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in which the Finsler geometry, particularly the Riemann geometry appears as
a special case of these Smarandache geometries. The third part of this book
considers the applications of multi-spaces to theoretical physics, including the
relativity theory, the M-theory and the cosmology. Multi-space models for
p-branes and cosmos are constructed and some questions in cosmology are
clarified by multi-spaces. The first two parts are relative independence for
reading and in each part open problems are included for further research of
interested readers.

Key words: graph, multi-voltage graph, Cayley graph of a multi-group,
multi-embedding of a graph, map, graph model of a multi-space, graph phase.

Classification: AMS(2000) 03C05,05C15,51D20,51H20,51P05,83C05,
83E50


http://lanl.arxiv.org/abs/math/0604481v1

Contents

2. Multi-Spaces on graphs . ..... ... 3
821 Graphis . ..o 3
2.1.1 What is a graph .. ..o 3
2.1.2 Subgraphs in a graph ........ ... 7
2.1.3 Classes of graphs with decomposition............. ... ... ... ... ... ... 18
2.1.4 Operations on graphs. ... ... ..o 26
§2.2 Multi-Voltage Graphs........ ... 28
2. 2.1 Ty pe Lo 28
2.2, TP 2 o 34
§2.3 Graphs in a SPace . ... .ottt 40
2.3.1 Graphs in an n-manifold....... ... ... .. 40
2.3.2 Graphs on a surface ............ . i 45
2.3.3 Multi-Embeddings in an n-manifold............. .. .. .. .. .. ... ... 56
2.3.4 Classification of graphs in an n-manifold............ .. ... .. .. .. .. ... 59
62.4 Multi-Spaces on Graphs ... 63
2.4.1 A graph model for an operation system ................ ... ... . 63
2.4.2 Multi-Spaces on graphs . ...... ... 66
2.4.3 Cayley graphs of a multi-group ............ ... . i i 68
§2.5 Graph Phase Spaces....... ... 70
2.5.1 Graph phase in a multi-space . .......... ... . . i 70
2.5.2 Transformation of a graph phase........... .. .. ... ... ... .. ... 73
§2.6 Remarks and Open Problems . ....... ... ... . .. i i, 76



2. Multi-spaces on graphs

As a useful tool for dealing with relations of events, graph theory has rapidly grown
in theoretical results as well as its applications to real-world problems, for example
see (9], [11] and [80] for graph theory, [42] — [44] for topological graphs and combi-
natorial map theory, [7],[12] and [104] for its applications to probability, electrical
network and real-life problems. By applying the Smarandache’s notion, graphs are
models of multi-spaces and matters in the natural world. For the later, graphs are
a generalization of p-branes and seems to be useful for mechanics and quantum
physics.

§2.1 Graphs

2.1.1. What is a graph?

A graph G is an ordered 3-tuple (V, E; 1), where V| E are finite sets, V' # () and
I:E—VxV. CallV the vertex set and E the edge set of G, denoted by V(G) and
E(G), respectively. Two elements v € V(G) and e € E(G) are said to be incident
if I(e) = (v,x) or (z,v), where x € V(G). If (u,v) = (v,u) for Yu,v € V, the graph
G is called a graph, otherwise, a directed graph with an orientation u — v on each
edge (u,v). Unless Section 2.4, graphs considered in this chapter are non-directed.

The cardinal numbers of |V (G)| and |E(G)| are called the order and the size of
a graph G, denoted by |G| and €(G), respectively.

We can draw a graph GG on a plane Y. by representing each vertex u of G by
a point p(u), p(u) # p(v) if u # v and an edge (u,v) by a plane curve connecting
points p(u) and p(v) on >, where p : G — P is a mapping from the graph G to P.

For example, a graph G = (V, E; I) with V' = {vy, va, v3, 04}, E = {e1, ea, €3, €4, €5,
€g, €7, €8, €9, €101 and I(e;) = (v;,v5),1 < 1 < 4;1(e5) = (v1,v9) = (v9,v1), [(eg) =
(vs,va) = (va,v3),I(es) = I(e7) = (v2,v3) = (v3,v2),I(es) = I(eg) = (vg,01) =
(v1,v4) can be drawn on a plane as shown in Fig.2.1

Fig 2.1
In a graph G = (V, E; 1), for Ve € E, if I(e) = (u,u),u € V, then e is called a



loop. For Ve, ey € E, if I(e;) = I(ey) and they are not loops, then e; and ey are
called multiple edges of G. A graph is simple if it is loopless and without multiple
edges, i.e., Vey,eo € E(I'), I(e1) # I(e2) if e; # €9 and for Ve € E, if I(e) = (u,v),
then u # v. In a simple graph, an edge (u,v) can be abbreviated to uwv.

An edge e € E(G) can be divided into two semi-arcs e,, e, if I(e) = (u,v). Call
u the root vertex of the semi-arc e,. Two semi-arc e,, f, are said to be v-incident
or e—incident if u = v or e = f. The set of all semi-arcs of a graph G is denoted by
X 1 (G).

A walk of a graph I' is an alternating sequence of vertices and edges uq, 1, us, €,
c e, U, With e; = (u;,uq) for 1 < ¢ < n. The number n is the length of the
walk. If uy = u,4q, the walk is said to be closed, and open otherwise. For example,
V16101 E5U2€6U3E3V3E7 U290 1s a walk in Fig.2.1. A walk is called a trail if all its edges
are distinct and a path if all the vertices are distinct. A closed path is said to be a
circust.

A graph G = (V, E; ) is connected if there is a path connecting any two vertices
in this graph. In a graph, a maximal connected subgraph is called a component.
A graph G is k-connected if removing vertices less than k from G still remains a
connected graph. Let G be a graph. For Yu € V(G), the neighborhood Ng(u) of
the vertex u in G is defined by Ng(u) = {v|¥(u,v) € E(G)}. The cardinal number
|Ne(u)| is called the valency of the vertez u in the graph G and denoted by pg(u). A
vertex v with pg(v) = 0 is called an isolated vertex and pg(v) = 1 a pendent vertex.
Now we arrange all vertices valency of G as a sequence pg(u) > pg(v) > -+ > pa(w).
Call this sequence the valency sequence of G. By enumerating edges in E(G), the
following result holds.

> pc(u) =2|E(G)].

ueV(Q)
Give a sequence py, pa, - - -, pp of non-negative integers. If there exists a graph
whose valency sequence is p; > ps > --- > p,, then we say that p1, p2,- -, pp is a

graphical sequence. We have known the following results (see [11] for details).

Theorem 2.1.1(Havel, 1955 and Hakimi,1962) A sequence pi,ps,---,p, of non-
negative integers with py > py > -+ > p,, p > 2,p1 > 1 is graphical if and only if
the sequence py —1,p3 —1,--+, ppi41 — 1, ppi42, -+, pp 1S graphical.

Theorem 2.1.2(Erdés and Gallai, 1960) A sequence pi, pa,- -+, pp of non-negative
p

integers with py > py > -+ > p, 1s graphical if and only if Y p; s even and for each
i=1

integer n,1 <n <p-—1,

n

> pi<n(n—1)+ Zp: min{n, p;}.

i=1 i=n+1
A graph G with a vertex set V(G) = {v1,vq,---,v,} and an edge set E(G) =



{e1,e2,-- -, e,} can be also described by means of matrix. One such matrix is a p x ¢
adjacency matriz A(G) = |ai;]pxq, Where a;; = |I7*(v;,v;)|. Thus, the adjacency
matrix of a graph G is symmetric and is a 0, I-matrix having 0 entries on its main
diagonal if G is simple. For example, the adjacency matrix A(G) of the graph in
Fig.2.1 is

A(G) =

N O ==
O N = =
. Ol =)
== o N

Let Gy = (Vi, Ey; 1) and Gy = (Va, Es; 1) be two graphs. They are identical,
denoted by G; = Gy if Vi = Vo, E; = Fy and I} = [5. If there exists a 1 — 1
mapping ¢ : Fy — Fy and ¢ : V; — V5 such that ¢li(e) = lr¢(e) for Ve € E; with
the convention that ¢(u,v) = (¢(u),d(v)), then we say that Gy is isomorphic to
G, denoted by G; = G9 and ¢ an isomorphism between G; and G5. For simple
graphs Hy, Hy, this definition can be simplified by (u,v) € I1(E;) if and only if
(o(u), p(v)) € Ir(Es) for Yu,v € V.

For example, let G; = (Vi, Ey; 1) and Gy = (Va, Es; I5) be two graphs with

‘/1 = {'UlaUZav?)}a
El - {61762763764}7

Ii(e1) = (v1,v2), Ii(e2) = (va, v3), L1 (e3) = (v3,v1), [1(es) = (v1,v1)

and

‘/2 = {u17 U2, 'LL3},

Ey = {f, fa, [3, [a},

I(f1) = (uy, uz), Ir(f2) = (u2, u3), Ia(fs) = (us, wr), Ia(f1) = (u2, uz),

i.e., the graphs shown in Fig.2.2.



Fig 2.2

Then they are isomorphic since we can define a mapping ¢ : E1 JV; — E, U Vs by

ple1) = fa, Ple2) = f3,0(e3) = f1,0(eq) = fu

and ¢(v;) = u; for 1 < i < 3. It can be verified immediately that ¢I,(e) = Ir¢(e)
for Ve € E;. Therefore, ¢ is an isomorphism between GG; and Gs.

If G; = Gy = (G, an isomorphism between GG; and G5 is said to be an automor-
phism of G. All automorphisms of a graph G form a group under the composition
operation, i.e., ¢0(z) = ¢(0(x)), where x € E(G) UV (G). We denote the automor-
phism group of a graph G by AutG.

For a simple graph G of n vertices, it is easy to verify that AutG < S, the
symmetry group action on these n vertices of G. But for non-simple graph, the
situation is more complex. The automorphism groups of graphs K,,,m = |V (K,,)|
and B,,n = |E(B,)| in Fig.2.3 are AutK,, = S,, and AutB,, = 5,.

Fig 2.3

For generalizing the conception of automorphisms, the semi-arc automorphisms
of a graph were introduced in [53], which is defined in the following definition.

Definition 2.1.1 A one-to-one mapping § on X, (G) is called a semi-arc automor-
phism of a graph G if £(e,) and &(f,) are v—incident or e—incident if e, and f, are
v—incident or e—incident for Ve,, f, € X%(G).



All semi-arc automorphisms of a graph also form a group, denoted by Aut %G.
For example, Aut%Bn = Sn[9)].

For Vg € AutG, there is an induced action g| : Xy (G) - X

(G) on X%(G)
defined by

1
2

Ve, € X1(G), glew) = 9(€)g(u)-

All induced action of elements in AutG is denoted by AutG |%.

The graph B,, shows that Aut% G may be not the same as AutG |%. However, we
get a result in the following.

Theorem 2.1.3([56]) For a graph I' without loops,
Aut, I' = AutF|%.

Various applications of this theorem to graphs, especially, to combinatorial maps
can be found in references [55] — [56] and [66] — [67].

2.1.2. Subgraphs in a graph

A graph H = (Vi, Eq; 1) is a subgraph of a graph G = (V. E;I)if V, CV, FE, CE
and I, : B — V; x V;. We denote that H is a subgraph of G by H C G. For
example, graphs G, G, G5 are subgraphs of the graph G in Fig.2.4.

Fig 2.4

For a nonempty subset U of the vertex set V(G) of a graph G, the subgraph (U)
of G induced by U is a graph having vertex set U and whose edge set consists of these
edges of G incident with elements of U. A subgraph H of G is called vertex-induced
if H = (U) for some subset U of V(G). Similarly, for a nonempty subset F' of E(G),
the subgraph (F') induced by F'in G is a graph having edge set F' and whose vertex
set consists of vertices of G incident with at least one edge of F. A subgraph H of
G is edge-induced if H = (F) for some subset F' of E(G). In Fig.2.4, subgraphs G



and G5 are both vertex-induced subgraphs ({u1,us}), ({us, us}) and edge-induced
subgraphs ({(u1,us)}), ({(ua,u3)}).

For a subgraph H of G, if |V(H)| = |V (G)|, then H is called a spanning subgraph
of G. In Fig.2.4, the subgraph Gj is a spanning subgraph of the graph G. Spanning
subgraphs are useful for constructing multi-spaces on graphs, see also Section 2.4.

A spanning subgraph without circuits is called a spanning forest. It is called a
spanning tree if it is connected. The following characteristic for spanning trees of a
connected graph is well-known.

Theorem 2.1.4 A subgraph T of a connected graph G is a spanning tree if and only
if T is connected and E(T) = |V (G)| — 1.

Proof The necessity is obvious. For its sufficiency, since T' is connected and
E(T) = |V(G)| — 1, there are no circuits in 7. Whence, 7' is a spanning tree. h

A path is also a tree in which each vertex has valency 2 unless the two pendent
vertices valency 1. We denote a path with n vertices by P, and define the length of
P, to be n — 1. For a connected graph G, x,y € V(G), the distance d(z,y) of x to
y in G is defined by

da(z,y) = min{ |V (P(z,y))| — 1| P(x,y) is a path connecting x and y }.
For Yu € V(G), the eccentricity eq(u) of u is defined by

eq(u) = max{ dg(u,z) |z € V(G)}.

A vertex u™ is called an ultimate vertex of a vertex u if d(u,u™) = eg(u). Not loss of

generality, we arrange these eccentricities of vertices in G in an order eg(v1), eg(v2), - - -
eq(vy,) with eg(vy) < eg(ve) < -+ < eg(v,), where {vy,v9,---,v,} = V(G).

The sequence {eq(v;)}i<i<s is called an eccentricity sequence of G. If {ej,eq, -,

est =A{ec(v1),eq(v2), -, eq(vn)} and e; < eg < -+ < e, the sequence {e; }1<i<s is

called an eccentricity value sequence of G. For convenience, we abbreviate an integer

sequence {r — 1 4 i}1<i<st1 to [r,7 + s].

The radius r(G) and the diameter D(G) of G are defined by

+

r(G) = min{eg(u)|lu € V(G)} and D(G) = max{eg(u)|u € V(G)},

respectively. For a given graph G, if r(G) = D(G), then G is called a self-centered
graph, i.e., the eccentricity value sequence of G is [r(G), r(G)]. Some characteristics
of self-centered graphs can be found in [47], [64] and [108].

For Vo € V(G), we define a distance decomposition {V;(2)}1<i<eq@) of G with
root x by

G = V5 B Vile) B+ B Vot 0



where V;(z) = { v |d(z,u) = i,u € V(G)} for any integer i,0 < i < eg(z). We get
a necessary and sufficient condition for the eccentricity value sequence of a simple
graph in the following.

Theorem 2.1.5 A non-decreasing integer sequence {r;}i1<;<s is a graphical eccen-
tricity value sequence if and only if

(i) 1 <7rs < 2ryg;

(17) A(rig1,7i) = |riva — ri| =1 for any integeri,1 <i < s—1.

Proof 1f there is a graph G whose eccentricity value sequence is {r;};<;<s, then
ry < rg is trivial. Now we choose three different vertices ui, us, u3 in GG such that
ec(u1) = r1 and dg(uz,u3) = rs. By definition, we know that d(uy,us) < r; and
d(uy,u3) < ry. According to the triangle inequality for distances, we get that r, =
d(u2, U3) S dg(UQ,U1)+dg(U1,U3) = dg(ul,u2)+dg(u1, U3) S 27“1. So 71 S Ts S 2’/“1.

Assume {e;}1<;<s is the eccentricity value sequence of a graph G. Define A(i) =
eir1 — €, 1 <1 < mn—1We assert that 0 < A(i) < 1. If this assertion is
not true, then there must exists a positive integer I,1 < I < n — 1 such that
A(I) = ery1 —er > 2. Choose a vertex x € V(G) such that eg(x) = e; and consider
the distance decomposition {V;()}o<i<es(2) of G with root .

Notice that it is obvious that eg(x) — 1 < eg(u1) < eg(x) + 1 for any vertex
u; € Vi(G). Since A(I) > 2, there does not exist a vertex with the eccentricity
eq(x) + 1. Whence, we get eg(u1) < eg(z) for Yu; € Vi(x). If we have proved
that eq(u;) < eq(z) for Vu; € Vi(x), 1 < j < eq(x), we consider these eccentricity
values of vertices in Vji(z). Let ujy1 € Vjii(z). According to the definition of
{Vi(x) Yo<i<eq(x), there must exists a vertex u; € Vj(x) such that (uj, ;1) € E(G).
Now consider the distance decomposition {V;(u;) }o<j<eq(u) of G with root u;. Notice
that u;+1 € Vi(u;). Thereby we get that

6(;(Uj+1) < €G(Uj) +1< €G($) + 1.

Because we have assumed that there are no vertices with the eccentricity eq(z)+
1, s0 eg(ujt1) < eq(x) for any vertex u;r; € Vj4i(z). Continuing this process, we
know that eq(y) < eg(x) = ey for any vertex y € V(G). But then there are no
vertices with the eccentricity e;+1, which contradicts the assumption that A(I) > 2.
Therefore 0 < A(i) < 1 and A(ryq,7m) = 1,1 <i<s—1.

For any integer sequence {r;}1<;<s with conditions (i) and (i7) hold, it can be
simply written as {r,r+1,---,r+s—1} = [r,r+s—1], where s < r. We construct
a graph with the eccentricity value sequence [r,r 4+ s — 1] in the following.

Casel s=1

In this case, {ri}1<i<s = [r,7]. We can choose any self-centered graph with
r(G) = r, especially, the circuit Cy, of order 2r. Then its eccentricity value sequence
is [r,r].

Case 2 s>2



Choose a self-centered graph H with r(H) = r,z € V(H) and a path P, =
Ugly - - - Us_1. Define a new graph G = P, © H as follows:

V(G) = V(P) UV (H) \ {uo},

E(G) = (E(P;) U{(z, 1)} U E(H) \ {(u1,uo)}
such as the graph G shown in Fig.2.5.

Fig 2.5

Then we know that eq(z) =7, eg(us—1) =r+s—1landr < eg(z) <r+s-—1
for all other vertices © € V(G). Therefore, the eccentricity value sequence of G is
[r,7 + s — 1]. This completes the proof. h

For a given eccentricity value [, the multiplicity set Ng(l) is defined by Ng(l) =
{z]2zeV(G),e(x)=1}. Jordan proved that the (Ng(r(G))) in a tree is a vertex
or two adjacent vertices in 1869([11]). For a graph must not being a tree, we get
the following result which generalizes Jordan’s result for trees.

Theorem 2.1.6 Let {r;}1<i<s be a graphical eccentricity value sequence. If |[Ng(rr)]
=1, then there must be I =1, i.e., |Ng(r;)| > 2 for any integer i,2 < i < s.

Proof Let G be a graph with the eccentricity value sequence {r;}1<i<s and
Ne(rr) = {zo}, ec(xo) = r1. We prove that eg(z) > eqg(x) for any vertex x €
V(G)\{zo}. Consider the distance decomposition {V;(zo)}o<i<es (o) of G With root
xo. First, we prove that eg(vi) = eg(zg) + 1 for any vertex v; € Vi(xy). Since
ea(rg) — 1 < eq(v1) < eg(xg) + 1 for any vertex vy € Vi(zp), we only need to
prove that eg(vi) > eg(zg) for any vertex vy € Vi(xp). In fact, since for any
ultimate vertex zg of zg, we have that dg(zo, z{) = eq(ro). So eq(xd) > eq(xp).
Since Ng(ea(zo)) = {xo}, 2§ & Ng(ea(xo)). Therefore, eq(zd) > eq(xo). Choose
vy € Vi(xp). Assume the shortest path from vy to zg is P, = vive---vsxd and
xo € V(P). Otherwise, we already have eg(v1) > eg(xg). Now consider the distance
decomposition {Vi(I(J)r)}ogigeG(zg) of G with root xj. We know that v, € Vi(zg).
So we get that

ea(zg) — 1< eq(vs) <eglzd)+ 1.

