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§1. Introduction

All spaces X considered in this paper are arcwise-connected, graphs are connected
topological graph, maybe with loops or multiple edges and interior of an arc a :
(0,1) — X is opened. For terminologies and notations not defined here, we follow
the reference [1]-[3] for topology and [4]-[5] for topological graphs.

Let X be a topological space. A fundamental group m (X, xy) of X based at a
point xg € X is formed by homotopy arc classes in X based at g € X. For an
arcwise-connected space X, it is known that 7 (X, x¢) is independent on the base
point xg, that is, for Vg, yo € X,

7T1(X7 .]}'0) = 7T1(X7 Z/O)
Find the fundamental group of a space X is a difficult task in general. Until
today, the basic tool is still the Seifert-Van Kampen theorem following.

Theorem 1.1(Seifert and Van-Kampen) Let X = U UV with U, V open subsets
and let X, U, V, UNV be non-empty arcwise-connected with xto € U NV and H a
group. If there are homomorphisms

le Z7T1(U,I‘0) — H and ¢2 : 7T1(‘/,.Z’0) — H
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with ¢1 - = ¢2 . ’ig, where 1 7T1(Uﬂ V,LU()) — 7T1(U,.Z’0), i : 7T1(Uﬂ V,LU()) —
m(V,xo), j1 : m(U,z0) = m (X, 20) and jo : m(V,x0) = m (X, z0) are homomor-
phisms induced by inclusion mappings, then there exists a unique homomorphism
O m(X,29) = H such that ® - j; = ¢y and ® - jo = ¢s.

Applying Theorem 1.1, it is easily to determine the fundamental group of such
spaces X = U UV with U NV an arcwise-connected following.

Theorem 1.2(Seifert and Van-Kampen theorem, classical version) Let spaces X, U,V
and xqy be in Theorem 1.1. If

J (U, xo) * m(V,20) — w1 (X, 7o)

is an extension homomorphism of j1 and ja, then j is an epimorphism with kernel
Kerj generated by i7" (g)ia(g), g € m(U NV, x0), i.e.,

w1 (U, o) * w1 (V, o)
[il_l(g) ~ig(g)] g € m(UNYV, xo)] ’

where [A] denotes the minimal normal subgroup of a group ¢ included A C ¥.

7T1(X7 ,T()) =

Now we use the following convention.

Convention 1.3 Assume that

(1) X is an arcwise-connected spaces, xq € X;

(2) {Ux : X € A} is a covering of X by arcwise-connected open sets such that
xo € Uy for VA € A;

(3) For any two indices Ay, Ao € A there ezists an index X € A such that Uy, N
Uy, = U,

If Uy C U, C X, then the notation
G T (U, w0) = m1(Up, w0) and ¢y 2 w1 (Ux, o) — w1 (X, 7o)

denote homomorphisms induced by the inclusion mapping Uy — U, and Uy — X,
respectively. It should be noted that the Seifert-Van Kampen theorem has been
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generalized in [2] under Convention 1.3 by any number of open subsets instead of
just by two open subsets following.

Theorem 1.4([2]) Let X,Uy, A € A be arcwise-connected space with Convention
1.3 satisfies the following universal mappping condition: Let H be a group and let
o T (Ux, x0) = H be any collection of homomorphisms defined for all A € A such
that the following diagram is commutative for Uy C U,:

m (L)

Ry Ty ¥

>

Then there exists a unique homomorphism ® : m (X, x9) — H such that for any
A € A the followina diaaram. 1s commutative:

(X, 20)

P

-‘11':" ‘l- -"HI: ‘—l. };

>

Moreover, this universal mapping condition characterizes m (X, zo) up to a unique
isomorphism.

Theorem 1.4 is useful for determining the fundamental groups of CW-complexes,
particularly, the adjunction of n-dimensional cells to a space for n > 2. Notice that
the essence in Theorems 1.2 and 1.4 is that NycaU, is arcwise-connected, which
limits the application of such kind of results. The main object of this paper is
to generalize the Seifert-Van Kampen theorem to such an intersection maybe non-
arcwise connected, i.e., there are Cy, Cy,---, C,, arcwise-connected components
in U NV for an integer m > 1. This enables one to determine the fundamental
group of topological spaces, particularly, combinatorial manifolds introduced in [6]-
8] following which is a special case of Smarandache multi-space ([9]-[10]).

