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Abstract.The objective of the study is to present cosine
similarity measure based multi-attribute decision making under
neutrosophic environment. The assesments of alternatives over
the attributes are expressed with trapezoidal fuzzy neutrosophic
numbers in which the three independent components namely,
truth-membership degree (T), indeterminacy-membership degree
() and falsity-membership degree (F) are expressed by
trapezoidal fuzzy numbers. Cosine similarity measure between
two trapezoidal fuzzy neutrosophic numbers and its properties

are introduced. Expected value of trapezoidal fuzzy neutrosophic
number is defined to determine the attribute weight. With these
attribute weights, weighted cosine similarity measure between
relative positive ideal alternative and each alternative is
determined to find out the best alternative in multi-attribute
decision-making problem. Finally, a numerical example is
provided to illustrate the proposed approach.
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1 Introduction

Multiple attribute decision-making (MADM) is a process
of finding the best option from all the feasible alternatives.
In classical MADM methods [1, 2, 3, 4], the ratings and
the weights of the attributes are described by crisp values.
However, under many conditions, crisp data are inadequate
to model real-life situations since human judgments
including preferences are often vague and cannot be
estimated with an exact numerical value. A more realistic
approach may lead to use linguistic assessments instead of
exact numerical values i.e. the ratings and weights of the
criteria in the problem may be presented by means of
linguistic variables. These characteristics indicate the
applicability of fuzzy set introduced by Zadeh [5],
intuitionistic fuzzy set studied by Atanassov [6] and
neutrosophic set pioneered by Smarandache [7] in
capturing the decision makers’ judgement. However,
neutrosophic set [8, 9] generlizes the crisp set [10, 11],
fuzzy set [5], intuitionistic fuzzy set [6] and other
extension of fuzzy sets. Wang et al. [12] introduced the
concept of single valued neutrosophic set from practical
point of view. The single valued neutrosophic set consists
of three independent membership functions, namely, truth-
membership function, indeterminacy-membership func-
tion, and falsity-membership function. It is capable of deal-
ing with incomplete, indeterminate, and inconsistent in-
formation. The concept of single valued neutrosophic set
has been studied and applied in different fields including

decision making problems [13, 14, 15, 16, 17, 18, 19, 20,
21].

Several similarity measures in neutrosophic environment
have been studied by researchers in the literature. Broumi
and Smarandache [22] proposed the Hausdorff distance
between neutrosophic sets and some similarity measures
based on the Hausdorff distance, set theoretic approach,
and matching function to determine the similarity degree
between neutrosophic sets. Based on the study of
Bhattacharya’s distance [23], Broumi and Smarandache
[24] proposed cosine similarity measure and established
that their proposed similarity measure is more efficient
and robust than the existing similarity measures. Pramanik
and Mondal [25] proposed cosine similarity measure of
rough neutrosophic sets and its application in medical
diagnosis.

Majumdar and Samanta [26] developed several similarity
measures of single valued neutrosophic sets (SVNSSs)
based on distances, a maching function, memebership
grades, and then proposed an entropy measure for a SVNS.
Ye and Zhang [27] proposed three new similarity measures
between SVNSs based on the minimum and maximum op-
erators and developed a multiple attribute decision making
method based on the weighted similarity measure of
SVNSs under single valued neutrosophic environment.

Ye [28] defined generalized distance measure between
SVNSs and proposed two distance-based similarity
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measures of SVNSs. In the same study, Ye [28] presented
a clustering algorithm based on the similarity measures of
SVNSs to cluster single-valued neutrosophic data.

Ye [29] also presented the Hamming and Euclidean
distances between interval neutrosophic sets (INSs) and
their similarity measures and applied them to multiple
attribute  decision—making problems with interval
neutrosophic information. Ye [30] developed three vector
similarity measure for SNSs, interval valued neutrosophic
sets including the Jaccard [31], Dice [32], and cosine
similarity measures [33] for SVNS and INSs and applied
them to multicriteria decision-making problems with
simplified neutrosophic information. Ye [34] further
proposed improved cosine similarity measure of SVNSs
and applied it to medical diagnosis with single valued
neutrosophic information. Recently, Ye [35] proposed
trapezoidal fuzzy neutrosophic number weighted arithmet-
ic averaging (TFNNWAA) operator and a trapezoidal
fuzzy neutrosophic number weighted geometric averaging
(TFNNWGA) operator to aggregate the trapezoidal fuzzy
neutrosophic information. Based on the TFNNWAA and
TFNNWGA operators and the score and accuracy func-
tions of a trapezoidal fuzzy neutrosophic numbers, Ye [35]
proposed multiple attribute decision making in which the
evaluated values of alternatives on the attributes are
represented by the form of trapezoidal fuzzy neutrosophic
numbers. However, cosine similarity based multiattribute
decision making with trapezoidal fuzzy neutrosophic
information is yet to appear in the literature.

