØ�ªÚÚn5.8 N´��

∑

χ6=χ0

|B(χ̄, y)|6φ
1
2 (p)




∑

χ6=χ0

|B(χ̄, y)|2




1
2
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6p
1
2

(

y2− 4
2m +ǫp2

) 1
2

6 p
3
2y1− 2

2m +ǫ. (5-14)

Ïd, k

M2≪
∫ p3(2m−2)

p

φ(p)

y2

∣
∣
∣
∣
∣
∣
∣
∣
∣

p
a∑

′

n=1

y
∑

′

l=p

an≡l(p)

dm(n)dm(l)

n

∣
∣
∣
∣
∣
∣
∣
∣
∣

dy +

+p
3
2
+ǫ

∫ +∞

p3(2m−2)

y−1− 2
2m +ǫ dy

≪
∫ p3(2m−2)

p

φ(p)

y2

p
a∑

′

n=1

yǫ 1

n

y

p

(p

a

)ǫ
dy + pǫ

≪pǫ,

ùp^�
�Odm(n) ≪ nǫ.

(iii)aq/, ��±��

M3 =
∑

χ6=χ0

χ(a)

(
p
∑

l=1

χ̄(l)dm(l)

l

)(
∫ +∞

p
a

A(χ, y)

y2
dy

)

= O(pǫ).

(iv)éuM4, k

M4 =
∑

χ6=χ0

χ(a)

(
∫ +∞

p
a

A(χ, y)

y2
dy

)(∫ +∞

p

B(χ̄, z)

z2
dz

)

=
∑

χ6=χ0

χ(a)

((
∫ p2m−1

p
a

+

∫ ∞

p2m−1

)

A(χ, y)

y2
dy

)((
∫ p2m−1

p

+

∫ ∞

p2m−1

)

B(χ̄, z)

z2
dz

)

=
∑

χ6=χ0

χ(a)

(
∫ p2m−1

p
a

A(χ, y)

y2
dy

)(
∫ p2m−1

p

B(χ̄, z)

z2
dz

)

+

+
∑

χ6=χ0

χ(a)

(
∫ p2m−1

p
a

A(χ, y)

y2
dy

)(∫ ∞

p2m−1

B(χ̄, z)

z2
dz

)

+

+
∑

χ6=χ0

χ(a)

(∫ ∞

p2m−1

A(χ, y)

y2
dy

)(∫ p2m−1

p

B(χ̄, z)

z2
dz

)

+

+
∑

χ6=χ0

χ(a)

(∫ ∞

p2m−1

A(χ, y)

y2
dy

)(∫ ∞

p2m−1

B(χ̄, z)

z2
dz

)

≡N1 + N2 + N3 + N4.

éuN1, dA(χ, y)ÚB(χ̄, z)�½Â±9A�Ú���5, k

N1 =
∑

χ6=χ0

χ(a)

(
∫ p2m−1

p
a

A(χ, y)

y2
dy

)(
∫ p2m−1

p

B(χ̄, z)

z2
dz

)
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=

∫ p2m−1

p
a

∫ p2m−1

p

1

y2z2

∑

p
a
6n6y

∑

p6l6z

dm(n)dm(l)




∑

χ6=χ0

χ(an)χ̄(l)



 dydz

6 p

∫ p2m−1

p
a

∫ p2m−1

p

1

y2z2

∑
′

p
a
6n6y

∑
′

p6l6z

an≡l( mod p)

dm(n)dm(l)dydz

≪
∫ p2m−1

p
a

∫ p2m−1

p

1

y2z1−ǫ

∑

p
a
6n6y

dm(n)dydz

≪
∫ p2m−1

p
a

∫ p2m−1

p

y−1+ǫz−1+ǫdydz

≪pǫ.

éuN2, �âA�Ú���5�, ª(5-14)±9�Oªdm(n) ≪ nǫ, �±��

N2 =
∑

χ6=χ0

χ(a)

(
∫ p2m−1

p
a

A(χ, y)

y2
dy

)(∫ ∞

p2m−1

B(χ̄, z)

z2
dz

)

=
∑

χ6=χ0

χ(a)

(
∫ p2m−1

p
a

A(χ, y)

y2
dy

)(
∫ p3·2m−2

p2m−1

B(χ̄, z)

z2
dz

)

+

+
∑

χ6=χ0

χ(a)

(
∫ p2m−1

p
a

A(χ, y)

y2
dy

)(∫ ∞

p3·2m−2

B(χ̄, z)

z2
dz

)

=

∫ p2m−1

p
a

∫ p3·2m−2

p2m−1

1

y2z2

∑

p
a
6n6y

∑

p6l6z

dm(n)dm(l)
∑

χ6=χ0

χ(an)χ̄(l)dydz +

+

∫ p2m−1

p
a

∫ ∞

p3·2m−2

1

y2z2

∑

χ6=χ0

∑

p
a
6n6y

χ(an)dm(n)B(χ̄, z)dydz

6

∣
∣
∣
∣
∣
∣
∣
∣
∣

p

∫ p2m−1

p
a

∫ p3·2m−2

p2m−1

1

y2z2

∑
′

p
a
6n6y

∑
′

p6l6z

an≡l( mod p)

dm(n)dm(l)dydz

∣
∣
∣
∣
∣
∣
∣
∣
∣

+

+

∣
∣
∣
∣
∣
∣

∫ p2m−1

p
a

∫ ∞

p3·2m−2

1

y2z2

∑
′

p
a
6n6y

dm(n)
∑

χ6=χ0

|B(χ̄, z)| dydz

∣
∣
∣
∣
∣
∣

≪
∣
∣
∣
∣
∣

∫ p2m−1

p
a

∫ p3·2m−2

p2m−1
y−1+ǫz−1+ǫdydz

∣
∣
∣
∣
∣
+

+

∣
∣
∣
∣
∣

∫ p2m−1

p
a

∫ ∞

p3·2m−2
y−1+ǫp

3
2 z−1− 2

2m +ǫdydz

∣
∣
∣
∣
∣

≪pǫ + p
3
2
+ǫ
(

p3·2m−2
)− 2

2m +ǫ
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≪pǫ.

|^�N2aq��O�{, �±��

N3 ≪ pǫ.

éuN4, dCauchyØ�ªÚÚn5.8, �±��

N4 =
∑

χ6=χ0

χ(a)

(∫ ∞

p2m−1

A(χ, y)

y2
dy

)(∫ ∞

p2m−1

B(χ̄, z)

z2
dz

)

=

∫ ∞

p2m−1

∫ ∞

p2m−1

1

y2z2

∑

χ6=χ0

χ(a)A(χ, y)B(χ̄, z)dydz

6

∫ ∞

p2m−1

∫ ∞

p2m−1

1

y2z2

∣
∣
∣
∣
∣
∣

∑

χ6=χ0

χ(a)A(χ, y)B(χ̄, z)

∣
∣
∣
∣
∣
∣

dydz

6

∫ ∞

p2m−1

∫ ∞

p2m−1

1

y2z2

∑

χ6=χ0

|A(χ, y)| · |B(χ̄, z)| dydz

6

∫ ∞

p2m−1

∫ ∞

p2m−1

1

y2z2




∑

χ6=χ0

|A(χ, y)|2




1
2

·




∑

χ6=χ0

|B(χ̄, z)|2




1
2

dydz

≪
∫ ∞

p2m−1

∫ ∞

p2m−1

1

y2z2

(

y2− 4
2m +ǫp2

) 1
2 ·
(

z2− 4
2m +ǫp2

) 1
2
dydz

6 p2

∫ ∞

p2m−1
y−1− 2

2m +ǫdy ·
∫ ∞

p2m−1
z−1− 2

2m +ǫdz

≪p2
(

p2m−1
)− 2

2m +ǫ
·
(

p2m−1
)− 2

2m +ǫ

= pǫ.

ÏddN1, N2, N3 ÚN4 ��O��


M4 = O (pǫ) .

nÜ(i), (ii), (iii)Ú(iv)�©Ûá=��

∑

χ6=χ0

χ(a)|L(1, χ)|2m =
p dm(a)

a
ζ2m−1(2)

∏

p0

A(m, p0, s) + O(pǫ),

Ù¥
∏

p0
L«é¤kØÓup ��ê¦È�

A(m, p, s) =
2m−2∑

i=0

1

pis

i∑

j=0

(−1)jCj
2m−1

(

Ci−j
m+i−j−1

)2
,

Cn
m = m!

n!(m−n)! . ùÒ�¤
Ún5.9�y².
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ÚÚÚnnn 5.10 �p > 3 ´�ê�χ ´�p�DirichletA�. Ké?¿��êm k

∑

χ6=χ0

|L(1, χ)|2m = p ζ2m−1(2)
∏

p0

(

1 − 1 − Cm−1
2m−2

p2
0

)

+ O(pǫ),

Ù¥ǫ ´?¿�½���ê,
∏

p0
L«é¤kØÓup ��ê¦È.

y²: ë�©z[127]¥�Ún6, ¿-q��ê.

