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PREFACE

Zadeh introduced the degree of membership/truth (t) in
1965 and defined the fuzzy set. Atanassov introduced the degree
of non membership/falsehood (f) in 1986 and defined the
intuitionistic fuzzy set. Smarandache introduced the degree of
indeterminacy/neutrality (i) as independent component in 1995
(published in 1998) and defined the neutrosophic set on three
components (t,i,f) = (truth, indeterminacy, falsehood).

The words “neutrosophy” and “neutrosophic” were
coined/invented by F. Smarandache in his 1998 book.
Etymologically, “neutro-sophy” (noun)
[French neutre <Latin neuter, neutral, and Greek sophia,
skill/wisdom] means knowledge of neutral thought. While
“neutrosophic” (adjective), means having the nature of, or
having the characteristic of Neutrosophy.

Neutrosophic Logic is a general framework for unification
of many existing logics, such as fuzzy logic (especially
intuitionistic fuzzy logic), paraconsistent logic, intuitionistic
logic, etc. The main idea of NL is to characterize each logical
statement in a 3D-Neutrosophic Space, where each dimension
of the space represents respectively the truth (T), the falsehood
(F), and the indeterminacy (I) of the statement under
consideration, where T, I, F are standard or non-standard real
subsets of 10, 17[ with not necessarily any connection between
them. For software engineering proposals the classical unit
interval [0, 1] may be used. T, I, F are independent components,
leaving room for incomplete information (when their superior
sum < 1), paraconsistent and contradictory information (when
the superior sum > 1), or complete information (sum of
components = 1).

For software engineering proposals the classical unit
interval [0, 1] is used. For single valued neutrosophic logic, the
sum of the components is:



0 < t+i+f < 3 when all three components are independent;

0 < t+i+f < 2 when two components are dependent, while the
third one is independent from them;

0 < t+i+f < 1 when all three components are dependent.

When three or two of the components T, I, F are
independent, one leaves room for incomplete information (sum
< 1), paraconsistent and contradictory information (sum > 1), or
complete information (sum = 1). If all three components T, I, F
are dependent, then similarly one leaves room for incomplete
information (sum < 1), or complete information (sum = 1).

In 2013 Smarandache refined the neutrosophic set to n
components: Ty, T, ..; I, L, .. F, F,
See http://fs.gallup.unm.edu/n-ValuedNeutrosophiclLogic-
PiP.pdf .

Neutrosophy <philosophy> (From Latin "neuter" - neutral,
Greek "sophia" - skill/wisdom) A branch of philosophy,
introduced by Florentin Smarandache in 1980, which studies the
origin, nature, and scope of neutralities, as well as their
interactions with different ideational spectra.

Neutrosophy considers a proposition, theory, event,
concept, or entity, "A" in relation to its opposite, "Anti-A" and
that which is not A, "Non-A", and that which is neither "A" nor
"Anti-A", denoted by "Neut-A".

Neutrosophy is the basis of neutrosophic
logic, neutrosophic ~ probability, neutrosophic set, and
neutrosophic statistics. {From: The Free Online Dictionary of
Computing, is edited by Denis Howe from England.
Neutrosophy is an extension of the Dialectics. }

The most important books and papers in the development of
neutrosophics



1995-1998 - Introduction of neutrosophic set/ logic/ probability/
statistics; generalization of dialectics to neutrosophy;
http://fs.gallup.unm.edu/eBook-neutrosophics4.pdf (4th edition)

2003 — Introduction of neutrosophic numbers (a+bl, where I =
indeterminacy).

2003 — Introduction of I-neutrosophic algebraic structures.

2003 — introduction to neutrosophic cognitive maps.
http://fs.gallup.unm.edu/NCMs.pdf

2005 - Introduction of interval neutrosophic set/logic.
http://fs.gallup.unm.edu/INSL.pdf

2009 — Introduction of N-norm and N-conorm
http://fs.gallup.unm.edu/N-normN-conorm.pdf

2013 - Development of neutrosophic probability (chance that an
event occurs, indeterminate chance of occurrence, chance that
the event does not occur)

http://fs.gallup.unm.edu/NeutrosophicMeasureIntegralProbabilit

y.pdf

2013 - Refinement of components (T, Ty, ...; Iy, L, ...; Fi, Fy, ..)
http://fs.gallup.unm.edu/n-ValuedNeutrosophicLogic.pdf

2014 — Introduction of the law of included multiple middle
(<A>; <neutl A>, <neut2A>, ...; <antiA>)
http://fs.gallup.unm.edu/LawIncludedMultiple-Middle.pdf

2014 - Development of neutrosophic statistics (indeterminacy is
introduced into classical statistics with respect to the
sample/population, or with respect to the individuals that only
partially belong to a sample/population)
http://fs.gallup.unm.edu/NeutrosophicStatistics.pdf

2015 - Introduction of neutrosophic precalculus and
neutrosophic calculus
http://fs.gallup.unm.edu/NeutrosophicPrecalculusCalculus.pdf




2015 — Refined neutrosophic numbers (a+ biI; + by, + ... +
b,l,), where I;, L, ..., I, are subindeterminacies of
indeterminacy I;

2015 — Neutrosophic graphs;

2015 - Thesis-Antithesis-Neutrothesis, and Neutrosynthesis,
Neutrosophic ~ Axiomatic ~ System, neutrosophic ~ dynamic
systems, symbolic neutrosophic logic, (¢, i, f)-Neutrosophic
Structures, /-Neutrosophic Structures, Refined Literal
Indeterminacy, Multiplication Law of Subindeterminacies:
http://fs.gallup.unm.edu/SymbolicNeutrosophicTheory.pdf

2015 — Introduction of the subindeterminacies of the form
k
Ig =6, for k € {0, 1, 2, ..., n-1}, into the ring of modulo

integers Z,, are called natural neutrosophic zeros
http://fs.gallup.unm.edu/MODNeutrosophicNumbers.pdf

In this book authors for the first time introduce new
mathematical models analogous to FCMs and NCMs. We in
this book have constructed 12 types of MOD Cognitive Maps
models using Z, or (Z, U g) or {Z, U 1) or C(Z,) or (Z, U h) or
(Z, U k) which will be known us MOD Cognitive Maps model or
MOD dual number Cognitive Maps model or MOD neutrosophic
Cognitive Maps model or MOD finite complex number
Cognitive Maps model or MOD special dual like number
Cognitive Maps model or MOD special quasi dual number
Cognitive Maps model respectively.

Apart from this we have defined MOD natural neutrosophic
Cognitive Maps model, MOD natural neutrosophic-neutrosophic
Cognitive Maps model, MOD natural neutrosophic dual number
Cognitive Maps model, MOD natural neutrosophic special dual
like number Cognitive Maps model, MOD natural neutrosophic
special quasi dual number model and MOD natural neutrosophic

finite complex number Cognitive Maps model using Z! , (Z, U
Dy, (Z,w g, {Z, U h), (Z, U k) or cz, respectively.



These model certainly are more appropriate than the
existing ones.

Finally we construct MOD interval Cognitive Maps model
and describes it. The final chapter suggests a collection of
problems for the interested reader.

We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this
book.

W.B.VASANTHA KANDASAMY
ILANTHENRAL K
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this chapter we mainly give the out line of the work given
in this book. Further we indicate the references where one can
get a proper background for understanding the later chapters of
this book.

Fuzzy Cognitive Maps (FCMs) model have been developed
defined and described by Kosko [2-5]. However NCMs
analogous to FCMs have been introduced in [25].

Here we build MOD Cognitive Maps models using MOD
integers. For MOD structures please refer [57-66].

Here we use these natural neutrosophic number I} to build

MOD natural neutrosophic Cognitive Maps model. Only based
on this study all the following models were introduced.

Here MOD Cognitive Maps model, MOD finite complex
modulo integer Cognitive Maps model, MOD neutrosophic
Cognitive Maps model, MOD dual number Cognitive Maps
model (MOD) special dual like number Cognitive Maps model
and MOD special quasi dual number Cognitive Maps model are
defined, described and developed for the first time in this book.

Secondly we see in case of NCMs or for that matter MOD
Neutrosophic Cognitive Maps we have I* = I that is we have an
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indeterminate which is an idempotent under product and
addition of n times I is nl. But here we make use of new classes
of natural neutrosophic numbers which are such that they are
idempotents under sum and under product they can be
nilpotents or idempotents or zero divisors. For instance consider

Z¢ the MOD integer. le is the collection of all natural
neutrosophic numbers got by exerting the operation of division
‘I’ in Zg. The MOD natural neutrosophic numbers in Z are Ig,

5, ¥ and I$[64].

Clearly IExI$ =1}, IIxI =1, I$xI$=1I) thus we see the
natural neutrosophic numbers are neutrosophic idempotents,
neutrosophic zero divisors. We have a natural neutrosophic zero
also denoted in Zg by I{ in Z, by I .

Consider Z; we see [} is a natural neutrosophic nilpotent

clearly I} +1I{ =1. Thus Z{ is a semiring we call Z; as a strict
semiring which may be considered also as a misnomer.

Now instead of using I we can use I} where t is a zero
divisor or idempotent or nilpotent element in Z,.

When we use (Z, U g) or (Z, U h) or (Z, U k) or (Z, U I) or
C(Z,) then we get more number of MOD natural neutrosophic

. : 5 5 5 5
numbers. For instance in (Zs U g); we have I, ,, I, I}, are

all natural neutrosophic dual numbers all of them are natural
neutrosophic nilpotents and zero divisors. Similar type of
analysis in case of (Z, U I), (Z, U k) and (Z, U h) can be done.
We have built MOD natural neutrosophic Cognitive Maps
models using (Z, U I);, (Z, U g) and so on.

Thus these 12 new types of MOD Cognitive Maps models
will surely be a boon to any researcher.



Chapter Two

MoD COGNITIVE MAPS MODELS

In this chapter for the first time authors introduce the new
type of model analogous to FCMs model using MOD integers Z,;
2<n<oo,

Here one is made to think why should we use of only 0 and
1 alone as in case of FCMs model. After all what we want is a
resultant after a finite number of iterations or working.

We achieve this by working with modulo integers Z,. Here
the concepts are given at the initial state 1 or O that is on and off
state respectively but the resultant can take any value in Z,.

That value will signify the impact of that concept or node
on the other concepts or nodes and its importance or otherwise
using face value ordering in Z,.

We will define this methodically. Before we proceed to
define the model we just describe and develop the notion of
matrix with entries from Z,; 2 < n < oo which we shortly call as
MOD matrices.
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In this chapter we develop only MOD square matrices as the
new model analogous to FCMs model functions only on square
matrices.

DEFINITION 2.1: Let Z, be the MOD integers {0, 1, 2, ...,
n—1; (2 <n < o).

Let M = (mjj), xm be the m x m square matrix with entries
from Z, (2 <m < oo, m a positive integer).

M is defined as the MOD m X m square matrix with entries
from Z,.

We will illustrate this situation by some examples.

Example 2.1: Let

A = W
S N = O
Ll \® BN R SN
S L W N

be the MOD 4 X 4 square matrix with entries from Z.

Example 2.2: Let

7 3 6 4 5 1]
0 2 110 20
p_|6 100 7 038
305 0 80
1 90 2 009
0 7 6 4 3 3

be the MOD 6 X 6 matrix with entries from Z,;;.
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We can have finitely many such matrices with entries from

le.

We define only one type of operation using them.

We will illustrate this by some examples.

Let X = {(ay, ..
with entries from Z,,.

., a,)/a; € Zy; 1 <1< n} be the row matrix

Elements of X are defined as MOD row matrices with entries

from Z,,.

Example 2.3: Let

=<
I
B N DO W

W W O = N

N © = N O

S = W O B
— N O N

be the MOD square matrix with entries from Z;.

Let x = (1, 0, 0, 0, 0) be the MOD row matrix with entries

from Z;.

M=@3,2,0,4,5 =y;;
y2M=(6,6,6,0,0) =ys;
yaM=(1,0,2,5,5) =ys;
ysM = (6, 3,5, 1,0) = y;

yiM=(4,1,2,2,5) =y
ysM=(2,4,4,5,3) =y
ysM=(1,0,4,5,6)=ys;
yM=(6,6,4,1,1)=ys.

Certainly after finite number of iterations we will arrive at a
MOD fixed point or a MOD limit cycle [ ].

It is to be noted if we start with 1 any of the coordinates of x
till the end we maintain it as non zero.
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If it becomes zero at some stage we replace that coordinate
by 1.

Let x=(0,0, 0, 0, 1) be a state vector.

We find the effect of x on M.

XM=(49 37 67 0’ 1)=YI, Y1M=(1’ 0’ 4’ 47 4)=y29

yM=(2,7,0,0,3) =y ysM=(4,6,4,1,6) =y

yaM=(1,2,3,2, 1) =ys; ysM=(4,3,6,0, 1) =y

YGM = (0’ 0’ 4’ 47 4) = Y7, Y7M = (6’ 4’ 0’ 37 5) = YS
and so on.

However after a finite number of iterations we are sure to
arrive at a realized MOD fixed point or a realized MOD limit
cycle.

Example 2.4: Let

S = O
S O =
_— O

be the MOD matrix with entries from Z;.
Let x = (1, 0, 0) be the MOD row vector.

xM=(1,1,2)=yy; yiM=(1,1,1) =y,
yM=(,1,0)=ys; yM=(,1,2) =y

yaM = (1, 1, 2) = ys5 (=y4).
Thus the MOD resultant is a realized fixed point.
Let x = (0, 1, 0) be the MOD row vector.

To find the effect of x on M.
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xM=(1,1,0)=yy; yM=(1,1,2) =y
yM=(1,1,1)=ys ysM=(1,1,0) =ys
ysM = (1, 1, 2) = y5 (=y4).
So the resultant is a realized limit cycle.
Let x = (0, 0, 1) be the MOD row vector.
The effect of x on M is as follows.
xM=(0,0,1)=y,.
Thus the resultant is a special classical fixed point.
Let x = (1, 1, 0) be the MOD row vector.
The effect of x on M.
xM=(1,1,2) =yy; yiM=(1, 1, 1) =y
yM=(l,1,0) =y;(=x).
Thus the resultant is a limit cycle.
Let x = (1, 0, 1) be the initial state vector.
To find the effect of x on M.
xM=(, 1, D=y yM=(L 1, 1) =y, (=y0).

This is a realized fixed point and both iterations have to be
updated to keep the on state on the vectors in x = (1, 0, 1).

Let x = (0, 1, 1) be the initial state vector.

xM=(1, 1, 1) = y;;
yiM=(1,1, 1) =y, (=y) is a realized fixed point.
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Finally if x = (1, 1, 1) then xM = (1, 1, 1) after updating, so
x =(1, 1, 1) can be considered as the classical fixed point.
Only this sort of operation is performed at each stage and
this is the only operation which is meaningful for us to

implement on the model.

We see the resultant is a classical fixed point or a realized
fixed point or a realized limit cycle.

Further while working with the special type of
multiplication we take care to see that at each time the on state
of the vector in the initial state vector is always maintained to be

in the on state.

Example 2.5: Let

)3 3]

be the MOD matrix with entries from Zs.

Let x = (1, 0) be the initial state vector. The effect of x on
B;

xB=(1,4) =y yiB=@3, 1) =y
y:B=(2,0)=ys; y:B=(1,3)=ys
yaB =(1,3) = ys (=y4).

Thus the resultant is a realized fixed point.

Let x; = (0, 1) be the initial state vector.

To find the effect of x on B.

xB=(2,3)=y; yiB=(,2)=y;
YZB =4, 1= NED Y3B =(2,4) = Ya;
yaB=@3,1)=ys; ysB=(2,1)=ys;

yeB = 2, 1= y7(=Ys).
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Thus the resultant is a realized fixed point.
Let x, = (1, 1); to find the effect of x on B.

xB=(2,2)=yy; yiB=(4,4) =y
y2B=(3,3)=ys; yiB = (1, 1) = y4 (=x2).

Thus the resultant is a realized fixed point.
Clearly x + x;, =(1,0) + (0, 1) = (1, 1) = x,.
The resultant of x is (1, 3) I
The resultant of x; is (2, 1) II
The resultant of x, is (1, 1) I
But the resultant sum of x and x; is (3, 4) which is not III.

So (x + x;) B # xB + x;B in general.

Example 2.6: Let

10240
6 010 2
W=[010 30
7020 1
01 02 0

be the MOD 5 X 5 matrix with entries from Zs.

Letx = (1,0, 0, 0, 0) be the initial state vector

xW=(1,0,2,4,0)=yy; yiW=(5,2,2,6,4)=y,;
y2W=(3,6,0,2,2)=ys3; ysW=(,2,0,0,6) =y
yaW =(1,6,4,0,4) =ys; ysW=(,0,0,0,4)=ye
yeW =(5,4,2,4,0)=y7; yW=(1,2,6,2,4)=ys;
ysW=(3,2,6,6,6) =yo; yoW =(1,4,4,2,2)=y,;
yuW = (2,4,2,2,0)= Yi2s yiuW =(1, 2,4,6,2)= Yi3;
yisW = (7, 6,0,4,2)= Yi4s yiuW = (7, 2,4,0,0) Yiss
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Y15W = (3’ 4’ 0’ 0’ 4) = YI6; Y16W = (3’ 4’ 2’ 4’ O) = YI7;
yirW=(7,2,2,2,4) = yi5; yisW=(1,6,4,2,6) =y
yioW =(3, 2,4, 4, 6) = ya;

and so on and we are sure to arrive at a realized fixed point or a
realized limit point.

Let x =(0, 0, 0, 0, 1) be the initial state vector.
To find the effect of x on W.
XW = (Oa la Oa 27 1) = }’1,

v 2W=(0,1,57,4)=ys;
ysW =(6,0, 5,3, 1) =ys and so on.

However after a finite number of iterations we will arrive at
a realized fixed point or a realized limit cycle.

Example 2.7: Let

01002
00100
S=14 201 1
00105
100 3 0]

be the MOD 5 X 5 matrix with entries from Zs.
Letx=(1,0,0, 0, 0) be the given state vector.

To find the effect of x on S.

xS =-(1,1,0,0,2)=yy;
25— (1,4,1,1,5) =ys;

}’4S = (47 57 17 57 3) = }’5,
YGS = (29 37 49 49 2) = Y7,
}’SS = (27 37 27 17 4) = }’9,

Y1OS=(3, s YUy la 4)=YI1,

yiS—(2,1,1,0,2) =yy;
ysS = (1,3,5,4,2) = yy;
ysS=(1,0,4,4,4) =y
yiS=(1,4,1,4,4) =yg;
YoS = (1,0, 4,2,5) =y
ynS=(4,3,4,0,5) =y
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Y1ZS=(3’ 0’ 3’ 1’ 0)=YI3, Y1SS=(1’ 3’ 1’ 3’ 2)=YI4

and so on and we will arrive at a realized fixed point or a
realized limit cycle.

Let a = (0, 0, 1, 0, 0) be the initial state vector, to find the
effect of aon S.

aS—>4,2,1,1,1)=yy; vi5=(5,0,3,2,2) =y,
y2S=1(2,5,4,3,3)=ys; y3$5=(5,4,2,1,5) =yy;
yaS=(1,3,5,5,6) =ys; ysS=(1,5,2,2,2) =ye
oS =1(4,5,1,2,2) =yy; yr$=1(0,0,1,1,1) =ys;
ysS=(5,2,1,4,0) =yo; yoS=(4, 1,1,1,1) =y
y10S =(5,0,2,4,2) =yu; yuS=4,3,4,2,2) =yn;
ylgS = (0, 0, 5, 4, 4) =V¥Yi3; yBS = (0, 4, 4, 5, 1) =VYi4s
yisS =(5,2,3,1,5) =yis; yis9=(5,5,3,0,0) =y6;
y1eS =(0,5,5,3, 1) =y17; yirS=(3,4,2,2,2) =y
ylgS = (4, 1, 1, 0, 0) =V¥Yio9; ylgS = (4, 0, 1, 1, 3) = Y205
y20S =(1,0,1,4,2) =yy; y2aS =(0,3,4,1,5) =yxn;
and so on.

Certainly after a finite number of iterations we are sure to
arrive at a realized fixed point or a realized limit cycle.

Letb=(0, 1, 0, 0, 0) be the initial state vector.

To find the effect of b on S.

bS —(0,1,1,0,0)=y;; viS=4,2,1,1,1) =y
y2S=(5,1,3,4,2)=ys; y3S=(2,5,5,3,3) =y
ysS=(51,2,2,0)=ys; ysS =(2,3,3,2,4) =ye
YeS =(4,2,5,3,5) =yz yiS=(1,2,5,2,4)=ys;
ysS =(0,5,4,5,5) =yo; yoS=(3,2,4,1,5) =y,
yioS=(@3,5,3,1,3)=yu; yiS=(@3,3,0,0,2) =y
ylgS = (2, 3, 3, 0, 0) =V¥Yi3;s yBS = (0, 2, 3, 3, 1) =VYi4;
Y14S:(1, 1, 5,0, 0)=Y15, Y1ss—(2, 5, 1,5, D)=y
Y16S =(4,4,4,4,0)= Y175 Y17S =4,1,2,4,2)= Yiss

and so on.
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However we will arrive at a realized fixed point or a
realized limit cycle.

Now we proceed onto study one more example before
obtain results related with them.

Example 2.8: Let

o]

1l
S N O
oS O =
N o= O

be the MOD 3 X 3 matrix with entries from Z3
Let x = (1, 0, 0) be the initial state vector.
To find the effect of x on B .
xB— (1, 1,0)=yj; yiB=@2,1,1)=y;
y:B=1(2,2,0)=ys; ysB=(1,2,2) =y
yaB =(1,1,0) =ys (=y)).
Thus the resultant is a realized fixed point given by (1, 1, 0).

Consider x; = (0, 1, 0) to be a initial state vector.

To find the resultant of x; on B.

XIB = (2" la 1) = }’1’ le = (27 27 0) - yz’
y:B=(1,1,2)=ys; y:B=(2,1,2) =y
}’4B =(27 27 2)=}’5, }’SB =(1727 0)=Y6,

yeB =(1, 1,2) =y7 (= y3).
Thus the resultant is a realized limit cycle (1, 1, 2).

Let x, =(0,0, 1) be the given initial state vector.
To find the effect of x, on B.
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xB=(0,0,2)=yy; yiB=(0,0,1) =y:(=x2) ;
thus the resultant realized limit cycle given by (0, 0, 2).

Let x5 = (1, 1, 0) be the given initial state vector.

Effect of x5 on B.
xB=2,1,)=y; yiB=(2,2,0) =y
Y2B=(1,2, 2)=Y3; ysB=(1, 1,0)=Y4 (=x3).

Thus the resultant is a realized limit cycle given by (1, 2, 2).
Now x + x;=(1, 1, 0).

Resultant of x is (1, 1, 0) ; resultant of x; is (1, 1, 2).
Sum of the resultant is (2, 2, 2)

However resultant of x + x; = (1, 1, 0) is (1, 2, 2).

Thus (x +x;) B # xB + xB in general.