In this paper, we propose a new approach called “Cosine
similarity based multi-attribute decision making with
trapezoidal fuzzy neutrosophic numbers”. The expected in-
terval and the expected value theorem for trapezoidal fuzzy
neutrosophic numbers are established. Cosine similarity
measure of trapezoidal fuzzy neutrosophic numbers is also
established.

The rest of the paper is organized as follows: Section 2
briefly presents some preliminaries regarding neutrosophic
set and single-valued neutrosophic set. In Section 3, defini-
tions of trapezoidal fuzzy neutrosophic number and some
operational laws are studied. Section 4 is confined to de-
fine the cosine similarity measure between two trapezoidal
fuzzy neutrosophic numbers and its properties. Section 5 is
devoted to present the cosine similarity measure based
multi-attribute decision making with trapezoidal fuzzy
neutrosophic numbers. Section 6 represents an illustrative
example that shows the effectiveness and applicability of
the proposed approach. Finally, section 7 presents the
direction of future research and concluding remarks.

2 Some Preliminaries

In this section, we review some basic definitions and
concepts that are used to develop the paper.

Definition 1 Let X = (X3, X, ..., Xp) and Y = (Y1, V2, ..., Yn)
be two n-dimensional vectors with positive components.
The cosine [33] of two vectors X and Y is the inner
product of X and Y divided by the products of their lengths
and it can be defined as

Cos(X,Y)= X—

Y
()
1.l

satisfying the following properties

i. 0<Cos(X,Y)<1;

ii. Cos(X,Y)=Cos(Y,X);

ii. Cos(X,Y):l ,ifX=Y ie x;=y;fori=1,2,..n.
Definition 2 A fuzzy set [5] A in a universe of discourse X
is defined by ;1={<x,,u;1(x)> |x e X} swhere 117 (x) 1 X—
[0, 1] is called the membership function of A and 5 (x)

is the degree of membership to which xe A .

Definition 3 A fuzzy set [5] A defined on the universal set
of real number R is said to be a fuzzy number if its
membership function has the following characteristics.

1. A is convex i.e. for any X,, X, € X the membership
function 4;(x) satisfies the inequality
g5 (A%, + (1= 2)x, ) = min{u, (x,), p2;(x,)} for
0<A<I.

ii. A isnormali.e., ifthere exists at least one point
x € X such that £, (x)=1

ili. (%) is piecewise continuous.

Definition 4 A trapezoidal fuzzy number [36] A is
denoted by (a;, a, a3, a4), where, a,, ay, a;, a5 are real

numbers and its membership function z;(x)is defined as

follows:
x—a
f(x)= L g, <x<a,;
a, — a4,
a, <x<as;
/lg(x) = 0 —x
gx)=— a,<x<a,;
a, —a,
0 otherwise.

Then, ;(x)satisfies the following conditions:

1. p;(x)is a continuous mapping from R to closed inter-
val [ 0,1],
2. u(x) =0 forevery x € (-0, ay],

4;(x) is strictly increasing and continuous on [a;, a,],

4. py(x) =1 for every x € [a,, as],
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5. p;(x)is strictly decreasing and continuous on [as, a,],

6. 4;(x) =0 for every X € [ay, ).

The trapezoidal fuzzy number reduces to a triangular fuzzy
number ifa, = a;.

Definition 5 The expected interval and the expected value
of fuzzy number [37] A are expressed as follows:

EI(A)=[E(4"),E(4Y)] )

EV(A)=(ECIL).ECAY))2 (3)

a
where E(AY) = a, — [ f(x)dx and

a

ay
E(4Y)= as+ [g(x)dx.
as
In case of the trapezoidal fuzzy number the expected

interval and the expected value of A= (a;, ay, a3, a4) can be
obtained by using the equations (2) and (3) as follows:

EI(X):[(alzaz)’(as‘gaﬂ} )
EV(K):M 5)

4

Definition 6 Cosine similarity measure [33] is defined as
the inner product of two vectors divided by the product of
their lengths. It is the cosine of the angle between the vec-
tor representations of the two fuzzy sets.

Let us assume that A = (z1,(x)), £4(x,), ..., s1,(x,) ) and
B= (ﬂB(x]),uB(xz),...,yB(x,,)) are two fuzzy sets in the

universe of discourse X = {Xi, Xa,..., Xp}. Then the cosine
similarity measure of 11, (x;) and (x,- ) is

~ ~ _iz'(”A(xi)“'B (xi))
CFuzz (A’ B) = =

Ji:zl‘(“i (x; ))\/lg‘(}lé (x; ))

It satisfies the following properties:
i) 0<Cp,..(4,B)<1
i) Cre(d, B)=Cp,.(B,4)
iif) Cp..(4,B)=1if A =B.

The value of Cj,.(4,B) is considered zero if

(6)

45(x)=0 and z;(x) =0.