Thereafter we get that eq(vs) > eg(xd) — 1 > eq(x). Because Ng(eq (o)) = {0},
so vs € Ng(eg(zo)). We finally get that eq(vs) > eq(o).

10



Similarly, choose v, vs_1,---,v9 to be root vertices respectively and consider
these distance decompositions of G with roots vy, vs_1,- -+, vy, we get that

ea(vs) > eq (o),

eq(vs-1) > eq(xo),
and

eq(v1) > eq(wo).

Therefore, e (v1) = eq(xo) + 1 for any vertex v1 € Vi(xo).

Now consider these vertices in Vi(zg). For Yuvy € Vi(xp), assume that vy is
adjacent to uy,u; € Vi(xg). We know that eg(ve) > eq(u1) — 1 > eg(xg). Since
|Ng(ea(zo))| = | Na(rr)| = 1, we get eq(va) > eq(zo) + 1.

Now assume that we have proved eq(vg) > eq(zg) + 1 for any vertex vy € Vi(z0)
UVa(zo) U+ -UVi(xg) for 1 < k < eg(xg). Let vgr1 € Vir1(zo) and assume that
vg+1 is adjacent to uy in Vi(zg). Then we know that eg(vpi1) > eg(ug) — 1 >
ea(xg). Since |Ng(eag(xo))| = 1, we get that eq(vit1) > eq(xo) + 1. Therefore,
eq(r) > eg(zg) for any vertex z,x € V(G) \ {xo}. That is, if |[Ng(r;)| = 1, then
there must be [ = 1. b

Theorem 2.1.6 is the best possible in some cases of trees. For example, the
eccentricity value sequence of a path Ps,.yq is [r,2r] and we have that |[Ng(r)| =1
and |Ng(k)| =2 for r +1 < k < 2r. But for graphs not being trees, we only found
some examples satisfying |[Ng(r1)| = 1 and |[Ng(r;)| > 2. A non-tree graph with
the eccentricity value sequence [2,3] and |[NG(2)| = 1 can be found in Fig.2 in the
reference [64].

For a given graph G and Vi, V; € V(G), define an edge cut Eg(Vi, Va) by

Eq(V1, Vo) ={ (u,v) € E(G) | u € V,v € Va}.

A graph G is hamiltonian if it has a circuit containing all vertices of G. This circuit
is called a hamiltonian circuit. A path containing all vertices of a graph G is called
a hamiltonian path. For hamiltonian circuits, we have the following characteristic.

Theorem 2.1.7 A circuit C of a graph G without isolated vertices is a hamil-
tonian circuit if and only if for any edge cut C, |E(C)NE(C)| = 0(mod2) and
|[E(C)NEC)| > 2.

Proof For any circuit C' and an edge cut C, the times crossing C as we travel
along C' must be even. Otherwise, we can not come back to the initial vertex. if C'
is a hamiltonian circuit, then |E(C)N E(C)| # 0. Whence, |E(C)NE(C)| > 2 and
|[E(C)NE(C)| = 0(mod2) for any edge cut C.

Now if a circuit C satisfies |EF(C)NE(C)| > 2 and |E(C)N E(C)| = 0(mod2) for
any edge cut C, we prove that C' is a hamiltonian circuit of G. In fact, if V(G) \
V(C) # 0, choose x € V(G) \ V(C). Consider an edge cut Eg({z},V(G) \ {z}).
Since pg(z) # 0, we know that |Eg({z}, V(G)\{z})| > 1. But since V(C)N(V(G)\
V(C)) = 0, we know that |Eg({z}, V(G) \ {z}) N E(C)| = 0. Contradicts the fact

11



that |E(C)NE(C)| > 2 for any edge cut C. Therefore V(C') = V(G) and C is a
hamiltonian circuit of G. il

Let G be a simple graph. The closure of G, denoted by C'(G), is a graph obtained
from G by recursively joining pairs of non-adjacent vertices whose valency sum is
at least |G| until no such pair remains. In 1976, Bondy and Chvdtal proved a very
useful theorem for hamiltonian graphs.

Theorem 2.1.8([5][8]) A simple graph is hamiltonian if and only if its closure is
hamiltonian.

This theorem generalizes Dirac’s and Ore’s theorems simultaneously stated as
follows:

Dirac (1952): Every connected simple graph G of order n > 3 with the minimum
valency> 3 is hamiltonian.

Ore (1960): If G is a simple graph of order n > 3 such that pg(u) + pg(v) >n
for all distinct non-adjacent vertices u and v, then G is hamiltonian.

In 1984, Fan generalized Dirac’s theorem to a localized form ([41]). He proved
that

Let G be a 2-connected simple graph of order n. If Fan’s condition:

maxr{pa(u), pa(v)} > 5

holds for Yu,v € V(G) provided dg(u,v) = 2, then G is hamiltonian.

After Fan’s paper [17], many researches concentrated on weakening Fan’s condi-
tion and found new localized conditions for hamiltonian graphs. For example, those
results in references [4], [48] — [50], [52], [63] and [65] are this type. The next result
on hamiltonian graphs is obtained by Shi in 1992 ([84]).

Theorem 2.1.9(Shi, 1992) Let G be a 2-connected simple graph of order n. Then
G contains a circuit passing through all vertices of valency> 3.

Proof Assume the assertion is false. Let C' = vyvs - - - v5v1 be a circuit containing
n

as many vertices of valency> 7 as possible and with an orientation on it. For
Yo € V(C), v* denotes the successor and v~ the predecessor of v on C. Set R =
V(G)\ V(C). Since G is 2-connected, there exists a path length than 2 connecting
two vertices of C' that is internally disjoint from C' and containing one internal
vertex x of valency> 7 at least. Assume C and P are chosen in such a way that
the length of P as small as possible. Let Ng(z) = Ng(z) N R, Ne(x) = Ne(z)NC,
N (z) = {v|v™ € No(x)} and Ng (z) = {v|vT € No(x)}.

Not loss of generality, we may assume v; € V(P)OV(C). Let v; be the other
vertex in V(P)NV(C). By the way C' was chosen, there exists a vertex v, with
1 < s <t such that pg(vs) > § and p(v;) < 5 for 1 <i < s.

If s > 3, by the choice of C' and P the sets

12



N5 ('US) \ {'Ul}> Nc(l'), NR('US)a NR(x)> {l’, Us—l}

are pairwise disjoint, implying that

n = |Ng (o) \{vi}| + [No(@)| + [Ne(vs)| + [Nr(2)| + {2, vsa }]
= po(vs) +pa(e) +12n+1,

a contradiction. If s = 2, then the sets

NC_(US)a NC(x)>NR(US)>NR(I)a {ZL’}

are pairwise disjoint, which yields a similar contradiction. b
Three induced subgraphs used in the next result for hamiltonian graphs are
shown in Fig.2.6.

Fig 2.6

For an induced subgraph L of a simple graph G, a condition is called a localized
condition Dp(l) if Dy(z,y) = [ implies that max{pg(x), pc(y)} > l L for V,y €
V(L). Then we get the following result.

Theorem 2.1.10 Let G be a 2-connected simple graph. If the localized condition
Dp(2) holds for induced subgraphs L = Ky 3 or Zs in G, then G is hamiltonian.

Proof By Theorem 2.1.9, we denote by cz(G) the maximum length of circuits
passing through all vertices> 7. Similar to Theorem 2.1.8, we know that for z,y €

V(G), if pa(x) = 3, paly) > § and zy ¢ E(G), then cz(GU{zy}) = c2(G).
Otherwise, if co (G U{zy}) > cn (G) there exists a circuit of length cn(G U{xy}) and
passing through all vertices> g Let C'z be such a circuit and Cz = 2172 - - - 25y
with s = cn (G U{zy}) — 2. Notice that

Ne(z) NV \ V(C3 (G U{zy}))) = 0

and

Ne(y) V(G \V(C3 (G Hay}) = 0.

13



If there exists an integer ,1 < i < s, xx; € F(G), then x;_1y € F(G). Otherwise,
there is a circuit C' = xx;x;41 - - - Tyx;_127;_2 - - - x in G passing through all vertices>
5 with length cn(G'U{zy}). Contradicts the assumption that ca(GU{zy}) >
cn(G). Whence,

[\

pa(x) + paly) < [V(G)\V(C(Cy))[ +[V(C(Cs))| =1 =n—1,

%
also contradicts that pg(z) > § and pg(y) > 5. Therefore, ca(GU{zy}) = c2(G)
and generally, c» (C(G)) = cn(G).
Now let C' be a maximal circuit passing through all vertices> 7 in the closure

C(G) of G with an orientation C. According to Theorem 2.1.8, if C(G) is non-
hamiltonian, we can choose H be a component in C(G) \ C. Define No(H) =
(U New)(x))NV(C). Since C(G) is 2-connected, we get that |No(H)| > 2. This
zeH

enables us choose vertices x1, 1o € No(H), x1 # x5 and x; can arrive at xo along
— — — —

C'. Denote by x; C x5 the path from x; to zo on C and x5 Cx; the reverse. Let P
be a shortest path connecting 1, x5 in C'(G) and

uy € Nc(G)(ZEl) ﬂV(H) ﬂV(P), U € Nc(G)(ZEg) ﬂV(H) ﬂV(P)
Then

E(C(G>> ﬂ({l’l_l’g_, SL’;—SL’;—} UEC'(G)({ulv u2}7 {xf,xf,x;,x;})) = (Z)

and

<{x1_,atl,atf,u1}> % K3 or <{x2_,x2,17;,u2}> % K, 3.

Otherwise, there exists a circuit longer than C', a contradiction. To prove this
theorem, we consider two cases.

Case 1 <{:B1_,x1,xf,u1}> % K3 and <{:E2_,$2,x§r,uz}> * K3

In this case, z7z{ € F(C(G)) and x5 2§ € E(C(G)). By the maximality of C
in C(G), we have two claims.

Claim 1.1 uw; =us=u

Otherwise, let P = zjuq1y; - - - yyue. By the choice of P, there must be

<{x1_7x17'rii_7u17y1}> = 75 and <{$5,x2,x;,u2,yl}> = Zs
Since C(G) also has the Dy (2) property, we get that

_ n _
maz{pce) (1), po)(w)t = 5 maz{pc(c)(2127), po(c)(u2)} =

o3

14



Whence, poq)(z1) = 5, po)(ry ) = § and 277, € E(C(G)), a contradiction.

3
Claim 1.2 z25 € E(C(G))

If 2129 € E(C(G)), then <{xf,x1,xf,u,x2}> & 7,. Otherwise, we get xqz] €
E(C(G)) or zez{ € E(C(G)). But then there is a circuit

— — — —
C, = 25 Cayxouzr, Cayxf or Oy = x5 Cryuzex! Cayad.

Contradicts the maximality of C'. Therefore, we know that

<{x1_7x17x1i_7u7x2}> = Z2-

By the property Dy (2), we get that poe)(2) > 5

Similarly, consider the induced subgraph <{x2_ Lo, Tq , U, 1’2}>, we get that po(e(23)
> 5. Whence, 77 25, € E(C(G)), also a contradiction. Thereby we know the struc-
ture of G as shown in Fig.2.7.

Fig 2.7

By the maximality of C'in C(G), it is obvious that 27~ # x4 . We construct an
induced subgraph sequence {G;}1<i<m, m = |V (27 6x§r)| — 2 and prove there exists
an integer r,1 < r < m such that G, = Zj.

First, we consider the induced subgraph G; = <{x1, u, re, Ty, :L’l__}>. If Gy = Z,,
take r = 1. Otherwise, there must be

{27 @0, 27 "2, 27w, 2y "} (VE(C(G)) # 0.

If 2722 € E(C(G)), or z7 xs € E(C(Q)), or z7 u € E(C(Q)), there is
— — = —
a circuit Cy = 27 Caxgxy Cxyuxsxy, or Cy = a7 Cagxy Cafzyxiuzexy ™, or
e . . o
Cs = a7~ Cafzyrur;~. Each of these circuits contradicts the maximality of
C. Therefore, 7 " x; € E(C(G)).
H

Now let 27 Cxy = 27 y192 - - - Ymxq , Where yo = 27 ,y1 = 27 and y,,, = 23 . If
we have defined an induced subgraph Gy, for any integer k£ and have gotten y;z, €
E(C(Q)) for any integer i,1 <i < k and yp,1 # x3 ", then we define
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Gra1 = {Wrs1, U, 11, T2, u}) .
If Gpy1 = Zs, then r = k 4+ 1. Otherwise, there must be

{yru, yrm2, Yes1w, Yrr1 o, Y11 () E(C(G)) # 0.

If ypu € E(C(GQ)), or yrxs E(_E(C’(C(i)), or Ypiiu € E(C(@), OT Yr4122 E

E(C(Q)), there is a circuit Cg = y, Cx{ 27 Cyp_1z1uys, or Cr = 4, C x5 x5 Cxfay C
— = — = =

Yr—1T1UT2Yg, of Cy = ypr1 Cxi 2] Cypziuypry, or Cy = yp Cxyxy Cafay Cypziu
ToYrp+1- Bach of these circuits contradicts the maximality of C. Thereby, y, 12, €
E(C(G)).

Continue this process. If there are no subgraphs in {G;}1<i<;, isomorphic to Zs,

H

we ﬁnally get z125 " € E(C(G)). But then there is a circuit Cyg = 2y Cxf T rjurezs
H
Czixy in C(G). Also contradicts the maximality of C' in C'(G). Therefore, there
must be an integer r, A <r<m such that G, = Z,.

Similarly, let xy C’xl = 32129 zxy, where t = |V (zy C’xl)\ — 2, zp =
x5 ,zf t = 29,2 = 2fT. We can also construct an induced subgraph sequence

{G"}<i<¢ and know that there exists an integer h, 1 < h < ¢ such that Gh =~ 7, and
x9z; € E(C(G)) for 0 <i < h-—1.

Since the localized condition Dy (2) holds for an induced subgraph Z; in C(G
we get that maz{pc(a)(u), po(e)(yr-1)} = 5 and maz{pce)(u), po@)(zn-1)} =
Whence poa)(Yr-1) > 5, poe)(zn-1) > 5 and y, 12,1 € E(C(G)). But then the
1s a circuit

);
n
2
ere

— — — —
_ +,.— -+
Cii = ¥Yr—1 CIQ Ty C 2h—2T2uT1Yr—2 Cﬂﬁl T C2h—1Yr—1

in C(G), where if h =1, or r = 1, zz_@zh_g =, or yr_gz’)xl_ = (). Also contradicts
the maximality of C' in C'(G).

Case 2 <{x1_,a:1,atf,u1}> * K3, <{:E2_,x2,x§r,u2}> >~ K, 3 or <{:£1_,atl,xf,u1}> =
K1_3, <{ZL’2_,1’2,1’3_,UQ}> % Kl,g

Not loss of generality, we assume that <{:c1_, T, 77, u1}> % K, s, <{:c2_, To, Tg u2}>
~ K;3. Since each induced subgraph K3 in C(G) possesses Dy (2), we get that
maf’f{PC(G (u), po(ay(73)} > § and maz{pce)(u), pe)(r3)} > 5. Whence po)(27)
> 2 po)(xy) > % and 2325 € E(C(G)). Therefore, the discussion of Case 1 also
holds in this case and yields similar contradictions.

Combining Case 1 with Case 2, the proof is complete. il

Let G, Fy,Fy,--- F; be k + 1 graphs. If there are no induced subgraphs of
G isomorphic to F;,;1 < i < k, then G is called {F}, Fs,---, F}}-free. we get a
immediately consequence by Theorem 2.1.10.

Corollary 2.1.1 FEvery 2-connected { K1 3, Zs}-free graph is hamiltonian.
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Let G be a graph. For Vu € V(G), pg(u) = d, let H be a graph with d pendent
vertices vy, vs, - - -, vq. Define a splitting operator ¥ : G — G™ on u by

V(G"™) = (V(G)\ {up) UV (H) \ {vr, 02, va}),

B(G"™) = (B(G)\ {uz; € B(G),1 <i<d})
U (B(H)\{vy: € B(H), 1 <i < d}b) | Hwiyi, 1 <i<d}.

We call d the degree of the splitting operator 9 and N(¥(u)) = H \ {zy;, 1 < i < d}
the nucleus of ¥ . A splitting operator is shown in Fig.2.8.

Fig 2.9

Erdds and Rényi raised a question in 1961 ( [7]): in what model of random graphs
s 1t true that almost every graph is hamiltonian? Pésa and Korshuuov proved
independently that for some constant ¢ almost every labelled graph with n vertices
and at least nlogn edges is hamiltonian in 1974. Contrasting this probabilistic
result, there is another property for hamiltonian graphs, i.e., there is a splitting
operator ¢ such that G is non-hamiltonian for Yu € V(G) of a graph G.

Theorem 2.1.11 Let G be a graph. For Yu € V(G), pa(u) = d, there ezists a
splitting operator ¥ of degree d on u such that G*™ is non-hamiltonian.

Proof For any positive integer i, define a simple graph ©; by V(0;) = {x;, v;, 2,
w;} and E(0;) = {x;y;, xi2i, Yizi, Yili, ziu; . For integers Vi, j > 1, the point product
©; ©® O; of ©; and O; is defined by

V(O; ® 6)) 0,)JV(©,)\ {u;},

E(©; © 0;) 0,) U E(0,) ULwiy;, xizi} \ {25y, 7525}
Now let H; be a simple graph with

V(Hd) = V(@l ® @2 (OXEE @d+1) U{'Ul,'Ug, HRRN Ud},

E(Hy) = E(01© 00 ---0441) U{Uluh VU, + + , Vglld -

17



Then ¥ : G — G%™) is a splitting operator of degree d as shown in Fig.2.10.

Fig 2.10

For any graph G and w € V(G),pa(w) = d, we prove that G*™) is non-
hamiltonian. In fact, If G'™®) is a hamiltonian graph, then there must be a hamilto-
nian path P(u;, u;) connecting two vertices u;, u; for some integers 4,7,1 < 1,5 <d

in the graph Hy \ {v1, v, -+, v4}. However, there are no hamiltonian path connect-
ing vertices u;, u; in the graph Hy \ {vy, va, - -, v4} for any integer i, 7,1 <1,j < d.
Therefore, G is non-hamiltonian. f

2.1.3. Classes of graphs with decomposition

(1) Typical classes of graphs
C1. Bouquets and Dipoles

In graphs, two simple cases is these graphs with one or two vertices, which are just
bouquets or dipoles. A graph B,, = (V4, Ey; I,) with V, ={ O }, E, = {e1,e2,---,en}
and [y(e;) = (O,0) for any integer 7,1 < i < n is called a bouquet of n edges.
Similarly, a graph Dg;, = (Vy, Eg; 13) is called a dipole if V; = {O1,0:}, Eq =

{617627 t '7687684-17 T '768+l768+l+17 o '768+l+t} and
(01,01), if1<i<s,

Id(6i) = (01,02), if s+1 <1< S+l,
(02,02), 1fS+l+1§Z§S—|—l—|—t

For example, B3 and Dj 39 are shown in Fig.2.11.

Fig 2.11
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In the past two decades, the behavior of bouquets on surfaces fascinated many
mathematicians. A typical example for its application to mathematics is the classi-
fication theorem of surfaces. By a combinatorial view, these connected sums of tori,
or these connected sums of projective planes used in this theorem are just bouquets
on surfaces. In Section 2.4, we will use them to construct completed multi-spaces.

C2. Complete graphs

A complete graph K, = (V., E.;1.) is a simple graph with V, = {vy,ve, -, v,},
E.={ei;,1 <i,j<mn,i#j}and I.(e;) = (v;,v;). Since K,, is simple, it can be also
defined by a pair (V, E) with V' = {v1,vq, -+ -, v, } and E = {vv;,1 < 4,5 <n,i # j}.
The one edge graph K, and the triangle graph K3 are both complete graphs.

A complete subgraph in a graph is called a clique. Obviously, every graph is a
union of its cliques.