�!ò�¤½n5.3�y². ÄkdÚn5.5 k

∑

χ6=χ0

∣
∣
∣
∣
∣

p−1
∑

a=1

χ(a)e

(
f(a)

p

)
∣
∣
∣
∣
∣

2

|L(1, χ)|2m

=
∑

χ6=χ0

(

p − 1 +

p−1
∑

a=2

χ(a)

p−1
∑

b=1

e

(
g(b, a)

p

))

|L(1, χ)|2m

=(p − 1)
∑

χ6=χ0

|L(1, χ)|2m +

p−1
∑

a=2

p−1
∑

b=1

e

(
g(b, a)

p

)
∑

χ6=χ0

χ(a)|L(1, χ)|2m

=(p − 1)
∑

χ6=χ0

|L(1, χ)|2m

+

p−1
∑

′

a=2

p−1
∑

b=1

e

(
g(b, a)

p

)
∑

χ6=χ0

χ(a)|L(1, χ)|2m

+

p−1
∑

′′

a=2

p−1
∑

b=1

e

(
g(b, a)

p

)
∑

χ6=χ0

χ(a)|L(1, χ)|2m,

Ù¥g(b, a) =
∑k

i=0 ai(a
i − 1)bi, bi = ai(a

i − 1) �

p−1
∑

′

a=2

p−1
∑

b=1

�

p−1
∑

′′

a=2

p−1
∑

b=1

©OL«é÷v

^�p ∤ (b0, b1, . . . , bk) Úp|(b0, b1, . . . , bk) ¦Ú. e¡ò©O�Oùü�Úª.

(1)�p ∤ (b0, b1, . . . , bk), �âÚn5.6ÚÚn5.9 k
∣
∣
∣
∣
∣
∣

p−1
∑

′

a=2

p−1
∑

b=1

e

(
g(b, a)

p

)
∑

χ6=χ0

χ(a)|L(1, χ)|2m

∣
∣
∣
∣
∣
∣

6

p−1
∑

′

a=2

∣
∣
∣
∣
∣

p−1
∑

b=1

e

(
g(b, a)

p

)
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

∑

χ6=χ0

χ(a)|L(1, χ)|2m

∣
∣
∣
∣
∣
∣

≪
p−1
∑

a=2

p1− 1
k
+ǫ

∣
∣
∣
∣
∣
∣

∑

χ6=χ0

χ(a)|L(1, χ)|2m

∣
∣
∣
∣
∣
∣

≪p2− 1
k
+ǫ

p−1
∑

a=2

dm(a)

a

≪p2− 1
k
+ǫ,

102



1ÊÙ Ù§êØ¯K

þª^�
dm(a) ≪ aǫ.

(2)�p | (b0, b1, . . . , bk)�, =p | b0, p | b1, . . . , p | bk; dup ∤ (a0, a1, . . . , ak), K��

�3��al ¦�p ∤ al, Ïdéuù�l �½kp | (al − 1), =Ó{�§

al ≡ 1(modp)

¤á. 
38Ü{2, 3, · · · , p − 1}¥, ÷vp | (al − 1) �a ��ê�õkl − 1 �. du®

²��l − 1 < l 6 k, al > al − 1 > p, u´ka > p
1
l > p

1
k . ÏddÚn5.6ÚÚn5.9 k

∣
∣
∣
∣
∣
∣

p−1
∑

′′

a=2

p−1
∑

b=1

e

(
g(b, a)

p

)
∑

χ6=χ0

χ(a)|L(1, χ)|2m

∣
∣
∣
∣
∣
∣

6

p−1
∑

′′

a=2

∣
∣
∣
∣
∣

p−1
∑

b=1

e

(
g(b, a)

p

)
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

∑

χ6=χ0

χ(a)|L(1, χ)|2m

∣
∣
∣
∣
∣
∣

≪
p−1
∑

′′

a=2

(p − 1)
p dm(a)

a

≪p2

(

max
p1/k6a<p

(
dm(a)

a

))

× ♯{a : a ∈ {2, 3, . . . , p − 1}, al ≡ 1(mod p)}

≪kp2− 1
k
+ǫ,

≪p2− 1
k
+ǫ,

Ù¥dm(a)E,|^
(1)¥�O��{.

Ïd(Ü(1), (2)ÚÚn5.10 á=�±��

∑

χ6=χ0

∣
∣
∣
∣
∣

p−1
∑

a=1

χ(a)e(
f(a)

p
)

∣
∣
∣
∣
∣

2

|L(1, χ)|2m

= |(p − 1)
∑

χ6=χ0

|L(1, χ)|2m|

+O





∣
∣
∣
∣
∣
∣

p−1
∑

′

a=2

p−1
∑

b=1

e

(
g(b, a)

p

)
∑

χ6=χ0

χ(a)|L(1, χ)|2m

∣
∣
∣
∣
∣
∣





+O





∣
∣
∣
∣
∣
∣

p−1
∑

′′

a=2

p−1
∑

b=1

e

(
g(b, a)

p

)
∑

χ6=χ0

χ(a)|L(1, χ)|2m

∣
∣
∣
∣
∣
∣





=p2 ζ2m−1(2)
∏

p0

(

1 − 1 − Cm−1
2m−2

p2
0

)

+ O(p2− 1
k
+ǫ),

Ù¥
∏

p0
L«é¤kØÓup��ê¦È, Cn

m = m!
n!(m−n)! , �O ~ê�6uk Úǫ. Ïd
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��
ìCúª

∑

χ6=χ0

∣
∣
∣
∣
∣

p−1
∑

a=1

χ(a)e

(
f(a)

p

)
∣
∣
∣
∣
∣

2

|L(1, χ)|2m

= p2 ζ2m−1(2)
∏

p0

(

1 − 1 − Cm−1
2m−2

p2
0

)

+ O(p2− 1
k
+ǫ).

ù�Ò�¤
½n5.3�y².

5.3 2ÂDirichlet L-¼ê

�q > 3 ´�ê, �χ´�q�DirichletA�, é?¿¢êa > 0, �ÄXe½Â�2

ÂDirichlet L-¼ê

L(s, χ, a) =
∞∑

n=1

χ(n)

(n + a)s
,

Ù¥s = σ+it÷vσ > 0ÚtÑ´¢ê. |^)Ûòÿ��±r§*Ð���E²¡(Ø

�s = 1, χ �ÌA���¹). 'u2ÂDirichlet L-¼ê, Bruce C. Berndt[130−132]ïÄ


Nõ÷v,«��^��ð�ª. Ù¥�Í¶���´�χ´���q��A��,

Dirichlet L-¼êL(s, χ) ÷v¼ê�§

R(s, χ) =

(
π

q

)− (s+b)
2

Γ

(
1

2
(s + b)

)

L(s, χ) =
τ (χ)

ib
√

q
R(1 − s, χ̄),

Ù¥

b =







0, χ(−1) = 1,

1, χ(−1) = −1.

éσ > 1
2 − m �m´��ê, Berndt[132]��


L(s, χ, a) =
a−s

Γ(s)





m−1∑

j=0

(−1)jΓ(s + j)L(−j, χ)

j! aj
+ G(s)



 ,

Ù¥G(s) ´)Û¼ê. �n ����ê�, N´O�ÑL(n, χ, a), AO/, L(0, χ, a) =

L(0, χ). Ó�, 'uDirichlet L-¼ê�þ�5��kNõÆöÑ�
ïÄ(ë�©

z[133-136]).

��q��êp�, I. Sh. Slavutskǐi[133]31986c�Ñ


∑

χ6=χ0

|L(1, χ)|2 =
π2

6
p − log2 p + θ log p,

Ù¥, �p 6 35�, |θ| < 10.
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Ü©+[136]KïÄ
é���q�Dirichlet L-¼ê�þ�5�, ��


∑

χ6=χ0

|L(1, χ)|2 =
π2

6
φ(q)

∏

p|q

(

1 − 1

p2

)

− φ2(q)

q2



log q +
∑

p|q

log p

p − 1





2

+ O(log log q),

Ù¥φ(q)´Euler¼ê,
∑

p|qL«éq�ØÓ�Ïf¦Ú,
∏

p|qL«éq�ØÓ�Ïf¦È.

D.R. Heath-Brown[137]ïÄ
Dirichlet L-¼ê3s = 1
2
þ�þ�5�

∑

χ mod q

∣
∣
∣
∣
L

(
1

2
, χ

)∣
∣
∣
∣

2

=
φ(q)

q

∑

k|q
µ
( q

k

)

T (k),

Ù¥T (k) kìCúª

T (k) =

(

log
k

8π
+ γ

)

+ 2ζ

(
1

2

)2

k
1
2 +

2N−1∑

n=0

cnk−n
2 + O(k−n),

÷vN > 1,cn´�O��~ê�γ´Euler~ê.

Ød�	, R. Balasubramanian[138]��
Dirichlet L-¼ê3σ = 1
2�þ�ìCúª

∑

χ mod q

∣
∣
∣
∣
L

(
1

2
+ it, χ

)∣
∣
∣
∣

2

=
φ2(q)

q
log(qt)+O(q(log log q)2)+O(te10

√
log q)+O(q

1
2 t

2
3 e10

√
log q),

Ù¥t > 3 �é¤k�q Ñ¤á.