In view of this we have the following theorem.

THEOREM 2.1: Let M (mjj),., be the n X n matrix with entries
fromZ,, (1 <i,j <n); (2 <n< )

If x; and x; are initial state vectors, then (x; + X;) m #
x;M + x,M in general.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto describe the MOD directed graphs
where the edge weights are from Z,.

Example 2.9: Let G be the MOD directed graph given by the
following figure.
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Figure 2.1

The directed graph G has the following adjacency matrix M.

V, V, V3 V, Vg
v,[0 4 0 0 O]
Mo V2|0 0 0 1 0f
vi[3 2 0 00
v,[0 0 0 0 2
vs|4 0 0 0 0]

Clearly M is a 5 X 5 MOD matrix with entries from Zs.

Example 2.10: Let

3

©

Y o0

R 4

Figure 2.2
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be the MOD directed graph with entries from Z,,.

The MOD matrix B associated with Figure 2.2 is as follows.

Thus for any given MOD graph we can always have a MOD
matrix associated with it.

Example 2.11: Let G be the MOD graph with edge weights from
Z,, given in Figure 2.3.

Figure 2.3

The MOD matrix M associated with G is as follows.
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ViVy V3 Vy Vs Vg
v,[O 1T 0 2 0 0]
v,J0 0 6 0 0 6

M=v.|0 8 0 0 5 5|
v,/O 0O 00 7 0
vi/0 0 0 3 0 0
vel0 0 0 9 0 0]

M is a MOD 6 X 6 matrix with entries from Z,,.

Now we proceed onto define, describe and develop the
notion of MOD Cognitive Maps (MOD-CMs) model.

DEFINITION 2.2: Let C;, C,, ..., C,, be m concepts / nodes. Let
G be the MoD directed graph associated with these concepts
with edge weights e;; € Z,.

Let E be the MOD matrix defined by E = (e;;) where e;; is the
weight of the directed edge C,C;. E is called the adjacency MOD
matrix of the MOD Cognitive Maps, where a MOD Cognitive
Map is a MOD directed graph with concepts like policies, events
etc., as nodes and causalities with weights from Z, as edges.

It represents the weighted causal relationship between
concepts.

DEFINITION 2.3: Let C;, C,, ..., C,, be the nodes of a MOD CM.
A = (ay, ..., a,) where a; € {0, 1}. A is called the initial or
instantaneous state vector and it denotes the on-off state
position of the node at an instant.

a;=0if a; is off
and a;=1ifa;is on
i=1,2 ..., m
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DEFINITION 2.4: Let C;, C,, ..., C,, be the nodes of a MODCM.
Let CC,, ..., CC; be the weighted edges of the MODCMs

(i #j) with weights from Z,. Then the weighted edges form a
directed cycle. A MODCMs is said to be MOD cyclic if it possess
a directed MOD cycle.

A MODCM is said to be MOD acyclic if it does not possess
any directed cycle. A MODCM with MOD cycles is said to have
feedback, when there is a feedback in a MODCM that is when
the causal relations flow through a MOD cycle in a
revolutionary way, the MODCM is called a MOD dynamical
system.

DEFINITION 2.5:. Let CC,, CC;, ..., C, be a MOD cycle

m-1"n
when C; is switched on and if the causality flows through the
edges of a MOD cycle and if it again causes C; we say the MOD
dynamical system goes round and round. This is true for any
nodeCyi=12,..., m

The equilibrium state of the MOD dynamical system is called
the MOD hidden pattern.

If the equilibrium state of a dynamical system is a unique
MOD resultant vector then it is defined as the MOD fixed point.
By MOD resultant we mean

R={(a; ay ..., a,)/a, € Z, 1 <i<m)j.

Thus the major difference between the FCM and MODCM is
that in the FCM, the resultant takes its value from

A ={(y, ..., ay / a5 € {0, 1}, 11 < m} but in case of
MODCMs the MOD resultant takes its value from

R={(a;,....,an)/a;e Z;; 1 £i<m}.

This is one of the striking difference between the two
models.
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This will be represented by an example before we proceed
onto describe MOD limit cycle of a MODCMs model.

Example 2.12: Let Cy, C,, Cs, C4, Cs be the nodes of a MODCM
dynamical system; M whose edge weights are taken from Z;.

The MOD directed graph G associated with the MODCM is
as follows.

1
Figure 2.4

The MOD adjacency matrix (adjacency MOD matrix) M
associated with G is as follows.

@)
0

w
~

N N0
o o o o ©
o o o o ~
- o o o o 0
S O NN o o N
ooowolmO

s Wele e

9]

The MOD resultant vectors of the MOD dynamical system E
is

R = {(a}, ay a3, a4, a5) /a; € Z3; 1 <i <5}.
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Let x = (1, 0, 0, 0, 0) be the initial or instantaneous MOD
vector.

The effect of x on the MOD dynamical system M is as
follows;

XM= (11000)=y;; yM—(11002) =y
y2M_>(19192’ 0, 2)=y_7,, Y3M—>(1,1,2’ 1’2)=y4’
yiM = (1, 1,2, 1, 2) = ys5 (=ya).

Thus the MOD resultant is a MOD fixed point given by
1,1,2,1,2).

(— denotes at each stage the MOD resultant is updated while
updating the vector we only replace 0 by 1).

Next consider x; = (0, 0, 0, 0, 1) be the initial state MOD
vector.

The effect of x; on M is as follows.

)=YI, Y1M_>(O, Ov 1’ 2’ 1)=y2,
) =Y3 (=y2).

Thus the MOD resultant in this case is also a MOD fixed
point.

Let x, = (0, 1, 0, 0, 0) be the initial state vector.

To find the effect of x, on M,

XZM%(O9 1905 0’ 2)=YI, Y1M_>(O, 19 2’ 0’ 2)=y29
yM = (0, 1,2, 1, 2) = y3; ysM—(0,1,2,1,2) =y,
(=y3).

Thus the resultant in this case also is a MOD fixed point.

Let x; = (0, 0, 1, 0, 0) be the initial state vector.
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To find the effect of x; on M.

The resultant is a MOD fixed point.

Consider
X;+%x,=(0,0,0,0,1)+(0,1,0,0,0)=(0,1,0,0, 1) =xs

XSM%(()’ 17 la 0’ 2)=YI> }’1M—>(0, 172a 2a 2)=YZ>
yM—=(0,1,2,1,2) =y
}’3M - (07 17 2a 2a 2) = Y4 (=y2)
Thus the MOD resultant is a MOD limit cycle.
Now the resultant of x; is a fixed point (0, 0, 1, 2, 1).
The resultant of x, is a fixed point (0, 1, 2, 1, 2).
Sum of the resultant of x; and X, is
0,0,1,2, 1)+ (0,1,2,1,2) =(0 1 0 0 0); not in keeping

with any of the basic properties or laws.

For the MOD resultant of the initial state vector
X1 +%x=(0,1,0,0, 1) = x5 is a limit cycle.

Hence our claim.
We now define the notion of MOD limit cycle.

DEFINITION 2.6:. If the MODCM settles down with a state vector
repeating in the form

X] 22X ... 2X] 2X]
then the MOD equilibrium is a MOD limit cycle.

We saw in the examples the MOD resultant gave a MOD limit
cycle.
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Now we give one more example before we proceed onto
define other related properties.

Example 2.13: Let C, C,, C;, Cy4, Cs, Cq, C; be the 7 nodes /
concepts and G be the MOD directed graph using these nodes C;,
C,, ..., C; with weights from Z,.

The MOD directed graph is given in the following figure.

Figure 2.5

The MOD adjacency matrix B associated with G is as
follows:

@]

O O 0 O = o W N

(8]
o oo oo oo N
SN
W
(=2
~

Hn 0

w

w

(=)

OO0 nn

S oV o o o o
N OO O o o o N
oONN O o o o o 0N
SO OO0 O o N O N
o oo o o o~ 0

=

Letx=(1,0,0,0,0, 0, 0) be the initial state vector.

To find the effect of x; on B.
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XIB - (19 3’ 0’ 0’ 07 Ov 1) = YI,
yiB—(1,3,0,2,0,2, 1) =y
y.B = (1,3,0,2,0,2, 1) = y; (=y2).

Thus the MOD resultant of x; is a MOD fixed point.

Consider x, = (0, 1, 0, 0, 0, 0, 0) to be the initial state
vector.

To find the effect of x, on B.

x,B —(0,1,0,0,0,2,0) =y,
yiB—(0,1,0,0,0,2,0) =y, (=y)).

Thus the MOD resultant of x, is a MOD fixed point.
Letx;=(0,0, 1,0, 0,0, 0) be the initial MOD state vector.

The effect of x5 on B is as follows.

x3B—(0,1,1,0,0,0,0) =y;;
yiB—(0,1,1,0,0,2,0) =y,
y2B = (0,1, 1,0,0,2,0) =y; (=2).

Thus the MOD resultant of x; is also a MOD fixed point.
Consider x4 =(0, 0, 0, 1, 0, 0, 0) be the initial state vector.
To find the effect of x4, on B.

xB —(0,0,0,1,0,0,0) =xy
So x4 is a classical MOD fixed point of a special kind.
Letx5=(0,0,0,0, 1, 0, 0) be the initial state vector.

To find the effect of x5 on B.
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xsB —(2,0,0,0,1,0,0)=y;;
yiB—>(2,2,0,0,1,0,2)=y,;
y:B—1(2,2,0,0,1,0,2) =y3 (= y2).

Thus the MOD resultant is also a MOD fixed point.

Consider x¢ = (0, 0, 0, 0, 0, 1, 0) to be the initial state
vector.

To find the effect of x4 on B.

X6B —)(0, 0, 0, ,2, 1,0) Yis
le - (Oa Oa Oa ) 27 17 0) y2 - (yl)

Thus the MOD resultant the MOD fixed point.
Consider x7 =(0, 0, 0, 0, 0, 0, 1) be the initial state vector.
To find the effect of x5 on B.

X7}3 - (09 ) 0’ 2’ 07 O 1) YI,
yaB —(0,0,0,2,0,0, 1) =y, (=y).

Thus the MOD resultant is a MOD fixed point.

It is important to keep on record these examples are just
only illustrated not related with any real world problem.

Letx=(1,0,0,0,0, 0, 1) be the initial state vector.

To find the effect of x on B.
xB—>(1,3,0,2,0,0,1)=yy;
yiB—(1,3,0,2,0,2,1)=ys;
y:B—(1,3,0,2,0,2, 1) =y; (=y2).

Thus the MOD resultant is a MOD fixed point.
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We see the classical way of defining the mode of combining
a finite number of MODCMs to get the joint effect of all
MODCMs is not very feasible for some entries say
m;; + My = 0 (mod n).

So to over come this problem we make the following
stipulations which is first illustrated by some examples and then
by proper definition.

Example 2.14: Let C,, C,, C; and C, be four nodes associated
with some problem.

Let three experts give the MOD directed graphs by taking
edge weights from Z,.

The MOD directed graphs given by them are as follows. The
MOD directed graph given by the first expert;

G,

[
>

Figure 2.6

The MOD directed graph given by the second expert using
edge weight from Z, is as follows.

Figure 2.7
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The MOD directed graph given by the third expert using the
nodes C;, C,, C;, C, and edge weights from Z; is as follows.

Figure 2.8

The corresponding MOD connection matrices associated
with Gy, G; and G; be M, M, and M; respectively which is as
follows.

C1C2C3C4
C,[0 3 00
Mi=CJ0 0 5 2
C,|0 0 0 6
C,/J0 0 00
C1C2C3C4
c[o 4 3 0
M;=C,|0 0 2 0|and
C,0 000
C,0 350
C G, CC,
c,fo 0 0 3
Ms=C,[2 0 0 2|
C,|0 406
C,l0 350
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We now find M; + M, + M,

0300] [0430] [0043
_j00 520 joo20f |2000
0006 (0000 |0400
0000/ 0350/ [0000
C G, CC,
C[o 00 3
=C,|2 0 0 2|
c,l0 4 0 6
C,0 350

N

However as 3 +4 =0 (mod 7) and 6 =2 =0 (mod 7) two of
the effects has cancelled out.

This fact is misleading so we feel that the combined MOD
dynamical system may not represent, the real situation of the
problem or the experts opinion as this cancellation is wrong.

Further we cannot as in case of FCMs or NCMs go for
simple ones where the edge weights are restrained to {0, 1} or
{0, 1, I} respectively.

We define the new notion of special combination of
MODCMs in the following.

DEFINITION 2.7: Let s number of experts work with m nodes
C;,, C,, ..., C, and use for the MOD directed graphs G, ..., G
weights from Z,. Let M;, ..., M, be the collection of the MOD
connection matrices associated with G;, G, ..., G, respectively.

LetM, =(m); 1 <t<s.
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LetN; =M, + M, =(my) +(m;)

1 2
= (ml.lj+m;) is taken as {%] if nis even and

ml_.l/.+m;+1
2
(my;#0 and m; #0).

if n is odd only, when ever m}] + mj =0 (mod n)

Now add N; + M; use the same procedure as that used for
M[ and MZ-

Repeat till all the s of the MOD matrices are used.

This will not cancel out however; how best it is suited is to
be researched.

This final N,.,; MOD matrix will be defined as the special
combined MOD CM matrix or combined MODCM special
dynamical system.

We will illustrate this situation by an example.
Example 2.15: Let 5 experts work on a problem using the nodes
Cy, C,, ..., Cg and the MOD directed graphs taking edge weights
from Zs. Let the corresponding MOD matrices of the five experts

be M, M,, M;, M, and M5 alone is given in the following:

M, be the MOD matrix given by expert one.



36 | MoD Cognitive Maps Models and MOD Natural ...

C GG, C, C,C,

Clo 30021
C,J0 04000

C,J0 003 0 0f
C,J0 00000
CJ/300000
Clo0 20000

M;

M, be the MOD matrix given by the second expert

C GG, C, C,C,

C[0 20040
C,J0 01001
M;=C,0 0 0 2 0 0.

Clo 10000
CJ/300000
CJl0 40000

Let M; be the MOD matrix given by the third expert

C G,C, C, CC,

cfo 1001 2
C,0 0100 4
M;=C, 0 0 0 1 0 0f

C,J0 00020
Cl0 0000 4
Cl0 23000
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Let M, be the MOD matrix given by the fourth expert.

C G,C, C, C,C,

Clo 30020
C,0 02003

My=C,/0 0 0 3 0 0}

C,J0 40000
Cl2 00001
Cl1 30000

Let M5 be the MOD matrix given by the fifth expert

C G,C, C, CC,

C[0 4000 2
C,J0 0400 2

C,J0 0020 0]
C,J0 4 000 2
C,0 00003
C,J0 40000

Ms

=M1+M2

We find N,

020040
001001
000200

01 0O0O00O
300000
040000

030021

004000
000300

000O0O00O
300000
020000
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1

03001

003001

000300

01000O00
300000
030000

U if m! +m?

=0 (mod 5).

)

]

2
i

1+m. +m?

ij
2

using

= Nz.

Next we find N, + M,

N+ o o <+ o
— oo a o o
c o —~ o o o
o — o o oo
— o oo oA
o o o o o o

+
- - o o o o
— o o o o o
c o mno oo
o n oo oo
no o -~ o o
o o o o . o

1]

Z.

I

s

+

z.

040023

004003

000400

010020
300004
033000

N2+M4.

Now we find N;
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03002690
002003

000300

040000
200001

1 30000

040023

004003

000400

0100260
300004
033000

0200 43

001001

000200

03002090
300003

113000

Next we find Ny = N3 + M;

040002

004002

0002060

040002

00O0O0OO 3

040000

0200 43

001001

000200

030020
300003

113000

010043
003003
000400
0200 2 2|
300001

133000
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Thus N, is the special combined MOD matrix operator or the
MOD special combined dynamical system.

We will test the effects of initial state vectors using M;, My,
M3, M4, M5 and N4.

Letx=(1,0,0,0, 0, 0) be the initial state vector.

We find the effect of x on M, M,, M3, M4, M5 and N,.

XM] — (1, 3, O, 0, 2, 1) =V
yiM;=(1,0,2,0,2,1) =y
yM;=(1,2,0,1,2, 1) =ys;
ysM; =(1,0,3,0,2, 1) =yy;
yaM;=(1,0,0,4,2, 1) =ys;
ysM; =(1,0,0,0,2, 1) =ys;
yeMi1=(1,0,0,0,2, 1) =y7 (=Ye).

Effect of x on M, is a MOD fixed point given by
(1,0,0,0,2) - I

Next we find the effect of x on M.

M, = (1,2,0,0,4,0) =yy;
yiM2=(2,2,2,0,4,2) =y
yMy=(2,2,2,4,3,2)=y3;
ysMa=(4,1,2,4,3,2) = yy;
yiMp=(4,0, 1,4, 1, 1) =ys;
ysM>=(3,1,0,2, 1,0) = ys;
yeM2=(3,3,1,0,2, 1) =y
yiMy=(1,0,3,2,2,3)=ys;
ysMo = (1, 1,0, 1,4, 0) = yo;
y9M2 = (2, 3, 1, O, 4, 1) =Yios
yioM; = (2,3,3,2,3,3)= Y15
yuM2=(4,3,3,1,3,3) =y
yoM,=(4,1,3,1,1,3) =y3;
ysMa=G, 1,1, 1,1, 1) =y
yuMa =3, 1,1,2,2, 1) = yis5;
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yisMa=(1,2,1,2,2,1) = yj6;
yieMa = (1, 3,2,2,4,2) =yi7;
yitM2 =(2,2,3,4,4,3) =yis;
yisM2=1(2,0,2,1,3,2) =y,
yioMy=(4,3,0,4,3,0) = ya;
y2oM2=(4,2,3,0,1,3) =ys;
yaM; = (3,0,2,1,1,2) = Y225
YoM, = (3,0,0,4,2,0) = Y235
y23M2 = (1, 0, 0, 2, 0)= Yo4;
yauM, = (1, 2,0, 0,4, 0) = yz5 (=y1).

Thus the resultant is a MOD limit cycle given by

(1,2,0,0,4,0)

II

Let us now find the effect of x = (1, 0, 0, 0, 0, 0) on the

MOD matrix Mj.

M; = (1,1,0,0,1,2) =yy;
yiMz; = (1,0,2,0,1,0) =y,
Y2M3 — (1, 1, 0, 2, 1, 1) =Yys3;
Y3M3 — (1, 3, 4, O, O, O) =V4;
yvM; — (1,1,3,4,1,4) =ys;
ySM3 — (1, 4, 3, 3, 4, O) = Vo5
yeMs; — (1,1,4,3,2,4)=y;;
yiM; — (1,4,3,4,2,4)=ys;
ysMz; — (1,4, 1,3,4, 1) =yo;
Y()M3 — (1, 3, 2, 1, 2, 2) =Yios
yl()Mg —> (1, O, 4, 2, 3, 2) =Yi1»
yHMg —> (1, O, 1, 4, 0, 4) =Y

yoM; = (1,4,2,1,4,2) =y;3;
yisM; = (1,0,0,2,3,4) =y4;
yiuM; — (1,4,2,0,0,4) =y;s;
yisM; = (1,4, 1,2, 1, 3) = yi;
yieMs = (1,2,3,1,0,2) = yy7;
yl7M3 —> (1, O, 3, 3, 3, 0) =Viss
ylgMg —> (1, 1, O, 3, 2, 4) =Vi9;
yioM; = (1,4, 3, 0,2, 4) = y;
yooM; = (1,4, 1,3, 1, 1) = ya;;
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yaMs; = (1, 3,2, 1, 2, 2) =y (=y10).

Thus the MOD resultant x on the MOD operator M is a MOD
realized limit cycle given by (1, 3,2, 1, 2, 2) --- III

Now consider the effect of x = (1,0, 0, 0, 0, 0) on My;

My —(1,3,0,0,2,0) =yy;

yiMy=(4,3,1,0,2, 1) =yy;

yMy=(1,0,1,3,3,1)=ys;

ysaMy=(1,3,0,3,2,3) =yy;

yaMy=(2,4,1,0,2, 1) =ys;

ysMy=(1,4,3,3,4,4) =ys;

yeMa=(2,2,3,4,2, 1) =yy;

yiMy=(1,0,4,4,4,0) =ys;

ysMy=(3,4,0,2,2,4) =y

YQM4 = (3, 4, 3, O, 4, 4) =Yios
yioMa=(2,1,3,4, 1, ) =y1;
yiuMy=(3,1,2,4,4,4) = yi»;
yoMy=(2,2,2,1,1,2) =y3;
yisMa=(4,1,4,1,4,2) =y14
yiuMy=(1,2,2,2,3,2) =yi5;
yisMy=(3,2,4,1,2,4) =y
yieMy = (3,4,4,2,1,3) = Y175
yiMa=(1,1,3,2,1,3) =yi5;
yisMy=(1,1,2,4,2,4) =y,
yioMs =3, 1,2, 1, 2, 0) = ya;
yooMs=(4,3,2,1,1,0) = ys;
yaMy=(2, 1,1, 1, 3,0) = y»;
yuMy=(1,0,2,3,4, 1) = yx;
yaMs=(4,3,0,1,2,4) =yxu;
y24My=(3,3,1,0,3, 1) = yrs;
yasMy =(2, 2, 1,3, 1, 2) = ys;
YosMa=(4,2,4,3,4,2) =y,
yaMs=(1,0,4,2,3,0) = yx;
yasMy = (1, 1,0,2,2,3) = y;
y20M4 = (2,0, 2,0, 2,0) =ys;
y3oMs=(4,1,0,1,4,2) =ys3;
yaMy=(1,2,2,0,3,2) =ys;
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and so on.

We are guaranteed of getting at a realized fixed point or a
realized limit cycle. But we see this can go on to a large
number of iterations.

Next we find the effect of x = (1, 0, 0, 0, 0, 0) on M.