C3. r-Partite graphs

A simple graph G = (V, E; ) is r-partite for an integer » > 1 if it is possible to
partition V' into r subsets Vi, Vs, .-+, V, such that for Ve € E, I(e) = (v;,v;) for
v; € Vi, v; € Vyand i # 5,1 <14,j <r. Notice that by definition, there are no edges
between vertices of V;, 1 < i < r. A vertex subset of this kind in a graph is called
an independent vertex subset.

For n = 2, a 2-partite graph is also called a bipartite graph. It can be shown
that a graph is bipartite if and only if there are no odd circuits in this graph. As a
consequence, a tree or a forest is a bipartite graph since they are circuit-free.

Let G = (V, E;I) be an r-partite graph and let Vi, V5, .-+ V, be its r-partite
vertex subsets. If there is an edge e;; € E for Vv, € V; and Vv; € V), where
1 <i,5 <ri%# jsuch that I(e) = (v;,v;), then we call G a complete r-partite
graph, denoted by G = K(|V1],|Val,---,|V;|). Whence, a complete graph is just a
complete 1-partite graph. For an integer n, the complete bipartite graph K(n,1) is
called a star. For a graph G, we have an obvious formula shown in the following,
which corresponds to the neighborhood decomposition in topology.

E(G)= | Eqlx, No(z)).

zeV(G)

C4. Regular graphs

A graph G is regular of valency k if pg(u) = k for Yu € V(G). These graphs are also
called k-regular. There 3-regular graphs are referred to as cubic graphs. A k-regular
vertex-spanning subgraph of a graph G is also called a k-factor of G.

For a k-regular graph G, since k|V(G)| = 2| E(G)|, thereby one of k and |V (G)]
must be an even number, i.e., there are no k-regular graphs of odd order with
k = 1(mod2). A complete graph K, is (n — 1)-regular and a complete s-partite
graph K(p1,pe,- -+, ps) of order n with p; = py =+ = ps = p is (n — p)-regular.
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In regular graphs, those of simple graphs with high symmetry are particularly
important to mathematics. They are related combinatorics with group theory and
crystal geometry. We briefly introduce them in the following.

Let G be a simple graph and H a subgroup of AutG. G is said to be H-vertex
transitive, H-edge transitive or H-symmetric if H acts transitively on the vertex set
V(G), the edge set E(G) or the set of ordered adjacent pairs of vertex of G. If
H = AutG, an H-vertex transitive, an H-edge transitive or an H-symmetric graph
is abbreviated to a vertex-transitive, an edge-transitive or a symmetric graph.

Now let I" be a finite generated group and S C I" such that 1p ¢ S and S~! =
{z7Yz € S} = S. A Cayley graph Cay(T : S) is a simple graph with vertex set
V(G) = T and edge set E(G) = {(g,h)|g~'h € S}. By the definition of Cayley
graphs, we know that a Cayley graph Cay(I' : S) is complete if and only if S =
'\ {1r} and connected if and only if I = (S).

Theorem 2.1.12 A Cayley graph Cay(T" : S) is vertez-transitive.

Proof For Vg € T, define a permutation ¢, on V(Cay(I' : S)) =T by (,(h) =
gh,h € I'. Then (, is an automorphism of Cay(I' : S) for (h,k) € E(Cay(I' : 5)) =
Wk € S = (gh) (gh) € S = (G,(),¢,(k)) € E(Cay(T': S)).

Now we know that (zp-1(h) = (kh™')h = k for Vh, k € T'. Whence, Cay(T : S) is
vertex-transitive. h

Not every vertex-transitive graph is a Cayley graph of a finite group. For exam-
ple, the Petersen graph is vertex-transitive but not a Cayley graph(see [10], [21]] and
[110] for details). However, every vertex-transitive graph can be constructed almost
like a Cayley graph. This result is due to Sabidussi in 1964. The readers can see
[110] for a complete proof of this result.

Theorem 2.1.13 Let G be a vertex-transitive graph whose automorphism group is
A. Let H = Ay be the stabilizer of b € V(G). Then G is isomorphic with the group-
coset graph C(A/H,S), where S is the set of all automorphisms x of G such that
(b,z(b)) € E(G), V(C(A/H,S)) = A/H and E(C(A/H,S)) = {(zH,yH)|z"'y €
HSH}.

C5. Planar graphs

Every graph is drawn on the plane. A graph is planar if it can be drawn on the
plane in such a way that edges are disjoint expect possibly for endpoints. When
we remove vertices and edges of a planar graph G from the plane, each remained
connected region is called a face of G. The length of the boundary of a face is called
its valency. Two planar graphs are shown in Fig.2.12.
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Fig 2.12

For a planar graph G, its order, size and number of faces are related by a well-
known formula discovered by Euler.

Theorem 2.1.14 let G be a planar graph with ¢(G) faces. Then
G| —e(G) + ¢(G) = 2.

Proof We can prove this result by employing induction on ¢(G). See [42] or
23], [69] for a complete proof. h

For an integer s,s > 3, an s-regular planar graph with the same length r for
all faces is often called an (s, r)-polyhedron, which are completely classified by the
ancient Greeks.

Theorem 2.1.15 There are exactly five polyhedrons, two of them are shown in
Fig.2.12, the others are shown in Fig.2.13.

Fig 2.13

Proof Let G be a k-regular planar graph with [ faces. By definition, we know
that |G|k = ¢(G)l = 2¢(G). Whence, we get that |G| = @ and ¢(G) = @
According to Theorem 2.1.14, we get that

ie.,
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Whence, % + % — 1 > 0. Since k,[ are both integers and k > 3,1 > 3, if £ > 6, we
get

e(G) =

2 2 2 2
2 + i 1< 3 + G 1=0.

— 1 > 0. Therefore, £k < 5. Similarly, I < 5. So we have
3<k<5and3 < 5. Calculation shows that all possibilities for (k,[) are
(k,1) = (3,3),(3,4),(3,5),(4,3) and (5,3). The (3,3) and (3,4) polyhedrons have
be shown in Fig.2.12 and the remainder (3, 5), (4, 3) and (5, 3) polyhedrons are shown
in Fig.2.13. ,

An elementary subdivision on a graph G is a graph obtained from G replacing
an edge e = uwv by a path wwv, where, w & V(G). A subdivision of G is a graph
obtained from G by a succession of elementary subdivision. A graph H is defined
to be a homeomorphism of G if either H = GG or H is isomorphic to a subdivision of
G. Kuratowski found the following characterization for planar graphs in 1930. For
its a complete proof, see [9], [11] for details.

Contradicts that % + %
<
3,

Theorem 2.1.16 A graph is planar if and only if it contains no subgraph homeo-
morphic with K5 or K(3,3).

(2) Decomposition of graphs
A complete graph Ky with vertex set {1,2,3,4,5,6} has two families of subgraphs

{Cs,C3,C2 Py, P}, P3} and {S15,S1.4, S1.3, S1.2, S1.1}, such as those shown in Fig.2.14
and Fig.2.15.

Fig 2.14
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Fig 2.15
We know that

E(Ks) = B(Co) JE(C3) U E(C5) U E(P) UEWER) U E(P);

E(Ks) = E(S15) U E(S14) U E(S13) U E(S12) U E(S11).

These formulae imply the conception of decomposition of graphs. For a graph G,
a decomposition of G is a collection {H;}1<;<s of subgraphs of G such that for any
integer 4,1 < i < s, H; = (E;) for some subsets E; of E(G) and {E;}i1<i<s is a
partition of F(G), denoted by G = Hi @ Hy P ---D Hs. The following result is
obvious.

Theorem 2.1.17 Any graph G can be decomposed to bouquets and dipoles, in where
K5 is seen as a dipole Dy .

Theorem 2.1.18 For every positive integer n, the complete graph Ks,y1 can be
decomposed to n hamiltonian circuits.

Proof Forn = 1, K3 is just a hamiltonian circuit. Now let n > 2 and V (Ko, 41) =
{vg, v1, v, -+, v, }. Arrange these vertices vy, vq, - - -, V9, on vertices of a regular 2n-
gon and place vy in a convenient position not in the 2n-gon. For ¢t =1,2,--- n, we
define the edge set of H; to be consisted of vyv;, vov,+; and edges parallel to v;v;11
or edges parallel to v;_jv;11, where the subscripts are expressed modulo 2n. Then
we get that

Koni1 :Hl@H2@@Hn

with each H;,1 <17 < n being a hamiltonian circuit

VoViVi+1Vi—1Vi41Vi—2 * * * Un+i—1Un+i+1Un+iV0- h

Every Cayley graph of a finite group I' can be decomposed into 1-factors or
2-factors in a natural way as stated in the following theorems.
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Theorem 2.1.19 Let G be a vertex-transitive graph and let H be a reqular subgroup
of AwtG. Then for any chosen vertex x,xz € V(G), there is a factorization

G=( @ (@"Hd b (@

YENG (@), Hiz =1 YENG (@), Hiz 4 |=2

for G such that (x,y)" is a 2-factor if |H, | = 1 and a 1-factor if |H, )| = 2.
Proof First, We prove the following claims.

Claim 1 Vz € V(G), 2% =V(G) and H, = 15.

Claim 2 ForV(z,y), (u,w) € E(G), (z,9)" N(w,w)? =0 or (z,y)" = (u,w)?.
Claims 1 and 2 are holden by definition.

Claim 3 ForV(z,y) € E(G), |[Hgy| =1 or 2.

Assume that |H,| # 1. Since we know that (z,y)" = (z,y), ie., (2" y") =
(z,y) for any element h € H(, ). Thereby we get that 2" =z and y" =y or 2" =y
and y" = z. For the first case we know h = 1y by Claim 1. For the second, we get
that 2"* = . Therefore, h?2 = 1y .

Now if there exists an element g € H,,)\{1u,h}, then we get 29 = y = z" and
y? = x = y". Thereby we get ¢ = h by Claim 1, a contradiction. So we get that
|H(:c,y)| =2.

Claim 4 For any (z,y) € E(G), if |[Hgy| = 1, then (z,y)" is a 2-factor.

Because o = V(G) € V({(z,y)")) € V(G), so V({(z,y)")) = V(G). There-
fore, (x,y)" is a spanning subgraph of G.

Since H acting on V(@) is transitive, there exists an element h € H such that
a" = y. Tt is obvious that o(h) is finite and o(h) # 2. Otherwise, we have |H(, )| >

2 o(h)—1
h..h® . xh

2, a contradiction. Now (z,y)" = zalz x is a circuit in the graph

G. Consider the right coset decomposition of H on (h). Suppose H = 'LSJI (h) a;,
(hya;N(hya; =0,if i # j, and a; = 1.

Now let X = {ay, as, ..., as}. We know that for any a,b € X, ((h) a) N((h)b) =0
if a # b. Since (z,y)™* = ((x,1)")* and (z,y)"" = ((x,4)")® are also circuits,
if V(<(x,y)<h>“>)ﬂV(<(:€,y)<h>b>) # O for some a,b € X,a # b, then there must
be two elements f,g € (h) such that 2/* = 29 . According to Claim 1, we get
that fa = gb, that is ab™' € (h). So (h)a = (h)b and a = b, contradicts to the
assumption that a # b.

Thereafter we know that (z,y)? = U (z,y)™* is a disjoint union of circuits.
acX

So (z,y) is a 2-factor of the graph G.
Claim 5 For any (z,y) € E(G), (z,y)" is an 1-factor if |H | = 2.
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Similar to the proof of Claim 4, we know that V(<(x, y)H>) =V(G) and (z,y)?
is a spanning subgraph of the graph G.

Let Hiy) = {lu,h}, where 2" = y and y" = z. Notice that (z,y)* = (z,y)
for Va € H,,. Consider the coset decomposition of H on H(,,), we know that

t

H = U H(x7y)bi s where H(x,y)biﬂH(x,y)bj = @ if ¢ 7é j,l S 'i,j S t. Now let
i=1

L ={Hg,bi,1 <i <t} We get a decomposition

(z, )" = U(zp)’
bel

for (z,y)". Notice that if b = H(, )b € L, (z,y)" is an edge of G. Now if there exist
two elements ¢,d € L,c = Hi,,f and d = Hy, 9, [ # g such that V({(z,y)%))N
V(<(x,y)d>) # (), there must be o/ = 29 or 2/ = ¢9. If 2/ = 29, we get f = ¢
by Claim 1, contradicts to the assumption that f # g. If 2/ = y9 = 2", where
h € Hey), we get f = hg and fg=' € Hey), 50 Hgy)f = Hyg. According to
the definition of L, we get f = g, also contradicts to the assumption that f # g.
Therefore, (x,y) is an 1-factor of the graph G.

Now we can prove the assertion in this theorem. According to Claim 1- Claim
4, we get that

G=( @ (@B P (yT

YENG(2),|H(z,y)|=1 YENG(2),|H(s,y)|=2

for any chosen vertex z,z € V(G). By Claims 5 and 6, we know that (z,y) is
a 2-factor if |H )| = 1 and is a 1-factor if |H(,,)| = 2. Whence, the desired
factorization for GG is obtained. il

Now for a Cayley graph Cay(I" : S), by Theorem 2.1.13, we can always choose
the vertex x = 1r and H the right regular transformation group on I'. After then,
Theorem 2.1.19 can be restated as follows.

Theorem 2.1.20 Let I' be a finite group with a subset S, S™' =S, 1p ¢ S and H
is the right transformation group on I'. Then there is a factorization

G=( @ Ur.s)"P( P 1r,9)")

s€8,82#1 s€8,s2=1r

for the Cayley graph Cay (I : S) such that (1r,s)? is a 2-factor if s* # 1r and
1-factor if s* = 1r.

Proof For any h € Hy,. ), if h # 1, then we get that 1ph = s and sh = 1r, that
is s2 = 1p. According to Theorem 2.1.19, we get the factorization for the Cayley
graph Cay(I': 9). b

More factorial properties for Cayley graphs of a finite group can be found in the
reference [51].
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2.1.4. Operations on graphs

For two given graphs Gy = (V1.Eq; 1) and Go = (Vs, Es; I5), there are a number of
ways to produce new graphs from G; and G,. Some of them are described in the
following.

Operation 1. Union

The union G, G4 of graphs GG; and G5 is defined by

V(G G2) = ViU Ve, E(G1|JG2) = Ev|JE» and I(Ey | E») = Li(E) | I(E»).

If a graph consists of £ disjoint copies of a graph H, k > 1, then we write G = kH.
5
Therefore, we get that Kg = CgU3KU2K3 = U Sy for graphs in Fig.2.14 and

Fig.2.15 and generally, K,, = U S1.i. For an integer k, k > 2 and a simple graph G,

kG is a multigraph with edge multlple k by definition.
By the definition of a union of two graphs, we get decompositions for some
well-known graphs such as

B, = O B1(0), Dimn=(|JBi(01)) U(QK2) U(QBl(Oz))

i=1 i=1
where V(Bl)(Ol) = {Ol}, V(Bl>(02> {02} and V( ) {Ol, 02} By Theorem
1.18, we get that

n
Kopy1 = U H;
with H; = vo0;vi410;-10i410i—2 * * * Uni— 1V 4i41Vn1iV0-

In Fig.2.16, we show two graphs (s and K, with a nonempty intersection and
their union CgJ K.

Fig 2.16

Operation 2. Join
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The complement G of a graph G is a graph with the vertex set V() such that two
vertices are adjacent in G if and only if these vertices are not adjacent in G. The
join G1 4+ G5 of G7 and Gy is defined by

V(G4 Gs) =V(G1) [V (Ga),

E(Gy + Gy) = E(G1) |J E(G2) U{(u,v)[u € V(G1),v € V(Gy)}

and

[(Gy + Gy) = I(G) | I(Go) | {I (1, 0) = (u,v)|u € V(Gy), v € V(Ga)}.

Using this operation, we can represent K(m,n) = K,, + K,. The join graph of
circuits C3 and Cy is given in Fig.2.17.

Fig 2.17

Operation 3. Cartesian product

The cartesian product G; x Go of graphs G; and Gy is defined by V(G; x Gs) =
V(G1) x V(Gs) and two vertices (ug, us) and (vq,vy) of Gy X G are adjacent if and
only if either u; = vy and (ug, v3) € E(G3) or uy = vy and (uy,v1) € E(Gy).

For example, the cartesian product C3 x Cj of circuits C'5 and C'5 is shown in
Fig.2.18.

Fig 2.18
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§2.2 Multi-Voltage Graphs

There is a convenient way for constructing a covering space of a graph G in topologi-
cal graph theory, i.e., by a voltage graph (G, a) of G which was firstly introduced by
Gustin in 1963 and then generalized by Gross in 1974. Youngs extensively used volt-
age graphs in proving Heawood map coloring theorem([23]). Today, it has become
a convenient way for finding regular maps on surface. In this section, we generalize
voltage graphs to two types of multi-voltage graphs by using finite multi-groups.

2.2.1. Type 1

Definition 2.2.1 LetT = 6 T; be a finite multi-group with an operation set O(T') =
i=1

{oi|]1 <i < n} and G a graph. If there is a mapping ¥ : X%(G) — T such that
Ple™) = (Y(e™))™! for Vet € X1(G), then (G,4)) is called a multi-voltage graph of
type 1.

Geometrically, a multi-voltage graph is nothing but a weighted graph with weights
in a multi-group. Similar to voltage graphs, the importance of a multi-voltage graph
is in its [ifting defined in the next definition.

Definition 2.2.2 For a multi-voltage graph (G,v) of type 1, the lifting graph G¥ =
(V(G¥), E(GY); 1(GY)) of (G, ) is defined by

V(GY) =V(G) x T,

E(G?) = {(ttq, vaop)| e = (u,v) € X%(G),’Q/J(6+) —baobel}

and
1(GY) = {(ta, Vaod)|I(€) = (ta, Vaop) if €= (Ua,Vaop) € E(G¥)}.

For abbreviation, a vertex (z,g) in G¥ is denoted by z,. Now for Vv € V(G),
vx T = {vylg € '} is called a fiber over v, denoted by F,. Similarly, for Vet =
(u,v) € X1(G) with ¢(e*) = b, all edges {(ug, vgop)|g, g 0 b € T'} is called the fiber
over e, denoted by F..

For a multi-voltage graph (G, ) and its lifting G¥, there is a natural projection
p: GY — G defined by p(F,) = v for Vv € V(G). It can be verfied that p(F,) = e
for Ve € E(Q).

Choose T' = Iy Iy with Iy = {1,a,a%}, [y = {1,b,0%} and a # b. A multi-
voltage graph and its lifting are shown in Fig.2.19.
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Fig 2.19

Let T = 6 I'; be a finite multi-group with groups (I';;0;),1 < i < n. Similar
i=1
to the unique walk lifting theorem for voltage graphs, we know the following walk

multi-lifting theorem for multi-voltage graphs of type 1.

Theorem 2.2.1 Let W = ele?--- ek be a walk in a multi-voltage graph (G,v) with
initial vertex u. Then there exists a lifting WY start at u, in G¥ if and only if there
are integers iy,1s, - - -, Such that

@ Ojy @D(ef) Ojg ==+ Q44 ¢(€j) € Fij+1 and ’QZ)(€;_+1) S Fij+1
for any integer j,1 < j <k
Proof Consider the first semi-arc in the walk W, i.e., ef. Each lifting of e; must
be (g, uao¢(el+)). Whence, there is a lifting of e; in G¥ if and only if there exists an
integer 7; such that o = o;, and a,a o;, ¥(ef) € Ty,.
Now if we have proved there is a lifting of a sub-walk W; = ejes---¢; in GY if
and only if there are integers iy, 4, -+, 7, 1 <[ < k such that

Q Oy ¢(€T) Ojp *** Qi 1/}(6;—) S Fij+17 1?(6;11) € Fij+1
for any integer j,1 < j <[, we consider the semi-arc ¢/ ,. By definition, there is

a lifting of ¢, in G¥ with initial vertex Uaog, (e Yoig o1, leil) if and only if there

exists an integer 4;,; such that

a oy, (ef) oy -0, Y(e) € Ty and Y(ef,) € Tipa.
According to the induction principle, we know that there exists a lifting WY
start at u, in G¥ if and only if there are integers iy, 49, - - -, iz, such that

a Oil Qﬂ(e;—) Oi2 e Oij71 ¢(e;—) E Fij+17 a‘nd w(e}‘:—l) e Fij+1
for any integer j,1 <j <k.
For two elements g, h € I', if there exist integers iy, s, -+, %, such that g, h €

k k41
N Ty, but for Vigyy € {1,2,---,n}\{ir,d2,- -, i}, g, h & N [y;, we call k = Il[g, A}
j=1 J=1
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the joint number of g and h. Denote O(g,h) = {o;,;1 < j < k}. Define ﬁ[g,h] =

> Mg,g o h], where Il[g,g o h| = Tl[g o h,h] = 0 if g o h does not exist in r.
oeO(T)
According to Theorem 2.2.1, we get an upper bound for the number of liftings in
GY for a walk W in (G, ).