Definition 7 Cosine similarity measure of trapezoidal
fuzzy numbers [38]

Let A= (ay, ay, a3, a4) and B= (by, by, b3, by) be two trape-
zoidal fuzzy numbers in the set of real numbers R. The
four parameters presented in two numbers 4 and B can
be considered as the vector representations of four ele-

ments. Thus the cosine similarity measure of 4 and B can
be defined as the extension of the cosine similarity meas-
ure of fuzzy sets as follows:

2.a;.b;
CTRFN (4,B) = L

(M

It satisfies the following properties:

H 0<Cray (4,B)<1
i) Crppy (4, B) =Crppy (B, A)
iii) Crppy (4,B)=1,ifA=Bie.aj=bifori=1,2,3,
4.
2.1 Some basic concepts of neutrosophic set
Definition 8

Let X be a space of points (objects) with generic element x.
Then a neutrosophic set [7] A in X is characterized by a
truth  membership function T,, an indeterminacy
membership function I and a falsity membership function
Fa. The functions Ta, I4 and F, are real standard or non-
standard subsets of J'0, 1" [ thatis Ta : X —]0, 17 ;
I,:X—>70,17; FA: X—70, 1]

Ta(x), Ia(X), and F(x) satisfy the relation
i.e. "0<sup Ta(x) +sup Ix(x) +supFA(x) < 37

Definition 9 The complement [7] A°of a neutrosophic set
A is defined as follows:

T ()= 1 =T, (03 1 (0={"}-1,(%);

Fe()={"}-FA(x).

Definition 10 A neutrosophic set [7] A is contained in
other neutrosophic set B i.e., AcB if and only if the
following results hold good.

inf T, (x)<inf T;(x), sup T, (x)<sup T(x)

infI, (x)2inf I;(x), supl, (x)=supl;(x)

inf F, (x)2inf E;(x) , supF, (x)=supF;(x)

for all x in X.

Definition 11. Let X be a universal space of points
(objects), with a generic element xe X. A single-valued

neutrosophic set [12] N C X is characterized by a true
membership function 7;(x), a falsity membership function
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F;(x) and an indeterminacy membership function /3 (x)
with Tﬁ(x), Iﬁ(x), Fy(x)e [0, 1] for all xeX. For a
SVNS W , the relation

0<sup 75 (x)+sup/;(x)+sup Fi (x)<3 ®)
holds for Vxe X .

When X is continuous
follows:

./\7:j<Tﬁ(x),I~(x),F~(x)>/x, VxeX.

SVNSS,./T/ can be written as

and when X is discrete a SVNSs WV can be written as
follows:

N= mZ<TA7(x),IA7(x),FN(x)>/x , VxeX.

i=1
T;(x), 13(x), Fz(x) €[0, 1]

Definition 12 The complement./v ¢ of a single-valued
neutrosophic set [12] is defined as follows:

Tg(x)= Fyp(x) ;IA?,(X): 1=15(x); Fe(x)= Tp(x)
Definition 13 A single-valued neutrosophic set [12] & L is
contained in ./VB ie, ./\7A c ./\7B , if and only if

TﬁA(x)S TﬁB(x);I~A(x)ZIﬁB(x) ;F~A(x) 2 FN~B(x) for
vVxeX.

Definition 14 Two SVNSs [12] ./\7A and ./\NfB are equal,
i.e.JVA= ./\N/B , if and only if ./\NfA Q./\NfB and ./\NfA ) ./\N/B .
Definition 15 The union of two SVNSs [12] &, and W,
is a SVNS ﬁc , denoted as ./17C = ./\7A ) ./\N/B . Its truth
membership, indeterminacy-membership and falsity mem-
bership functions are related to those of N, and.NV;as
follows:

T e (x) =max(T A ), T s (x);

[ﬁc (x)= max(lﬁA (x), IJVB x);

FJ‘N/C (x)= min(FJVA (x), FJVB (x)) VxeX.

Definition 16 The intersection of two SVNSs [12] JVA and

./VB is denoted as a SVNS ./IN/C:./VA N ./173, where truth

membership, indeterminacy-membership and falsity mem-
bership functions are defined as follows:

Tﬁc (x)=min(T 7 (%), TJ;,B x));
Iﬁc (x) =min(1 i x), 1 Wi x));

Fﬁc (x) =max( FJVA (%), FﬁB (x)) for all x in X.

Definition 17 The addition of two SVNSs [12] ¥, and
ANfB is a SVNS JVC = JVA @ JVB , whose three membership
degrees related to N . and W, » are defined as follows:

TJVC (x)= TJVA (x) +TJ‘73 (x)—TﬁA (x).TJVB (%);

Iﬁc (x)= [JVA (x).]ﬁB (x); F/Vc (%) :F‘/V~A ()C).FJVB (x)
VxeX.

Definition 18 The multiplication of two SVNSs [12] J\7A
and ./VB is a SVNS ./17C = ./\7A ® ﬁB , whose three mem-

bership degrees related to N . and W, s are defined as fol-
lows:

Tﬁc (x) = TJVA (x)'TAN/B (x);
IJVC (x) :IﬁA (x)+1A~/B (x)—]JVA (x).]JVB (x);
FJT/C (x) :FJVA (x)"‘FJVB (x)—FJVA (x)'FJVB (x) vxeX.