XM5 = (1, 4, 0, O, O, 2) =V

yiMs —(1,2,1,0,0,0) =y
yvoMs—(1,4,3,2,0,3)=ys;
ysMs — (1,4, 1,1,0,4) =y

yoMs — (1, 2,3,4,0,4) =y
yioMy = (1,1,3,1,0, 1) = yy;
yiuMy— (1,2,4,1,0, 1) = yio5
yl2M4 —> (1, 2, 3, 3, 0, 3) =Vi3;
yl3M4 —> (1, 3, 3, 1, 0, 2) =Vi4;
yiaMy — (1, 1,2, 1,0,0) = y;s;
y15M4 — (1, 3, 4, 4, 0, 3) =VYies
yieMs = (1,2,2,2,0, 1) =y7;
yl7M4 —> (1, 1, 3, 4, 0, 0) =Viss
ylgM4 —> (1, O, 4, 1, 0, 2) =Vi9;
yl9M4 —> (1, 1, O, 3, 0, 4) = Y205
Y2()M4 —> (1, 1, 4, O, 0, 4) =V¥215
yaiMs — (1,0, 4, 3,0, 4) =y
y22M4 — (1, 2, 0, 3, 0, 3) =Y¥23;
y23M4 — (1, 3, 3, 0, 0, 2) = ¥4
Y24M4 —> (1, 2, 2, 1, 0, 3) =255
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y2sMa — (1, 0,3, 4,0, 3) = ya6;
yaeMas — (1,2, 0, 1,0, 0) = yoy;
Y27M4 —> (1, 3, 3, O, 0, 3) =Yos;
Y28M4 —> (1, 1, 2, 1, 0, 3) = Y9,
Y29M4 —> (1, O, 4, 4, 0, 1) =Y¥s30,
y3oMs — (1, 4,0, 3,0, 3) =ys15
y3iMs = (1,3,1,0,0, 1) = ya;
yMs— (1, 1,2,4,0,2) =y
yMs— (1, 3,4,4,0,2) =ysg
Y34M4 —> (1, 3, 2, 3, 0, 1) =Y¥s3s,
Y35M4 —> (1, O, 2, 4, 0, 4) =¥36s
Y36M4 —> (1, 1, O, 4, 0, 0) =Y¥37,
y3Ms — (1,0, 4, 0,0, 2) = ys5;
y3sMa — (1, 2,0, 3,0, 2) =y
y3Ms — (1, 4,3, 0,0, 2) = ya;
Y4()M4 —> (1, 2, 3, 1, 0, 0) Vais
Y41M4—)(1, 1,3, 1,0, 3) Va2,
Y42M4 —> (1, O, 4, 1, 0, 1) Va3,
Y43M4 —> (1, 2, O, 3, 0, 4) Va4,
and so on.

We find effect of x on N,.
xNy—>(1,1,0,0,4,3)=y;;
yiNs=(1,0,0,0,4,0) =y
yaNa=(2,1,0,0,4,2) =ys;
ysNs=(4,3,4,0,3,3) =y
yaNa=(2,3,3, 1, 1,4) =ys;
ysNa=(2,1,1,2,0,3) =ys;
yeNs= (3,0, 2,4, 2,3)=y; and so on.

Now interested reader can compare the resultants of each of
the models using Kosko distance [67].

Also one can take the combined value of the resultants
using the procedure used in finding the combined MODCMs
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dynamical system (or MOD connection matrices of the
MODCMs).

However it is an interesting work to write programs for
MODCMs resultants.

Next we proceed onto describe the notion of a special type
of combined MODCM analogous to that in FCMs given in [ |.

We will describe this by the following example.

Example 2.16: Let Cl, Cz, C3, C4, C5, Cﬁ, C7, Cg and C9 be the
attributes related with the problem. Let four experts work on
this problem. MODCMs model using the edge weights from Z.

Let the first expert work on the problem using the nodes C;,
C,, Cs and Cg. The directed MOD graph G, given by him is as
follows.

Gy

Figure 2.9

Let the MOD connection matrix M associated with G, is as

follows.
Cl C2 C5C6
C |0 0 0 3
Mi=C,l4 0 1 0f
G0 0 0 5
CGl0 2 00
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The second expert wishes to work with the nodes C,, C4, C7,
Cg and Cg.

The MOD directed graph G, given by the second expert is as
follows.

Gy=

Figure 2.10

The MOD connection matrix M, associated with the MOD
directed graph G; is given in the following:

C C, C CC,
G[0 3 0 0 O]
M2=c400000.
G2 0000
G0 3 0 0 4
G|l 0 2 0 0

The third expert wishes to work with the nodes C,, C;, Cs,
C4 and Cg.

The MOD directed graph Gs given by the third expert is as
follows.
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Figure 2.11
The MOD connection matrix M; associated withGs is as
follows.
C2 C3 C4 CS 8
C,J0 0 0 3 0]
M, = G|0 0500 ‘
C|2 0001
G|o01 000
Gl|0 2 0 0 0

Now we finally give the MOD connection matrix and the
MOD directed graph G, given by the fourth expert.

Figure 2.12

The MOD connection matrix M, associated with G, is as
follows.
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Now using the four experts opinion we get the MOD
combined special connection matrix M and the MOD combined
special directed graph associated with M in the following.
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The MOD directed graph associated with M is as follows.
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Figure 2.13

Here we believe any model technically defining and
abstractly describing is not easy to understand by most of the
researchers who are not mathematicians.

So we in almost all cases have tried to give examples or
illustrative models which can be easily understood by socio
scientists and other non mathematicians.

Thus we have two types of combined MODCMs, one type is

that all the experts agree to work with all the m attributes C;, C,,

.., Cn and they use for their MOD directed graphs only
weighted elements of the graph from Z,.

Then the first type of combined MODCMs model has the
associated connection MOD matrix which is given by the method
explained. It will be a MOD m X m matrix with entries from Z,.
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If there are some s experts who work with the problem but
all of them do not work with all the attributes C,, C,, ..., C,, but
work with some subset of the attributes taken C;, C,, ..., C,
only. Further all of them agree to work with the edge weights of
the MOD directed only Z,.

Thus if Gy, Gy, ..., Gy are the MOD directed graphs given by
them then we find the related MOD connection matrices and
combine them in the special way as explained in the example
2.15 and obtain special combined MOD CM dynamical system.

Hence both the ways are distinct as the very method of
approach of the experts who work with the problem are
different. Thus the interested reader can construct both types of
MOD CMs model and analyse the problem.

Next we proceed onto describe the merits or advantages of
using MODCMs in place of FCMs and NCMs.

The first and foremost advantage is in the resultant we get
the values of the MOD resultant vectors to be (ai, ..., a,) where
a; € Zy by which it gives not only the on-off state in case of
FCMs but give a value of the state from Z, when any of the C;
state is just on.

So this is significantly important as the value in Z, is big
then it is a most MOD influential node for the particular C;.

As C;’s changes the MOD influential node also changes in
general,

We will first describe this situation by an example or two.
Example 2.17: Let us consider the MODCM’s connection matrix

M which serves as the MOD dynamical system for a particular
problem with entries from Z,o.
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be the MODCMs dynamical system.

We find the MOD resultant of x; = (1, 0, 0, 0, 0, 0) on M

xM—(1,2,0,0,0,6) =yy;
yiM — (1,2,8,0,0, 6) =y
Y2M —> (1, 2, 8, 6, 0, 6) =Ys;
ysM = (1,2, 8, 6,0, 6) =ya; (=y3).

Thus the resultant is a MOD fixed point. The effect of C,
which was in the on state remains the same. However C;
happens to get the maximum values C4 and C¢ happens to get
the next great value as 6. C, gets the value to be 2. Cs has no
influence on C, directly or indirectly.

Let x, be the MOD initial state vector.

To find the MOD resultant of x, = (0, 1, 0, 0, 0, 0) on M.

XZM - (09 19 4’ 0’ 0’ 0) = YI,
}’1M — (07 17 4a 8a 0’ 0) - yz’
sz — (07 17 4a 8a 0’ 0) - Y3 (=y2)

Thus the MOD resultant is a fixed point given by
(0,1,4,8,0,0).

We see the node C, has the maximum influence on node C,
and C; has also some medium effect over C,.
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However the nodes C,, Cs and Cg are unaffected by C,.
Consider the initial state vector x3 = (0, 0, 1, 0, 0, 0)

To find the effect of x3 on M;

X'ﬁM - (57 07 la 7a 0’ 0) - yl’
Y1M - (59 Ov 1’ 7’ 5’ 0) =y29
y2M = (5,0, 1,7,5,0) =y3 (= y2)

Thus the on state of C; has the maximum influences on C,
followed by C;, Cs for C, and C; both has value 5.

However on state of C; node has no effect on C, and Cs.

Now we find the effect of
x4=1(0,0,0,1,0,0) on M.

xM—(0,0,0,1,5,0) =y,
yiM—(0,0,0, 1,5, 0) =y3 (=y).
We see the on state of node C4 has maximum and only

influence on Cs and nothing more all other states are unaffected
by the on state of the node C,.

Consider x5 = (0, 0, 0, 0, 1, 0) to be the initial state vector.

Effect of x5 on M is
XSM - (09 Ov 6’ 0’ 1’ 8) = YI,
yiM—(0,0,6,2,1,8) =y
y-M — (0,0, 6,2, 1, 8) =y; (=y2).

The MOD resultant is a fixed point given by
0,0,6,2,1,8).

Clearly Cs has the maximum effect of node Cg as its value 8
following by the node C; whose value is 6 and the least affected
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node is C4 whose value is 2 and the unaffected nodes are C; and
C,.

Finally let us study the effect of x¢ = (0, 0, 0, 0, 0, 1) on M.

Thus the MOD resultant is a MOD fixed point.

The on state of node C¢ influences only the node C, and all
other nodes are left unaffected.

Thus by this MOD CM model from the MOD resultant we
can get the nodes which are maximum influenced by the on
state of the nodes in the initial state vector x.

Leta= (1,0, 1, 0, 0, 0) be the initial state vector in which
the nodes C,; and C; alone are in the on state we study the effect.

aM — (5,2,1,7,0,6)=y;;
yM—=(5,0,1,7,5,0) =ys;
yM—(5,0,1,7,5,0) =y3 (=y2).

Thus the MOD resultant is a MOD fixed point.

The on state of node C; and C; makes C; the maximal
influential nodes with value 7 however Cs is also influenced
with its value 5. The node C; influences C, and C, also is
influenced to get a value 5.

But C, and Cg remain unaffected by C; and Cs.

Here, we also study other possibilities of the on state of
nodes and its influence on other. This method gives the
influence exercised on other nodes for one is not also interested
to find the impact that is the on state of a node that makes other
nodes to on state but the amount of influence it exerts on the
other state.
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FCMs cannot cater to this sort of influence, only MODCMs
models can give that sort of influence.

We also wish to study the following set up analogous to
NCMs [ ]. In case of NCMs we see we can have in the resultant
only values 0, 1 and L.

However if one of the concept is partly real and partly
neutrosophic we will not be in a position to describe the
situation.

Maximum adjustments, we can make is 1 + I which implies
50% real and 50% neutrosophic however in truth such is a very
rare occurrence.

In no situation one has the 50 — 50 possibility. In order to
over come all these short comings we define MOD Neutrosophic
Cognitive Maps (MODNCMs) model using mod neutrosophic
number {(Z,uD}={a+bl/a,be Z, F=1}.

So in the resultant nodes can take real, pure neutrosophic
and a + bl where a may not be equal to b or 0.

This is possible only in MODNCMs.

We now proceed onto define the notion of MODNCMs.

DEFINITION 2.8: Let

all aln
M= ay, a,,
a a

where a; € (Z,, UI)={a+Dbl/a, b€ Z,; F =1}; 1 <i <nbe
the MOD neutrosophic n X n square matrix with entries from (Z,,
2§
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We will illustrate this situation by some examples.

Example 2.18: Let

342 T O
M=| 41 0 3I
SI+2 3 T+1

be the MOD 3 X 3 neutrosophic matrix with entries from
(ZsuD={a+bl/a,be Zs, =1

Example 2.19: Let

8+41 6l 0 31
0 7+1 5 61

3471 0 4491 O
6 2481 0 6+8I

be the MOD 4 X 4 square neutrosophic matrix with entries from
(Ziyuly={a+bl/a,be Z,, I =1}.

Example 2.20: Let

0 20+1 3 51 0
6 0 4+21 0 7431

S=|[5+41 7I 0 8+I 0
0 6+5I 8I 0 3+I

4+1 51 0 61 7

be the MOD 5 X 5 square neutrosophic matrix with entries from
(ZyuD={a+bl/a,be Zy, P =1}.

Throughout this book we perform only a special type of
operations on these MOD square neutrosophic matrices.
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X ={(ay, ..., a,) / a, € {0, 1, 1}; 1 £1 < n} denotes the
collection of MOD row vectors also known as MOD initial state
vectors.

Any way the vector can be mentioned and by all means by
the context the situation would be clear.

We will just illustrate how this special type of operation is
performed on MOD square neutrosophic matrices.

Example 2.21: Let

(641 0 2[+5 O 1

0 I 0 21 1431
W=[4I+1 0 5 6I+2 0
0 3+41 0 2 41

|5 0 31 0 0 |

Be the MOD 5 X 5 square neutrosophic matrix with entries
from (Z; U I).

Let X ={(a;, a», a3, a4, as) /a;€ {0, [,1}; 1 <1< 5}.

Letx=(1,0,0,0,0) e X.

To find the effect of x on W;
xW = (641, 0, 2I+5,0, 1) =y,
yiW=(05+6L0,6+4L1+3,6+D) =y,
voW = (3+21, 2+51, 6421, 4, 5+I) = y3;

y3W can be found.

We will certainly after a finite number of iterations arrive

at a MOD fixed point or a MOD limit cycle. Clearly the elements
are mixed neutrosophic.
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Letx=(0,0,0, 0, 1) be the MOD initial state vector from X.
The effect of x on W is as follows.

xW — (5,0,3L0,1)=y;;

yiW =(6L 0,4, 3L 5) =y,
yoW=(4+6L0,1+6,21+ 1,4]) =y;;
ysW=02+4L3+4L 1 +4L L, 4+4]) =yy
v W=(041+50,1+4L2,51+5)=ys;
ysW=(5L6+1 3+3L6+3L5+5I) =y
yeW=(04L4+3L1+3,4+6L 6+ =y

and so on.
However we are guaranteed that after a finite number of
iterations certainly we will arrive at a MOD fixed point or a MOD

limit cycle.

Example 2.22: Let

0 2I+1 3
M=| 2 0 1+I
3+1 I 0

be the MOD 3 X 3 neutrosophic square matrix with entries from

Let X = {(a;, a5, a3) / a; € {0, 1,1}; 1 <1 <3} be the MOD
initial state vector.

x =(1,0, 0) e X. To find the effect of x on M.
M- (1,2I+1,3)=yy;

yM=GI+3, 1+L 1) =y,
yM=2+2L,3,2)=y;3
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ysM=Q2L2,1+1) =y
yvyM=03B+10,2)=ys;
ysM=2+2L,3+3L1+1) =y
yM=(1+3L2,1+3D)=yy;
yM=C@+L1+31+3)=ys;
ysM=(1+3L3+L2[+2) =y,
yoM = (0, 1 + 3L, 2 + 2I) = yy¢;
yioM = (1,0, 1 +3D =yu;

y“M = (3 + I, 21 + 1, 3) =VYis
yle = (3 +3I, 3, 2) =VYi3
yisM=Q2L3+L0) =y

yuM =2 + 2L 2L 3+ 1) =ys;
yle = (1 + 3I, 2+2I, 2+ 21) =VYies
vieM = 2+21, 1 + 3L, 1 + 3) = yy7;
yiM=0+3L2+2L 3+ 1) =ys;
yisM=(1+3L 1 +3L 1+ 3I) =y
ylgM = (1+3I, 3I+1, 0) = Y20,

yooM = 21+ 2, 1 + 31, 0) = y»y;
vouM=2+2L2+2,3+1) =yp;
Y22M = (1 + 3I, 2+ 21, O) = Y23,
yBM = (1, 1+ 3I, 1+ 31) =Y (=Y11)-

The MOD resultant is a limit cycle.
This is got after 23 iterations.
Consider x, = (0, 1, 0) € X.

To find the effect of x, on M.

xM—-> @2, 1,1+D =y
yiM=(1+L2+2L3+1) =y
yM=0+3L1+L1+1)=ys;
ysM=1+3L1+10)=yy
yM=2+2L1+3L0)=ys;
ysM=2+2L2+2L3+1) =ys
yeM = (1 + 31,2 + 21, 0) = y5;
y;M = (0, 1+ 3L 1+ 3D) =ys;
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ysM=GI+1,1,1+3) =y,

yoM = (1 +1, 31+ 1, 2I) = yy;

yioM =21 +2, 1 + 3L, 2D) = y3;
yHM = (2 + 2I, 2, 3+ I) =VYi2;

yioM = (1 + 3L 2 + 2L, 0) = yy;3 (=y7).

Thus the MOD resultant is a MOD limit cycle.
Letx;=(0,0,1) € X.
To find the effect of x; on M.

Mo G+LL1) =y
yM=GB+3L3+2L 1 +1) =y,
yM=(1+L3+L1)=y;
ysM = (1431, 1 + 21, 2) = ys;
yM=QL1+12D)=ys;
ysM=2+2L0,1+1) =y
yM=CB+12,2+2]) =y;
yM=Q2+2L3+L 3+ =ys;
ysM =GB +1L2+2L1+3])=yy
yoM=CB+L3+L3+D =y
yloM=(3+3I,3+2I, 21):}’11;

and so on.

Certainly after a finite number of iterations we will arrive at
a MOD fixed point or MOD limit cycle.

Now having seen how only a special type of operation is

needed in our study we proceed onto describe by examples the
notion of MOD directed neutrosophic graphs.
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Example 2.23:

Figure 2.14

be the MOD directed graph G with edge weights from
(ZsuD={a+bl/a,be Zs, P =1)}.

The MOD connection matrix M associated with G is as
follows.

Cl CZ C% C4 5

G[0 3 4+1 0 0O |
Mz G0 0 0 2 0

C,|0 1 0 0 2+3I
C,/0 0 0 0 0

Cs0 4441 0 0 O |

It is pertinent to keep on record that we are not using the
dotted lines to show the edges are pure neutrosophic or mixed
neutrosophic as the edge weights themselves will denote that we
give yet another example of the MOD neutrosophic directed
graph.

Example 2.24: Let G, be the MOD neutrosophic directed graph
given by the following figure whose edge weights are taken
from{Z,ul)={a+bl/a,be Z,, = I}.
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»-

2I1+3

Figure 2.15

The MOD connection matrix associated with the MOD
neutrosophic graph is as follows.

¢Gg G GG G ¢ G G

G[0O 210431 0 0 O 4+11 0 O |
GlZ2z0 0 0 0 0 0 0 0
G/oo 0o 0 0 0 0 0 0
G/oo 0o 0 0 0 0 0 0

M=CGI5I3 0 2 0 0 0 0 20+3|
G/loo 0 3 0 0 0 2 0
G/loo 0 0 0 0 0 0 0
G/lOO 0 0 0 0 3+ 0 0

GO O 0 34207471 0 10I+6 O |

This is the way the MOD neutrosophic connection matrix M,
is constructed using the MOD neutrosophic directed graph G;.
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Next we proceed onto describe the MOD Neutrosophic
Cognitive Maps (MODNCMs) model.  Suppose there are
n-nodes say C;, C,, ..., C, associated with a problem P.

The expert wishes to take the edge weights from (Z,, U I) =
fa+bl/a,be Z, I = I} as the expert feels that some of the
edges can be real or pure neutrosophic or mixed neutrosophic.

Let X = {(X1, X2, ..., X)) / X; € {0, 1, I}; 1 £1 < n} be the
collection of all MOD instantaneous / initial state vectors.

The expert gives the MOD directed neutrosophic graph G
with edge weights from (Z,, U I).

Let M be the MOD connection neutrosophic matrix
associated with MOD directed neutrosophic graph G.

M serves as the MOD neutrosophic cognitive maps model
dynamical system, analogous to the MOD cognitive maps model
dynamical system defined earlier in this chapter.

For more about the related concepts refer [ ].

We will illustrate this situation by an example or two.

Example 2.25: Let P be a problem and C,, C,, C;, C,; and Cs be
the five nodes associated with the problem.

The expert wishes to work with edge weights from
(ZyuD={a+bl/a,be Z;; P =1}.

Let G be the MOD neutrosophic directed graph with edge
weights from (Z; U I) given in the following figure.
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Figure 2.16

Let M be the MOD connection matrix associated with the
MOD neutrosophic directed graph G.

C, C, G CC
C[0 1+I 1 0 O]

M2 G0 0 00 21
G0 0 020
C,|0 2+2I 0 0 1
G0 0 00 0]

Let X = {(a}, a», a3, a4, as) / a; € {0, 1,1}; 1 <1< 5} be the
collection of MOD neutrosophic initial state vectors of the MOD
dynamical neutrosophic system M.

Letx;=(1,0,0,0,0) € X.

To find the effect of x on M;
xM—->(1,1+11,0,0)=yy;
yiM—= (1, 1+L 1,2, 1) =y
yvM—=(1,2+2L 1,2,0) =ys;
ysM = (1,2 +2L 1, 2,0) = y4 (= y3).

Thus the MOD resultant is a fixed point.
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Clearly the on state of the mode C; makes on only the three
nodes C,, C; and C,. It has no effect on Cs.

However C; just become on but C, get the greatest mixed
neutrosophic value or the neutrosophic value to be 2 + 2I. The
node C, gets the greatest real value.

Thus by this new MOD neutrosophic cognitive maps model
we see the nodes on or off state alone is not given but also the
status of the node due to influence of the on state of the node in
the initial state vector is also given.

By this method we can get the following C; and C4 nodes

are real but C4 get the maximum real value and C, node gets the
maximum neutrosophic value viz. 2 + 2I.

Letx, =(0, 1,0, 0, 0) € X be the MOD initial state vector.
The effect of x, on M is as follows.

xM —(0,1,0,0,20) =y;;
Y1M - (09 19 O’ 0’ 21) = y2(=yl)

The MOD resultant is a fixed point and the on state of the
node C, has no influence on the nodes C;, C; and C,, however it
makes the node Cs pure neutrosophic with maximum value 21I.

Let x3 = (0, 0, 1, 0, 0) € X be the given initial state vector.
To find the effect of x3 on M.

X3M - (09 Ov 1’ 2’ 0) = YI,
yiM—= (0, 1+L 1,2,0) =y
yM = (0, 1+1 1,2,0) =y3(=y2).

Thus the resultant is a MOD fixed point.

Clearly on state of the node C; has no effect on C, and Cs,
but has greatest real effect on C,4 for the node C, value given by
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the fixed point is 2 and node C, takes the value 1+ I for it is
50% real and 50% neutrosophic when the node C; is the on
state.

Consider the initial state vector x4 = (0, 0, 0, 1, 0) € X.
We find the effect of x, on M.

xM—=(0,2+2L0,1,)=y;;
yiM—(0,2+2L,0,1,0) =y
"M — (0,2 +21, 0, 1, 0) = y; (=2).

Thus the resultant is a MOD fixed point given by
(0,2+2L0,1,0).

We see when x4 is in on state it has no effect or any impact
on the nodes C;, C; and Cs. It has impact only on the node C,

and its value is 2 + 2I that is the greatest neutrosophic value in

Finally we study the on state of the node Cs.
Letxs=(0,0,0,0,1) € X.

The effect of x5 on M is as follows.

xsM — (0, 0, 0, 0, 1) is the MOD classical fixed point which
is the resultant the on state of the node Cs has no impact on any
other nodes of the dynamical system.

Leta; =(1, 0,0, 0, 0) € X be the initial state vector.

The effect of a on M is as follows.

aM—({,2L1,0,0)=yy;

Y1M - (I’ I’ I9 219 I) = y2,
yM = (I, L L, 2L, I) = y; (=y2).
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Thus the resultant is a MOD fixed point all coordinates come
to pure neutrosophic state.
That is if C, is taken to be in the indeterminate state then C,,
C;, C4 and Cs also come only to indeterminate state with Cy
taking the maximum indeterminate value.

