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PREFACE

Study of algebraic structures built using [0, n) happens to be
one of an interesting and innovative research. Here in this book
authors define non associative algebraic structures using the

interval [0, n).

Here we define two types of groupoids using [0, n) both of

them are of infinite order.

It is an open conjecture to find whether these new class of
groupoids satisfy any of the special identities like Moufang
identity or Bol identity or Bruck identity or so on. We know on
[0, n) we cannot build rings only pseudo rings, however in this
book we use these type I and type Il groupoids to build non
associative rings and semirings. Several interesting results are

derived and some open problems are suggested.



We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this
book.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this book the authors have constructed non associative
algebraic structures like groupoids of type I and type Il and non
associative semirings and rings using the interval [0, n). This
study is new and innovative leading to several new non
associative algebraic structures.

Using [0, n) we are in a position to build infinite number of
groupoids all of infinite order. Thus we have a natural way of
constructing infinite order groupoids. These groupoids can be
commutative or non commutative but they are always non
associative.

We build type I groupoids and type Il groupoids. For
groupoids in general refer [18, 20-1, 23, 31].

These groupoids behave in a very unusual way for it is an
open conjecture to find type II groupoids to satisfy any of the
special identities.

Using these type I and type II groupoids we build type I and
type Il rings and semirings which are non associative.
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Study of these new algebraic structures is innovative and
interesting. We have derived several interesting features about
these structures.

Using [0, n); authors have constructed associative algebraic
structures like semigroups, groups, semirings and special
interval pseudo rings [42].

Infact we are not in a position to get a ring or a field
structure as the distributive laws a (b + ¢) = ab + ac is not in

general true for a, b, ¢ € [0, n).

Several open conjectures are given in this book.



Chapter Two

SPECIAL INTERVAL GROUPOIDS
OF TYPE | USING [0, n)

In this chapter for the first time we introduce the new class
of non associative groupoids of infinite order using the real
interval [0, n); n < co. Such study is very new and this gives
infinite number of infinite order groupoids by using only
interval [0, n), (n < ).

All of them are distinct. Whether they can satisfy any of the
special identity happens to be an open problem. However in Z,
when we constructed groupoids several of them satisfied many
special identities. But this is not true in general when [0, n) is
used instead of Z,,.

We define special interval groupoids of type I in this
chapter and analyse several interesting properties about them.

DEFINITION 2.1:  Let {G, *! = {[0, n), n < a0, a* b = at + bs
(mod n) for all a, b € [0, n); and s, t € Z,}. (G, *) is defined as
a special interval groupoid of type I of infinite order.
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Example 2.1:  Let {G, *} = {[0, 7), (3, 4), *} be the special
interval groupoid of infinite order of type .

Example 2.2:  Let {G, *} = {[0, 12), *, (3, 7)} be the special
interval groupoid of type I and of infinite order.

Example 2.3: Let {G, *} = {[0, 16), *, (11, 7)} be the special
interval groupoid of type I of infinite order.

Example 2.4:  Let {G, *} = {[0, 43), *, (2, 16)} be the special
interval groupoid of type I of infinite order.

Example 2.5: Let {G, *} = {[0, 25), *, (7, 18)} be the special
interval groupoid of type I of infinite order.

We have seen some examples of special interval groupoids
of type I. All these groupoids are of infinite order.

Can we have special interval subgroupoids of type I of finite
order?

The answer is yes. We will first give examples of them.

Example 2.6: Let {G, *} = {[0, 9), *, (3, 2)} be the special
interval groupoid of type I. Clearly H = {Z,, *, (3, 2)} < {G, *}
is a special interval subgroupoid of order 9.

Likewise K = {{0, 1, 0.5, 2.5, 2, 3.5, 3, ..., 8,85} < [0, 9),
* 3,2} < {G, *} is also a special interval subgroupoid of finite
order.

Leta=3.5 andb=7.5 € K.

a*b =35*%*75
3(3.5)+3(7.5)
=10.5+ 15.0 (mod 9)
=25.5 (mod 9)
=7.5 (mod9) is in K.

We see order of K is finite.
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Let T= {{0,0.1,0.2,0.3,...,09,1,1.1,1.2, ..., 8§, 8.1, 8.2,
....,89} c[0,9), *} < {G, *} be a special interval subgroupoid
of finite order.

Letx=35andy=7.6e T,x*y=35%7.6
=3(3.5) +2(7.6) (mod 9)
=10.5+15.2 (mod 9)
=25.7 (mod 9)
=7.7(mod9) € T.

We further see (G, *) is not commutative.

Now let x =3.21 and y = 6.105 € (G, *).
Consider x * y =3.21 * 6.105
=3.21x3 +6.105 x 2 (mod 9)
=9.63 +12.210 (mod 9)
=21.840 (mod 9)
=3.840(mod9) ... I

Nowy *x =6.105*3.21
=6.105x3+3.21x2
=18.315 + 6.42 (mod 9)
=24.735 (mod 9)
=6.735 (mod 9) U |

Clearly I and II are not equal. Hence (G, *) is a non
commutative groupoid of type L.

It is easily verified (G, *) is a non associative groupoid.

Forletx=3.1,y=2and z= 5.6 € (G, *);
x*y)*z = (3.1 *2)*(5.6) (mod?9)

=(B.1x3+2x2)*56
=(93+4)*56
=43%*56
=43 x3+56x2
=129+11.2
=39+22
=6.1 (mod 9) |
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Consider
x*¥(y*z) =3.1*(2%*5.6)

=31*Bx2+56x2)
=3.1*(6+11.2)
= (3.1 *17.2) (mod 9)
= (3.1 * 8.2) (mod 9)
=31x3+82x2
=93+164
=03+74
=7.7 (mod?9) |

I and II are distinct hence (x * y) * z#x * (y * z) in general
forx,,z € (G, *).

Example 2.7: Let {G, *} = {[0, 11), *, (3, 8)} be the special
interval groupoid of type 1.

{H, *} = {Zy1, *, (3, 8)} < {G, *} is a special interval
subgroupoid of type I finite order.

{K, *} ={{0,0.5, 1.0, 1.5,2, ..., 10.5} < [0, 11), *, (3, 8)}
c {G, *} be the special interval subgroupoid of type I of finite
order.

{T, *} = {{0,0.1,0.2, ...,09,1, I.1, ..., 1.9, 2, ..., 10.1,
10.2,10.3, ..., 109} < {[0, 11), *, (3, 8)} < {G, *} be a special
interval subgroupoid of finite order of type L.

However {G, *} is a special interval groupoid of infinite
order of type L.

Example 2.8: Let (G, *) = {[0, 18), *, (3, 6)} be the special
interval subgroupoid of infinite order of type I. (G, *) has zero
divisors. Fortakeletx=6andy =3 € (G, *).

Xx*y=6*3=3x6+6x3=0(mod 18) (G, *) is a zero
divisor.
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Letx=6and 9=y e (G, *);x*y=(6*9)=6x3+9x6
=18 + 54 = 0 (mod 18) is again a zero divisor of (G, *).

Example 2.9: Let (G, *) = {[0, 12), *, (3, 4)} be a special
interval groupoid of type I of infinite order.

Letx=4andy=6 € (G, *).x*y=4x3+6+4=0(mod
12) is a zero divisor in (G, *). Letx =4 andy =4 € (G, *);
x *y=3x+4y=3 x4 +4 x4 =41is an idempotent in (G, *).
(G, *) has idempotents and zero divisors. (G, *) has special
interval subgroupoids of finite order and infinite order.

Example 2.10: Let (G, *) = {[0, 16), *, (4, 8)} be a special
interval groupoid of infinite order of type 1.

x=4andy =6 € (G, *) is such that
Xx*¥y=4*6=4x4+6x8=0(mod 16) is a zero divisor
in (G, *).

Likewise we can have several zero divisors in (G, *).

P, ={Z¢, *, (4, 8)} < (G, *) is also a special interval type I
subgroupoid of finite order.

P,={{0,0.5,1, 1.5, ..., 15.5} < [0, 16), *, (4, 8)} < (G, *)
is a special interval type I subgroupoid of finite order.

4 € (G, *)issuchthat4 *4=4 x4+ 8 x4=0 (mod 16) is
a nilpotent element of order two in (G, *).

Thus (G, *) has idempotents, zero divisors and nilpotents.

P;={{0,0.1,0.2,...,09,1, 1.1, ..., 1.9, ..., 15, 15.1, 15.2,
..., 15.9}, * (4, 8)} < (G, *) is a special interval subgroupoid of
finite order of type L.

Example 2.11: Let (G, *) = {[0, 19), *, (0, 6)} be the special
interval type I groupoid of infinite order.
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We see for every x € (G, *) is such that x * 0 = 0 and
0 * x = 6x (mod 19). So even zero is only a one sided zero
divisor in (G, *).

(G, *) has no other zero divisors for
x*y=0,ifx,y € G\ {0}.

Study of zero divisors, units, idempotents and nilpotents in
(G, *) where [0, n) is used and n-prime is left as an open
conjecture.

Example 2.12: Let (G, *) = {[0, 3), *, (2, 1)} be the S-special
interval groupoid of type I of infinite order.

Letx=y=2 € G,
X*¥y=2%2=2x2+2x1(mod3)=4+2=0(mod 3).

2 is a nilpotent element of order two.

1 € (G, *) is also nilpotent of order two for
1*1=2x1+1x1=3=0 (mod 3).

Further x =1.4 and y =0.2 € G is such that
Xx*¥y=14%x2+02x1=28+0.2=0 (mod 3) is a one
side zero divisor in G.

Let x € G, we have unique y € G such that
x*¥2+1*y=0(mod 3).

For if x =2.1037 then y = 1.7926 € G is such that
x*y =2.1037x2+1.7926
=4.2074 + 1.7926 = 6.0000 = 0 (mod 3)
is only one sided zero divisor.

For consider
y*x =1.7926 x2+2.1037
=3.5852 +2.1037 = 2.6889 (mod 3)
is not a zero divisor.
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However x * y = 0 does not in general imply y * x = 0, that
is,y *x#0.

The interesting problem is find right zero divisors which are
also left zero divisors.

Example 2.13: Let (G, *) = {[0, 21), *, (3, 7)} be a special
interval groupoid of type I of infinite order.

We see if x =7 and y = 3 then
x*¥y=7%3=7x3+3x7=0(mod 21).

Letx=14andy=3 € (G, ¥)

x*y=14*3
=4x3+3x7=0(mod 21).

Consider 3 x7=3x3+7x7=9+49=58%0 (mod 21).

Soy =3 and x =7 is only a zero divisor and not a two sided
zero divisor.

Example 2.14: Let (G, *) = {[0, 27), (1, 26), *} be a special
interval groupoid of type I of infinite order.

Letx=2andy=2 € (G, *);
Xx*¥y=1x2+26%x2 =2+ 52=54=0(mod 27).

Similarly y * x =0. Thus x,y € (G, *) is such that it is zero
divisor infact the nilpotent of order two.

Every x € Z,; is such that it is nilpotent of order two.
Example 2.15: Let {G, *} = {[0, 6), *, (5, 1)} be a special
interval groupoid of infinite order of type I. Every element

X € Zg is a nilpotent element of order two.

Apart from this (G, *) has zero divisors.
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Example 2.16: Let (G, *) = {[0, 23), *, (22, 1)} be the special
interval groupoid of type I of infinite order.

Clearly (G, *) is a non commutative groupoid.

Every x € Z; in (G, *) is such that x * x = 0 (mod 23); thus
every element is nilpotent of order two in (G, *).

In view of all these we give the following theorem the proof
of which is left as an exercise to the reader.

THEOREM 2.1: Let (G, *) = {[0, n), * (n—1, 1)} be the special
interval groupoid of type I of infinite order. (G, *) has atleast
(n—1) nilpotent elements of order two.

Proof: We just hint for every x € Z, is such that
x *x=(n—1) x + x = nx = 0 (mod n) is nilpotent of order two.

Corollary: Let {G, *} = {[0, n), *, (1, n—1)} be the special
interval groupoid of type I of infinite order. Every x € Z, is a
nilpotent element of order two in G.

Example 2.17: Let (G, *) = {[0, 10), *, (9, 1)} be the special
interval groupoid of type I. (G, *) is of infinite order.

Let x € (G, *); there exists a unique y such that x * y =0
(mod 10).

However y * x # 0. Thus we have one sided zero divisors.
Letx=4.3 [0, 10);
Xx*y=43x9+1xy
=38.7+y =0 (mod 10) implies y = 1.3 € [0, 10).

Thus for every x € [0, 10) we have ay € [0, 10) such that
x *y=0, howevery * x # 0.

Example 2.18: Let (G, *) = {[0, 27), *, (26, 1)} be the special
interval groupoid of type I of infinite order.
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Every x € Z,; is nilpotent of order two, but (G, *) has right
zero divisors which are not left zero divisors.

Forifx=1.2 € (G, *) we have ay (G, *) such that

X*y=12*%y=12x26+y=0(mod27)=312+y=0
(mod 27).

This implies y = 22.8 is such that x * y = 0 (mod 27).
Clearlyy *x=22.8 * 1.2
=22.8%x26+1.2
=0 (mod 27).

Thus x * y=0=1y * x is a zero divisor.

Now the problem lies in the fact if given x, does the y in
(G, *) such that x * y =y * x = (0 where the elements are from

(G, *)={[0,n), * (n-1, D)} .

However we see x * y #y * x even if
(G, *) = {[05 n)a *a (Il—l, 1)}

For take (G, *) = {[0, 8), *, (7, 1)} to be the special interval
groupoid of type I of infinite order. Letx =0.8

x*y=7x0.8+y=0(mod 8)
=5.6 +y =0 (mod 8).

This leads to y = 2.4.

Thusx *y=0.8 * 2.4

=7x08+24x1

=56+24

=8 =0 (mod 8).

Thusx *y =0 I

Considery *x=2.4* 0.8
=24x7+08x1
=16.8+0.8

=0.8+0.8 =1.6 #0 (mod ).
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Thus x * y=0buty * x # 0. Hence we cannot in general
say if (G, *) = {[0, n), *, (n—1, 1) (or (1, n-1)}; x *y =0 (mod
n) does not imply y * x =0 (mod n).

In some special cases it may so happen x * y = 0 imply
y*x=0.

Thus it is left as an open problem to find the condition on n
or onx andy sothatx ¥ y =0 imply y * x =0 for x, y in
(Ga *) = {[Oa n)a *9 (l’l—l, 1) (Or (la 1’1—1)}.

Example 2.19: Consider (G, *) = {[0, 16), *, (15, 1)} to be the
special interval groupoid of infinite order of type .

Letx=0.8 andy € (G, *);
x*y=15x0.8+y=0(mod 16).

This gives y =4 so that x * y =0 (mod 16).

But howevery * x =4 * 0.8
=15x4+08x1
=60+ 0.8 =60.8 # 0 (mod 16).

Thus x * y #y * x and y * x is not a zero divisor only x * y
is a zero divisor.

Example 2.20: Let (G, *) = {[0, 15), *, (14, 1)} be the special
interval groupoid of type I of infinite order.

Letx=0.8 € (G, *) we can find y in [0, 15) so that
x*y=08x14+y.1=0(mod 15)
=11.2+y=0 (mod 15) implies y = 3.8.

x*y=0.8*3.8
=0.8 x 14 +3.8.1
=112+38
=15=0 (mod 15).
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Considery * x=3.8 * 0.8
=38x14+08x1
# 0 (mod 15).

Thus only x * y is a zero divisor buty * x # 0.

Example 2.21: Let (G, *) = {[0, 24), (8, 4), *} be a special
interval groupoid of infinite order of type I.

{G, *} has also finite subgroupoids.
Pl = {2245 *a (8’ 4)} c {G: *}a

P, = {{0,0.5,1,1.5,2, ...,23,23.5} < [0, 24), *, (8, 4)}
{G, *},

P; = {{0,02,,04,06,08, 1, 1.2, 1.4, ..., 23, 23.2, 23 .4,
.., 23.8} < [0,24), %, (8,4)} < {G, *} and

P,={{0,0.1,0.2,...,09,1,1.1,1.2,...,1.9,2,2.1, ..., 23,
23.1, ..., 23.9} < [0, 24), *, (8, 4)} < {G, *} are four special
interval subgroupoids of finite order.

Letx=3andy =06 € (G, *) we see
x*y=3*6=3x8+6x4=0(mod24); but
y*¥x=6*4=6x8+4x3=12 (mod 24).

Thus x * y=0buty * x # 0 hence x is only a one sided zero
divisor and not a two sided zero divisor.

Butx =6 € (G, *) is a nilpotent element of order two.

Similarly y = 12 is also a nilpotent element of order two.
Also z =18 € (G, x) is a nilpotent element of order two.

Consider x = 1.2 € (G, *).
Suppose x * y =0 what is that y for this x = 1.2
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x*y =12%*y
=8x12+4y
=9.6+4x3.6
=9.6+144
=24.0 (mod 24).

Thus y = 3.6 leads to x * y=0.
Considery *x =3.6*1.2
=36x8+12x4
=2.88+4.38
= 88 (mod 24)

y *x # 0. Hence x is only a one sided zero divisor.

Ifx=12andy=6 € Gthenx *y =y * x = 0 (mod 24).
Thus x is a zero divisor of y and y is a zero divisor of x.
However both x and y are nilpotents of order two. We see
(G, *) has both nilpotents, one sided zero divisors and zero
divisors.

Several questions remain open.

Can we say in (G, *) = {[0, n), *, (t, s); n non prime t and s
divisors of n}; every element is a one sided zero divisor?

THEOREM 2.2: Let {G, *} = {[0, n), * (s, t)} be the special
interval groupoid of type I. If x *y =0andy *x #0in {G, *}
then y * x = 0 in the groupoid {G’, *! = {[0, n), * (t, s)} of type
L

Proof is direct and hence left as an exercise to the reader.

Corollary: If x €{G, *} is nilpotent then x € {G', *} is also
nilpotent, {G', *} as in Theorem 2.2.

Example 2.22: Let (G, *) = {[0, 42), *, (17, 13)} be the special
interval groupoid of infinite order of type I.
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M, = {Zgp, *, (17, 13)} < (G, *) is a special interval
subgroupoid of G of finite order of type L.

M, = {{0,0.5,1,1.5,2,2.5, ..., 41,41.5} < [0, 42), *, (17,
13)} < (G, *) is also a special interval subgroupoid of G of
finite order. All these groupoids of type I are of infinite order
and none of them is commutative.

We now give examples of commutative special interval
groupoids of type I of infinite order.

Example 2.23: Let {G, *} = {[0,9), *, (4, 4)} be the S-special
interval groupoid of type I. Clearly (G, *) is commutative.

Forif2,3 € (G, *),
2*¥3=4%x2+43(mod9)=8+12(mod9)=2 I

Now3*2=3x4+2x4=12+8(mod9)=2 ... I
We can show (G, *) is commutative but is not associative.

Fortakex =4,y=3andz=1.2 € (G, *);
x*y)*z=(4*3)*1.2
=4 x4+3x4)*12
=(16+12) * 1.2 (mod 9)
=1*1.2
=4x1+12x4
=4+438
=8.8 I

Nowx *(y*z)=4*(3*1.2)
=4*[3x4+4x1.2]
=4 * (12 + 4.8) (mod 9)
=4*178
=4x4+4x78
=16+31.2 (mod 9)
=47.2 (mod 9)
=22 I
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Clearly I and II are distinct. Hence (G, *) is a non
commutative groupoid of type I of infinite order.

Example 2.24: Let (G, *) = {[0, 17), *, (5, 5)} be the special
interval groupoid of type I of infinite order.

Letx=3andy=4 € (G, *).
x*y=3%4
=3x5+4x5(mod17)
=15+20 (mod 17)

=1 I
y*x=4%3

=4 x5+3x%x5

=20+15

=1 11

X *y=y *x; 50 (G, ¥) is the commutative special interval
groupoid of infinite order of type I.

Letx=1.5,y=2.1and z=5 be as in {G, *}.
x*y)*z=(15*21)*z
=(1.5x4+2.1x4)*z
=(6+84)*z
=144*z
=144x4+5x%x4
=57.6 +20 (mod 17)
=77.6 (mod 17)
=9.6 I

x*¥(y*z)=x*(2.1*%5)
=x*(2.1x4+5x%x4)
=x *(8.4+20)
=15%114
=15%x4+114x%x4
=6+45.6
=51.6 (mod 17)
=0.6 II
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Clearly I and II are distinct so (G, *) is commutative but
clearly a non associative special interval groupoid.

Example 2.25: Let (G, *) = {[0, 27), *, (11, 11)} be the special
interval groupoid of type I of infinite order.

Clearly (G, *) is commutative and non associative.
Inview of all these we have the following theorem.

THEOREM 2.3: Let (G, *) ={[0,n), * (1, 1), t € Z,\ {0, 1}} be
the special interval groupoid of type 1. (G, *) is commutative
and of infinite order but non associative.

The proof is left as an exercise to the reader.

Next we proceed onto describe S-special interval groupoids
of type L.

Let {G, *} = {[0, n), *, (t, s)} be a special interval groupoid
of type L. (t, s € Zy).

If {G, *} contains a non empty subset P such that {P, *} is a
semigroup then (G, *) is defined as a Smarandache special
interval groupoid of type I.

We will give examples of S-special interval groupoid of
type L.

Example 2.26: Let {G, *} = {[0, 6), *, (4, 5)} be the special
interval groupoid.

(G, *) is a S-special interval groupoid as P = {0, 3} < (G, *)
is only a semigroup.

For3*3 =4x3+5x3
=3 (mod 6)
so P = {3} is a semigroup.
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Example 2.27: Let {G, *} = {[0, 8), *, (2, 6)} be the special
interval groupoid of type 1. {G, *} is a S-special interval
groupoid as P = {0, 4} < {G, *} is a semigroup.

Example 2.28: Let {G, *} = {[0, 12), *, (1, 3)} be the special
interval groupoid of type 1. {G, *} is a S-special interval
groupoid of type L.

Now we define all special properties related with special
interval groupoids of type L.

Let {G, *} be a S-special interval groupoid of type I. A
Smarandache special left ideal A of the S-special groupoid
(G, *) satisfies the following conditions.

(i) A is a Smarandache special subgroupoid of {G, *}.
(i) x€(G, *)and a € A thenxa € A.

Similarly we can define S-special right ideals.

A is a S-special ideal if {G, *} is both a S-special right ideal
as well as S-special left ideal of (G, *).

A S-special subgroupoid V of {G, *} is said to be
S-seminormal special groupoid of {G, *} if aV = X for all
a e {G, *}.

Va =Y for all a € G where either X or Y is a S-special
subgroupoid of G but X and Y are both S-special subgroupoids.

We say {G, *} is a S-special normal groupoid if aV = X and
Va=Y forall a € {G, *} where both X and Y are Smarandache
special subgroupoids of G.

We call two S-special subgroupoids H and P of type I to be
Smarandache semiconjugate subgroupoids of G if

(i)  Hand P are S-special subgroupoids of G.
(i) H=xPorPxor
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(iii) P =xH or Hx for some x € G.

We say the subgroupoids H and P of G are Smarandache
conjugate subgroupoids of G if

(i) H and P are Smarandache subgroupoids of G.
(i) H=xP or Px and
(iii) P =xH or Hx.

We will describe this by some examples.

Example 2.29: Let {G, *} = {[0, 6), *, (4, 5)} be a S-special
interval groupoid of type 1.

Let A = {1, 3, 5} < {G, *} be a S-special interval
subgroupoid.

Now aA = A forallain T = {Z, *, (4, 5)}, a S-groupoid of
(G, ™).

But Aa= {0, 2,4} < T is not a S-subgroupoid of G.

Hence A is a weakly S-seminormal subgroupoid of
T< (G, ™).

We see in case of S-special interval groupoids it is difficult
to get the concept of S-seminormal subgroupoid of
{G, *} = {[0, n), *, (t, s); t, s € Z,} so only we are forced to get
weakly S-seminormal subgroupoid concept.

The study of finding S-seminormality is a very difficult
problem.

Now it is pertinent to keep on record that we cannot have
the concept of S-normal groupoid in case of S-special interval
groupoids.