Definition 1.4 A combinatorial Euclidean space &g(n,;v € A) underlying a con-
nected graph G is a topological spaces consisting of R"™, v € A for an index set A
such that

V(G) = {R™|v € A};
E(G) = { (R™,R™)| R NR™ £ 0, y,v € A}.

A combinatorial fan-space f{(ny;y € A) is a combinatorial Fuclidean space



&gy (nu;v € A) of R™, v € A such that for any integers p,v € A, p # v,

R™(\R™ = (| R™,

A€A

which enables us to generalize the conception of manifold to combinatorial manifold,
also a locally combinatorial Euclidean space following.

Definition 1.5 For a gwen integer sequence 0 < ny < ng < -+ < Ny, m > 1, a
topological combinatorial manifold M is a Hausdorff space such that for any point
p € M, there is a local chart (Uy,p,) of p, i.e., an open neighborhood U, of p in

— ~ s(p)

M and a homoeomorphism ¢, : U, — R(ni(p), na(p), - - -, nsipy(p)) = U R™® with
i=1

{nl(p)> n2(p)> T nS(P)(p)} - {nla TR nm} and UN{nl(p)> n2(p)> T nS(P)(p)} =

peEM
{ni,na, -+, ny}, denoted by M(nqy,ng, -+, ny) or M on the context and

A={(U,, 0,)lp € M(ny,na, -+, n))}

an atlas on M(nl, Moy Ny )
A topological combinatorial manifold M (nqy,ng, - -+, ny,) s finite if it is just com-
bined by finite manifolds without one manifold contained in the union of others.

If these manifolds M;, 1 < i < m in M (ny,ng, -+, n,y,) are Euclidean spaces
R" 1 < i < m, then M (ny,na, -+, ny) is nothing but a combinatorial Euclidean
space ég(n,;v € A) with A = {1,2,---,m}. Furthermore, If m = 1 and n; = n,
orn, =n for v € A, then M(nl, N, -+, M) OF g(n,; v € A) is exactly a manifold
M™ by definition.

§2. Topological Space Attached Graphs
A topological graph G is itself a topological space formally defined as follows.

Definition 2.1 A topological graph G is a pair (S, S°) of a Hausdorff space S with
its a subset S° such that

(1) SY is discrete, closed subspaces of S;

(2) S — S is a disjoint union of open subsets ei, ey, -, e, each of which is
homeomorphic to an open interval (0,1);

(3) the boundary €; — e; of e; consists of one or two points. If €; — e; consists of
two points, then (€, e;) is homeomorphic to the pair ([0, 1], (0,1)); if € — e; consists
of one point, then (€;,e;) is homeomorphic to the pair (S*,S* — {1});

(4) a subset A C G is open if and only if ANE; is open for 1 < i < m.



Fig.2.1

Notice that a topological graph maybe with semi-edges, i.e., those edges e* €
E(G) with et : [0,1) or (0,1] — S. A topological space X attached with a graph G
is such a space X ® G such that

X(G#0, G¢ X

and there are semi-edges et € (X[G)\ G, e € G\ X. An example for X © G
can be found in Fig.2.1. In this section, we characterize the fundamental groups of
such topological spaces attached with graphs.