3�!¥, XJ�s = 1, a > 1, éù�2ÂDirichlet L-¼ê�þ��~a,�, =

����
∑

χ6=χ0

|L(1, χ, a)|2

�ìCúª, Ù¥χ ´�q �DirichletA��χ0 L«ÌA�. ,��¡, 2Âiùb�

�ÑDirichlet L-¼ê�¤k�w,":Ñ u��σ = 1
2þ. ù�¯KáÚ
{¤þ¯

õ#ÑÆö�ïÄ, ¿�¦�¥k�
®²��
'uDirichlet L-¼ê�":©Ù�

­�5Æ, �´EÎvk��<�¤ýÏ�@��{. Ïdù�¯K´��UYïÄ�

��­��K. �!K^�«uÑ�ú1ïÄ2ÂDirichlet L-¼ê3σ = 1
2�þ�þ�

5�, l
�Ñ
∑

χ mod q

∣
∣
∣
∣
L

(
1

2
+ it, χ, a

)∣
∣
∣
∣

2

�,��ìCúª, Ù¥χ ´�q�DirichletA�, 0 6 a 6 1.

'u2ÂDirichlet L-¼ê�þ�5��ïÄ, 8c¤�$�. ���vké�?

Û�'�ë�©z. ¦+XdÆö��,éa,�,Ï�ù���±é�2ÂDirichlet

L-¼ê�Dirichlet L-¼ê��m�,«éX. =y²
Xe�ü�½n:

½½½nnn 5.4 �q > 3 ´�ê�χ ´�q �DirichletA�. Hurwitz ζ¼ê½ÂXe, éu?
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¿�Eês, k

ζs, a =
∞∑

n=0

1

(n + a)s
(a > 0, s = σ + it, σ > 1). (5-15)

Ké?¿�¢êa > 1, kXeìCúª:

∑

χ6=χ0

|L(1, χ, a)|2 = φ(q)
∑

d|q

µ(d)

d2
ζ
(

2,
a

d

)

− 4φ(q)

a

∑

d|q

µ(d)

d

[ a
d
]

∑

k=1

1

k
+ O

(
φ(q) log q√

q

)

,

Ù¥φ(q) ´Euler¼ê, µ(d) ´Möbius¼ê, �O~ê=�6ua.

w,, �d > a�, ½n5.4�{z�

∑

χ6=χ0

|L(1, χ, a)|2 = φ(q)
∑

d|q

µ(d)

d2
ζ
(

2,
a

d

)

+ O

(
φ(q) log q√

q

)

;


�d = a �, ½n5.4=C�

∑

χ6=χ0

|L(1, χ, a)|2 =
π2φ(q)

6

∏

p|q

(

1 − 1

p2

)

− 4φ2(q)

aq
+ O

(
φ(q) log q√

q

)

.

^aq�{, ��±��'u2ÂDirichlet L-¼ê�2k (k > 2)gþ�

∑

χ6=χ0

|L(1, χ, a)|2k .

½½½nnn 5.5 �q > 3 ´�ê�t > 3 ´¢ê, χ ´�q �DirichletA�. Ké?¿�¢

ê0 6 a 6 1, ke¡�ìCúª

∑

χ mod q

∣
∣
∣
∣
L

(
1

2
+ it, χ, a

)∣
∣
∣
∣

2

=
φ2(q)

q



log

(
qt

2π

)

+ 2γ +
∑

p|q

log p

p − 1



− φ(q)
∑

d|q

µ(d)

d
βa/d

+O
(

qt−
1
12 + t

5
6 log3 t2ω(q) + q

1
2 t

5
12 log t2ω(q)

)

,

Ù¥φ(q) ´Euler¼ê, βx =
∑∞

n=1
x

n(n+x) ´�6ux ����O��~ê, �ω(q) L

«q�ØÓ�Ïf��ê.

w,, �a = 0�, á=�±��Dirichlet L¼ê3σ = 1
2�þþ��ìCúª. Ïd

ù�(J´c¡(J���í2. éu2ÂDirichlet L-¼ê�2k (k > 2) gþ�

∑

χ mod q

∣
∣
∣
∣
L

(
1

2
+ it, χ, a

)∣
∣
∣
∣

2k

,

É8c�{����Ã{��§�ìCúª. $�ék = 2, �Ã{¼���Ð�ìC

úª. ÏdùI�?�Úg��\k���{.
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5.3.1 'u½n5.4

�
y²½n5.4, I�e¡�A�Ún. Äk�ÑDirichlet L-¼ê�Ù2Â/ª�

��ð�ª.

ÚÚÚnnn 5.11 �q > 3´�ê,�χ´�q�DirichletA�. L(s, χ)�éAA��χ�Dirichlet

L-¼ê, 
L(s, χ, a) �2ÂDirichlet L¼ê. Ké?¿�¢êa > 0, k

L(1, χ, a) = L(1, χ) − a
∞∑

n=1

χ(n)

n(n + a)
.

y²: �âDirichlet L-¼ê9Ù2Â/ª�½Â, k

L(1, χ, a) − L(1, χ)=
∞∑

n=1

χ(n)

n + a
−

∞∑

n=1

χ(n)

n

=
∞∑

n=1

(
χ(n)

n + a
− χ(n)

n

)

=−a
∞∑

n=1

χ(n)

n(n + a)
,

£��

L(1, χ, a) = L(1, χ) − a
∞∑

n=1

χ(n)

n(n + a)
.

ùÒy²
Ún5.11.

ÚÚÚnnn 5.12 �q´�ê�q > 3�χ´�q�DirichletA�. PA(y, χ) =
∑

N6n6y χ(n)d(n).

KkXe�O
∑

χ6=χ0

|A(y, χ)|2 ≪ yφ2(q),

y²: ë�©z[127]¥�Ún4, �-k = 2.

ÚÚÚnnn 5.13 �q > 3 ´�ê�χ ´�q �DirichletA�. Kk

∑

χ6=χ0

|L(1, χ)|2 = φ(q)ζ(2)
∏

p|q

(

1 − 1

p2

)

+ O(qǫ),

Ù¥φ(q) ´Euler¼ê, �
∏

p|q L«éq �¤kØÓ�Ïf¦È, ǫ ´?¿�½��ê.

y²: ë�©z[127]¥�Ún6¿-k = 2.

ÚÚÚnnn 5.14 �q > 3 ´�ê�χ ´�q �DirichletA�. Ké?¿�¢êa > 1, k

∑

χ6=χ0

∞∑

n=1

χ̄(n)

n(n + a)
L(1, χ)
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=
φ(q)

a
ζ(2)

∏

p|q

(

1 − 1

p2

)

+
φ(q)

a2

∑

d|q

µ(d)

d

[ a
d
]

∑

k=1

1

k
+ O

(
φ(q) log q√

q

)

.

y²: ÄkA^Abelð�ªk

L(1, χ) =

q
∑

n=1

χ(n)

n
+

∫ +∞

q

A(χ, y)

y2
dy,

∞∑

n=1

χ̄(n)

n(n + a)
=

N∑

n=1

χ̄(n)

n(n + a)
+

∫ +∞

N

(2y + a)A(χ̄, y)

y2(y + a)2
dy,

Ù¥A(χ, y) =
∑

q<n<y χ(n), �N > q ´�ê. ddk

∑

χ6=χ0

∞∑

n=1

χ̄(n)

n(n + a)
L(1, χ)

=
∑

χ6=χ0

(
N∑

n=1

χ̄(n)

n(n + a)
+

∫ +∞

N

(2y + a)A(χ̄, y)

y2(y + a)2
dy

)(
q
∑

n=1

χ(n)

n
+

∫ +∞

q

A(χ, y)

y2
dy

)

=
∑

χ6=χ0

N∑

n=1

χ̄(n)

n(n + a)

q
∑

m=1

χ(m)

m
+
∑

χ6=χ0

N∑

n=1

χ̄(n)

n(n + a)

∫ +∞

q

A(χ, y)

y2
dy +

+
∑

χ6=χ0

q
∑

n=1

χ(n)

n

∫ +∞

N

(2y + a)A(χ̄, y)

y2(y + a)2
dy +

+
∑

χ6=χ0

∫ +∞

N

(2y + a)A(χ̄, y)

y2(y + a)2
dy

∫ +∞

q

A(χ, z)

z2
dz

≡A1 + A2 + A3 + A4.

ò�Oþª�����Ò¥�z��. Äk�OA1. dA����5, CauchyØ�

ªÚÚn5.13, ��

A1 =
∑

χ6=χ0

N∑

n=1

χ̄(n)

n(n + a)

q
∑

m=1

χ(m)

m

=
∑

χ mod q

N∑

n=1

q
∑

m=1

χ(m)χ̄(n)

mn(n + a)
+ O (log q)

=
N∑

′

n=1

q
∑

′

m=1

1

mn(n + a)

∑

χ mod q

χ(m)χ̄(n) + O (log q)

=φ(q)
N∑

′

n=1

q
∑

′

m=1
m≡n( mod q)

1

mn(n + a)
+ O (log q)

=φ(q)

q
∑

′

m=1

1

m2(m + a)
+ φ(q)

N/q
∑

′

k=1

q
∑

′

m=1

1

m(kq + m)(kq + m + a)
+ O (log q)
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=φ(q)

q
∑

m=1

1

m2(m + a)

∑

d|(m,q)

µ(d) +

+O



φ(q)

N/q
∑

′

k=1

q
∑

′

m=1

1

m(kq + m)(kq + m + a)
+ log q





=φ(q)
∑

d|q
µ(d)

q
∑

m=1
d|m

1

m2(m + a)
+ O (log q)

=φ(q)
∑

d|q

µ(d)

d3

q/d
∑

m=1

1

m2(m + a/d)
+ O (log q)