We can have only the notion of weakly S-special interval
normal groupoid.
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Example 2.30: Let {G, *} = {[0, 8), *, (2, 6)} be the S-special
interval groupoid of type 1.

A =1{0,2 4 6} < {Zs, *5 (2, 8)} = G is a weakly
Smarandache normal subgroupoid of G relative to T.

We see aA =A forallae Tand Aa=A foralla e T.

Example 2.31: Let {G, *} = {[0, 8), *, (2, 4)} be the S-special
interval groupoid of type I. T = {Zs, *, (2, 4)} be a S-
subgroupoid of {G, *}.

P={0,3,2,4, 6} and Q = {0, 2, 4, 6} are both S-special
subgroupoids of (G, *). 7P = Q so P and Q are weakly S-
semiconjugate special subgroupoids of G.

Example 2.32: Let (G, *) = {[0, 12), (1, 3), *} be the S-special
groupoid of type I of infinite order. Consider A; = {0, 3, 6, 9}
and A, = {2, 5, 8, 11} be any two S-special subgroupoids of G.

A =3A,=10,3,6,9" and A, =2A, =2 {0,3, 6,9} = {2,
5,8, 11}

We see A; and A, are S-groupoids. T = {Z5, *, (1, 3)} <
{G, *}. {G, *} has S-special conjugate weakly subgroupoids.

We can have several such examples. This work of finding
examples is left as an exercise to the reader.

Next we now proceed onto introduce the notion of
Smarandache quasi special interval strong Moufang groupoid,
Smarnadache quasi special interval Moufang groupoid,
Smarandache quasi special interval strong Bol groupoid and so
on.

We will define this and express this by some examples.

Let {G, *} = {[0, n), *, (t, u), t, u € Z,} be the S-special
interval groupoid of type 1.
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We say a S-special interval groupoid of type I to be a S-
special quasi interval strong Moufang groupoid if
T =1{Z, * (t, W} < {G, *} and if T is a S-strong Moufang
groupoid.

We will illustrate this situation by some examples.
Likewise we can define S-special quasi interval Moufang
groupoid.

We will give examples of them.

Example 2.33: Let {G, *} = {[0, 10), * (5, 6)} be the
Smarandache special interval groupoid of type 1.

T = {Zy, * (5, 6)} < {G, *} is a S-special interval
subgroupoid of G.

We see T is a Smarandache strong Moufang groupoid as the
Moufang identity;

(x *y)*(z*x) =[x *(y * z)] * xis true for
X,V,z € (G, *).
(x *y) * (z * x) = (5x * 6y) * (52 + 6x)
=5 (5x+ 6y)+ 6 (52 + 6x)

= X.

[x *(y *2)] *x =[x * (Syy + 62)] * x
=[5x+6 (5y + 62)] * x
=(5x+6z) *x
=5 (5x + 62) + 6x
= 5x + 6x
=X.

We define {G, *} to be a S-quasi special strong Moufang
interval groupoid.

Thus a S-special interval groupoid of type I is a
Smarandache strong special interval Moufang groupoid if
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T = {Z, * (t, s)} < {[0, n), *, (t, 0)} is a S-strong Moufang
groupoid.

{G, *} = {[0, 10), *, (5, 6)} is a S-quasi special interval
strong Moufang groupoid of type I. On similar lines we define
the notion of S-quasi special interval Moufang groupoid of type
L

Let {G, *} = {[0, n), * (t, u)} be a S-special interval
groupoid. We define {G, *} to be a S-quasi special interval
Moufang groupoid of type I if {Z,, *, (t, u} < {G, *} is a S-
Moufang groupoid.

To this end we give a few examples.

Example 2.34: Let {G, *} = {[0, 12), *, (3, 9)} be the S-special
interval groupoid of type I. Consider T = {Z5, *, (3, 9)},
subgroupoid of {G, *}.

T has S-subgroupoids which satisfy Moufang identity and
also S subgroupoids which do not satisfy the Moufang identity.

For A, = {0, 4, 8} and A, = {0, 3, 6, 9} < T are S-
subgroupoids of T and A, does not satisfy the Moufang identity
but A, satisfies the S-Moufang identity, so T is only a S-
Moufang groupoid which is not a S-strong Moufang groupoid.
Hence {G, *} is a S-special quasi interval Moufang groupoid of
type I which is not a S-special quasi interval strong Moufang
groupoid of type I.

Now we can define the notion of S-special interval quasi
Bol groupoid of type I and S-special interval quasi strong Bol
groupoid of type L.

If in {G, *} = {[0, n), * (t, u)} the S-special interval
subgroupoid. T = {Z,, *, (t, u)} is a Smarnadache strong Bol
subgroupoid then we define {G, *} to be a S-special interval
quasi strong Bol groupoid.



Special Interval Groupoids of Type I using [0, n) | 29

If T is only a S-Bol subgroupoid of {G, *}; then we define
{G, *} to be a S-special interval quasi Bol groupoid.

Example 2.35: Let {G, *} = {[0, 12), *, (3, 4)} be the S-special
interval groupoid of type I. {G, *} is of infinite order.

{Z1, *, (3, 4)} < {G, *} is a S-special interval groupoid
which is a S-strong Bol groupoid.

Hence {G, *} is a S-special quasi interval strong Bol
groupoid of type L.

Consider the following example which is not a S-special
quasi interval strong Bol groupoid. But only a S-quasi interval
Bol groupoid of type 1.

Example 2.36: Let {G, *} = {[0, 4), *, (2, 3)} be the S-special
interval groupoid of type L.

Let A = {0, 2} c{Z4, *, (2, 3)} < (G, *); satisfy the Bol
identity, but all elements in Z,; does not satisfy Bol identity
hence {Z,, *, (2, 3)} < {G, *} is not a S-strong Bol groupoid
only a S-Bol groupoid so {G, *} is only a S-quasi special
interval Bol groupoid of type 1.

Example 2.37: Let {G, *} = {]0, 13), *, (7, 7)} be the S-special
interval groupoid of type I. {G, *} is a S-special quasi strong
interval idempotent groupoid of type 1.

Example 2.38: Let {G, *} = {[0, 17), *, (9, 9)} be the S-special
quasi interval idempotent groupoid of type I.

Example 2.39: Let {G, *} = {[0, 12), *, (4, 9)} be a S-special
interval groupoid of type 1. {G, *} is a S-quasi special interval

strong Moufang groupoid of type 1.

Inview of this we give the following theorem.
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THEOREM 2.4: Let {G, *! = {[0, n), * (t, w), t, u € Z, \ {0}
with t + u =1 (mod n)} be the S-special interval groupoid of
type 1. {G, *} is a S-quasi special interval strong Moufang
groupoid of type I if and only if £ =t (mod n) and * = u (mod

The proof is direct and follows from number theoretic
properties.

Example 2.40: Let {G, *} = {[0, 6), *, (4, 3)} be a S-special
interval groupoid of type 1. {G, *} is a S-quasi special interval
strong Bol groupoid of type 1.

Example 2.41: Let {G, *} = {[0, 24), *, (16, 9)} be a S-special
interval groupoid of type I. {G, *} is a S-quasi special interval
strong P-groupoid of type 1.

Example 2.42: Let (G, *) = {[0, 18), *, (9, 10)} be a S-special
interval groupoid of type 1.

Clearly {G, *} is a S-quasi special interval strong
idempotent groupoid of type L.

Example 2.43: Let {G, *} = {[0, 15), *, (10 6)} be a S-special
interval groupoid of type I. Clearly {G, *} is a S-quasi special
interval strong alternative groupoid.

Inview of all these we have the following theorem.

THEOREM 2.5: Let

(G, X} ={[0,n), * (tu,t,tu ez, t+u=1(modn)} beasS-
special interval groupoid of type I. {G, *}! is a S-special quasi
interval

(i) Strong Bol groupoid,

(ii) Strong Moufang groupoid,

(iii) Strong alternative groupoid,

(iv) Strong idempotent groupoid and
v) Strong P-groupoid;
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if and only if £ =t (mod n) and v’ =u (mod n).

The proof is direct and hence left as an exercise to the
reader.

However we see a single S-special interval groupoid of type
I can simultaneously be a S-special quasi interval strong Bol,
Moufang, alternative, P-groupoid and idempotent groupoid of

type L.

Example 2.44: Let (G, *) = {[0, 12), *, (4, 0)} be a S-special
interval groupoid of type I. (G, *) is a S-quasi special strong
interval Moufang groupoid of type L.

Example 2.45: Let {G, *} = {[0,18), *, (9, 0)} be a S-special
interval groupoid of type I. {G, *} is a S-special interval quasi
strong Moufang groupoid of type I . {G, *} is a S-quasi special
interval quasi strong Bol groupoid of type I of infinite order.

Example 2.46: Let {G, *} = {[0, 26), *, (13, 0)} be a S-special
interval groupoid of type I. (G, *) is a S-special interval quasi
strong P-groupoid of type L.

Example 2.47: Let {G, *} = {0, 20), *, (5, 0)} be a S-special
interval groupoid of type 1. {G, *} is a S-quasi special interval
quasi strong Bol groupoid of type I.

Example 2.48: Let {G, *} = {[0, 30), *, (0, 6)} be a S-special
interval groupoid of type I. {G, *} is a S-quasi special interval
strong alternative groupoid of type L.

Example 2.49: Let {G, *} = {[0, 36), *, (9, 0)} be a S-special
interval groupoid of type I. {G, *} is a S-quasi special interval
strong P-groupoid of type L.

Inview of this we have the following theorem.

THEOREM 2.6: Let {G, *} = {/0, n), * (¢, 0), t € Z,} be a S-
special interval groupoid of type I. Ift * t =t then {G, *! is a S-
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special quasi interval strong P-groupoid, strong alternative
groupoid, strong idempotent groupoid, strong Bol groupoid,
strong Moufang groupoid of type 1.

Proof is direct hence left as an exercise.

Interested reader can study the associated properties and
results of these interval groupoids of type I.

The study of S-special ideals is left as an exercise to the
reader as it is a matter of routine.

Some related results are indicated for the reader without
proof.

THEOREM 2.7: Let (G, *) ={[0,n), * (t, u), t, u € Z,} be the
S-special interval groupoid.

(G, * =/{][0, n), * (u t), t, u € Z,} be another special
interval groupoid for the same t and u. P is a S-special left
ideal of {G, *} if and only if P is a S- special interval right ideal

of {G7 %/

THEOREM 2.8: Let {G, *! = {[0, n), * (t, u), t, u € Z,} be a S-
special interval groupoid. {G, *} is a S-special interval strong
idempotent groupoid if and only if t + u =1 (mod n).

THEOREM 2.9: Let

{G, ¥} ={[0,n), * (t u, t, u € Z, t and u primes t + u = n} be
a S-special interval groupoid; then {G, *! is a S-special interval
simple groupoid.

THEOREM 2.10: Let

{G, *} ={[0, p) % (‘DTHPTHJ p a prime} be a S-special

interval strong idempotent groupoid.
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THEOREM 2.11: Let {G, *} = {[0, p), * (t, 1), t € Z,} be a
special interval groupoid. {G, *} is a commutative special
interval groupoid.

THEOREM 2.12: Let {G, *} = {[0, n), * (¢, t)} be a S-special
interval groupoid. {G, *! is a S-special interval strong P-
groupoid.

THEOREM 2.13: Let {G, *} ={[0,n), * (t, ¢), t € Z,\ {0, 1}} be
a S-special interval groupoid; {G, *! is not a S-strong
alternative interval groupoid if p is a prime.

THEOREM 2.14: Let {G, *! = {[0, n), * (¢, )} (t € Z,\ {1}) be
a S-special interval groupoid (n not a prime); {G, *} is a S-
special interval strong alternative groupoid if and only if t =t
(mod n).

We suggest some problems for this chapter.
Problems:

1. Characterize those special interval groupoids of type I
which are Bruck groupoids.

2. Enumerate some special features enjoyed by special interval
groupoids of type L.

3. Can special interval groupoids of type I have special
interval subgroupoids of infinite order? (Justify your
claim).

4. Prove all special interval groupoids of type I need not
always be a Smarandache special interval groupoids of

type L.

5. Does the special interval groupoid
(G, *) = {[0, 28), *, (11, 0)} of type I satisfy any of the
special identities?
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6.

10.

11.

Let {G, *} = {[0, 17), *, (3, 8)} be a special interval
groupoid of type L.

(1) Does {G, *} satisfy any of the special identities?

(i) Can {G, *} have any special interval subgroupoid
of type I of infinite order?

(iii)) How many special interval subgroupoids in (G, *) are
of finite order?

(iv) Which of the special identities is satisfied by (G, *)?
(v) Is (G, *) a S-groupoid of type 1?

Let {G, *} = {[0, 23), (0, 20), *} be a special interval
groupoid of type I.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {[0, 29), *,(10, 10)} be a special interval
groupoid of type L.

Study questions (i) to (v) of problem 6 for this {G, *}.

Let {G, *} = {[0, 43), *, (12, 0)} be a special interval
groupoid of type I.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {[0, 42), *, (12, 0)} be the special interval
groupoid of type L.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {[0, 36), *, (13, 19)} be the special interval
groupoid of type L.

Study questions (i) to (v) of problem 6 for this (G, *).
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13.

14.

15.

16.

17.

18.

19.
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Let {G, *} = {[0, 45), *, (15, 0)} be the special interval
groupoid of type L.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {[0, 16), *, (8, 8)} be the special interval
groupoid of type L.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {[0, 32), *, (8, 16)} be the special interval
groupoid of type L.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {[0, 40), *, (16, 0)} be the special interval
groupoid of type I.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {[0, 23), *, (7, 7)} be the special interval
groupoid of type L.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {[0, 29), *, (10, 0)} be the special interval
groupoid of type L.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {[0, 120), *, (80, 40)} be the special interval
groupoid of type L.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {[0, 124), *, (2, 4)} be the special interval
groupoid of type L.
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20.

21.

22.

23.

24.

25.

26.

27.

28.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {[0, 139), *, (13, 13)} be the special interval
groupoid of type L.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {[0, 126), *, (7, 119)} be the special interval
groupoid of type L.

Study questions (i) to (v) of problem 6 for this (G, *).

Give a class of S-strong interval Moufang groupoids of type
I using the interval [0, n).

Show all groupoids {G, *} are not S-strong interval
Moufang groupoids of type 1.

Let {G, *} be a special interval groupoid using [0, n) of
type L.

Show some of them are not S-strong interval Bol groupoids.

Characterize those special interval groupoids of type I
which are S-special interval strong Bol groupoids of type I.

Let {G, *} = {[0, 25), *, (5, 0)} be the special interval
groupoid of type 1.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {]0, 26), (12, 18), *} be the special interval
groupoid of type L.

Study questions (i) to (v) of problem 6 for this (G, *).

Let {G, *} = {[0, 27), *, (9, 3)} be the special interval
groupoid of type 1.
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30.

31.

32.

33.

34.

35.

36.
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(i) Does this {G, *} satisfy any of the special S-strong
identities?

(i1) Can {G, *} be a S-groupoid?
(ii1) Can {G, *} have special interval subgroupoids of
infinite order?

(iv) Find special S-right ideals which are special S-left
ideals.

Let {G, *} = {[0, 24), * (12, 8)} be a special interval
groupoid of type I.

Study questions (i) to (iv) of problem 28 for this {G, *}.

Let {G, *} = {[0, 23), *, (11, 12)} be a special interval
groupoid of type L.

Study questions (i) to (iv) of problem 28 for this {G, *}.

Characterize those special interval groupoids that are
seminormal.

Characterize those special interval groupoids that are
normal.

Characterize those special interval groupoids which are
neither normal nor seminormal.

Give a class of S-special interval strong P-groupoids which
are not S-special interval strong alternative groupoids.

Does there exists S-special interval strong P-groupoids
which are not S-special interval strong Bol groupoid?

Does there exist a S-special interval strong P-groupoids
which are not S-special interval strong Moufang groupoids?
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37.

38.

39.

40.

41.

Let {G, *} = {[0, 123), *, (101, 23)} be a special interval
groupoid of type L.

Study questions (i) to (iv) of problem 28 for this {G, *}.

Let {G, *} = {]0, 142), *, (16, 14)} be a special interval
groupoid of type I.

Study questions (i) to (iv) of problem 28 for this {G, *}.

Let {G, *} = {[0, 23), *, (10, 13)} be a special interval
groupoid of type L.

Study questions (i) to (iv) of problem 28 for this {G, *}.

Let

{G, *} = {(a}, @, ..., ajp) | @i € [0, 43), (9, 10), 1 <1< 10}
be a special interval groupoid of type I.

(1) Prove {G, *} has zero divisors.

(i1) Find special subgroupoids of {G, *}.

(iii) Prove {G, *} can have subgroupoids of infinite order.

(iv) Prove {G, *} can also have subgroupoids of
finite order.

(v) Find all right ideals of {G, *} which are not left ideals.
Let
{Ga *} = {(ah A, a3, a4) | a € [09 29)7 *7 (07 4)7 1<i< 4} be

a special interval groupoid of type L.

Study questions (i) to (v) of problem 40 for this {G, *}.
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al
42. Let {G, *} = af a; € [0, 45), *, (20, 25), 1 <i < 10}
10

be a special interval groupoid of type 1.

Study questions (i) to (v) of problem 40 for this {G, *}.

al
43. Let {G, *} = af a; € [0,23), *, (10,0), 1 <i< 12}

a12

be a special interval groupoid of type 1.

Study questions (i) to (v) of problem 40 for this {G, *}.

aS 7 aS
44. Let {G, *} = a; € [0, 43), *,
a

(23, 20), 1 <1< 16} be a special interval groupoid of type 1.

Study questions (i) to (v) of problem 40 for this {G, *}.
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45. Let {G, *} = <|a,, a, a,;; a, a;||ael0,12),%*

(9,4), 1 <i<25} be a special interval groupoid of type L.
Study questions (i) to (v) of problem 40 for this {G, *}.

Is {G, *} a S-special interval groupoid?

*1 — a4 aS 6 %*
46 Let {G, } = . . : a; € [0, 18)> s (05 9)5
Ay Ay Ay
1 <1 <30} be a special interval groupoid of type 1.

Study questions (i) to (v) of problem 40 for this {G, *}.

Is {G, *} a S-special interval groupoid?

a, a, .. 3,
47. Let {G,*} = {| a,, a, .. a, ||a e [0, 40),*, (0, 20),
321 322 330

1 <1< 30} be a special interval groupoid of type 1.

(1) Study questions (i) to (v) of problem 40 for this {G, *}.
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(i1) Does {G, *} satisfy any of the special identities?
(iii)Is {G, *} a S-special interval groupoid?

48. Let {G, *} = {(a; | ay| a3 as as | ag a7 | ag) | a; € [0, 10), *,
(6,5), 1 <i<8} be a special interval groupoid of type I.
(1) Study questions (i) to (v) of problem 40 for this {G, *}.
(i1) Is {G, *} a S-special interval groupoid?

(iii) Does {G, *} satisfy all S-special interval strong
identities?

49. Let {G, *} = 1| —Z | |a e [0, 15), *, (6, 10), 1 <i< 14}

be a special interval groupoid of type I.
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(i) Is {G, *} a S-special interval groupoid?

(i) Does {G, *} satisfy any of the special identities?

(ii1) Study questions (i) to (v) of problem 40 for this {G, *}.
50. Let {G, *} = {(a; a,|a3|asas as|ay|a [0, 12),*

(9, 0), 1 <i<7} be a special interval groupoid of type I.

(1) Study questions (i) to (v) of problem 40 for this {G, *}.

(i) Is {G, *} a S-special interval groupoid?

(ii1)) What are the S-strong special identities satisfied by the
groupoid {G, *}?

51. Let {G, *} = {| a5 | |a; € [0, 10), *, (6, 5), | <i< 11}

a9

%]

be a special interval groupoid of type 1.
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(1) Study questions (i) to (v) of problem 40 for this {G, *}.
(i) Is {G, *} a S-special interval groupoid?

(111) Will {G, *} satisfy any of the S-special identities?

52. Let {G, *} = a; € [Oa 12)9 *a

(4,9), 1 <i<40} be a special interval groupoid of type 1.

(1) Study questions (i) to (v) of problem 40 for this {G, *}.

(1) Is {G, *} a S-special interval groupoid?

(ii1) Does {G, *} satisfy any of the S-strong special
identities?
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[a, |a, a,|a, a; a,|a,|
g ay
a5 4y

53. Let (G, *} - Ay | oo e | | Ay 2

Qg | vor e [ e e | s
a3 Ay
a3 as6

_357 363_

[0, 10), *, (6, 5), 1 <1< 63} be a special interval groupoid
of type L.

(i) Study questions (i) to (v) of problem 40 for this {G, *}.
(i) Is {G, *} a S-special interval groupoid?

(ii1)) Does {G, *} satisfy any of the S-strong special
identities?



Chapter Three

SPECIAL INTERVAL GROUPOIDS OF
TYPE Il USING [0, n)

In this chapter we for the first time define yet another new class
of special interval groupoids of type II using the intervals [0, n);
n < co. We define, describe and develop several interesting
properties about them. These special interval groupoids of type
IT are all of infinite order.

DEFINITION 3.1: Let
S =1{/0,n), * (a, b) where a, b € [0, n) \ Z,} be the groupoid.
We define S to be the special interval groupoid of type II.

We will illustrate this situation by some examples.

Example 3.1: Let S = {[0, 3), *, (0.12, 1.051)} be the special
interval groupoid of type II. Clearly S is a non commutative
groupoid of infinite order.

Leta=2andb=12¢€¢ S

a*b =2%1.2
=2x0.12+1.2x1.051
=0.24 +1.2612
=1.5012 €S ]
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Considerb*a =12%2
=12x0.12+2x1.051
=0.144+2.102
=2.246 ... IIisin S.

Clearly I and II are not the same hence S is a non
commutative groupoid of type 1.

Leta=0.3,b=0.07and c=0.02 € S.

Consider

(a*b)*c = (0.3 *0.07) *0.02
=(0.3x0.12+0.07 x 1.051) * 0.02
=(0.036 + 0.07357) * 0.02
=(0.10957 * 0.02)
=0.10957 x 0.12 + 0.02 x 1.051
=0.0127884 + 0.0210200
=0.0338084 I

Nowa*(b*c)= 03*(0.07*0.02)
— 0.3 %(0.07x 0.12+0.02 x 1.051)

0.3 * (0.084 + 0.02102)

0.3 *0.10502

0.3 x 0.07 + 0.10502 x 1.051

0.021 + 0.01587602

= 0.03687602 U |

I and II are distinct so * on S in general is non associative.
This is the way the operations are carried out on the special
interval groupoids of type I1.

Example 3.2: Let S = {[0, 10), *, (5.2, 0.4)} be the special
interval groupoid of type II. Clearly S is of infinite order. S is
non commutative and non associative.

Example 3.3: Let S = {[0, 15), *, (10.21, 7.102)} be the special
interval groupoid of type II of infinite order.
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Example 3.4: Let S = {[0, 8), *, (1.225, 1.225)} be the special
interval groupoid of type II of infinite order which is
commutative.

Example 3.5: Let S = {[0, 7), *, (0.41, 0.41)} be the special
interval groupoid of type II.

Consider x =3.5andy=2.1in S.

x*y=35%21
=0.41 x3.5+2.1x041
=1.435+0.861
=2.296
=2.296 € S.

Consider

y*x =21%35
=0.41 x2.1+3.5x4.1
=0.861 +1.435
=2.296 I

isin S.

Clearly x * y =y * x for all x, y € S. Thus S is a
commutative special interval groupoid of type II.

Example 3.6: Let S = {[0, 27), *, (10.12, 9.31)} be the special
interval groupoid of type II. S is non commutative and is of
infinite order.

Letx=3andy=5 € S.
x*y = 3%*5
3x10.12+5x%9.31 (mod 27)
30.36 +46.55 (mod 27)
76.91 (mod 27)
= 2291 €eS.

y*x = 5x3

10.12 x5+9.31 x3
50.60 +27.93

= 78.53 (mod 27)
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= 2453 e S.

Clearly x * y #y * x so S is a non commutative groupoid.

Letx=2,y=1landz=4 € S.

