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1 Introduction

The concept of neutrosophic set was introduced by Smarnandache [28, 29]. The
traditional neutrosophic sets is characterized by the truth value, indeterminate
value and false value. Neutrosophic set is a mathematically tool for handling
problems involving imprecise, indeterminacy inconsistent data and inconsis-
tent information which exits in belief system. The concept of neutrosophic set
which overcomes the inherent difficulties that existed in fuzzy sets and intu-
itionistic fuzzy sets. Following this, the neutrosophic sets are explored to differ-
ent heights in all fields of science and engineering.A.A.Salama [9] - [26]applied
neutrosphic set in various prospects. Many researchers [3, 4, 5, 6, 7, 8, 30]
applied the concept of fuzzy sets and intuitionistic fuzzy sets to topologies. In
this paper we initiate the concept of fuzzy neutrosophic product and some of
its properties are discussed.

2 Preliminary Notes

Definition 2.1. [1] A Fuzzy Neutrosophic set A on the universe of discourse
X is defined as A = (x,Tx(x), [a(x), Fa(x)), 2€ X where T, I, F : X — [0,1]



2 A. A. Salama, I.R.Sumathi and I.Arockiarani

and 0< Ta(xz) + I4(x) + Fa(x) < 3.

Definition 2.2. [1] Let X be a non empty set, and A = (x, Ta(x), [4(z), Fa(x)),
B = (z,Tg(x), I(x), Fg(x)) are fuzzy neutrosophic sets. Then A is a subset
of BifV e X

Ta(z) < Tp(x), Ia(z) < Ip(2)), Fa(z) = Fp(x))

Definition 2.3. [1] Let X be a non empty set, and A = (x, Ta(x), [4(z), Fa(x)),
B = (z,Tp(x), Ip(x), Fg(x)) are fuzzy neutrosophic sets. Then

AU B = (z,max(Ta(z), Ts(z)), max(ls(x), Ig(z)), min(Fa(x), Fg(x)))

AN B = (z,min(Ty(x), Tg(x)), min(ls(z), Ig(z)), max(F4(zx), Fp(z)))

Definition 2.4. [1] A Fuzzy neutrosophic set A over the non-empty set X is
said to be empty fuzzy neutrosophic set if Ta(x) =0, I4(z) = 0,Fa(z) =1,V x
€ X. It is denoted by Oy.

A Fuzzy neutrosophic set A over the non-empty set X is said to be universe
fuzzy neutrosophic set if Ta(x) = 1, I4(x) = 1,Fa(x) =0V x € X. It is de-
noted by 1.

Definition 2.5. [1] The complement of Fuzzy neutrosophic set A denoted by
A€ and is defined as

A%(x) = (2, Tac(x) = Fa(x), Lac(x) =1 — I4(x), Fac(x) = Ta(x))

Definition 2.6. [2] Let X and Y be a non-empty sets and let f be a map-
ping from a set X to a set Y. Let A = {{x,Ta(x),1a(x), Fa(x)) /z € X},
B = {{y,Ts(y), 15(y), F5(y)) /y € Y} be fuzzy neutrosophic set in X and Y
respectively,

(a) then the preimage of B under f denoted by f~'(B) is the fuzzy neutro-
sophic set in X defined by
= < T S I, o) > f € X) i
fHTs)(x) = Tp(f(x)) . f7'Us)(@) = Ip(f(x)) and f~H(Fp)(x) =
Fg(f(z)) for allx € X.