=φ(q)
∑

d|q

µ(d)

d3

∞∑

m=1

1

m2(m + a/d)
+

+O



φ(q)
∑

d|q

µ(d)

d3

∞∑

m=q/d

1

m2(m + a/d)



+ O (log q)

=φ(q)
∑

d|q

µ(d)

d3

(

1

(a/d)2

∞∑

m=1

(
a/d

m2
+

1

m + a/d
− 1

m

))

+ O (log q)

=φ(q)
∑

d|q

µ(d)

d3

( ∞∑

m=1

(
d

am2
+

d2

a2

(
1

m + a/d
− 1

m

)))

+ O (log q)

=
φ(q)

a

∑

d|q

µ(d)

d2
ζ(2) +

φ(q)

a2

∑

d|q

µ(d)

d

[a/d]
∑

k=1

1

k
+ O (log q)

=
φ(q)

a
ζ(2)

∏

p|q

(

1 − 1

p2

)

+
φ(q)

a2

∑

d|q

µ(d)

d

[a/d]
∑

k=1

1

k
+ O (log q) .

e¡UY�OA2, A3ÚA4. �âÚn5.12,'uA�Ú�PólyaØ�ª±9CauchyØ

�ª, |^{ü��O, k

|A2| =
∑

χ6=χ0

N∑

n=1

χ̄(n)

n(n + a)

∫ +∞

q

A(χ, y)

y2
dy

6
∑

χ6=χ0

N∑

n=1

1

n(n + a)

∫ +∞

q

∣
∣
∣
∑

q<n<y χ(n)
∣
∣
∣

y2
dy

≪ q
1
2 φ(q) log q

∫ ∞

q

1

y2
dy

≪ φ(q) log q√
q

,
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|A3| =
∑

χ6=χ0

q
∑

n=1

χ(n)

n

∫ +∞

N

(2y + a)A(χ̄, y)

y2(y + a)2
dy

≪ log q

∫ ∞

N

2y + a

y2(y + a)2

∑

χ6=χ0

|A(χ̄, y)|dy

≪ log q

∫ ∞

N

2y + a

y2(y + a)2




∑

χ6=χ0

1





1
2



∑

χ6=χ0

|A(χ̄, y)|2




1
2

dy

≪ φ
3
2 (q) log q

N
√

N
,

|A4| =
∑

χ6=χ0

∫ +∞

N

(2y + a)A(χ̄, y)

y2(y + a)2
dy

∫ +∞

q

A(χ, z)

z2
dz

6

∫ ∞

N

∫ ∞

q

2y + a

y2(y + a)2z2

∑

χ6=χ0

|A(χ̄, y)| · |A(χ, z)|dydz

6

∫ ∞

N

∫ ∞

q

2y + a

y2(y + a)2z2




∑

χ6=χ0

|A(χ̄, y)|2




1
2



∑

χ6=χ0

|A(χ, z)|2




1
2

dydz

≪ φ2(q)

N
√

N
√

q
,

�N = q2, u´k

∑

χ6=χ0

∞∑

n=1

χ̄(n)

n(n + a)
L(1, χ) =

φ(q)

a
ζ(2)

∏

p|q

(

1 − 1

p2

)

+
φ(q)

a2

∑

d|q

µ(d)

d

[ a
d
]

∑

k=1

1

k
+O

(
φ(q) log q√

q

)

.

Ïdy²
Ún5.14.

ÚÚÚnnn 5.15 �q > 3 ´�ê�χ ´�q �DirichletA�, Ké?¿�¢êa > 1, kXeì

Cúª

∑

χ6=χ0

∣
∣
∣
∣
∣

∞∑

n=1

χ(n)

n(n + a)

∣
∣
∣
∣
∣

2

=
φ(q)

a2
ζ(2)

∏

p|q

(

1 − 1

p2

)

+
φ(q)

a2

∑

d|q

µ(d)

d2
ζ
(

2,
a

d

)

−2φ(q)

a3

∑

d|q

µ(d)

d

[ a
d
]

∑

k=1

1

k
+ O

(
φ(q) log q

q

)

.

y²: �N > q �?��ê, |^A����5, PólyaØ�ª±9Ún5.12, k

∑

χ6=χ0

∣
∣
∣
∣
∣

∞∑

n=1

χ(n)

n(n + a)

∣
∣
∣
∣
∣

2

=
∑

χ6=χ0

(
N∑

n=1

χ(n)

n(n + a)
+

∫ +∞

N

(2y + a)A(χ, y)

y2(y + a)2
dy

)

×
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×
(

N∑

m=1

χ̄(m)

m(m + a)
+

∫ +∞

N

(2z + a)A(χ̄, z)

z2(z + a)2
dz

)

=
∑

χ6=χ0

(
N∑

n=1

χ(n)

n(n + a)

)(
N∑

m=1

χ̄(m)

m(m + a)

)

+

+
∑

χ6=χ0

(
N∑

n=1

χ(n)

n(n + a)

)(∫ +∞

N

(2z + a)A(χ̄, z)

z2(z + a)2
dz

)

+

+
∑

χ6=χ0

(∫ +∞

N

(2y + a)A(χ, y)

y2(y + a)2
dy

)( N∑

m=1

χ̄(m)

m(m + a)

)

+

+
∑

χ6=χ0

(∫ +∞

N

(2y + a)A(χ, y)

y2(y + a)2
dy

)(∫ +∞

N

(2z + a)A(χ̄, z)

z2(z + a)2
dz

)

=
N∑

n=1

1

n(n + a)

N∑

m=1

1

m(m + a)




∑

χ6=χ0

χ(n)χ̄(m)



+

+O

(∫ +∞

N

(2y + a)
∑

χ6=χ0
|A(χ, y)|

y2(y + a)2
dy

)

=φ(q)
N∑

′

n=1

N∑
′

m=1
m≡n( mod q)

1

mn(m + a)(n + a)
+ O(1) + O

(

φ
3
2 (q)

N
3
2

)

=φ(q)
N∑

′

n=1

1

n2(n + a)2
+ 2φ(q)

N∑
′

n=1

N∑
′

m=1
m≡n( mod q), m>n

1

mn(m + a)(n + a)
+ O(1)

=φ(q)
N∑

′

n=1

1

n2(n + a)2
+ O



φ(q)

N/q
∑

′

k=1

N∑
′

n=1

1

n(n + a)(kq + n)(kq + n + a)



+ O(1)

=φ(q)
N∑

n=1

1

n2(n + a)2

∑

d|(n,q)

µ(d) + O

(
φ(q) log N

q

)

+ O(1)

=φ(q)
∑

d|q

µ(d)

d4

N/d
∑

n=1

1

n2(n + a/d)2
+ O

(
φ(q) log N

q

)

=φ(q)
∑

d|q

µ(d)

d4

∞∑

n=1

1

n2(n + a/d)2
+

+O



φ(q)
∑

d|q

µ(d)

d4

∞∑

n=N/d

1

n2(n + a/d)2



+ O

(
φ(q) log N

q

)

=φ(q)
∑

d|q

µ(d)

d4

(

d3

a3

∞∑

n=1

(
a/d

(n + a/d)2
+

a/d

n2
+

2

n + a/d
− 2

n

))

+ O

(
φ(q) log N

q

)
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=
φ(q)

a2
ζ(2)

∏

p|q

(

1 − 1

p2

)

+

+
φ(q)

a2

∑

d|q

µ(d)

d2
ζ
(

2,
a

d

)

− 2φ(q)

a3

∑

d|q

µ(d)

d

[ a
d
]

∑

k=1

1

k
+ O

(
φ(q) log N

q

)

.

�N = q2, K��

∑

χ6=χ0

∣
∣
∣
∣
∣

∞∑

n=1

χ(n)

n(n + a)

∣
∣
∣
∣
∣

2

=
φ(q)

a2
ζ(2)

∏

p|q

(

1 − 1

p2

)

+
φ(q)

a2

∑

d|q

µ(d)

d2
ζ
(

2,
a

d

)

−2φ(q)

a3

∑

d|q

µ(d)

d

[ a
d
]

∑

k=1

1

k
+ O

(
φ(q) log q

q

)

.

ù�Òy²
Ún5.15.

�!Ì��¤½n5.4�y². dÚn5.11, Ún5.12, Ún5.13, �±á=��½

n5.4. =é?¿q > 3, k

∑

χ6=χ0

|L(1, χ, a)|2

=
∑

χ6=χ0

∣
∣
∣
∣
∣
L(1, χ) − a

∞∑

n=1

χ(n)

n(n + a)

∣
∣
∣
∣
∣

2

=
∑

χ6=χ0

|L(1, χ)|2 − a
∑

χ6=χ0

∞∑

n=1

χ̄(n)

n(n + a)
L(1, χ) −

−a
∑

χ6=χ0

∞∑

n=1

χ(n)

n(n + a)
L(1, χ̄) + a2

∑

χ6=χ0

∣
∣
∣
∣
∣

∞∑

n=1

χ(n)

n(n + a)

∣
∣
∣
∣
∣

2

=



φ(q)ζ(2)
∏

p|q

(

1 − 1

p2

)

+ O(qǫ)





−2a




φ(q)

a
ζ(2)

∏

p|q

(

1 − 1

p2

)

+
φ(q)

a2

∑

d|q

µ(d)

d

[ a
d
]

∑

k=1

1

k
+ O

(
φ(q) log q√

q

)




+a2




φ(q)

a2
ζ(2)

∏

p|q

(

1 − 1

p2

)

+
φ(q)

a2

∑

d|q

µ(d)

d2
ζ
(

2,
a

d

)

−2φ(q)

a3

∑

d|q

µ(d)

d

[ a
d
]

∑

k=1

1

k
+ O

(
φ(q) log q

q

)




=φ(q)
∑

d|q

µ(d)

d2
ζ
(

2,
a

d

)

− 4φ(q)

a

∑

d|q

µ(d)

d

[ a
d
]

∑

k=1

1

k
+ O

(
φ(q) log q√

q

)

.
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ùÒ�¤
½n5.4�y².