3 Trapezoidal Fuzzy Neutrosophic Number

Definition 19 A neutrosophic set N ,in a universe of
discourse X is defined in the following form:

N, = {<TﬁA ()15 (%), Fy, (x)>|x€X} where,  truth
membership degree I’ A (x):X [0, 1], indeterminacy

membership degree / A (x): X e[0, 1] and falsity

membership degree I W (x): X €]0, 1]. Fuzzy

neutrosophic number can be defined by extending a
discrete set to a contious set.
Let W, be a fuzzy neutrosophic number in the set of real

numbers R. Then its truth membership function can be
defined as follows:

1TA£/A (x) ay ix iazl

_ _ ay =X =d;

T‘NA ) TJ%JA (%) a; SxSay ®)
0 otherwise

The indeterminacy membership function can be defined as

follows:
I;A(x) 211 ixil;u

- — b1 =X =05

nO=\ W by <x<b, (10

1 otherwise

and the falsity membership function can be defined as

follows:
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F;A(x) c SXxS ey
<x<c
F- (x)= C 31
NA( ) F},/A (x) Cy Sx ¢y an
1 otherwise

where 0< supTA~/A (x) -#sup[j/A (x)+ suij,A (x)<3,VxeX and

11,321, 831, 841, b1y, bar, b3y, bay, €11, €21, €31, €41 € R such
that a; <a,; <as; <ay, by <by < by <b,and

€1 <6y <03 <y T;A (x)e[o0, 1], 1%A (x)e [0, 1], and
FJ%]A (x) €0, 1] are continuous monotonic increasing
functions and TJ%/A (x)e[o0, 1], I/LVA (x)e [0, 1], and

1 jL‘—,A (x) € [0, 1] are continuous monotonic decreasing
functions.

Definition 20 (Trapezoidal Fuzzy Neutrosophic Number)
A trapezoidal fuzzy neutrosophic number (TrFNN) [35]

N , 1s denoted by

discourse X. The parameters satisfy the following relations
a;<a,<az;<ay, by<b,<by<b,andc,<c, <c3<c,.
Its truth membership function is defined as follows:

X-a,
—_— a <x<a,
a, -,
B _ a, $x<a,
T 0=1{ " (12)
a;<x<a,
a, -a,
0 otherwise
Its indeterminacy membership function is defined as
follows:
b, -x b <x<h
b, -b, PEEED
/0 b, <x<b,
]JVA(X)— x-b, b o<r<h (13)
b4 _ b3 3= X = 4
1 otherwise
and its falsity membership function is defined as follows:
c, -X
¢, Sx<gc,
€ -
_ C, Sxsc
F./VA (x), x-c, (14)
— c;<x<c¢,
C,-Cy
1 otherwise

3.1 Some operational rules of trapezoidal fuzzy
neutrosophic numbers.

Let J\N/A :<(al,az,a3,a4),(bl,b2,b3,b4),(61,02,63,c4)> and

N, :<(01,az,a3,a4),(bl,bz,b3,b4),(c1,cz,c3,c4)> in a universe of

Ny=((ler.erneseq) (i fon f. S (81,8203 84 ) e two
TrFNNs in the set of real numbers R. Then the operation

rules [35] for JVA and ./VB are presented as follows:
ay+e - — a6,
[a3 +e3—azes, ay,+e,—asey J’
(b1 bafas s fis bafs)s
(Clgla €825 €383, C4g4)

N, ®
alel, ae,, ase;, a4e4)
b1+f1 blﬁ’szffz—bzfz,J
b3+f3 by f3.b4 + f4 — by [y ’

Cl +81 681,078~ 08, j
C3+g3 —C484

a e ,a, + €

LN (15)

A

eN,=

éz
I

(16)

C383,C4 + &4

1-(1-a)*, 1-(1-a,)*,
3. AN - {1—(1—a3)4,1—(1—a4)1 ]
(b 5304 7). (cfch e
for1>0;

amn

A oA A A
(al ,as,a3 ,a4)

_(1_ A1_(1_ A
. (7, - [1 (1-b)*1-(1 bzﬂ

(18)
1-(1-by)* 1-(1-b,)

I-(1=e)t 1= (1-cy)%,
(1—(1—c3)4,1—(1—c4)i ]
for 4> 0.
5. N, = N,ifa,=e, b=f and ¢; = g hold fori=1, 2, 3,
4ie. (ay,a,a3,a)= (e €, €3 €4), (by, by, b3, by) = (f1,
f,, f3, fy) and (cy, ¢y, 3, C4) = (g1, L2, €3, S4)-

3.2 Expected value of trapezoidal fuzzy neutrosophic
number

Let N, =((ar,az,a3,a4 ). (b1, by, b3, b4 ) (c1,¢25 05,04 ) be
the

TrFNN  characterized by three independent
membership degrees in the set of real numbers R where,

T W (x) €0, 1] be the truth membership degree, 7y (x)e
[0, 1] be the indeterminacy degree and F| A (x)€[0, 1]be

the falsity membership degree such that the following
relation holds.
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0 < supT iy (x)+sup/ A (x)+supF A (x)=3.