Theorem 2.2 Let X be arc-connected space, G a graph and H the subgraph X NG
in X ®©G. Then for xo € X NG,

T (X, z9) * 71 (G, o)
[T (0, )iz(atey )| €x € E(H)\ Tpan)]’

71-1()( © G> $0) =

where iy @ m(H,x0) — X, i : m(H,x9) — G are homomorphisms induced by
inclusion mappings, Typan 15 a spanning tree in H, oy = AxexBy is a loop associated
with an edge ey = axby € H \ Tspan, xo € G and Ay, By are unique paths from xq to
ay or from by to xo in Tspan.-

Proof This result is an immediately conclusion of Seifert-Van Kampen theorem.
Let U =X and V =G. Then X ©G = X UG and X NG = H. By definition,
there are both semi-edges in G and H. Whence, they are opened. Applying the
Seifert-Van Kampen theorem, we get that

(X, 20) * (G, o)
[i7'(9)i2(9)| g € m (X NG, z0)]

Notice that the fundamental group of a graph H is completely determined by
those of its cycles ([2]), i.e.,

mi(H,w0) = (axley € E(H) \ Tipan)

7T1(X © G7 .170) =



where Ty,qy, is a spanning tree in H, a = Aye)B, is a loop associated with an edge
ex = axby € H \ Tspan, 2o € G and A, B, are unique paths from z, to a, or from
by to x¢ in Tpe,. We finally get the following conclusion,

7T1(X, l’o) * 7T1(G, Io)

(X © G, xp) = [il_l(aek)iQ(aek)l ex € E(H)\ Typan)]

Corollary 2.3 Let X be arc-connected space, G a graph. If X NG in X © G is a
tree, then
7T1(X © G, ZL’Q) = 7T1(X, l’o) * 7T1(G, ZL’Q).

Particularly, if G is graphs shown in Fig.2.2 following

Xy T N -

Bl
Fig.2.2
and X NG = K, Then

(X © B, x0) = m (X, xo) # (Lif1 < i <m),
where L; is the loop of parallel edges (xg,z;) in BY for1 <i<m —1 and

7T1(X ® SZL,ZL’()) = 7T1(X, ZL’()).

Theorem 2.4 Let Z,, © G be a topological space consisting of m arcwise-connected
spaces X1, Xo, -, X, Xi N X; = 0 for 1 < i,j < m attached with a graph G,
V(GQ) ={zo, 21, -, 2121}, m <1 such that X; NG = {x;} for 0 <i <1—1. Then

T (Zm © G, xg) = (Hﬁl(X;7$0)>*7T1(G,$0)
i=1

<H 7T1(XZ', LIZ‘Z)> * 7T1(G, Io),

where X} = X;U(zo,x;) with X; N (xg,x;) = {x;} for (vo,z;) € E(G), integers
1<e<m.

1%

Proof The proof is by induction on m. If m = 1, the result is hold by Corollary
2.3.



Now assume the result on Z,, ® GG is hold for m < k < [ — 1. Consider m =
k+1<I. Let U= 2%2;,®G and V = X;,;. Then we know that 2,1 ©G=UUV
and UNV = {xgq1}.

Applying the Seifert-Van Kampen theorem, we find that

(U, Tpq1) * 1 (V, Tp41)
[i7'(9)i2(9)| g € m (U NV, 2411)]
(2 © G, w0) * T (Xpy1, Trqa)

[ (9)i2(9)] g € {ex,,,}]

k
<H (X7, xo)) * (G, $0)> # T (X1, Thot1)
i=1

k+1

H m (X, :L’O)) x 11 (G, x0)

T (21 © G, xp41) =

12

12

1%

12

H 7T1<XZ', LE‘Z)) * 7T1<G, LU()),
i=1

by the induction assumption. 0
Particularly, for the graph BT or star ST in Fig.2.2, we get the following con-
clusion.

Corollary 2.5 Let G be the graph BL or star SI. Then
(% ® BL 1) = (H 7T1(XZ-*,{L’0)) x m (B x0)
i=1

(H 7T1(Xz‘735i—1)> x (L)1 <i<m),

where L; is the loop of parallel edges (xg,x;) in BL for integers 1 <i < m —1 and

I

71'1(:%;” ® SZ:L,[L’()) = H7T1(X;<,ZL'Q) = Hﬂl(Xi,l’i_l).
i=1 i=1

Corollary 2.6 Let X = Z,, ©® G be a topological space with simply-connected
spaces X; for integers 1 <7 < m and xg € X N G. Then we know that

7T1(X,[L’0) = 7T1(G,Zl§'0).