5.3.2 'u½n5.5

Äk{ü0�e�Ù=ò�^���­���{��. ù��{¡�7:{, §

´van der Corput[139] u20­V20c�^5?n�êÈ©��êÚ�, Ï�êØ¥Nõ

­�¯K�)ûI�éù
�êÚ��êÈ©k��Ð�ìCúª½öÐ��O,ù

��{�Ï~�<�¡�van der Corput �{. �!3½n5.5�y²¥, 2�/A^


ù��{. ±eA�5�{ü�V)
ù��{:

555���5.1µµµ �f(x), f ′(x), g(x), g′(x) ´«m[a, b] þ�¢�üNëY¼ê, ¿�|f ′(x)| 6

δ < 1, |g(x)| 6 h0, |g′(x)| 6 h1. Kk

∑

a<n6b

g(n)e(f(n)) =

∫ b

a

g(x)e(f(x))dx + O

(
h0 + h1

1 − δ

)

, (5-16)

Ù¥e(f(x)) = exp(2πif(x)), ��O ~ê´ýé�.

555���5.2µµµ35�5.1�^�e,�g(x)/f ′(x)3«m[a, b]þ´üN�,�÷vf ′(x)/g(x) >

m > 0 ½−f ′(x)/g(x) > m > 0. Kk
∣
∣
∣
∣

∫ b

a

g(x)eif(x)dx

∣
∣
∣
∣
6

4

m
. (5-17)

(Ü5�5.1Ú5�5.2, á=��

555���5.3µµµ 35�5.1Ú5�5.2�^�e, k
∣
∣
∣
∣
∣
∣

∑

a<n6b

g(n)e(f(n))

∣
∣
∣
∣
∣
∣

≪ 1

m
+

h0 + h1

1 − δ
. (5-18)

,	, �ò^��êénØ��'�£. �êéÌ�´?n/X

S =
∑

B<n6B+h

e (f(n)) (B > 1, 1 < h 6 B)

��êÚ����O, ±��S��Ð�þ.. F"��Xe/ª�'uS�þ.

S ≪ AκBλ,

eA ≪ |f ′(x)| ≪ A (A > 1
2), 0 6 κ 6

1
2 6 λ 6 1, ù���|�K¢ê(κ, λ)Ò¡��ê

é.

w,, (κ, λ) = (0, 1) ´�êé, ¿��N�êé|¤�8Ü´��à8, P

�∆ = {(tκ1 + (1 − t)κ2, tλ1 + (1 − t)λ2) |(κ1, λ1)�(κ2, λ2)´�êé, 0 6 t 6 1}. ù
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(JÑ´é²��, �XJ�¦f(x) r (r > 5)�����ê÷v:

AB1−r ≪ |f (r)(x)| ≪ AB1−r (r = 1, 2, 3, · · · ),

K�±��'uS��
�²��(J. ~X, |^f(x) 2���, kXe5�:

555���5.4µµµ �h > 1, f ′′(x) 3«m[B, B + h] ´ëY��÷v

0 < λ 6 |f ′′(x)| 6 Cλ,

Kk
∑

B<n6B+h

e(f(n)) = O
(

Chλ
1
2 + λ− 1

2

)

,

Ù¥�O ~ê´ýé�.

l5�5.4 á=�±���êé(1
2 ,

1
2), =

S ≪ B
(
AB−1

) 1
2 +

(
AB−1

)− 1
2 ≪ A

1
2B

1
2 .

Ød�	, ��±|^e¡�ü�5��E¤I���êé.

555���5.5µµµ e(κ, λ)´�êé, K

(µ, ν) =

(
κ

2κ + 2
,
1

2
+

λ

2κ + 2

)

�´�êé.

555���5.6µµµ e(κ, λ)´�êéÓ�÷v^�

κ + 2λ >
3

2
,

K

(µ, ν) =

(

λ − 1

2
, κ +

1

2

)

�´�êé.

Ïd�±ÏL5�5.5Ú5�5.69c¡¤`��êé�à55�E¤I���ê

é. ~X, �êé(1
2 , 1

2)�±@�|^5�5.6d�êé(0, 1)��, 
�|^5�5.5é�

êé(1
2 ,

1
2)�^�, q��
#��êé(1

6,
2
3). �,��±�E¦^5�5.5, 5�5.6±

9�êé�à5. X�êé(2
7 , 4

7) Ò´é�êé(1
6 , 2

3) kA^5�5.5, U
2A^5

�5.6
���. �êénØ3¢�¥A^�~2�, �Ù¥^���êé=�ud, '

u�õ�êé�?Ø�±ë�©z[139].

Ø
þ¡��êénØ, �I�^�'uHurwitz ζ¼ê�ìC¼ê�§

ζ(s, a) =
∑

06n6x−a

1

(n + a)s
− x1−s

1 − s
+ O

(
x−σ

1 − C−1

)

, (5-19)
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d�x÷vx >
Ct∗

2π (t∗ = max(2π, |t|)), �C > 1�~ê. �a = 1���±��Riemann

ζ¼ê�ìCúª. �ÙÌ�|^XeìCúª.

555���5.7µµµ �s = σ + it, �¢êx, y > C > 0 ÷v2πxy = t, Kéu0 < σ1 6 σ 6 σ2 <

1, t > 0, k

ζ(s, a) =
∑

06n6x−a

1

(n + a)s
+ A(s)

∑

16v6y

e(−av)

v1−s
+

+O(x−σ log(y + 2) + yσ−1(|t| + 2)
1
2
−σ), (5-20)

Ù¥�O~ê�6uσ1, σ2, �

A(s) =

∣
∣
∣
∣

t

2π

∣
∣
∣
∣

1
2
−σ

exp

(

−i

(

t log

∣
∣
∣
∣

t

2πe

∣
∣
∣
∣
− π

4

))(

1 + O

(
1

|t|

))

(t → +∞).

�t 6 0, Kª(5-20)C�

ζ(s, a) =
∑

06n6x−a

1

(n + a)s
+ A′(s)

∑

16v6y

e(av)

v1−s
+

+O(x−σ log(y + 2) + yσ−1(|t| + 2)
1
2
−σ),

Ù¥

A′(s) =

∣
∣
∣
∣

t

2π

∣
∣
∣
∣

1
2
−σ

exp

(

−i

(

t log

∣
∣
∣
∣

t

2πe

∣
∣
∣
∣
+

π

4

))(

1 + O

(
1

|t|

))

(t → −∞).

AO/, -s = 1
2 + it, Ké?¿t > 0, k

ζ

(
1

2
+ it, a

)

=
∑

06n6x−a

1

(n + a)
1
2
+it

+

(
2π

t

)it

ei(t+π
4
)
∑

16v6y

e(−av)

v
1
2
−it

+ O(x− 1
2 log t). (5-21)

�
y²½n5.5, �I�e¡�A�Ún.

ÚÚÚnnn 5.16 �q ´��ê, k

∑

d|q

µ(d) log d

d
= −φ(q)

q

∑

p|q

log p

p − 1
.

y²: ë�©z[135]¥Ún2.

ÚÚÚnnn 5.17 �q ´���ê, �0 6 a 6 1, t > 2 ´¢ê, 
χ ´�q �DirichletA�. K

kð�ª

∑

χ mod q

∣
∣
∣
∣
L

(
1

2
+ it, χ, a

)∣
∣
∣
∣

2

=
φ(q)

q

∑

d|q
µ(d)

q/d
∑

b=1

∣
∣
∣
∣
ζ

(
1

2
+ it,

b + a/d

q/d

)∣
∣
∣
∣

2

,

Ù¥ζ(s, α) ´Hurwitz ζ¼ê, §�±)Ûòÿ��²¡(s = 1:Ø	).
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y²: �s = σ + it, �σ > 1, K2ÂDirichlet L-¼êýéÂñ, Ïdk

L(s, χ, a) =
∞∑

n=1

χ(n)

(n + a)s
=

q
∑

b=1

∞∑

n=0

χ(b)

(nq + b + a)s
=

1

qs

q
∑

b=1

χ(b)ζ

(

s,
b + a

q

)

. (5-22)

|^�q �A�Ú���5, dª(5-22)�

∑

χ mod q

|L(s, χ, a)|2 =
1

q2σ

∑

χ mod q

∣
∣
∣
∣
∣

q
∑

b=1

χ(b)ζ

(

s,
b + a

q

)
∣
∣
∣
∣
∣

2

=
1

q2σ

q
∑

b1=1

ζ

(

s,
b1 + a

q

) q
∑

b2=1

ζ̄

(

s,
b2 + a

q

)
∑

χ mod q

χ(b1)χ̄(b2)

=
φ(q)

q2σ

q
∑

b1=1
(b1, q)=1

q
∑

b2=1
(b2, q)=1

b1≡b2( mod q)

ζ

(

s,
b1 + a

q

)

ζ̄

(

s,
b2 + a

q

)

=
φ(q)

q2σ

q
∑

b=1
(b, q)=1

∣
∣
∣
∣
ζ

(

s,
b + a

q

)∣
∣
∣
∣

2

=
φ(q)

q2σ

q
∑

b=1

∣
∣
∣
∣
ζ

(

s,
b + a

q

)∣
∣
∣
∣

2 ∑

d|(b, q)
µ(d)

=
φ(q)

q2σ

∑

d|q
µ(d)

q/d
∑

b=1

∣
∣
∣
∣
ζ

(

s,
b + a/d

q/d

)∣
∣
∣
∣

2

,

|^ζ(s, a) ÚL(s, χ, a) �)Û5, -s = 1
2 + it, k

∑

χ mod q

∣
∣
∣
∣
L

(
1

2
+ it, χ, a

)∣
∣
∣
∣

2

=
φ(q)

q

∑

d|q
µ(d)

q/d
∑

b=1

∣
∣
∣
∣
ζ

(
1

2
+ it,

b + a/d

q/d

)∣
∣
∣
∣

2

.