(x*y)*z

X*(y*z) =

Clearly I and II are distinct hence S is a non associative

= @Q2*1)*4

(2 x10.12+1x9.31)*4
(2024 +9.31) * 4

29.55 * 4

2.55 %4

10.12 x 2.55 +9.31 x 4
25.806 + 37.24

63.046

9.046 1

2% (1 *4)

2% (1x10.12 +4 x 9.31)
2% (10.21 +37.24)

2 * 47.36

2%20.36

2% 10.12 + 4 x 20.36
20.24 + 81.44

101.68

20.68 .. I

groupoid of infinite order.

Example 3.7: Let S = {[0, 128), * (0.1, 0.2)} be the special
interval groupoid of type II. S is non commutative and non

associative of infinite order.

Example 3.8: Let S = {[0, 45), * (1.36, 0)} be the special
interval groupoid of type II. We see S has right zero divisors

which are not left zero divisors and vice versa.

Infact for x =a and y = 0 is a zero divisor only if
x % 1.36 =0 (mod 45) theny * x =0 (mod 45) for all x, y € S.
Study in this direction is interesting.
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Example 3.9: Let S = {[0, 12), * (0, 2.5)} be the special
interval groupoid of type II. S is non commutative.

Forx=5andy=8inS
wehavex *y =5%*8
=5x0+8x25
=0+20.0
=8 (mod 12)
#0 . I

Buty*x =8%*5
=8x0+25x%x5
=0+12.5
=05=%0 . II

Clearly I and IT are distinct so S is non commutative.
Takex=0andy=4.81in S.
x*y=0%48
=0x0+48x2.5
=0+12
= (0 (mod 12) |
y*x=4.8%*0
=48x0+0x2.5
=0 (mod 12) |
I and II are identical.
X * y=y * x is a zero divisor.

Consider x=3andy=0¢€ S

x*¥y =3x25+0x0
7.5#0.

0x25+0x3
=0.

y*x
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Thus x and y is only a one sided zero divisor and is not a
both sided zero divisor.

Letx,y € Swherex=2.5andy =1.5;

x*y =25%15
=25%x25+15%0
=6.25+#0

and y*x =15%25
=1.5x25+25x%x0
=3.75#0.

So S has pairs which are non commutative and are not zero
divisors.

Example 3.10: Let S = {[0, 13), *, (0, 1.3)} be the special
interval groupoid of type I. S is non commutative and is of
infinite order.
Letx=2andy=5¢€ S
x*y =2x0+5x13
=0+6.5
=6.5# 0 (mod 13) and
y*x =5*2=5x0+2x123
=0+2.6
=2.6 #0 (mod 13).
Clearly x * y #y * x, hence S is non commutative.
Letx=10andy=0beinS.
x*y =100 =0x10+1.3x0=0and

y*x=0%*10=0x0+1.3x10 = 13 (mod 13) = 0.
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Thus x, y € S is a zero divisor which is both right as well as
left.

Letx=12andy=15 € S.
We see x * y #y * x but is not a zero divisor.

We define quasi special interval groupoid of type II.

DEFINITION 3.2: Let

S=1{/0 n), * (a, b) where a € [0, n)\ Z, and b € Z,} be the
special interval groupoid. =~ We call this special interval
groupoid as quasi special interval groupoid of type I1.

We will illustrate this situation by some examples.

Example 3.11: Let S = {[0, 16), *, (4, 2.315)} be the quasi
special interval groupoid of type II.

We see S is also of infinite order. S is always non
commutative.

Example 3.12: Let S = {[0, 24), *, (0.3125, 8)} be the quasi
special interval groupoid of type II.

S is non commutative and of infinite order.

Example 3.13: Let S = {[0, 256), *, (16, 8.88)} be the quasi
special interval groupoid of type I1.

S is non commutative and of infinite order.

Example 3.14: Let S = {[0, 125), *, (15, 2.25)} be the quasi
special interval groupoid of infinite order.

S is non commutative.

Example 3.15: Let S = {]0, 12), *, (1, 1.2)} be the quasi special
interval groupoid of infinite order.
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Letx=5andy=10 € S.

x*y =5%10
=5*1+10x1.2
=5+12
=5 (mod 12) oo 1

Nowy*x =10%*5
=10x1+5x%x12
=10+6.0
=16 (mod 12)
=4 |

Clearly I and II are distinct hence in general is a non
commutative quasi special interval groupoid of infinite order.

THEOREM 3.1: Let

S={[0,n), * (a, b) wherea € [0, n) and b € [0, n) \ Z,} be the
special quasi interval groupoid of type Il. S is always non
commutative.

Proof follows from the simple fact S = {[0, n), *, (a, b)} is
commutative if and only if a =b in [0, n). This is impossible in
case of quasi special interval groupoids of type II.

Example 3.16: Let S = {[0, 9), *, (3, 3.2)} be the quasi special
interval groupoid of type II.

Clearly S is commutative and is of infinite order.

Example 3.17: Let S = {[0, 15), *, (4, 10.25)} be the quasi
special interval groupoid of type II.

S is non commutative and of infinite order.

Example 3.18: Let S = {[0, 121), *, (11, 1.1)} be the quasi
special interval groupoid of type I of infinite order.

Letx=2andy=3 € S we find
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x*y =2*3=2x11+3x1.1
=22+33
=253 I

Nowy*x =3%*2
=3x11+2x1.1
=33+22
=352 II

I and II are distinct hence S is non commutative.

Example 3.19: Let S = {|0, 6), *, (1.5, 2)} be the quasi special
interval groupoid of type II.

S is non commutative and non associative of infinite order.

Example 3.20: Let S = {[0, 28), *, (1, 0.25)} be the quasi
special interval groupoid of type I1.

Leta=05andb=10€ S
a*b =05%*10
=05x1+10x0.25
=05+2.5
=3e8S |

b*a =10%*0.5
=10x1+0.5x%x0.25
=10+0.125
=10.125 |

I and II are distinct so S is a non commutative groupoid.
Leta=25,b=10andc=6 € S;

a*(b*c) =2.5%(10*6)
=2.5%(10x 1 + 6 x 0.25)
=2.5* (10 + 1.50)
=2.5%11.5
= 1x2.5+11.5x0.25
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=2.5+2.875
=5.375 |

(a*b)*c =(2.5%10)*6
—(25x1+10%0.25)*6
—(2.5+25)%6
=5%6
=(5x 1 +6x0.25)
=5+1.50
=6.5 .. I

Clearly I and II are distinct, hence (S, *) is a non associative
groupoid of type II.

Example 3.21: Let S = {[0, 23), *, (4.5, 10)} be the quasi
special interval groupoid of type II.

Z,3 is not a subgroupoid. P={0,0.5,1, 1.5, 2, ...,22,22.5}
< [0, 23) is not a quasi special interval subgroupoid of S.

Forifx=05andy=2 € S

x*y =05%*2
=05%x45+2x%x10
=225+20
=22.25¢P.

So P under the * operation is not a subgroupoid.

Finding subgroupoids in S is a challenging problem.

Also finding conditions for the special interval groupoid to
be Smarandache groupoid or finding conditions for S to satisfy
special identities etc is very difficult and they are left as open

conjectures.

Example 3.22: Let S = {[0, 10), *, (4.5, 5.5)} be the special
interval groupoid of type II.

Letx=2¢€ S
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X*X =45*2+55x%x2
=9+ 11 =0 (mod 10).

x is nilpotent of order two.

Letx=0.121 € S we see
x*x =0.121 *0.121
=0.121 x4.5+0.121 x 5.5
= 5445+ 66.55
=120.00
=0 (mod 10).

Thus x is a nilpotent of order two so is a zero divisor.

Infact every element x in S is a nilpotent element of order

two in S.

Example 3.23: Let M = {[0, 13), *, (10.2, 2.8)} be the special
interval groupoid of type II.

M is a groupoid in which every element is nilpotent of order

Example 3.24: Let S = {[0, 24), *, (20.3, 3.7)} be the special
interval groupoid of type II.

S is a groupoid in which every element is nilpotent of order

Inview of all these we have the following problem.

Let S = {[0, n), *, (p, t); p, t €[0, n) \ Z,} withp +t=0

(mod n) be a special interval groupoid of type II.

Is every x € S such that x * x = 0 (mod n), that is nilpotent

of order two?

Proof follows from the factif x € S then
X * x =xp + xt =x(p+t) =0 (mod n) as p + t = 0 mod n.
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Hence the claim.

Example 3.25: Let S = {[0, 12), *, (10.4, 2.6)} be the quasi
special interval groupoid of type II.

Letx=3eS;x*x=104%x3+2.6x3
=312+7.8
=39.0
=3 (mod 12).

Thus x * x = x is an idempotent in S. Considery =4.5 € S

y*y =104x45+2.6x%x45
=46.80 + 11.70
= 58.50 (mod 12)
=10.50 #4.5.

Letz=10€S,z*z=104 x+2.6 x 10
=104 + 26
=130
=10 (mod 12).

Letz=4eS 4x4=z%2
=4x104+2.6x%x4
=416+104
=52 (mod 12)
=4=1z. Soz=10and z=4 are idempotents of S.

Letx=12¢€S

Weseex *x=104x12+26x1.2
=1248+3.12
= 15.60 (mod 12)
=3.6=1.2.

Hence x = 1.2 is not an idempotent.
Letx=3.6 € S we find
x*x =104x36+26x%x3.6
=37.44+9.36
=46.80 (mod 12)
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=10.80 = 3.6.

Thus x is not an idempotent. However x has idempotents
for all x € Z;, are idempotents of S. x =0 and x = 1 are trivial
idempotents of S.

Now take x =2 € S is such that x * x =2 (mod 12)
whenx =3 € S we see x * x =x (mod 12).

Takex=4 € S,x *x=x (mod 12), whenx =5 € S,
X *x =x (mod 12);

x =6 € Sis such that 6 * 6 = 6 (mod 12);

x =7 € Sissuchthat 7* 7=7 (mod 12);

x =8 € Sis such that 8 * 8 =8 (mod 12);

x=9 e Sissuch that 9 * 9 =9 (mod 12);

x =10 € S is such that 10 * 10 = 10 (mod 12) and
x=11 € Sissuch that 11 * 11 =11 (mod 12); .

Thus all elements in Z,, are idempotents.

But however all elements in [0, 12) \ Z;, are not
idempotents.

Letx=51€S;x*x=51%x104+2.6x5.1=6.3 € Sbut
X * X #X.

Hence x = 5.1 is not an idempotent of S.

Letx=65eSwefindx*x=6.5%*6.5
=65%x104+65x%x2.6
=0.50#6.5=x.

Thus x is not an idempotent of S.

Letx=102 € S
Xx*x=102%102=102x104+10.2x%x2.6
=0.12 € S.



58 | Groupoids of Type I and II using [0, n)

So x is not an idempotent of S. Hence x has atleast 12
idempotents including 0 and 1.

Example 3.26: Let S = {[0, 7), *, (3.5, 4.5)} be a special
interval groupoid of type II.

Letx=3.2 € S we find
X*x =32%32
=32x35+32x%x4.5
=46 #X.

Thus x is not an idempotent of S.
Letx=2¢€S
X*¥x=2%2
=35%x2+45x%x2
=2=xX.

Hence x = 2 is an idempotent of S.
Lety=5€eS;y*y=5%*5
=5x35+45x5=5=y.

Thus y is also an idempotent of S.
Let x = 3.5 we find
x*¥x=35%35
=35x%x35+45x35

=4 #X.

Thus x = 3.5 is not an idempotent.

Letx=5.2 €S;
XxX*x =152 x35+45x%x52
=2 #X.

Thus x = 5.2 is not an idempotent.

Inview of all these observations we have the following
theorem.
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THEOREM 3.2: Let
S={0n),* ts) tsel[0,n\Z,t+s=1(modn)} bethe
special interval groupoid of type I1.

S that atleast n number of idempotents including 0 and 1.
Proof'is left as an exercise to the reader.

However it remains as an open problem how to construct
idempotents other than those elements in Z,,.

Example 3.27: Let S = {[0, 25), *, (15.2, 10.8)} be a special
interval groupoid of type II.

Letx=15€eS;x*x=15%*1.5
=152x15+10.8x%x1.5
=14.00 = x.

Thus x is not an idempotent of S. We see S has atleast 25
idempotents including 0 and 1. Forifz= 10 € S then

z*z=10*10=10x 152+ 10 x 10.8
=152+ 108

=260

=10 (mod 25) is an idempotent.

x =5 e S s such that
X*¥x=5%5
=5x152+10.8x5
=76+ 54

=130

=5 (mod 25).

x =5 is also an idempotent of S.

However we are not in a position to get idempotents in
[0,n)\ Z,.

Now we see nilpotents in S.



60 | Groupoids of Type I and II using [0, n)

Example 3.28: Let S = {[0, 12), *, (10.5, 1.5)} be a special
interval groupoid of type II.

Letx=4€e S;x*x=105%x4+4x%x1.5
=42+ 6=48=0 (mod 12).

Letx=25¢€S
Xx*x=25%x105+1.5%x25
= 6 # X S0 X is not a nilpotent element of S.

Hence it remains as an open conjecture to find those x in
[0, n) \ Z, which are nilpotents in S.

Example 3.29: Let S = {[0, 9), * (4.5, 4.5)} be a special
interval groupoid of type II.

Letx=5eS;x*x=5%5
=5x45+5%x45
=225+225
=45 =0 (mod 9).

Letx=42¢e S;x*x=42%42
=42x45+42x%x4.5
= 1.80 #Xx.

Thus x = 4.2 is not nilpotent of order two.

Example 3.30: Let S = {[0, 6), *, (3.5, 2.5)} be a special
interval groupoid of type II.

Letx=2e S;x*x=2%2
=35x2+25x%x2
=0 (mod 6). So x =2 is anilpotent element of S.

Takey =5.1 e Swefindy *y=5.1x3.5+5.1x%x2.5
=0.60=y e S.
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Thus y is not a nilpotent element of S.

Takex=1eS;1*1 =1x35+1x1.25
=6 (mod 6)
=0 so 1 is nilpotent in S.

Letx=2e S;x*x=2%2
=2x35+25%x2
=7+5
=0 (mod 6).

Letx=3eS;x*x=3%3
=3x35+25x%x3
=105+7.5
=18 =0 (mod 6).

x=4e€S;x*x=4%4
=4x35+25x4
=14.0+10

=0 (mod 6)

x=5eS,x*x=5%5
=5*%35+5x%x25
=17.5+125

=0 (mod 6)

Thus all x € Zg are nilpotents.

It is still an open problem to find whether we can have
nilpotents in [0, 6) \ Z.

Such study for [0, n) \ Z, is unsettled.

Example 3.31: Let S = {[0, 15), *, (12.5, 2.5)} be a special
interval groupoid of infinite order.

Letx=6eS;x*x=6%6
=6x125+6x%x2.5
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=75.0+15.0
=0 (mod 15) is nilpotent of order two.

Letx=12e€S;x*x=12%1.2
=12x125+25x%x1.2

=15.00 +3.00

=18 (mod 15)

=3 #x. So x is not nilpotent in S.

We see in general x € [0, n) \ Z, are not nilpotents in S.

We conjecture for what values of (t, s) in S = {[0, n), *, (t,
s); t,s € [0, n)\ Z,} x € [0, n) \ Z, will be nilpotent of order
two.

Let
S={[0,n), * (t,s);t,s € [0,n)\ Z, with t + s =0 (mod n)} be
the special interval groupoid of type II. Then we know all x €
Z, are nilpotent of order two.

Can we find x € [0, n) \ Z, such that x * x = tx + sx = 0?
remains as an open problem.

Example 3.32: Let S = {0, 5), *, (2.5, 2.5)} be the special
interval groupoid of type II.

Letx=32eceSnowx *x=25*25=32x25+32x2.5
=8.00 + 8.00
=1]1isaunitin S.

Letx=16€S

x*x =1.6*1.6
=25%x1.6+25x%x1.6
=4.00 +4.00

=3.

Leta=2eSwefind2x2=25%x2+25x2=0s02isa
nilpotent element of S.
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Letb=48¢cS,b*b=48%48=48x25+48x25
=12+ 12
=4,

Letx=0.8 €S
x*¥x=08%*0.8
=0.8%x25+0.8x%x2.5
=2.00+2.00

=4 e S.

Leta=09 €S
a*a=0.9%*09
=09x25+09x%x2.9
=225+2.25

=4.5.

Letb=04eS,b*b=04*04
=04x25+04x%x25
=1.00+1.00

=2 e S.

Leta=12¢€S
a*a=12 *1.2
=12x25+12x%x25
=3.00 +3.00

=1 eS.

Thus S has units under *.
Letc=42¢€S
c*¥c=42 *42
=42x25+42x%x2.5
=10.50 + 10.50
=1 is again a unit in S.

Leta=34¢€S
a*a=34 *34
=34x25+34x25
=2eS.
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Letx=42¢€S
X*¥x=42 *4.2
=42x25+42x%x2.5
=10.50+10.50

=1 € Sis aunit of S.

Thus these special interval groupoids of type II contain
units. However [0, n) under product does not contain units.
This is the specialty about these type Il groupoids.

However it is left as an open problem to find the condition
of (t, s) of the S = {[0, n), *, (t, s)} to have units and also the
properties associated with units.

Example 3.33: Let S = {[0, 7), *, (3.5, 3.5)} be the special
interval groupoid of type II.

Letx=22¢€ S
X*x=22 *22
=22x%x35+22x%x3.5
=7.70+7.70 (mod 7)
=15.40 (mod 7)
=1.40 € S.

Lety=43¢€S
y*y=43 *43
=43 x35+43x35
=2.1eS.

Letx=32¢S
Xx*x=32 *32
=32x35+32x%x35
=140 € S.

It is left as an exercise to the reader to find units in S.

Example 3.34: Let S = {[0, 9), *, (4.5, 4.5)} be the special
interval groupoid of type I1.
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Letx=3 €S
x*¥x=3 *3
=3x45+3x45
=13.5+13.5=27
=0 (mod 9).

x = 3 is a nilpotent element of order two.
Letx=2¢€S
Xx*¥x=2 *2
=2x45+2x%x45
=9+9
=0 (mod 9).

Thus type II groupoids lead to several new properties
enjoyed by their elements.

The reader is left with the task of studying for these type II
groupoids; the notion of Smarandache units (S-units),
Smarandache idempotents (S-idempotents) and Smarandache
zero divisors (S-zero divisors). However we have shown by
examples; type Il groupoids can contain nilpotents, units and
idempotents.

Now we give other type II groupoids built using matrices.

Example 3.35: Let
M = {(a}, a, ..., ag)| & €[0, 7), *, (3.1, 2.7); 1 <1< 6} be a
special interval row matrix groupoid of type II.

Clearly we have subgroupoids of infinite order.
Example 3.36: Let
M = {(a;, a5, a3)| a; €[0, 11), *, (5.5, 5.5); 1 <1 <3} be a special

interval row matrix groupoid of type II.

S has special elements which are zero divisors, units and
idempotents.



66 | Groupoids of Type I and II using [0, n)

Example 3.37: Let
S = {(aj, a, ..., a9)| a; €[0, 24), *, (20.75,0); 1 <1 <9} be a
special interval row matrix groupoid of type II.

Example 3.38: Let

M = {[0,23), *, (12.5, 10)} be a type II groupoid of infinite
order.

Let N = {(ala A, a3, A4, as, aé) | q; € [09 23)7 *7 1<i< 67
(12.5, 10)} be a type I row matrix groupoid of infinite order.

This has subgroupoids of infinite order.
Example 3.39: Let
M= {(a;| a,a;3a4]asag|ay)la €[0, 14), *, (8.5,6); 1 <i<7}
be a special interval row matrix groupoid of type II of super row

matrices.

M has subgroupoids.

Example 3.40: Let

M = a; €[0, 10), *, (8.13,4.723); 1 <i < 6}

be a special interval row matrix groupoid of type II.
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&

a; €[0, 10), *, (8.13,4.723)} S

S O O o O

be a special interval column matrix groupoid of type II and is
isomorphic with M = {[0, 10), *, (8.13, 4.723)}; a groupoid of
type II.
Example 3.41: Let

a

a
P=3"2 1] aef0,9),% 37,5 1<i<9}

a;

be a special interval column matrix groupoid of type II.

o(P) = o0. P has several subgroupoids of infinite order and
some subgroupoids of finite order.

Example 3.42: Let

M=1| 7 || a €0, 71), ¥, (70.009, 10); 1 <i< 12}

alZ

be a special interval column matrix groupoid of type II.
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_al_
0
P1: . a| E[O, 71)}gM,
_0_
0
Po= 1| 7 [ b e e0, 7)) e M,
_O_
0
0
P;= 23 a; €[0,71)} <M, and so on,
_0_
0
0
Py, = . ap €[0,71)j =M
a12

are all special interval subgroupoids of type II of infinite order.
0
0, ... . -
PinPj={|.|}ifiz)1<1j<12

0
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Example 3.43: Let

m|m m|s>
W N | =

~

jov)
w

M= a; €[0, 17), *, (12.5,4.5); 1 <i < 10}

| o
N

oo oo
2

ay

L™10 ]

be a special interval column matrix groupoid of type II.
M has subgroupoids of infinite order.

Example 3.44: Let

M= a; €[0, 21), *, (2.75, 10.25); 1 <i < 6}

ag

be a special interval column matrix groupoid of type II.

M also has subgroupoids of infinite order.
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Example 3.45: Let

a5 dq .
M = 50 e el0,43), %, (29.3,0); 1< <30}

be a special interval column matrix groupoid of type II.
M has several subgroupoids of infinite order.

Example 3.46: Let

S= a; €[0,17), *, (3.8, 13.2); 1 <i<32}

be a special interval column matrix groupoid of type II of
infinite order. S is a super matrix special interval groupoid of
type II.

This has several subgroupoids of infinite order.

Example 3.47: Let

S=qla, a, a; a, ay,||ac[0,3),* (1.5,1.5);1<i<15}
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be a special interval column matrix groupoid of type II.
Clearly S is commutative.

Example 3.48: Let
M = {(ai, a, a3, a4)| ai €[0, 5), *, (1.6, 1.6); 1 <i <4} bea
special interval row matrix groupoid of infinite order.

Letx =(0.3,0.2,0.9, 1.2)and y = (2.1,2,3.1,3.5) € M.
x*y=(0.3,02,09,1.2) * (2.1,2,3.1,3.5)
=0.3*2.1,02%2,0.9*3.1, 1.2 *3.5)

=0.48 +3.36,0.32 + 3.2, 1.44 + 4.96, 1.92 + 5.60)

= (3.84, 3.52, 1.40, 2.52) 1

Considery * x = (2.1, 2, 3.1, 3.5) * (0.3,0.2,0.9, 1.2)
=(2.1*%0.3,2*%0.2,3.1¥0.9,3.5*1.2)
=(3.36+0.48,3.2+0.3,4.96 + 1.44,5.10 + 1.92)
=(3.84, 3.52, 1.40, 2.52) oI

Clearly I and II are so x * y =y * x. It is pertinent to keep
onrecordx *y=y *x forally,x € M.

a, .. a;
THEOREM 3.3: Let M = : : a; €/[0, n), (s, s),

ml mn

sef0,n)\Z, 1 <i<m I <j<n, *! be the special interval
matrix groupoid of type I1.

M is a commutative groupoid of type I1.

Proof is direct and hence left as an exercise to the reader.
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Example 3.49: LetT=1|a, || a €[0,6),*, (3.1,0); 1 <i<5}

be a special interval column matrix groupoid of type II of
infinite order.

[2.6] 0
0 3.1
Letx=|1.5|andy=| 0 | € T.
0 4.1
L _ L O _
[2.6] [ 0]
0 3.1
x*y=|15*] 0
4.1
L 2 _ L 0 .

[2.6*%0] [2.6x3.1]

0%*3.1 0
= [15%0| =] 1.5x3.1
0*4.1 0

| 2%0 | | 2x3.1 |
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[2.06 |

0
= 4.65 I
0

I and II are distinct so T is not a commutative groupoid.
Example 3.50: Let
M = {(a;, a,, a3, a4)| &; €][0, 8), *, (0, 4.2); 1 <1< 4} be a special

interval row matrix groupoid of type II.