83. A Generalization of Seifert-Van Kampen Theorem



These results and graph BL shown in Section 2 enables one to generalize the Seifert-
Van Kampen theorem to the case of U NV maybe not arcwise-connected.

Theorem 3.1 Let X = UUV, UV C X be open subsets, X, U, V arcwise-
connected and let Cy,Csy, - -+, C,, be arcwise-connected components in U NV for an
integerm > 1, x;_1 € Cy, b(xg,z;-1) CV an arc: I — X with b(0) = xo,b(1) = ;4
and b(zo, v;_1)NU = {xg, 2;_1}, CF = C;|Jb(xo, zi_1) for any integeri, 1 <i < m,
H a group and there are homomorphisms

(#1 : Wl(UUb(l’o,xi_l),Io) — H, (#2 : 7T1(‘/, .170) — H

St ‘i L , . o
! .TT]'I( - Ul‘."'....a"| I"".Il” ]
i
¢ vk ) Y \ g
(O, ) — T (X.2g)  eeeeecenns - H
.n’l.‘
. T (V). x)
L B l."_.
. y . . y . . . E . .
with ¢21 1 = (#2 © 149, where i1 - 7T1(CZ- ,Jfo) — 7T1(U U b(ﬂ?o,l’i_l),l’o), 10

m(CF, x0) = m(V, xo) and jn : m(UUb(z0, 2i—1,20)) — (X, 20), Jio : m(V, 20)) —
m1(X, zo) are homomorphisms induced by inclusion mappings, then there ezists a
unique homomorphism ® : m (X, x9) — H such that ® - j; = ¢} and ® - ji» = ¢
for integers 1 < i < m.

Proof Define U¥ = UJ{ b(xo,z;) | 1 < i < m — 1}. Then we get that
X =UPUV, U,V C X are still opened with an arcwise-connected intersection
UPNV =2, ®SE where ST is a graph formed by arcs b(zg, z; 1), 1 <i < m.

Notice that 25, © Sm” = |J CF and CF (O = {xo} for 1 <i,j <m, i # j.
i=1
Therefore, we get that

71-l(fﬁfm © SZ;,I‘()) = ®7T1(CZE7 .]}'0)-
=1

This fact enables us knowing that there is a unique m-tuple (hq, he, -, hy), h; €
m(CF x; 1), 1 <i < m such that

for V.Z € m (2, ® S xp).
By definition,

iil : 7T1(CZ-E,.Z’0) — 7T1(U N b(ﬂ?o,l’i_l),l’o),
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iin s m(CF, o) — m(V,20)

are homomorphisms induced by inclusion mappings. We know that there are homo-
morphisms
Zf} : WI(%m © SZL, QUO) — WI(UEv LU()),

Zgj : Wl(%m ® Sg;,xo) — 7T1(‘/, ZL’(])

. .E o .E o . .
With 47|, (2 a) = Uity 19|y (0B 29) = ti2 for integers 1 <1 < m.
Similarly, because of

7T1(UE,LU0) = U?Tl(U Ub(l’o,xi_l,xo))

i=1

and
gir : m (U U b(xg, xi—1,x0)) = m1(X, 20),

jig . 7T1(V — 7T1(X, ZL’Q)
being homomorphisms induced by inclusion mappings, there are homomorphisms
grm(U", o) = m(X, @), jy - m(V,x0) = m (X, 20)
induced by inclusion mappings with j{* |, wUb(ozi_1,00) = Jils Ja' lmi(Viwe) = Jiz for

integers 1 < i < m also.
Define ¢¥ and ¢& by

o7 (F) = H¢i<z‘ﬂ<hi>>, ¢y (I) = H¢;<z‘i2(h,~>>-

Then they are naturally homomorphic extensions of homomorphisms ¢}, ¢} for
integers 1 < i < m. Notice that ¢! -i;; = ¢} - i;o for integers 1 < i < m, we get that

ot = ot (TTn)