(b) the image of A under f, denoted by f(A) is the fuzzy neutrosophic set in
Y defined by
f(A) = (f(Ta, f(1a, f(F4)), where for each y €Y.
Vo Talz) if fHy) #¢
F(Ta)(y) = { 2 'W)

0 otherwise
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Vo La(z) if fHy) # ¢
fIa)(y) = q =€/ W)
0 otherwise
N Falz) if f7y) # ¢
f(Fa)(y) = { z€fv)
1 otherwise

Proposition 2.7. [2] Let A, A;(i € I)be fuzzy neutrosophic sets in X let B,
B;(j € J)be fuzzy neutrosophic sets in Y and let f : X — Y a mapping. Then

1. Ay C Ay implies f(A1) C f(As).
2. By C By implies f~Y(By) C f~1(By).
3. AC fUF(A)). If fis injective, then A = f~1(f(A)).
4. f(f~N(B)) C B. If f is surjective, then f(f~(B)) = B.
5. f7HUBy) =U f1(B)).
6. [N B) =NS7(By).
7. f(UA) =UJ(A).
8. f(NA) CNf(A).If fis injective, then f(()A;) =) f(A;).
9. f(1n) = 1y, if [ is surjective and f(On) = Oy.

10. f~*(1y) =1y and f~1(0n) = Op.

11. [f(A)]c C f(A®) if fis surjective.

12. f7H(B°) = [T (B)).

3 Fuzzy Neutrosophic topological spaces and
product spaces

Definition 3.1. Let p,q,r € [0,1] and p+ g+ < 3. An fuzzy neutrosophic
point x4y of X is the fuzzy neutrosophic set in X defined by

r), ifxr=
T (pqr) (Y) = Eg: g: 1;: i;y 2 z, for each y € X.
A fuzzy neutrosophic point T, is said to belong to an fuzzy neutrosophic set
A =<Ty,1s,Fy > in X denoted by x(pg, € A if p < Ta(x), ¢ < Ia(x) and
r > Fa(z). We denote the set of all fuzzy neutrosophic points in X as FNP(X)
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Theorem 3.2. Let A =< Ty, Is,Fa > and B =< Tg,Ig, Fg > be fuzzy
neutrosophic sets in X , then A C B if and only if for each x4,y € FNP(X),
T(pgr) € A implies x4,y € B.
Proof:

Let AC B and x(pqr) € A, Then p < Ta(x) < Tg(w), ¢ < Ia(z) < Ip(x)
and r > Fa(x) > Fp(x). Thus x4, € B.
Conversely, Take and x € X. Let p = Tx(x), ¢ = Ix(x) and r = Fa(z).Then
T(pgr) 18 @ fuzzy neutrosophic point in X and v, 4, € A. By the hypothesis,
T(pqr) € B. Thus Ta(z) = p < Tp(x), Ia(z) = ¢ < Ip(x) and Fa(z) =r >
Fp(x). Hence A C B.

Theorem 3.3. Let A =< T4, 14, Fx > be a fuzzy neutrosophic set of X. Then
A=U{Z@par Tpan € AL

Definition 3.4. Let X be a set and let p,q,r € [0,1] with0 < p+qg+71r <
3. Then the fuzzy neutrosophic set C, 4, € X s defined by for each x €

z,Cipar (@) = (p,q,7) e, TC (x) = p, Icg, . (x) =q and Foium (x) =r.

Definition 3.5. Let X anon-empty set and let 7 C FNS(X) . Then I is
called a fuzzy neutrosophic topology (FNT) on X in the sense of Lowen, if it
satisfies the following axioms:

(i) For each o, 3, € [0,1] with a4+ f+ v <3, Clapq € T
(ii) For any Aj, Ay € T, AiNAy €T
(i11) For any {Ax}trex C 7, U € T

keK

Definition 3.6. Let A be a fuzzy neutrosophic set in a fuzzy neutrosophic
topological space (X,.T) then the induced fuzzy neutrosophic topology (IFNT
in short) on A is the family of fuzzy neutrosophic sets in A which are the
intersection with A of fuzzy neutrosophic open sets in X. The IFNT is denoted
by T4 and the pair (A, T4) is called a fuzzy neutrosophic subspace of (X, 7).

Definition 3.7. Let (X,.7) and (Y, %) be two fuzzy neutrosophic topological
spaces. A mapping f : (X, T) — (Y,%) is said to be fuzzy neutrosophic
continuous if the preimage of each fuzzy neutrosophic set in % is a fuzzy
neutrosophic set in 7 , and f is said to be fuzzy neutrosophic open if the image
of each fuzzy neutrosophic set in 7 is a fuzzy neutrosophic set in U .