M is a non commutative groupoid of type II.



74 | Groupoids of Type I and II using [0, n)

Example 3.51: Let

M={la, a, a,||ae[0,21),%(17,20.123);1<i<15}

be a special interval column matrix groupoid of type II of
infinite order.

Example 3.52: Let

a’l a'2 a()
o lla; ag ..oa, . . _
M=4"7 P || & [0, 13), %, (6.5, 6.5); 1 <i <36}
Ay o .. Ay

be a special interval column matrix groupoid of type II.
M is commutative. M has units.

Now we proceed onto describe special interval groupoids of
type II with examples.

Example 3.53: Let W = {[a, b] | a, b €[0, 10), *, (3.5, 0.8)} be
a special interval column matrix groupoid of type II.

Letx=1[09,2]andy=[8,3.1] e W

x*y =[09,2]*[8,3.1]
=109 * 8,2 *3.1]
=[0.9x3.5+0.8%x8,2x3.5+3.1x0.8]
=[3.15+6.4,7 +2.48]
=1[9.55, 9.48] |

y*x = [8,3.11*[0.9, 2]
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—[8x%3.5+0.9%0.8,3.1x3.5+0.8 x2]
—[28.0+ 7.2, 10.85 + 1.6]
= [5.2, 2.45] LI

I and II are distinct so W is a non commutative type II
groupoid.

Example 3.54: Let M = {[a, b]|a, b €[0, 20), *, (15.2,4)} be
a special interval column matrix groupoid of type II.

M is of infinite order. P = {[a, 0] | a € [0, 20), (15.2, 4), *}
is a subgroupoid of M of infinite order.

Likewise T = {[0, a] | a € [0, 20), (15.2,4), *} c M is a
subgroupoid of M of infinite order in M.

Example 3.55: Let M = {[a, b] | a, b €][0, 23), *, (20.3, 0)} be a
special interval column matrix groupoid of type II.

Let P = {[a, 0] | a € [0, 23), (20.3, 0), *} be a special
interval subgroupoid.

Consider T = {[0, a] | a € [0, 23), (20.3, 0), *} c M; T is
special interval subgroupoid of M.

Now letx =[0,3]andy =[0, 2] € T.
x*y =1[0,3]1*][0,2]
=10,3 * 2]
=10,20.3 x3+2x0]
=10, 60.9]
=[0,149]1eT 1

y*x =[0,2]*[0,3]
=[0,2 * 3]
=[0,2 x 203 +3 x 0]
= [0, 40.6]
=[0,17.6] e T L
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Clearly I and II are distinct so T is a non commutative
subgroupoid of type II.

We can have type II groupoids built using the intervals
[a, b] with a, b € [0, n).

Example 3.56: Let M = {([a;, bi], [a2, b2], [a3, b3]) | &, b; €
[0,9),1<i<3,(3,6.5), *)} be the special interval groupoid of
type IL.

Clearly M is non commutative and is of infinite order.
M has atleast 6 subgroupoids isomorphic with the groupoid
G={[0,9),* (3, 6.5);.

Example 3.57: Let M = {([a;, bi], [az, b2], [a3, b3], [as, b4], [a5,
bs], [as, be]) | a, bi € [0, 9), 1 <1 <6, (4.5, 4.5), *)} be the
special interval groupoid of type Il of infinite order. Clearly M
is a commutative groupoid.

Example 3.58: Let T = {([a, bi], [az, b2], [a3, b3], [a4, b4], [a5,
bs]) | a, bi € [0, 13), 1 <1 <5, (6.5, 0), *)} be the special
interval groupoid of type II which is non commutative and is of
infinite order.

Example 3.59: Let

[a,,b,]

M = [aza.bz]

a, by € [0, 13), (9.5,3.5), %, 1 <i< 7))
[a,,b,]

be the special interval groupoid of type II of infinite order.
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Example 3.60: Let

[a,,b,]

[a,,b,]

M = a, b; € [0, 15), (7.5,7.5), *, 1 <i< 12}

[312 ’bIZ]

be the special interval groupoid of type II of infinite order.

Clearly T is commutative. T has several subgroupoids of
type Il which are commutative and of infinite order.

Example 3.61: Let

[alsbl]_
[a,,b,]
[a;,b;]
S= M a, b; € [0, 17), (15.5,2.5), *, 1 <i< 7}
[a5,bs]
[a;,b,]

be the special interval groupoid of type II.
S has several units and subgroupoids of infinite order.

Example 3.62: Let M = {([a, bi] | [a2, b2] [a3, bs3] [as, bs] | [as,
bs] [a6, b)) | @i, bi € [0, 21), 1 <16, (5.2, 4.204), *)} be the
special interval super matrix groupoid of infinite order of type
11
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Example 3.63: Let

[a,b,]  [a,,b,]

[a5,b5]  [a,.b,]

M = a;, b; € [0, 26), (13.5, 13.5), *,

[aIS’bIS] [a14’b14]

1 <1< 14} be the special interval super matrix groupoid.
We see M has infinite number of subgroupoids.

Example 3.64: Let

[ [a,b]  [a,,b,]]
[a;,b;]  [a,,b,]
[aS’bS] [aG’bG]

P= 4l [a,,b,] [ag,bg] || ai, bi €[0,29),(26.3,2.7), *,

[a,,be] [a)9,b}0]

[a,,b,] [a,,,b},]

[a;5,b5] [a,,by,]]

1 <1< 14} be the special interval super column matrix groupoid
of type II of infinite order.

This has several subgroupoids of infinite order.

Example 3.65: Let

[a,b,] [a;,b,] [a;,b;]
P=1|[a,,b,] [a5,b;] [asbs]|] a,b; € [0, 12), (10.5,2.5),
[a7’b7] [aS’bS] [aQ’b‘)]

* 1 <1< 9} be the special matrix groupoid of type II of infinite
order.
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B has subgroupoids of infinite order.

Example 3.66: Let

[a,.b,]  [a,.b,1] [a,,b,]]
[a,.b,] [25.b,] | [a,.b,]
|| Tarb] Tagby] [Tay.by]
M=ab,] e | . || B E1020)
[al3’b13]

_[alé’blé]

(10.32,7.68), *, 1 <i< 18}

be the special interval super matrix groupoid of type II of
infinite order.

Now we see in case of type II groupoids built using the
interval [0, n); we are not in a position to speak about special

identities in this case.

Thus it is a challenging open problem to find the groupoids
of type Il to satisfy special identities.

We suggest the following problems.

Problems:

1. Find conditions on s, t € [0, n) \ Z,, where
G ={[0, n), *, (s, t)} to be a P-groupoid of type II.

2. Let G={[0,n), * (s,t);s € [0,n)\Z,and t € Z,} be the
special interval groupoid of type II.

For what values of s and t in G; G is a P-groupoid or a
S-strong P-groupoid or a S-P-groupoid.
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10.

1.

12.

13.

Let G={[0,n), *, (s, t),s,t € [0,n)\ Z,, t + s =0 (mod n)}
be the type II groupoid.

What are the special identities satisfied by G?

Let G = {[0, n), * (s, t),s,t € [0,n)\Z, withs +t=1
(mod n)} be the special interval groupoid of type II.

Find all the special identities satisfied by G.

Let G = {[0, n), *, (s, t); s, t € [0, n) \ Z,} be the special
interval groupoid of type II.

Find all the special identities satisfied by G.

Study problem 5 when G is such thats € Z, and t € [0, n) \
Z,.

Characterize those groupoids

G={[0,n), *, (s,t);s,t € [0, n) \ Z,} which are
Smarandache.

Can a type II groupoid built on [0, n) be a normal groupoid?

Can a type II groupoid built on [0, n) have normal
subgroupoids?

Can type II groupoids built using [0, n) have seminormal
subgroupoids of type 11?

Obtain some special features enjoyed by special interval
groupoid of type II.

Prove every special interval groupoid of type II built using
[0, n) is of infinite order.

Can S = {[0,9), * (1.2, 5.5)} be a S-special interval
groupoid of type 11?7



14.

15.

16.

17.

18.

19.

20.

21.
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Can S ={[0, 16), *, (5.7, 10.3)}, the S-special interval
groupoid of type Il satisfy any of the special identities?

Give an example of a special interval groupoid of type II
which satisfy the S-strong Bol identity?

Does there exist a special interval groupoid of type II which
satisfies the Moufang identity?

Can any special interval groupoid of type II satisfy Bruck
identity?

Does there exist a special interval groupoid of type II which
is an idempotent groupoid?

Let S = {[0, 15), *, (2.115, 0.115)} be a special interval
groupoid of type II.

(i)  Can S have subgroupoids of finite order?

(i1))  Find all subgroupoids of S.

(i) Does S satisfy any of the special identities?

(iv) Can S have right ideals which are not left ideals?
(v)  Is S normal?

(vi) Can S have seminormal subgroupoids?

(vii) Does S have conjugate subgroupoids?

(viii) Can S have semiconjugate subgroupoids?

(ix) Is S a Smarandache special interval groupoid?

Let S = {[0, 21), *, (10.25, 10.75)} be a special interval
groupoid of type II.

Study questions (i) to (ix) of problem 19 for this groupoid
S.

Let S; = {[0, 5), *, (3.5, 1.5)} be a special interval groupoid
of type 1L

Study questions (i) to (ix) of problem 19 for this groupoid
S.
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22.

23.

24.

25.

26.

27.

Compare type I groupoids with type Il groupoids?

Is it ever possible to have subgroupoids of finite order in
case of type II groupoids?

Let S = {[0, 15), *, (10.001, 4.999)} be a special interval
groupoid of type II.

Study questions (i) to (ix) of problem 19 for this S.

Let S={[0, 11), *, (5.5, 5.5)} be a special interval groupoid
of type 1L

Study questions (i) to (ix) of problem 19 for this S.
Prove S is commutative.
Show every x € S is a nilpotent of order two.

Let S = {[0, 3) *, (1.5, 1.5)} be a special interval groupoid
of type 1.

(1)  Study questions (i) to (ix) of problem 19 for this S.
(i) Find all nilpotents of ordr two.

(ii1)) Find all idempotents of S.

(iv) Find all units of S.

Let S = {[0, 15), *, (7.5, 7.5)} be the special interval type Il
groupoid.

(1) Study questions (i) to (ix) of problem 19 for this S.
(i1) Find all idempotent elements of S.

(i)  Find all units in S.

(iv) Can S have nilpotent elements of order two?

V) Can S have S-zero divisors?

(vi) Can S have S-units?

(vii)  Can S have S-idempotents?

(viii)  Obtain some special properties enjoyed by this S.



28.

29.

30.

31.

32.

33.

34.

35.
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Let S = {[0, 25), *, (12.5, 12.5)} be the special interval
groupoid of type I1.
Study questions (i) to (viii) of problem 27 for this S.

Let S = {[0, 27), *, (13.5, 13.5)} be the special interval
groupoid of type II.

Study questions (i) to (viii) of problem 27 for this S.

Let S = {[0, 43), *, (22.5, 21.5)} be the special interval
groupoid of type I1.

Study questions (i) to (viii) of problem 27 for this S.

Let S = {[0, 16), *, (14.5, 1.5)} be the special interval
groupoid of type II.

Study questions (i) to (viii) of problem 27 for this S.

Let S = {[0, 45), *, (22.5, 22.5)} be the special interval
groupoid of type II.

Study questions (i) to (viii) of problem 27 for this S.

Let S = {[0, 210), *, (200.9, 9.1)} be the special interval
groupoid of type II.

Study questions (i) to (viii) of problem 27 for this S.

Let S = {[0, 18), *, (16.2, 2.8)} be the special interval
groupoid of type II.

Study questions (i) to (viii) of problem 27 for this S.

Let S = {0, 19), *, (15.45, 4.55)} be the special interval
groupoid of type II.

Study questions (i) to (viii) of problem 27 for this S.
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36.

37.

38.

39.

40.

41.

Let S = {[0, 21), *, (16.37, 4.63)} be the special interval
groupoid of type I1.

Study questions (i) to (viii) of problem 27 for this S.

Let S = {[0, 10), *, (9.7, 1.3)} be the special interval
groupoid of type II.

Study questions (i) to (viii) of problem 27 for this S.

Let S = {[0, 8), *, (6.3, 2.7)} be the special interval
groupoid of type I1.

Study questions (i) to (viii) of problem 27 for this S.

Let
S ={(a, a, a3, a4, as) | a; € [0, 21), 1 <1 <5, (3.7, 10.3), *}
be the special interval groupoid of type II.

Study questions (i) to (viii) of problem 27 for this S.

Let
S= {(ala A2, a3, Ay, 3.5) | a € [05 13): 1<i< Sa (65, 65)a *}
be the special interval groupoid of type II.

(i)  Study questions (i) to (viii) of problem 27 for this S.
(i1)) Can T have zero divisors?
(iii)) Find all units of T.

Let
S={(ay, ay, ..., a10) | & € [0, 16), 1 <110, (14.3, 2.7), *}
be the special interval row matrix groupoid of type II.

(i)  Study questions (i) to (viii) of problem 27 for this S.
(i1)) Can S have zero divisor?

(i) Does S contain S-units?

(iv) Can S have S-idempotents?
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42. Let S={(aj|ax a3 |asas ag | a7 ag | a9) | a; € [0, 43),1 <i<
9, (23.7, 20.3), *} be the special interval super row matrix
groupoid of type II.

(i)  Study questions (i) to (viii) of problem 27 for this S.

(i) Can S have zero divisors?

(iii) Can S have zero divisors which are not S-zero
divisors?

(iv) Can S have units which are not S-units?

43. Let

S=4| 7 || ai€[0,21),% (10.5,10.5); 1 <i< 10}
10

be the special column matrix groupoid of type II.

(1)  Study questions (i) to (viii) of problem 27 for this S.

(i) Is it possible for S to have S-zero divisor?

(ii1)) Does S contain idempotents which are not S-
idempotents?

(iv) Find all S-units of S.

44, Let
a1
a
S=14| "2 || a €l0,19), %, (16.5,3.5); 1 <i< 11}
a

be the special interval column matrix groupoid of type II.

(i)  Study questions (i) to (viii) of problem 27 for this T.
(i) Can T have S-zero divisors?
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45.

46.

(i) Find all S-idempotents.
(iv) Find all idempotents which are not S-idempotents.

Let
al

s=1 "2 || ae[0,15), % (0, 143); 1 <i < 15}
a5

be the special interval column matrix groupoid of type II.

(i)  Study questions (i) to (viii) of problem 27 for this M.
(i1)  Find all units which are S-units.

(iii)) Find all idempotents which are not S-idempotents.
(iv) Can T have S-zero divisors?

(v)  Find all S-idempotents.

(vi) Find all idempotents which are not S-idempotents.

Let

S=4| || ae€l0,12),%(105,7); 1 <i<19}
19

be the special interval column matrix groupoid of type II of
infinite order.

(i)  Study questions (i) to (viii) of problem 27 for this M.
(i1)) Can M have S-units?
(iii) Can M have S-idempotents?
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47. Let

M = a; €[0, 18), *, (9.8,9.2); 1 <i < 8}

ag

be a special interval super column matrix groupoid of
type IL

(1)  Study questions (i) to (viii) of problem 27 for this S.
(ii)) Can S have S-idempotents?
(iii)) Find all S-units of S.

48. Let

M = a; €[0, 11), *, (5.83,0); 1 <i<8}

be a special interval super column matrix groupoid of type
II.

(1)  Study questions (i) to (viii) of problem 27 for this W.



88 | Groupoids of Type I and II using [0, n)

49.

50.

(i) Find all S-units?

(iii)) Find all idempotents which are not S-idempotents of

W.
Let
a, a, a; a, a;
Qg e e e A
M=< T T aiel0, 1), %,(5.83, 0);
a a

1 <1 < 8} be a special interval super column matrix
groupoid of type II.

(i)  Find all S-units of M.
(i1)) Find idempotents which are not S-idempotents.
(iii)) Study questions (i) to (viii) of problem 27 for this M.

(iv) Find all S-zero divisors in M.

Let
a, |a, a, a,|a, a,|a,

T=<| a, a, || a €[0,27), *,
Qs | oo e e | e e | Ay

(25.32, 10); 1 <1 <21} be a special interval super column
matrix groupoid of type II.

(1)  Study questions (i) to (viii) of problem 27 for this T.
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(i1))  Find all units of T which are not S-units.
(iii)) Find all S-idempotents of T.

(iv) Can T have S-zero divisors?

Let
a, 4, ay
ag Ay ayy
a5 Ay ... Ay .
M= a; €[0, 24), *, (12.835, 0);
Ay A . By
dy Ay ass
a3 A3y Ap

1 <1 < 42} be a special interval super column matrix
groupoid of type II.

(i)  Study questions (i) to (viii) of problem 27 for this M.
(i) Find all S-units of M.

(ii1)) Find all units of M which are not S-unit.

(iv) Find all S-idempotents of M.

(v)  Find all zero divisors of M which are not S-zero
divisors.
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52.

53.

Let
a, |a, a;|a, a; a,| a,
aS al4
Qs | e e [ e e | Ay,
M=<lay, | .. . |.. . .. |ay||ace[0,28),%
a29 a35
a3 Ay
Ay Ay

(3.7, 4.315); 1 £1 <49} be a special interval super column
matrix groupoid of type II.

(i)  Study questions (i) to (viii) of problem 27 for this T.
(i1)) Find all S-units of M.

(ii1)) Find all idempotents of M.

(iv) Can M have S-zero divisors?

Let

w=4 1 & [0, 23), %, (3.5, 3.5);

a9l a92 alOO

1 <1 < 100} be a special interval super column matrix
groupoid of type II.

(i)  Study questions (i) to (viii) of problem 27 for this W.

(i) Is W a commutative groupoid?
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55.

56.

57.

58.

59.

60.

61.

62.
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(iii) Can W contain a subgroupoids of finite order?

(iv) How many subgroupoids of W of infinite order exist?
(v) Can W be normal?

(vi) Can W have S-idempotents?

(vii) Can W contain infinite number of S-units?

Can type II groupoids built using [0, n) satisfy any of the
special identities?

Give an example of a type II groupoid which is a S-strong
P-groupoid.

Give an example of a type II groupoid using [0, n) which is
just a P-groupoid.

Give an example of a type II groupoid which is an
idempotents groupoid.

Does there exist a type II groupoid which is a S-strong Bol
groupoid?

Does there exist a type II groupoid which is just a S-Bol
groupoid and not S-strong Bol groupoid.

Give an example of type Il Moufang groupoid.

Let G be a type Il groupoid built using [0, n), when will G
be a S-strong Bruck groupoid?

Construct a matrix groupoid of type II which is S-strong
alternative groupoid.
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63.

64.

65.

66.

Let G = {[0, n), *, (t, u); t, u € [0, n) \ Z,} be a special
interval groupoid of type II.

When will G be a S-right alternative but not S-left
alternative.

Let G = {[0, 27), *, (t, u); t, u € [0, 27) \ Z,7} be a special
interval groupoid of type IL.

Does we have a (s, t) such that G is a S-special strong Bol
groupoid?

Let

M=4<| ¢+ it ] ael0,29), % (3.5, 3.5);

a41 a42 a43 a44

1 <1 < 44} be a special interval super column matrix
groupoid of type II.

(i)  Study questions (i) to (viii) of problem 27 for this M.
(i1)) Prove M is commutative.

(iii) Can M have subgroupoids of finite order?

(iv) Does M satisfy any of the special identities.

Let W = {[a;, bi] | a, b € [0, 25), *, (20, 4.5)} be a special
interval super column matrix groupoid of type II.

(i)  Study questions (i) to (viii) of problem 27 for this W.

(ii)) Show W has right ideals which are left ideals for
(45, 20).

(iii)) Can W have S-units?
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68.

69.

70.
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(iv) Find all idempotents which are not S-idempotents in
W.

Distinguish between the special interval groupoids of type 11
and those of special interval groupoids of type II.

Let W, = {[a;, bi] | a, b € [0, 17), *, (14.2, 3.8)} and W, =
{[0, 17), *, (14.2, 3.8)} be a special interval groupoid of
type 1L

(i) Compare W, and W,.

(i) Show W, has subgroupoids isomorphic with W,.

(i) Can W, have S-idempotents?

(iv) Can W; have nilpotent elements?

Let W = {[a, b] | a, b € [0, 15), *, (7.5, 7.5)} be a special
interval super column matrix groupoid of type II.

Study all the special features associated with M.

Let P = {[a}, bi], [a, bo] , ..., [a9, bo] | &;, bi € [0, 14), *,
(9.5, 4.5)} be a special interval groupoid of type II.

(1)  Study questions (i) to (viii) of problem 27 for this P.
(i)  Find all S-units of P.

(iii)) Can P have S-idempotents?

(iv) Does P have zero divisors which are not S-zero

Divisors?

(v) Does P contain a normal subgroupoid of type 11?
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71.

72.

73.

74.

Let
[a,,b,]
)| [ay.by] L
M= : a;, by € [0, 11),(5.5,5.5), %, 1<i<10)}
[a107b10]

be the special interval groupoid of type II.

Study questions (i) to (v) of problem 70 for this M.
Does M enjoy any other special feature than P in problem
70?

Let
[a,,b,]
| bl o
M, = : a;, b; € [0, 16), (8.5,8.5), *, 1 <1< 15)}
[a;5,b5]

be the special interval groupoid of type II.

(i)  Study questions (i) to (v) of problem 70 for this M.
(i) Compare M of 71 with this M;.

Let B = {[al, b]], [.':12, bz] 5 ey [ag, bg] | a;, bi (S [0, 11), *,
(10.52, 0)} be a special interval groupoid of type II.

(1)  Study questions (i) to (iv) of problem 70 for this B.
(ii)) Does B enjoy any other special properties other than
this?

Let D = {[a;, bi] | [a2, b2], [a3, bs] | [as4, bs] [as, bs] [as, be] |
[a7, b7], [as, bs] [as, bo], [ai0, bio] | i, bi € [0, 23), *, (14.37,
14), 1 <1< 10} be a special interval groupoid of type II.
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(1)  Study questions (i) to (vii) of problem 17 for this S.
(i) Can D have S-units?

(iii)) Find all S-idempotents of D.

(iv) Find all S-zero divisors of D.

(v)  Find zero divisors which are not S-zero divisors.

Let

[a,,b,]
[a,,b,]
[a;,b;]
[a,,b,]
[a5,bs]
T= [2,.5] ai, by € [0,9), (6.32,3), % 1 <i< 12)}

[a,,b,] || "~ 702k R
[ag,bg]
[a,,b,]
[aIO9b10]
[a,,b,,]
[a12’b12]

be the special interval groupoid of type II.

(1)  Study questions (i) to (vii) of problem 27 for this T.
(i1))  Find all units of T which are not S-units of T.

Let

[a,,b,] [a,,b,]  [a;,b;]

[a,,b,]  [as,bs] [ag,by]

M= aj, bi € [0,41),

[al‘)’bw] [a20’b20] [321’b2l]
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77.

(20.5, 205), *, 1 <1 < 21)} be the special interval groupoid

of type IL.
(i)  Study questions (i) to (vii) of problem 27 for this S.
(i1)) Can M have left ideals which are not right ideals?
(i) Does M contain ideals?
(iv) Show M has zero divisors.
(v)  Find all S-units of M.
(vi) Show M has nilpotent element of order two.
Let
[ [a,b,] | [a,,b,] | [a5,b;] [a,,b,]]
[as,bs]
[ay,by]
P= [313,b13] a;, b; e
[al7 ’ bl7 ]
[a21 ’ b2l ]
_[azs ;D] |

[0, 192), (121.85, 0), *, 1 <i < 28)}

be the special interval groupoid of type II.

(1)

(ii)
(iii)
(iv)

V)

(vi)
(vii)

Study questions (i) to (viii) of problem 27 for this S.
Find all units of P which are not S-units.

Find all zero divisors which are not S-zero divisors.
Find all idempotents of P which are not S-
idempotents.

Does P satisfy any of the special identities like Bol or
Bruck or Moufang?

Can P have normal subgroupoids?

Can P have a pair of conjugate subgroupoids?

(viii) Can P have S-ideals?