Corollary 2.2.1 If those conditions in Theorem 2.2.1 hold, the number of liftings
of W with initial vertez u, in GY is not in excess of

Ila, ¥(ef)] x

I > - > MMa oy ¢(ef) 02 -+ 05 (€] ), (e,

=l o1€0(ap(e])) 0i€0(as05,3(e]),1<j<i—1)

where O(a; o5, (e} ), 1 < j < i — 1) = Oa oy lel) o -+~ 0,1 (ef,), v(el)).

The natural projection of a multi-voltage graph is not regular in general. For
finding a regular covering of a graph, a typical class of multi-voltage graphs is the

case of I'; = I for any integer 4,1 < i < n in these multi-groups I' = U [';. In this
=1

case, we can find the exact number of liftings in G¥ for a walk in (G, 1/))

Theorem 2.2.2 Let T = LnJ [ be a finite multi-group with groups (I';0;),1 <i <mn

i=1

and let W = ele?---e* be a walk in a multi-voltage graph (G, ) , ¥ : Xi(G) =T
of type 1 with initial vertex u. Then there are n* liftings of W in G¥ with initial
vertex u, forVa € T'.

Proof The existence of lifting of W in G¥ is obvious by Theorem 2.2.1. Consider
the semi-arc ef. Since I'; = I' for 1 <4 < n, we know that there are n liftings of €1
in G¥ with initial vertex u, for any a € I, each with a form (u,, u Ugoy(er))» © € O(I').

Now if we have gotten n®,1 < s < k — 1 liftings in G¥ for a sub-walk W, =
ete? .- -e*. Consider the semi-arc e, ;. By definition we know that there are also n
liftings of e, in G¥ with initial vertex Ugo, p(e} Yos, oxth(ed ) where o; € O(f),l <
i < 5. Whence, there are n**! liftings in G¥ for a sub-walk W, = e'e?---e**! in
(Gi ).

By the induction principle, we know the assertion is true. b

Corollary 2.2.2([23]) Let W be a walk in a voltage graph (G,v), : X%(G) - T

with initial vertex w. Then there is an unique lifting of W in G¥ with initial vertex
U, forVa € T.

If a lifting W¥ of a multi-voltage graph (G,v) is the same as the lifting of a
voltage graph (G, a),« : Xy (G) — I, then this lifting is called a homogeneous
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lifting of I';. For lifting a circuit in a multi-voltage graph, we get the following
result.

Theorem 2.2.3 Let [ = CJ [ be a finite multi-group with groups (I';0;),1 <i <mn,
i=1

C = wjuy - - - unuy a circuit in a multi-voltage graph (G,v) and v : X%(G) — T.
Then there are (¢(|C|o homogenous liftings of length o(1)(C,0;))m in G¥ of C for
any integer i, 1 < i < n, where Y (C,0;) = (uy, ug)o; 1 (usg, uz) ;- 03 (Up_1, U ) 04

(U, uy) and there are

z": Tl

=1 O(’QD(C, oz))
homogenous liftings of C in G¥ altogether.

Proof According to Theorem 2.2.2, there are liftings with initial vertex (u;), of
C'in GV for Va € I'. Whence, for any integer 4,1 < i < n, walks

W, = (ul)a(u2)a0i¢(uhw) T (um>a0iw(m7u2)0i"'0i¢(um71,um)(u1>a0iw(0,0z‘)7

Waoidz(c,oi) = (ul)aoid}(c,oi)(u2)aoi¢(c,oi)oiw(u1,u2)
(um)aow(QOi)OW(m U2)0;+- 09 (U —1,Um) (ul)aoz-w?(c,oz')a

and

W poipo@©om-1(con = (U1)go,006(C00)-1(Cr05) (U2) 0,08 (€000 1G04 Yosap (s un)

(um>a0i¢°(w(c’°i))71(C,Oi)oiw(ul ,U2) 04031 (U —1,Um) (ul)“

are attached end-to-end to form a circuit of length o(¢)(C, o;))m. Notice that there

are left cosets of the cyclic group generated by ¥ (C, o;) in the group (I'; o;)

W
and each is correspondent with a homogenous lifting of C' in G¥. Therefore, we get

Z Co))

i=1 O
homogenous liftings of C' in GY. h
Corollary 2.2.3([23]) Let C be a k-circuit in a voltage graph (G,1) such that

the order of 1(C, o) is m in the voltage group (I';0). Then each component of the

preimage p~*(C) is a km-circuit, and there are I;L—I such components.
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The lifting G¢ of a multi-voltage graph (G, ¢) of type 1 has a natural decompo-
sition described in the next result.

Theorem 2.2.4 Let (G,(),(: Xy (G) =T = 6 I';, be a multi-voltage graph of type
i=1
1. Then

i=1
where H; is an induced subgraph (E;) of GS for an integer i,1 < i < n with

E; = {(tq, Vaop)|a, b € T'; and (u,v) € E(G),((u,v) = b}.
For a finite multi-group T’ = Lrj I'; with an operation set O(T) = {o;,1 < i < n}
i=1

and a graph G, if there exists a decomposition G = él H; and we can associate
=

each element g; € I'; a homeomorphism ¢,, on the vertex set V(H;) for any integer
1,1 <1 <n such that

(1) Pgioshi = @g; X n; for all g;,h; € T';, where x is an operation between
homeomorphisms;

(i1) g, is the identity homeomorphism if and only if g; is the identity element
of the group (I';;0;),
then we say this association to be a subaction of a multi-group T on the graph G.
If there exists a subaction of ' on G such that @y, (u) = w only if g; = 1, for any
integer 7,1 <i < n, g; € I'; and u € V;, then we call it a fized-free subaction.

A left subaction LA of T on GV is defined as follows: B
For any integer i,1 < i < n, let V; = {u,Ju € V(G),a € I'} and g; € I';. Define
lA(9;)(1a) = Ug,o,0 if a € Vi Otherwise, g;(u,) = tq.

Then the following result holds.

Theorem 2.2.5 Let (G,v) be a multi-voltage graph with 1 : Xi (G) - T = CJ L
i=1

and G = ETBHi with H; = (E;), 1 < i < n, where E; = {(Uq,Vaop)|a,b €

=1
I'; and (u,v) € E(G),((u,v) = b}. Then for any integer i,1 <i <n,

(1) forVg; € Ty, the left subaction lA(g;) is a fized-free subaction of an automor-
phism of H;;

(13) Ty is an automorphism group of H;.

Proof Notice that [A(g;) is a one-to-one mapping on V(H;) for any integer
1,1 < i < n, Vg, € I';, By the definition of a lifting, an edge in H; has the form
(Uay Vaop) if @, b € T';. Whence,

(LA(g:) (ua), LA(g:) (Vaop)) = (Ugioiar Vgiosaoip) € E(H).
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As a result, [A(g;) is an automorphism of the graph H;.

Notice that [A : T; — AutH; is an injection from T; to AutGY. Since [A(g;) #
lA(h;) for Vg;, h; € T, g; # hi, 1 < i < n. Otherwise, if [A(g;) = lA(h;) for Ya € T,
then g; o, a = h; o; a. Whence, g; = h;, a contradiction. Therefore, I'; is an
automorphism group of H;.

For any integer i,1 < i < n, g; € I';, it is implied by definition that [A(g;) is a
fixed-free subaction on G¥. This completes the proof. b

Corollary 2.2.4([23]) Let (G,«) be a voltage graph with « : Xi (G) = T. ThenT
s an automorphism group of G*.

For a finite multi-group I' = U T; action on a graph G, the vertex orbit orb(v)
i=1

of a vertex v € V(@) and the edge orbit orb(e) of an edge e € E(G) are defined as
follows:

orb(v) = {g(v)|g € T’} and orb(e) = {g(e)|g € T'}.
The quotient graph é/f of G under the action of I is defined by

V(G/T) = { orb(v) | v e V(G)}, E(G/T) = {orb(e)le € E(G)}
and

I(orb(e)) = (orb(u),orb(v)) if there exists (u,v) € E(G)

For example, a quotient graph is shown in Fig.2.20, where, T’ = Zs.

Fig 2.20

Then we get a necessary and sufficient condition for the lifting of a multi-voltage
graph in next result.

Theorem 2.2.6 If the subaction A of a finite multi-group [ = 6 I'; on a graph G =
i=1

GT]LB H; is fized-free, then there is a multi-voltage graph (G/T,¢), ¢ X%(é/f) —T
i=1
of type 1 such that

G =~ (G/T).
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Proof First, we choose positive directions for edges of G / I and G so that the
quotient map g : G—G / T is direction-preserving and that the action A of T on G
preserves directions. Next, for any integer 7,1 < i < n and Yv € V(G/T), label one
vertex of the orbit = L) in G as v, and for every group element g; € I';, g; # 1r,,
label the vertex A(g;)(viy ) as vy,. Now if the edge e of G/T runs from u to w, we
assigns the label e,4, to the edge of the orbit qfil(e) that originates at the vertex uyg,.
Since I'; acts freely on H;, there are just |I';| edges in the orbit qr_il(e) for each integer
1,1 <14 < n, one originating at each of the vertices in the vertex orbit qfil (v). Thus
the choice of an edge to be labelled e, is unique for any integer 7,1 < i < n. Finally,
if the terminal vertex of the edge ey, is wy,, one assigns a voltage h; to the edge e in
the quotient G/T', which enables us to get a multi-voltage graph (G/T,¢). To show
that this labelling of edges in qr_il(e) and the choice of voltages h;, 1 < i < n for the
edge e really yields an isomorphism 9 : G — (G/ r )¢, one needs to show that for
Vg; € I';,1 <14 < n that the edge e,, terminates at the vertex wg,,,,,. However, since

eq. = A(gi)(e1y, ), the terminal vertex of the edge e;, must be the terminal vertex of
the edge A(gi)(e1r., ), which is

A(9:) (wr;) = A(g:) A(hi) (w1y,,) = A(gi 05 hi)(wiy.,) = Weio,n,-

Under this labelling process, the isomorphism 9 : G — (G/T)¢ identifies orbits in
G with fibers of G¢. Moreover, it is defined precisely so that the action of I on G
is consistent with the left subaction [A on the lifting graph G¢. This completes the
proof. b

Corollary 2.2.5([23]) Let I' be a group acting freely on a graph G and let G be
the resulting quotient graph. Then there is an assignment o of voltages in I to the
quotient graph G and a labelling of the vertices G by the elements of V(G) x T such
that G = G* and that the given action of T' on G is the natural left action of T on
G*.

2.2.2. Type 2

Definition 2.2.3 Let T = 6 I'; be a finite multi-group and let G be a graph with

vertices partition V(G) = U Vi. For any integers i,5,1 < 1,5 < n, if there is
i=1

a mappingT : Xl(( «(Vi,V;))) — IiNL; and s : V; — T such that T(e™) =
(r(e™))~t for Ve* € X1( ) and the vertex subset V; is associated with the group

(T;, 04) for any integer i,1 < i < n, then (G, 7,<) is called a multi-voltage graph of
type 2.

Similar to multi-voltage graphs of type 1, we construct a lifting from a multi-
voltage graph of type 2.
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Definition 2.2.4 For a multi-voltage graph (G, 7,<) of type 2, the lifting graph
G = (V(GT9)), B(GT)), I(GT)) of (G,7,5) is defined by

V(GT)) = | J{V; x I},
=1

BE(GT)) = { (g, vaoy)| e = (u,v) € X1(G), ¢(e*) = b,aobe T}

1
2

and

I(G(T’g)) = {(Ua, Vaod) |1 (€) = (Ua, Vaob) 1f € = (Uqg, Vaop) € E(G(T‘))}.

Two multi-voltage graphs of type 2 are shown on the left and their lifting on
the right in (a) and (b) of Fig.21. In where, I' = ZoU Z3, V] = {u}, Vo = {v} and
c: Vi — 2y, 6: Vo — Zs.

Fig 2.21

Theorem 2.2.7 Let (G,7,5) be a multi-voltage graph of type 2 and let W), =
s - - - uy, be a walk in G. Then there exists a lifting of W ™) with an initial vertex
(U1)a, @ € s~ uy) in G if and only if a € ¢ Hu) Ns  (ua) and for any integer
5,1 <'s <k, ao; T(urug) oi, T(uguz) 04 -+ 05, T(us—otis—1) € ¢ (us1) N (uy),
where o;; is an operation in the group s Hujy1) for any integer j,1 < j < s.

Proof By the definition of the lifting of a multi-voltage graph of type 2, there
exists a lifting of the edge ujuy in G if and only if ao, T(u1us) € ¢~ (usy), where 05,
is an operation in the group ¢~ !(uy). Since 7(ujus) € ¢ (u1) Ns (uz), we get that
a € ¢ Hu1)Ns (ug). Similarly, there exists a lifting of the subwalk Wy = ujuqus
in G) if and only if @ € ¢ (u1) N (uz) and a o, T(urus) € ¢~ (ug) N Hus).
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Now assume there exists a lifting of the subwalk W, = wjuqug - - -1y in G if
and only if a o;, T(uiug) 0 -+ 0i, T(Ur2ui1) € ¢ up—1) N (uy) for any in-
teger t,1 < ¢ < I, whereo; is an operation in the group ¢ '(u;41) for any integer
7,1 < 5 < 1. We consider the lifting of the subwalk W;,; = ujusus---u;41. No-
tice that if there exists a lifting of the subwalk W, in G(™), then the terminal
vertex of Wj in G(™9) is (ul)aoilT(ul'UQ)OiQ“‘OilflT(ul—lul)' We only need to find a nec-
essary and sufficient condition for existing a lifting of w;u;1; with an initial vertex
(U1)aos, (uruz)os, —o;,_, T(wi—1uz). By definition, there exists such a lifting of the edge
w4y if and only if (ao;, T(ugug) oy - - - 05 )T (wi—1w;)) oy 7 (wugg1) € s~ H(uyv1). Since
T(wui1) € s H(uyqq) by the definition of multi-voltage graphs of type 2, we know
that a o;, T(ujug) o4 - -+ 04, T(ui_11;) € ¢~ H(upe).

Continuing this process, we get the assertion of this theorem by the induction
principle. b

Corollary 2.2.7 Let G a graph with vertices partition V(G) = 6 Vi and let (T';0)
i=1

be a finite group, T'; < T' for any integer i,1 < i <n. If (G,7,<) is a multi-voltage
graph with T : X%(G) — I and ¢ : V; — T'; for any integer i,1 < i < n, then for a
walk W in G with an initial vertex u, there exists a lifting W) in G™) with the
initial vertex uq, a € <~ (u) if and only if a € Nyeymn s~ (V).

Similar to multi-voltage graphs of type 1, we can get the exact number of liftings
of a walk in the case of I'; = I" and V; = V(G) for any integer i,1 < i < n.

Theorem 2.2.8 Let T = LnJ [ be a finite multi-group with groups (I';0;),1 <i <mn
i=1

and let W = e'e?---e* be a walk with an initial vertex v in a multi-voltage graph
(G,7,6), T: Xy (G) — NT ands:V(G) — T, of type 2. Then there are n* liftings
i=1

of W in G with an initial vertex u, for Va € T.

Proof The proof is similar to the proof of Theorem 2.2.2. b

Theorem 2.2.9 Let I = 6 [ be a finite multi-group with groups (I';0;),1 < i <
i=1
n, C = ujug - unuy a circuit in a multi-voltage graph (G, T,<) of type 2 where
T X%(G) — N T and s : V(G) — I'. Then there are % liftings of length
i=1 05

o(tau(C, 0;))m in GU) of C for any integeri, 1 < i < n, where 7(C, 0;) = 7(u1, us)0;
T(ug, u3) 0; + + - 0; T(Um—1, Um) 0 T(Um, u1) and there are

|
7 o(7(C, 1))

7

liftings of C' in G altogether.

Proof The proof is similar to the proof of Theorem 2.2.3. b
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Definition 2.2.5 Let Gi,G5 be two graphs and H a subgraph of G1 and Gy. A
one-to-one mapping £ between Gy and Go s called an H-isomorphism if for any
subgraph J isomorphic to H in Gy, £(J) is also a subgraph isomorphic to H in Gs.

If Gy = Gy = G, then an H-isomorphism between G1 and Go is called an
H-automorphism of G. Certainly, all H-automorphisms form a group under the
composition operation, denoted by AutyG and AutyG = AutG if we take H = K.

For example, let H = (E(x, Ng(z))) for Vo € V(G). Then the H-automorphism
group of a complete bipartite graph K (n,m) is Auty K (n,m) = S,[Sn] = AutK (n, m).
There H-automorphisms are called star-automorphisms.

Theorem 2.2.10 Let G be a graph. If there is a decomposition G = ETB H; with
i=1

Hi=Hfor1<i<nand H= & J; with J; = J for 1 < j <m, then
j=1
(i) {ti,t; : Hy — H;, an isomorphism, 1 <i<n) =15, < AutyG, and partic-
ularly, S, < Auty Ks,1 if H = C, a hamiltonian circuit in Ko,y1.
(ii) Aut;G =< AutyG, and particularly, AutG < AutyG for a simple graph G.

Proof (i) For any integer i, 1 < i < n, we prove there is a such H-automorphism
v on G that ¢; : Hy — H;. In fact, since H; = H, 1 < i < n, there is an isomorphism
0 : H — H,;. We define «; as follows:

(€)= { 0(c), if e € V(H) UE(H).
e ifee (VI@\VH)UEG) \ E(H)).

Then ¢; is a one-to-one mapping on the graph G and is also an H-isomorphism by
definition. Whence,

(Liyt; : Hy — H;, an isomorphism, 1 <i <n) < AutyG.
Since (1,1 <i<n) = ((1,7),1 <i <n) =S5,, thereby we get that S,, < AutyG.

n
For a complete graph Ky, 1, we know a decomposition Ky, 1 = @ C; with
i=1

Ci = VUiV 10— 1Vi—2 * * * Upgrim1Untit1Un4iV0

for any integer i,1 <1¢ < n by Theorem 2.1.18. Therefore, we get that

Sn 2 Auty Kopi

if we choose a hamiltonian circuit H in Ky, 1.
(71) Choose o € Aut;G. By definition, for any subgraph A of G, if A = J,

m

then o(A) = J. Notice that H = @ J; with J; = J for 1 < j < m. Therefore,

j=1

for any subgraph B, B = H of G, ¢(B) = éna o(J;) = H. This fact implies that
j=1

o € AutyG.

3
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e(G)
Notice that for a simple graph G, we have a decomposition G = @ K, and

i=1
Autg,G = AutG. Whence, AutG < AutyG. b

The equality in Theorem 2.2.10(i7) does not always hold. For example, a one-
to-one mapping o on the lifting graph of Fig.2.21(a): o(ug) = uy, o(uy) = wuy,
o(vg) = vy, o(v1) = vy and o(vg) = vp is not an automorphism, but it is an H-
automorphism with H being a star S7s.

For automorphisms of the lifting G(™) of a multi-voltage graph (G, 7,<) of type
2, we get a result in the following.