= [ (¢ zzl(hi))zﬂ(@ iin(hy))
- ot ([T =of 50,

i.e., the following diagram



.'_fl':(.'l l -"II.: —-.‘Tll:.\'...",,} - - {[

. 71'_1 "‘il.: _l
(3 ( '_

is commutative with ¢¥ - i¥ = ¢& . i€ Applying Theorem 1.1, we know that there

exists a unique homomorphism ® : 7 (X,z9) — H such that ® - jF = ¢F and

- i = ¢F. Whence, ® - j;; = ¢ and @ - j» = ¢, for integers 1 < i < m. O

The following result is a generalization of the classical Seifert-Van Kampen the-
orem to the case of maybe non-arcwise connected.

Theorem 3.2 Let X, U, V, CE, b(xg,z;_1) be arcwise-connected spaces for any
integer i, 1 <1i <m as in Theorem 3.1, UX = U J{ b(xg,z;) | 1 <i <m — 1} and
BT a graph formed by arcs a(xg, z;_1), b(xo, 75_1), 1 < i < m, where a(xg, x;_1) C U
is an arc : I — X with a(0) = zg,a(l) = x,-1 and a(zg,xi—1) NV = {xo, xi-1}.
Then

1 (U, xg) x w1 (V, 20) * 71 (BL, 2)
(i7)71(g) - i2g)] g € Zl;Il m1(CF, xo)

where i¥ . 7 (UE NV, x0) — 7 (UE,20) and i¥ : m(U¥ NV, 29) — m(V,20) are
homomorphisms induced by inclusion mappings.

Proof Similarly, X = UP UV, U¥ |V C X are opened with U NV = 2, ®SL.
By the proof of Theorem 3.1 we have known that there are homomorphisms ¢¥ and
o¥ such that ¢F - i = ¢& . i€ Applying Theorem 1.2, we get that

7T1(X7 ,T()) =

)

T (UE, z0) x 7 (V, 20)

™ (X, o) = [((iF)-1(.F) - if(F)|.F € m(UENV,x0)]

Notice that UP N V¥ = 2, © ST. We have known that
7T1(UE, Io) = 7T1(U, Io) * T (BZ;, Io)

by Corollary 2.3. As we have shown in the proof of Theorem 3.1, an element .# in
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71 (2 ® ST 24) can be uniquely represented by

where h; € m(CF, x), 1 <i < m. We finally get that
7T1(U, Io) X 7T1(‘/, ZL’(]) * 7T1(BTI;L,LU0>

()10 (o) g € Hm(CF oo

i=1

7T1(X7 xO) =

The form of elements in 7 (.2;, ® SL, 1) appeared in Corollary 2.5 enables one
to obtain another generalization of classical Seifert-Van Kampen theorem following.

Theorem 3.3 Let X, U, V, Cy,Cs, -+, C,, be arcwise-connected spaces, b(xq, x;_1)
arcs for any integer i, 1 < i <m as in Theorem 3.1, U¥ = UJ{ b(wg,z;_1) | 1 <
i <m} and BL a graph formed by arcs a(zo,z;_1), b(xo,vi_1), 1 <i < m. Then

7T1(U, $0) * 7T1(V7 Io) * Wl(B;Fw xO)

(X, zg) = —
%%*@%ﬁ@ﬂgégmﬂ%%qﬂ

Y

where if . m(UP NV, z9) = m(UP,x0) and i¥ : 7y (UP NV, x5) — m(V,z0) are
homomorphisms induced by inclusion mappings.

Proof Notice that UF NV = 2, ® ST. Applying Corollary 2.5, replacing

(X © ), o) = [(iE)_l(Q) iy (g)l g € Hﬂl(CiEaxo)]

T (2 @ Sy 20) = [(if)_l(g) ~iy (9)] g € HW1(0i>93i—1)]

i=1
in the proof of Theorem 3.2. We get this conclusion. U
Particularly, we get corollaries following by Theorems 3.1, 3.2 and 3.3.