(ix)
(x)

Is P a S-groupoid?
Is it possible for P have subgroupoids of finite order?



Chapter Four

NON ASSOCIATIVE RINGS AND
SEMIRINGS USING THE ALGEBRAIC
STRUCTURES BUILT ON [0, n)

In this chapter we build non associative semirings and non
associative rings using the special interval groupoids of type I
and type II.

We find several interesting properties associated with them;
however all such semirings as well as rings are of infinite order.

Throughout this chapter Z,, Z, R, Q and C are rings and
Z,u ), Zul),(RUI),{(Qul)and (C U I) are neutrosophic
rings.

Z U {0}, Q" U {0} and R" U {0} are all real semirings and
(Z" U {0} U, Q" U {0} Ul and (R" U {0} U I) are
neutrosophic semirings of infinite order.

We can also take lattices L which are distributive lattices
and Boolean algebras as semirings.



98 | Groupoids of Type I and II using [0, n)

DEFINITION 4.1: Let S = Z" U {0} be the semiring.
G={0,n), * (t s)t s €7} be the special interval groupoid
of type .

a, € Z° U {0} g € G m < o« be the

SG = {ialg[

i=1

groupoid semiring. Clearly (SG, +, *) is a semiring which is
non associative.

(i a. 0=0 where() € Ganda € 8S.

(i) 1g =gforallg €G.
(iii) ag;=gaforalla eZ" U{0}and g €G.

We will first illustrate this situation by some examples
before we proceed onto describe their properties.

Example 4.1: Let S =Z7Z" U {0} be the semiring of integers.
G={[0,5), (2, 3), *} be the special interval groupoid of type I.

n<ow,a € Z U {0}, g € G} be the non
i=0

SG = {iaigi

associative semiring.

Consider x =8 (3.112) + 4 (1.5) and
y=3(2.4)+7(0.8) € SG.

x+y =8(3.112) +4(1.5) +3(2.4) +7(0.8)

x*y =(8(3.112)+4(1.5) x (3 (2.4)+7(0.8))
=8x3(3.112*2.4)+8x7(3.112*0.8) +
4%x3 (1.5*2.4)+4 x7(1.5*%0.8)
=24(6224+72)+8x7(6.224+24)+
4x3(B+72)+4x7(3+24)
= 24 (3.424) + 56 (3.624) + 12 (0.2) + 28 (0.4)
e SG.
This is the way the operation addition and multiplication are
performed on SG.
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Now letx =4 (2.1) + 2(0.9)
y=9(0.7)and z= 12 (0.3) € SG.

(x*y)*z =[(4(2.1)+2(09)) * 9(0.7)] * 12 (0.3)
—(@4x9(2.1%0.7)+2x9(0.9*0.7)) * 12 (0.3)
=(36[4.2+2.1]+ 18 [1.8 + 2.1]) * 12 (0.3)
=36 (1.3) + 18 (3.9)] * 12 (0.3)

—36x 12 (1.3%0.3)+ 18 * 12 (3.9 * 0.3)
— 432 [2.6+0.9] + 216 [7.8 + 0.9]
=432 (3.5) + 216 (3.7) 1

Consider

X*(y*z) =[42.1)+2(0.9)] *(9(0.7) * 12 (0.3))
=[4(2.1) + 2 (0.9)] [9 x 12 (0.7 * 0.3)]
=[4(2.1) +2(0.9)] * [108 (1.4 + 0.9)]
=[4(2.1) +2(0.9)] * 108 (2.3)
— 4% 108 (2.1 #2.3)+2 x 108 (0.9 * 2.3)
=432 (42 +6.9) +216 (1.8 + 6.9)
— 432 (1.1)+ 216 (3.7) LI

Clearly I and II are distinct hence SG is non associative thus

SG is a non associative semiring.

It is easily verified SG is a non commutative semiring as for
x=32.1)+5@.1)+7(0.9)
andy =7 (0.5) € SG;

Consider

X *y=3(2.1)+5 (4.1)+ 7 (0.9) * 7(0.5)
=3x7(2.1%0.5)+5x7(4.1%0.5)+7x7(0.9*0.5)
=21 (42 +1.5)+35(82+1.5)+49 (1.8 + 1.5)
=21(0.7) + 35 (4.7) + 49 (3.3) 1

Now y *x =7 (0.5) * (3 (2.1) + 5 (4.1) + 7 (0.9))
=21(0.5*2.1) +35(0.5* 4.1) + 49 (0.5 * 0.9)
=21 (1.0+6.3)+35 (1 +12.3) + 49 (1 +2.7)
=21 (2.3)+35(3.3) +49 (3.7) LI

| 99
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Clearly I and II are different thus x * y #y * x so SG is a
non commutative semiring.

Letx=52)andy=7(2) € SG
x*y =512)*7(2)

=352 *2)

=354 +06)

=35.0

=0 1is a zero divisor.

Weseey *x=7(2)*5(2)
=352 *2)
=0.

So SG has zero divisors.

Thus semigroup ring is non associative, non commutative of
infinite order and has zero divisors.

Example 4.2: Let S =Z" U {0} be the semiring of integers.
G = {[0, 14), (3, 3), *} be the special interval groupoid of type I.
SG be the groupoid semiring. SG is non associative but
commutative and is of infinite order.

Letx=3(2.1)+8(5.1),y=4(3) + 2 (6.5) and
z=9(3.2) € SG.

x*y)*z =[BR2.1D+8(5.1)*(4(3)+
2(6.5)]*9(3.2)
=[12(2.1#3)+32(5.1 *3)+6(2.1 *6.5) +
16 (5.1 * 6.5)] * 9 (3.2)
—[12(6.3) +9) + 32 (15.3 + 9) +
6(6.3+19.5)+ 16 (15.3 + 19.5)] * 9 (3.2)
=12 (1.3) + 32 (10.3) + 6 (11.8) + 16 (6.8)] *
9(3.2)
=108 (1.3 *3.2) + 288 (10.3 * 3.2) +
54 (11.8 % 3.2) + 144 (6.8 * 3.2)
= 108 (3.9 + 9.6) + 288 (30.9 + 9.6) +
54 (354 +9.6) + 144 (20.4 + 9.6)
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=108 (13.5) + 288 (12.5) + 54 (3) +
144 (2) 1

X * (y * 7) [3Q2.1)+8(5.D)]*[4(3)+2(6.5)]
*9 (3.2)]
= BQEDH+8G.]*[36(3*3.2)+
18 (6.5 * 3.2)]
= [3(2.1)+8(5.1)][36(9+9.6)+
18 (19.5 + 9.6)]
= [3(2.1)+8(5.1)] * [36 (4.6) + 18 (1.1)]
= 108 (2.1 *4.6)+288 (5.1 *4.6) +
54(2.1% 1.1)+ 144 (5.1 * 1.1)
= 108 (6.3 +13.8) +288 (153 + 13.8) +
54(6.3+3.3)+
144 (15.3 +3.3)
108 (6.1) + 288 (1.1) + 54 (9.6) +
144 (4.6) LI

I and II are distinct. So SG is a non associative semiring but
SG is commutative.

Example 4.3: Let S=R" U {0} be the semiring of reals.

G = {[0, 10), (6, 4), *} be the special interval groupoid of
type I. SG be the groupoid semiring.

Clearly SG 1is the non associative infinite groupoid
semiring.

Letx =3 (7.3) + 8+/3 (4.2) and
y=7(5)+2(2.4) € SG;

x*y =[3(7.3)+8~/3 (4.2)] *[7 (5) +2 (2.4)]
=21(7.3*%5)+56/3 (42*5)+6(7.3*2.4)+
16/3 (4.2 *2.4)
=21 (43.8 +20) + 56+/3 (25.2+20) +
6 (43.8 +9.6) + 16+/3 (25.2 + 9.6)
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21 (3.8)+ 563 (5.2) + 6 (3.4)+ 1643 (4.8)
I

Now

[7 (5) +2 (2.4)] * [3 (7.3) + 8+/3 (4.2)]

21(5%7.3)+6(2.4%73)+56/3 (5*%4.2)+
163 (2.4 * 4.2)

=21 (30+29.2) + 6 (14.4+29.2) +

56~/3 (30 + 16.8) + 16~/3 (14.4 + 16.8)

=21(9.2) + 6 (3.6) + 56~/3 (6.8) + 16+/3 (1.2)
|

y*x

I and II are distinct. So SG is non commutative.
Consider x =4 (3.8) + 3 (5.2),y=8(4.8) and z=16 (2.5) € SG

(x*y)*z =[(4(3.8)+3(5.2) * 8(4.8)] * 16 (2.5)
=[32(22.8 + 19.2) + 24 (31.2 + 19.2)] * 16 (2.5)
=[32 (2) + 24 (0.4)] * 16 (2.5)
=512(2*2.5) +384 (0.4 x 2.5)
=512(16 + 10.0) + 384 (2.4 + 10.0)
— 512 (6) + 384 (2.4) 1

X*(y*z) = [4(3.8)+3(5.2)] *[8(4.8) * 16 (2.5)]
= [4(3.8)+3 (5.2)] [128 (4.8 +2.5)]
= [4 (3.8) + 3(5.2)] * [128 (28.8 + 10.0)]
=[4 (3.8) + 3(5.2)] * 128 (8.8)
— 4% 128 (3.8*8.8)+3 x 128 (5.2 x 8.8)
=512 (22.8 +35.2) + 384 (31.2 + 35.2)
=512 (8) + 384 (6.4) LI

I and II are not identical.
Thus SG is non associative.

Example 4.4: Let S=Q" U {0} be the semiring.
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G = {[0, 12), (4, 8), *} be the special interval groupoid of
type 1. Let SG be the groupoid semiring which is non
associative and of infinite order.

Letx=3(6.8)+4(5.6),y=8(3.3) +2(6) and
z=4(10) e SG.

We find

(x*y)*z =[3(6.8) +4 (5.6)] * [8 (3.3) + 2(6)) * 4(10)]
=[24 (6.8 * 3.3) +32 (5.6 * 3.3) + 6 (6.8 * 6) +
8 (5.6 * 6)] * 4 (10)

= [24 (272 +26.4) + 32 (22.4 + 26.4) +
6 (27.2 + 48) + 8(22.4 + 48)] * 4(10)
=24 (5.6)+32(0.8) + 6 x 32+
8 (10.4)] * 4 (10)
—24 x4 (5.6 * 10] + 128 (0.8 * 10) +
6x4(32%10)+8x4(10.4*10)
— 96 [22.4 + 80] + 128 [3.2 + 80] +
24 (12.8 + 80) + 32 (41.6 + 80)
— 96 (6.4) + 128 (11.2) + 24 (8.8) + 32 (1.6)
1

X * (y *2)=x * [(8 (3.3)+2(6)) * 4 (10)]

=x *[32(3.3*10) +8 (6 * 10)]

= x *[32 (13.2 + 80) + 8 (24 + 80)]

=x *[32(9.2) + 8 (8)]

=[3 (6.8) + 4(5.6)] * [32 (9.2) + 8(8)]

= 96[6.8 * 9.2) + 128 (5.6 * 9.2) + 24 (6.8 * 8) +
32(5.6*8)

=96 (27.2 + 73.6) + 128 (22.4 + 73.6) + 24 (27.2 + 64) +
32 (22.4 + 64)

=96 (4.8) + 128 (0) + 24 (7.2) + 32 (2.4) LI

I and II are distinct. Hence SG is a non commutative and
non associative semiring of infinite order.

However SG has zero divisors.



104 | Groupoids of Type I and II using [0, n)

Take x = 9(6) + 3(3) and y = 15(3) + 10 (6) € SG
xxy = [9(6) +3(3)]x[153)+ 10 (6)]
—9x 15(6*3)+3x15(3*3)+90(6*6)+
30 (3 * 6)

=13524+24)+45(12+24)+90 (24 + 48) +
30 (12 +48)

=135x0+45x0+90x0+30x%x0

=0.

Thus x * y = 0 is a zero divisor in SG infact SG has infinite
number of zero divisors.

Example 4.5: Let S =L = Cy be a chain lattice.

1

a]

I ag
0

and G = {[0, 24), *, (10, 10)} be the special interval groupoid of
type I. LG be the groupoid lattice or the groupoid semiring.
Then LG is a commutative semiring of infinite order.

Letx=2a;20+a,5+as7,y=a49 and
z=a93tag 4.1 € SG=LG.

We find (x *y) * z
=[(a120+a,5+as7)*(a49)] * z
=[a1a4(20*9)+a2a4(5*9)+a6a4(7*9)]*z
=[a4 (200 + 90) + a4 (50 + 90) + a6 (70 + 90)] *
(393+ag4.1)
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= [a4(2) + a4 (20) + a6 (16)] * (a9 3 +ag 4.1)
=a4a(2*3)+a;a9(20*3)+agxas (16 *3)+
azag (2*4.1)+asa3(20 *4.1) tagag (16 *4.1)
= a9 (20 + 30) + a9 (200 + 30) + ay (160 + 30) +
ag (20 +41) +ag (200 +41) + ag (16 + 41)
=ag2tagld+ag22+agl3+ag(l)+ag(9) ... 1

X*(y*2z) =((a20+a5+ag (7)) * [(as 9) *
(393+ag 41)]
=(a120+a25+a67)[a4a99*3+a4a89*
4.1]
= (a1 20 + 2, 5 + a5 7) [(a9 (90 + 30) +
ag (90 + 41)]
=(a120+a25+a67)*(a90+ag11)
:(3120+325+367)*3311
:.':113820*11+32385*11+aéag7*11
— a5 (200 + 110) + ag (50 + 110) + ag (70 + 110)
=ag22+tagl6+tagl2 U |

(X*y)*z =[(@20 +2,5+2a57) * (a5 9)] *

(39 3 + ag 41))
=[31 a4(20*9)+aza4(5 *9)""3634(7*9)] [393+384-1]
= [as (200 + 90) + a4 (50 + 90) + ag (70 + 90)] *

(393 + ag 41)
=(a42+a420+a6 16) (393+ag4.1)
=aga9(2%*3)+asa9(20 *3)+agag (16 *4.1)
— 2y (20 + 30) + a9 (200 + 30) + ag (160 + 41)
=a92+a914+ag9 oI

I and II are distinct hence SG is a non associative semiring.
Letx=as 12 andy =ag 6 € SG
x*y =agl2*agl2
= d¢ ag (12 * 12)

=ag (120 + 120)
=01s a zero divisor in SG.
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Example 4.6: LetS =

0

be the semiring which is a Boolean algebra of order two.

G = {[0, 9), (6, 3), *} be the special interval groupoid of
type L.

SG be the groupoid semiring of the groupoid G over the
semiring S. SG has zero divisors.

Letx=a3+b3 +a6 and y=b6 +a3 € SG.

x*y =(a3+b3+ab)* (b6+a3)
=ab(3*6)+bb(3*6)+ab(6*6)+aa(3*3)+
ba (3 *3)+aa(6*3)
=0+Db(18+18)+0(6*6)+a(18+9)+0+
aa (6 x 6+3x3)
=0.

x*y=0.

Thus SG has zero divisors.
SG is non commutative and a non associative semiring.

Suppose x=a0.9+b5.2 andy=a7+ 0.3 € SG.
x*y =(a09+b52)*(@a7+0.3)
=a.a(09*7)+ba(52*7)+al(0.9*%0.3)
+b.1(5.2%0.3)
=a(54+21)+b(31.2+09)+a(5.4+0.9)
=a(84)+b(5.1)+a(6.3) ... 1eSG.

Considery *x =(a7+0.3) *(a.09+b5.2)
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=aa(7*0.9)+a.1(0.3%0.9)+ab(7*52)+

1.b (0.3 *5.2)
—a(42+27)+a(18+27)+0+b(18+156)
=a8.7 +ta45+b84 LI

Clearly I and II are distinct; hence SG is a non commutative
semiring.

Consider x =a (3.8), y=(1.8),and z=a (5) € SG.

(x*y)*z =[a3.8)* (1.8)] xa(5)
=a(3.8*1.8)xa(5)
=a(22.8+54)*a(5)
=a(l.2)*a(5)
=a(l.2*5)
=a(7.2+15)
=a(4.2) |

x*(y*z) =a(3.8) x[l.8xa(9)]
=a(3.8) x[a(10.8 + 15)]
=a (3.8) xa(7.8)
=a(3.8x6+7.8x3)
=a(22.8+23.4)
=a(l.2) I

Clearly I and II are distinct, hence SG is a non associative
semiring which has zero divisors.

&

ag g

Example 4.7: Let S =
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be a semiring which is a Boolean algebra of order 8.

G ={[0, 12), *, (4, 8)} be a special interval groupoid of type
I. SG be the groupoid semiring of the groupoid G over the
semiring S.

Now SG has zero divisors and idempotents.

Forx=a; 4, y=a,4and z=a; 9 are all such that
x*x=0,y*y=0 andz* z=0 so they are nilpotents of
order two and are zero divisors in SG.

Letx=a;32+a,4.5 +a3;7.1 and
y=2a458and z=a¢3.5 € SG.

(x*y)*7z = [(a132+a,45+a;7.1) * 2, 5.8) * a5 3.5
—layas (3.2 *5.8) + 2y as (4.5 * 5.8) + a3 ay (7.1 * 5.8)]
* dg 3.5
— a4 (12.8 + 46.4) + a4 (18 + 46.4) + 0] * a5 3.5
= (as (11.2) + a4 (4.4) (a5 3.5)
— a4 a6 (11.2 % 3.5) + a, a6 (4.4 * 3.5)

=0 N |
Consider
x* (y *z) =x% [a4 5.8 * a5 3.5]
=x*0
=0. |

I and II are identical therefore this triple is associative.
Letx=a; 10, y=a49and z=a, 3.5 € SG

Consider (x *y) *z =(a; 10 *a,9) * z
=a 34(10*9)*2
=a,(40+72) *a,3.5
:3.46 * s 3.5
= a4 A (6 * 35)
=a4 (24 +28.0)
=a44 |



Non Associative Rings and Semirings ... | 109

Now x * (y * z)—x*(a49*az35)
= *(.':1432(9*35))
X * (ag (36 +28.0))
10 * ay 4
ag (10 * 4)
34(40+32)
0 I

Clearly I and II are distinct hence SG is a non associative
semiring. SG has zero divisors.

SG also has subsemirings of infinite order as well as finite
order.

Example 4.8: Let M = {Zaixi ael=

aj
a

as as

and x; €G = {[0, 6), *, (3, 2)} n < o}; MG be the groupoid
semiring of infinite order.

M has zero divisors. M is a non associative semiring. M has
subsemirings of finite order also.

n
Take T = {Zaixi a e L and x; eH = {Z¢, *, (3, 2)}} <
i=0
M; T is a non associative semiring of finite order and has zero
divisors and units M has also infinite order non associative
subsemirings.
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Example 4.9: Let S =

1
a as
LeF)
a3
5]
a
0

be the distributive lattice G = {[0, 120); *, (3, 12)} be the

special interval groupoid of type I. SG be the groupoid
semiring of infinite order.

SG is non associative and non commutative semiring.
SG has subsemirings.

Example 4.10: Let S =

a
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be the distributive lattice (a semiring) and G = {[0, 16), *,
(5, 7)} Dbe the special interval groupoid. SG be the groupoid
semiring of infinite order.

Example 4.11: LetS = {L =L, x L, where L,

a;

%9

ag a4
0
and L, = be the semiring.
1 \
a9
ag
a az
as >
ay
a as
a

and G = {[0, 15), *, (7, 8)} be the special interval groupoid of
type I. SG be the groupoid semiring.
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Clearly SG is of infinite order and is non commutative and
non associative.

Letx=1(0, a;) 3 +(0, a;) Sand y = (0, a4) 3.1 € SG.

xxy =[(0,a)3+(0,a3) 5] x (0, ag) 3.1
= (0, a5) (0, as) (3 * 3.1) + (0, a3) (0, as) (5 * 3.1)
=(0, ay) (21 +24.8) + (0, a3) (as) (5 * 3.1)
= (0, a,) (21 + 24.8) + (0, a3) (35 + 24.8)
=(0, 27) (0. 8) + (0, a3) (14.8) 1

Consider y x x =(0, a4) 3.1 x [(0, a;) 3 + (0, a3) 5]
=(0, ay) (0, a5) (3.1 * 3) + (0, ay) (0, a3) (3.1 *5)
= (0, a5) (21.7 + 24) (0, a3) (21.7 + 40)
= (0, ay) (0.7) + (0, a3) (1.7) ||

I and II are distinct so SG is non commutative.

Consider x = (0, a4) 0.7,y =(0, a3) 7and z = (0, a,) 4.5 € SG
x*y)*z =((0,2a4) 0.7 % (0,23) 7) * (0, a,) 4.5
= (0, ay) (0, a3) (0.7 * 7)] * (0, a2) 4.5
=(0,a3) (0.7x7+7x8)x(0,a2)4.5
=(0, a3) (4.9 + 56) * (0, ay) 4.5
= (0, a3) (0.9) * (0, a) 4.5
= (0, a;3) (0, a,) (0.9 * 4.5)
=(0,a;) (0.9 x7+4.5x%x8)
=(0,a;) (6.3 +36.0)
=(0,2a;) 12.3 o1

Now x * (y *z) = x * ((0, a3) 7 * (0, ay) 4.5)
=x * (0, a;) (49 + 36.0)
= (0, a4) 0.7 * (0, a;) 10
=(0,a;) (4.9 +80)
=(0,2a;) 9.9 | |

I and II are distinct so SG is a non associative semiring.
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Example 4.12: Let S =

el

ajo

as

ay

be the semiring. G = {[0, 10), *, (0, 5)} be the special interval
groupoid of type 1.

SG be the groupoid semiring. Clearly SG is a non
commutative and non associative semiring. SG has zero
divisors and idempotents.

Letx=a, 5+as2+ay6, y=ag8andz=a;5 € SG.

(x*y)*z = ((a45+as2+ag6)*ag8) *a;5
=[a4ag(5*8)+a6a8(2*8)+a9ag(6*8)]*a35
=[as[5x0+8x5]+ags(2x0+8x5)+

ag(6x0+8x%x5)] *az5
=0 U |
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x*(y*z) =(aaS5+ag2+ay6)*[ag8*a;5]
=(a45+a62+a96) [3833(8*5)]
=(a45+ag2+ag6)* (a3 )
=a4a3(5*5)+aéa3(2*5)+aga3(6*5)
=a35+a35+a35
=a35 |

I and II are distinct, so in general SG is a non associative
semiring.

Example 4.13: LetS=1,x L, x Ly where L, = !
a a3
and ”‘
dg as
0
1
1
L, = and L;= Ci4 Ci3
bs
Ci2
bs
Cl1 Cio
b,
Co
b, b;
Cg C7
b, 4
0
Cs Cy4
C3
Cq C
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be a semiring. G = {[0, 17), *, (8, 16)} be the special interval
groupoid of infinite order. SG be the groupoid semiring of the
groupoid G over the semiring S. Thus SG is a non commutative
semiring and has zero divisors.

Example 4.14: Let S = {[0, 5), *, min, max} be a semiring of
infinite order. G = {[0, 9), *, (4, 5)} be the special interval
groupoid of infinite order. SG be the infinite groupoid semiring
of the groupoid G over the semiring S.

Letx = 0.72 (3.2) + 0.46 (4.3) and
y=0.97 (6.3) +3.27 (5) € SG.

x+y = 0.72(3.2)+0.46 (4.3) + 0.97 (6.3) +
3.27(5) € SG

x x y=[0.72 (3.2) + 0.46 (4.3)] x [0.97 (6.3) +3.27 (5)]

min {0.72, 0.97} (3.2 * 6.3) + min {0.46, 0.97}
(4.3 * 6.3) + min {0.72,3.27} (3.2 *5) +
min {0.46,3.27} (4.3 * 5)

072 {32x4+63 x5} +0.46 {43 x4+63 x5} +
0.72 (3.2 x4+ 5% 5} +0.46 {43 x4+5x 5}

=0.72 (12.8 +31.5) + 0.46 (17.2 + 31.5) +
0.72 (12.8 + 25) + 0.46 (17.2 + 2.5)

=0.72 (8.3) + 0.46 (3.7) + 0.72 (1.8) + 0.46 (1.7) ... I

Consider
yxx =[0.92(6.3)+3.27 (5)] x (0.72 (3.2) + 0.46 (4.3)]

= min {0.92, 0.72} (6.3 * 3.2) + min [3.27, 0.72} x
(5 * 3.2) +min {0.97, 0.46} (6.3 * 4.3) +
min {3.27, 0.46} (5 * 4.3)

—0.72(63x4+32x5)+0.72(5x4+32x5)+
0.46 (63 x4 +43x5)+0.46 (5 x4+5x4.3)
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=0.72 (25.2 + 16.0) + 0.72 (20 + 16.0) +
0.46 (25.2 +21.5) + 0.46 (20 + 21.5)

= 0.72 (5.2) + 0.72 (0) + 0.46 (1.7) + 0.46 (5.5)
.. I

Clearly I and II are distinct hence SG is a non commutative
groupoid of type L.