It is also assumed that

a;

X — a, — X
T§ (x)=——" 4
A a, —a

are the two sides of

U —
5 T-/VA(X)_a a
443

by -x x-b
. L ) U A

TN~A(x). Similarly, I/VA (x)—bz_b1 ,IJVA (x) = b,
the two sides of I (x) and FL (x)=—2—
are the two sides of [/ an , (X)—CZ_CI’

U 7X'C
Fg (x)=

are the two sides of F'i; (x).
€y -Gy A

Each of three membership degrees of TrFNN can be taken
as the three independent components like fuzzy numbers.
Thus similar to fuzzy set, the expected interval or expected
value of each membership degree can be determined sepa-
rately.

Definition 21 We define the expected interval and the
expected value of truth membership function

T3 (x)=(ay, a, a3, a; ) of TIFNN J\7A as follows:
A

ENT;, (x)){%,&z"“)} (19)
BVT (o) =0 a2t a) (0)

Similarly, we define the expected interval and the expected
value of the indeterminacy membership function of TrENN
as follows:

12(05% (x))_{(bLzbz)’ (b5 Zbﬁ} an
EV(I; (x) =M )

We define the expected interval and the expected value of
the falsity membership function of TrFNN as follows:

EI(FAN/A (x))_|:(cl "2'02)’(53‘504)} (23)
EV(Fy, ()= aratate) o ) (24)

Definition 22 (Truth favorite relative expected value of
TrFNN)
Let ./VA:<(a1,a2,a3,a4), (by.by,b3,b,), (cl,cz,c3,c4)>be

the TrFNN in the set of real numbers R. Suppose
EV(T 7, (x)),EI( 7, (x)) and EV(F ﬁA(x)) are the

expected values of truth membership, indeterminacy
membership and falsity membership component of SVNN

N If
3EV (T, (x)

EV(T () +EV(Lg (x)+EV(Fy (x))

(25)

EVT (&)=

then we define F V(Jff ,)as the truth favorite relative
expected value (TFREV) of N \-

Theorem 1(Expected value theorem)

Let W, :<(a1,a2,a3,a4), (bl,bz,b3,b4), (cl,cz,c3,c4)> be

the TrFNN in the set of real numbers R, then the truth
favorite relative expected value (TFREV) of W, is defined
by

32?:1 4
(Z?:] @+ Z?:l bi+ Z?:l Ci)

Proof: Given that T W, (x)is the truth membership,

EVI(N,)= (26)

1 7, (x) is the indeterminacy membership and F W, (x)is
the falsity membership component of TrFNN N N -

Treating each component of N ', as the trapezoidal fuzzy

number, the combined expected value of the ./VA can be
obtained by considering the centroid of three expected
values of 75 (x), I3 (x)and F (x).

A A A

Then, the combined expected value of three membership
components can be defined by

EVN,)= %(EV(TA?A () +EV (L5, (0)+EV(Fy, (x)

27
Combining Egs. (20), (22), (24), and (27) we obtain

(al+0t2 +a, +a4)+(b1+b2 + by +b4)

~ 1
EV(N)= — 4 4
3 +(cl+cz+c3+c4)
4
4 4 4
— (Zi=lai +Zi=1bi +Zi=lci) (28)
12
Now, the TFREV of ¥ , can be determined by
_ EV(T; (x))
EVI(W)=— "7 (29)
EV(N,)
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Using Eqs.(20) (28) and (29), we obtain the desired COSTFNN(‘AN/ N ):
TFREV of W, as follows: ; M
4 4 4
4 gt ) bifit) g
3244 DNSLEAD WL YAP VR (34)

EVI(WN,)=

(30)
4 4 4

(Zizl a; + Zizl bi + Zi:l Ci)
This completes the proof.

Now, if the corresponding elements of three membership

degrees of TrFNN N , coincide with each other i.e., when
(a1, a, a3, a3 ) = (by, by, bs, bs ) = (1, €3, €3, c4) then
combined expected value of N, would be

(a, +a, +a;+ay)

EV(N,)= 7

€2))

and TFREV of ¥, would be EVT (N,)=1.

It is to be noted that if a, =a;,b, =bjand ¢, =c;of a
TrENN J\N/A=<(a1,az,a3,a4),(b1,b2,b3,b4),(01,02,03,04»

then W ', Teduces to triangular fuzzy neutrosophic number
(TFNN) ‘/‘7A: <(a19a23a4)7(b1ab27b4)9(clac2304 )> . Then
according to Eq.(28), the expected value of TFNN

‘/f/Tri :<(11:12»13)» (mlamz’"%)» (”1a”2»”3)>
defined as follows:

can be

L +2Ly + Iy +my +2my +my +n, +2n, +n3)

EV(Nyy)= ( >

(32)
and TFREV of ./f/Tri can be defined as follows:
3(4+20,+1)
(L +2Ly + I+ my +2my + my +ny +2n, +n3)
(33)