Definition 3.8. Let (A, 74) and (B, %) be fuzzy neutrosophic subspace of
fuzzy neutrosophic topological spaces (X, 7)) and (Y, %) respectively and let
f (X, 7) = (Y,%) be a mapping. Then f is a mapping of (A, T4) into
(B, %) if f(A) C B.

Furthermore fis said to be relatively fuzzy neutrosophic continuous if for each
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fuzzy neutrosophic set Vg in Ug, the intersection f~1(Vg)NA is a fuzzy neutro-
sophic set in T4 and [ is said to be relatively fuzzy neutrosophic open if for each
fuzzy neutrosophic set U in Ta, the image f(Uya) is the fuzzy neutrosophic
set in Up

Proposition 3.9. Let (A, T4) and (B, %g) be fuzzy neutrosophic subspace of
fuzzy neutrosophic topological spaces (X, T) and (Y, %) respectively and let f
be a fuzzy neutrosophic continuous mapping of (X, 7) into (Y, %) such that
f(A) C B then fis relatively fuzzy neutrosophic continuous mapping of (A, T4)
into (B, %g).
Proof:

Let Vg be a fuzzy neutrosophic set in %g. Then there exist V € % such that
Vg =V N B. Since fis fuzzy neutrosophic continuous it follows that f~1(V)
is a fuzzy neutrosophic set in . Hence f~'(Vp)NA=fH(VNBNA-=
AN fYB)NA=fY V)N A is a fuzzy neutrosophic set in J4. Hence
the proof.

Definition 3.10. A bijective mapping [ of a fuzzy meutrosophic topological
space (X, T) into a fuzzy neutrosophic topological space (Y, %) is a fuzzy neu-
trosophic homomorphism iff it is fuzzy neutrosophic continuous and fuzzy neu-
trosophic open. A bijective mapping f of a fuzzy neutrosophic subspace (A, Tx)
of (X, 7) into a fuzzy neutrosophic subspace (B, %g) of (Y, %) is relative fuzzy
neutrosophic homomorphism iff f[A] = B and f is relatively fuzzy neutrosophic
continuous and relatively fuzzy neutrosophic open.

Proposition 3.11. Let f be a fuzzy neutrosophic continuous (resp. fuzzy neu-
trosophic open) mapping of a fuzzy neutrosophic topological space (X, .T) into
a fuzzy neutrosophic topological space (Y, %) and g a fuzzy neutrosophic con-
tinuous (resp. fuzzy neutrosophic open)mapping of (Y, %) into a fuzzy neu-
trosophic topological space (Z,#'). Then the composition go f is a fuzzy neu-
trosophic continuous (resp. fuzzy neutrosophic open) mapping of (X, 7)) into
(Z,W).

Proof:

Consider a fuzzy neutrosophic set Win W', then g=*(W) is fuzzy neutro-
sophic open in U (since g is fuzzy neutrosophic continuous). Let g=*(W) be a
fuzzy neutrosophic open in %, then =g ' (W)) = (go f)" (W) is a fuzzy
neutrosophic open in 7 (since fis fuzzy neutrosophic continuous). Hence go f
is a fuzzy neutrosophic continuous mapping of (X, ) into (Z,#'). Similarly
we can prove for fuzzy neutrosophic open mapping.

Proposition 3.12. Let (A, T4) , (B, %s) and (C, #¢) be a fuzzy neutrosophic
subspaces of fuzzy neutrosophic topologies (X, 7)), (Y, %) and (Z, W) respec-
tively. Let f be a relatively fuzzy neutrosophic continuous (resp. relatively
fuzzy neutrosophic open) mapping of (A, Z4) into (B, %g) and g a relatively
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fuzzy neutrosophic continuous (resp. relatively fuzzy neutrosophic open) map-
ping of (B, %) into (C, #¢). Then the composition g o f is relatively fuzzy
neutrosophic continuous (resp. relatively fuzzy neutrosophic open) mapping of
(A, 90) mnto (C, Wc>
Proof:

Let We € #e. Since g is relatively fuzzy neutrosophic continuous, g~ (We)N
B € Ug. Since [ is relatively fuzzy neutrosophic continuous f~'[g7'(We) N
BlnA € 7y Now f g (Wo) N BlN A = f~g~ (We) 0 f~(B) N A
=(go ) 'We)nfHB)NA=(go f)"(We)N A(Since f(A) C B). Thus
(gof) ' (We)NA € Ty. Hence gof is relatively fuzzy neutrosophic continuous.