Example 4.15: Let S = {[0, 20), min, max} be a special interval
semiring of infinite order.

Let G = {[0, 5), *, (2, 0)} be the special interval groupoid of
type I of infinite order.

SG be the groupoid semiring of infinite order.

Letx = 6.4 (2.5) + 9 (1.5)
y=8(3.5)andz="7 (4.3)  SG.

x*y)*z={[642.5)+9(1.5]*8(3.5} *7(4.3)
=min {6.4, 8} (2.5 * 3.5) + min {9, 8} (1.5 *3.5)] * 7 (4.3)
=[64(25x2+35x0)+8(2x1.5+3.5x%x0)]} *7(4.3)
=16.4(0)+8 (3)] *7(4.3)
=8(3)*7(4.3)
=min {8, 7} B3x2+4.3x0)
=7(1) |

x*¥(y*z) =[642.5+901.5]* (3.5 *7(4.3)
=[6.4(2.5)+9(1.5)] *min {8, 7} (2x3.5+4.3 x0)
=[6.4(2.5)+9(1.5)] {7(2)}
=min {6.4,7} (2.5x2+2x0)+min {9, 7}

(1.5x2+2x0)

=6.4(0)+7@3)
=7(@3) oI

I and II are distinct so the groupoid semiring is non
associative and non commutative.
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Letx =19 (3.5)+ 17 (3.3) + 4 (3.2) and
y=12 (4.1)+7(0.5) € SG

x*y =(19(3.5)+17(33)+4(3.2) * (12 (4.1) +
7(0.56))
=min {19, 12} (3.5 *4.1) + min {17, 12}
(3.3*4.1) +min {4, 12} 3.2 *4.1) +
min {19, 7} (3.5 * 0.5) + min {17, 7}
(3.3 *0.5) + min {4, 7} (3.2 * 0.5)
=12(35x2+4.1x0)+12(3.3x2+0)+
4(32%x2+0)+7(3.5x2+0)+
7(33x2+0)+4(3.2x2+0)
—122)+ 12(1.6)+ 7 (1.6) +4(1.4)+7(2)

=12(2)+4(1.4)+12(1.6) U |
Consider
y*x =(124.1)+7(0.5)*(19@B3.5+17(3.3)+
4(3.2))

.17

—min {12, 19} (4.1 * 3.5) + min {7, 19} (0.5 * 3.5)

+min {12, 17} (4.1 x3.3) + min {7, 17}

(0.5 x 3.3) + min {12, 4} (4.1 x 3.2) + min {7, 4}

0.5%3.2)

=12 (4.1x2+3.5%x0)+7(0.5x2+3.5x0)+
12 (4.1x2+33%x0)+7(0.5x2+33x0)+
4(4.1x2+0)+4(0.5x2+0)

12(3.2)+7(1) LI

1232)+7(1)+1232)+7(1)+4(3.2)+4 (1)

I and II are distinct so this groupoid semiring is non

commutative.

Now we call those groupoid semirings in which both the

groupoid and semiring are built using the interval [0, n)
strong special interval groupoid semirings.

We give some more examples of them.

as
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Example 4.16: Let S = {[0, 7), min, max} be the special
interval semiring of infinite order. G = {[0, 7), *, (4.3)} be the
special interval groupoid of type I.

SG be the groupoid semiring. SG is non commutative and is
of infinite order.

Example 4.17: Let S = {[0, 10), min, max} be the special
interval semiring and G = {[0, 10), *, (5, 5)} be special interval
groupoid of type I, let SG be the special interval strong
groupoid semiring.

Clearly SG is a commutative semiring of infinite order. SG
is non associative for if

x=35(7)+83.4)+2(2.2)
y=2.52.4)+3.7(5.8)and z=9.5 (7.4) € SG; we find

(x*y)*z ={[3.5(7)+8(3.4)+2(2.2)] * (2.5 (2.4) +
3.7 (5.8))} * 9.5 (7.4)
= {min {3.5,2.5} (7 * 2.4) + min {3.5, 3.7}
(7 * 5.8) +min {8, 2.5} (3.4 * 2.4) +
min {8, 3.7} (3.4 * 5.8) + min {2, 2.5}
(2.2 *2.4) +min {2,3.7} (2.2 *5.8)} *
9.5 (7.4)

= 2.5(35+12.0)+3.5 (7 x 5+29.0} +
2.5(17.0 + 12.0) + 3.7 (17.0 + 29.0) +
2(11.0+12.0)+ 2 (11.0+29.0)} *9.5
(7.4)

= 2.5(7)+35(4)+2.5(9)+3.7(6)+2(3)+
2(0)} * (9.5 (7.4))

=min {2.5,9.5} (7 * 7.4) + min {3.5, 9.5}
(4* 7.4) + min {2.5,9.5} (9 * 7.4) +
min {3.7, 9.5} (6 * 7.4) + min {2, 9.5}
(3 * 7.4) +min {2, 9.5} (0 * 7.4)
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=2.5(35+37.0) + 3.5 (20 + 37.0) +
2.5 {45+ 37.01 +3.7 {30+ 37.0} +
2 {15 +37.0} +2 (0 + 37.0)

=25(2)+35Q2)+2.52)+3.7(71)+2(2)+2(2)

~35(2)+3.7(7) 1

X*(y*z) =[3.5(7)+8(3.4)+2(22)]* (2.5 (2.4)+
3.7(5.8)) * 9.5 (7.4)

—[3.5(7) + 8 (3.4) + 2 (2.2)] * {min {2.5, 9.5}
(2.4 *7.4) +min {3.7,9.5} (5.8 * 7.4)

—[3.5(7) + 8 (3.4) + 2(2.2)] * {2.5 (12 + 37.0)
+3.7(29.0 + 37.0)}

= ([3.5(7)+8(3.4)+2(2.2)] *[2.5(9) +
3.7 (6)}

=min {3.5,2.5} (7 *9) + min {8,2.5} (3.4 *9)
+min {2, 2.5} (2.2 *9)+
min {3.5,3.7} (7 *6) +
min {8, 3.7}(3.4 * 6) + min {2, 3.7}
(2.2*6)

=2.5(35+45)+2.5(17.0 + 45) + 2 (11 + 45)
+3.5(35+30) +3.7 (17.0 + 30) +
2 (10.0 + 30)

=2.5(0)+2.5(2) +2(6) +3.5(5)+3.7(7) +
2(0) LI

Clearly I and II are distinct and SG is a strong special
interval groupoid semiring which is commutative and is of
infinite order.
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Example 4.18: Let S = {[0, 26), min, max} be the strong
special semiring. G = {[0, 13), (6, 0), *} be the special interval
groupoid of type I. SG be the strong special interval groupoid
semiring of infinite order.

Clearly SG is both non associative and non commutative.

Now we can define substructures in case of these non
associative semirings built using interval groupoids of type I.

We will illustrate this by some examples.

Example 4.19: Let S = {[0, 19), min, max} be the semiring.
G = {[0, 12), *, (6, 6)} be the special interval groupoid of type I.
SG be the groupoid semiring of the groupoid G over the
semiring S. PH where P = {Z,9, min, max} be the subsemiring.

H={0,2,4,6,8, 10} < G be the subgroupoid of G. PH is
a special interval subgroupoid of finite order. Infact PH is not
an ideal of SG.

Example 4.20: Let S = {[0, 40)} be the special interval
semiring under max and min. G = {[0, 24), *, (12, 8)} be the
special interval groupoid of type I. SG be the strong special
interval groupoid semiring of infinite order.

Let P = {[0, 20) < [0, 40) = S} be the special interval
subsemiring under max and min.

H=1{0,1,2,...,23} < [0, 24) be the subgroupoid of G. PH
be the subgroupoid subsemiring of H over the subsemiring.

Clearly PH is of finite order and PH is not an ideal of SG.
Example 4.21: Let G = {[0, 32), *,. (16, 8)} be the special

interval groupoid of type I and S = {[0, 16), min, max} be the
semiring. SG be the groupoid semiring.
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Let B = {{0, 2, 4, 6, 8, 10, 12, 14, ..., 30}} < G be the
subgroupoid of T = {[0, 8), min, max} < S be the subsemiring
of S. TB be the subgroupoid subsemiring of SG. TB is of finite
order and is not an ideal of SG.

Example 4.22: Let G = {[0, 142), *, (140, 2)} be the special
interval groupoid of type I. S = {[0, 5), min, max} be the
semiring. SG the groupoid semiring of the groupoid G over the
semiring S. SG has subsemirings of infinite order.

T = {[0, 5), min, max} be the semiring. G = {Z,4,, *, (140,
2)} be the groupoid. TG be the groupoid ring; TG < SG is a
subsemiring. H = {Zi4, *, (140, 2)} be the subgroupoid G.
W = {Z,, min, max} is a subsemiring of S. WH is a
subsemiring which is non commutative and non associative.

Example 4.23: Let S = {[0, 20), min, max} be a semiring.
G = {[0, 224), *, (12, 12)} be the groupoid. SG be the groupoid
semiring of the groupoid G over the semiring S. SG has non
trivial subsemirings. SG is commutative and of infinite order.
SG has both finite and infinite order subsemirings which are not
ideals.

Example 4.24: Let S = {[0, 25), min, max} be the special
interval semiring. P = {[0, 25), *, (5, 5)} be the special interval
groupoid of type I. SP be the groupoid semiring of the groupoid
of type L.

SP be the groupoid semiring of the groupoid P over the
semiring S. G = {Zys, *, (5, 5)} < P be the special interval
subgroupoid. SG be the subsemiring of SP. SG is of infinite
order.

Let T = {Z»s, min, max} be the special interval subsemiring.
TG be the groupoid subsemiring. TG is a finite ordered
subsemiring of SP.

Now we give examples of non associative semirings using
type Il groupoids using [0, n).
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Example 4.25: Let S = {Z' U {0}} be the semiring.
G = {[0, 6), *, (2.1, 3.8)} be the special interval groupoid of
type II. SG be the groupoid semiring of the groupoid G over the
semiring S. SG will also be known as type II groupoid semiring
or groupoid semiring of type II.

SG is of infinite order. Let x = 8 (3.2) + 9 (4) and
y=10(1.6) +3(1.2) € SG

xx y=(8(3.2)+9 (4)) x (10 (1.6) + 3 (1.2))
= 80[3.2%1.6]+90(4*1.6)+24(32%1.2)+
27 (4% 1.2)

=80[3.2x2.1 +3.8x1.6]+90[4 x 2.1 + 1.6 x
3.8]+24[32x2.1+12x3.8)+27[4x2.1+
3.8 x 1.2]

=80 [6.72 + 6.08] + 90 [8.4 + 6.08] + 24 [6.72 +
4.56] + 27 [8.4 + 4.56]

=80 (0.8) + 90 (2.48) + 24 (5.28) + 27 (0.96) ... 1
yxx =[10(1.6)+3(1.2)] x [8 (3.2) + 9 (4)]

=80[1.6*3.2]+24 (1.2 x3.2) + 90 (1.6 * 4) +
27 (1.2 * 4)

=80[1.6x2.1+3.2x3.8]+24[1.2x2.1+3.2x
3.8]+90[1.6x2.1+4 x3.8]+27[1.2x2.1+
4 x3.8]

— 80 [3.36 + 12.16] + 24 [2.56 + 12.16] +
90 [3.36 + 15.2] + 27 [2.56 + 15.2]

= 80 (3.52) + 24 (2.72) + 90 (0.56) + 27 (5.76)
0

I and II are distinct so SG is a non commutative semiring of
type 1L
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Example 4.26: Let G = {[0, 8), *, (3.5, 4)} be the special
interval groupoid of type II. R = {Q" U {0}} be the semiring of

reals. RG be the groupoid semiring of type II.

RG is a non associative and non commutative groupoid

semiring of type II.

Example 4.27: Let S= {Q" U {0}} be the semiring.

G = {[0, 7), *, (6.6, 2.4)} be the special interval groupoid of

type II. SG be the groupoid semiring of type II.

Let x =9 (3) + 8 (0.6),
y=8(0.8) + 12 (0.2) and z= 10 (0.4) e SG.

(xxy)xz =[(9(3)+8(0.6)) x (8 (0.8) + 12 (0.2))] x
10 (0.4)
=[72 (3 * 0.8) + 64 (0.6 * 0.8) + 108 (3 * 0.2)
+96 (0.6 * 0.2)] x (10 (0.4))
—[72 (3% 6.6+ 0.8 x 2.4) + 64 (0.6 x 6.6 +
0.8 x 2.4)+ 108 (3 x 6.6+ 0.2 x 2.4) +
96 (0.6 x 6.6 +0.2 x 2.4)] * 10 (0.4)

=[72 (19.8 + 1.92) + 64 (3.96 + 1.92) +
108 (19.8 + 0.48) + 96 (3.96 + 0.48)] +
10 (0.4)

=72 (21.72) + 64 (5.88) + 108 (20.28) +
96 (4.44)] 10 (0.4)

=720 (21.72 * 0.4) + 640 (5.88 * 0.4) +
1080 (20.28 * 0.4) + 96 (4.44 * 0.4)

=720 (21.72 x 6.6 + 0.4 x 2.4) + 640 (5.88 x
6.6 + 0.4 x 2.4) + 1080 (20.28 x 6.6 +
0.4 x 2.4) + 96 (4.44 x 6.6 + 0.4 x 2.4)

=720 (5.712) + 640 (4.768) + 1080 (1. 808) +
960 (2.264)

| 123
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X*(y*z) =[9(3)+8(0.6)] * {[8(0.8) + 12 (0.2)] *
10 (0.4)}
=19 (3) + 8 (0.6)) [80 (0.8 * 0.2) +
120 (0.2 x 6.6 + 0.4 x 2.4)}

= [9(3) + 8(0.6)] [80 [5.28 + 0.48] +
120 (1.32 + 0.96)]

=19 (3) + 8 (0.6)] [80 (5.76) + 120 (2.28)]

=720 (3 * 5.76) + 640 (0.6 x 5.76) +
1080 (3 * 2.28) + 960 (0.6 * 2.28)

=720 (6.6 x 3+ 2.4 x 5.76) + 640 (0.6 x 6.6 +
5.76 x 2.4)+ 1080 (6.6 x 3 +2.4 x 2.28) +
960 (0.6 x 6.6 +2.28 x 2.4)

=720 [19.8 + 13.824] + 640 (3.96 + 13.824) +
1080 (19.8 + 5.472) + 960 (3.96 + 5.472)

=720 (5.624) + 640 (3.784) + 1080 (4.272) +
960 (2.432) .. I

I and II are distinct so the associative law is not true so SG
is a non associative semiring.

Example 4.28: Let S= {R" U {0}} be the semiring.

G = {[0, 24), * (12.5, 10.5)} be the special interval
groupoid of type II. SG be the groupoid semiring. SG is non
associative and non commutative semiring of infinite order.

Example 4.29: Let S = {Z" U {0}} be the semiring.
G = {[0, 240), *, (101.7, 6.9)} be the special interval groupoid
of type II. SG be the special interval groupoid semiring of type
II of infinite order.

Example 4.30: Let S = {(R" U {0} x Q" U {0}} be the
semiring. G = {[0, 26), *, (13.9, 0)} be the special interval
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groupoid of type II. SG be the groupoid semiring of the type 11
of infinite order.

Example 4.31: Let S = {C x (Z" U {0}) be the semiring of
infinite order. G = {[0, 27), *, (9.27, 10.63)} be the special
interval groupoid semiring of type II of infinite order and is non
associative and non commutative.

Example 4.32: Let S = {R" U {0} x C} be the semiring and
G = {[0, 15), *, (8.5), 6.5)} be the special interval groupoid of
type II. SG be the groupoid semiring of type II.

Example 4.33: LetS = 1
a
Ay az
s
as
L
0

be the semiring. G = {[0. 20), *, (5.5, 15.5)} be the groupoid of
type II. SG be the groupoid semiring of type II of infinite order
and is non commutative.

Example 4.34: Let S = 1

XX

e ay

a
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be the semiring. G = {[0, 17), *, (16.2, 0.8)} be the groupoid of
type 1. SG be the groupoid semiring of type II. Let x = a;8 +
a;4 and y = a¢b6 + a9 € SG.

X *y=(a; 8 +az4) x (a6 + a49)

=aja5 (8 * 6) + azas (4 * 6) +aja4 (8 ¥9) +aza, (4 *9)
=25(16.2x8+08%x6)+0+0+a,(16.2x4+0.8x9)
=24 (129.6 +4.8) + a4 (64.8 +7.2)

=a¢(154)+as(4) |

Consider y x x = (a6 + a49) x (a; 8 + a;4)

=aga; (6 * 8) +aja; (9 * 8) + agaz (6 * 4) +asa; (9 *4)
=26 (16.2x6+0.8%x8)+a;(16.2x9+0.8x4)
=a5(97.2+6.4)+a, (1458 +3.2)

= a¢ 1.6"‘3413 |

I and II distinct hence SG is a non commutative structure.

It is easily verified SG is a non associative structure.

Example 4.35: LetV =
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be the semiring of finite order. G = {[0, 27), *, (14.3, 12.7)} be
the special interval groupoid of type II. SG be the groupoid
semiring of type II. SG is of infinite order non associative and
non commutative and has several zero divisors.

Example 4.36: Let S =

a arg

o

ajo

g

ag

%

be the semiring. G = {[0, 13), (6.5, (6.5), *} be the special
interval groupoid of type II. SG be the special interval groupoid
semiring of infinite order of type II.

V.4

SG has infinite number of zero divisors.
Inview of this we have the following theorem.

THEOREM 4.1: Let S be a semiring (a lattice with zero
divisors). G ={[0,n), * (t, u), t, u € [0, n) \ Z,} be the special
interval groupoid of type Il. SG the groupoid semiring of type
11 has infinite number of zero divisors if and only if S has zero
divisors.



128 | Groupoids of Type I and II using [0, n)

Proof: Let S be a distributive finite lattice with zero divisors.
Clearly SG the groupoid semiring of type II where

G = {[0, n), * (t, u); t, u € [0, n) \ Z,} is the special interval
groupoid of type II has infinite number of zero divisors.

Forifa,b e Swithab=0 (a#0,b#0)then ag; x bg; =0
for all g;, g € G. Since |G| = o0. SG has infinite number of zero
divisors.

On the contrary if S has no zero divisors, groupoids of type
IT in general may or may not have zero divisors, so SG may or
may not have zero divisors. Hence if SG has infinite number of
zero divisors it is pertinent S must have zero divisors for type 11
groupoids or type | groupoids.

Hence the claim.

Example 4.37: LetS = » 1
[ XeB

pa)
p A3
p Ay

p A5

*0
be the semiring of finite order. G = {[0, 24), *, (13.5, 17.81)}
be the special interval groupoid of type II. SG be the groupoid

semiring of type II. SG can have only finite number of zero
divisors.

Example 4.38: LetS= 1

0

be the semiring. G = {[0, 9), *, (6.30717, 2.150593)} be the
special interval groupoid of type II. SG be the groupoid
semiring of type II. SG has infinite no zero divisors.
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Inview of this we have the following theorem.

1
THEOREM 4.2: Let S = I
0

be the semiring (Boolean algebra of order two) and G = {[0, n),
* (1, s) where t, s € [0, n) \ Z, are of the form t = p.p; p> ... p;
and s = q.q1q; ... s and n, t and s are prime numbers} be the
special interval groupoid of type Il.  SG be the groupoid
semiring of type II. SG has no zero divisors of the form x.y = 0;
x,y eqG.

Proof follows from the simple fact G has no zero divisors.

It is left as an open problem; if o =2 g; and B =2 h;, g;, by
€ Gcecana.p=0?

Example 4.39: Let S =

0

be the semiring. G = {[0, 23), *, (0.737161, 0.6120017)} be the
special interval groupoid of type IIl. SG be the groupoid
semiring of type II. SG has infinite number of zero divisors.

The answer to the problem is easy as in case of lattices
which are semirings. The sum can never be zero unless each
term is zero as the semiring is S =

1

I

0



130 | Groupoids of Type I and II using [0, n)

This is true in case of any distributive lattice as the sum to
be zero is impossible.

Example 4.40: Let S =

1

a
©
as

0

be the semiring. G = { [0, 15), *, (10.21017, 2.00613)} be the
special interval groupoid of type II. SG be the groupoid
semiring of type II. SG is of infinite order and is non
commutative and non associative.

Example 4.41: Let S =

be the distributive lattice of finite order. S is a commutative
semiring. G = {[0, 16), *, (3.007, 7.60123)} be the special
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interval groupoid of type II. SG be the groupoid semiring of
type IL

Now we have to define finite commutative semirings of
type 1L

Example 4.42: Let S = {LSs where L =
1

XX

ag a4

a;

0

and Ss be the symmetric group} be the non commutative group
semiring of finite order.

G = {[0, 7), *, (3.0063, 4.20057)} be the special interval
groupoid of type II. SG be the groupoid semiring of type IL
SG be the groupoid semiring of type II. SG is doubly non
commutative and non associative.

Example 4.43: Let

S={Z" v {0}) (g, & &);eg=ge=0 g =0,1<i,j<3}
be the semiring of infinite order. G = {[0, 81), *, (17.09631,
0.7108157)} be the special interval groupoid of infinite order of
type II. SG be the groupoid semiring of type II.

Clearly SG has infinite number of zero divisors.

Example 4.44: Let

S={Q U {0) (g &) | g =0, g =g 2= 2 =0} be
the semiring. G = {[0, 12), *, (0.5731, 0.63121)} be the
groupoid of type II. SG be the groupoid semiring of type IL
SG has idempotents and infinite number of zero divisors.
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Example 4.45: Let S = {(R"U {0}) (g1, &, &3, &) | g =0=

258 =& g =& gg =g g =0 1<ij<4} be the
semiring of infinite order.

G = {[0, 26), *, (3.0017337, 0.56021073)} be the groupoid
of type II of infinite order. SG be the groupoid semiring of
infinite order of type II. SG has zero divisors.

Let x = g; 3.721 € SG; x> = 0 is a zero divisor and nilpotent
of order two. x; = g; 9.300089 € SG.

x? = (g3 9.300089) * (g3 9.300089)

= g3.25 (9.300089 * 9.300089)
= 0 (non zero element in G)
=0 is a zero divisors and nilpotent of order two.

Example 4.46: Let

S={Q VU {0}) (g, & gl g =0 gg=0=gg, 1<i,j<3}
be the semiring of infinite order.

G = {[0, 92), * (0.33011, 3.6002173)} be the special
interval groupoid of type II. SG be the groupoid semiring of
type II.

We can have several such properties, we just indicate the
groupoid neutrosophic semiring using groupoids and
neutrosophic semirings.

Example 4.47: Let S = {{(Z" U 1 U {0})} be the neutrosophic
semiring of infinite order. G = {[0, 20), *, (10.333, 7.777)} be
the special interval groupoid of type II. SG be the groupoid
semiring of type II. SG is also known as the neutrosophic
groupoid semiring of type II of infinite order. SG is both non
commutative and non associative.

Example 4.48: Let S = {(Q"U I U {0})} be the neutrosophic
G = {0, 12), * (1.7777, 3.711111)} be the special interval
groupoid of type II. SG be the special interval neutrosophic
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groupoid semiring of infinite order which is non commutative
and non associative of type II.