None of the coordinates take real values.

In case of indeterminate state all other state becomes
indeterminate.

Leta, =(0,1, 0, 0, 0) € X; be the initial state vector.
To find the effect of a, on M.

aM — (0,1,0,0,2D) =yy;
yiM = (0,1,0,0,2D) =y, (=y)).

Thus the MOD resultant is a fixed point which makes only

the node Cs to on state. Cs is also a maximum pure neutrosophic
value.

Let a; = (0,0, I, 0, 0) € X be the initial state vector.
To find the effect of a; on M;

aM—(0,0,1,2L0)=yy;
yiM = (0, 2L 1, 21, 2I) = yy;
M — (0, 21, 1, 21, 0) = y3;
ysM — (0, 2, 1, 21, 0) = y,.

Thus the resultant is a MOD fixed point.
The indeterminate state of the node C; makes the nodes C,
and C,4 to be maximum pure neutrosophic as they take the value

2I and this C; has no effect on C; and Cs.

Letas=(0,0,0,1I, 0) € X; to find the effect of a, on M.
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a4M - (0’ 19 Ov I’ I) = YI,
yiM = (0, L0, L D =y, (=y).

Thus the MOD resultant is a MOD fixed point.

The on state of C, as I has no effect on C; and C,; however
the nodes C, and Cs have the pure neutrosophic state given by 1.

Letas= (0,0, 0, 0, I) € X be the initial state vector.
Effect of as on M gives asM — (0, 0, 0, 0, ).

Thus the MOD resultant is a MOD special classical fixed
point.

The on state of Cs has no effect on any of the nodes C,, C,,
C3 and C4.

Example 2.26: Let P; be a problem at hand and let C,, C,, C;,
C, be the four nodes associated with the problem.

The edge weight of the MOD directed neutrosophic graph
are taken from (Zg U Iy = {a+bl/a,be Z, I’ =1}.

Let G, be the MOD neutrosophic directed graph given by the
expert which is as follows.

Figure 2.17
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The MOD neutrosophic connection matrix N associated
with the MOD neutrosophic directed graph G; is as follows.

cC, ¢ C

0 21 2431 1
N=cC,J0 0 0 I
c,lo 0 0 3
clo 2 0 0

4

Let x; = (1, 0, 0, 0) be the MOD initial state vector from
X= {(al’ A, a3, a4) / a; € {0’ 1’ I}’ I< 1 < 4}

The effect of x; on N

xN—>(LL2L2+3L D =yy;
YiN e (1, 41, 2+ 31, 0) =Y,
yaN = (1, 2L 2 + 3L 1) = y3 (=y)).

Thus the MOD resultant is a MOD limit cycle. The on state of
C, makes all the other nodes C,, C; and C, to on state C, and C,
are pure neutrosophic values whereas C; is a mixed
neutrosophic value 2 + 31.

Letx,=(0,1,0,0) e X.

To find the effect of x, on the MOD neutrosophic dynamical
system N.

x:N—=(0,1,0, 1) =yy; yiN=(0,2,0,1) =y
yZN = (Oa 2a Oa 2) = Y3> }’3N = (Oa 4a Oa 4) = Y4>
Va N3 —> (O, 2, O, 2)

Thus the MOD resultant in ys (=y3) this case is a MOD limit
cycle. On state of C, only makes on the node C, to a value 1.

All the other nodes remain in the off state.
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Letx3=(0,0,1,0) e X.
To find the effect of x; on N

3N —(0,0,1,3D) =yy;
le - (09 Ov 19 31) = y2 (ZYI)

Thus the MOD resultant of x5 is a MOD fixed point. The on
state of the node C; has no effect on x; and x, it has effect on C,4
and C, takes the pure neutrosophic value 31.

Letx;,=(0,0,0,1) € x.

N —(0,2,0,1)=y;; yiN —(0,2,0,2) =y,
v.N — (0,4,0,2)=ys; ysN — (0,4,0,4) =yy4;
N —(0,2,0,4)=ys

ysN — (0, 2, 0,2) = ys (=y2).

Thus the MOD resultant is a MOD limit cycle. The on state of
the node C, makes only the node C, to on state and all other
nodes remain only in the off state.

Further we can find all properties related with MOD
Neutrosophic Cognitive Maps model as in case of MOD
cognitive maps model with some appropriate changes.

This task is left as an exercise to the reader.

Next we will describe MOD complex cognitive maps model.

It may so happen that an expert / researcher may have to
work with a problem which may have imaginary values

associated with it in such cases this model can be adopted.

Infact the nodes can also be complex or mixed complex
value.

However the MOD initial state vector
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X =({ay, ay, ..., ay) / a; € {0, 1, ig}; iéz n-1;1<i<m}.
To this end we first define describe and develop the notion of
MOD directed complex graph.

DEFINITION 2.9: Let G be a directed graph with edge weights
from C(Z,) = {a + bir/ a, b € Z,; i; =m— 1}). Then G is
defined as the MOD directed finite complex integer graph.

We will illustrate this situation by some examples.
Example 2.27: Let G, be the MOD directed finite complex

number graph with edge weights from C(Zs) given in the
following figure.

i
@Ll
The MOD connection complex matrix or adjacency complex

matrix, M; associated with the MOD-directed complex graph G,
is as follows.

Figure 2.18
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c,C C, C C c, G,
C[0 2 3+i, 0 0 0 O]
G0 0 0 4, O 0 0

M,=G|0 0 0 3 0 0 0
C,J0 0 0 0 2+3i, 1+4i, 0
G0 i, 0 0 0 0 I
Cl0 0 2i, O 3 0 0
c,l0 0 0 0 0 O]

We will call any matrix with entries from C(Z,) as MOD
complex matrix.

Example 2.28: Let G, be the MOD directed finite complex
modulo integer graph given by the following figure with entries
from C(Z).

Figure 2.19
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Example 2.29: Let G; be the MOD directed finite complex
modulo integer graph with entries from C(Z;) given by the
following figure.

3+4ip

'

4+3ir

Figure 2.20

Now in the following we give a few examples of MOD finite
complex modulo integer square matrices with entries from
C(Zy).

We define and describe only a special type of operation on
them.

Infact for more about these refer [ ].
Example 2.30: Let

3i, 1 0
Mi=| 0 2+4i, 3
4+i, 0 243Q,

be the MOD 3 X 3 finite complex modulo integer matrix with
entries from C(Zs).
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Let X = {(a;, a, a3) / a; € {0, 1, ip); 1 <1 < 3} be the
collection of MOD finite complex modulo integer special
vectors.

We define special type of operation using elements of X and
M, which is described in the following.

Letx=(1,0,0) € X.
To find the effect of x on M;

XM] %(311:, 1,0):}’1; ylM1=(1,2+2iF, 3)=Y2,
szl = (i]:+ 2, 4 + 211:, 2) =Ys;

ysMi = (i, 2 + i, 1 + 2ig) = y4;

yaM = (4+4ig, i, 2) = ys;

ysMi = (4ig, i, 4 + 4ip) = Y6,

yeM; = (1, 1+ig, 1 + 3ip) = y7;

Y7M1 = (1 + iF, 4+ iF, 1+ 211:) =Ys;

y8M1 = (4+21F, 41F, 3) = Y9,

yoMi = (1,3, I +1p) = yi0;

Y10M1 = (3 + 311:, 2+ 211:, 3) =Viis

and so on.

However we are sure after a finite number of iterations we
will arrive at a MOD fixed point or a MOD limit cycle.

Let x, = (0, 1, 0) € X; to find the effect of x, on M.

X2M1 = (0, 2+ 4iF, 3) =¥

Y1M1 = (2 + 3ip, 3+ i]:, 2+ 1]:) =Y,
yaMi = (3 + 2ip, 4 + 2ig, ip) = Y3}
Y3M1 = (311: + 3, 3+ 211:, 4 + 311:) = Va4,
Y4M1 = (4, 1+ 4iF, 3+ 411:) =Ys;
ysMi = (3 + ir, 2iF, 2 + 4ig) = Y6,

and so on.

We are sure after a finite number of steps we will arrive at a
MOD fixed point or a limit cycle.



Letx;=(0,0,1) e X.

To find the effect of x3 on M;;
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X3M1 = (4 + iF, 0, 2+ 311:) =V

yiMi = (2 + 1, 4 + ig, 2ip) = Y23

szl = (2 + 4ip, 1+ 411:, 1+ 211:) =Ys3;
Y3M1 = (2 + 41F, 1+ 211:, 4 + 41F) =V,
Y4M1 = (IF, 1+ 211:, 4 + 111:) =Ys,
y5M1 = (2 + 3ip, 4 + 411:, 3) = Ve,
y6M1 = (411: + 3, 4 + 311:, 3+1F) =¥7

y;M; and so on.

We are sure to arrive at a MOD fixed point or a MOD limit

cycle.

Example 2.31: Let M, be the MOD complex finite modulo
integer matrix with entries from C(Zy).

[0 2+i,
3i. O
M= 0 2
1 0
1 0 ip

0

1

0
2+i,

0

0 0 |

0 1+i;

ip 0

0 5
I+i;, 0 |

Let X = {(ay, a, a3, a4, a5) / a; € {0, 1, ig}; 1 <1< 5} be the

special MOD row vectors.

Let x;,=(1,0,0,0, 0) e X; to find the effect of x; on M,;

xM; = (1,2+150,0.,0)=yy;
yiMs = Qip+ 1,2+ ip, 2 + ip, 0, 1 + 3ip) = yo:
Y2M2= (2 + iF, 1, 2+ iF, iF+ 3, 1+ 311:) =Ys;
yaMs = (3, 2 + 3ip, 1 +ip, 1 + 2ip, 2) = ya:

y4M2 = (3ip, 3ip, 2, 1+ 3ip, 31]:) =Ys;

ysM; = (3ig, 2 + 2if, 3, 1 + i, 2 + 2ig) and so on.
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Certainly after a finite number of iterations we will arrive at
a MOD fixed point or a MOD limit cycle.

Letx4=(0,0,0,1,0) € X.
To find the effect of x4, on M,;

X41\/[2 - (1, 0, 2 + iF, 1, 3) = Y1,
yiMa = (1, 2 + 2ig, 2 + ip, 2ip + 3, 3) = ya;
yaM, = (1, 2 + 2ig, 3ip, 2 + ip, 1 + 2ig) ; and so on.

After a finite number of iterations we arrive at a MOD fixed
point or a MOD fixed cycle.

Now we proceed onto describe a few MOD directed complex
finite modulo integer graphs and then related MOD complex
finite modulo integer matrix.

Example 2.32: Let H be the MOD directed complex number
graph with edge weights from C(Z,).

Figure 2.21
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Let P be the MOD matrix associated with the MOD directed
complex modulo integer graph.

V, V, V3V, Vg Vg \2 Vg
v[O O O 0 3i, 0 2 8+3i,
v,J0 0 0 4 0 0 0 0
v,l]00 0 i, 2 0 445, 0

P=vlo o0 0 0 2i,+3 0 3+8i
v;/0 00 0 0 0 0
Vg0 00 0 4 0 5
v,;JO0 00 0 0 0 0 0
Vg0 00 0 0 0 0 0 |

Having seen the notion of MOD directed finite complex
modulo integer graphs and MOD finite complex modulo integer
square matrices, we proceed on to describe the MOD finite
complex modulo integer cognitive maps model or in short MOD
Complex Cognitive Maps (MODCCM) model.

Let P be a problem in hand C;, C,, ..., C, be the t nodes /
attributes associated with the problem P.

Suppose an expert wishes to work with this problem and
takes for values of directed edges from C(Z,) = {a + big/a, be
Zy; 2= @-1).

That is this system works with MOD complex integer t X t
matrix with entries from C(Z,).

Clearly the model given by him is a MOD complex cognitive
maps model.

We will illustrate this by an example or two.
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Example 2.33: Let P be a problem which has C,, C,, C;, C4, Cs,
Cs to be 6 nodes. The expert gives the MOD directed graph G
with edge weights from C(Zs) which is as follows.

Figure 2.22
The MOD connection matrix M associated with graph G is
as follows.

Cl C2 C’% 4 CS C6
G0 1+i, 2 0 0 0]

G0 0 0 0 2+4i O

M=cjo o0 0 1+2, 0 0

¢/t 0 0 o0 2, O

¢Glo 0 0 0 0 i
GO 0 0 O 0 0]

Let X = {(ay, a5, a3, a4, a5, ag) / a; € {0, 1,1i}; 1 <1< 6} be
the MOD initial special state vector associated with the MOD
complex matrix M which serves as the MODCCMs dynamical
system.
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Letx,=(1,0,0,0,0,0) € X.

To find the effect of x; on M;
X]M —> (1, 1+ iF, 2, O, O, O) =V
ylM—>(l, 1 +iF, 2,2+iF, 1,0):}’2;
yM =2 +ip, 1 +ip, 2,2 +1p, 2 +ip, ip) = y3;
y3M=(2+iF, 1,1 +2ip,2+ip,2+ip, 2ip+2)=y4;
Y4M = (2 + iF, 1, 1+ 21F, iF, 211:, 211: + 2) =Ys and so on.

We will certainly arrive at a MOD fixed point or MOD limit
cycle.

Leta=(0,0,0,0,1,0) e X.
To find the effect of a on M.

aM — (0, 0, 0, 0, 1, 1]:) =V
yiM —(0,0,0,0, 1, ip) =y, (=y1).

Thus the resultant is a MOD fixed point given by
(0,0,0,0, 1, ip).

Letb=(0,0,0,0,0,1) e X.
To find the effect of b on M.
bM — (0,0, 0, 0,0, 1).
Thus the resultant is a MOD is a special classical fixed point.
Letc=(0,0,0,1,0,0) e X.
To find the effect of c on M.
cM — (1,0, 0, 1, 2ig, 0) = yy;
yiM = (1, 1 +1ig, 2, 1, 2ig, 1) = y,5

yZM=(1,1+iF, 2,2+iF,1+2iF, 1)=Y3,
y3M=(2+iF,l+iF,2, 2+ip,ip,l+ip)=y4
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and so on.

Certainly after a finite number of iterations we will arrive at
a MOD fixed point or a MOD limit cycle.

Let us consider x3 = (0, 0, 1, 0, 0, 0) be the initial state
vector.

To find the effect of x; on M.

M —(0,0,1,1+2ig 0,0)=y;;

yiM = (1 + 2ig, 0, 1, 1 + 2ig, 2ig + 2, 0) = y»;

yaM = (1 + 2ip, 0, 2 + ip, 1 + 2ip, 2ip+ 2, 2ip+ 1) = y3;
yM = (2 + g, 0, 1 + 2ig, 2i, 2ig + 2, 2ip + 1) = ya:
Y4M =2ig, 1, 1 + 2ig, i, 2, 2ip+ 1) = ys;

ysM = (i, 2ip+ 1, ik, ip, 2, 1 +ip) = ¥63

y6M = (iF, ig + 2, 2ig, ig + 1, ip, 21F) =y

Y7M = (1 + i]:, i]:+ 2, 2ip, 2+ 2iF, iF + 1, 2) and so on.

We will yet on more example in which we show that the
nodes can be or 1 or pure complex or mixed complex of the
form a + bip, a # 0, b # 0 depending on the on state of the node
of the MOD finite complex cognitive maps model.

Example 2.34: Let P be the problem for which the following
MOD directed finite complex number graph G with edge weights
from C(Z) is given in the following

2+4ip

Figure 2.23



MoD Cognitive Maps Models | 81

Let S be the MOD connection complex integer matrix
associated with the MOD finite complex number directed graph
which serves as the MOD complex cognitive maps model
dynamical system.

Let X = {(a;, @z, ..., ag) / a; € {0, 1, i}, 1 £1 <6} be the
special MOD initial complex vectors associated with the MOD
CC maps model.

c, C, C C C G
cfo 2, 0 0 0 0 ]
Co 0 0 0 1 0

S=¢clo 0 0 0 0 0
C/t 00 0 0 0
C,|0 0 0 2+2i, 0 2+4i,
G0 0 4 0 0 0 |

Letx;,=(1,0,0,0,0,0) € X.
The effect of x; on S.

xS = (1, 2i5, 0,0,0,0) =y;;

y1S = (1, 2iE, 0, 0, 2ip, 0) = y,;

y2S = (1, 2iE, 0, 4ig+ 2, 2iF, 4ip + 4) = y3;

yv3S = (1, 2ip, 4 + 4ip, 4ipt 4, 2ip, 4) = y4;

vaS = (1, 2ip, 4, 4ip + 2, 2ip, 4ip + 4) = ys5;

ysS — (1, 2ip, 4 + 4ig, 4ip + 2, 2ip, 4ip + 4) = y7 (=Ys).

We see the on state of the node C; makes all the other nodes
to on state.

The node C, is purely complex. Node C; is mixed complex
s0 is C4. The node Cs is pure complex.

The node Cg is again a mixed complex number.
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Thus we see on state of a node can give different types of
states on other nodes however in FCMs its effect can give only
on or off state of the other nodes whereas in case of NCMs the
effect can be on or off or I the indeterminate state.

Letx,=(0,1,0,0,0,0) e X, to find the effect of x, on S.

xS —(0,1,0,0,1,0)=yy;

viS = (0, 1,0, 2 + 2ig, 1, 4ip+ 2) = ya;

VoS = (0, 1, 2 + 4ig, 2 + 2ig, 1, 2 + 4ig) = y3;

v3S = (0, 1, 2 + 4ig, 2 + 2ig, 1, 2 + 4ip) = y4 (=y3).

Thus the MOD resultant is a MOD fixed point.
The on state of C, makes on the nodes Cs, C4, Cs and Cg.

However C, remains unaffected by the on state of C,. The
nodes C, and C; becomes mixed a complex number states. The
node Cs just has become on.

The node Cg has become a mixed complex number state.
Thus this is the main importance of the MODCCMs model.

All other properties like combined and special combined
MODCCMSs model can be derived. This is considered as a matter
of routine so left as an exercise to the reader.

Now we can work with MOD dual number Cognitive Maps
model using the MOD dual number
Z,vug)y={a+bg/a,be Z, g2=0}.

Let P be a problem at times one may have to work with dual
numbers. Then can we have some way to achieve this. The
answer is yes. The MOD dual number Cognitive Maps model
can serve the purpose.

In order to have this model we need to have the notion of
MOD directed dual number graph and MOD dual number
matrices.
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We will describe them with examples.

Example 2.35: Let G be the directed graph with dual weights
from (Z, U g) = {a+bg/a,be Z; g?=0}.

(7Y
oQ
A A

1 2g+1
Figure 2.24

This graph will be known as the MOD dual number directed
graph.

Example 2.36: Let G, be the directed dual number graph with
edge weights from (Z; U g) = {a+ bg/a,b e Z;, g’ = 0} given
by the following figure.

Figure 2.25
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Now we define the notion of MOD dual number directed
graph or MOD directed dual number graph.

DEFINITION 2.10: Let G be a directed graph with vertices v,
..., vy and if the edge weights are taken from (Z,, Ug)= {a + bg
/a, beZ, g2 = 0} then we define G to be the MOD dual number
directed graph or MOD directed dual number graph.

Figure 2.26

where a, b, c,d,a,b;, 1 € Z,\ {0} (2<n< o).
We first describe MOD dual number square matrices.
Example 2.37: Let

9+2¢g 0 3 4g
0 5+2g 0 9g+3
3g 0 2+g 0
1 3 5g+1 2+9g

M=

be a 4 X 4 square matrix with entries from
<ZIOU g> = {a+bg/a, b S ZlO’ g2= 0}

M is a MOD 4 X 4 square dual number matrix with entries
from (Z;p U g).



Example 2.38: Let

[10+2¢ 0 5¢ 4+3g 3 0
0 5¢+5 O 2 9g+1 A4g
P 4g 0 8g+1 0 6g Tg+l1
0 9¢+9 0 3+4g O 2
10g 0 7 6g 1 0
0 4g 1+g 0 1+5g 2g+2]
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be the MOD dual number square matrix with entries from
<le Ug>= {a+bg/a,b€ le, g2=0}

DEFINITION 2.11: Let S = (s;) be a n X n matrix with entries
from (Z,, Ug)={a+bg/a beZ,g =0). Sisdefined as the
MOD dual number square matrix or MOD square dual number
matrix.

We have given examples of them.

Now we proceed onto describe a MOD dual number directed
graph and the adjacency matrix associated with them.

Example 2.39: Let G, be the MOD directed dual number graph
with entries from (Z;, U g) = {a+bg/a,b e Z,, g2 =0} given
by the following figure.

Figure 2.27
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Let M be the connection MOD dual number matrix
associated with M.

vV, OV, ViV, Vg VoV, Vg
v,[0 3g+2 0 2¢ 42 0 O 0 |
v,[0 0 0 0 0 0 0 0
v,l0 0 0 0 0 0 0 2+2¢

M=yvlo o 0 0 242 0 O 0 |
vi[0 0 0 0 0 0 g+l 0
Ve]0O 0 Sg+#1 0 0 0 2 0
v,[0 0 0 0 0 0 0 0
vgl0 0 o 0 0 0 1 0

This MOD dual number square matrix has all its diagonal
entries to be zero.

Example 2.40: Let G, be the MOD directed dual number with
entries from (Z;c U g) = {a+ bg/ab e Z;s; ¢ = 0}.

2+4¢g

Figure 2.28
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Let N be the MOD square dual number matrix given in the

following

<

2+4g

S O O O O O O o o O

S O O O O o o o o

<
~

S O O O O O O wn O O

S O O O O O O O O

_
n
ol oo oo o o o o

<
o

Vo Vo

]

S O O O O O O o O

S O O O O O O o o O

Now we describe only a special type of operation defined
on them MOD dual number square matrices.

Example 2.41: Let

0
4+¢g
0
2+3g
0

2g

0
6g+1

0

4

3g
0
6
g+1
0

1
2g
0
3
2g+1

0
4
2+¢g
0

0 -

be the MOD 5 X 5 dual number square matrix with entries from
(Zug)={a+bg/abe Z, g =0}.

X ={(a, a, a3, a4, a5) /a; € {0, 1, g} 1 <1< 5} be the MOD
special initial state vector.

Letx=(1,0,0,0,0) € X.
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To find the effect of x on M.
M — (1, 2g,3g,1,0) =yy;
— symbol denotes the resultant state vector has be updated.

yiM=2+4g,5g, g+ 1,4,0) =y
yM=(1+4g,4g+ 1,3 +2g,4g,2 +2g) =ys;
ysM=M4g+4,2g+4,4,3+3g,3+2g)=y4

and so on.

Certainly after a finite number of iterations, we will arrive
at a MOD fixed point o r a MOD limit cycle.

Letx;=(0,0,g,0,0) e X.