Let Uy € Fy.Since f is relatively fuzzy neutrosophic open, f(Ua) € Up.
Since g is relatively fuzzy neutrosophic open g(f(Ua)) € #e and g(f(Ua)) =
(go f)(Ua).Thus (go f)(Ua) € #e. Hence go f is relatively fuzzy neutrosophic
open.

Definition 3.13. Let .7 be a fuzzy neutrosophic topology on a set X. A sub-
family B of 7 is a base for 7 iff each member of 7 can be expressed as the
union of members of AB.

Definition 3.14. Let 7 be a fuzzy neutrosophic topology on X and T, the
induced fuzzy neutrosophic topology on a fuzzy neutrosophic subset of A of X.
A subfamily P of Ty is a base for Ty iff each member of T4 can be expressed
as the union of members of B.

If % is a base for a fuzzy neutrosophic topology 7 on a set X, then B =
{UNA:U € T} is a base for the induced fuzzy neutrosophic topology Ta on
the fuzzy meutrosophic subset A.

Proposition 3.15. Let f be a mapping from a fuzzy neutrosophic topological
space (X, T) to a fuzzy neutrosophic topological space (Y, % ). Let % be a base
for % . Then fis fuzzy neutrosophic continuous iff for each B € % the inverse
image f~Y(B) is in T .

Proof: The only if part is obvious. Suppose the given condition is satisfied. Let
V € U , then there exist Vie; € B such that V. =] V; and f~Y(V;) € T,i €

I. Hence [~Y4(V) = fY{(OVi) = Nf V) €. Zg'f) [ is fuzzy neutrosophic

continuous.

Proposition 3.16. Let (A, T4), (B, %p), be fuzzy neutrosophic subspaces of
fuzzy neutrosophic topologies (X, 7)) and (Y, %) respectively. Let B be a base
for Ug. Then a mapping f of (A, T4) into (B, %) is relatively continuous iff
for each B in & the intersection f~[B]N A is in Ty

Proof: Straightforward.

Definition 3.17. Given two fuzzy neutrosophic topologies 71, 5 on the same
set X, then A is said to be finer than Fy (or F is coarser than F;) if the
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identity mapping of (X, A7) into (X, %) is fuzzy neutrosophic continuous , ie.,
(X, %) C (X, 7)

Definition 3.18. Let f be a mapping of a set X into a set Y, and let U
be a fuzzy meutrosophic topology on Y. Then the family T3+ = {f~H(U) €
FNS(X);U € % } is called the inverse image of % wunder f.F;-1 is the
coarsest fuzzy neutrosophic topology on X for which f: (X, Tp-1) = (Y, %) is
fuzzy neutrosophic continuous.

Definition 3.19. Let f be a mapping of a set X into a set Y, and let T be a
fuzzy neutrosophic topology on X. Then the family %y = {U € FNS(Y); f~1(U) €
T} is called the image of T under f. %y is the finest fuzzy neutrosophic topol-
ogy on Y for which f: (X, 7) — (Y, %) is fuzzy neutrosophic continuous.

Definition 3.20. Given a family {(Xx, 93) }rea of fuzzy neutrosophic topolo-

gies and let X = [ X, let (X, 7) a fuzzy neutrosophic topological space and
AEA
let T the coarsest fuzzy neutrosophic topology on X for which @y : (X, T) —

(X, A\) is fuzzy neutrosophic continuous for each N\ € A, where g, is the
usual projection. Then 7 is called the fuzzy neutrosophic product topology on
X and denoted by [] X and (X,.7) a fuzzy neutrosophic product space.
AEA
From the definition 3.13 and definition 3.20 we have the following proposi-
tion.