4 Cosine Similarity Measure of Trapezoidal Fuzzy
Neutrosophic Numbers

Definition 23
Let ./VA :<(a|,az,a3,a4),(b],bz,b3,b4),(c], ¢y, 3, c4)> and

EVT(‘/VTri) =

JVB=<(€1,€2,63,64),(f1,fg,f3,f4),(g1,g2,g3,g4)> be two
TrFNNs in the set of real numbers R. The twelve
parameters considered in .AN/A and ./VB can be taken as two
vector representations with twelve elements. Thus, a cosine
similarity measure between N , and ./VB can be determined

in a similar manner to the cosine similarity measure
between two trapezoidal fuzzy numbers. Then,

(\/Zj:l(ai Y (B) (@) JX
(S LU S e

The cosine similarity measure Cos 7, zyy (./VA , JVB) of ¥ , and

.AN/B satisfies the following properties:

P1. 0 < Cosgypyy (./VA,./\N/B)S 1

P2 COSTrFNN(‘/vA"/VB): COSTVFNN(‘/VB"/VA)
P3  Cosppny W, W, =1 for ¥, = &,

ie,a=¢,b=fand ;=g fori=1,2,3,4.

Proof: P1 is shown to be true from the basic definition of
cosine value.

P2: Symmetry of Eq. (34) validates the property P2.

P3: By putting a; =¢;, b;=fiand c;=g; fori=1, 2, 3, 4 in
Eq. (34), the denominator and numerator reduce to

(Zhi(a ) +Zh () +2h(a))
Cosr,rny (./\NfA , ./\NfB):l .

and therefore

5 Cosine Similarity Based Multiple Attribute Decision-
Making Problems with Trapezoidal Fuzzy Neutroso-
phic Numbers

Let Ay, Ay, ..., Ay be a discrete set of m alternatives, and
Ci, Cy,..., C, be the set of n attributes for a multi-attribute
decision-making problem. The ratingd,; provided by the

decision maker describes the performance of the alterna-
tive A; against the attribute Cj. Then the assessment values
of the alternatives can be presented in the following deci-
sion matrix form.

Table 1. Decision matrix of attribute values

(O C, . Gy
A
' dll d12 dln
A, dy dy, ey,
D = <dij>m><n - (35)
Am dml dmZ dmn

Step 1. Determination of the most important attributes

In a decision making process, a set of criteria or attributes
are to be required to evaluate the best alternative. All
attributes are not equal important in the decision making
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situation. Therefore it is important to choose the set of
proper attributes based on experts’ opinions.

Step 2. Construction of the decision matrix with TrFNNs

Let us assume that the ratings of alternative A; i=1, 2,...,
m) with respect to the attribute C; (j = 1, 2, ..., n) are
expressed with TTFNNs. The TrFNN based rating values of
the m-th alternative over the n-th attribute can be presented
in the following decision matrix.

Table 2. Decision matrix with 77FNNs
D./f/ = <a.. b.. c..>

AR
<a11,b11,c“> <012’b12:012>

<a217b215C21> <”22ab22aczz>

<aln7bln’cln>
<a2n ’ bZn »Cop >

(BBt G2obursGnz) o (nsbunsGon)
(36)

> , a; denotes
mxn ‘I

In the decision matrix D i = < lj,blj, i

L2, ..,
., ), l;,/ denotes the degree of

the degree that the alternative A; (i =
the attribute C; (j = 1, 2

m) satisfies

indeterminacy of the alternative A; over the attribute C;
and E,-j denotes the degree that the alternative A; does not
the C;. These

components d; , b” and ¢; are expressed by the trapezoidal

satisfy attribute three membership

fuzzy numbers with the following properties:
1. a. 5--=(a1 ai.a.a; ) e[0,1];
b. by = (b}.b7.b;.b; ) €10, 1;

i i> %%
ij 2 Vi 2 Yij o Yij
e N 0,1
c. ¢y CU,CU,C,],CU e [0, 1];
4, 44, 4 . .
2. OSal-j+bl-j +c¢; <3 fori=1,2,.,mandj=1,2,..,n
Step 3. Determination of the weights of attributes
The importance of attributes may not be always same to
decision maker in decision-making situation. The informa-

tion available of the attribute weights is often vague or in-
complete in the decision making situation. Let W=

T .
(W, wy,...,w,) be the vaguely expressed weight vector

assigned to the different attributes. In this case the weight
of the attribute C; for j = 1, 2, ..., n can be presented by the
TrFNNs. Let us assume that w, =

<(“1j’“2./’“3p“4j)’(blj’bwbaj’bw)’(011’021’%"34;‘)> be
the TrFNN based weight of attribute C;. The expected
value of w;(j =1, 2, ..., n) is determined by using the

Eq.(30). These values are to be normalized by the

following formula to make dimensionless
EVT (w

W.N:—( ) fori=1,2,.

2L EVT(w)

Step 4. Determination of the positive ideal neutrosophic
solution (PINS) and the vrelative positive ideal
neutrosophic  solution (RPINS) for TrFNNs based
neutrosophic decision matrix

37

Definition 24 Let H be the collection of two types of
attributes namely benifit type attribute (P) and cost type
attribute (L) in the MADM problems.