Corollary 3.4 Let X =UUV, U,V C X be open subsets and X, U, V andUNV
arcwise-connected. Then

(U, xg) * 1 (V, x0)
[il_l(g) ~ig(g)] g € m(UNYV, Io)] ’

where i1 = m (U NV, x9) = m(U,z0) and iz : m (U NV, x9) = m(V,x0) are homo-
morphisms induced by inclusion mappings.

7T1(X7 IO) =
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Corollary 3.5 Let X, U, V, C;, a(xg, x;), b(xo, x;) for integers i, 1 <i < m be as
in Theorem 3.1. If each C; is simply-connected, then

m(X, 20) = mi (U, 20) * m (V, 20) * m(By,, o).

Proof Notice that CF,CF ... CZ are all simply-connected by assumption. Ap-
plying Theorem 3.3, we easily get this conclusion. 0

Corollary 3.6 Let X, U, V, C;, a(xg, x;), b(xo, x;) for integersi, 1 <i < m be as
in Theorem 3.1. If V is simply-connected, then

7T1(U, LU()) * 7T (BTI;L, LU())

7T1(X, Io) = m
(i) (g) - 15 (9)] g € :l'llﬂl(Cf,:vo)

)

where if . m(UP NV, z9) = m(UP,x0) and i¥ : 7y (UP NV, zg) — m(V,z0) are
homomorphisms induced by inclusion mappings.

84. Fundamental Groups of Combinatorial Spaces

4.1 Fundamental groups of combinatorial manifolds

By definition, a combinatorial manifold M is arcwise-connected. So we can apply
Theorems 3.2 and 3.3 to find its fundamental group 7 (M) up to isomorphism in
this section.

Definition 4.1 Let M be a combinatorial manifold underlying a graph G[M] An

edge-induced graph G? []\7] is defined by
V(GU[M)) = {aar, 2ar, 1, 22, -, Tuuary| for Y(M, M') € E(G[M))},

E(GG[MD = {(vaxM’>v (Ivai)v (xM’vxi)‘ 1<i< M(Mv M’)},

where (M, M') is called the edge-index of (M, M") with p(M, M') + 1 equal to the
number of arcwise-connected components in M 0 M'.

By the definition of edge-induced graph, we finally get G[M] of a combinatorial
manifold M if we replace each edge (M, M’) in G[M] by a subgraph TB/T(M M)
shown in Fig.4.1 with 2y, = M and a0 = M.

N

‘r'“ [0
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Fig.4.1

Then we have the following result.

Theorem 4.2 Let M be a finitely combinatorial manifold. Then

( I1 7T1(M)> «m (GO[M])
)

MeV(G[M]

[(iiz)_l(g) -i5(g)] g € I1 (M [ My)

(M1,M2)€ E(G[M])

where i¥ and i¥ are homomorphisms induced by inclusion mappings iy = m (M N
M) = m(M), ipy 2 m(MNOM') — m (M) such as those shown in the following
diagram:

ot

-~ 0 l'- .‘II‘:
g , h
(M M) . ml: .]‘
. ~ 1 ' 'f
‘g dae
for V(M, M') € E(G[M]).
Proof This result is obvious for |G[M ]| = 1. Notice that G/[M ] BT(M mnyr i

V(G| [M ) ={M, M'}. Whence, it is an immediately conclusion of Theorem 3.2 for
GIM]| =2,

Now let k > 3 be an integer. If this result is true for |G[M]| < k, we prove it hold
for |G[M ]| = k. It should be noted that for an arcwise-connected graph H we can
always find a vertex v € V(H) such that H —uv is also arcwise-connected. Otherwise,
each vertex v of H is a cut vertex. There must be |H | =1, a contradiction. Applying
this fact to G[M], we choose a manifold M € V(G[M]) such that M — M is arcwise-
connected, which is also a finitely combinatorial manifold.