Theorem 2.2.11 Let (G, ,5) be a multi-voltage graph of type 2 with T : Xy (G) —
ﬂ I'; and ¢ : V; — I';. Then for any integers i,7,1 <i,5 <mn,
(1) for ¥Yg; € Ty, the left action lA(g;) o <VZ)(T§) is a fized-free action of an

automorphism of (V;)™ ;
(it) for Vg;; € I';NLy, the left action lA(gi;) on (EG(VZ-,VJ»))(T‘) is a star-

automorphism of (Eq(V;, V; )>(T§

Proof The proof of (i) is similar to the proof of Theorem 2.2.4. We prove
the assertion (#i). A star with a central vertex u,, u € V;,a € I'NI; is the
graph Sy = <{(ua,vaojb) if (u,v) € Eq(V;,V;), m(u,v) = b}> By definition, the

left action [A(g;;) is a one-to-one mapping on (Eq(V;, Vj))(“). Now for any element

Gij» gi; € i N Ty, the left action [A(g;;) of g;; on a star Sy, is

LA(915) (Sstar) = {{(tge00: Vg yogens) IF (1,0) € Ea(Vi, V), (11, 0) = b}) = Sy

Whence, [A(g;;) is a star-automorphism of (Eg(V;, V;))™. h
Let G be a graph and let [ = CJ I'; be a finite multi-group. If there is a partition
=1

for the vertex set V(G) = U V; such that the action of I on G consists of I'; action

on (V;) and I NI'; on (EG(VZ,UJ» for 1 <i,7 < n, then we say this action to be
a partially-action. A partially-action is called fized-free if T'; is fixed-free on (V;)
and the action of each element in I';I'; is a star-automorphism and fixed-free on
(Eq(V;,V;)) for any integers 4, j, 1 < ¢,j < n. These orbits of a partially-action are
defined to be

orb;(v) ={g(v)|lg € [';,v € V;}

for any integer 7,1 < i < n and

orb(e) = {g(e)le € B(G),g € T'}.
A partially-quotient graph G/,T is defined by
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V(G/,T) U{ orb;(v) | v e Vi}, E(G/,I) = {orble)|e € E(G)}

and I(G/,T) = {I(e) = (orb;(u),orb;(v)) if u € V;,v € V; and (u,v) € E(G),1 <
i,7 < mn}. An example for partially-quotient graph is shown in Fig.2.22, where
Vi = {ug, ur, ug, us}, Vo = {vg, v1,v9} and I'y = Zy, T'y = Zs.

Fig 2.22

Then we have a necessary and sufficient condition for the lifting of a multi-voltage
graph of type 2.

Theorem 2.2.12 If the partially-action P, of a finite multi-group T' = 6 I on a

graph G, V(G) = U Vi is fized-free, then there is a multi-voltage graph (G/pF T,5),
T: X%(G/F) — F, ¢:Vi—=1T; of type 2 such that

G = (G/,D)™.

Proof Similar to the proof of Theorem 2.2.6, we also choose positive directions
on these edges of G / pF and G so that the partlally quotient map pr : G- G / pF is
direction-preserving and the partially-action of T onG preserves directions.

For any integer i,1 < i < n and Vo' € V;, we can label v as viri and for every

group element g; € Ty, g; # 1r,, label the vertex P,(g:)((vi)1y,) as vj,. Now if the
edge e of GNf/pf runs from u to w, we assign the label e, to the edge of the orbit
p~'(e) that originates at the vertex u} and terminates at wzj.

Since I'; acts freely on (V;), there are just |I';| edges in the orbit pr'(e) for each
integer 7, 1 <17 < n, one originating at each of the vertices in the vertex orbit pfl_l(v).
Thus for any integer 7,1 < i < n, the choice of an edge in p~'(e) to be labelled e,
is unique. Finally, if the terminal vertex of the edge e, is w{;j, one assigns voltage

gt o; h; to the edge e in the partially-quotient graph CN}’/pf if gi,h; € I'NT; for
1<4,5 <n.
Under this labelling process, the isomorphism ¥ : G — (G/,I)™) identifies

orbits in G with fibers of G(). b
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The multi-voltage graphs defined in this section enables us to enlarge the appli-
cation field of voltage graphs. For example, a complete bipartite graph K(n,m) is
a lifting of a multi-voltage graph, but it is not a lifting of a voltage graph in general
if n # m.

82.3 Graphs in a Space

For two topological spaces £ and &, an embedding of & in & is a one-to-one
continuous mapping f : & — & (see [92] for details). Certainly, the same problem
can be also considered for & being a metric space. By a topological view, a graph is
nothing but a 1-complex, we consider the embedding problem for graphs in spaces
or on surfaces in this section. The same problem had been considered by Griimbaum
in [25]-[26] for graphs in spaces and in these references [6], [23],[42] — [44],[56], [69]
and [106] for graphs on surfaces.

2.3.1. Graphs in an n-manifold

For a positive integer n, an n-manifold M" is a Hausdorff space such that each
point has an open neighborhood homeomorphic to an open n-dimensional ball B" =
{(x1, 29, -, 2p) |23+ 22+ -+22 < 1}. For a given graph G and an n-manifold M"
with n > 3, the embeddability of G in M" is trivial. We characterize an embedding
of a graph in an n-dimensional manifold M" for n > 3 similar to the rotation
embedding scheme of a graph on a surface (see [23], [42] — [44], [69] for details) in
this section.

For Yv € V(G), a space permutation P(v) of v is a permutation on Ng(v) =
{ur,ug, -+ Upe vy } and all space permutation of a vertex v is denoted by Ps(v). We
define a space permutation Py(G) of a graph G to be

P(G) ={P(v)|Vv € V(G), P(v) € Ps(v)}

and a permutation system Ps(G) of G to be all space permutation of G. Then we
have the following characteristic for an embedded graph in an n-manifold M™ with
n > 3.

Theorem 2.3.1 For an integer n > 3, every space permutation Py(G) of a graph
G defines a unique embedding of G — M". Conwversely, every embedding of a graph
G — M" defines a space permutation of G.

Proof Assume G is embedded in an n-manifold M". For Vv € V(G), define an
(n — 1)-ball B" '(v) to be 2?2 + 23 + --- 4+ 22 = r? with center at v and radius r
as small as needed. Notice that all autohomeomorphisms AutB"~!(v) of B" 1(v)
is a group under the composition operation and two points A = (x1,x9, -, x,)
and B = (y1,%2,"+,Yn) in B"1(v) are said to be combinatorially equivalent if
there exists an autohomeomorphism ¢ € AutB"~!(v) such that ¢(A) = B. Consider
intersection points of edges in Eg(v, Ng(v)) with B""!(v). We get a permutation
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P(v) on these points, or equivalently on Ng(v) by (A, B,---,C, D) being a cycle of
P(v) if and only if there exists ¢ € AutB"!(v) such that ¢'(A) = B, - -+, ¢/(C) = D
and ¢/(D) = A, where i,---, 7,1 are integers. Thereby we get a space permutation
P,(G) of G.

Conversely, for a space permutation P,(G), we can embed G in M" by embedding
each vertex v € V(G) to a point X of M" and arranging vertices in one cycle of P,(G)
of Ng(v) as the same orbit of (o) action on points of Ng(v) for ¢ € AutB"!(X).
Whence we get an embedding of G in the manifold M". il

Theorem 2.3.1 establishes a relation for an embedded graph in an n-dimensional
manifold with a permutation, which enables us to give a combinatorial definition for
graphs embedded in n-dimensional manifolds, see Definition 2.3.6 in the finial part
of this section.

Corollary 2.3.1 For a graph G, the number of embeddings of G in M", n > 3 is

IT re()t

veV(G)

For applying graphs in spaces to theoretical physics, we consider an embedding
of a graph in an manifold with some additional conditions which enables us to find
good behavior of a graph in spaces. On the first, we consider rectilinear embeddings
of a graph in an Euclid space.

Definition 2.3.1 For a given graph G and an Euclid space E, a rectilinear embedding
of G in E is a one-to-one continuous mapping 7 : G — E such that

(i) forVe € E(G), w(e) is a segment of a straight line in E;

(i1) for any two edges ey = (u,v), e = (z,y) in E(G), (w(e1) \ {m(u),7(v)})N
(m(e2) \ {m(z),7(y)}) = 0.

In R?, a rectilinear embedding of K4 and a cube Q3 are shown in Fig.2.23.

Fig 2.23

In general, we know the following result for rectilinear embedding of G in an
Euclid space R™,n > 3.
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Theorem 2.3.2 For any simple graph G of order n, there is a rectilinear embedding
of G in R™ with n > 3.

Proof We only need to prove this assertion for n = 3. In R3, choose n
points (t1,12,¢3), (t,t2,13), -+, (tn, t2,t3), where t1,ty,---,t, are n different real

numbers. For integers i, 7, k,[,1 <, j,k, 1 < n, if a straight line passing through ver-
tices (¢;,t7,t}) and (t;,17,t3) intersects with a straight line passing through vertices
(ty, t2,83) and (t;,17,¢}), then there must be

te—ti tj—t; t—t
té—tz tg—tz ti—té =0,
th—t3 -t -t}

which implies that there exist integers s, f € {k,[,7,j}, s # f such that ¢, = t, a
contradiction.

Let V(G) = {vi,v9,-+-,v,}. We embed the graph G in R? by a mapping 7 :
G — R?® with 7(v;) = (¢;,t2,¢3) for 1 < i < n and if vv; € E(G), define 7(v;v;)
being the segment between points (t;,t7,t7) and (t;,t5,13) of a straight line passing

through points (t;,t7,t}) and (t;,¢7,#3). Then 7 is a rectilinear embedding of the
graph G in R3. h

For a graph G and a surface S, an immersion ¢ of G on S is a one-to-one
continuous mapping ¢ : G — S such that for Ve € E(G), if e = (u,v), then ((e) is a
curve connecting ¢(u) and ¢(v) on S. The following two definitions are generalization

of embedding of a graph on a surface.

Definition 2.3.2 Let G be a graph and S a surface in a metric space £. A pseudo-
embedding of G on S is a one-to-one continuous mapping © : G — & such that
there ewists vertices Vi C V(G), ©| v,y is an immersion on S with each component
of S\ w({(V1)) isomorphic to an open 2-disk.

k
Definition 2.3.3 Let G be a graph with a vertex set partition V(G) = U V;,
j=1

VinV; =0 for 1 <i,j <k and let 51,5y, -+, Sy be surfaces in a metric space €
with k > 1. A multi-embedding of G on S1,S%, -+, Sk 1s a one-to-one continuous
mapping 7 : G — & such that for any integer i,1 < i < k, |, is an immersion
with each component of S; \ m({V;)) isomorphic to an open 2-disk.

Notice that if 7(G)N(S1US2---USk) = 7(V(G)), then every 7 : G — R?
is a multi-embedding of G. We say it to be a trivial multi-embedding of G on
S1,89,-++,Sg. If k = 1, then every trivial multi-embedding is a trivial pseudo-
embedding of G on S;. The main object of this section is to find nontrivial multi-
embedding of G on S7, Sy, -+, S, with £ > 1. The existence pseudo-embedding of
a graph G is obvious by definition. We concentrate our attention on characteristics
of multi-embeddings of a graph.
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For a graph G, let G1,Gq,---,Gy be k vertex-induced subgraphs of G. If
V(G;))NV(G;) = 0 for any integers i,j,1 < 4,5 < k, it is called a block decom-
position of G and denoted by

k

i=1

The planar block number n,(G) of G is defined by

k
n,(G) = min{k|G = | G;, For any integer i,1 <i < k, G, is planar}.

i=1
Then we get a result for the planar black number of a graph G in the following.

Theorem 2.3.3 A graph G has a nontrivial multi-embedding on s spheres Py, Py, - - -,
P, with empty overlapping if and only if n,(G) < s < |G|.

Proof Assume G has a nontrivial multi-embedding on spheres P, Py, - - -, Pi.
Since |[V(G)N P;| > 1 for any integer i,1 < i < s, we know that

G :§;|V<G>ﬂpz~| >

By definition, if 7 : G — R? is a nontrivial multi-embedding of G on Py, P, - - -, P,
then for any integer i,1 <14 < s, 7~ !(F) is a planar induced graph. Therefore,

and we get that s > n,(G).
Now if n,(G) < s < |G|, there is a block decomposition G = Lij G of G such

that G; is a planar graph for any integer 7,1 <17 < s. Whence we cgnltake s spheres
P, P, ---, P, and define an embedding 7; : G; — P; of G; on sphere P; for any
integer 7,1 < < s.

Now define an immersion 7 : G — R? of G on R? by

m(G) = (

.

m(Gi)) [ H (v, v)) v € V(Gi), 05 € V(G)), (vi,05) € B(G),1 <4, 5 < s}

=1

Then 7 : G — R? is a multi-embedding of G on spheres Py, Ps, - - -, P,. h
For example, a multi-embedding of Kg on two spheres is shown in Fig.2.24, in
where, ({x,y, z}) is on one sphere and ({u,v,w}) on another.
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Fig 2.24

For a complete or a complete bipartite graph, we get the number n,(G) as follows.

Theorem 2.3.4 For any integers n,m,n,m > 1, the numbers n,(K,) andn,(K(m,n))
are

ny(K,) = [7] and ny(K(m,n)) =2,
if m > 3,n > 3, otherwise 1, respectively.

Proof Notice that every vertex-induced subgraph of a complete graph K, is also
a complete graph. By Theorem 2.1.16, we know that K5 is non-planar. Thereby we
get that

n

np(K) = [

by definition of n,(K,). Now for a complete bipartite graph K(m,n), any vertex-
induced subgraph by choosing s and [ vertices from its two partite vertex sets is still
a complete bipartite graph. According to Theorem 2.1.16, K (3, 3) is non-planar and
K(2,k) is planar. If m < 2 or n < 2, we get that n,(K(m,n)) = 1. Otherwise,
K (m,n) is non-planar. Thereby we know that n,(K(m,n)) > 2.

Let V(K (m,n)) = ViU Vs, where Vi, V, are its partite vertex sets. If m > 3 and
n > 3, we choose vertices u,v € Vi and x,y € V5. Then the vertex-induced sub-
graphs ({u, v} U Ve \ {z,y}) and ({z,y} U Vs \ {u,v}) in K(m,n) are planar graphs.
Whence, n,(K(m,n)) = 2 by definition. b

The position of surfaces Si, 5, -+, Sr in a metric space £ also influences the
existence of multi-embeddings of a graph. Among these cases an interesting case is
there exists an arrangement S;,, Si,, - -+, 5;, for 51,5, -+, Sg such that in £, S;; is
a subspace of S;,, for any integer j,1 < j < k. In this case, the multi-embedding
is called an including multi-embedding of G on surfaces Sy, Ss, - -, Sk.

Theorem 2.3.5 A graph G has a nontrivial including multi-embedding on spheres
P, D P, D - D P if and only if there is a block decomposition G = ¥ G; of G
i=1

such that for any integer 1,1 < i < s,
(1) Gy is planar;
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i+1
(i1) forVv e V(G;), Na(x) C( U V(Gy)).
j=i—1
Proof Notice that in the case of spheres, if the radius of a sphere is tending to
infinite, an embedding of a graph on this sphere is tending to a planar embedding.
From this observation, we get the necessity of these conditions.

Now if there is a block decomposition G = ESrJ G; of GG such that G; is planar for

=1

i+1
any integer 7,1 < i < s and Ng(z) C ( U V(Gj)) for Vv € V(G;), we can so place
j=i—1
s spheres P, Py, -+, P, in R? that P, D P, D --- D P,. For any integer i,1 < i < s,

we define an embedding w; : G; — P; of GG; on sphere P;.
i+1
Since Ng(z) € ( U V(Gy)) for Vv € V(G;), define an immersion 7 : G — R?
j=i-1
of G on R3 by

m(G) = (QW(GZ)) H{(vi,v)lf =i —1,4,i+1 for 1 <i<sand (v;,v;) € E(G)}.

Then 7 : G — R3 is a multi-embedding of G on spheres Py, P, - -, P;. b

Corollary 2.3.2 If a graph G has a nontrivial including multi-embedding on spheres
P, D Py, D> .- D P, then the diameter D(G) > s — 1.

2.3.2. Graphs on a surface

In recent years, many books concern the embedding problem of graphs on surfaces,
such as Biggs and White’s [6], Gross and Tucker’s [23], Mohar and Thomassen’s [69]
and White’s [106] on embeddings of graphs on surfaces and Liu’s [42]-[44], Mao’s
[56] and Tutte’s [100] for combinatorial maps. Two disguises of graphs on surfaces,
i.e., graph embedding and combinatorial map consist of two main streams in the
development of topological graph theory in the past decades. For relations of these
disguises with Klein surfaces, differential geometry and Riemman geometry, one can
see in Mao’s [55]-[56] for details.

(1) The embedding of a graph

For a graph G = (V(G), E(G), I(G)) and a surface S, an embedding of G on S is
the case of £ = 1 in Definition 2.3.3, which is also an embedding of a graph in a
2-manifold. It can be shown immediately that if there exists an embedding of G
on S, then G is connected. Otherwise, we can get a component in S \ 7(G) not
isomorphic to an open 2-disk. Thereafter all graphs considered in this subsection
are connected.

Let G be a graph. For v € V(G), denote all of edges incident with the vertex
v by N&(v) = {e1, €2, -+, €p) }- A permutation C'(v) on e, ez, -+, €y, is said a
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pure rotation of v. All pure rotations incident with a vertex v is denoted by o(v). A
pure rotation system of G is defined by

p(G) = {C(v)|C(v) € o(v) for Vv € V(G)}

and all pure rotation systems of G is denoted by o(G).

Notice that in the case of embedded graphs on surfaces, a 1-dimensional ball
is just a circle. By Theorem 2.3.1, we get a useful characteristic for embedding of
graphs on orientable surfaces first found by Heffter in 1891 and then formulated by
Edmonds in 1962. It can be restated as follows.

Theorem 2.3.6([23]) Every pure rotation system for a graph G induces a unique
embedding of G into an orientable surface. Conversely, every embedding of a graph
G into an orientable surface induces a unique pure rotation system of G.

According to this theorem, we know that the number of all embeddings of a
graph G on orientable surfaces is [[,ev () (pa(v) — 1)L

By a topological view, an embedded vertex or face can be viewed as a disk, and
an embedded edge can be viewed as a 1-band which is defined as a topological space
B together with a homeomorphism h : [ x I — B, where I = [0, 1], the unit interval.
Whence, an edge in an embedded graph has two sides. One side is h((0,z)),z € I.
Another is h((1,x)),x € I.

For an embedded graph G on a surface, the two sides of an edge e € F(G) may
lie in two different faces f; and fs, or in one face f without a twist ,or in one face
f with a twist such as those cases (a), or (b), or (c) shown in Fig.25.

Fig 2.25

Now we define a rotation system p”(G) to be a pair (J,\), where J is a pure
rotation system of G, and A : E(G) — Zy. The edge with A(e) = 0 or A(e) =1 is
called type 0 or type 1 edge, respectively. The rotation system o*(G) of a graph G
are defined by

0"(G) = {(T,N|T € 0o(G),\: E(G) — Zo}.

46



By Theorem 2.3.1 we know the following characteristic for embedding graphs on
locally orientable surfaces.

Theorem 2.3.7([23],[91]) Every rotation system on a graph G defines a unique lo-
cally orientable embedding of G — S. Conversely, every embedding of a graph
G — S defines a rotation system for G.

Notice that in any embedding of a graph G, there exists a spanning tree T" such
that every edge on this tree is type 0 (see also [23],[91] for details). Whence, the
number of all embeddings of a graph G on locally orientable surfaces is

2@ [ (pa(v) ~ 1)
veV(G)
and the number of all embedding of G' on non-orientable surfaces is
%@ ~1) T (p(v) ~ 1)
veV(Q)

The following result is the famous Fuler- Poincaré formula for embedding a graph
on a surface.

Theorem 2.3.8 If a graph G can be embedded into a surface S, then

v(G) —e(G) + 0(G) = x(5),
where v(G),e(G) and ¢(G) are the order, size and the number of faces of G on S,
and x(S) is the Euler characteristic of S, i.e.,

2 —2p, 1f S is orientable,
2—gq, if Sisnon— orientable.