Example 4.49: Let S = {{R"U 1 U {0})} be the neutrosophic
semiring. G = {[0, 10), *, (3.3331, 7.77773)} be the special
interval groupoid of type II. SG be the groupoid semiring of
type II.  SG is a neutrosophic non associative and non
commutative semiring.

Example 4.50: Let S = {{(Z" U 1 U {0})} be the neutrosophic
semiring. G = {[0, 520), *, (0, 0.331137)} be the special interval
groupoid of type II. SG be the special interval neutrosophic
groupoid semiring of type II.

Next we proceed onto study the notion of non associative
rings using the special interval groupoids of type I and type I
This will be illustrated by examples.

Example 4.51: Let R = Z,( be the ring of modulo integers.
G = {[0, 6), *, (3, 2)} be the special interval groupoid of type I.
RG be the special interval groupoid ring of type I. RG is of
infinite order. RG is both non associative and non commutative.

Letx=6(3)+9 (4) and
y=72)+3(5 € RG.

xxy=[63)+9@)]x[7(2)+3(5)
—2(3*2)+3(@4*2)+83*5)+7(4*5)
—2[9+4]+3(12+4)+8[9+10]+7 [12 + 10]
—2()+3 @) +8(1)+7(4)
=8 (1) +7(4) 1

yxx =7(2)+3(5)x6(3)+94)
—2(2*3)+8(5*N+3Q*4)+7(5*4)
—2(6+6)+8[15+6]+3[6+8]+7[15+8]
=2(0)+8(3)+3(2)+7(5) LI

I and II are distinct so RG is a non commutative semiring.
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Letx=2(5)+503)
y=73) andz=4 (3) € RG.

Now (x*y)*z =[25)+5@B)*7Q3)]*z
=[4(5*3)+5(3*3)]*z

=[4G)*+53)6)]+4(3)

=6(3)+0(3)

=6(3) 1
x*(y*2) =20G)+503)]*[73)*40)]

=2G)+5GIFEB)

=6(5*3)+0

=6(3) Lo

We see for this triple the operation product is associative.
However we have triples in RG which are non associative.

Letx=a(2)andy=b (3) € RG.
xxy =a(2)xb(3)
=ab [a * 3]
=ab [6 + 6]
=0.

Howevery xx = b (3) xa(2)
ba [3 * 2]
=ba[9+ 6]
=ba (3) #0.

Thus x x y=0and y x x # 0 is only a one side zero divisor.
Now letx=2 (3)andy =5 (4) € SG.

xxy =203)x5#4)
=2x5[3*4]
=09 +8]
=0 is a zero divisor.

It is easily verified y x x = 0.
yxx =5#)x23)=10[4*3]=0.
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Example 4.52: Let R = {Zs} be the ring of finite order.
G ={[0, 11), *, (4, 3)} be the special interval groupoid of type I.
RG be the groupoid ring of type I. RG is non commutative, non
associative ring and of infinite order. However RG has no zero
divisors.

Example 4.53: Let R = {Z,9} be the ring of integers which is a
finite field. G = {[0, 19), *, (10, 0)} be the special interval
groupoid of type I. RG be the special interval groupoid ring of
type L.

RG is an infinite non commutative and non associative ring
of infinite order with zero divisors.

Example 4.54: Let R = Zy, be the ring of modulo integers.
G = {[0, 20), *, (10, 10)} be the special interval groupoid ring
of type I. RG is commutative and of infinite order.

Example 4.55: Let R = Z, be the ring of integer modulo 20.
G = {[0, 20), *, (10, 11)} be the special interval groupoid of
type L.

RG be the groupoid ring of type I. RG is non commutative
and non associative infinite ring.

Example 4.56: Let R = {C(Z,0)} be the ring of complex
modulo integers. G = {[0, 10), *, (5, 5)} be the groupoid of
type I. RG the groupoid ring of type .

x = 4ig(3) + 3(5) and
y = 3ip(8) + 5(2) € RG.
xxy = (4i3)+3(5) x Gir(8) + 5(2))
=4ipx31ip(3*8)+3x3ip(5*8) +4ipx5(3*2)+
3x5(5%2)
=12 x9 (15 +40) + 9ip (25 + 40) + 20ir (15 + 10) +
15 (25 +10)
=8(5)+ 9 (5)+5(5)
=3(5) + 9ir (5) € RG.
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This is the way operations on RG is performed.

Letx =3 (2) + 4ir + 2(5)

y=(7+1ir) (4)and z=5 (3) € RG.

(xxy)xz ={[3(2)+(@dix+2) (5)] x T +ir )} *5(3)
=[(7T+ip)3[2*4]+@ir+2) (7T +ip) 5*D]*503)
= {(1 + 3ig) (10 + 20) + (28ir + 14 + 4 x9+2ip)(5)} 5 (3)
=0 1

X x (yx2z) =3(2)+ @i +2) (5) x [(7+ i) 4) x 5 (3)]
=[3(2) + (4ir +2) (5)] x [(35 + 5iF) (5)]
= (3 x 35 + 5ig) (2 * 5) + (4ir + 2) (35 + 5ip) [5 * 5]
— (5+5ip) (5)+0 LI

I and II are different hence RG is a non commutative
complex modulo integer non associative ring of infinite order.

Example 4.57: Let R = C (Z,0) be the finite complex modulo
integer and G = {[0, 16), *, (8, 4)} be the special interval
groupoid of type I. RG be the special interval groupoid ring of
infinite order.

Let x = (3 + 5ir) (4) + (8 + 7ir) (8) € RG.
Now
xxx ={(3+5ip) (4) + (8 + 7ip) 8} x
{(3 + 5if) (4) + (8 + 7ir) 8}
=(3+ip)’ (4*4)+(8+7Tip) 3+ 5ip) (8% 4) +
(3 + 5ip) (8 + 7ip) (4 * 8) + (8 + 7iF) (8 + 7iF)
(8%8)
=0 (since4*8=8x4+8x4=0
4*4 =4x8+4x4=0and
8*8 =8x8+8x4=0),

in multiplication modulo 16. Thus RG has nilpotents of order
two.

Example 4.58: Let R = {C(Z,;)} be the complex modulo
integer ring. G = {[0, 14), *, (7, 8)} be the special interval
groupoid of type I. RG is non associative, non commutative
and of infinite order.
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Example 4.59: Let R = {C(Z;)} be the complex modulo integer
ring. G = {[0, 16), *, (4, 0)} be the special interval groupoid of
type I. RG be groupoid of type I. RG be groupoid ring of
infinite order of type L.

Example 4.60: Let R = {{(Z;; U I)} be the neutrosophic ring.
G = {[0, 14), *, (10, 5)} be the special interval groupoid of type
I. RG be the groupoid ring of type L.

Letx=71+3(4)+2I+4(3)and
y=8I(5)+ (3 +2I)(7) € RG.

xxy= (T1+3 (4)+21+4 (3)) x 8L (5) + (3 + 2I) (7))

= (71+3) (3+21) (4 * 7) + (71 + 3) (81) (4 x 5) + (21 + 4)
x 81 (3 * 5) + (21 +4) (3 +21) 3 * 7)

= (141 + 61 + 9 + 21T) (40 + 35) + (561 + 24T) (40 + 25) +
(161 + 321) (30 + 25) + (61 + 12 + 41 + 8I) (30 + 35)

= (81 +9) (5)+ 31 (9) + 41 (13) + (71 + 1) (9)
= (81 +9) (5) + 41 (13) + (101+1) (9).

This is the way product is defined on RG. RG is also
known as the neutrosophic ring.

Example 4.61: Let R = {(Z;, U I)} be the neutrosophic ring of
modulo integers. G = {[0, 10), *, (6, 4)} be the special interval
groupoid of type I. RG the groupoid ring of type I. RG is non
commutative, non associative and of infinite order.

Example 4.62: Let R be the reals. G = {[0, 8), *, (6, 2)} be the
special interval groupoid of type I. RG be the groupoid ring of
type I. RG is non commutative, non associative and of infinite
cardinality.
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THEOREM 4.3: Let R be any ring which is commutative with
unit. G = {[0, n), * (t, s) where s, t € Z, \ {0}} be the special
interval groupoid of type 1. RG be the groupoid ring of type 1.
RG is a commutative and a non associative ring if and only if
s =1

Proof is direct and hence left as an exercise to the reader.

THEOREM 4.4: Let R be any commutative ring. G be a special
interval groupoid of type I with non trivial zero divisors. RG be
the groupoid ring of type I. RG has zero divisors.

This proof is direct and hence left as an exercise to the
reader.

Example 4.63: Let R = {(C((Zs v I)} be the ring of finite
complex neutrosophic modulo integers.

G = {[0, 18), *, (9, 9)} be the commutative special interval
groupoid of type I. RG be the groupoid ring of type I. RG is
commutative and non associative.

x = (3lig +41 + 2ir + 1) (6) € RG
x x x = (3lip + 41 + 2ip + 1)* (6 * 6)
=9I x4+ 161+4 x4+ 1+ (6lip + 81+ 4ip + 24lip +
12 x 41+ 161 i) (0)
= ( is a nilpotent element of order two.

Example 4.64: Let R = {C (Z9) x C(Z5)} be the ring of finite
order. G = {[0, 12), *, (6, 6)} be the special interval groupoid
of type I. RG be the groupoid ring of type I. RG has infinite
number of zero divisors.

Example 4.65: Let R = {(Z,s U 1)} be the ring.
G ={[0, 17), *, (9, 0)} be the special interval groupoid of type I.
RG be the groupoid ring of type 1.

Letx=71+3(10)+ 51+ 7 (3) and
y=81+6(7) € RG.
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x xy=[71+3 (10) + 51+ 7 (3)] x [8] + 6 (7)]

— (714 3) 81 (10 * 7) + (71 + 3) 6 (10 * 7) + (51 + 7) 81
(3 * 7) + (51+7) 6(3*7)

= (561 + 241) (90 + 0) + (42 T+ 18) (90 + 0) + (401 + 56)
(27 + 0) + (301 + 42) (27 + 0)

=0+ (10I+2)(5)+0+(141+10) (10) € RG.
This is the way operations are performed on RG.

Example 4.66: Let R = C (Z4) be the complex modulo integer
ring and G = {[0, 10), *, (6, 0)} be the special interval groupoid
of type I. RG be the groupoid ring of type 1.

Letx=3ig+73)+8ir+4(8),y=5+6ir (7) and
z=9+1ir (5) € RG.

x*y)*z =([3ig+73)+8ir+4(8)]*5+6ir (7)) *
9 +ir (5)
=[Big+ 7) (5+6i) 3 *7) + (8ip+4) (5 + 6iF)
@*7)* (O +ir)(5)
= 15ip + 35 + 42ip + 18 x 9) [18] + (40ir + 20 +
48 x 9 + 24ig) [48]D*(9 + iF)(5)
=[(7if + 7) (9+ip) (8 * 5) + (4if + 2) (9+iF)
(8 x 5)]
=@Bip+3+3+7ip)(8)+(3ip + 8 +2ip +4 x9) 8
= (5ir + 8) (8) |

x*(y*z) = x*[5+6ir(7)* 9 +ir (5)]

= x * [45 + 54ip + 5ip + 54 (7 * 5)]

= [3ig + 7(3)+ 8ig + 4 (8)] * (9 + 9ip) (2)

=Bir+7) (9 +9i) (3 *2) + (8ir + 4) (9 + ir)
(8*2)

= 27ip + 63ip + 27 x 9 + 63) [8] + (72ir + 36ir +
36+ 72 x 9) [8]

= 6(8) + (8ir + 4) (8)
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= 8ir (8) LI

I and II are distinct so RG is a non associative groupoid ring
of type IL.

Example 4.67: Let R = (Z,; U ) be the ring of neutrosophic
modulo integers. G = {[0, 20), *, (12, 8)} be the special interval
groupoid of type I. RG be the groupoid ring of type 1.

Example 4.68: Let C be the ring of complex numbers.
G = {[0, 20), *, (12, 8)} be the special interval groupoid of type
I. CG be the groupoid ring of complex number of type I.

Letx=(3+5i) 8 + (10 +1i) (7) andy = (7 + 11i) (5) € CG

xxy  =[(3+50)8+(10+i)(7)] x (7+11i)(5)
— (3 +50) (7+ 11i) 8 * 5) + (10 + i) (7 + 11i) (7 * 5)
= (21 + 35i + 33i — 55) (96 + 40) + (70 + 7i + 110i
— 11) (84 + 40)
— (=34 + 68i) (16) + (59 + 1171) (4).

This is the way the product on CG is performed. CG will
be known as the complex special interval non associative
groupoid ring of type I.

Example 4.69: Let R = {{C U 1)} be the complex neutrosophic
ring. G = {[0, 24), *, (12, 12)} be the special interval groupoid
of type I. RG be the groupoid ring of type I. RG is known as
the complex neutrosophic non associative ring which is
commutative and is of infinite order.

Example 4.70: Let R = {C(Zs) x Z;} be the ring and
G = {[0, 47), *, (27, 20)} be the special interval groupoid of
type 1. RG be the groupoid ring of type I. RG is non associative
and non commutative.

Example 4.71: Let R = {{Z U I)} be the complex neutrosophic
ring. G = {[0, 29), *, (10, 19)} be the special interval groupoid
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of type I. RG be the groupoid ring. RG has infinite number of
zero divisors.

Let x = (7 -7I) (3.77) + (8 — 8I) (4) + (-6 + 6I) (27.5) +
(120-120D) (7) e RGandy =1, nowx xy=y xx=0. SoRG
has this type of zero divisors which are infinite in number.

Example 4.72: Let R = {Zy x C(Z5) x {Z1, W I)} be the ring.
G = {[0, 25), *, (13, 12)} be the special interval groupoid of
type I. RG be the groupoid ring. RG has infinite number of
zero divisors.

Example 4.73: Let R = {Q (g1, g2) = {ag; + bg, + ¢c;a,b,c €
Q, g/ =0, g =2, 818 = gg1 = 0} } be the ring.

G = {[0, 21), *, (10, 11)} be the special interval groupoid of
type I. RG be the groupoid ring of type I. RG has infinite
number of zero divisors.

Next we proceed onto define the new notion of groupoid
rings of type Il using special interval groupoids of type II.

Let R be any ring. G be the special interval groupoid of
type II.

RG = {Collection of all finite formal sums of the form
Zaigi; a; € R, gi € G}. RG is a ring which is non associative
i=0

defined as the groupoid ring of type II.
We will illustrate this situation by some examples.

Example 4.74: Let R = Z the ring of integers and G = {[0, 9),
* (3.1, 6.2)} be the special interval groupoid ring of the
groupoid G over the ring R of type II. RG is non associative,
non commutative and of infinite order.

Letx =3(4)+7(5.31) + 8 (2.5) and
y=8(3.1)+5(7.2) € RG.
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xxy = [3(4)+7(531)+8(2.5)]x[8(3.1)+5(7.2)]

=24(4*3.1)+56(531 *3.1)+64 (2.5*3.1)+
15 (4*7.2)+35(5.31 *7.2) +40 (2.5 * 7.2)

=24 (12.4+19.22) + 56 (16.461 + 19.22) +
64 (7.75 + 19.22) + 15 (12.4 + 44.64) +
35 (16.461 + 44.64) + 40 (7.75 + 44.64)

— 24 (4.62) + 56 (8.681) + 64 (8.72) + 15 (3.04) +
35 (5.001) + 40 (7.39)

1
Consider
yxx =[8@.1D+5(72)]x[3(4)+7(.31)+
8(2.9)]

=24 (3.1 *4)+56 (3.1 *5.31) + 64 (3.1 * 2.5)
+15(7.2%4)+35(72*531) +
40 (7.2 % 2.5)

=241[9.61 +24.8] + 35 (22.32 + 24.8) +
56 (9.61 + 32.922) + 64 (9.61 + 15.50)
+15(22.32 +24.8) + 40 (22.32 +
15.50)

=24 (7.41) + 35 (2.12) + 56 (6.532) + 64 (7.11)
+15 (2.82) + 40 (1.82) LI

x=10(3),y=5(1.6)and z=8 (5) € SG.

x*y)*z =[10(3)*5(1.6)] * 8(5)
=[50 (3 * 1.6)] * [8 (5)]
=[50 (3.1 x3+ 1.6 x6.2)] * 8 (5)
=50 (9.3) +9.92) * 8 (5)
=50 (1.22) * 8 (5)
=400 (1.22 * 5)
=400 (1.22 x 3.1+ 6.2 x 5)
=400 (3.782 + 31)
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= 400 (34.782)
=400 (7.782) 1

Consider x * (y * z)
=x[5(1.6) * 8 (5)]
=x *[40 (1.6 * 5)]
=x*[40 (1.6 x3.1 +5x6.2)]
=x * [40 (4.96 + 31.0)]
=10 (3) * 40 (8.96)
=400 (3.1 x 3 + 8.96 x 62)
=400 (9.3 +55.552)
=400 (0.3 + 1.552)
=400 (1.852) Lo I

I and II are distinct so RG is a non commutative and non
associative group ring of type II.

Example 4.75: Let R = C be the ring of complex numbers.
G = {[0, 11), *, (5.5, 5.5)} be the special interval groupoid of
type II. RG be the groupoid ring of type II. RG is of infinite
order and is non associative but commutative.

Example 4.76: Let R = {Z(g1, &, &) | g =0, & = o,
g§ =—g;, gigi=gigi=0,1#], 1 <i,j <3} be the ring.
G = {[0, 16), *, (3.8, 13.2)} be a special interval groupoid. RG

be the groupoid ring of type II. RG is non commutative, non
associative and has zero divisors.

Example 4.77: Let

R=1{R (g, )| g =0, g =0, gz = gg = 0} be the ring.
G = {[0, 24), *, (12.4, 11.6)} be a special interval groupoid of
type II. RG be the groupoid ring of type II. RG is non
commutative, non associative and is of infinite order. RG has
infinite number of zero divisors.

Example 4.78: Let R = {C(Z,,)} be the complex modulo finite
integers. G = {[0, 7), *, (3.2, 38)} be a special interval groupoid
of type II. RG be the groupoid ring of type II.
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Example 4.79: Let R = {(Z;5s U 1 )} be the neutrosophic ring.
G={[0, 12), *, (4.3, 8.7)} be a special interval groupoid of type
II. RG be the groupoid ring of the groupoid G over the ring R
of type II. RG has infinite number of zero divisors.

G+10DI=0 @+7D)I=0inRsox=(5+10I) (8.3)
andy =1(7.2) € RG is such that xy = 0.

Example 4.80: Let R = {C(Z5)} be the finite complex modulo
integer ring. G = {[0, 18), *, (12.3, 6.7)} be the special interval
groupoid of type II. RG be the groupoid ring of type II. Let
x=(3ig+2)(10),y=5+9B3)and z=(8ir + 1) (1.2) € RG.

X *(y*2z) =Gip+2)(10) * (5ir + 9 (3) * (8ir + 1) (1.2))
= Big +2) (10) * (5ir + 9 (3) * (8ir + 1) (1.2))
— (3ig +2) (10 [(5ir + 9) x(8ig + 1) [3 * 1.2]]
— (3ip + 2) (10) [40 x 17 + Sip + 72ix + 9] (36.8 + 8.04)
= (3ir +2) (10) [(5if + 5) (8.94)]
= (3ip +2) (5 + 5i) (10 * 8.94)
= (15 + 10 + 10 ip + 15 x 17) [123 + 6.7 x 8.94]
= (7ip +1) [5.83 +3.31]
= (Tig + 1) (9.14) 1

(x*y)*z = [(Bir+2) (10) * (5ir + 9 (3)] * z
= [(15 + 11 + 10ig + 27ip + 18) (10 * 3)] * z
= (ip +3) [124 +20.1]) * z
=3 +ip) 17.1) * Bir + 1) (1.2)
= (3 +ip) i+ 1) [17.1 * 1.2)
= Q4ip +ip + 8 x 17+ 3) (17.1 * 1.2)
= (7ip + 13) [17.1 x 12.3 + 6.7 x 1.2]
= (7ip + 13) (2.33 + 8.04)
= (7ir + 13) (10.37) LI

I and II are distinct so RG is non commutative and non
associative.

Example 4.81: Let R = {Z,ox Z;, x Z,} be the ring.
G = {[0, 10), *, (2.5, 7.5)} be the special interval groupoid of
type II. RG be the special interval groupoid ring of type II.
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RG is of infinite order, non commutative and non
associative and has infinite number of zero divisors.

Example 4.82: Let R = {{R U I)} be the neutrosophic ring of
reals. G = {[0, 13), *, (6.5, 6.5)} be the special interval groupoid
of type II. RG be the groupoid ring of type II. RG has infinite
number of zero divisors.

Inview of all these we give the following theorem.

THEOREM 4.5: Let

R={0O uvl)or Rulor Cul)or (Z, VI )} be a
neutrosophic ring.

G={0,m),* (tu,t uel0 m)Z, be the special interval
groupoid of type 1I. RG be the groupoid ring of type Il. RG has
infinite number of zero divisors.

Proof is left as an exercise to the reader.

Example 4.83: Let R = {(Z4 U 1)} be the neutrosophic ring.
G = {[0,12), *, (3.3, 8.7)} be the special interval groupoid of
type II. RG be the groupoid ring of type II. RG has infinite
number of zero divisors.

Example 4.84: Let R = {(Z1; U 1 )} be the finite complex
modulo integer ring. G = {[0, 5), *, (3.2, 1.8)} be the special
interval groupoid of type II. RG be the groupoid ring of type II.
RG has infinite number of zero divisors of the form
x=(8+4I)(3.2)and y =1(4.3) € RG is such that

xxy=(8+4I)(3.2) *1(4.3)
=(8+4D)1[3.2*4.3)
=(81+4I)(3.2*4.3)
=0 is a zero divisor in RG.

Example 4.85: Let R = {{Z,; U I)} be the neutrosophic ring of
finite order. G = {[0, 7), *, (3.5, 3.5)} be the special interval
groupoid of type II. RG be the groupoid ring of type II. RG has
infinite number of zero divisors.
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Example 4.86: Let G = {[0, 21), *, (3.1, 1.5)} be the special
interval groupoid of type II. R = {{(Z U I) S;3} be the ring. RG
is the groupoid ring of type II. RG has infinite number of zero
divisors.

Example 4.87: Let R be a S-ring. G any special interval
groupoid of type II. RG be the special interval groupoid ring of
type II. RG is a S-ring.

Example 4.88: Let R = {{(Q U I)} be the ring. Clearly R is a S-
ring. G = {[0, 8), *, (3.3, 4.7)} be the special interval groupoid
of type II. RG be the groupoid ring of type II. RG is a S-ring.

Inview of all these we have the following theorem.

THEOREM 4.6: Let R be ring.

G={[0n)* ts)tsel0 n)\Z)} be the special interval
groupoid of type II. RG be the groupoid ring. RG is a S-ring if
and only if R is a S-ring.

Proof is direct hence left as an exercise to the reader.

Now we proceed onto give examples of subrings which are
not ideals and ideals in the special interval non associative ring.

Example 4.89: Let R = {Z5,} be the ring and

G ={[0, 12), *, (2, 4)} be the special interval groupoid of type L.
RG be the groupoid ring of type I. SG where S = {0, 2, 4, 6. §,
...., 18} € R =7Z,; be a subring. SG is a subring which is also
an ideal of RG. TG where T = {0, 10} < Z, is the subring of
R. TG is the ideal of RG.

Let RP be the subring where P = {Z1,, *, (2, 4)} < G be the
subgroupoid of G. RP is not an ideal only a subring of type I.

Example 4.90: Let G = {[0, 24), *, (12, 12)} be the special
interval groupoid of type 1 of infinite order which is
commutative. R = {Z;c} be the ring of integers. RG be the
groupoid ring of type I. P = {Zy, *, (12, 12)} < G be the
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subgroupoid of G. RP be the subring of type 1. Clearly SG is an
ideal of RG. SG has zero divisors.

Example 4.91: Let R = Z be the ring of integers.

G ={[0, 12), *, (8, 4)} be the special interval groupoid of type I.
RG be the groupoid ring of type I. RG has subrings which are
not ideals and RG has subrings which are ideals. Thus RG has
zero divisors and subrings of infinite order.

Example 4.92: Let R be the ring of reals.