Proposition 3.21. Let {(Xy, Z0)}rea be a family of fuzzy neutrosophic topo-
logical spaces and (X, T) the fuzzy neutrosophic product space. Then T has a
base the set of finite intersections of fuzzy neutrosophic sets in X of the form

0y [Uy] where Uy € Ty for each A € A.

Definition 3.22. Let {X;} , i = 1,2,...n be a finite family of sets and for each
1=1,2,....n, let A; be a fuzzy neutrosophic set in X;. We define the product

A =[] A; of the family A;, i = 1, 2, ...n, as the fuzzy neutrosophic set in
i=1

X = [[ X; that has membership function, indeterministic function and non-
i=1
membership function given by : for each (x1, 2, ....x,) € X

Ta(z1, Toyeoy) = Tay (1) A Tay(22)A, oo AN T4, (20),
Ia(z, oy coemy) = Lo, (1) A Lay(2) A, oo AL a, (24,),and
Fa(xy,zoy ccowy) = Fa, (1) V Fa,(22)V, ... V Fy, (x,,).

Remark 3.23. From the definition 3.20 and proposition 3.21 that if X; has
fuzzy neutrosophic topology 7;, i = 1, 2, ...n, then the fuzzy neutrosophic
product topology 7 on X has a the set of fuzzy neutrosophic product spaces of

the form [] U; where U; € J; for each i = 1,2,...n.
i=1
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Proposition 3.24. Let {X;}, i= 1,2,....n, be a finite family of sets and let

A= H A; the fuzzy neutrosophic product space in X = H X, where A; €
=1 =1

FNS(X;) for each i = 1,2,...n. Then p;(A) C A; for each i = 1,2,..
Proof:
Let v; € X;. Then Ty, ay(x;) = 0i(Ta)(;)

= V Ta(z1, 22, ..2n) = V [Ta, (1) AT ay (20) A, ... ANT'a, ()]
z1,22,...2n6p;1(a:,-) zl,zz,...zHEpfl(xi)
=NV (Ta,(z1),...... \ (Ta,(20)} < Ty, (). Similarly we can prove that
z1€X1 2n€Xn

T ay(2)< I, (@) and Fy,a)(x;)> Fa,(z;). Hence p;(A) C A; for each i =
1,2,...n.

Proposition 3.25. Let {(X;, 7))} , i = 1,2,...n be a finite family of fuzzy
neutrosophic topological spaces, let (X, T) the fuzzy neutrosophic product space
and let A = H A; where A; a fuzzy neutrosophic set in X; for each i=1,2,..

Then the mduced fuzzy neutrosophic topology ,?A on A has a base the set of
fuzzy neutrosophic product spaces of the form H U; where U; € (T)a,, @ =

i=1
1,2, ....n.
Proof:

By the above remark 3.23, 7 has a base B = {H U U € F,i =

2,..n}. A base for Ty is therefore given by B = { ﬁ U) NA:U; € 9,1

But <H Ui) NA= <H U,»ﬂAi) and U; N A; € (i) ai for i = 1,2,..n. Let
i=1 i=1
Ui =U;NA; foreachi =1, 2, ...n.
Then B4 = {H U, : U € (T)a,i=1,2, n} and we denote the fuzzy neu-
i=1

—

trosophic subspace (A, T4) by [] (Ai, (Z)a,) -

=1

Proposition 3.26. Let {(Xy, ) }rea be a family of fuzzy neutrosophic topo-
logical spaces, let (X, T) the fuzzy neutrosophic product space, let (Y, %) an
fuzzy neutrosophic topological space and let f - (Y, %) — (X, 7). Then fis
fuzzy neutrosophic continuous iff pxo f: (Y, %) — (X\, D) is fuzzy neutro-
sophic continuous for each A € A.