For a given graph G and a surface S, whether G embeddable on S is uncertain.
We use the notation G — S denoting that G can be embeddable on S. Define the
orientable genus range GRP(G) and the non-orientable genus range GRYN(G) of a
graph G by

2 —x(9)

GRY(G) = {=—;

|G — S, S is an orientable surface},

GRN(G) = {2 —x(S)|G — S, S is a non — orientable surface},
respectively and the orientable or non-orientable genus v(G), 7(G) by

v(G) = min{plp € GR®(G)}, vu(G) = maz{plp € GR®(G)},
Y(G) = min{qlqg € GRY(G)}, u(G) = maz{qlq € GR(G)}.
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Theorem 2.3.9(Duke 1966) Let G be a connected graph. Then
GRO(G) = (@), 7u(G)).

Proof Notice that if we delete an edge e and its adjacent faces from an embedded
graph G on a surface S, we get two holes at most, see Fig.25 also. This implies that
9(G) —o(G —e€)| < 1.

Now assume G has been embedded on a surface of genus y(G) and V(G) =

{u,v, -+, w}. Consider those of edges adjacent with u. Not loss of generality, we
assume the rotation of G at vertex v is (e, €2, -, €pq(u)). Construct an embedded
graph sequence G, Ga, -+, Gy, ) by

0(G1) = 0(G);

0(G2) = (o(G) \{o(w)}) U{(ea, €1, €5, - €pgu)) 5

u)}) U{(627 €3, €pg(u)s 61)};

}) U{(€37 €2, 5 Cpg(u)> 61)};

Q(GPG(U)!) = (Q(G) \ {Q(U)}) U{(epc(u)a cr, 62,671, )}

For any integer i, 1 < i < pg(u)!, since |¢(G) — ¢(G —e)| < 1 for Ve € E(G), we
know that |¢(Giy1) — &(G;)| < 1. Whence, |x(Git1) — x(Gi)] < 1.

Continuing the above process for every vertex in G we finally get an embedding
of G with the maximum genus 7,,(G). Since in this sequence of embeddings of G,
the genus of two successive surfaces differs by at most one, we get that

GRO(G) = [y(G),yu(G)]. &

The genus problem, i.e., to determine the minimum orientable or non-orientable
genus of a graph is NP-complete (see [23] for details). Ringel and Youngs got the
genus of K,, completely by current graphs (a dual form of voltage graphs) as follows.

Theorem 2.3.10 For a complete graph K, and a complete bipartite graph K(m,n),
m,n > 3,

(n—3)(n—4)
12

(m—2)(n —2)
4 I

V() = | [ and ~(K(m,n)) = [
Outline proofs for v(K,) in Theorem 2.3.10 can be found in [42], [23],[69] and
a complete proof is contained in [81]. For a proof of v(K(m,n)) in Theorem 2.3.10
can be also found in [42], [23],[69].
For the maximum genus 7,,(G) of a graph, the time needed for computation is
bounded by a polynomial function on the number of v(G) ([23]). In 1979, Xuong
got the following result.
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Theorem 2.3.11(Xuong 1979) Let G be a connected graph with n vertices and q
edges. Then

() = 3a—n+1) = 5 i ua(G\ E(T)),

where the minimum is taken over all spanning trees T of G and coqq(G \ E(T))
denotes the number of components of G\ E(T) with an odd number of edges.

In 1981, Nebesky derived another important formula for the maximum genus
of a graph. For a connected graph G and A C E(G), let ¢(A) be the number of
connected component of G'\ A and let b(A) be the number of connected components
X of G\ A such that |E(X)| = |V(X)|(mod2). With these notations, his formula
can be restated as in the next theorem.

Theorem 2.3.12(Nebesky 1981) Let G be a connected graph with n vertices and q
edges. Then

() = 3l —n+2) — max {e(4) +H(4) - 4]}

Corollary 2.3.3 The mazimum genus of K, and K(m,n) are given by

(n—1)(n—2)
4

(m—1)(n—1)
Jn=2),

i (Kn) = | J and vy (K (m,n)) = |

respectively.

Now we turn to non-orientable embedding of a graph G. For Ve € E(G), we
define an edge-twisting surgery ®(e) to be given the band of e an extra twist such
as that shown in Fig.26.

Fig 2.26

Notice that for an embedded graph G on a surface S, e € E(G), if two sides of e
are in two different faces, then ®(e) will make these faces into one and if two sides
of e are in one face, ®(e) will divide the one face into two. This property of ®(e)
enables us to get the following result for the crosscap range of a graph.

Theorem 2.3.13(Edmonds 1965, Stahl 1978) Let G be a connected graph. Then
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GRY(G) = [7(G), B(G)],
where B(G) = e(G) — v(G) + 1 is called the Betti number of G.

Proof It can be checked immediately that ¥(G) = 7,,(G) = 0 for a tree G. If G
is not a tree, we have known there exists a spanning tree T such that every edge on
this tree is type 0 for any embedding of G.

Let E(G)\ E(T) = {e1,e2, -, e }. Adding the edge e; to T, we get a two
faces embedding of T'+ e;. Now make edge-twisting surgery on e;. Then we get a
one face embedding of 7"+ e; on a surface. If we have get a one face embedding of
T+(er+es+---+e), 1 <i<fB(G), adding the edge e;11 to T+ (e1 +ea+---+¢;)
and make ®(e;41) on the edge e;,1. We also get a one face embedding of T+ (e; +
ey + -+ e;41) on a surface again.

Continuing this process until all edges in E(G) \ E(T) have a twist, we finally
get a one face embedding of T'+ (E(G) \ E(T')) = G on a surface. Since the number
of twists in each circuit of this embedding of G is 1(mod2), this embedding is non-
orientable with only one face. By the Euler-Poincaré formula, we know its genus

9(G)
9(G) =2 = (W(G) —e(G) + 1) = B(G).

For a minimum non-orientable embedding &z of G, i.e., ¥(Eg) = (G), one can
selects an edge e that lies in two faces of the embedding £; and makes ®(e). Thus
in at most J,,(G) — Y(G) steps, one has obtained all of embeddings of G on every
non-orientable surface N with s € [§(G), Ya(G)]. Therefore,

GRY(G) = [7(@),B(G)] &
Corollary 2.3.4 Let G be a connected graph with p vertices and q edges. Then
Anu(G)=q—p+1.

Theorem 2.3.14 For a complete graph K, and a complete bipartite graph K (m,n),
m,n > 3,
(n—3)(n—4)

5 ]

V) =1
with an exception value ¥(K7) = 3 and

(m—2)(n —2)

3 (mym) = (LS,

A complete proof of this theorem is contained in [81], Outline proofs of Theorem
2.3.14 can be found in [42].
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(2) Combinatorial maps

Geometrically, an embedded graph of GG on a surface is called a combinatorial map M
and say G underlying M. Tutte found an algebraic representation for an embedded
graph on a locally orientable surface in 1973 (]98], which transfers a geometrical
partition of a surface to a permutation in algebra.

According to the summaries in Liu’s [43] — [44], a combinatorial map M =
(Xa,8,P) is defined to be a permutation P acting on X, 3 of a disjoint union of
quadricells Kz of z € X, where X is a finite set and K = {1,a, 3,af} is Klein
4-group with the following conditions hold.

(i) Vr € X, p, there does not exist an integer k such that P*z = au;

(ii) aP =P la;

(i43) The group ¥, = (a, 5, P) is transitive on X, 3.

The vertices of a combinatorial map are defined to be pairs of conjugate orbits of
P action on X, g, edges to be orbits of K on &, 3 and faces to be pairs of conjugate
orbits of Pa/3 action on X, g.

For determining a map (X, g, P) is orientable or not, the following condition is
needed.

(iv) If the group Y = (a3, P) is transitive on X, 3, then M is non-orientable.
Otherwise, orientable.

For example, the graph Dy 40 (a dipole with 4 multiple edges ) on Klein bottle
shown in Fig.27,

Fig 2.27

can be algebraic represented by a combinatorial map M = (X, g, P) with

Yos= U feaedeade)
ee{m,y,z,w}
P = (z,9,zw)(afz, aBy, Bz, fw)
X (am,Q{’LU,az,ay><ﬂ$,a6w,aﬁz7ﬁy)'

This map has 2 vertices v; = {(z,y, z,w), (ax, aw, az, ay)}, vo = {(afz, afy, bz,
ﬁw)v (ﬂx,aﬂw,aﬁz,ﬁy)},lledges €1 = {x,aw,ﬁx,aﬂx}, €2 = {yvay7/6y7a6y}763 =
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{2, 0z, Bz,apz}, e4 = {w, aw, fw, afw} and 2 faces fo = {(z, afy, 2, By, oz, afw),
(Bx, aw, aBz,y, Bz, ay)}, fo = {(Bw,az), (w,aBz)}. The Euler characteristic of
this map is

X(M)=2-4+42=0

and U; = (af3,P) is transitive on X, g. Thereby it is a map of Dy on a Klein
bottle with 2 faces accordance with its geometrical figure.

The following result was gotten by Tutte in [98], which establishes a relation for
an embedded graph with a combinatorial map.

Theorem 2.3.15 For an embedded graph G on a locally orientable surface S, there
exists one combinatorial map M = (X, 3, P) with an underlying graph G and for a
combinatorial map M = (X, g, P), there is an embedded graph G underlying M on
S.

Similar to the definition of a multi-voltage graph (see [56] for detalls) we can

define a multi-voltage map and its lifting by applying a multi-group [ = U I'; with

=

I'; = T'; for any integers ,7,1 <1i,j <n.

Definition 2.3.4 LetT = LnJ [ be a finite multi-group with I' = {g1, g2, -, gm } and
i=1

an operation set O(T) = {o;|1 < i < n} and let M = (X, 5, P) be a combinatorial
map. If there is a mapping ¢ : X, 53 — T such that

( ()z’)1 for vz € X, 5,Vo € K = {1,q,8,a8}, ¥(azx) = ¥(z), ¥(Bz) = Y(afr) =
V()™

(“’) for any fCLC@Nf = (LL’, Yooy Z)(ﬂz, T 76:%53:); w( 77’) ( ) Olw(y> O 9

¥(z), where o, € O(I'), 1 < i < n and (Y(f,9)|f € F(v)) =G for Vv € V(G), where
F(v) denotes all faces incident with v,
then (M, ) is called a multi-voltage map.

The lifting of a multi-voltage map is defined in the next definition.

Definition 2.3.5 For a multi-voltage map (M, 1)), the lifting map M¥ = (X v g PY)
1s defined by

«

731/1: H H (:ltg,yg,---,Zg)(ozzg,---,ayg,axg),

ge/l: (x,y,,z)(az,,ay,ocm)eV(M)

a¥ = H (xgv O“g)a

z€X, p,9€T
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||
||::]3

H xgﬂ 6'r gio zw( ))
X

with a convention that (ﬁx)gioiw(x) = Yy, for some quadricells y € X, g.
Notice that the lifting M¥ is connected and \I/}Z’ = <0z¢6w,7ﬂ’> is transitive on

ngiﬁ,w if and only if ¥; = (af,P) is transitive on X, 3. We get a result in the
following.

Theorem 2.3.16 The Euler characteristic x(M") of the lifting map MY of a multi-
voltage map (M, T") is

),

1
n

r|( _
XM = [T10c2) + prz o<w<f, =)
where F(M) and o(¢(f,0;)) denote the set of faces in M and the order of ¥(f,o;)
in (I'; 0;), respectively.

Proof By definition the lifting map MV has |T'|v(M) vertices, |T'|e(M) edges.
Notice that each lifting of the boundary walk of a face is a homogenous lifting by
deﬁmtlon of 3%. Similar to the proof of Theorem 2.2.3, we know that M? has

E > o(w‘(m faces. By the Eular-Poincaré formula we get that
i=1 feF(M)

X(MY) = v(M¥) —e(M¥) + <Z>(M1")

o
= [Tlp(M) — [Tle(M) +
W ZlfFZ <w<f, )

= |[|(x(M +Z Z (w(f’ )

= 1feF
1

— GI(M) + T
,z}feFZ G

Recently, more and more papers concentrated on finding regular maps on surface,
which are related with discrete groups, discrete geometry and crystal physics. For
this object, an important way is by the voltage assignment on a map. In this field,
general results for automorphisms of the lifting map are known, see [45] — [46] and
[71] — [72] for details. It is also an interesting problem for applying these multi-
voltage maps to finding non-regular or other maps with some constraint conditions.

Motivated by the Four Color Conjecture, Tait conjectured that every simple
3-polytope is hamiltonian in 1880. By Steinitz’s a famous result (see [24]), this con-
jecture is equivalent to that every 3-connected cubic planar graph is hamiltonian.
Tutte disproved this conjecture by giving a 3-connected non-hamiltonian cubic pla-
nar graph with 46 vertices in 1946 and proved that every 4-connected planar graph is
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hamiltonian in 1956([97],(99]). In [56], Grilnbaum conjectured that each 4-connected
graph embeddable in the torus or in the projective plane is hamiltonian. This conjec-
ture had been solved for the projective plane case by Thomas and Yu in 1994 ([93]).
Notice that the splitting operator ¥ constructed in the proof of Theorem 2.1.11 is a
planar operator. Applying Theorem 2.1.11 on surfaces we know that for every map
M on a surface, M? is non-hamiltonian. In fact, we can further get an interesting
result related with Tait’s conjecture.

Theorem 2.3.17 There exist infinite 3—connected non-hamiltonian cubic maps on
each locally orientable surface.

Proof Notice that there exist 3-connected triangulations on every locally ori-
entable surface S. Each dual of them is a 3-connected cubic map on S. Now we
define a splitting operator o as shown in Fig.2.28.

Fig.2.28

For a 3-connected cubic map M, we prove that M?® is non-hamiltonian for
Vv € V(M). According to Theorem 2.1.7, we only need to prove that there are no
Y1 — Y2, OT Y1 — Y3, Or Yo — y3 hamiltonian path in the nucleus N(o(v)) of operator
0.

Let H(z;) be a component of N(o(v))\{z02:, Yi—1%is1, Yir1vi—1} which contains
the vertex z;, 1 <4 < 3(all these indices mod 3). If there exists a y; —y» hamiltonian
path P in N(o(v)), we prove that there must be a u; — v; hamiltonian path in the
subgraph H(z;) for an integer i,1 <1 < 3.

Since P is a hamiltonian path in N (o (v)), there must be that viysus or usyzv; is a
subpath of P. Now let Ey = {y us, 2023, y2v3 }, we know that |E(P) (N Ey| = 2. Since
P is a y; — y hamiltonian path in the graph N(o(v)), we must have yjus ¢ E(P)
or yovg & E(P). Otherwise, by |E(P)NSi| = 2 we get that zpz3 ¢ E(P). But in
this case, P can not be a y; — y hamiltonian path in N(o(v)), a contradiction.

Assume yov3 € E(P). Then youy € E(P). Let Ey = {u1ys, 2120, v1y3}. We
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also know that |E(P) (N E2| = 2 by the assumption that P is a hamiltonian path in
N(o(v)). Hence zyz; ¢ E(P) and the v; — u; subpath in P is a v; — u; hamiltonian
path in the subgraph H(z).

Similarly, if yyus ¢ F(P), then yjve € E(P). Let E3 = {yv2, 2022, ysus}. We
can also get that |[E(P)(N E3] = 2 and a vy — us hamiltonian path in the subgraph
H(Zg)

Now if there is a v; —u; hamiltonian path in the subgraph H(z;), then the graph
H(z1) 4+ uyv1 must be hamiltonian. According to the Grinberg’s criterion for planar
hamiltonian graphs, we know that

O3 — @73+ 2(¢) — ¢"4) +3(d5 — ¢75) + 6(¢% — ¢7s) =0, (+)

where ¢, or ¢”; is the number of i-gons in the interior or exterior of a chosen
hamiltonian circuit C' passing through u;v; in the graph H(z1) + ujv;. Since it is
obvious that

¢é:¢”8:17 ”3:¢é:07
we get that

2(¢y — ¢"4) +3(¢5 — ¢75) = 5, ()

by (*).

Because ¢, + ¢”4 = 2, so ¢} — ¢4 = 0,2 or — 2. Now the valency of z; in
H(z) is 2, so the 4-gon containing the vertex z; must be in the interior of C', that is
0= "4 £ —2. I ¢y—¢"s = 0 o1 ¢, — ¢4 = 2, we get 3(¢ ") = b or 3(¢h—¢7s) =
1, a contradiction.

Notice that H(z1) = H(z9) = H(z3). If there exists a vo — uy hamiltonian path
in H(z), a contradiction can be also gotten. So there does not exist a y; — ys
hamiltonian path in the graph N(o(v)). Similarly , there are no y; — y3 or ya — y3
hamiltonian paths in the graph N(o(v)). Whence, M°®) is non-hamiltonian.

Now let n be an integer, n > 1. We get that

My = (M)"™, weV(M);
M, = (‘]\41)1\7(0(71))(11)7 v e V(Ml);
M, = (M _1)N(U(v))(w)’ w e V(Mn—1),

All of these maps are 3-connected non-hamiltonian cubic maps on the surface S.
This completes the proof. il
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Corollary 2.3.5 There is not a locally orientable surface on which every 3-connected
cubic map is hamiltonian.

2.3.3. Multi-Embeddings in an n-manifold

We come back to determine multi-embeddings of graphs in this subsection. Let
S1, 82, -+, S be k locally orientable surfaces and G a connected graph. Define
numbers

v(G; Sy, Sg, -+, S, mm{Zv )G = UG“G — 95,1 <1<k},

i=1

(G5 St, So, - - max{Zv )G = U G, Gy — S;,1 <i <k}

i=1

and the multi-genus range GR(G; Sy, Sa, - -+, Sk) by

GR(G;517527" ) _{Zg |G UGHG _>Sul<7/<k}
i=1
where G; is embeddable on a surface of genus g(G;). Then we get the following
result.

Theorem 2.3.18 Let G be a connected graph and let S,5,---, Sk be locally ori-
entable surfaces with empty overlapping. Then

GR(G7 Sl> SQa T Sk) = [7(G7 Sl> SQa T Sk)af}/M(Gﬂ Sla SQ? T, Sk)]

Proof Let G = U G;,G; — S;,1 <1 < k. We prove that there are no gap

in the multi-genus range from v(G1) +v(G2) + - - +v(Gk) to ym(G1) + vu(Ga2) +

-+ ym(Gg). According to Theorems 2.3.8 and 2.3.12, we know that the genus
range GRO(G;) or GRYN(G) is [v(Gy), var(Gy)] or [7(G) Am(G;)] for any integer
1,1 <1 < k. Whence, there exists a multi-embedding of G on k locally orientable
surfaces Py, P, -+, P with g(P) = v(G1), g(P) = v(Ga), -+, 9(Px) = v(Gk).
Consider the graph Gy, then Gy, and then Gg, - - - to get multi-embedding of G on
k locally orientable surfaces step by step. We get a multi-embedding of G' on k
surfaces with genus sum at least being an unbroken interval [y(G1) +v(Gs) + -+ -+
Y(Gr), Ym(G1) + 7 (G2) + -+ + 7 (Gi)] of integers.

By definitions of v(G; Sy, Se, - - -, Sk) and WM(G S1,89, -+, Sk), we assume that

G—UG’G’HS 1<z<kandG—UG”G”—>S 1 < i < k attain the
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extremal values v(G; Sy, Ss, -+, Sk) and vy (G; Sy, S, -+, Sk), respectively. Then
we know that the multi-embedding of G' on k surfaces with genus sum is at least an
k k k k
unbroken intervals [Y v(G%), > ym(G))] and [X° v(GY), 3= vm(GY)] of integers.
i=1 i=1 i=1 i=1

Since

k k k

Y 9(S) € DoA(GY), ; (G ﬂ[; G, ; i (GY),

i=1 i=1
we get that

GR(G7 Sl> SQa T Sk) = [7(G7 Sl> 527 T Sk)af}/M(Ga Sla SQ? Ty Sk)]

This completes the proof. il
For multi-embeddings of a complete graph, we get the following result.