ù�Òy²
Ún5.17.

±e�
�B, Pa′ = a/d, q′ = q/d.

ÚÚÚnnn 5.18 �q′ > 2 ´�ê, �0 6 a′ 6 1, t > 3. Kk
∣
∣
∣
∣
∣
∣

q′
∑

b=1

1

( b+a′

q′ )
1
2
+it

(

ζ

(
1

2
− it,

b + a′

q′

)

− 1

( b+a′

q′ )
1
2
−it

)
∣
∣
∣
∣
∣
∣

≪ q′
1
2 t

5
12 log t + q′t−

1
4 log t,(5-23)

Ù¥≪ ~ê=�6ua′.

y²: �â5�5.7, k

ζ

(
1

2
− it,

b + a′

q′

)

− 1
(

b+a′

q′

) 1
2
−it
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=
∑

16n6x

1

(n + b+a′

q′ )
1
2
−it

+

(
2π

t

)−it

ei(−t+π
4
)
∑

16v6y

e
(

− b+a′

q′
v
)

v
1
2
+it

+ O(x− 1
2 log t),

ddá=��
∣
∣
∣
∣
∣
∣

q′
∑

b=1

1

( b+a′

q′ )
1
2
+it

(

ζ

(
1

2
− it,

b + a′

q′

)

− 1

( b+a′

q′ )
1
2
−it

)
∣
∣
∣
∣
∣
∣

=

q′
∑

b=1

1

( b+a′

q′ )
1
2
+it

×

×




∑

16n6x

1

(n + b+a′

q′
)

1
2
−it

+

(
2π

t

)−it

ei(−t+π
4
)
∑

16v6y

e
(

− b+a′

q′ v
)

v
1
2
+it

+ O(x− 1
2 log t)





=
∑

16n6x

q′
∑

b=1

(
n+(b+a′)/q′

(b+a′)/q′

)it

( b+a′

q′ )
1
2 (n + b+a′

q′ )
1
2

+

(
2π

t

)−it

ei(−t+π
4
)
∑

16v6y

q′
∑

b=1

e
(

− b+a′

q′ v
)

( b+a′

q′ v)−it

( b+a′

q′ v)
1
2

+

+O(q′x− 1
2 log t)

≡M1 + M2 + O(q′x− 1
2 log t), (5-24)

Ù¥x, y ´�½~ê, �2πxy = t, 0 < C < x, y < t.

3M1 ¥, ��
(

n + b+a′

q′

b+a′

q′

)it

=

(
nq′ + b + a′

b + a′

)it

= eit log nq′+b+a′

b+a′ = e2πif(b),

Ù¥Pf(b) = t
2π log nq′+b+a′

b+a′ . ,	, �g(b) = 1
(

b+a′

q′

) 1
2
(

n+ b+a′

q′

) 1
2
, |^5�5.3Ú�êén

Ø5�OM1, Ïdk

f ′(b) =
t

2π

−nq′

(b + a′)(nq′ + b + a′)
< 0, (5-25)

g′(b) =
−q′(nq′ + 2b + 2a′)

(b + a′)(nq′ + b + a′)
. (5-26)

�b + a′ > t �, ��

|f ′(b)| 6
1

2π
< 1, (5-27)

|g(b)| 6 q′t−
1
2 (nq′)−

1
2 = q′

1
2 (nt)−

1
2 , (5-28)

|g′(b)| ≪ qt−1, (5-29)
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−f ′(b)

g(b)
=

tnq′

2π(b + a′)(nq′ + b + a′)

(b + a′)
1
2 (nq′ + b + a′)

1
2

q′

=
tn

2π(b + a′)
1
2 (nq′ + b + a′)

1
2

>
tn

2π(q′ + 1)
1
2 (nq′ + q′ + 1)

1
2

>
tn

1
2

q′
. (5-30)

�b + a′ < t �, éuN < b < N + h < 2N , �|f ′(b)| ≪ t
N , |^�êé

(
1
6 ,

2
3

)
�O

��
∣
∣
∣
∣
∣
∣

∑

N6b6N+h62N

e (f(b))

∣
∣
∣
∣
∣
∣

≪
(

t

N

) 1
6

N
2
3 ≪ t

1
6 N

1
2 . (5-31)

Ïd, du5�5.3Úª(5-27)-(5-31), k

|M1| 6
∑

16n6x

∣
∣
∣
∣
∣
∣

∑

16b6q′

g(b)e (f(b))

∣
∣
∣
∣
∣
∣

6
∑

16n6x

∣
∣
∣
∣
∣

∑

b+a′>t

g(b)e (f(b))

∣
∣
∣
∣
∣
+
∑

16n6x

∣
∣
∣
∣
∣
∣

∑

b+a′6t

g(b)e (f(b))

∣
∣
∣
∣
∣
∣

≪
∑

16n6x

∣
∣
∣
∣

q′

n
1
2 t

+ (nt)−
1
2 q′

1
2

∣
∣
∣
∣
+
∑

16n6x

∣
∣
∣
∣
∣
∣

∑

j≪log t

∑

2j−1<b<2j

g(b)e (f(b))

∣
∣
∣
∣
∣
∣

≪
∑

16n6x

q′

n
1
2 t

+ O
(

q′
1
2 t−

1
2x

1
2

)

+
∑

16n6x

∣
∣
∣
∣
∣
∣

∑

j≪log t

max
16N6t−a′

∣
∣
∣
∣
∣

∑

N<b<2N

g(b)e (f(b))

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

≪ q′x
1
2 t−1 + q′

1
2 x

1
2 t−

1
2 +

+
∑

16n6x

∣
∣
∣
∣
∣
log t max

16N6t−a′

1

(N+a′

q′ )
1
2

1

(n + N+a′

q′ )
1
2

max
16N6t−a′

∣
∣
∣
∣
∣

∑

N<b<N+h<2N

e (f(b))

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

≪ q′x
1
2 t−1 + q′

1
2 x

1
2 t−

1
2 +

∑

16n6x

log t

∣
∣
∣
∣
∣

max
16N6t−a′

q′√
N
√

n
√

q′

∣
∣
∣
∣
∣

∑

N<b<N+h<2N

e (f(b))

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

≪ q′x
1
2 t−1 + q′

1
2 x

1
2 t−

1
2 +

∑

16n6x

√
q′√
n

log t max
16N6t−a′

1√
N

∣
∣
∣
∣
∣
∣

∑

N6b6N+h62N

e (f(b))

∣
∣
∣
∣
∣
∣

≪ q′x
1
2 t−1 + q′

1
2 x

1
2 t−

1
2 +

∑

16n6x

√
q′√
n

log t max
16N6t−a′

1√
N

t
1
6 N

1
2

≪ q′x
1
2 t−1 + q′

1
2 x

1
2 t−

1
2 + q′

1
2x

1
2 t

1
6 log t

≪ q′x
1
2 t−1 + q′

1
2 x

1
2 t

1
6 log t. (5-32)

aq/, ��±��M2��O,

M2 ≪ q′y
1
2 t−1 + q′

1
2 y

1
2 t

1
6 log t. (5-33)
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Ïd, dª(5-24), (5-32)Ú(5-33), k
∣
∣
∣
∣
∣
∣

q′
∑

b=1

1

( b+a′

q′
)

1
2
+it

(

ζ

(
1

2
− it,

b + a′

q′

)

− 1

( b+a′

q′
)

1
2
−it

)
∣
∣
∣
∣
∣
∣

≪ q′
(

x
1
2 + y

1
2

)

t−1 + q′
1
2

(

x
1
2 + y

1
2

)

t
1
6 log t + q′x− 1

2 log t.

�x = y =
√

t
2π

, ��

∣
∣
∣
∣
∣
∣

q′
∑

b=1

1

( b+a′

q′ )
1
2
+it

(

ζ

(
1

2
− it,

b + a′

q′

)

− 1

( b+a′

q′ )
1
2
−it

)
∣
∣
∣
∣
∣
∣

≪ q′
1
2 t

5
12 log t + q′t−

1
4 log t.

ùÒy²
Ún5.18.