Proof:

Suppose [ - (Y, %) — (X,.T) is fuzzy neutrosophic continuous. For each
A€ A, let Uy € 9\. By the definition of 7, ' (Ux) € J. By the hy-
pothesis, f~ (o' (Uy)) € %. But f~Yp " (Uy) = (pao f)~1(Uy) . Thus
(pao )N Uy) € %. Hence pro f: (Y, %) — (Xx, D) is fuzzy neutrosophic
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continuous.

Conversely, let the necessary cqndition holds and let U € 7. By Proposition
5.21, there exist a finite subset A of A such that U = () 5 (Uy) and Uy € I,

Aeh
for each \ € A. Since pyo f : Y, %) — (Xx, %) is fuzzy neutrosophic continu-
ous for each A € A, (pro )1 (Ux) € % for each A € A. Thus f~ (o5 (U\))%
for each X € A. So () fHp ' (Uy) € Z. But f~1( (N 95 (Uy) = f~HU).
PYY PYTN
So f~Y(U) € % . Hence [ is fuzzy neutrosophic continuous.

Corollary 3.27. Let {(Xx, 7))} ren, {(Ya,Z)}ren be two families of fuzzy
neutrosophic topological spaces and let (X, T), (Y, %) the respectively fuzzy

neutrosophic product spaces, where X = [[ Xy and Y = [] Y\. For each
AEA AEA
A € A, let fn be a mapping of (Xx, Z\) into (Y\,%). Then the product

mapping f =[] fr: (X, T) = (Y, %) is fuzzy neutrosophic continuous iff fx
AEA
is fuzzy neutrosophic continuous for each A € A, where f(x) = (fr(pa(x)) for

each x € [[ Xx. Proof: The proof is obvious from the above proposition.

AEA
Proposition 3.28. Let (X;,.7),, i=1,2...n be a finite family of fuzzy neutro-
sophic topological spaces and (X, .T) the fuzzy neutrosophic product space. For
each i = 1,2,...n, let A; be a fuzzy neutrosophic set in X; and let A = [] A;

=1
a fuzzy neutrosophic set in X. Let (Y, %) be a fuzzy neutrosophic topological

space and let B a fuzzy neutrosophic set in Y , and f : (B, ) — (A, T4) is
relatively fuzzy neutrosophic continuous iff p; o f : (B, %p) — (Ai, (F)a,) is
relatively fuzzy neutrosophic continuous for each i=1,2,..n.

Proof:

Suppose [ : (B, %p) — (A, Ta) is relatively fuzzy neutrosophic continuous.p :
(X, 7)) — (X;, %) is fuzzy neutrosophic continuous for each i=1,2,..n and by
By Proposition 3.24 ¢(A) C A; for each i = 1, 2,....n. Then by By Proposition
3.9 px 1 (A, Ta) — (A, (F5)a,) is relatively fuzzy neutrosophic continuous for
each i= 1,2,....n. Hence p; o [ : (B, %) — (Ai,(T;)a,) is relatively fuzzy
neutrosophic continuous for each i=1,2,..n.

Conwversely, the necessary condition holds. Let U=U X ... x U, where
U; € (F)a,), @ = 1, 2...n. By Proposition the 3.25 set of U forms a base for

Ty and fH(U)NB= [ oy (UM (U)INB = N ((po /) [UINB).
i=1
Since p; o f (B, %) — (A, (F)a,) is relatively fuzzy neutrosophic con-

3

tinuous for each i=1,2,..n, ffl(U) N B € %g. Hence by Proposition 3.16
f (B, %) — (A, T4) is relatively fuzzy neutrosophic continuous.

Corollary 3.29. Let {(X;, 7))}, {(Yi, %)}, i=1,2,..n be two finite families
of fuzzy neutrosophic topological spaces and (X, ) and (Y, %) the respective
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fuzzy neutrosophic product spaces. For each i = 1,2,...n let A; be a fuzzy neu-
trosophic set in X;, B; a fuzzy neutrosophic set in'Y; and f; : (A;, () a,) —

(B;, (%)B,). Let A = H A;, B = [] B; be the fuzzy neutrosophic product

=1

spaces in X, Y respectively. Then the product mapping f = H fi i (A, Ty) —

(B, %g) is relatively fuzzy neutrosophic continuous if f; is relatwely fuzzy neu-
trosophic continuous for each i =1,2,....n.