The effect of x3 on M,

xsM = (0, g, 6g,0, 2g) =y,
yiM=(4g, 0, g, 2g, 2g) =y
y-M = (4g, 2g, g, 5g, 2g) = y3;
ysM = (5g, 2g, 6g, 0, 32) = y4;
ysM = (g, 4g, g, g, 62) =ys;

ysM — (4g, 4g, g, 3g, 42) = y¢;
yeM = (g, 3g, 2g, 3g, 4g) = y7;
y:M = (4g, 4g, g, 3g, 2g) = ys;
ysM = (g, 2g, 2¢, 6g, 42) = yo;
yoM = (6g, 4g, 4¢, 5g, 52) = Y10,
yioM = (5g, 3g, 2¢g, 5g, 32) = yui;
yuM=(g, 0, 5g, 6g, 2g) = y1»;
yM = (3g, 4g, 3g, 0, 6g) = yi3;
yi:M = (2g, 6g, 4g, 2g, g) and so on.

However we are sure after a finite numbers of iterations we
will arrive at a MOD fixed point or a MOD limit cycle.
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Example 2.42: Let

3g+1 2g 0
M=l ¢ 0 2+42g
0 1 0

be the MOD square dual number matrix with entries from
(Zyug)={a+bg/abe Zy; g =0}.

X ={(ay, a;, a3) / a; € {0, 1, g}, 1 <1 < 3} be the MOD
special dual number initial state vectors related with the MOD

square matrix M.

Letx=(1,0,0) e X.

The effect of x on M.
xM=3g+1,2g,0)=yy; yiM=2g+1,2g,0) =y
yM=(+g,2¢g,0)=ys ysM=(1,2g,0) =y

yaM = (3g+ 1, 2g, 0) = ys (=y1).

Thus the MOD resultant is a MOD limit cycle given by
(2g+1,2¢,0).

Letx=(g,0,0) e X.

To find the effect of x on M.

xM = (g, 0,0) =y (=x).

Thus the MOD resultant is a MOD classical fixed point.

Next we consider the effect of x;, = (0, 1,0) € X.
xM—(g, 1,2+2g)=y;
yiM=(2g,2+2g,2+2g) =Yy

y2M=(0,2+2¢g,0)=ys
y3M - (2’ga la 0) = Y4>
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yvM — (3g, 1,2 +2g) =ys;
ysM =(0,2 +2g, 2 + 2g) = yg;
yeM = (2g,2 +2¢g,0) = y7;
Y7M — (09 19 O) = YB (=X1)'

Thus the MOD resultant is a MOD limit cycle leading to the
MOD classical limit point x; = (0, 1, 0).

Consider a= (0, g, 0) € X.
To find the effect of a on M

aM — (0, g, 2g) =y1; yiM=(0,2g,0) =y
y-M = (0, g, 0) = y;3 (=a).

Thus the MOD resultant is a MOD limit cycle which is again
a MOD classical limit cycle.

Letx3=(0,0,1) e X.

To find the effect of x; on M.

xM—(0,1,1)=y,

yiM=(g, 1,2+2g) =y, yM=(2g 2+2g,2+2g) =y
YSM_>(O,2+2g, 1)=Y4, Y4M_>(2g’ 1’ 1)=YS,
YSM:(3g, 19 2)=Y6, YGM=(0’ 2’ 2+2g)=y79
yM— (2g,2+2g, 1)=yg; ysM — (0,1, 1) = yg =y1.

Thus the MOD resultant is a MOD limit cycle which is not
MOD classical limit cycle.

Letb=(0,0,g) e X.
To find the effect of b on M.

bM — (0, g, 2) =yi; yiM=(0, g, 2g) =y
y-M = (0, 2g, 2g) = y3; ysM — (0, 2g, 1) = yu;
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ysM — (0, 1, 1) = ys; ysM=(g, 1,2 +2g) =ye;
yeM = (22,2 +2g,2 +2g) =y7;
Y7M:(0’2+2g’ 1)=YS, YSM:(Zg, 19 1)=Y9,

yoM = (3g, 1,2 +2g) =y
yioM = (0, 2 +2g,2 +2g) =yi1;
yuM — (2g,2+2¢g, 1) =y}
yiM — (2g, 1, 1) = yi2 (=Y9).

Thus the MOD resultant is a MOD limit cycle.

Now we in the following first describe the MOD dual

number cognitive maps model.

Suppose there is a problem in which the researcher / expert

wishes to work with dual set up that is there are nodes and
edges which deploys the property of dual numbers then this new
MOD dual number Cognitive Maps (MODDNCMs) model or
equivalently we can have MOD Dual Number Cognitive Maps
model.

Let P be a problem with C,, C,, ..., C, be the n distinct

nodes / concepts associated with P.

Suppose the edge weights are taken from

(Znug)={a+bg/abe Z, g =0}.

Let G be the MOD directed graph given by the expert with

edge weights from (Z,, U g).

Let M be the MOD connection n X n dual number matrix

associated with G.

Then we can have two types of MOD special initial state

vector X = {(a;, ...,a,) /a;={0,1},1<i<n}or

Xs={(y, ..., ay) /a;€ {0, 1, g}; 1 £1<n} the MOD dual

number special initial state vectors.

Study can be carried out for both.
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However in both cases we agree upon to state MOD
resultant can for a particular time give the nodes the mixed dual
number MOD values or pure number or pure dual number and so
on.

We will explain this by an example or two in the following.

Example 2.43: Let P, be a problem with C;, C,, ..., C¢ the
associated nodes / concepts.

Suppose the expert wishes to work using the MOD DN CM
model taking edge weights of the MOD directed dual graph G
from (Z; U g)={bg+a/abe Z; g =0}.

Let M, be the MOD 6 X 6 dual number connection matrix
which acts as the MOD dual number dynamical system.

The MOD directed dual number graph G; is as follows.

Figure 2.29
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Let M, be the MOD dual number square matrix associated
with G;, which serves as the dynamical system for MODDN
CMs model.

C, C, C,C, C C,
Cf0 g¢#1 0 0 0 0
G0 0 00 0 1

Mi=Clg 0 00 0 2g+1
C,J0 2 00 0 0
Glo 0 00 0 O
Clo 0 00 2 0 |

Let X={(a,...,a)/a;€ {0,1}; 1<i<6} and

Xs={(a}, ay, ...,a6) /a; € {0, 1, g}; 1 £1< 6} be the MOD
initial state vector of both types associated with M.

Letx;=(1,0,0,0,0,0) e X.
To find the effect of x on M;;

xM;—>({1,g+1,0,0,0,0) =yy;

yiM; —>(1,g+1,0,0,0, g+ 1) =y
yvM—-(1,g+1,0,0,2g, g+ 1)=ys3;

ysM = (1, g+1,0,0,2¢g, 1 + g) =y, (=y3).

Thus the MOD resultant is a MOD fixed point given by
(1,g+1,0,0,2¢g, 1 + g).

Letx,=(0,1,0,0,0,0) € X.
To find the effect of x, on M,
XZMI - (0’ s Uy Uy Ov 1) = YI,

1,0,0
YIMI - (0’ 1’ 0’ Ov 2g’ 1) = y2,
yM; — (0, 1, 0,0, 2¢g, 1) = y3 (=y2).
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Thus the MOD resultant is again a MOD fixed point given
by (0, 1,0, 0, 2g, 1).

Letx;=(0,0,1,0,0,0) € X;
To find the effect of x5 on M;;

xM; —(g,0,1,0,0,2g + 1) =y, (say);
yiM; —(g,0,1,0,2g,2g+ 1) =yy;
My = (g, 0, 1,0, 2g, 2g + 1) = y3 (=y2).

Thus the MOD resultant is again MOD fixed point given by
(g,0,1,0,2g,2g + 1).

Let x4, =(0,0,0, 1, 0, 0) be the initial state vector.

The effect of x4 on M, is as follows.

xM; —(0,2,0,1,0,0)=y;;
yiM; —(0,2,0,1,0,2) =y,
yvM; —(0,2,0,1,g,2)=ys;
ysM; — (0, 2,0,0, g,2) =y, (=y3).

Thus the MOD resultant of x4 is (0, 2, 0, 0, g, 2).
Letx5=(0,0,0,0,1,0) € X.
To find the effect of x5 on M;;
xsM; = (0,0,0,0, 1, 0) =y, (=xs).
Thus the MOD resultant is a MOD special classical fixed
point given by xs = (0, 0, 0, 0, 1, 0) which is also the MOD
classical fixed point.

Letx¢=(0,0,0,0,0, 1) € X; to find the effect of xs on My;

X6Ml - (0’ 0’ 0’ Ov 2g’ 1) = YI,
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YIMI - (0’ 0’ 0’ Ov 2g’ 1) = y2'

Thus the MOD resultant is a MOD fixed point given by
0,0,0,0,2¢g, 1).

Letx;=(g,0,0,0,0,0) € Xs.
To find the effect of x; on M;;

XlMl — (ga g7 07 07 07 0) = Y1>
}’1M1 - (g7 ga Oa Oa Oa g) = Y2>
yM; — (g, 8,0,0,0, g) =y3 (=y2).

Thus the MOD resultant is a MOD fixed point.
Letx,=(0,g,0,0,0,0) € Xs.
To find the effect of x, on M;;

X2Ml — (Oa g7 07 07 07 g) = Y1>
yiM; — (0, g,0,0,0, g) =y (=y1).

Thus the MOD resultant is a MOD fixed point.
Letx;=(0,0,g,0,0,0) € Xs.
To find the effect of x3 on M;;

X3Ml - (0’ 0’ gv Ov Ov g) = YI,
YIMI - (0’ 0’ gv Ov Ov g) = y2 (=YI)

Thus the MOD resultant is a MOD fixed point given by
(0’ 0’ gv Ov Ov g)

Letx4=(0,0,0,g,0,0) € Xs.

To find the effect of x4, on M;;
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xM; = (0, 2g,0,2,0,0)=yy;
ylMl d (Oa 2g7 07 ga Oa 0) = YZ (=y1)‘

Thus the MOD resultant is a MOD fixed point given by
0,2¢g,0,g,0,0).

Let xs=1(0,0,0,0, g, 0) € Xs.
xsM; = (0,0,0,0, g, 0) =y, (=xs).

Thus the MOD resultant is a MOD special classical fixed
point.

Letx=1(0,0,0,0,0, g) € Xs.
To find the effect of x5 on M.
xsM —(0,0,0,0, 0, g) =y; (=X¢).

Thus the MOD resultant is a MOD classical fixed point. Next
we give one more example.

Example 2.44: Let P, be a problem which is associated with the
nodes / concepts C;, C,, C; and C, the expert wishes to adopt
the MOD dual number cognitive maps model with edge weights
from (Z, ug)y={a+bg/a,be Z, g2 =0}.

Let G, be the MOD directed dual number graph given by

2g
©

him

»
»

2g
Figure 2.30
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Let M, be the MOD dual number connection matrix
associated with the MOD dual number graph G,.

cC C C
Clo 22 0 0
M;=C,|0 0 g+l 3
clo 0 0 2
co 0 0 0

Let X ={(aj, a5, a3,a4)/a;€ {0,1}; 1<i<4} and
Xs={(a, a, a3, a4) /a; € {0, 1, g} 1 <1 <4} be the MOD

dual number initial state vectors and MOD special dual number
initial state vectors respectively.

Let x; =(1, 0,0, 0) € X, the effect of x; on M, is as follows.

X1M2 - (1’ 2g7 Ov O) = YI,
yiM, = (1, 2g, 2g, 2g) = y»;
y-My = (1, 2g, 2g, 2g) = y3 = (=ya).

Thus the MOD resultant is a MOD fixed point given by
(1, 2g, 2g, 2g).

We see if C; is on then all the other three coordinates C,, C;
and C, are pure dual number.

That the on state of C; makes all other nodes to pure dual
number states.

Letx, =(0, 1,0, 0) € X; the effect of x, on M;
XMy = (0,1, g+ 1,3) =yi;

yiM, > (0,1, g+ 1,2g+3)=yy;
My = (0, 1, g+ 1, 2g + 3) = y3 (=ys).
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Thus the MOD resultant is a MOD fixed point given by
0,1, g+1,2g+3)
That is the on state of C, has no effect on C;, but both C;
and C4 get the mixed dual number states as g + 1 and 2g + 3
respectively.
Letx;=(0,0,1,0) e X.

To find the effect of x3 on M,.

xsM, = (0,0, 1,2g) =y,
Y1M2 - (0’ 0’ 1’ 2g) = y2 (ZYI)

Thus the MOD resultant is a MOD fixed point given by
0,0, 1, 2g).

We see the on state of C; make on only the node C, and C,
get the pure dual number value 2g.

However C, and C, are unaffected by the on state of the
node C;.

Letx,=(0,0,0,1) e X.
The effect of x4 on My; x;M; — (0, 0, 0, 1) =y, (=x4).

Thus the MOD resultant is the MOD special classical fixed
point given by (0, 0, 0, 1).

Thus on state of the node C4 keeps all other nodes C,, C,
and C; to off state or has no effect on them.

Leta; =(g, 0,0, 0) € X; to find the effect of a; on M.
alMZ - (g’ 0’ 0’ 0) = YI (:al)

Thus the MOD resultant is a MOD special classical fixed
point (g, 0, 0, 0).
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The dual state of C,; has no effect on C,, C; and C,.
Leta,=(0,g,0,0) e X..
The effect of a, on M,;

aM; - (0, g,2 32) =y,
yiM; = (0, g, g,32) =y, (=y1).

Thus the MOD resultant of the a, is MOD fixed point given
by (0, g, g, 3g) where the dual state of C, has no effect on C,
however both C; and C4 comes to dual state.

Leta; =(0,0, g, 0) € Xs.

The effect of a; on M.

a3M2 - (07 07 ga 0) = YI (=a3)'

Thus the dual state of node C; has no effect on other nodes.

In fact the MOD resultant is a MOD classical fixed point
given by (0, 0, g, 0) = as.

Leta,=(0,0,0, g) € Xs.
The effect of a, on M, is
aM, — (0,0, 0, g) =y (=a).

Thus the MOD resultant in case of a, is also a MOD special
classical fixed point given by (0, 0, 0, g) = a,.

Letb, =(1,0,g 0) € Xs.

To find the effect of b; on M;;
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blM2 - (1’ 2g7 g’ 0) = YI,
yiM, = (1, 2g, 2g, 2g) = y»;
y2M, = (1, 2g, 2g, 2g) = y3 (=Y2).

Thus the MOD resultant of b; is a MOD fixed point given by
(1, 2g, 2g, 2g).

We see on state of C; and dual stage of C; makes on the
nodes C, and C4 however they get only the state to be pure dual
numbers.

Next we proceed onto describe MOD Special Dual Like
Number Cognitive Maps (MOD SDL NCMs) model.

For this we first need the notion of MOD special dual like
number directed graph and MOD special dual like number
matrix.

We will illustrate these situations only by examples as the
definition of them is considered as a matter of routine.

Let G be a directed graph with edge weights from
(Z,uhy={a+bh/a be Z, h’ = h}; the special dual like
numbers.

We call a directed graph with edge weights from the special
dual like number (Z, Uh)={a+bh/a,be Z, h’ = h} as the
MOD directed special dual like number graphs.

We will give examples of MOD directed special dual like
number graphs.

Example 2.45: Let G, be the MOD directed special dual like
number graph with edge weights from

(Z¢uhy={a+bh/a be Zg, h*=h}.
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Figure 2.31
Example 2.46: Let G, be the MOD directed special dual like

number graph with edge weights from
(Z;uh)={a+bh/a,be Z;, h’=y]}.

Gy= 6h+1

Figure 2.32
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Next we proceed on to give examples of MOD special dual
like number square matrices.

Example 2.47: Let

3h 0 2h+4
M=| 0 4h+2 3
2h+1 0 Sh

be the MOD special dual like number 3 X 3 matrix with entries
from (ZgUh) = {a+bh/a,be Zg, h?=h}.

Example 2.48: Let{Z,, uh)y={a+bh/a,be Z),, h? = h} =P.

[Sh+10 1  2h+11 0 2h+2]

6 0 6h 4h+8 0

L=| lh 7h+1 0 6 5h+8
10h+9 0 7h+10 0 6h+3
|0 2h 0 5h 0 |

be the MOD special dual like number matrix with entries from P.

Example 2.49: Let

0 2h+l O 5h+3
7 0 2+5h 0
W=1"0  4n 0 5
6h+1 0  7h 0

be the MOD special dual like number matrix with entries from
(Zsuh)={a+be Zg, h* =h)}.

Let M = (m;) be a n X n matrix with entries from
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(Zwuhy={a+bh/a be Z, h*=h}.

M is defined as the MOD special dual like number square
matrix.

We have already given examples of them.

Let X = {(aj, a, ..., a,) /a; € {0,1}, 1 <i<n}, Xis defined
as the MOD 1nitial state vectors associated with M.

Xs={(a, as, ..., ay) /a;€ {0,h, 1}; 1 <1<n} is defined as
the MOD special initial state special dual like number vectors.

Here we describe only the special type of operations using
the MOD special dual like number square matrices and the MOD

special state vectors X and X;.

Example 2.50: Let

0 3h 4h+2
M=|1 0 2h+3
0 h+2 0

be the MOD special dual like number matrix with entries from
(Zsuh)={a+bh/a,be Zs, h?=h}.

Let X ={(aj, ay,a3) /a; € {0,1},1<i1<3}and

X, ={(a;, a, a3) / a; € {0, 1, h}; 1 <1 <3} be the MOD
initial state vectors MOD special initial state vectors
respectively.

Letx, =(1,0,0) eX.

To find the effect of x; on M.

X]M - (1, 3h, 4h +2) =V
viM = (3h, 2h + 4, 4h + 2) = yu:
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y>M = (2h+4,3h + 2, h+2) = ys;
ysM=(3h+2,3h+2,2h +4) =y,
yyM=3Bh+2,3,0)=ys;

ysM = (3,0, 2h + 3) = yg;

yeM = (1,3h + 1, 2h+ 1) = yy;

y:M = (Gh+ 1,2, h) = yg;

ysM = (2,0, h + 3) = yg and so on.

However after a finite set of iterations we will arrive at a
MOD fixed point or a MOD limit cycle.

Letx,=(0,1,0) € X.
To find the effect of x, on M.

xsM = (1,1, 2h + 3) = y;; yiM=(1, 1,h) =y,
y2M = (1, h, h) =y3; ysM = (1, h, h) = y4 (=y3).

Thus the MOD resultant is a MOD fixed point given by
(1, h, h).

Letx;=(0,0,1) € X.
To find the effect of x; on M

X3M — (O, h+ 2, 1) =Yy
yM=th+2,h+2,4h+1) =y
yoM=(h+2,3h+2,3h)=ys;
ysM = (3h+2, 3h, 3h) = yg;

ysM = (3h,4h,h +4) =ys;

ysM = (4h, 4h + 3, 3h) = yg;

yeM = (4h + 3, h,4) =y
yM=(h,3,h+1)=ys;
ysM=(3,2h+2,2h+4);

and so on.
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Certainly after a finite number of iterations we will arrive at

a MOD fixed point or a MOD limit cycle.

Let a; = (h, 0, 0) € XGg; to find the effect of a; on M.

alM —> (h, 3h, h) =Y
yaM = (h, 2h, 3h) = y3;
ysM = (2h, 4h, 2h) = ys;
yeM = (2h, 3h, 4h) = y7;
ysM = (3h, 0, 3h) = yo;
yioM = (3h, 2h, h) = yy;
yi2M = (2h, 0, 2h) = y,3;
yi1uM = (2h, 4h, h) = y;5;

yiM = (3h, h, h) =y,
ysM = (2h, 2h, h) = y4;
ysM = (4h, 2h, 2h) = y;
y7;M = (3h, 3h, 2h) = ys;
yoM = (h, 3h, 3h) =yi;
yiuM = (2h, 2h, 3h) = y;5;
yisM = (h, 2h, 2h) =y, ;
y1sM = (4h, 4h, 2h) = yys.

However after a finite number of iterations we will arrive at

Let a, = (0, h, 0) € X..
To find the effect of a, on M.

M — (h,h,0)=y;;
yaM = (3h, h, h) =y3;
ysM = (2h, 2h, h) = ys;
ye¢M = (4h, 2h, 2h) = y7;
ysM = (3h, 3h, 2h) = ys;
y1oM = (h, 3h, 3h) = y;;
y12M = (2h, 2h, 3h) = y3;
yiusM = (h, 2h, 2h) = y;s;
y16M = (4h, 4h, 2h) = y,7;

yisM = (4h, 4h, 4h) = y5 (=y15).

a MOD fixed point or a MOD limit cycle.

yiM = (h, 3h, h) =ys;
ysM = (h, 2h, 3h) =y4;
ysM = (2h, 4h, 2h) = y;
y7;M = (2h, 3h, 4h) = ys;
yoM = (3h, h, 3h) = y¢;
yuM = (3h, 2h, h) = y12;
yisM = (2h, h, 2h) = y4;
yisM = (2h, 4h, h) = y¢;
y1sM = (4h, 4h, 4h) = yis;

Thus the MOD resultant is a MOD fixed point given by

(4h, 4h, 4h).

All nodes come to on state.
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When the initial on state node is a special dual like number
all the other states which come to on state are also special dual
like number.

Leta; =(0, 0, h) € X..

To effect of a3 on M is as follows.

asM — (0, 3h, h) = y; yiM — (3h, 3h, h) = y,;
y.M — (3h, 2h, 3h) =y;; ysM — (2h, 3h, 3h) = y,;
yaM = (3h, 0, 2h) =ys; ysM = (0, 0, 3h) = yg;
yeM = (0, 4h, h) = y7; y;M — (4h, 3h, h) =ys;
ysM = (3h, 0, 4h) = yo; yoM = (0, h, 3h) = y¢;

Y10M =(h, 4h, h) = Y
and so on.

However we are sure to get the MOD resultant after a finite
number of iteration.

By this new MODSDLNCM model we are in a position to
get the state in the resultant vector to be real, or pure special
dual like number and special dual like number.

Next we proceed onto build the new notion of MOD directed
special quasi dual number graphs, MOD special quasi dual
number matrices and using these two notions the MOD Special
Quasi Dual Number Cognitive Maps (MOD SQDNCMs) model
in the following.

First we describe the MOD special quasi dual number
directed graphs.

Example 2.51: Let G, be the directed graph with edge weights
from the special quasi dual numbers

(Zo U k) = {a+tbk / k* = 8k, a, b € Zo} given in the
following figure.

3k

»

Vi » Vo 2

Ve
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Figure 2.33

Example 2.52: Let G, be the directed graph with edge weights

from(Z;; Uk)={a+bk/a,be Z, K’ = 10k} which is given
in the following.

@ 10k

3k+4

V3

Figure 2.34
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Now we define the notion of MOD Special Quasi Dual
Number directed graph.

Let G be any directed graph if the edge weights are taken
from (Z,uk)={a+bk/a be Z, k= (n- 1) k} then we
define G to be a MOD special quasi dual number directed graph.

We have given examples of them.

Now we proceed onto describe the MOD special quasi dual
number square matrices by some examples.

Example 2.53: Let

3k 0 4k +2
M=|0 5k+1 0
4 2k 5

be a matrix with entries from
(Zguk)={a+bk/a,be Zg, k* =5k}.

We call M as the MOD special quasi dual number matrix.