ÚÚÚnnn 5.19 �q′ > 2 ´�ê, �0 6 a′ 6 1, t > 3. Kk

q′
∑

b=1

∣
∣
∣
∣
∣

(

ζ

(
1

2
+ it,

b + a′

q′

)

− 1

( b+a′

q′ )
1
2
+it

)∣
∣
∣
∣
∣

2

= q′
(

log
q′t

(q′ + a′)2π
+ γ

)

+ O(q′t−
1
12 ) + O(t

5
6 log3 t) + O

(

q′
1
2 log t

)

,

Ù¥γ ´Euler~ê, ��O ~ê=�6ua′.

y²: �â5�5.7, |^)Ûòÿk

q′
∑

b=1

∣
∣
∣
∣
∣

(

ζ

(
1

2
+ it,

b + a′

q′

)

− 1

( b+a′

q′ )
1
2
+it

)∣
∣
∣
∣
∣

2

=

q′
∑

b=1

∣
∣
∣
∣
∣
∣
∣

∑

16n6x

1
(

n + b+a′

q′

) 1
2
+it

+

(
2π

t

)it

ei(t+π
4
)
∑

16v6y

e
(

− b+a′

q′ v
)

v
1
2
−it

+ O(x− 1
2 log t)

∣
∣
∣
∣
∣
∣
∣

2

=

q′
∑

b=1

∣
∣
∣
∣
∣
∣

∑

16n6x

1

(n + b+a′

q′ )
1
2
+it

∣
∣
∣
∣
∣
∣

2

+

q′
∑

b=1

∣
∣
∣
∣
∣
∣

∑

16v6y

e(− b+a′

q′ v)

v
1
2
−it

∣
∣
∣
∣
∣
∣

2

+

+

q′
∑

b=1




∑

16n6x

1

(n + b+a′

q′ )
1
2
+it









(
2π

t

)−it

e−i(t+π
4
)
∑

16v6y

e( b+a′

q′ v)

v
1
2
+it



+

+

q′
∑

b=1




∑

16n6x

1

(n + b+a′

q′ )
1
2
−it









(
2π

t

)it

ei(t+π
4
)
∑

16v6y

e(− b+a′

q′ v)

v
1
2
−it



+

+O



x− 1
2 log t

∑

16b6q′

∣
∣
∣
∣
∣
∣

∑

16n6x

1

(n + b+a′

q′ )
1
2
+it

+

(
2π

t

)it

ei(t+π
4
)
∑

16v6y

e(− b+a′

q′ v)

v
1
2
−it

∣
∣
∣
∣
∣
∣



+

+O
(
x−1 log2 t

)

≡A1 + A2 + A3 + A4 + A5 + O
(
x−1 log2 t

)
. (5-34)
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ò�Oª(5-34)¥z��.

(i)Äk�OA1. dª(5-34) k

A1 =

q′
∑

b=1

∣
∣
∣
∣
∣
∣

∑

16n6x

1

(n + b+a′

q′ )
1
2
+it

∣
∣
∣
∣
∣
∣

2

=

q′
∑

b=1

∑

16n6x

∑

16m6x

1

(n + b+a′

q′
)

1
2
+it

1

(m + b+a′

q′
)

1
2
−it

=

q′
∑

b=1

∑

16n6x

1

n + b+a′

q′

+

q′
∑

b=1

∑

16m<n6x

1

(n + b+a′

q′ )
1
2
+it

1

(m + b+a′

q′ )
1
2
−it

+

+

q′
∑

b=1

∑

16n<m6x

1

(n + b+a′

q′ )
1
2
+it

1

(m + b+a′

q′ )
1
2
−it

= q′
q′
∑

b=1

∑

16n6x

1

nq′ + b + a′
+

q′
∑

b=1

∑

16m<n6x

1

(n + b+a′

q′ )
1
2
+it

1

(m + b+a′

q′ )
1
2
−it

+

q′
∑

b=1

∑

16m<n6x

1

(n + b+a′

q′ )
1
2
−it

1

(m + b+a′

q′ )
1
2
+it

= q′A11 + A12 + A13. (5-35)

w,, A13 �A12 �Ý. Ïd�I�OA11 ÚA12. éuA11, Ï�

q
∑

n=1

1

n + a
=

q
∑

n=1

1

n
−

q
∑

n=1

a

n(n + a)
= log q + γ −

∞∑

n=1

a

n(n + a)
+ O(q−1),

k

A11 =

q′
∑

b=1

∑

16n6x

1

nq′ + b + a′

=
∑

16n6q′([x]+1)

1

n + a′
−

∑

16n6q′

1

n + a′

=log(q′([x] + 1)) + γ − βa′ + O

(
1

q′x

)

−
(

log q′ + γ − βa′ + O

(
1

q′

))

=log x + O

(
1

q′

)

, (5-36)

Ù¥βa′ =
∑∞

n=1
a′

n(n+a′) .

e¡�OA12. Äkk

A12 =

q′
∑

b=1

∑

16m<n6x

(
m+ b+a′

q′

n+ b+a′

q

)it

(n + b+a′

q′ )
1
2 (m + b+a′

q′ )
1
2
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=
∑

16m<n6x

q′
∑

b=1

eit log mq′+b+a′

nq′+b+a′

(n + b+a′

q′
)

1
2 (m + b+a′

q′
)

1
2

. (5-37)

-

f(b) =
t

2π
log

mq′ + b + a′

nq′ + b + a′
, (5-38)

g(b) =

(

n +
b + a′

q′

)− 1
2
(

m +
b + a′

q′

)− 1
2

, (5-39)

w,, g(b) ´üNeü�, ���

f ′(b) =
t

2π

(n − m)q′

(mq′ + b + a′)(nq′ + b + a′)
> 0, (5-40)

f ′′(b) =
−t(n − m)q′((n + m)q′ + 2(b + a′))

2π(mq′ + b + a′)2(nq′ + b + a′)2
< 0, (5-41)

g′(b) = −q′

2

q′(m + a′) + 2(b + a′)

(nq′ + b + a′)
3
2 (mq′ + b + a′)

3
2

. (5-42)

Ïd, f(b) ´üNþ,�, 
f ′(b) ´üNeü�.

�t 6
mnq′

n−m , k

|f ′(b)| =
t

2π

(n − m)q′

(mq′ + b + a′)(nq′ + b + a′)
6

1

2π
< 1, (5-43)

|g(b)| =
1

(

n + b+a′

q′

) 1
2
(

m + b+a′

q′

) 1
2

6
1√
mn

(5-44)

|g′(b)|= q′ (q′(m + n) + 2(b + a′))

2 (nq′ + b + a′)
3
2 (mq′ + b + a′)

3
2

6
1√
mn

, (5-45)

f ′(b)

g(b)
=

t(n − m)

2π(mq′ + b + a′)
1
2 (nq′ + b + a′)

1
2

≫ (n − m)t√
mnq′

. (5-46)

dd9�â5�5.3Úª(5-35), (5-43)-(5-46), ��

|A12|≪
∑

16m<n6x




1

(n−m)t√
mnq′

+
1√
mn





≪ q′t−1
∑

16m<n6x

√
mn

n − m
+ x
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= q′t−1
x−1∑

k=1

x−1∑

m=1

√

m(m + k)

k
+ x

≪ q′t−1x2 log t. (5-47)

�t > mnq′

n−m�, dª(5-41), k

t(n − m)

m2q′2n
≪ |f ′′(b)| ≪ t(n − m)

m2q′2n
,

Ïdd5�5.4 Úª(5-37), k

|A12|≪
∑

16m<n6x

log q
(

n + 1+a′

q′

) 1
2
(

m + 1+a′

q′

) 1
2

max
16N6q′

∣
∣
∣
∣
∣

∑

N<b<N+h<2N

eit log mq′+b+a′

nq′+b+a′

∣
∣
∣
∣
∣

≪
∑

16m<n6x

log t
(

n + 1+a′

q′

) 1
2
(

m + 1+a′

q′

) 1
2

×

× max
16v6q′

∣
∣
∣
∣
∣
q′
(

t(n − m)

m2q′2n

) 1
2

+

(
t(n − m)

m2q′2n

)− 1
2

∣
∣
∣
∣
∣

≪
∑

16m<n6x

√
t log t

√
n
√

m3
+

∑

16m<n6x

√
t log t√
nm

≪ t
1
2 x log t + q′x2t−1 log t. (5-48)

¤±, dª(5-37), (5-47)Ú(5-48), k

|A12| ≪
(

q′t−1x2 + t
1
2x
)

log t. (5-49)

Ïd, dª(5-35), (5-36)Ú(5-49), ��

A1 = q′ log x + O
(

(q′t−1x2 + t
1
2x) log t

)

. (5-50)

Ó�, |^CauchyØ�ª, k

q′
∑

b=1

∣
∣
∣
∣
∣
∣

∑

16n6x

1

(n + b+a′

q′ )
1
2
+it

∣
∣
∣
∣
∣
∣

6





q′
∑

b=1

12





1
2




q′
∑

b=1

∣
∣
∣
∣
∣
∣

∑

16n6x

1

(n + b+a′

q′ )
1
2
+it

∣
∣
∣
∣
∣
∣

2



1
2

≪ q′ log
1
2 t. (5-51)

(ii)éuA2, Ï�
∑

16u6y

1
u = log y + γ + O

(
1
q′

)