G ={[0,9), *, (3, 6)} be the special interval groupoid of type I.
RG be the special interval ring of type I. QG be the subring of
type I. QG is not an ideal of RG. ZG be the subring of type L.
ZG is not an ideal of RG. We see RG has infinite number of
subrings which are not ideals.

However RG has subrings which are ideals.

Example 4.93: Let R = {{(C U I)} be the ring of neutrosophic
complex numbers. G = {[0, 180), *, (10, 40)} be the special
interval groupoid of type I. RG be the groupoid ring. RG has
infinite number of subrings which are not ideals.

H = {0, 10, 20, 30, ..., 170} < G is a special interval groupoid
of type I. RH is the subring which is not an ideal.

Example 4.94: Let S = {{(Z U 1)} be the neutrosophic ring of
integers. G = {[0, 21), *, (7, 14)} be the special interval
groupoid of type I. SG be the groupoid ring of type I. SG has
infinite number of subrings which are not ideals.

Infact G = (nZ U I) be a subring of S. TG is the subring of
SG which is an ideal of SG. SG has infinite number of zero
divisors of the form x = (a —al)g;;a € Z and y =1 (g)); g, g €
G are such that x x y = {0}.

Example 4.95: Let S = {{R U I)} be the neutrosophic ring.
G = {[0, 29), *, (7, 22)} be the special interval groupoid of type
I. SG be the groupoid ring of type I. SG has infinte number of
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zero divisors. SG has infinite number of subrings which are not
ideals of SG. RG is only a subring and not an ideal of SG.

Example 4.96: Let S = {(Z U 1)} be the neutrosophic ring of
integers G = {[0, 24), *, (10.8, 16.2)} be the special interval
groupoid of type II. SG be the groupoid ring of type II. SG has
infinite number of subrings which are ideals. SG has infinite
number of zero divisors.

One can study for RG the notion of Smarandache zero
divisors, Smarandache units, Smarandache idempotents and

Smarandache ideals.

Study in this direction is a matter of routine and is left as an
exercise to the reader.

We suggest the following problems for this chapter.
Problems

1.  Find some special features enjoyed by groupoid semiring
SG where G is a groupoid of type I.

2. LetSG= {Zaixi a e Z" U {0}, x € {[0, 10), *, (2, 8)}
i=0

=@, 0<i<n,n <o} be the groupoid semiring.

(i)  Prove SG is non associative.

(il) Prove SG is non commutative.

(iii)) Can SG have zero divisors?

(iv) Can SG have S-zero divisors?

(v)  Can SG have units?

(vi) Can SG contain finite subsemirings?

3.  LetS=Q" U {0} the semiring and G = {[0, 9), (4, 5), *}
be the interval groupoid of type I. SG be the groupoid
semiring.
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Study questions (i) to (vi) of problem two for this SG.

Let S={R" U {0}} be the semiring
G = {[0, 18), (9, 12), *} be the interval groupoid of type .
SG be the groupoid semiring.

Study questions (i) to (vi) of problem two for this SG.

LetS =

a;

XX

ag a4

0

be the semiring of finite order. G = {[0, 28), (2, 26), *} be
the special interval groupoid of type I.
SG be the groupoid semiring of infinite order and SG is
non commutative and non associative.

(1) Let H= {Zy, *, (2,26)} < G be the subgroupoid.
Can H contribute to ideals if [H| < c0?

(i) Find all ideals of SG.

(iii) Can SG have ideals of finite order?

(iv) Can SG have zero divisors which are not S-zero
divisors?

(v)  Give all S-idempotents of SG.

(vi) Can SG have S-units?

(vil) Can SG have idempotents which are not S-
idempotents?
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6. LetS= 1

a
5]
a3
ay
as A
a7

0

be the semiring of finite order. G = {[0, 19), *, (18, 2)}
be the special interval groupoid of type I. SG be the
groupoid semiring of infinite order.

Study questions (ii) to (vii) of problem 5 for this SG.

7. LetS=
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be the semiring of finite order. G = {[0, 22), *, (13, 10)}
be the special interval groupoid of type I.

SG be the groupoid semiring of the groupoid G over the
semiring S.

Study questions (ii) to (vii) of problem 5 for this SG.

Let S = B, x B, where

1 1
B1 = and Bz =
ap ar
ap a3
aio ’ ‘ {
ae a4
ag ag
ar a7
Ay ag
as 6
0
s
ar a3
a4
0

be the semiring of finite order. G = {[0, 20), *, (15, 5)} be
the special interval groupoid of type .

SG be the groupoid semiring of the groupoid G over the
semiring S.

Study questions (ii) to (vii) of problem 5 for this SG.
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9.

10.

11.

=1L, x L, x L3} be the semiring of finite order.

G = {[0, 15), (10, 0), *} be the special interval groupoid
of type I. SG be the groupoid semiring of the groupoid G
over the semiring S.

Study questions (ii) to (vii) of problem 5 for this SG.

Let S={Z" U {0}} be the semiring. G = {[0, 9), *, (6, 3)}
be the special interval groupoid of type I. SG be the
groupoid semiring of the groupoid G over the semiring.
Study questions (ii) to (vii) of problem 5 for this SG.

Show SG has infinite number of ideals of infinite order.

LetS={Q" U {0}} be the semiring and
G = {[0, 39), (13, 26), *} be the special interval groupoid
of type I. SG be the groupoid semiring.



12.

13.

14.

15.

16.
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(i)  Study questions (ii) to (vii) of problem 5 for this
SG.

(i1) Can SG has ideals?

(iii) Can SG have infinite number of subsemirings of
infinite order?

Let S={R" U {0}} be the semiring

G ={[0, 24), *, (12, 8)} be the special interval groupoid
of type I. SG be the groupoid semiring of the groupoid G
over the semiring S.

(i)  Study questions (ii) to (vii) of problem 5 for this
SG.

(i1) Can SG have ideals?

(ii1) Prove SG has infinite number of subsemirings.

(iv) Can SG be finite subsemirings?

Let S = {[0, 27), min, max} be the special interval
semiring of infinite order. G = {[0, 27), *, (17, 10)} be
the groupoid of type I. SG be the groupoid semiring.

Study questions (i) to (iv) of problem 12 for this SG.

Let V = {[0, 48), min, max} be the special interval
semiring of infinite order. G = {[0, 18), *, (6, 9)} be the
groupoid of type I. VG be the groupoid semiring of the
groupoid G over the semiring V.

Study questions (i) to (iv) of problem 12 for this SG.

Let S = {[0, 40), min, max} be the special interval
semiring. G = {[0, 40), *, (10, 30)} be the special interval
groupoid of type L.

Study questions (i) to (iv) of problem 12 for this SG.

Let S = {[0, 20), min, max} be the special interval

semiring P = {[0, 20), (10, 10), *} be the special interval
of groupoid of type 1.
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17.

18.

19.

20.

21.

22.

Study questions (i) to (iv) of problem 12 for this SG.

Obtain some special features enjoyed by the groupoid
semirings using groupoids of type II built using [0, n).

Let S=R" U {0} be the semiring and

G = {[0, 20), *, (10.8, 16.4)} be the special interval
groupoid of type II. SG be the groupoid semiring of
type IL.

(i)  Can SG have zero divisors?

(i1)) Can SG have S-units?

(iii) Is it possible for SG to have S-idempotents?
(iv) Can SG have subsemirings of finite order?
(v) Can SG have S-subsemirings?

(vi) Can SG have S-ideals?

(vii) Can SG have ideals which are not S-ideals?

LetS={R"U {0}} be the semiring.
G ={[0, 23), *, (17.2, 10.8)} be the special interval
groupoid of type II. SG be the groupoid semiring of

type II.

Study questions (i) to (vii) of problem 18 for this SG.

Let S=(R" U {0}) be the semiring.

G = {[0, 18), *, (12.7, 10.3)} be the special interval
groupoid of type II. SG be the groupoid semiring.

Study questions (i) to (vii) of problem 18 for this SG.

Let S=(Q" U {0}) be the semiring.

G = {[0, 11), *, (10.75, 0)} be the special interval
groupoid of type II. SG be the groupoid semiring of type
IL

Study questions (i) to (vii) of problem 18 for this SG.

Let S=(R" U {0}) be the semiring.
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24,
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G = {[0, 18), *, (12.7, 10.3)} be the special interval
groupoid of type II. SG be the groupoid semiring.
Study questions (i) to (vii) of problem 18 for this SG.

LetS =

a;

%9

ag a4

be the semiring. G = {[0, 9), * (4.5, 4.5)} be the
groupoid of type II.

SG be the groupoid semiring of type II.

Study questions (i) to (vii) of problem 18 for this SG.

LetS =

a] a

be the semiring.
G ={[0, 11), *, (5.5, 6.5)} be the groupoid of type II. SG
the groupoid semiring of type II.

Study questions (i) to (vii) of problem 18 for this SG.
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25.

26.

LetS =

1
aj A
a3
a4 as
a6
az ag
o
ajo ag
a2
a3 a4
0

be the semiring. G = {[0, 26), *, (12.3, 13.7)} be the
groupoid of type II. SG be the groupoid semiring of the
groupoid G over the semiring S.

Study questions (i) to (vii) of problem 18 for this SG.

LetS=

1
a a3
XX
ay ag
a7
as
g aio
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be the semiring. G = {[0, 11), *, (5.5, 5.5)} be the special
interval groupoid of type II. SG be the groupoid semiring
of type I1.

Study questions (i) to (vii) of problem 18 for this SG.

LetS=

be the semiring of finite order and G = {[0, 21), *,
(12.8312, 15.93107)} be the special interval groupoid of
infinite order of type II. SG be the groupoid semiring.

(i) Can SG have zero divisors?
(i)  Study questions (i) to (vii) of problem 18 for this

SG.
1
LetS =
a; ap
a3
e
dg ag
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be the semiring of finite order

G = {[0, 24), * (10.83715, 9.9231)} be the special
interval groupoid. SG be the groupoid semiring of type
II.

(i)  Can SG have S-zero divisors?

(i1) Is it ever possible for SG to have atleast zero
divisors?

(iii)) Can SG have units?

(iv) Is it possible for SG to have S-units?

(v) Can SG ever have a S-idempotent?

(vi) Is it possible for SG to have idempotents?

29. LetS=
1
a; ao
do
ag a7
de
as ay
a3
e
b a,
®
0

be the semiring of finite order.
G = {[0, 12), *, (8.009231, 4.173)} be the special interval
groupoid. SG be the groupoid semiring of type II.
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Study questions (i) to (vi) of problem 28 for this SG.

30. LetS=

be the semiring of finite order.

G = {[0, 240), *, (127.8113, 158.3777)} be the special
interval groupoid of type II.

Study questions (i) to (vi) of problem 28 for this SG.
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31.

32.

LetS=

be the semiring of finite order.

G = {[0, 25), *, (2.000751, 13.8110067)} be the special
interval groupoid type II of infinite order. SG be the
groupoid semiring of type II.

Study questions (i) to (vi) of problem 28 for this SG.

Let SG be the special interval groupoid semiring of type
II where the semiring is a chain lattice of finite order.

Study questions (i) to (vi) of problem 28 for this SG.



33.

34.
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LetS =

be finite distributive lattice. G = {[0, 17), *, (12.33132,
7.003151)} be the special interval groupoid of type II.
SG be the groupoid semiring of type II.

Study questions (i) to (vi) of problem 28 for this SG.

Let S = C, be the semiring

G = {[0, 43), *, (20.0007173, 4.3001)} be the special
interval groupoid of type II. SG be the groupoid semiring
of type I1.

Study questions (i) to (vi) of problem 28 for this SG.
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35.

36.

37.

LetS =

a

XX

ae a4

0

be the semiring. G = {[0, 12), *, (10.31107, 6.081351)}
be the special interval groupoid of type II. SG be the
groupoid semiring of type II.

Study questions (i) to (vi) of problem 28 for this SG.

Let S = {Boolean algebra of order 2°} be the semiring
G = {0, 25), *, (5.022161, 7.013)} groupoid of type Il
SG be the groupoid semiring of type II.

Study questions (i) to (vi) of problem 28 for this SG.

Let G, = {[0, 16), *, (10.3371, 9.88817)} be the special
interval groupoid of type II.

S ={Cs x B, where C¢ = I
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and B, = 1
XK
ag ag

a7
A9 ag
0

be the semiring of finite order. S(G;xG;) be the special
semiring of type II where G, = {[0, 7), *, (3.1111, 0.771)
be the special interval groupoid of type II.

Study questions (i) to (vi) of problem 28 for this
S(G]XGZ).

Let S= {(R" U {0} U I)} be the neutrosophic semiring of
infinite order. G = {[0, 20), *, (0.23101, 3.14751)} be the
special interval groupoid of type II. SG be the special
interval groupoid semiring of type II. This semiring is
neutrosophic non associative semiring of infinite order.

(i)  Can SG have zero divisors?

(ii)) Is SG a semiring with S-units?

(ii1) Can SG have S-zero divisors?

(iv) Is SG a S-semiring?

(v)  Can SG have S-subsemirings?

(vi) Can SG have S-ideals?

(vii) Can SG have ideals which are not S-ideals?
(viii) Find all units which are not S-units.



164 | Groupoids of Type I and II using [0, n)

39.

40.

41.

42.

Let S= {{Q" U {0} U I)} be the neutrosophic semiring of
infinite order. G = {[0, 18), *, (0.00517131,6.10071)} be
the special interval groupoid of type IIl. SG be the
neutrosophic semiring of infinite order .

Study questions (i) to (vi) of problem 38 for this SG.

Let S = {(R" U {0} U I)} be the neutrosophic semiring of
infinite order. G = {[0, 17), *, (0.8111, 19.20053)} be the
special interval groupoid of type II. SG be the
neutrosophic semiring of infinite order.

Study questions (i) to (viii) of problem 38 for this SG.

Let S= {{Q" U TuU {0})} be the neutrosophic semiring of
infinite order. G = {[0, 120), *, (7.0041, 8.00053)} be the
special interval groupoid of type II. SG be the

neutrosophic semiring of infinite order.

Study questions (i) to (viii) of problem 38 for this SG.

LetS= 1
a a
as ay
e
a7
ag
)
a ajo
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be the semiring G = {[0, 22), *, (11.000071, 11.00053)}
be the special interval groupoid of type II. SG be the
neutrosophic semiring of infinite order.

Study questions (i) to (viii) of problem 38 for this SG.

43. LetS=L; x L, x L; where

L] = 1
a1
a
a3
ay
as
0
L2 = !
al ‘0 )
a7
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dg
ajo "b{ an
a3 ‘ as
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44,

45.

and L; = 1
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be the semiring of finite order

G = {[0, 21), *, (8.000023, 10.000097)} be the special
interval groupoid of type II. SG be the special groupoid
semiring. Study questions (i) to (viii) of problem 38 for
this SG.

Let

S={Z v {0} (g2 | &=0, 2= g, 21 = &g = 0}
be the semiring. G = {[0, 17), *, (6.00073), 15.00013)} be
the special interval groupoid of type Il of infinite order.
SG be the special interval groupoid semiring of infinite
order.

Study questions (i) to (viii) of problem 38 for this SG.

Let S={(Q" U {0}) (g1, &, &, &) | gig =g & =0, 1 <i,
j < 4} be the semiring . G = {[0, 16), *, (8.000013,
11.00053)} be the special interval groupoid of type II.
SG be the groupoid semiring of type II.
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48.

49.

50.
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Study questions (i) to (viii) of problem 38 for this SG.

Let S = {(R"U {0}) (g1, 22 £3) | g/=0, g; =gsand g =
25 gigi=ggi=0,1# ], 1<1,j <3} be the semiring of
infinite order. G = {[0, 12), *, (3.00011, 6.000019)} be
the special interval groupoid of type II. SG be the
groupoid over the semiring.

Study questions (i) to (viii) of problem 38 for this SG.

Let S={(Q" U TU {0}) (g1, & &) | & = 0; gigy = gigi =
0, 1 <1, j <3} be the semiring. G = {[0, 242), *,
(0.00013, 0.0000017)} be the special interval groupoid of
type II. SG be the groupoid semiring of type II.

Study questions (i) to (viii) of problem 38 for this SG.

Let R = {Zs} be the ring G = {[0, 5), *, (2, 3)} be the
special interval groupoid of type I. RG be the groupoid
ring of type L.

(i) Can RG have zero divisors?

(ii)) IsRG a S-ring?

(ii1) Prove RG is non associative.

(iv) Prove RG is non commutative.

(v) Can RG have S-units?

(vi) Can RG have S-idempotents?

(vii) Can RG have ideals which are not S-ideals?

(viii) Can RG have S-subrings?

(ix) Find all right zero divisors which are not left zero
divisors and vice versa.

Let R = {Z,,} be the ring of modulo integers.

G = {[0, 12), *, (0, 6)} be the special interval groupoid of
type L. RG be the groupoid ring of type I.

Study questions (i) to (ix) of problem 48 for this RG.

Let R = {Z,s} be the ring of modulo integers.
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51.

52.

53.

54.

55.

56.

G = {[0, 15), *, (10, 5)} be the special interval groupoid
of type I. RG be the groupoid ring of type L.

Study questions (i) to (ix) of problem 48 for this RG.

Let R = {Z;y} be the ring of modulo integers.
G = {[0, 16), *, (12, 4)} be the special interval groupoid
of type I. RG be the groupoid ring of type 1.

Study questions (i) to (ix) of problem 48 for this RG.

Let Z,, = R be the ring of modulo integers.
G = {[0, 24), *, (12, 0)} be the special interval groupoid
of type I. RG be the groupoid ring of type L.

Study questions (i) to (ix) of problem 48 for this RG.

Let R = {Zs;s} be the ring of modulo integers.
G = {[0, 45), *, (26, 20)} be the special interval groupoid
of type I. RG be the groupoid ring of type L.

Study questions (i) to (ix) of problem 48 for this RG.

Let R = {Zy} be the ring of modulo integers.
G = {[0, 28), *, (14, 0)} be the special interval groupoid
of type I. RG be the groupoid ring of type 1.

Study questions (i) to (ix) of problem 48 for this RG.

Let R = {Zs} be the ring of modulo integers.
G = {[0, 49), *, (7, 7)} be the special interval groupoid of
type I. RG be the groupoid ring of type I.

Study questions (i) to (ix) of problem 48 for this RG.

Let R = {C (Z12)} be the ring of modulo integers.

G = {[0, 15), *, (3, 12)} be the special interval groupoid
of type I. RG be the groupoid ring of type 1.
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61.

62.

Non Associative Rings and Semirings ... | 169

Study questions (i) to (ix) of problem 48 for this RG.

Let R = {(Z;5 U I)} be the ring of modulo integers.
G = {[0, 15), *, (10, 5)} be the special interval groupoid
of type I. RG be the groupoid ring of type L.

Study questions (i) to (ix) of problem 48 for this RG.

Study RG’ in problem 57 when G is replaced by
G' = {[0, 15), *, (11, 5)}.

Let R = {Zy} be the ring of modulo integers.
G = {[0, 19), *, (17.2, 1.8)} be the special interval
groupoid of type I. RG be the groupoid ring of type II.

(i)  Can RG have subrings of finite order?

(i1) Can RG have zero divisors?

(ii1) Prove all ideals in RG are of infinite order.
(iv) Can RG have S-zero divisors?

(v) Can RG have S-units?

(vi) Is it possible for RG to have S-idempotents?

Let R = {Z33} be the ring. G = {[0, 20), *, (10.37, 10.63)}
be the special interval groupoid of type II. RG be the
groupoid ring of type I1.

Study questions (i) to (vi) of problem 59 for this RG.

Let R = {Z4} be the ring of integer.

G = {[0, 14), *, (10.3, 2.7)} be the special interval
groupoid of type II. RG be the groupoid ring of type II.
Study questions (i) to (vi) of problem 59 for this RG.

Let R = {Z4} be the ring of integer.

G = {[0, 24), *, (12.3, 10.7)} be the special interval
groupoid of type II. RG be the groupoid ring of type 1.

Study questions (i) to (vi) of problem 59 for this RG.
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63.

64.

65.

66.

67.

Let R = {Z,p x Z;¢} be the ring.
G = {[0, 42), * (27.3.3, 20)} be the special interval
groupoid of type II. RG be the groupoid ring of type II.

Study questions (i) to (vi) of problem 59 for this RG.

Let R = {{(Z U I)} be the ring.
G = {[0, 7), * (3.37, 3.63)} be the special interval
groupoid of type II. RG be the groupoid ring of type II.

Study questions (i) to (vi) of problem 59 for this RG.

Let R = {{Q U I)} be the ring.
G = {[0, 70), *, (35.1, 35.9)} be the special interval
groupoid of type II. RG be the groupoid ring of type I1.

(i)  Find all subrings of RG which are not ideals of RG.

(i1))  Find S-ideals in RG.

(iii)) Does there exists ideals which are not S-ideals in
RG?

(iv) Can RG have S-subring?

(v) Isitpossible for RG to have finite order ideals?

(vi) Can RG have finite subrings?

Let R = {{C U I)} be the ring. G = {[0, 32), *, (36.2, 8)}
be the special interval groupoid of type 1. RG be the
groupoid ring of type II.

(i)  Study questions (i) to (vi) of problem 65 for this
RG.

(i1))  Study questions (i) to (vi) of problem 59 for this
RG.

LetR= {Z(g, g ) | g/=0, g =g, g =& &g =
gigi; 1 # J, 1 <1, j <3} be the ring of special quasi dual
numbers. G = {[0, 28), *, (14.3, 14.7)} be the special
interval groupoid of type II. RG be the groupoid ring of
type I1.



68.

69.
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71.

72.

73.

74.
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(1) Study questions (i) to (vi) of problem 59 for this RG.
(i1) Study questions (i) to (vi) of problem 65 for this RG.

Let R = {{Q U I)} be the ring.
G = {[0, 26), *, (3.02, 6.15)} be the special interval
groupoid of type II. RG be the groupoid ring of type II.

(1) Study questions (i) to (vi) of problem 65 for this RG.
(i1) Study questions (i) to (vi) of problem 59 for this RG.

Let R = {C(Zs) x Z;} be the ring.
G = {[0, 6), * (3.33, 6.66)} be the special interval
groupoid of type II. RG be the groupoid ring of type I1.

(1) Study questions (i) to (vi) of problem 65 for this RG.
(i) Study questions (i) to (vi) of problem 59 for this RG.

Characterize those groupoid rings of type II which has
only finite number zero divisors.

Does there exist a groupoid ring of type II which has no
S-ideals?

Find groupoid ring RG of type I which has S-idempotents.

Does there exist a groupoid ring of type I which has no S-
zero divisors?

Let R = {(Z U I)} be the ring. G = {[0, 29), *, (20, 9)} be
the special interval groupoid of type I. RG be the
groupoid ring of type II.

(i) IsRG a S-ring?

(i) Can RG have S-ideals?

(ii1)) Can RG have a S-subring which is not a S-ideal?
(iv) Can RG have S-units?

(v) Can RG have S-zero divisors?

(vi) Can RG have S-idempotents?
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75.

76.

T7.

78.

79.

80.

8l1.

82.

&3.

&4.

(vii) Does RG contain idempotents which has no S-
idempotents?

Let R = {Z,5 x Z;5} be the ring of integers.
G = {[0, 11), *, (10.5, 2.5)} be special interval groupoid
of type II. RG be the groupoid ring of type II.

Study questions (i) to (vii) of problem 74 for this RG.

Let R = {CZ¢} be the ring. G = {[0, 17), *, (3.3, 16.7)}
be the special interval groupoid of type II. RG be the
groupoid ring of type 1.

Study questions (i) to (vii) of problem 74 for this RG.

Characterize those groupoid rings of type II which are not
S-rings of type 1.

Characterize those groupoid rings of type II which have
no S-ideals.

Characterize those groupoid rings of type II which have
no S-units?

Characterize those groupoid rings of type II which has S-
idempotents.

Characterize those groupoid rings of type II which has S-
zero divisors.

Characterize those groupoid rings of type I which has S-
zero divisors.

Characterize those groupoid rings type I which has finite
S-subrings.

Characterize those groupoid rings of type I which are not
S-rings.
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