Theorem 2.3.19 Let P, Py, -+, P, and Qq,Q2,---,Qy be respective k orientable
and non-orientable surfaces of genus> 1. A complete graph K, is multi-embeddable
mn Py, Py, -+, P, with empty overlapping if and only if

z’f:(3+1/16g(Pi)+1 . Zk: 7+\/489
2 —

i=1
and is multi-embeddable in QQ1,Qa, - - -, Qx wzth empty overlapping if and only if

zk:[le\/T < Z57—1-\/249 +1

1=1

Proof According to Theorem 2.3.9 and Corollary 2.3.2, we know that the genus
g(P) of an orientable surface P on which a complete graph K, is embeddable satisfies

[(n—?)z;n—él)} < g(P) < L(n—ll(n—Q)J’
(n—Bi;n—él) < g(P) < (n—1)4(n—2)

If g(P) > 1, we get that

34 4/16g(P) + 1 7+ 4/48¢(P) + 1
[ 5 T<n<| 5 ].
Similarly, if K, is embeddable on a non-orientable surface @), then

=902 < g < (M,

57



ie.,

14 /29(Q)] << | V2QFL

2
Now if K, is multi-embeddable in P, P, ---, P, with empty overlapping, then
there must exists a partition n =ny +ng + -+ ng, n; > 1,1 < ¢ < k. Since each
vertex-induced subgraph of a complete graph is still a complete graph, we know that
for any integer 7,1 < i < k,

(3+ 16g(P,-)+H < L7+W489(H)+1J.

2 - 2

Whence, we know that

k3 16g9(P; 1 k 7 48¢( P 1
SR <3 TS

2

IA

=1

On the other hand, if the inequality (*) holds, we can find positive integers

Ny, No, -+, ng withn =n; +ny +---+n, and
3+4/169(F;) +1 7+ /48¢(P;) + 1

k
for any integer 7,1 < ¢ < k. This enables us to establish a partition K,, = ¥ K, for
i=1
K, and embed each K, on P, for 1 <i < k. Therefore, we get a multi-embedding
of K, in P, P, ---, P, with empty overlapping.
Similarly, if K, is multi-embeddable in @1, Qs, - - - @ with empty overlapping,
there must exists a partition n =m; +mo+---+my, m; > 1,1 <i < k and

11+ /29(Q)] < my < g 2A9(Q1) L

2

for any integer 7,1 < i < k. Whence, we get that

k k74 ./249(Q;) + 1
>+ 2@ <n< Y| FyRe@I L

2

=1

Now if the inequality (**) holds, we can also find positive integers my, ma, - -+, my
with n =mq; +mg + -+ - +my and

[1+14/29(Qi)] <m; < L” /249(Q0) 1J.

2

for any integer 7,1 < ¢ < k. Similar to those of orientable cases, we get a multi-
embedding of K, in @)1, Qs, - -, Q) with empty overlapping. il

o8



Corollary 2.3.6 A complete graph K, is multi-embeddable in k,k > 1 orientable
surfaces of genus p,p > 1 with empty overlapping if and only if

(3+\/16p+ no_ L7—|—\/48p—|— |
k;
and is multi-embeddable in 1,1 > 1 non-orientable surfaces of genus q,q > 1 with
empty overlapping if and only if

3

(14'\/7 SE 7—|—\/24q—|- Thv2Ag L)

Corollary 2.3.7 A complete graph K, is multi-embeddable in s,s > 1 tori with
empty overlapping if and only if

4s <n<Ts

and 1s multi-embeddable in t,t > 1 projective planes with empty overlapping if and
only if

3t < n < 6t.

Similarly, the following result holds for a complete bipartite graph K(n,n).

Theorem 2.3.20 Let P, P, -+, Py and Qq,Q, -, Qr be respective k orientable
and k non-orientable surfaces of genus> 1. A complete bipartite graph K(n,n) is
multi-embeddable in Py, Py, - -+, Py with empty overlapping if and only if

ZIH\/MW SHSZL%L?\/@J

and is multi-embeddable in Qq, Qs, - - -, Qr with empty overlapping if and only if

k

zgljﬂ/ Zi:2+\/29 Qi)].

Proof Similar to the proof of Theorem 2.3.18, we get this result. f

2.3.4. Classification of graphs in an n-manifold

By Theorem 2.3.1 we can give a combinatorial definition for a graph embedded in
an n-manifold, i.e., a manifold graph similar to the Tutte’s definition for a map.

Definition 2.3.6 For any integer n,n > 2, an n-dimensional manifold graph "G is
a pair "G = (&, L) in where a permutation L acting on Er of a disjoint union 'z =
{ox|o € T} forVx € E, where E is a finite set and T = {u, o|u? = 0" =1, uo = o}
is a commutative group of order 2n with the following conditions hold.

29



(i) Va € Ek, there does not exist an integer k such that LF¥r = o'z for Vi, 1 <
1<n-—1;

(i) pl =Ly

(i1) The group ¥ ; = (u,o0, L) is transitive on Er.

According to (i) and (ii), a vertex v of an n-dimensional manifold graph is de-
fined to be an n-tuple {(o'z1,0'xa, - - -, 0", (0)) (0"Y1, 0"Ya, -+ +, O'Ysy(v)) - - - (021, 0" 22,
~-~,0"z8l(u)(v));1 < ¢ < n} of permutations of £ action on &r, edges to be these
orbits of I' action on &r. The number s1(v) 4 s9(v) + - -+ + s (v) is called the
valency of v, denoted by pg**""™ (v). The condition (i77) is used to ensure that an
n-dimensional manifold graph is connected. Comparing definitions of a map with

an n-dimensional manifold graph, the following result holds.

Theorem 2.3.21 For any integer n,n > 2, every n-dimensional manifold graph
"G = (&r, L) is correspondent to a unique map M = (E,.5, P) in which each vertex
v in "G is converted to l(v) vertices vi,va, -, V) of M. Conversely, a map M =
(Ea3, P) is also correspondent to an n-dimensional manifold graph "G = (&r, L) in
which 1(v) vertices uy, us, - - -, ww) of M are converted to one vertex u of "G.

Two n-dimensional manifold graphs "G, = (&}, L) and "Gy = (EF,, L,) are
said to be isomorphic if there exists a one-to-one mapping  : & — EF, such that
K = pk,ko = ok and KLy = Lok, I EL = EF = &r and L1 = Ly = L, an
isomorphism between "G, and "G, is called an automorphism of "G = (&r, £). It
is immediately that all automorphisms of "G form a group under the composition
operation. We denote this group by Aut"g.

It is obvious that for two isomorphic n-dimensional manifold graphs "G; and "Gs,
their underlying graphs G; and G5 are isomorphic. For an embedding "G = (&, £)
in an n-dimensional manifold and V{ € Aut %G, an induced action of ¢ on &r is
defined by

C(gz) = g¢(x)
for Vo € & and Vg € I'. Then the following result holds.

Theorem 2.3.22  Aut"G < Aut1 G x ().

Proof First we prove that two n-dimensional manifold graphs "G, = (&}, £1)
and"Gy = (EL,, L) are isomorphic if and only if there is an element ¢ € Aut 11" such
that £$ = £y or £,

If there is an element ( € Aut 1 [ such that £$ = £, then the n-dimensional
manifold graph "G, is isomorphic to "G by definition. If £$ = £5", then £§“ = L.
The n-dimensional manifold graph "G, is also isomorphic to "Gs.

By the definition of an isomorphism & between n-dimensional manifold graphs
"G, and "Gs, we know that
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pé(x) = Ep(x), of(w) = o(z) and LS(x) = Ls(x).
Va € Er. By definition these conditions

of(z) = €o(z) and L5(z) = Lo(x).

are just the condition of an automorphism & or aé on X 1 (T"). Whence, the assertion
is true.

Now let & = & = &r and Ly = L, = L. We know that

Aut"G =< Aut%G X () . h

Similar to combinatorial maps, the action of an automorphism of a manifold
graph on &r is fixed-free.

Theorem 2.3.23 Let "G = (&r, L) be an n-dimensional manifold graph. Then
(Aut"G), is trivial for Vx € &r.

Proof For Yg € (Aut"G),, we prove that g(y) = y for Vy € &Ep. In fact, since
the group ¥; = (u, 0, L) is transitive on &r, there exists an element 7 € W; such
that y = 7(z). By definition we know that every element in W is commutative with
automorphisms of "G. Whence, we get that

i.e., (Aut"G), is trivial. h

Corollary 2.3.8 Let M = (X,3,P) be a map. Then for Vo € X, 3, (AutM), is
trivial.

For an n-dimensional manifold graph "G = (&r, £), an = € &r is said a root of "G.
If we have chosen a root r on an n-dimensional manifold graph "G, then "G is called
a rooted n-dimensional manifold graph, denoted by "G". Two rooted n-dimensional
manifold graphs "G™ and "G" are said to be isomorphic if there is an isomorphism
¢ between them such that ¢(r;) = ry. Applying Theorem 2.3.23 and Corollary 2.3.1,
we get an enumeration result for n-dimensional manifold graphs underlying a graph
G in the following.

Theorem 2.3.24 For any integer n,n > 3, the number > (G) of rooted n-dimensional
manifold graphs underlying a graph G 1is

ne(G) 11 pa(v)!

veV(G)
|Aut%G|

r3(G) =

Proof Denote the set of all non-isomorphic n-dimensional manifold graphs un-
derlying a graph G by G°(G). For an n-dimensional graph "G = (&r, £) € G%(G),
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denote the number of non-isomorphic rooted n-dimensional manifold graphs under-
lying "G by r("G). By a result in permutation groups theory, for Vax € & we know
that

Aut"G| = [(Aut"G), ||z,

According to Theorem 2.3.23, |(Aut"G),| = 1. Whence, |#4""9| = |Aut"G]|.
However there are |Er| = 2ne(G) roots in "G by definition. Therefore, the number of
non-isomorphic rooted n-dimensional manifold graphs underlying an n-dimensional
graph "G is

l&rl  2ne(G)
|[Aut"G|  |Aut"gG|’
Whence, the number of non-isomorphic rooted n-dimensional manifold graphs un-
derlying a graph G is

r("G) =

2ne(@)
|Aut"G|

nGegs(G)
According to Theorem 2.3.22, Aut"G = Aut%G X (). Whence 7 € Aut"G for
"G € G5(Q) if and only if 7 € (Aut1G x (u))ng. Therefore, we know that Aut"g =

(Aut1G x (p))ng. Because of |Aut%G X (p)| = |(Aut%G x {u >)ng||ngAut1G>< >|

, We
get that

‘ngAut%GXQL) o 2|‘Aut%G|
CJAwt"G|
Therefore,
2ne(QG)
(@) = Y T
ngegs () [Aut"g|
 2ne(G) > [Auty G x (1) |
Rty G x )] g5y TAUCG
2ne(@G) Aut 1 Gx ()]
= |ng 2
FRCER I
ne(G) II pa(v)!
_ veV(Q)
|Aut%G‘
by applying Corollary 2.3.1. f

Notice the fact that an embedded graph in a 2-dimensional manifolds is just a
map. Then Definition 3.6 is converted to Tutte’s definition for combinatorial maps
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in this case. We can also get an enumeration result for rooted maps on surfaces
underlying a graph G by applying Theorems 2.3.7 and 2.3.23 in the following.

Theorem 2.3.25([66],[67]) The number r*(T) of rooted maps on locally orientable
surfaces underlying a connected graph G is

POHG) T (p(e) = 1)

|Aut%G| ’
where B(G) = e(G) — v(G) + 1 is the Betti number of G.

rH(G) =

Similarly, for a graph G = G} G, and a multi-manifold M = U M, choose [

commutative groups I'y, 'y, - - Fl, where I'; = <,ul, 0i| 2 = ohi = 1Z> ;or any integer
1,1 <1 < [. Consider permutations acting on U &r,, where for any integer 7,1 <7 <
l, &r, is a disjoint union 'z = {o;z|0; € T'} for Vo € E(G ). Similar to Definition
2.3.6, we can also get a multi-embedding of G in M = U MPi.

i=1
§2.4 Multi-Spaces on Graphs

A Smarandache multi-space is a union of k spaces Aj, Ay, ---, A} for an integer
k, k > 2 with some additional constraint conditions. For describing a finite algebraic
multi-space, graphs are a useful way. All graphs considered in this section are
directed graphs.

2.4.1. A graph model for an operation system

A graph is called a directed graph if there is an orientation on its every edge A
directed graph G is called an Buler graph if we can travel all edges of G alone
orientations on its edges with no repeat starting at any vertex u € V(ET)) and come
back to u. For a directed graph G we use the convention that the orientation on
the edge e is u — v for Ve = (u,v) € E(G) and say that e is incident from u and
incident to v. For u € V(@), the outdegree pa (u) of u is the number of edges in el

incident from u and the indegree p_a) (u) of w is the number of edges in G incident

to u. Whence, we know that

() +pz () = pg (u).
It is well-known that a graph G is Eulerian if and only if p%(u) = pé(u) for

Yu € V(a)), seeing examples in [11] for details. For a multiple 2-edge (a, b), if two
orientations on edges are both to a or both to b, then we say it to be a parallel
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multiple 2-edge. 1f one orientation is to a and another is to b, then we say it to be
an opposite multiple 2-edge.

Now let (A; o) be an algebraic system with operation o. We associate a weighted
graph G[A] for (A;o) defined as in the next definition.

Definition 2.4.1 Let (A;0) be an algebraic system. Define a weighted graph G|[A]
associated with (A; o) by
V(G[4]) = A

and

E(G[A)]) = {(a,c) with weight ob|if aob=c for Ya,b,c € A}
as shown in Fig.2.29.

Fig.2.29

For example, the associated graph G[Z4] for the commutative group Zy is shown
in Fig.2.30.

Fig.2.30

The advantage of Definition 2.4.1 is that for any edge in G[A], if its vertices are
a,c with a weight ob, then aob = ¢ and vice versa, if acb = ¢, then there is one and
only one edge in G[A] with vertices a, ¢ and weight ob. This property enables us to
find some structure properties of G[A] for an algebraic system (A;o).

P1. GI[A] is connected if and only if there are no partition A = A; U Ay such that
for¥a, € Ay, Yag € Ag, there are no definition for ay o as in (A;o).

If G[A] is disconnected, we choose one component C' and let A; = V(C'). Define
Ay = V(G[A]) \ V(C). Then we get a partition A = A; U Ay and for Va, € A,
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Vay € Asy, there are no definition for a; o as in (A;0), a contradiction and vice versa.

P2. If there is a unit 14 in (A;o0), then there exists a vertex 14 in G[A] such that
the weight on the edge (14, x) is ox if 14 o x is defined in (A; o) and vice versa.

P3. ForVa € A, if a=! exists, then there is an opposite multiple 2-edge (14, a) in
G[A] with weights oa and oa™*, respectively and vice versa.

P4. ForV¥a,be Aifaob=boa, then there are edges (a,z) and (b,z), v € A in
(A; o) with weights w(a,z) = ob and w(b, x) = oa, respectively and vice versa.

P5. If the cancellation law holds in (A;o0), i.e., forVa,b,c € A, ifaob = aoc then
b = ¢, then there are no parallel multiple 2-edges in G[A] and vice versa.

The property P2, P3, P4 and P5 are gotten by definition. Each of these cases is
shown in Fig.2.31(1), (2), (3) and (4), respectively.

Fig.2.31

Definition 2.4.2 An algebraic system (A;o) is called to be a one-way system if
there exists a mapping w : A — A such that if a ob € A, then there exists a unique
ce A, cow(b) € A. w is called a one-way function on (A;o).

We have the following results for an algebraic system (A;o) with its associated
weighted graph G|[A].

Theorem 2.4.1 Let (A;0) be an algebraic system with a associated weighted graph
G[A]. Then

(1) if there is a one-way function w on (A;o), then G[A] is an Euler graph,
and vice versa, if G[A] is an Euler graph, then there exist a one-way function w on
(A;0).

(13) if (A;0) is a complete algebraic system, then the outdegree of every vertex
in G[A] is |A]; in addition, if the cancellation law holds in (A;o), then G[A] is a
complete multiple 2-graph with a loop attaching at each of its vertices such that each
edge between two vertices in G[A] is an opposite multiple 2-edge, and vice versa.

Proof (i) Assume w is a one-way function w on (A;0). By definition there
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exists ¢ € A, cow(b) € A for Va € A, aob € A. Thereby there is a one-to-one
correspondence between edges from a with edges to a. That is, pg[ 4(a) = pgpa(a)
for Va € V(G[A]). Therefore, G[A] is an Euler graph.

Now if G[A] is an Euler graph, then there is a one-to-one correspondence between
edges in B~ = {e; ;1 <i < k} from a vertex a with edges E* = {e;;1 < i < k} to
the vertex a. For any integer 7,1 <14 < k, define @ : w(e; ) — w(e;"). Therefore, @
is a well-defined one-way function on (4;o).

(17) If (A;o0) is complete, then for Va € A and Vb € A, aob € A. Therefore,
p%(a) = | A| for any vertex a € V(G[A]).

If the cancellation law holds in (A;o), by P5 there are no parallel multiple 2-
edges in G[A]. Whence, each edge between two vertices is an opposite 2-edge and
weights on loops are ol 4.

By definition, if G[A] is a complete multiple 2-graph with a loop attaching at
each of its vertices such that each edge between two vertices in G[A] is an oppo-
site multiple 2-edge, we know that (A;o0) is a complete algebraic system with the
cancellation law holding by the definition of G[A]. b

Corollary 2.4.1 Let I' be a semigroup. Then G[I'| is a complete multiple 2-graph
with a loop attaching at each of its vertices such that each edge between two vertices
in G[A] is an opposite multiple 2-edge.

Notice that in a group I', Vg € T, if g> # 1r, then g~ # g. Whence, all elements
of order> 2 in I' can be classified into pairs. This fact enables us to know the
following result.

Corollary 2.4.2 Let I' be a group of even order. Then there are opposite multiple
2-edges in G[I'] such that weights on its 2 directed edges are the same.

2.4.2. Multi-Spaces on graphs

Let T' be a Smarandache multi-space. Its associated weighted graph is defined in
the following.

Definition 2.4.3 Let [ = CJ [; be an algebraic multi-space with (I';;0;) being
i=1

an algebraic system for any integer i,1 < i < n. Define a weighted graph G(f)
associated with I' by
G(I) = JG[ril,
i=1
where G[I';] is the associated weighted graph of (I';;0;) for 1 <i <mn.

For example, the weighted graph shown in Fig.2.32 is correspondent with a multi-
space I' =T Uy, U, where (I';;+) = (Z3,+), I's = {e,a,b}, I's = {1,2,a,b} and
these operations -on I'y and o on I'3 are shown in tables 2.4.1 and 2.4.2.
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Fig.2.32

. ‘ e a b
el e a b
al a b e
b| b e a
table 2.4.1
ol 1 2 a b
1| * a b *
21 b * * a
a * * * 1
b % * 2 *
table 2.4.2

Notice that the correspondence between the multi-space I and the weighted
graph G|[I'] is one-to-one. We immediately get the following result.

Theorem 2.4.2 The mappings 7 : I — G[[] and 7~' : G[I'| — T are all one-to-one.
According to Theorems 2.4.1 and 2.4.2, we get some consequences in the follow-

ing.

Corollary 2.4.3 LetT = U I'; be a multi-space with an algebraic system (T'y; 04) for
i=1

any integer i,1 <1 < n. If for any integeri,1 < i <n, G[I';] is a complete multiple

2-graph with a loop attaching at each of its vertices such that each edge between two

vertices in G[I';] is an opposite multiple 2-edge, then T' is a complete multi-space.