Example 2.54: Let

Sk 2 3+4k
5 0 I+k 0
3k+1 2 0 4
0 Tk+2 5k 0

be a matrix with entries from



MoD Cognitive Maps Models | 109

(ZgUk)={a+ bk/a,be Z, k* =7k}.
We call W as the MOD special quasi dual number matrix.

Thus if M = (m;) is a n X n square matrix with entries from
(Znwuk)={a+bk/a,be Z, k= (m- Dk}.

Then we define M to be the MOD special quasi dual number
square matrix.

We would be using these two notions to built the MOD
Special Quasi Dual Number Cognitive Maps model.
Example 2.55: Let P be a problem C,, C,, C;, Cy4, Cs be 5 of the

concepts / nodes associated with the problem.

The experts has given the directed graph with edge weights
from (Z, Uk) = {a+bk/a,b e Z,, k’ = 3k}.

That is the directed graph given by him is the MOD special
quasi dual number directed graph G, which is as follows.

2k
C1 > C2
3k+1 3k+1
3
Cy > C; > Cs
2k+3 Y 1
Figure 2.35

The MOD connection special quasi dual number matrix M,
associated with G, is as follows.
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¢C, C, C C, C,

C [0 2k 0 3k+1 0]

M, = Gl|0 0 3 0 0
C,[0 0 0 0 1
C/0 0 2k+3 0 0
Cs|0 3k+1 0 0 0]

Now let X = {(a;, a5, ..., a5) /a,€ {0,1},1 <1< 5} and
Xs={(a, a ...,as)/a;€ {0,1,k},1<i<5}

be the MOD initial state vector and MOD special initial state
vector.

Letx;=(1,0,0,0,0) € X.
To find the effect of x; on M;;

xM; — (1, 2k, 0,3k +1,0) =yy;

viM; — (1, 2k, 3k + 3,3k + 1, 0) = y;

vM; — (1, 2k, 3k + 1,3k + 1, 3k + 2) = y3;
ysM; — (1, k+3,3k+3,3k+ 1,3k + 1) = yg;
yM; — (1,3k+1,0,3k+ 1,3k + 3) = ys5;
ysM; — (1, 3,2k + 2,3k + 1, 0) = y¢;

yeM; — (1, 2k, k, 3k + 1, 2k + 2) = y7;

yM; — (1, 2,3k + 3,3k + 1, k) = ys;

ysM; — (1,0, k+ 1, 3k + 1, 3k + 3) = yo;
yoM; = (1, k+3,k+3,3k+1,k+ 1)

and so on.
Certainly after a finite number of iterations.
We will arrive at a MOD fixed point or a MOD limit cycle.

Letx,=(0,1,0,0,0) € X.
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To find the effect of x, on M;;

X2M1 —> (0, 1, 3, O, O) =V

Y1M1 —> (0, 1, 3, O, 3) =Yy,

yvoM; — (0,3 +k,3,0,3)=y;;

ysM; = (0,1 +3k, 1+ 3k, 0, 3) =yy;
yvM; —(0,3+k,3+k,0,1+3k)=ys;
ysM; = (0, 1, 1 + 3k, 0, 3 + k) = yg;
yeM; =(0,3k +3,3,0,1+3k)=y3;
y:M;=(0, 1,1 +k, 0, 3k + 3) = yg;
ysM; = (0, 2k + 3, 3,0, 1 + k) = yq;
yoM; = (0, 1,2k + 3, 0, 3) = yjo;

yioM; = (0, k + 3, 3,0, 2k+3) = yy;;
Y11M1 = (0, k + 3, 3k + 1, 0, 3) =Y
yioM; =(0,3 +k, 1 +3k, 0,3k + 1) =y3;
Y13M1 = (0, 1, 1+ 31(, 0, 1+ 31() =VYiss
y14M1 = (0, 1, 3+ k, 0, 1+ 31() =VYiss

and so on.
We are sure after a finite number of iterations we will arrive
at a MOD fixed point or a MOD limit cycle.
Letxs=(0,0,0,0,1) € X.
To find the effect of x5 on M;;
X5M1 —> (0, 3k + 1, O, O, 1) =Y
yiM; = (0,3k+1,3+k,0,1) =y
yvM; —(0,3k+1,3k+1,0,3+k);

and so on.

Certainly after a finite set of iterations we arrive at a
resultant.
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We will arrive at a MOD fixed point or a MOD limit cycle.
Leta;=(k,0,0,0,0) € X,.
To find the effect of a; on M;;

alMl — (k, 21(, O, 2k, 0) =V
yiM; — (k, 2k, 0, 2k, 0) =y, (y1).

Thus the MOD resultant is a MOD fixed point.
Letb, =(0,0,k, 0, 1) € x,.
To find the effect of b; on My;

blMl —> (0, 3k + 1, k, 0, k) =¥
viM; — (0, 2k, 3 + 3k, 0, k) = y»;
yvoM; — (0, 2k, 2k, 0, 3 + 3k) = y3;
ysM; = (0, 3 + 3k, 2k, 0, 2k) = yg;
yvM;=(0,0,1+k, 0, 2k) =ys;
y5M1 = (O, O, k, 0, 1+ k) = Yss
yeM; — (0, k+ 1,k, 0, k) =yy;
y:M; = (0,0, 3k + 3, 0, k) = ys;
ysM; = (0, 0, k, 0, 3k+3) = y;
yoMi = (0, k + 3, k, 0, k) = y1o;
Y10M1 = (0, 0, 1+ 31(, 0, k) =Viis
Y12M1 = (0, 0, 31(, O, 1+ 31() =V¥i3;
yisMi =(0, 0, k+1,0,k) = yis

and so on however we after a finite number of iterations will
arrive a MOD fixed point or a MOD limit cycle.

Thus we can work with MOD SQDNCMs model and arrive
at several interesting results.

However we will give one more example of this situation.
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Example 2.56: Let P be the problem at hand and an expert
works with the nodes C,, C,, C;, C, using the edge weights of
the directed graphs from

(Zyuk)={a+bk/k =2k a, be Z}.

Let G, be the MOD special quasi dual number directed graph
which is as follows.

Figure 2.36

Let M, be the MOD connection matrix associated with G,.

cl 0 1 2k+1 0
M;=C,| 0 0 0 0
clo o o0 o0
C,lk+1 0 k 0

Let X = {(aj, a5, a3, a4) / a; € {0, 1}; 1 £1 <4} be the MOD
initial state vectors.
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Let X, = {(a;, a5, a3, a5) / a; € {0, 1, k}; 1 <1 <4} be the
MOD special quasi dual number initial state vectors.

Letx=(1,0,0,0) € X.
To find the effect of x on My;

M, - (1, 1,2k+ 1,0) =y;;
Y1M2 - (1’ 1’ 2k+ 19 O) =y2 (:}Il)

Thus the MOD resultant is a MOD fixed point given by
(1, 1, 2k + 1, 0) where the on state of C, has no effect of C, and
makes on C, and gives the value 2k + 1 for the node C;.

Letx; =(k, 0,0,0) € X,.

To find the effect of x; on M,;

XlMl — (k’ kv 2k’ 0) = YI,
Y1M2 - (k9 k’ 2k’ 0) = y2 (ZYI)

Thus the MOD resultant is a MOD fixed point given by
(k, k, 2k, 0).

Clearly when the node C, is the special quasi dual number k
then it has no effect of C4 but C; and C, get only the values
which are again special quasi dual numbers.

Leta=(0,1,0,0) e X.

To find the effect of a on M.

aM, —» (0,1,0,0) =a.

Thus the MOD resultant is a MOD special classical fixed
point.
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Consider a; = (0, k, 0, 0) € X..
To effect of a; on M,
aM; - (0,k,0,0)=ay;
which is again a MOD classical special fixed point.

Letb=(0,0,0,1) e X.

The effect of b on M,.
bM, —» (k+1,0,k, 1) =yy;
yiMo = (k+1,k+1,2k+ 1, 1) =y,
yoMo = (k+ 1, k+ 1,2k + 1, 1) = y; (=y2).

Thus the MOD resultant is a MOD fixed point given by
k+1,k+1,2k+1,1).

The on state of the node C; makes on the nodes C;, C, and
C; all of them are not real but special quasi dual number only.

The interested reader can work with more examples.
The author wish to mention the following fact.

The new MOD Cognitive Maps model will be a boon to
any socio scientist, engineers, a scientist, and so on.

For these days with advancement of computers and other
related technological development a state of the node need not
be always on or off as defined and developed by the FCM or
NCMs.

The state can be a real value some integers or can be a dual
number a + bg, g* = 0, or a special dual like number a + bh,
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h*> = h or can be a special quasi dual number a + bk,
K= (n — 1)k where in all these cases a, b € Z,.

Apart from this the edges values also can be a + big, a, b €
Z,, iy =n — 1 that the MOD finite complex numbers or MOD
finite neutrosophic number

a+bLP=Tanda,be Z,(2<n< o).

So these newly built models will be special boon to all
researchers in all emerging fields.

Infact these new MOD models can be realized as a special
type of generalization of FCMs and NCMs.



Chapter Three

MOD-NATURAL NEUTROSOPHIC
COGNITIVE MAPS (MOD NCMs) MODEL
AND MOD INTERVAL COGNITIVE MAPS
MODEL

In this chapter we for the first time define the notion of MOD
natural Neutrosophic Cognitive Maps model.

In chapter two MOD cognitive maps of different types were
analysed, defined and described.

Here we proceed onto describe with examples and then the
routine definition is made.

Recall Z) = {Z, I},I'/ tis a zero divisor or a unit or an

idempotent or a nilpotent in Z,} + and X operations are defined
on them Z! [60].
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Example 3.1: Let {Z), +,x}={0,1,2, [, 1 + L,2+ I, } be
the MOD natural neutrosophic semiring of order 6.

Example 3.2: Let(Z., +, X),= {Zg,a + I}, a+ I3, I +a,a +
Boa+ I+ B, a+l + 15, a+ L+ 1,a+ 5+ I5,a+ 5+
Bra+ B +E,a+ 0+ +E,a+0+5+15,a+ I +18
+a+ B+ E+B,a+ 0+ K+ +1,a eZ+ X bea
semiring of finite order.

Now we will be building MOD natural neutrosophic
Cognitive Maps model first we will describe this tools essential
for it by some illustrations.

Example 3.3: Let

0 3+, I 2
L 0 2+I7 O
0 3 0 I+0
I, O I 0

M=

be the MOD natural neutrosophic matrix with entries from Z).

Example 3.4: Let
(3415 0 4+I+15 0 3]
0 5+ 0 L o0
N=|2+15 0 I +15 0 I
0 5 0 3415 1
1+1 3 N I+ 0]

be the MOD natural neutrosophic square matrix with entries
from 7, =(0,1,2,...,5, I?, I$,15, I$) under + and X.
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Example 3.5: Let

2+15 0 L+, L+LE+1L 0 6
0 E+L 0 3 L L
S 1+ 0 5 L+, 0 7
4 I +15 I I L 0
0 0 6++L 0 0 I+4
D+L+I 5 7 L+, L 0 |

be the MOD natural neutrosophic 6 X 6 matrix with entries from
(Z; , +, X). We now define MOD natural neutrosophic matrix.

Let M = (m;) be a n X n matrix with entries from an; the

MOD natural neutrosophic matrix. We have seen examples of
them.

We will illustrate the notion of MOD natural neutrosophic
directed graphs.

Example 3.6: Let G be a directed graph with edge weights from
Z;. G is the MOD natural neutrosophic directed graph which is
as follows.

Vi [ +4 \&

> @

3+ +1)

>
Ve 7 V7

Figure 3.1
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Example 3.7: Let G, be the MOD directed natural neutrosophic
integer graph with edge weights from 7, .

10
Vi \'%) Iy Vs
> @
1o
5 10 1C
o 10 4+15 +1
I +1+4 10 , 710
\7 > > Ve A I4 + 16
\E +5+1Y
3 7
I’ +4
V7 > L
Vg Vo
Figure 3.2

Example 3.8: Let G, be the directed graph with edge weights
from Z;,, The MOD directed natural neutrosophic graph G, is as
follows.

.
»

V3 Va
12 12 12 12 12
1+ +1 +1 + I + 1

Figure 3.3

Now we define the MOD natural neutrosophic directed graph
G to be a directed graph whose edge weights are from
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Z!;2<n<co.
We have already seen examples of them.

Next we proceed onto describe the notion of MOD natural
Neutrosophic Cognitive Naps (MOD NCMs) model.

Example 3.9: Let P be a problem at hand. Suppose C,, C,, ...,
Cs be the nodes with which the expert works and uses the edge

weights of the directed graph G from the set Z,. The MOD
natural neutrosophic graph is as follows.

Figure 3.4

The MOD natural neutrosophic connection matrix M
associated with the graph G is as follows.

Cl C2 C% C4 CS C6

Gl o oo o0 o0

Gl 0 000 I;+2 0
M=cC,I;+1;, 0 00 0 0
¢, o 030 0 0

Gl 0o 000 0 1
Cl 0 Iy 00 0 O]
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Example 3.10: Let P, be the problem with which is associated
the nodes C,, C,, ..., C;, Cs, using edge weights from ZI6. Let H

be the MOD natural neutrosophic directed graph given by the
except which is as follows.

Ci

Figure 3.5

Let M, be the MOD natural neutrosophic connection matrix
associated with H.

c,Cc C C¢C C c, G
CJo 4 2412 0 0 0 0 0]
C,Jo 0O 0 00 0 S5S+LE+I5 0
C,0 0 0 0 0 3+ 0 0

Mi=C,J0 0 0 00 0 0 0
Cs0 0 0 00 0 0 |
Cloo 0 05 0 0 I
C,joo 0 20 0 0 I
CJo o 0 00 O 0 0
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Now we proceed onto describe the special operations we
need on these M [ ].

First we will illustrate this yet by an example.

Example 3.11: Let P be a problem and let C;, C,, C; and C, be
the nodes associated with the problem P.

Let G be the MOD natural neutrosophic direct graph given
by the expert with edge weights from Z; in the following.

3+

Figure 3.6

Let M be the MOD natural neutrosophic connection matrix
associated with G.

Cl C2 C?C4

C 0 3+ 0 0
M=, 0 0 0 1]-
C|E+L+3 0 0 Ow

C, 0 0 I 0

Let X ={(aj, a5, a3,a4) la; € {0,1};1<i<4} and

Xs={@,anas,a)lae {0,1, 1), 5, 15, 5}, 1<i<4} be
the MOD initial state vector and MOD special initial state vector
associated with the MOD N Cognitive Maps model.
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Letx; =(1, 0,0, 0) € X; to find the effect of x; on M.

xM—(1,3+15,0,0)=y,

yM— (1,3+15,0,3+15,)=y,

yM—=(L3+ 15, B+1,3+15)=y;

ysM=(E+E+L,3+ 15, B+15,.3+ )=y,

yM=(E+E+E, B+0+1,1+15, 3+ 13) =ys

ysM=(E+E+0,B+0+1, 1+, B+I+15) =y

YM=(E+E+0,B+0+1,5+E,L+L+1) =y,

yM=(E+E+E, B+ +1, 1+, E+1+15) = yg
(=y?.

Thus the MOD resultant is a MOD fixed point.

In this way we can always find the MOD resultant to be a
MOD fixed point or the MOD limit cycle.

Now we just describe the working and terminology of the
MOD natural neutrosophic cognitive maps model used in this
book.

Suppose we have a problem P in hand. The expert wishes to
work using fuzzy cognitive maps model but has the edge

weights from Z! , (2 <n < o).

Let C, C,, ..., C, be the nodes with which the expert
works.

Let G be the MOD natural neutrosophic directed graph G
with edge weights from Z! .

Let M be the MOD natural neutrosophic connection matrix
associated with G.

Let X = {(a}, a3, ..., ay) l a; € {0, 1); 1 <i<m} be the MOD
initial state of vectors.
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Xs={(a, a, ..., an) la € {0, 1, I!'; t = 0 and all zero

divisors, idempotents and nilpotents of Z,, 1 <i < m} be the
MOD initial special state vector associated M.

Suppose x = (ay, ..., a,) € X; the effect x on M.

M — y;; yiM — y, and so on we will arrive after a finite
number of steps the MOD fixed point or MOD limit cycle.

Suppose y is the end result we call y as the MOD hidden
pattern of the MOD NCMs dynamical system.

Suppose x; € X, in a way we arrive at y, the MOD fixed
point or the MOD limit cycle as the MOD hidden pattern.

Next we see whether X is on or X, is on we arrive at a MOD
resultant and the nodes of this MOD NCMs model can be real, 0

or 1 or natural neutrosophic or mixed natural neutrosophic.

This is the main specialty between NCMs and FCMs and
MOD NCMs model.

Only in this case we see the nodes can take any of the
values 0, 1, I}'; tis a zero divisor or nilpotent or an idempotent
Zn.

We will illustrate this situation by an example.

Example 3.12: Let P be a problem in hand.

Suppose C;, C,, C;, C, be the nodes associated with the
problem.

Let G be the MOD natural neutrosophic directed graph given
by the following figure with edge weight from Z).
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Figure 3.7

Let M be the MOD connection matrix with entries from Z

c, C, C ¢,

Glo I, 0 241
M=c,Jjo o o 2
G0 2+, 0 O
c,jo 0 0 O

Let X ={(aj, a5, a3,a4) la; € {0,1};1<i1<4}and
Xs={(a, a2 a3, a) la; e {0, 1, IJ, I;}; 1 <i< 4} be the
MOD initial state vectors and MOD special initial state vectors

respectively.

Let x; =(1, 0,0, 0) € X; to find the effect of x; on M.

M — (1, 13,0,2+ Ig)=y1

yM—= (L LE,0,2+ L+ =y,
yM—> (L, L+E,0,2+ L+1)=y;3
yM = (1, L+ 1,0,2+ L+L) =ys (= y3).

Thus the MOD resultant is MOD fixed point.
Let x, =(0, 1, 0, 0) € X the effect of x, on M is as follows.

X2M2 - (0’ 1’ 0’ 2) = yl
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yiM: = (0,1,0,2) =y, (=y1).

Thus the MOD resultant is a MOD fixed point given by
0, 1,0,2).

Let x;=(0, 0, 1, 0) € X; the effects of x5 on M.

xsM— 0,2+ 1;,1,0) =y,
yM— 0,2+ 1,1, )=y,
yM— 0,2+ I3, 1, ) = y3 (=y2).

Thus the MOD resultant is a MOD fixed point given by
0,2+1,1, L3).

2
Let x4, =(0,0,0, 1) € X; to find the effect of x, on M

xM — (0, 0, 0, 1) = x4 is the MOD classical special fixed
point.

Let x5 = (Ig, 0, 0, 0) e X,. To find the effect of x5 on M.

XSM%(13713907 Ig):}ﬁ
yiM = (13,15, 0, I§) = ya(=y).

Thus the resultant is a MOD fixed point (1,13, 0, Ip) -1

0°

The nodes C, and C, are just the natural neutrosophic zero
where as the on state of C; has no effect on Cs.

Let xs = (13,0, 0, 0) € X..
The effect of xq on M;

xeM = (1;,1;,0, L+I) =y,

0

yM = (I,15,0, I +1;) = y2 (= y)).
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Thus the MOD resultant is a MOD fixed point given by
(,,I;,0, +1)

We see this is different from 1.
Letx;=(0, 1, I;,0) € X..
To find the effect of x; on M.

XM = (0, Ig,1¢,2) =y,
yM—= 0, I}, I =y,
YoM = (0, I}, 13, I3) = y3 (= y2).

Thus the MOD resultant is a MOD fixed point.
Interested reader can work in this direction.

Once again while working with combined MOD NCMs
model we need to make some simple modifications.

However, we wish to give two special MOD NCMs model
examples in which one takes all edge weights for the MOD
natural neutrosophic directed graph only from Z, another takes

values only from Z!\ Z,.

Example 3.13: Let P be a problem in hand and C,, C,, ..., C¢ be
the nodes associated with the problem.

Suppose the edge weights are taken from Zs < Z; for the
MOD directed graph G is as follows.
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Figure 3.8

Let M the MOD natural neutrosophic connection matrix
associated with G.

0
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Let X ={(aj,a, ...,a5} laje {0,1}; 1 <i<6and
Xo={(a;, &, ...,a9) lae {0, 1, I}, 5, I, [} }; 1 <i<6}
be the MOD initial state vector and the MOD initial special state
vector associated with the MOD N Cognitive Maps model.

Letx; =(1,0,0,0,0, 0) e X to find the effect of x; on M

xM—(1,4,0,3,0,0)=y,
yM—(1,4,0,3,0,0) =y, (=y1).
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Thus the MOD resultant is a MOD fixed point given by
(1,4,0,3,0,0).

We see the MOD resultant is real if the MOD NCMs matrix
which represents the MOD NCMs dynamical matrix M has only
real entries.

Letx,=(0,1,0,0,0,0) € X, to find the effect of x, on M

;M — (0, 1, 0,0,0,0) =y, (=x2).

Thus the MOD resultant is a MOD special classical fixed
point.

Let x¢=(0,0,0,0,0, 1) € X; to find the effect of xc on M

XM — (0,0, 1,7,0, 1) =y,
yM —(0,0,1,7,5, 1) =y,
yM —(0,2,1,7,5,1) =y
ysM = (0,2, 1,7,5, 1) = y4 (=y3).

The MOD resultant is not the MOD special classical fixed
point only a MOD fixed point given by (0, 2, 1, 7, 5, 1) which is
real.

Leta;, = (Ii, 0,0, 0,0, 0) e X;to find the effect of a; on M.

aM — (I5,15,0, I5,0,0) =y,
yM = (I,15,0, I,0,0) =y, (=y)).

This is the MOD resultant is the MOD fixed point given by
(Ii , Ii, 0, Ii , 0, 0) which is pure natural neutrosophic.

That is if the MOD initial state vector is from X \ X then the
MOD resultant is pure natural neutrosophic only.

Leta; =(0,1,0,0, Iz, 0) € X,; to find the effect of a; on M.
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alM %(09 12907 Ov 1290)=YI
Y1M - (09 Iz ) Ov Ov Iz ) O) = y (:}’1)

Thus the MOD resultant in this case is also a MOD fixed
point in which all the nodes are pure natural neutrosophic only.

Let a, = (0, Ii, 0,0,0, 1) e X, to find the effect of a, on M.

aZM — (0’ Ii’ 1’ 7’ 0’ 1) =Y
yM— (0, I},1,7,0, 1) =y, (= y)).

Thus the MOD resultant is a MOD fixed point given by
(0, Ii, 1,7, 0, 1) which is such that some nodes are pure natural

neutrosophic and some are real however the MOD special initial
state vector has both real and natural neutrosophic coordinates
to be in the on state.

In view of this we have the following theorem.

THEOREM 3.1: Let P be a problem; C,, ..., C,, be the nodes
associated with P.

Let M be the MOD NCMs model associated with P with
entries fromZ, C Z! .