Proposition 3.30. Let {(X;, %)}, {(Yi, %)}, i=1,2,...n be two finite families
of fuzzy neutrosophic topological spaces and let (X, 7, (Y, % the respective
fuzzy meutrosophic product spaces. For each 1=1,2,..n , let f; : (X;,.F;) —

(Y, ;). Then the product mapping f = [[ fi + (X,.7) — (Y, T) is fuzzy

neutrosophic open if f; is fuzzy neutrosophi_c open for each v =1, 2...n.
Proof:
Let U be open in 7. Let B= {[][U; a fuzzy neutrosophic set in X:
i=1
U, € F; for each i=1,2,...n}. Since B is a base for T, there is a Bc #

such that U = UB.S@'nce each member of B is of the form []U;, we can
i=1
consider B = {I] Uix}ren. Then U = |J HUD\. Let y € Y such that
i=1 AEA i=
(2)

W) # 6 Then Tyon(v) = STw)= V- TU<>: V T o
zef! 2€f7NY) \Gaim O
-V VT, @)

zef-1(y)reh 1L Un
=V \/ ..... V  [Tu,(z1) A ATy, (zn)]
A€A Z1€f1_1(y1) Znefrtl(yn)
=V V Ty, (z1) A A V TUl,\<zn)]
AEA [ zief ) 20 € fn (yn)
=\ |T Ao AT )| = Tr =T )
A\E/A[ fl(Ul,A)(yl) f’ﬂ(Un)\)(y )] )\\G/A ‘131 fi(Ui)\)(y) /\LGJA 1:[ h(U m)(y)
Similarly we can prove that I =1 =«
y p @) (Y) ufi oY)

Fran(y) = f(Tv)(y) = /\ Fu() AN Fooa ()= N NAFn

zef-1 cef-iy) Y, IV sef-1y)rea 1 Uin

=N A A [FUM( DV eV Fy (20)]

AEA 21 ef;l(yl) Znefyjl(yn)

= /\ FUU(ZI) V... V /\ FUU(Zn)

A€A Z1Ef;1(y1) Znefn ( 'n)
A/E\A[ ) (W) FoUa) (Un)] = A/E\A i rw: JW=F e W)

AeNi=1
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Thus f(U) = U H fi(Uin). Since f; is fuzzy neutrosophic open for each

AEA i=1

i:J 2...n, fi(Uin) is fuzzy neutrosophic open is X; for each 1=1,2....n. Then

H fi(Uix) is fuzzy neutrosophic open in Y. So | H fi(Uin) is a fuzzy neutro-
AEA i=
sophzc open in Y. Hence f is fuzzy neutrosophic open.

Proposition 3.31. Let {(X;, %)}, {(Yi, %)}, i=1,2,...n be two finite families
of fuzzy meutrosophic topological spaces and let (X, f) (Y, %) the respective
fuzzy neutrosophic product spaces. For each i=1,2,...n , let A a fuzzy neutm-

sophic set in X;,B; a fuzzy neutrosophic set in'Y; and let A = H A;, B = H B;

be the fuzzy neutrosophic product spaces in X, Y respectwely. ]f fi+ Ay —> B;
18 relatively fuzzy neutrosophic open for each i=1,2,...n, then the product map-

ping f = 1] fi: (A, Ta) = (B, %) is relatively fuzzy neutrosophic open.
i=1
Proof:
Let %= {H Ui a fuzzy neutrosophic setin A: U; € (F;)a, for each i=1,2,...n}.

Then by Pmposztzon 3.25 , A is a base for Ty. Let U € T4. Then there
is B C B such that \J# = U. We can consider & as {[] Ui}ren. Then
i=1

U= U [ Ui- As in the above proposition 3.30 we get f(U) = |J ] fi(Uin).
AEA i=1 AEA i=1
Since f; is relatively fuzzy neutrosophic open for each i=1,2...n, f(U) € Ug.