Corollary 2.4.4 Let T = G T; be a multi-group with an operation set O(I') =
i=1

{o5;1 <i < n}. Then there is a partition G[I'] = CJ G; such that each G; being a
i=1

complete multiple 2-graph attaching with a loop at each of its vertices such that each
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edge between two vertices in V(G;) is an opposite multiple 2-edge for any integer
1,1 <i<n.

Corollary 2.4.5 Let F be a body. Then G[F] is a union of two graphs K*(F) and
K2(F*), where K*(F) or K*(F*) is a complete multiple 2-graph with vertex set F
or F* = F'\ {0} and with a loop attaching at each of its vertices such that each edge
between two different vertices is an opposite multiple 2-edge.

2.4.3. Cayley graphs of a multi-group

Similar to the definition of Cayley graphs of a finite generated group, we can also
define Cayley graphs of a finite generated multi-group, where a multi-group I’ = U I;

is said to be finite generated if the group I'; is finite generated for any 1nteger
i,1 <i<mn,ie, Iy = (23,9, -, 2,). We denote by [ = (TiyYir 5 2631 <1< n)
if I is finite generated by {xi, yi, -+, 25,51 < i < n}.

Definition 2.4.4 Let I = (Tiy Uiy -+, 2531 <@ < m) be a finite generated multi-
group, S = U S;, where 1p, ¢ S;, S™' = {a'ja € S} = S and (S;) = I; for any
i=1
integer i,1 <i <n. A Cayley graph Cay(l : S) is defined by
V(Cay(T : S)) =

and

E(Cay(T : 8)) = {(g,h)| if there exists an integer i,g ' o;h € S;,1 <i<n}.

By Definition 2.4.4, we immediately get the following result for Cayley graphs
of a finite generated multi-group.

Theorem 2.4.3 For a Cayley graph Cay(T : S) with T = 6 I, and S = CJ Si,
i=1 i=1

Cay(T : S) = LnJ Cay(L; = S;).

i=1

It is well-known that every Cayley graph of order> 3 is 2-connected. But in
general, a Cayley graph of a multi-group is not connected. For the connectedness of
Cayley graphs of multi-groups, we get the following result.

Theorem 2.4.4 A Cayley graph Cay(T : S) with T = CJ T, and S = 6 S; is
i=1 i=1
connected if and only if for any integer 1,1 < i < n, there exists an integer 7,1 <

Jj <n andj#1i such that T;NT; # 0.
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Proof According to Theorem 2.4.3, if there is an integer i, 1 < ¢ < n such that
INI; = 0 for any integer j,1 < j < n, j # i, then there are no edges with the
form (g;,h), gi € I';, h € '\ I';. Thereby Cay(I": S) is not connected.

Notice that Cay(I' : S) = U Cay(L; : S;). Not loss of generality, we assume

i=1
that g € T'y and h € I', where 1 < k,I < n for any two elements g,h € I". If k =,
then there must exists a path connecting g and h in Cay(T" : S).
Now if k # [ and for any integer 7,1 < i < n, there is an 1nteger 7,1 <7 <nand

j # i such that I'; NT'; # 0, then we can find integers 4y, ig, - - -, 45, 1 < 4y, 09, -+, 15 <
n such that

DT # 0,

Filﬂriz 7£®a

L, (I # 0.

Thereby we can find a path connecting g and h in C’ay(f : §) passing through
these vertices in Cay(T'y;, : S;,), Cay(I;, : Siy), -+ -, and Cay(L'y, : S;,). Therefore,
Cay(T : S) is connected. h

The following theorem is gotten by the definition of a Cayley graph and Theorem
2.4.4.

Theorem 2.4.5 IfT = Lrj T with |T| > 3, then a Cayley graph Cay(T : S)
i=1

(1) is an |S|-reqular graph;

(i1) the edge connectivity k(Cay(T : S)) > 2n.

Proof The assertion (i) is gotten by the definition of Cay(T : S). For (ii)
since every Cayley graph of order> 3 is 2-connected, for any two vertices g, h in
C’ay(F S ), there are at least 2n edge disjoint paths connecting g and h. Whence,
the edge connectivity x(Cay(I" : S)) > 2n. h

Applying multi-voltage graphs, we get a structure result for Cayley graphs of a
finite multi-group similar to that of Cayley graphs of a finite group.

Theorem 2.4.6 For a Cayley graph C’ay(f‘ : §) of a finite multi-group T' = CJ I
i=1

with S = Lrj S;, there is a multi-voltage bouquet ¢ : B|§| — S such that C’ay(f : §) =
i=1
(B|§|)<.

Proof Let S = {s;;1 < i < |5]} and E(B|§‘) — {L;1 < i < |S|}. Define a
multi-voltage graph on a bouquet B|§| by
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§1Li—>$i, 1§Z§|§|
Then we know that there is an isomorphism 7 between (B|§|)§ and Cay(I' : S) b
defining 7(0,) = g for Vg € T', where V(B ) =1{0} h

Corollary 2.4.6 For a Cayley graph Cay(T' : S) of a finite group T', there exists a
voltage bouquet o : Bg) — S such that Cay(I' : S) = (Byg|)".

§2.5 Graph Phase Spaces

The behavior of a graph in an m-manifold is related with theoretical physics since it
can be viewed as a model of p-branes in M-theory both for a microcosmic and macro-
cosmic world. For more details one can see in Chapter 6. This section concentrates
on surveying some useful fundamental elements for graphs in n-manifolds.

2.5.1. Graph phase in a multi-space

For convenience, we introduce some notations used in this section in the following.

M - a multi-manifold M = 6 M":, where M"™ is an n;-manifold, n; > 2. For

multi-manifolds, see also those Hllalterials in Subsection 1.5.4.

u € M — a point @ of M.

G — a graph G embedded in M.

c (M) — the set of smooth mappings w : M — M differentiable at each point u
in M.

Now we define the phase of a graph in a multi-space.

Definition 2.5.1 Let G be a graph embedded in a multi-manifold M. A phase of G
in M is a triple (G;w, A) with an operation o on C’( M), where w : V(G) — C(M)
and A : E(G) — C(M) such that A(w,v) = “’ruiv” for¥(u,v) € E(G), where || @ ||
denotes the norm of .

For examples, the complete graph K, embedded in R? has a phase as shown in
Fig.2.33, where g € C(R?) and h € C'(R?).

Fig.2.33
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Similar to the definition of a adjacent matrix on a graph, we can also define
matrixes on graph phases .

Definition 2.5.2 Let (G;w,A) be a phase and A[G| = [aij]pxp the adjacent matriz
of a graph G with V(G) = {v1,vq,---,0,}. Define matrizes V|G| = [Vijlpxp and
Alg] = [Aij]pxp by

Vij = % iof aij # 0; otherwise, Vi; = 0
| 7 — 7 |
and

w(T) o w(T;)

Ay = if a; # 0; otherwise, Ay = 0,

| 7: = |2
where o is an operation on C(M).

For example, for the phase of K in Fig.2.33, if choice g(u) = (z1, z2, x3), g(v) =
(Y1, Y2, y3), g(w) = (21, 22, 23), g(0) = (t1,t2,t3) and o = X, the multiplication of
vectors in R?, then we get that

pu,w)  pluw)  p(u,0)
g(v) 0 g(v) g(v
plvw)  p(v,t)

where
plu,v) = p(v,u) = /(21 — 41)2 + (22 — 2)2 + (5 — 1s)?,
plu,w) = p(w,u) = /(w1 = 21)2 + (2 — 2)2 + (3 — 2%,
plu, 0) = plo,u) = /(1 — 1) + (w2 — £2)2 + (w5 — t)2,
p(v,w) = p(w,v) = /(s — 21)° + (12 — 22)* + (s — 27,
p(v,0) = p(0,0) = \/(yr = 11)? + (32 — 1) + (ys — t3)2,
p(w,0) = p(0,w) = /(21 = 11)2 + (22 — ta)2 + (25 — 1)
and
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gu)xgw) gu)xgw)  g(u)xg(o)

0 5
wo) pPaw) @)
4ot i g(’z;>(Xg(1;> gfg(xyo)»)
MO = | sluixst stwxat) "5 alarkalo
Pww) o) 7 (w.0)
glo)xg(u)  glo)xg(w)  g(o)xg(w) 0
Pow) Pl Plow)

where

g(u) x g(v) = (w2ys — T3Y2, T3Y1 — T1Y3, T1Y2 — T2Y1),
g(u) x g(w) = (w923 — T329, X321 — T123, T122 — Ta21),
g(u) x g(o) = (zots — xste, x5ty — T1t3, Tty — Toty),
g(v) x g(u) = (yow3 — Y32, Y371 — Y123, Y1T2 — Y21),
g(v) x g(w) = (y223 — Y322, Y321 — Y123, Y122 — Y221),
g(v) x g(o0) = (yats — ysta, yst1 — yats, yita — yat1),
g(w) X g(u) = (2003 — 23T, 2301 — 2103, 21T — 2oT1),
g(w) x g(v) = (22y3 — 23Ya, 23Y1 — 213, 21Y2 — 22Y1),
g(w) x g(0) = (zats — 23ta, 23t1 — 21t3, 21ty — 20t1),
g(0) x g(u) = (tows — tzxa, tsxy — tixs, t1xs — toxy),
g(0) x g(v) = (tays — tsya, tsy1 — t1ys, t1ya — tayn),
g(0) x g(w) = (tazs — t32a,t321 — t123,t120 — ta21).

For two given matrixes A = [a;;]pxp and B = [bi;]pxp, the star product * on an
operation o is defined by A * B = [a;j 0 b;;]pxp- We get the following result for

matrixes V[G] and A[G].
Theorem 2.5.1 VI[G] « V'[G] = A[G].
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Proof Calculation shows that each (i, ) entry in V[G] x V*[G] is

@) | wm) e ew®)

loi=w; I o —wll 7= |

K
where 1 < 4,5 < p. Therefore, we get that

VGl = V'([G] = AlG].

An operation called addition on graph phases is defined in the next.

Definition 2.5.3 For two phase spaces (Gi;wi, A1), (Go;wa, Aa) of graphs G, G in
M and two operations e and o on C(M), their addition is defined by

(Gr; w1, A1) @D (Gas wa, Ag) = (G1 D Goswr @ wa, Ay @ Ay),
where wy 8 wy : V(G UGy) — C(M) satisfying

wl(ﬂ) ° u)g(ﬂ), Zf u e V(Ql) ﬂV(Qg),
wi @ wa(TW) = ¢ wi(T), if e V(G)\V(G),
ws (), if weV(G2)\V(G1).
and
Ay o Ao(T7) = wy @ wo () 0wy @ wy(T)

|@—v|?
fOT (ﬂ,@) c E(g1> UE(QQ)
The following result is immediately gotten by Definition 2.5.3.
Theorem 2.5.2 For two given operations e and o on C(]\7[), all graph phases in M

form a linear space on the field Zy with a phase @ for any graph phases (Gi;wi, A1)
and (Ga;wa, No) in M.

2.5.2. Transformation of a graph phase

Definition 2.5.4 Let (G1; w1, A1) and (Ga;wa, Ay) be graph phases of graphs G1 and

G in a multi-space M with operations oy, 0q, respectively. If there exists a smooth
mapping T € C(M) such that

71 (Grywi, A1) — (Go;wa, Av),

e, for Vi € V(Gy), Y(mT) € E(G), 7(G1) = Ga, 7(@r(m) = wn(r(m) and
T(A1(T, D)) = No(7(T, D)), then we say (Gi;wi, A1) and (G2; we, Ao) are transformable
and T a transform mapping.

For examples, a transform mapping ¢ for embeddings of K4 in R? and on the
plane is shown in Fig.2.34
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Fig.2.34

Theorem 2.5.3 Let (G1; w1, A1) and (Go;wa, Ay) be transformable graph phases with
transform mapping 7. If T is one-to-one on G and Gy, then Gy is isomorphic to Gs.

Proof By definitions, if 7 is one-to-one on G; and Gy, then 7 is an isomorphism
between G; and Gs. h

A very useful case among transformable graph phases is that one can find pa-
rameters ti,%a,--+,%,,¢ > 1, such that each vertex of a graph phase is a smooth
mapping of t,ts,- -, t,, i.e., for Vu € M, we consider it as U(ty, ta, - -+, ty). In this
case, we introduce two conceptions on graph phases.

Definition 2.5.5 For a graph phase (G;w, ), define its capacity Ca(G;w,\) and
entropy En(G;w, \) by

Ca(G;w,A) = > w()

ueV(G)

and

En(Giw,A) =log( ] [w(@) ).

weV(G)
Then we know the following result.

Theorem 2.5.4 For a graph phase (G;w, \), its capacity Ca(G;w, A) and entropy
En(G;w, A\) satisfy the following differential equations

0Ca(G;w, )
8u,~

OEn(G;w, \)

dCa(G;w, ) = oL

du; and dEn(G,w,A) = du,,

where we use the Einstein summation convention, i.e., a sum is over i if it is ap-
pearing both in upper and lower indices.

Proof Not loss of generality, we assume @ = (uy, us, - -, u,) for Vu € M. Ac-
cording to the invariance of differential form, we know that
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By the definition of the capacity Ca(G;w, A) and entropy En(G;w,A) of a graph
phase, we get that

dCa(G;w,A) = > d(w(w))

ueV(G)
Do) 0(_%@ w(m))
= Y du; = — du;
2V G) ou; ou;
0Ca(G;w, \)
— du,
8Ui

Similarly, we also obtain that

dEn(G;w,A) = > d(log || w(@) |))
weV(G)
o > log || w(m

ol ATl le@
= Z —— " du; = du,

TEV(G) u; u;
_ 8En(g;w,A)dUi.

8ui
This completes the proof. il

In a 3-dimensional Euclid space we can get more concrete results for graph
phases (G;w,A). In this case, we get some formulae in the following by choice

U = (561,36’2,$3) and U = (ylay27y3)'

w(w) = (z1, e, x3) for Yu € V(G),

Ta2Ys — T3Y2,T3Y1 — T1Y3, T1Y2 — T2Y1 f ‘v’(
(w1 —11)? + (22 — y2)? + (23 — y3)?

Ca(Giw, A)=( > =(@), Y (W), Y x3(7))

aeVv(G) uev(g) ueV(G)

A(u,7) = u,v) € E(G),

and

n(Giw,A) = > log(zi(u) + z3(u) + =3 ().
wev(G)
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§2.6 Remarks and Open Problems

2.6.1 A graphical property P(G) is called to be subgraph hereditary if for any
subgraph H C G, H posses P(G) whenever GG posses the property P(G). For
example, the properties: G is complete and the vertex coloring number x(G) < k
both are subgraph hereditary. The hereditary property of a graph can be generalized
by the following way. - -

Let GG and H be two graphs in a space M. If there is a smooth mapping ¢ in C(M)
such that ¢(G) = H, then we say G and H are equivalent in M. Many conceptions
in graph theory can be included in this definition, such as graph homomorphism,
graph equivalent, - - -, etc.

Problem 2.6.1 Applying different smooth mappings in a space such as smooth
mappings in R3 or R* to classify graphs and to find their invariants.

Problem 2.6.2 Find which parameters already known in graph theory for a graph
s invariant or to find the smooth mapping in a space on which this parameter is
mvariant.

2.6.2 As an efficient way for finding regular covering spaces of a graph, voltage graphs
have been gotten more attentions in the past half-century by mathematicians. Works
for regular covering spaces of a graph can seen in [23], [45] — [46] and [71] — [72].
But few works are found in publication for irregular covering spaces of a graph. The
multi-voltage graph of type 1 or type 2 with multi-groups defined in Section 2.2 are
candidate for further research on irregular covering spaces of graphs.

Problem 2.6.3 Applying multi-voltage graphs to get the genus of a graph with less
symmetries.

Problem 2.6.4 Find new actions of a multi-group on a graph, such as the left
subaction and its contribution to topological graph theory. What can we say for
automorphisms of the lifting of a multi-voltage graph?

There is a famous conjecture for Cayley graphs of a finite group in algebraic graph
theory, i.e., every connected Cayley graph of order> 3 is hamiltonian. Similarly, we
can also present a conjecture for Cayley graphs of a multi-group.

Conjecture 2.6.1 Every Cayley graph of a finite multi-group T’ = CJ I'; with order>

=1

3 and | F] L;| > 2 is hamiltonian.
i=1

2.6.3 As pointed out in [56], for applying combinatorics to other sciences, a good
idea is pullback measures on combinatorial objects, initially ignored by the classi-
cal combinatorics and reconstructed or make a combinatorial generalization for the
classical mathematics, such as, the algebra, the differential geometry, the Riemann
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geometry, - - - and the mechanics, the theoretical physics, - - -. For this object, a more
natural way is to put a graph in a metric space and find its good behaviors. The
problem discussed in Sections 2.3 is just an elementary step for this target. More
works should be done and more techniques should be designed. The following open
problems are valuable to research for a researcher on combinatorics.

Problem 2.6.5 Find which parameters for a graph can be used to a graph in a
space. Determine combinatorial properties of a graph in a space.

Consider a graph in an Euclid space of dimension 3. All of its edges are seen as
a structural member, such as steel bars or rods and its vertices are hinged points.
Then we raise the following problem.

Problem 2.6.6 Applying structural mechanics to classify what kind of graph struc-
tures are stable or unstable. Whether can we discover structural mechanics of
dimension> 4 by this idea?

We have known the orbit of a point under an action of a group, for example, a
torus is an orbit of Z x Z action on a point in R3. Similarly, we can also define an
orbit of a graph in a space under an action on this space. N

Let G be a graph in a multi-space M and I1 a family of actions on M. Define an
orbit Or(G) by

Or(G) ={n(G)| Vr € I1}.

Problem 2.6.7 Given an action m, continuous or discontinuous on a space M, for
example R? and a graph G in M, find the orbit of G under the action of . When
can we get a closed geometrical object by this action?

Problem 2.6.8 Given a family A of actions, continuous or discontinuous on a
space M and a graph G in M, find the orbit of G under these actions in A. Find the
orbit of a verter or an edge of G under the action of G, and when are they closed?

2.6.4 The central idea in Section 2.4 is that a graph is equivalent to Smarandache
multi-spaces. This fact enables us to investigate Smarandache multi-spaces possible
by a combinatorial approach. Applying infinite graph theory (see [94] for details),
we can also define an infinite graph for an infinite Smarandache multi-space similar
to Definition 2.4.3.

Problem 2.6.9 Find its structural properties of an infinite graph of an infinite
Smarandache multi-space.

2.6.5 There is an alternative way for defining transformable graph phases, i.e., by
homotopy groups in a topological space, which is stated as follows.
Let (G1;w1, A1) and (Ga;we, Ay) be two graph phases. If there is a continuous
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mapping H : C(M)x I — C(M)x1I,I=10,1] such that H(C(M),0) = (Gy;wy, A1)
and H(C(M),1) = (Ga; wa, Ag), then (Gy;wy, A1) and (Gs; we, Ag) are said two trans-
formable graph phases.

Similar to topology, we can also introduce product on homotopy equivalence
classes and prove that all homotopy equivalence classes form a group. This group
is called a fundamental group and denote it by 7(G;w,A). In topology there is
a famous theorem, called the Seifert and Van Kampen theorem for characterizing
fundamental groups m;(A) of topological spaces A restated as follows (see [92] for
details).

Suppose £ is a space which can be expressed as the union of path-connected open
sets A, B such that AN B is path-connected and m(A) and w1 (B) have respective
presentations

<a1a"'aam;rla"'>rn>>

<b17"'7bm;817"'78n>

while m (AN B) is finitely generated. Then 7 (E) has a presentation

<a1>"'aa'mabla'"abm;rlf"arnasla"'a8n7ul:'Ula"'autzvt>a

where u;,v;, i = 1,-- -+t are expressions for the generators of m(ANB) in terms of
the generators of m (A) and m (B) respectively.

Then there is a problem for the fundamental group 7(G;w, A) of a graph phase
(Gyw, A).

Problem 2.6.10 Find a result similar to the Seifert and Van Kampen theorem for
the fundamental group of a graph phase.
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