LetX ={(ay, ...,a,)/a;€ {0, 1}, 1 <i <m} and

X,={(a; as, ..., a,)/a; € [0, 1, I where tis a zero divisor
or nilpotent or idempotent or 0 of Z,}. 1 <i <mj} be the MOD
initial state vectors and MOD special initial state vector
respectively associated with this MOD NCMs model M.

i) Ifx € X, the MOD resultant of x on M is always MOD
fixed point or a MOD limit cycle which has the node
values from Z,.
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ii) If x; € X;\ X the MOD resultant of x; on M has the
nodes to be pure natural neutrosophic only.

iii) If x, € X, (some nodes are pure natural neutrosophic
and some or 1) then the MOD resultant of x, on M can
be such that the nodes associated with them can be
pure natural neutrosophic and real or pure natural
neutrosophic but it cannot be all real.

Proof is direct and hence left as an exercise to the reader.

Next we proceed onto give examples of MOD NCM model
which has all the edge weights associated with the directed
graphs to be pure neutrosophic.

Example 3.14: Let P be a problem in hand and C;, C,, Cs, C,,
Cs be the nodes associated with P. The expert wishes to work

with MOD NCMs model using entries from Z;, .

Let G be the MOD direct graph given by the expert is as
follows.

Figure 3.9

Let M, be the MOD n connection matrix associated with G.
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C, C,C C, G

Glo1® o o o0
M, = Gjo o o1 o0
GO 0 0 I 0
C,0 0 I 0 I+I)
Clo 0 0 0 0 |

Let X = {(aj, a5, a3, a4, as) /a; € {0,1},1<i<5} and

Xs = {(ar, &, a3, g, a5) /€ {0, 1, Iy, 1Y, 1), I, I,
I.”}, 1 <i < 5} be the MOD initial state vectors and MOD special
initial state vectors respectively associated with M.

Letx; =(1,0,0,0, 0) e X; to find the effect of x; on M;.
xM; = (1, I}, 0,0,0) =y,

yiMi = (1L 17,0, 17, 0) =y,

Y2M1 N (1’ 1150 , I:)() , I:)() , I:)o) =y,

yaMi = (1L 1L 1 1Y 1) = ys (=),

Thus the MOD resultant is a MOD fixed point given by
(1, I, I, I}, 1)), that is the on state of C; makes on all the
four nodes C,, C;, C; and Cs and node C, is a natural
neutrosophic number I, and other three are just natural

neutrosophic zeros I .
Letx,=(0, 1,0, 0, 0) € X; the effect of x, on M,

xM; = (0, 1,0, I}, 0) =y,
yM; > O, 1L, 1, I, I’ + 1) =y,
yM; = 0, 1, 1, I+ I, I + 1) =y,
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yM; - O, 1, I + I, I + P+, P+ Y + L)) =y,
and so on.

Certainly after a finite number of iterations we will arrive a
MOD fixed or a MOD limit cycle.

Further all the nodes which come to on state will be pure
natural neutrosophic however the on state of the that node may
be 1 in the MOD resultant.

Let x5 =1(0,0,0, 0, 1) € X, to find the effect of x5 on M is
as follows.

X5M1 —d (0, 0, 0, O, 1) = X5.

Thus the MOD resultant is a MOD special classical fixed
point.

Let x4, = (0, 0, 0, 1, 0) € X, the effect of x4, on M, is as
follows.

xM; = (0,0, I, L, I+ 1) =y,

yiM; = 0,0, I, I, I'+ L)) =y»
yM; = (0,0, I, L), IP+ IY) =y3
ysM; = (0,0, I, I, I+ I ) = y4
yaM; = (0,0, I, I, I'+ 1) = ys
ysM; = (0,0, I, I, I+ L") = ye
yeM; = (0,0, I, I}, IP + I ) = y;
yM; = (0,0, I, I, IP + IY) = ys
ysM; — (0,0, I, I, I’ + 1,”) and so on.

We will arrive at a MOD resultant after a finite number of
iterations which may be a MOD fixed point or a MOD limit cycle.
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But whatever be the case the on state of the node has no
effect on nodes C, and C, only the node C; and C¢ come to on
state with pure natural neutrosophic values.

Leta, =(I",0, 0,0, 0) € X, to find the effect of a; on M,

6

aM, = (I,1;),0,0,0) =y,

yiMi = (1,157, 0, Iy, 0) =y

Y2M1 N (116() , Ig) , I:)() , Ig) , I:)() ) — y3

Y3M1 N (116() , I:)() , I:)() , I:)() , I:)() ) — y4 (:y3)‘

Thus the MOD resultant is a MOD mid point and on state of
the node with natural neutrosophic number I’ makes on all the
other nodes to on state with the natural neutrosophic zero value.

Letb, =(1,0, I, 0,0) € X..
To find the effect of b; on M,

bM, - (1, I, I), IV, 0) =y,
VMo (1L T, 19, 104+ 10, 10410 =y,
yM— (L I, I+ I, P+, [P +L) =y;
yM = (1, I, 1P +19, P +1, [P +1)) =y,
yM = (1, I, 1P +1°, 1) +1°, 1.’ +1)) and so on.
All nodes come to on state C; remains in the same state as

1, however all other states are MOD natural neutrosophic
numbers.

Example 3.15: Let P be a problem in hand. C,, C,, C; and C,
are the nodes. The expert works, with the MOD N C Maps model

entries from Z, .

The directed graph G, given by him is as follows.
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12, 12
L™ +1

I +17

Figure 3.10

Let M, be the MOD connection matrix associated with G,.

C, C, C, C,
C| 0 IF+IP+1} 0 0

M:=C,| 0 0 0 P41y
c, 1 0 0 0
C, I +17 0 0 0

Let X ={(aj, a5, a3,a4) la;e {0,1};1<1<4}and

XS = {(alv A, a3, a4) | q; € {09 19 12)29 1122’ I};z’ 1162’ I;gza 11(2)9
I, I }; 1 <i <4} be the MOD initial state vector and MOD

special natural neutrosophic initial state vectors respectively
associated with M,.

Clearly X c X..
Letx; =(1, 0,0, 0) € X, to find the effect of x; on M,

x My = (1, I +17 +17,0,0) =y,



MOD Natural Neutrosophic Cognitive Maps... | 137

yiMe = (L, IP+17+17, 0, [P +18 + 1) =2
YoMy = (I7 +17, 17 + 17 + 17,0, IP +17) = ys
ysMy = (17,17 +17, 0, I + 1) = yu

yaMs = (Ig, I +17, 0, 1) = ys

ysMz = (I, I + 17, 0, 1) = y6 (=Ys)-

Thus the MOD resultant is a MOD fixed point, all the nodes
which has come to on state has become natural neutrosophic
zero or a natural neutrosophic number. However C; remain
unaffected by the on state of C;.

Interested author can with different real world models.
We prove the following theorem.

THEOREM 3.2: Let P be a problem C;, C,, ..., C, be the nodes
associated with the problem. M be the n X n MOD natural
neutrosophic matrix with entries from Z!\ Z, serves as the

dynamical system of the MOD natural neutrosophic-
neutrosophic Cognitive Maps model.

Let X = {(a;, ay, ..., a,)/a; € {0, 1}, ] <i <n} and

X, = {(a;, a5 ..., a,) / a; € {0, 1, 1", t a zero divisor or

idempotent or a nilpotent element of Z,,}; 1 <i <n} be the MOD
initial state vectors and MOD special natural neutrosophic
initial state vectors.

i) If x € X then the MOD resultant of x on M is always a
MOD fixed point or a MOD limit cycle with entries from

7! \Z, or I where 1 is the initial state vector in x.

ii) If x; € X;\ X then the MOD resultant of x, on M is always
a vector whose entries are from X,\ {1}.

Proof is direct and hence left as an exercise to the reader.
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Working for more results in this direction is left as an
exercise to the reader as it is considered as a matter of routine.

Next we proceed onto define describe and develop the

notion of MOD natural neutrosophic complex Cognitive Maps
model.

C'(Z)={a+big/a,be Z, il=(m-1)} U {I° where tisa
zero divisor or unit or nilpotent of C(Z,)}.

We first define MOD natural neutrosophic complex number
directed graphs.

Example 3.16: Let G be a directed graph with edge weight from
C'(Z,) given by the following figure.

G is defined as the MOD natural neutrosophic complex

directed graph.
v \ )
! > ; 21]:
1+15,
G=3+1§ 2+2iF Ve
g 2 Vs
V3 V4 3
Figure 3.11

Example 3.17: Let G, be the MOD natural neutrosophic number
complex directed graph given in Figure 3.12 with edge weights
from C'(Z).
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Vio
Figure 3.12

Now we proceed onto describe the notion of MOD natural
neutrosophic complex finite number directed graph in the
following.

Let C'(Z,) be the MOD finite complex number natural
neutrosophic elements as they are got using modulo integers we
choose to call them as MOD finite complex natural neutrosophic
number elements instead of finite complex natural neutrosophic
numbers in [ ].

Let G be the directed graph of the edge weights are taken
from C'(Z,) then we define G to be the MOD finite complex
natural neutrosophic directed graph.
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We have already given examples of them.

Now we proceed onto describe by examples MOD finite
complex natural neutrosophic number square matrices.

Example 3.18: Let

[0 i, 243, 0 4 2, |

2 0 4 i,+3 0 i

Mo| 0 40 0 2+i, O
i 0 4i,+3 I 0 2+3i,

0 15, 2 0 4 0
|2+4i, 0 0 4+ip, 0  3+i;

be the MOD finite complex natural neutrosophic number square
matrix with entries from C'(Z).

Example 3.19: Let

0 4+I5, 1 3+I
Iy 0 L+ 0
2 5 0  3+I
0 4+I 3 0

M=

be the MOD natural neutrosophic finite complex number square
matrix with entries from C!(Zy).

Thus if M = (mj) is a n X n square matrix with entries from
C'(Z.,) then we define M to be a MOD natural neutrosophic finite
complex number square matrix.

We have already gives examples of them we need to define
only a new type of special operations using them.

Let X ={(aj, a5, ...,a,) /a;€ {0,1},1<i<n}and
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X={(ar, a, ..., a,) la; € {0, 1, I¢, where t is a zero divisor

or nilpotent or an idempotent in CI(Zm)}, 1 <1< n} be the MOD
initial state vectors and MOD special finite complex natural
neutrosophic integer initial state vectors respectively associated
with the MOD natural neutrosophic finite complex number
matrix M.

The special operations will be illustrated by the following
example.

Example 3.20: Let

0 3 442, 0 IS
I S

M=|0 3+ 15, 0 I 2
0 1 0 i
0  4+i, 0 0 0

be the MOD natural neutrosophic finite complex number matrix
with entries from C'(Zy).

Let X = {(a;, a5, a3, a4, as) / a; € {0, 1}; 1 <1 <5} be the
initial state of vector and

Xs={(aj, a, ..., as) / a; € {0, 1, I where t is a zero divisor

or idempotent or nilpotent element of CI(ZG)}; 1 <1<5} be the
MOD special natural neutrosophic complex number initial state
vectors related with the MOD matrix M.

Letx=(1,0,0,0, 0) e X; to find the effect of x on M.

XM—>(1,3,4+2iF, O, Ig)Zyl
yM = (I3, 3+ I5 + 15, , L+ 2ip+ 15, , 5, [T+ 2+ 4ip)

=y,
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C C C C C C
yM = (I, + I, + L, T, + L+ L, + 3
C C C C C C C C C : C
4L+ +L+1 +L,, , I+ I+ 1 [0 +2+4ir+ [ +
If) =y; and so on however after a finite number of iterations
we are sure to arrive at a MOD fixed point or a MOD limit cycle.

Letx,=(0,1,0,0,0) e X, to find the effect of x, on M.

XM= (15, 1,1+ 15 ,2,0)=y,

2ig
yM=Q+ 15,3+ 15 , K+10, .3+ 15 + 15,2+ [+

C : C C
L, .2+ 2ig+ I; + I, ) =y>and so on.

Thus certainly after a finite number of iterations we arrive at
a MOD fixed point or a MOD limit cycle.

Leta;, = (IOC, 0,0, 1, 0) e Xg; to find the effect of a; on M.

aM—> (L+ 1L, I, 1+ I, 1, IS +ip) =y,
yM = (I§ + 1, I§ + 15, , 5+ 2ip+ Ig, I§ + 15, 2 +ip+
)=y
yM = (I + I, 15 + L5, 4 + 2ip + I§ + 1] +
o 15, o + 10 + 15, +2ip 4+ I +4iF + I[) =y; and

SO on.

We are sure after a finite number of iterations we will arrive
at a MOD fixed point or a MOD limit cycle.

Interested reader can construct more examples of such
models.
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Example 3.21: Let

0 2, 1§ 0 0]
0 0 1 IS O
M=o 0o 0 1 4
2 0 0 0 i
1 0 1 0 0]

be the MOD natural neutrosophic finite complex number matrix
with entries from CI(ZIO).

Let X ={(aj, a5, ...,as5)/a;€ {0,1},1<i<5}and

_ C C C C C C
XS - {(al7 a27 (AR aS)/ai € {Oa la I() ’ 12 ’ I4 ’ I(, ’ Ig s IZiF s
LI I o B s I ), 1 <00 < 5) be the initial
state vector MOD special initial state of vectors associates with
M.
Letx, =(1,0,0,0, 0) € X; the effect of x; on M.

XIM - (17 2iF7 ISCiF 5 Oa 0) =y

ylM —> (1, 211:, I;F + 211:, I;F , 0) =Yy

yaM = (15, , 2ip, I, +2ip, 17 +15 + 2ip, 1§ ) and so
on.

After a finite number of iteration we will arrive at a MOD
fixed point or MOD limit cycle.

Letx,=(0,1,0,0,0) € X.

xM— (0,1, 1, I;,0) =y,
yM—- (15, 1,1, 15,4+ I5) =y,
yYMo>@+I5, 5,15 +5, 1+ 1,4+ 15)=y;
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ysM=(6+ 15, 8ip+ Ig, 1§ + 10 +4, I7 +5,4+ip+ )

= Y4
Thus the MOD resultant will be arrived after a finite number
of iterations which may be a MOD fixed point or a MOD limit
cycle.

Letas=(I5,0,0,0,0) e Xs.

The effect of a; on M
a3M_>(I§9I§’ISC“_ 907 O)=YI
yiM = (15,15, +15, [T+15 L 15 ) =Y)

C C C C C C C C C C
yM — (I, + ISiF, I, 151F+15, I, + ISiF+ L, I, + ISiF+

I$) = y; and so on.

Certainly after a finite number of iteration we will arrive at
a MOD fixed point or a MOD limit cycle.

Letp; =(1,0,0,0, I,f)e X, to find the effect of p; on M.
piM = (13, 2ip, 15 +15,0, I5) =y,
yM = (I3, 15,15 +2ip+ I5, [+ 5 +15, 15 + I )=y,

and so on.

Certainly after a finite number of iterations we will arrive at
aMOD fixed point or a MOD limit cycle.

Interested reader can construct more such model for real
world problem and analyse them.

Example 3.22: Let

M0 0 1 2
100 1
302 0
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be the MOD natural neutrosophic finite complex modulo integer
matrix with entries from C'(Z,).

Let X ={(aj, a5, a3, a4) l a; € {0, 1}, 1 £1 <4} be the initial
state vector.
Letx=(1,0,0, 0) € X, for find the effect of x on M.

xM = (1, I3, 0, I;F+ D=y,
yiM— 3+ I;F, 5,15 +2+ I;F,1+ I;F + )=y,
YM—o(+15+15 , [+ 15,2+ 5+ 15, 1+ 15 +15)

ZY3
yM— (I + 5+ 15, 15 + 15, I +15 +2+15 ,3+ 15 +

15, +15) = ys and so on.

Certainly after a finite number of iterations we will arrive at
a MOD fixed point or MOD limit cycle.

Letx, =(0, 1, 0, 0) € X; to find the effect of x, on M.

XZM - (09 19 1’ 2) =YI
yM—=0G,1,1,3)=y,
yM=(2,15,3,2+ I;F)=Y3

ysM=(1+ 15 , 15, 17 + 15 ,2+ 15 + I, )=y, and so on.

We will after a finite number of iterations arrive at a MOD
fixed point or a MOD limit cycle.

Letx=(0,0, 1, 1) € X. To find the effect of x on M.

xM=(0,0,2, )=y,
yM=(1,0,2,2) =y,
Y2M = (0, 0, 1, 3+ I;F + O) =Y3

yM=Q2+1; ,0,2+ 15 , )=y,

yM=(1+ 15 , If + I5, 2, I3, + I7) = ys and so on.
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We see that the MOD resultant is a MOD fixed point or a
MOD limit cycle but the on state will give the resultant nodes to
be 1 or O or real or complex or mixed complex number or
natural complex neutrosophic.

We see the on state of a node C; can make other nodes
complex or just 1 or just 0 and so on.

This is one of the main advantages of using these new MOD
natural neutrosophic complex cognitive maps model very
distinct from FCMs and NCMs which is commonly used by
researchers.

Second is these models can be very powerful for the human
mind usually thinks at times a nodes as not a completely real
quantity or a completely complex quantity or a completely a
natural neutrosophic quantity but a mixture of all also.

Hence this model works more like our brains functioning.

Next we proceed onto describe the notion of MOD natural
neutrosophic dual number cognitive maps model.

For to introduce this new model we have to first describe
MOD dual number directed graphs and MOD natural
neutrosophic dual number square matrices and special
operations on them.

Example 3.23: Let G be the MOD natural neutrosophic dual
number directed graph with edge weights from

ZsUgh={a+bg I I, I, E+ I, E+2, 1+, ).
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V3

Vi

I§+1

Ve

Figure 3.13

Example 3.24: Let H be the MOD natural neutrosophic dual
number directed graph with edge weights from (Zs U g); given

in Figure 3.14.
Ve

Vi 5g+1 V2 4g
V3

Vi1

Ig

2+4g

Vio

4+2¢

Vi2
Figure 3.14
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Now we define the MOD natural neutrosophic dual number
directed graph in the following.

Let G be the directed graph with edge weights from
(Z, v g)1; then we define G to be a MOD natural neutrosophic
dual number directed graph.

We have given examples of them.

Next we describe MOD natural neutrosophic dual number
matrix by some examples.

Example 3.25: Let

3g+2 0 B, B +4 2
0 0 6z 0 2g+4
M= 4 2+, 0 7g 0
0  B+E 2 I 1
1 o 2 0 0

be the MOD natural neutrosophic dual number 5 X 5 matrix with
entries from (Zg U g).

Example 3.26: Let

0 2g+4 5
P=|6g 0 I
E 6+, 0

be the MOD natural neutrosophic dual number square matrix
with entries from (Z; U g)1.

Now having seen examples of MOD natural neutrosophic
dual number square matrix we will define them in the following.
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Let M = (m;) be a n X n matrix with entries from (Z,, U g);
then we define M to be a MOD natural neutrosophic dual number
square matrix.

Now we define special type of operations on them.

Let X = {(ay, ..., a,) /a,€ {0, 1}; 1 <i<n} be the set of
MOD initial state vectors and

Xs = {(a, a, ..., a,) /& € {0, 1, I¥/ t is a nilpotent or

idempotent or a zero divisors in (Z; U g)1}; 1 <1< n} be the set
of MOD special natural neutrosophic dual number state vectors.

We find xM; x € X or X; and update at each stage since the
collection (Z,, U g); is finite we will arrive at a MOD fixed point
or a MOD limit cycle after a finite number of iterations.

We will illustrate this situation by some examples.

Example 3.27: Let

0 3+4g I O
M = L 0 0 O
0 0 0 1
g 0 1I+g O

be the MOD natural neutrosophic dual number matrix with
entries from (Z, U g);.

Let X ={(aj, a5, a3,a4)/a,€ {0,1}; 1<i1<4} and

Xs = {(ar, a, a3, a4) / a; € {0, 1, I¥; t is a zero divisors or

nilpotents or idempotents from (Z, U g)1}; 1 <i <4} be the MOD
initial state vector and MOD special initial state vector
respectively.

Letx=(1, 0, 0, 0) € X; the effect of x on M,



150 | MoD Cognitive Maps Models and MOD Natural ...

M= (1,3+g, 15,00 =y,
yM—(I5,.3+¢g L5, )=y,
Y2M—)(I§g+lg,lg I%g,l%)ZY3

3g
ysM = (15 + 15, 5, + 5, 15,15, ) = ya
yM = (5 + 1, , [+, 5+ 15,,15,) = s

ysM = (I + 1, , I5+ 15, , G + 15, . Ig +I5,) = 6

2g°
YoM = (I +15, I + 15, I + 15, . 1§ +15,) = y7 (= ¥o).

The MOD resultant is a MOD fixed point given by

(I +15,, 15+ 15, , I + 15, . 1§ + I5, ).

We see the on state of the node C; makes all the nodes to on
natural neutrosophic state I§ + 15, including C;.

So every node has the same effect when the node C, is on
with initial value 1.

Let x,=(0,0,0, 1) e X. To find the effect of x4, on M.

M- (g,0,1+g,1)=y,

yM=(g,3g, B+1+g, 1+g) =y,
yM=(I5,+g,3g LE+1+2g L, +1+g)=y;
ng:(I§g+I§+g+ Igg, I§g+3g, I§g+ E+1+2g,

I5+1+2g)=y,and so on.

We see on state of C4 has after four iterations made on all
the other nodes and they get different values.

However it is left as an exercise for the reader to find the
MOD resultant of x4 on M.

This is the way the special operations are performed on M.



MOD Natural Neutrosophic Cognitive Maps... | 151

We give yet one more example before we define and
describe the MOD natural neutrosophic dual number Cognitive
Maps model (MOD NCMs model).

Example 3.28: Let

0 g 00 0
001 0 0
M=(2 00 0 0
003 0 0
000 0

be the MOD natural neutrosophic dual number square matrix
with entries from (Z¢ U g);.

Let X = {(aj, a,, a3, a4, as) la; € {0,1},1<i<5} and

Xs = {(a, a5, ..., as) 1 a; € {0, 1, I¥; t a zero divisor or

nilpotent or idempotent in (Z¢ U g);; 1 < i < 5}, with usual
notations.

x;=(1,0,0,0,0) € X, the effectof xon M ;

X]M — (1, g, 0, 0, 0) =Yy
yM—(l,gg00) =y

yM — (2g,2,2,0,0)=y;
YSM = (2g9 O’ g, 0’ 0) =Y4

Y4M = (2t, 0, O, O, O) =Ys

ysM — (1,0, 0, 0, 0) = ys (=x1).

Thus the MOD resultant of X, is a MOD limit cycle leading to
the same x;.

Let x,=(0, 1,0, 0, 0) € X. To effect of x, on M.

xM=(0,1,1,0,0) =y,
yM—=(2,1,1,0,0) =y,
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oM — (2,2¢,1,0,0)=y;
YSM = (2g9 2g’ Zg’ 0, O) =Ya
Y4M = (4g9 2g’ Zg’ 0, O) =Ys
ysM — (4g, 1,2g,0,0) = ys
y6M = (4g7 17 17 07 0) =¥
yM—(2,1,1,0,0) =ys (=y2).