The positive ideal
0% =lag 45~ a5 1

neutrosophic  solution (PINS)
is the solution of the decision

matrix D ; = <TU,IU,FV> where, every component of

Q}/ has the following form:
) (bH p2t b3t b4+),

1+ 2+ 3+
(a i 295 oY)

. /’/’al’J

qy =
J I+ 2+ 3+ 4+
(Cj € 2Cj o€ )

(max{a }s max{a }s max{a }s max{a
= (max{b;},max{bj},max{b;},max{ (38)
(max{c }s max{c ', max{c ', max{cy}

for the benefit type attribute and

(mm{a }s mm{a }s mm{a }, mm{a

ay = (39)

(mjn{b}j},min{b;},m;n{ }mm{
(mm{c }s mm{c }s mm{c }s mm{c )
for the cost type attribute.

Definition 25 The negative ideal neutrosophic solution
(PINS) O =[q; 47,

cision matrix D ; —<T I, F> where, every component

ij2 Hijo T ij

,q;f, ] is the solution of the de-

of QJ}/ has the following form:

- 2- 3- 4 I- 32— 33— 34—
_ (aJ aj ,aj 4 )(bl ’bj ’bj ’b/ )7

Ni - 2- 3 4-
(Cj 2CjCjoC )
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. 1 . 2 . 3 . 4
(m}n{aij.}, m;n{ail- }s m}n{a[j}, m}n{a[/- }) R
1 1 ; 1 ; 1 ;

= (m;n{b;},m_in{b;},mjn{b;},nl_in{bg}), (40)

: 1 : 2 : 3 . 4
(minfe) , min{c3}, min{c] . minfci)
1 1 N 1 1 N

for the benefit type attribute.

1 2 3 4
(max{aij}, max{aij }, max{alj}, max{aij }) R
1 1 1 1

Oy = (maxie)}.max(s?) max (b} maxitf)). ) @)
1 2 3 4
(max {cl-j },max {cij },max {cij },max {cij })

for the cost type attribute.

Step 5. Determination of the weighted cosine similarity
measure between each alternative and the ideal alternative
Let w; be the weight of the attribute Cj forj=1,2,..,n

The weighted cosine similarity measure between the
alternative A4;for i = 1, 2, ..., m and the positive ideal

alternative Q7 is

Cosy o (0 4)=

D W50 WL /0 WA

A [Ty -z )
[ (@)« ) (o) ]

(42)

Step 6. Ranking the alternatives

The ranking order of all alternatives can be determined by
using the weighted cosine similarity measure between the
alternative and the positive ideal alternative defined in Eq.

(42). The highest value of Cos” " (Q},,Al.)reﬂects the

TrFNN

most desired alternative fori=1, 2, ..., n.
6. lllustrative Example

In this section, multi attribute decision making problem
under a trapezoidal fuzzy neutrosophic environment is
considered to demonstrate the applicability and the effec-
tiveness of the proposed approach. Let us consider the de-
cision-making problem in which a customer intends to buy
a tablet from the set of primarily chosen five alternatives 4
= (A, Ay, Az, Ay, As). The customer takes into account the
following four attributes:

1. features (C));

2. hardware(C,);

3. affordable price (Cs);
4. customer care (C,).

Assume that the weight vector of the four attributes pro-
vided by the decision maker is expressed by the trapezoidal
fuzzy neutrosophic numbers

W=[w,wy, w3, wy]=

((0.4,0.5,0.6,0.7),(0.0,0.1,0.2,0.3),(0.1,0.2,0.3,0.4)),
(0.2,0.3,0.4,0.5),(0.1,02,0.2,0.2),(0.2,0.2,0.3,0.4)),
(0.6,0.7,0.8,0.9),(0.0,0.1,0.2,0.3),(0.1,0.1,0.2,0.3)),
(0.4,0.5,0.6,0.7),(0.0,0.1,0.2,0.3),(0.1,0.2,0.3,0.4))
43)

<
<
<

Given that the following trapezoidal fuzzy neutrosophic
number based decision matrix according to the experts’ as-
sessment of the five alternatives with respect to the four at-
tributes:

Table3. Decision matrix with SVNS

Dy =(a.5,%), =

0.5,0.6,0.7,0.8),(0.1,0.1,0.2,0.3),(0.1,0.2,0.2,0.3))
0.3,0.4,0.5,0.5),(0.1,0.2,0.2,0.4),(0.1,0.1,0.2,0.3))
(

(
,(0.6,0.7,0.8,0.9
(
(

0.7,0.8,0.8,0.9),(
0.1,0.2,0.2,0.3),(0.2,0.2,0.3,0.4),(0.6,0.6,0.7,0.8

0.1,0.2,0.3,0.3),

5

)
)
0.2,0.3,0.4,0.4)
)
)

(
( )
((03,03,03,0.3),
(
(

)
0.2,0.2,0.2,0.2))
_ )