Let U = M\ (M \ M) and V = M. By definition, they are both opened.
Applying Theorem 3.2, we get that

Wl(]T/[/)% Wl(M—M)*Wl(M)tnﬁl(Bm) |

(i7)"Hg) -5 (g)| g € zl;ll m1(Cs)

13



where C; is an arcwise-connected component in M N (]\7 — M) and

m = > u(M,M).
(M,M")eB(GIM])
Notice that
m(By,) = 11 T (T Byuaaar))-

(M,M")eE(G[M]
By the induction assumption, we know that

[T m) | «m(GoM - M)

Wl(ﬁ— M) = MeV(GIM—M)) 7

(i) (9) - i5(9)l g € 11 w1 (My 0 My)
(M1, M2)€ E(G[M—M)])

where ¥’ and i¥ are homomorphisms induced by inclusion mappings iy, : m (M7 N

Mg) — 7T1(M1), ’iM2 : 7T1(M1 N Mg) — 7T1(M2) for \V/(Ml,MQ) c E(G[M — M])
Therefore, we finally get that

7T1(]\7) ~ T (M — M) * m (M) >i;:rl(Bm)
[(i{;)_l(g) -5 (g)] g € Hﬂl(ci) ]

[T mOn)| «m(GM - M)
MeV(G[M—-M))

(i) (9) iy’ (9)| g € 11 T (M N Ma)
(M, M32)€E(G[M—M])

[(if)_l(g) ~iz(g)| g € HW1<Ci) ]

T (M) * 1T T (T Buasm)

(M,M"eE(G[M)]

[(i?)_l(g) ~iz(g)] g € Hﬂ'l(ci) ]

1%

[T =) «m(co)

MeV(G[M])

12

(i) (9) -5 (9)| g € 11 m (M () M)

(M1,M2)€ E(G[M])
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by facts
(b)) H=YG* H|H

for groups ¢, 7, G and
Ge[m - GG[M— M] U TBM(M,M’)v

(M,M")eE(G[M]

m(GM]) =m(GM-M)« ] o (TBuasny),

(M,M")e E(G[M]

[ == [ =) sm),

MeV(G[M]) MeV(G[M—-M))

where ¥ and Y’ are homomorphisms induced by inclusion mappings iy : w1 (M N
M) — m(M), iy - m(M N M) = m(M') for V(IM,M') € E(G[M]). This
completes the proof. - O

Applying Corollary 3.5, we get a result known in 8] by noted that G[M] = G []\7 ]
if V(M,, My) € E(GF[M]), My N M, is simply connected.

Corollary 4.3([8]) Let M be a finitely combinatorial manifold. If for ¥Y(My, M) €
E(GE[M)), My N M, is simply connected, then

1%

(M) P m) | PG,

MeV (G[M)])

4.2 Fundamental groups of manifolds

Notice that m (R") = identity for any integer n > 1. If we choose M € V(G[M]) to
be a chart (Uy, p) with ¢y : Uy — R" for A € A in Theorem 4.2, i.e., an n-manifold,
we get the fundamental group of n-manifold following.

Theorem 4.4 Let M be a compact n-manifold with charts {(Uyx, px)| ©x : Uy —
R" A€ A)}. Then

m(M) = m(@ ) ,

(it) " (9) - iZ(9)| g € I1 m (U, N0,
(U, U EE(GIM])

where i¥ and i¥ are homomorphisms induced by inclusion mappings iy, (U, N
U,) = m(U,), iy, : m((U,NU,) = m(U,), p,v e A.

Corollary 4.5 Let M be a simply connected manifold with charts {(Uy, px)| @a :
Uy — R™ X € A)}, where |A| < +o00. Then G°[M] = G[M] is a tree.

15



Particularly, if U, N U, is simply connected for Vu,v € A, then we obtain an
interesting result following.

Corollary 4.6 Let M be a compact n-manifold with charts {(Ux, ©x)| @a @ Uy —
R" A e A)}. IfU,NU, is simply connected for YV, v € A, then

1%

m (M) = m(G[M]).

Therefore, by Theorem 4.4 we know that the fundamental group of a manifold
M is a subgroup of that of its edge-induced graph G?[M]. Particularly, if G'[M] =
G[M], ie., U, N U, is simply connected for Vu,v € A, then it is nothing but the

fundamental group of G[M].
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