, k

A2 =

q′
∑

b=1

∣
∣
∣
∣
∣
∣

∑

16v6y

e(− b+a′

q′ v)

v
1
2
−it

∣
∣
∣
∣
∣
∣

2
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=
∑

16u6y

∑

16v6y

q′
∑

b=1

e2πi b+a′

q′
(v−u)

u
1
2
−itv

1
2
+it

= q′
∑

16u6y

1

u
+ O




q′

∑

16u<v6y
u≡v( mod q′)

1

u
1
2 v

1
2






= q′(log y + γ + O(q′−1)) + O



q′
∑

16k6[ y
q′

]

∑

16u6y

1√
u
√

kq′ + u





= q′(log y + γ) + O



q′
3
4

∑

16k6[ y
q′

]

1

k
1
4

∑

16u6y

1

u
3
4





= q′(log y + γ) + O(y). (5-52)

|^CauchyØ�ª, á=��

q′
∑

b=1

∣
∣
∣
∣
∣
∣

∑

16v6y

e(− b+a′

q′ v)

v
1
2
−it

∣
∣
∣
∣
∣
∣

6





q′
∑

b=1

12





1
2




q′
∑

b=1

∣
∣
∣
∣
∣
∣

∑

16v6y

e(− b+a′

q′ v)

v
1
2
−it

∣
∣
∣
∣
∣
∣

2



1
2

≪ q′ log
1
2 t. (5-53)

(iii) �x < y, 2πxy = t, K�â5�5.7, k

∑

06n6x

1

(n + b+a′

q′ )
1
2
+it

+

(
2π

t

)it

ei(t+π
4
)
∑

16v6y

e(− b+a′

q′ v)

v
1
2
−it

+ O
(

x− 1
2 log t

)

=
∑

06n6
√

t
2π

1

(n + b+a′

q′ )
1
2
+it

+

(
2π

t

)it

ei(t+π
4
)

∑

16v6
√

t
2π

e(− b+a′

q′ v)

v
1
2
−it

+ O
(

t−
1
4 log t

)

.

Ïd,

(
2π

t

)it

ei(t+π
4
)
∑

16v6y

e(− b+a′

q′ v)

v
1
2
−it

=

(
2π

t

)it

ei(t+π
4
)

∑

16v6
√

t
2π

e(− b+a′

q′ v)

v
1
2
−it

+
∑

x<n6
√

t
2π

1

(n + b+a′

q′ )
1
2
+it

+ O
(

x− 1
2 log t

)

. (5-54)

dA3 �½ÂÚª(5-54), (5-51) á=��

A3 =

q′
∑

b=1

∑

16n6x

1

(n + b+a′

q′ )
1
2
+it






(
2π

t

)−it

e−i(t+π
4
)

∑

16v6
√

t
2π

e( b+a′

q′ v)

v
1
2
+it

+
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+
∑

x6n6
√

t
2π

1

(n + b+a′

q′ )
1
2
−it

+ O
(

x− 1
2 log t

)






=

(
2π

t

)−it

e−i(t+π
4
)
∑

16n6x

∑

16v6
√

t
2π

1

v
1
2
+it

q′
∑

b=1

e( b+a′

q′
v)

(

n + b+a′

q′

) 1
2
+it

+

+
∑

16n6x

∑

x6m6
√

t
2π

q′
∑

b=1

1
(

n + b+a′

q′

) 1
2
+it (

m + b+a′

q′

) 1
2
−it

+

+O
(

q′
1
2 log t

)

=A31 + A32 + O
(

q′
1
2 log t

)

. (5-55)

éuA32, �±|^��OA1 aq��{��, Ïdk

|A32|≪ q′x
3
2 t−

3
4 + t

3
4 x

1
2 log t. (5-56)

éuA31, dª(5-55), k

|A31|6
∑

16n6x

∑

16v6
√

t
2π

1

v
1
2
+it

q′
∑

b=1

e2πi b+a′

q′
v
(

n + b+a′

q′

)−it

(

n + b+a′

q′

) 1
2

6
∑

16n6x

∑

16v6
√

t
2π

1

v
1
2

∣
∣
∣
∣
∣
∣
∣

q′
∑

b=1

e
2πi b+a′

q′
v−it log

(

n+ b+a′

q′

)

(

n + b+a′

q′

) 1
2

∣
∣
∣
∣
∣
∣
∣

. (5-57)

-

f(b) =
b + a′

q′
v − t

2π
log

(

n +
b + a′

q′

)

,

g(b) =

(

n +
b + a′

q′

)− 1
2

,

w,, g(b) ´üNeü�, {üO���

f ′(b) =
v

q′
− t

2π(nq′ + b + a′)
,

f ′′(b) =
t

2π(nq′ + b + a′)2
,

g′(b) = − 1

2q′
(

n + b+a′

q′

) 3
2

.
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Ïd, �t 6 nq′ �,

|f ′(b)|=
∣
∣
∣
∣

v

q′
− t

2π(nq′ + b + a′)

∣
∣
∣
∣
6

t

2π(nq′ + b + a′)
6

t

2πnq′
6

1

2π
< 1, (5-58)

|g(b)|6
∣
∣
∣
∣
∣

(

n +
b + a′

q′

)− 1
2

∣
∣
∣
∣
∣
6

1√
n

, (5-59)

|g′(b)|6 1√
n

, (5-60)




− f ′(b)

g(b)
=

(
t

2π(nq′ + b + a′)
− v

q′

)(

n +
b + a′

q′

) 1
2

>

(
t

2π(nq′ + b + a′)
− v

q′

)(

n +
1 + a′

q′

) 1
2

≫ t

nq′
√

n ≫ t

q′
√

n
. (5-61)

Ïd, d5�5.3 Úª(5-57)-(5-61), k

|A31|≪
∑

16n6x

∑

16v6
√

t
2π

1

v
1
2

(

1
t

q′
√

n

+
1√
n

)

≪ q′t−1
∑

16n6x

√
n

∑

16v6
√

t
2π

1√
v

≪ q′t−
3
4 x

3
2 . (5-62)

�t > nq′ �, k t
n2q′2 ≪ |f ′′(b)| ≪ t

n2q′2 , ¤±�â5�5.4 Úª(5-57), ��

|A31|≪
∑

16n6x

∑

16v6
√

t
2π

1

v
1
2

log q′√
n

max
1<N<q′

∣
∣
∣
∣
∣

∑

N<b<N+h<2N

e2πif(b)

∣
∣
∣
∣
∣

≪
∑

16n6x

∑

16v6
√

t
2π

1

v
1
2

log q′√
n

[

q′
(

t

n2q′2

) 1
2

+

(
n2q′2

t

) 1
2

]

≪
∑

16n6x

∑

16v6
√

t
2π

log t√
nv

(√
t

n
+

nq′√
t

)

≪ t
3
4 x

1
2 log t + q′t−

1
4 x

3
2 log t. (5-63)

(Üª(5-62)Ú(5-63), k

|A31|≪ q′t−
3
4 x

3
2 + t

3
4 x

1
2 log t + q′t−

1
4 x

3
2 log t
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≪ q′x
3
2 t−

1
4 log t + t

3
4 x

1
2 log t. (5-64)

Ïd, dª(5-55), (5-56)Ú(5-64), k

|A3|≪ q′x
3
2 t−

3
4 + t

3
4x

1
2 log t + q′

1
2 log t. (5-65)

��A4 �A3 ´�Ý�, ¤±kaq��O, =

|A4|≪ q′x
3
2 t−

3
4 + t

3
4x

1
2 log t + q′

1
2 log t. (5-66)

(iv)ùÜ©ò�OA5. dª(5-34), (5-51)Ú(5-53), á=��

|A5|≪x− 1
2 log t

∑

16b6q′

∣
∣
∣
∣
∣
∣
∣

∑

16n6x

1
(

n + b+a′

q′

) 1
2
+it

+

(
2π

t

)it

ei(t+π
4
)
∑

16v6y

e
(

− b+a′

q′ v
)

v
1
2
−it

∣
∣
∣
∣
∣
∣
∣

6 x− 1
2 log t






∑

16b6q′

∣
∣
∣
∣
∣
∣
∣

∑

16n6x

1
(

n + b+a′

q′

) 1
2
+it

∣
∣
∣
∣
∣
∣
∣

+
∑

16b6q′

∣
∣
∣
∣
∣
∣

∑

16v6y

e
(

− b+a′

q′ v
)

v
1
2
−it

∣
∣
∣
∣
∣
∣






6 q′x− 1
2 log

3
2 t.

nþ¤ã, (Ü(i), (ii), (iii)Ú(iv)oÜ©�y², á=��

A= q′ log x + q′(log y + γ) + O
(

q′t−1x
1
2 log t

)

+

+O
(

t
1
2 x log t

)

+ O(y) + O
(

q′x
3
2 t−

3
4

)

+ O
(

q′
1
2 log t

)

+O
(

t
3
4 x

1
2 log t

)

+ O
(

q′x− 1
2 log

3
2 t
)

+ O
(
x−1 log2 t

)
. (5-67)

-x = t
1
6 log3 t, y = t

2πx , k

A= q′ log
t

2π
+ q′γ + O

(

q′t−
1
12

)

+ O
(

t
5
6 log

5
2 t
)

+ O
(

q′
1
2 log t

)

. (5-68)

ùÒy²
Ún5.19.

ù�!, ò�¤½n5.5�y². �âÚn5.17éN´��

∑
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∣
∣
∣
∣
L
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1
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∣
∣
∣
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∣
∣
∣
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∣
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∣
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=
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∑
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