Hence f is relatively fuzzy neutrosophic open.

Lemma 3.32. Let (X1, %), (Xo, %) be fuzzy neutrosophic topological spaces.
Then the constant mapping f : (X, %) — (X1, 7) given by f(x2) = x9 € X3
for each x5 € Xy, is fuzzy neutrosophic continuous.
Proof:

LetU € Z and let xy € Xo. Then Ti-1yy(22) = [ (Tv)(w2) = Tu f(x2) =
Ty (xo).Similarly we have Ir-1qny(x2) = Iy(wo) and Frwy(re) = Fu(o).
Let Ty(xo) = o, Iy(xg) = B and Fy(xg) = 7. Consider Cop.. Since
Ue FNS(Xi1), a+ B+~ < 3. Then Cupy) is fuzzy neutrosophic open
in Xo. Thus Ty (x2) = o =Te, , (22), Li-1)(22) = B = Ic, ., (x2)and
Frawy(x) = v = Fo, ., (x2) implies f~1(U) = Clap) - So f7HU) is fuzzy
neutrosophic open in Xo. Hence f is fuzzy neutrosophic continuous.

Proposition 3.33. Let (X1,.9), (X2, %) be fuzzy neutrosophic topological
spaces and let (X,.T) the fuzzy neutrosophic product space. Then for each
x1 € Xithe mapping i : (X2, %) — (X, 7)) defined by i(x) = (21, z2) for each
To € Xo is fuzzy neutrosophic continuous.

Proof:
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By Lemma 3.32 the constant mapping i; : (Xo, %) — (Xi1, T )given by
i(xq) = x1 for each x9 € Xy is fuzzy neutrosophic continuous. The identity
mapping is : (Xo, %) — (Xo, %) is fuzzy neutrosophic continuous. Hence by
Proposition 3.26 1 is fuzzy neutrosophic continuous.

Proposition 3.34. Let (X1,.9), (X2, %) be fuzzy neutrosophic topological
spaces and let (X, T) the fuzzy neutrosophic product space. Let Ay, Ay be fuzzy
neutrosophic sets in X1, Xy respectively and let A the fuzzy neutrosophic prod-
uct space in X. Let ay € Xy such that Ta,(a1) > Ta,(x2) , Ia,(a1) > Ia,(x2)
and Fa,(a1) < Fa,(x2) for each xo € Xo. Then the mapping i : (As, (F2)a,) —
(A1, Z4) given by i(xs) = (a1, xs) for each x4 € Xy is relatively fuzzy neutro-
sophic continuous.

Proof:Let (x1,22) € X. Then

Ty, (2 if i Yy, @ ~ _
Tiay (w1, 32) = x,zeif}{%m A, (7o) if i (v, m0) £ @ _ {TA2($2) if 1 = aq
0 otherwise

Vv Lay(22) if iz, 00) # ¢ B {IAQ(sz) if x1 = ay

0 otherwise

[i(Az)(ajlaxZ) = ( T2€i~(z1,m2)
0 otherwise

/\ FAz(x/Q) if i_l(xhx?) 7 ¢ B {FA2(J}2) if r1 = aq

0 otherwise

Fi(a5)(%1, T2) = { 22€i! (@1,02)

1 otherwise
and Tx(x1, x9) = Ta(w1)ANTa(22), La(x1,29) = La(x1)ANLa(22) and Fa(zy,x2) =
Fa(x1) V Fa(zg). By the assumption, Ta(w1,22) > Tay(v2) , La(w1,22) >
La,(w2) and Fa(w1,72) < Fa,(x2). Thus Ta(z1,2) > Ticay(1,72), La(z1,72) >
Licay (1, 22) and Fa(z1,22) < Fyay(z1,22). Hence i(A) C A. The proof of rel-
ative continuity of i 1s similar to the proof of fuzzy neutrosophic continuity of
1 1n Proposition 3.33.

1 otherwise
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