((0.1,0.1,0.2,0.3),(0.2,0.2,0.3,0.4),(0.4,0.5,0.6,0.7))
((02,03,0.4,0.5),(0.1,0.1,0.2,0.3),(0.2,0.2,0.3,0.3))
((0.1,0.2,02,0.3),(0.2,0.3,0.3,0.4),(0.4,0.5,0.6,0.6
(
((05,0.6,0.6,0.7),(0.1,0.2,03,04),(0.2,0.2,0.3,0.4

):(

)+ ( )
0.5,0.6,0.7,0.7),(0.2,02,02,0.2),(0.1,0.1,0.2,0.2))

) ( )
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(0.2,02,0.3,0.4))
(0.6,0.7,0.8,0.8))
)

(( ) (
(( )+ (
((02,0.3,04,0.5),(0.2,0.3,0.3,0.4),(0.3,0.4,0.4,0.5))
(( ). ( )
(( )+ (

)-(
0.3,0.4,0.4,0.5),(0.1,0.2,0.2,0.3),(0.1,0.2,0.3,0.4)
0.6,0.7,0.8,0.8),(0.2,0.2,0.3,0.3),(0.1,0.1,0.2,0.3))

0.3,0.4,0.4,0.5), 0.1,0.2,0.2,0.3),
0.2,0.2,0.2,0.2), 0.1,0.1,0.1,0.1),

((0.4,0.5,0.6,0.7),(0.2,0.2,0.3,0.4),(0.1,0.2,0.3,0.4)) |
((0.4,0.5,0.6,0.6),(02,0.2,03,0.3),(0.2,0.3,0.4,0.4))
((02,0.2,03,0.4),(0.3,0.3,0.3,0.3),(0.3,0.4,0.5,0.6))
((0.1,02,0.3,0.4),(0.2,0.2,0.3,0.3),(0.5,0.6,0.7,0.8))
((02,0.3,0.4,0.4),(0.1,0.2,0.3,0.4),(0.3,0.4,0.4,0.5))

(44)
Step 1. Determination of the weight of attributes

The truth favorite relative expected values (TFREVs) of
the assessment of four attributes expressed with TrFNNs
can be determined by the Eq. (30) as follows:

EVT (w)=1737, EV'(w))=131, EV"(w;)=2.093
and EVT (W4) =1.737. The normalized expected value of
the assessment of four attributes is obtained by using the
Eq. (37) asEV™(w)=02525 EV™(w,)=0.1907;

EV™ (wy)=0.3042 and EV™ (w,)=0.2525.

Step 2. Determination of  the relative positive
neutrosophic solution (PINS) for the TrFNNs
neutrosophic decision matrix

The positive ideal solution of the decision matrix

_ |/~ I = : + 1.t + + +
Dy —<ag/abg/',cg/>5x4ls Q_,f/ —[qu/l,ngzaqﬁs,qM] where,

ideal
based

(0.7,0.8,0.8,0.9),(0.2,0.3,0.4,0.4),
qy, = (45)
! 0.6,0.7,0.8,0.9)
(0.5,0.6,0.7,0.7),(0.2,0.2,0.3,0.4),
95, = (46)
> 1(0.4,0.5,0.6,0.7)
(0.6,0.7,0.8,0.8),(0.2,0.3,0.3,0.4),
q5 = 47)
+1(0.6,0.7,0.8,0.8)
. (0.4,0.5,0.6,0.7),(0.3,0.3,0.3,0.4),
9y, = (48)
M 1(0.5,0.6,0.7,0.8)

Step 3. Calculation of the weighted cosine similarity measure
between each alternative and the ideal alternative

The weighted cosine similarity measures between positive
ideal alternative and each alternative are determined by us-
ing the Eq. (42) and the results are shown in the table 4.

Table 4. Decision results of weighted cosine similarity
measures

Alternative (A;) Weighted cosine similarity measure

Alternative (A) 0.910296
Alternative (A;) 0.918177
Alternative (Aj) 0.928833
Alternative (Ay) 0.915722
Alternative (As) 0.904869

Ranking Order Ay =Ay=Ay=A-As

Step 4. Ranking of the alternatives
According to the values of weighted cosine similarity
measure Table 4 shows that A; is the best alternative.

6 Conclusion

In this paper, we have presented cosine similarity measure
based multiple attribute decision-making with trapezoidal
fuzzy neutrosophic numbers. Expected value theorem and
cosine similarity measure of trapezoidal fuzzy neutroso-
phic numbers are developed. The assessments of alterna-
tives and attribute weights provided by the decision maker
are considered with the trapezoidal fuzzy neutrosophic
numbers. Ranking order of all alternatives is determined
using the proposed cosine similarity measure between
positive ideal alternative and each of alternatives. Finally,
an illustrative example is provided to show the feasibility
of the proposed approach and to demonstrate its practical-
ity and effectiveness. However, the authors hope that the
proposed approach will be applicable in medical diagnosis,
pattern recognition, and other neutrosophic decision mak-
ing problems.
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