Thus the MOD resultant is a MOD limit cycle given by
(2,1, 1, 0, 0) the on state of C, makes on the nodes C, and C;
taking values 2 and 1 respectively.

However the nodes C, and Cs remain in the zero state.
Let xs=(0,0,0, 0, 1) € X; to find the effect of x5 on M.

xsM = (0,0,0, £, 1) =y,
Y1M - (O Ov g g’ 1) y2
sz — (Ié Ié Ié Ié 1) =Yy3
ysM— (15, 15, 15, 15, D) =ya (=y3).

Thus the MOD resultant is a MOD fixed point given by
(Ig Ig Ig Ig 1). That is on state of the node Cs with 1 has

impact on all the nodes.

All the nodes C;, C,, C; and C, take equal values Ii the

natural neutrosophic number.

So the real state of Cs has only same or equal natural
neutrosophic state on all other nodes of the system.

Leta,;=(0,0,0, I5,,,,0) € X
To find the effect of a,on M ,

asM — (0, 0, I2g+4’ 2g+4 0) =y
ylM —> (I

g
2g+4 0, 123+4 ’ 23+4 ,0)=y2
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Y2M—> (I
3h4 - (I

g 2 _
2g+4 1 g+4 ) Izé+4 N 2g+4 0=y,

g
2evd  Bgra» g » Logus s 0) = ya (5y3).

Thus the on state of C, with node value I5 ,, makes on the

other nodes C;, C,, and C; to take the same value as I$_,, and

2g+4
the node Cs has no effect as its value is 0.

So the natural neutrosophic dual number value of C, makes
the nodes C;, C, and C; also to take the same value.

Thus we see each on state of the node has a varied effect on
other nodes seen from this example.

Interested can work with any of the nodes on state using
initial state vectors from X or X,.

Now we proceed onto describe the new MOD neutral
neutrosophic dual number Cognitive Maps (MOD NCMs) model.

Let P be the problem in hand with C,, C,, ..., C, n-nodes
associated with P. Let G be directed graph given by the expert
who uses the edge weights from (Z, U g);. So G is the MOD
natural neutrosophic dual number directed graph.

Let M = (m;) be the n X n connection matrix associated with
G. m is defined as the MOD natural neutrosophic dual number
cognitive maps model’s dynamical system M functions in a
similar way as that of FCMs or NCM with only difference being
that the initial state vectors can be natural neutrosophic numbers
also.

We will illustrate this model with one more example. It is
pertinent to keep on record that this model also functions like
MOD natural neutrosophic numbers Cognitive Maps model or
MOD natural neutrosophic finite complex numbers Cognitive
Maps model.

| 153
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Example 3.29: Let P be a problem in hand. C;, C,,
nodes associated with the problem P.

..., Cs be the

The expert uses for the directed graph G with edge weights
from (Z;pL g)1.

The graph G is a MOD natural neutrosophic dual number
directed graph given in the following.

Figure 3.15

Let M be the MOD natural neutrosophic dual number
connection matrix associated with G the MOD natural
neutrosophic directed graph G.

Cl CZ 3 C4 C5C6

G0 22 O 0 0 O]
G0 0 K, O 00
M=CJ|0 0 0 0 0 0f
C|0 0 0 0 00
G0 0 0 4+g 0 0
Gl0 0 0 0 3 0]

Let X = {(ay, ay, ..

initial state vector.

., a) laje {0,1};1<1i1<6} bethe MOD
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Xs = {(@@, a, ..., ag) / a € {0, 1, I¥; t a nilpotent,

idempotent, or zero divisor in (Z;p U g);; 1 <1 < 6} be the MOD
special initial state vectors associated with M.

Letx;=(1,0,0,0,0,0) € X, to find the effect of x; on M.

xM— (1,2¢,0,0,0,0)=y,
yM— (1,2¢g, £,,,0,0,0) =y,

5+5g

sz - (1’ 2g’ Ig 0, 0, 0) = Y3 (: Y2)

5+5g°

Thus the MOD resultant is a MOD fixed point given by
{1, 2g, It 0, 0, 0). Thus we see the on state of the node C,

5+5g °
has no effect on the nodes C,, Cs and Cg.

However for the node C, we get the value 2g the pure dual
number and C; node get the natural neutrosophic dual number

Ig

5+5g °
Letx,=(0,1,0,0,0,0) € X; to find the effect of x, on M;

XZM 4 (0’ 1’ I§+5g » Ov Ov O) =¥
yim— (Oa la I§+5g ’ 07 07 0) =y (= YI)«

Thus we see the on state of the node C, has no effect on the
nodes C;, C4, C5 and Cg; however the node C; comes to on state

with the value I, ;, a natural neutrosophic dual number.
Letx;=(0,0,1,0,0,0) € X.
To find the effect of X3 on M;

X3M - (09 Ov 1’ 0’ 0’ 0) = yl (= X3)'
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Thus the MOD resultant is a MOD special classical fixed
point given by (0, 0, 1, 0, 0, 0) and has no effect on all the other
nodes.

Letx,=(0,0,0, 1,0, 0) € X; to find the effect of x4 on M,
X4M — (09 Ov O’ 1’ 0’ 0) =Y (=X4)'

Thus the MOD resultant again is a MOD special classical
fixed point (0, 0, 0, 1, 0, 0) has no effect on other nodes.

It is to be noted that the nodes C; and C, behave in the same
way their on states gives the MOD resultant as a MOD special
classical fixed point.

Let xs=(0,0,0,0, 1, 0) € X; to find the effect of x5 on M.

X5M%(0,0,0,4+g, 1,0)=yl
Y1M - (09 Ov O’ 4 + gv 19 O) = y2 (=YI)

Thus the MOD resultant of x5 is a MOD fixed point given by
0,0,0,4+¢g,1,0).

We see the nodes C;, C,, C; and Cs remain in the off state
where as the node C, gets the value 4 + g a mixed dual number.
However the on state of the node C, has no effect on any of the
nodes.

Letx¢=(0,0,0,0,0, 1) € X; to find the effect of xs on M.
xeM —(0,0,0,0,3,1) =y,

yiM —(0,0,0,2+3g,3,1)=y,

y2M —(0,0,0,2+3g,3, 1) =y3(=y2)

Thus the MOD resultant is a MOD fixed point. The on state of
the node C¢ has no impact of the nodes C;, C, and C;.

However the nodes C, and Cs come to on state.
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The node C, takes the mixed dual number value 2 + 3g and
the node Cs is real with the node value 3.

Consider

al—(I3g,0, 0,0, 0, 0) e X, to find the effect of a; on M.
aM — (L, ,I5,,0,0,0,0) =

yM = (I, .5, . I§,, 0, 0, 0) Y2

yM = (15, . 15, . I§,, 0, 0, 0) = y3 (=y2).

Thus the MOD resultant is a MOD fixed point given by
(I, ., ¢, , 0, 0,0).

The nodes C,, Cs and Cg¢ takes values O where as the other
two nodes C, and C; get the natural neutrosophic dual number.

a,=(0, I5,,0,0,0,0) € X,.
To find the effect of a, on M;

azM—)(O 123’ ’0’ 0, 0)=Y1
yiM = (0, I, I5, 0,0, 0) = ya(=y)).

Thus the MOD resultant is a MOD fixed point given by
O, I, 15, 0,0,0).

That is the natural neutrosophic dual number state of C, has
no effect on C;, C4, Cs5 and C¢ but make the node C; into the
zero natural neutrosophic dual number.

Let xs=(0,0,0,0, I¢
M.

ser2 » 0) € X to find the effect of xs on

XsM—(0,0,0,6+4g+ I, ,, I§,.,,0) =y,
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yiM — (0,0,0,4 +2g + 18g+2, 8g+2+4 0)=
y:M = (0,0,0,6 +2g + I§,,,, Ig,., +4.0)=y3
wMamﬂﬂA+%+§msw+4m
yM —(0,0,0,6+ I, 4+ L,.,,0) =ys
ysM—(0,0,0,4+6 g+ I5,.,,

YoM = (0,0,0,4 + I, ,+2g, 5., +4,0) =y, (=y2).

4+ 15,,.0) = s

Thus the MOD resultant is a MOD limit cycle given by
0,0,0,4+2g+ L% ,,+4,0).

8g+2

Thus the on state of node Cs with value 4 + I{ ., has no

8g+2
effect on the nodes C;, C,, C; and C4 however the node C, takes
the value 4 + 2g + I

8g+2 *
Interested reader can work with the on state of other nodes.

We now proceed onto study MOD natural neutrosophic
special dual like cognitive maps models.

We will first illustrate by examples the MOD natural
neutrosophic special dual like number directed graphs.

Example 3.30: Let G be a directed graph with edge weights
from (Zs U h); given by the following figure.

V3

3+4h

V7

Figure 3.16
Vs
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G is a MOD natural neutrosophic special dual like number
directed graph.

Example 3.31: Let H be the MOD natural neutrosophic special
dual like number directed graph with entries (Zo U h); given in
Figure 3.17.

Figure 3.17

Thus in a directed graph G if the edge weights are taken by
(Z, U h); where h> = h is the collection of MOD natural
neutrosophic special dual like numbers then we define G to be a
MOD natural neutrosophic special dual like numbers directed
graph.

We have already given examples of them.
Example 3.32: Let G be the MOD natural neutrosophic special

dual like number directed graph with edge weights from
(Z1pL h); given by the following figure.
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2h+8

»

V3
5h
' +3

vs 2 +3:h+5 \Z
V2
4+8h+15, 3h+1!
Ve 7 V7
Figure 3.18

The adjacency or connection matrix M associated with G is
given in the following.

v, Vv, v, v, \A Ve v,
v[0O 3 0 0 0 0 0]
v,/ 0 0 2h+g 0 O 0 0

MoV 0 0 0 24 0 0 0
v,/]0O 0 0 0 0 0 0.
vi|5h 0 3+I! 0 0 4+8h+ID, 0
v/ 0O 0 0 0 0 0 7
v, 0 0 0 3h+I 0 0 0]

M is defined as the MOD natural neutrosophic special dual
like number square matrix.

We will give some more examples of MOD natural
neutrosophic special dual like number square matrices.
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Example 3.33: Let

0 L, L+2 1

S 3 0 2h 0
L., 2h 0 4h+15,
0 Ii+I, 2 0

be the MOD natural neutrosophic special dual like number
square matrix with entries from (ZgU h);.

Example 3.34: Let

0 2h 0 1 I, 2
5 0 6h O 1
p_| O +0L, 0 31 0 2h
1 0 7 0 6h+l 0
I +1 2 o 1, 0 3
0 0 3.0 1 0]

be the MOD natural neutrosophic special dual like number
square matrix with entries from (Z;, U h);.

Example 3.35: Let

0 I+ 3 2h

M=| b 0 2+4I, O
4 I} +h 0o I
L+ 3 4h 0

be the MOD natural neutrosophic special dual like number
square matrix with entries from (ZyU h);.

Now we define the MOD natural neutrosophic special dual
like number square matrix.
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Let M = (m;) be a n X n square matrix where the entries m;
are from (Z,, U h).

We call or define M to be a MOD natural neutrosophic
special dual like number square matrix.

We have seen examples of them.

Now we proceed onto describe a special type of operations
on them which are essential to construct MOD natural
neutrosophic special dual like number cognitive maps model.

Let X ={(a,a, ...,a,) laje {0,1}; 1 <i<n}and

X, = {(as, ay, ..., a,) | a; € {0, 1, 1! where t is a zero divisor

or idempotent or nilpotent element of (Z,, U h);}, 1 <i < n} be
the MOD initial state vectors or MOD special initial state vectors
associated with a n X n MOD natural neutrosophic special dual
like number matrix.

We will illustrate these operations by some examples.

Example 3.36: Let

[0 I'+3n 0 4 0 7h |
2h 0 L+, 0 8 0
g0 3 0 3+10, 0 9+h
1 h+11 3+I,,, 0 6h+I} 0
0 0 0 T+13 0 4
|8h 6h+I;, 7h+I, 0 7 I +3]

be the MOD natural neutrosophic special dual like number 6 X 6
square matrix with entries from (Z;, U h);, the MOD natural
neutrosophic special dual like number set.
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Let X = {(aj, a5, ..., a¢) | a; € {0, 1), 1 £1 <6} be the MOD
initial state vectors associated with S.

X = {(aj, ay, ..., ag) | a; € {0, 1, 1" }, where t is the nilpotent

element or idempotent element or a zero divisor in (Z;, U h);};
1 £1 <6} be the MOD special initial state vector associated with
S.

Let x;, = (1,0, 0, 0, 0, 0) € X, the effect of x; on S is as
follows.

xS = (1, I; +3h,0,4,0,7h) =y,
yiS—>@+L, L, h+8+1 + 1, L+ I+ I, +
I+ +h, 4, h+ L+ 1),4h + I} ) =y, and so on.

We can find after a finite number of iterations the MOD
resultant to be a MOD fixed point or a MOD limit cycle.

Letx,=(0,1,0,0,0,0) € X; to find the effect of x, on S.
XS — (2h, 0, Ig + Igh, 0,8,0)=y,

viS=(,6h+ L+ 1+ 1,,0,8+8h+ 1) + I}, + I} + I,
0,8+2h+I) + I}, )=y,

yS=@+4h+ I + [ +I} +I'+ I, ,4+8h +I[ + I! +
L+ L, D+0+15 +10 + 1D + I, + 10h, 0, 8 + 2h + I} +
B+ I+ 1+ L+ 1,6h+ L'+ I+ L[, +1!) = y; and so on.

Thus we see after a finite number of iterations we will
arrive at a MOD resultant which may be a MOD fixed point or a

MOD limit cycle.

Letx;=(0,0,1,0,0,0) € X, to find the effect of x5 on S.

x5S = (0,3, 1,3+ 1,,0,9+h)=y,
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viS— 2Ch+3+L,,3h+ L, +0,,9+ 10h+ [+ I, +
L+L+ L, 3+0.,3+h+1 +0 +1,4h+ 1=y,

and so on.

After a finite number of iterations we are sure to arrive at a
MOD resultant which may be a MOD fixed point or a MOD limit
cycle.

Let xs=(0,0,0,0, 1, 0) € X to find the effect of x5 on S.

x5S —(0,0,0,7+ I}, 1,4) =y,
yiS—>®+7+1,15+7h+ +0L,,9+ [+ If, ,+4h +

L,7+0,6+0+1,4+ )=y,
Interested reader can find the MOD resultant of x5 which
after a finite number of iterations will arrive at a MOD fixed

point or a MOD limit cycle.

Example 3.37: Let

0 21
P=|0, 0 0
0 h 0

be the MOD natural neutrosophic special dual like number
matrix with entries from (Z; U h)y.

Let X ={(a;, a5, a3) la; € {0,1};1<1<3} and
Xo={(a, ap az)/a;€ {0, 1, I, I, I, }; 1 <i< 3} be the
MOD initial state vector and MOD special initial state vector

respectively.

x;=(1,0,0) € X, to find the effect of x; on P;
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xP—>(1,2, )=y,
yiP=(L,,2+h )=y,
yP=(1, .1, +h, I )=y;
y3P=(12h’ 2h’12h)_y4
Y4P—(12h, 2h’ )—Ys( V4).

Thus the MOD resultant is a MOD fixed point given by
(I, .15, ,15,) so all the nodes come to state and all of them are

same a natural neutrosophic value I},

Let x, = (0, 1, 0) € X, to find the effect of x, on P is as
follows.

XZP_> (Igh’ 1’ 0)=YI
yIP%(IZh’Igh’IZh)zyZ
y.P — (IZh’Igh’Igh) =y; (=y2).

Thus the MOD resultant is a MOD fixed point given by
(IZh ’Igh ? Igh)

Interested reader can work with such models.
Next we proceed onto build the MOD natural neutrosophic

special quasi dual number cognitive maps model using the MOD
natural neutrosophic special quasi numbers set

(Z,v k) ={Z,, K=k, I'l‘ , t a zero divisor or idempotent or
nilpotent elements of (Z, U k)}.

We will illustrate this situation by some examples.

Example 3.38: Let G be a director graph where edge weight are
from the (Z¢ U k)1 given in the following figure.

| 165
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V] Sk V2
Ik
’ 3+2k+1,
V4 > ® Vs
3+5k+15,
/3\\
2
3+15+15,
Ve V7
Figure 3.19

Example 3.39: Let H be the MOD natural neutrosophic special
quasi dual number directed graph with entries from (Z; U k);.

Vi V2

Ve

I +k 3k +15

Vs Vi

V4

Figure 3.20

Thus we define a MOD natural neutrosophic special quasi
dual number directed graph in the following.

Let G be a directed graph with edge weights from (Z, U k).
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We define G to be a MOD natural neutrosophic special quasi
dual number directed graph as its edge weights are from (Z, U
k)

We now proceed onto describe the notion of MOD natural
neutrosophic special quasi dual number square matrices by

examples.

Example 3.40: Let

0 I, +2 3k 0 1 I¥ 8k+4|
Ii, 0 0 4+L, 0 0 0
0 447k k+IE 0 L 7 L5 +1
S=]8+4k 0 0 2+I§ 0 O 0
0 9k If 0 1 I¥ L5 +k
9+1} 0 0 1+ 0 0 0
0 3k+2 Ij+3 0 I; 9% 0 |

be the MOD natural neutrosophic special quasi dual number
square matrix with entries from (Z;o U k);

Example 3.41: Let

0 2k 0 L5 +4
M= 4415 0 1 0

0 3+ 0 I

1 0 2 0

be the MOD natural neutrosophic special quasi dual number
matrix with entries from (Zs U k).

So we define a MOD square matrix with entries (Z, U k); to
be a MOD natural neutrosophic special quasi dual number square
matrix.
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We describe special operations using them in the following
by examples.

Example 3.42: Let

0 3k+1 If 0
M|l 0 02
0 0 01
L 0 1 0

be the MOD natural neutrosophic special quasi dual number
matrix with entries from (Z¢ U k).

Let X = {(aj, a5, a3, ag) l a; € {0, 1}, 1 <1 <4} be the MOD
initial state vectors.

We define only special type of operations using them.

Let x; = (1, 0, 0, 0) € X, the effect o f x on M is analysed in
the following.

xM = (1,3k+ 1, I§,0) =y,

yiM = Bk+1,3k+1, I, 2+ I ) = y»

yoM = Bk+1 + I+ 1§, 3k+1, I§, 2+ 1§ ) = y3

ysM — Gk+1 + I +I5, IE+15+ 1 + 3k, I§+2,2 + I}) and
s0 on.

Thus after a finite number of iterations one is sure to get at a
MOD resultant which is a MOD fixed point or a MOD limit cycle.

Let x, =(0, 1,0, 0) € X, to find the effect of x, on M.
XZM%(19 1905 2)=YI
yM-> (1 +1,3k+1,2+I5,2) =y,

4

yoM — (Bk+1 +1§, 3k+1 + I, Iy +2, 4 +1) = y; and so on.
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After a finite number of iterations we get the MOD resultant
to be a MOD fixed point or a MOD limit cycle.

Letx;=(0, 0, 1, 0) € X, to find the effect of x3 on M.

xM—(0,0,1,1) =y,

yM=(I;,0, 1, 1) =y,
yM=(I;, I, 1 + I, D =y;
yM=(L, L, L+ 1,1+ 1) =y,

yaM = (I, I, I + 1, L+ D) =ys (= ya).

Thus the MOD resultant is a MOD fixed point given by
(LG, 1+ 15,1+ 15).

Now we define for any n X n MOD natural neutrosophic
special quasi dual number matrix M with entries from (Z,, U k)

X={(a, ay ...,a,)/a;e {0,1},1<i<n}and

X, =1{(ay, ay, ..., a,) /a, € {0, 1, I‘f where t is a nilpotent
element or idempotent element or a zero divisor in (Z, U k)};

1 <1 < n} be the MOD initial state vector or MOD special initial
state vector associated with the matrix M.

We shall describe special operations related with them by
some examples.

Example 3.43: Let

0 3
M=| 0 0 I§
2k 10

be the MOD natural neutrosophic special dual quasi dual number
matrix with entries from (Z, U k).
Let X ={(aj, a5, a3) /a; € {0,1};1<i1<3} and
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Xs = {(ai, a, a3) / a; € {0, 1, If¥ where t is a nilpotent or

zero divisor or idempotent in (Z, U k)}; 1 <i < 3} be the MOD
initial state vectors and MOD special initial state vectors
associated with M.

Let x; = (1, 0, 0) € X; to find the effect of x; on M.
xM—(1,3,0) =y,

yM—= (1,3, )=y,

y2M:(1§w3+ Ils(k’ ng)=y3
YSM:(ng’I];k’II;k)ZW

yaM = (15, I5 L I ) = ys (=Ya).

Thus the MOD resultant is MOD fixed points given by
(T3, I, T ).

When the C; is on with 1 in the MOD resultant all the nodes
C,, C, and C; take the same node value I‘;k that is they are
natural neutrosophic.

Let x, =(0, 1, 0) € X, to find the effect of x, on M.

XZM - (09 19 Il’:k) = yl
yim= (I];k ’ng’llgk) =Yy
yM = (I, 15 L1 ) = y3 (=y2).

Thus the MOD resultant is a MOD fixed point given by
(T3, I T ).

Hence when node C, is on with value 1 the MOD resultant
makes all nodes take the same value 1§, , a natural neutrosophic
value.

Letb; = (L5, 0, 0) € Xj; to find the effect of b; on M.
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blM—>(I‘2‘,I‘§,0)=y1

yM— (5,5, I5,) =y,

y-M — (I];k’I];k-'-Il;’ ng): Y3
yM = (L, 1 +L,,1,) = ya (=y3).

Thus the MOD resultant is a MOD fixed point given by
(15,1 +15,, I}).

Interested reader can work any of the MOD initial state
vectors from X or X,.

Now we proceed onto briefly describe the MOD natural
neutrosophic special quasi dual number cognitive maps model.

Let P be a problem at hand in which an expert is interested.
Let Cy, C,, ..., C, be the nodes / concepts associated with P.

Let G be the MOD directed natural neutrosophic special
quasi dual number graph given by the expert with edge weights
from {Z, U k).

Let M be the MOD natural neutrosophic special quasi dual
number connection matrix associated with the MOD directed
graph G.

Let X = {(a;, a, ..., a,) /a;€ {0, 1}; 1 <1<n} bethe MOD
initial state vector and

Xs={(aj, a, ..., a,) / a; € {0, 1, If; t a nilpotent element or

idempotent or zero divisor in (Z, U k);, 1 <i < n} be the MOD
initial special state vector associated with M.

We call M as the MOD natural neutrosophic special quasi
dual number Cognitive Maps model dynamical system.
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We can work with this in the usual way as other MOD
models.

Next we proceed onto study the notion of MOD natural
neutrosophic-neutrosophic Cognitive Maps model built using
(Z, U I); by some examples.

Example 3.44: Let G be the directed graph with edge weights
from (Z¢ U I); given by the following figure.

Vi

V2

Figure 3.21

We call this G as the MOD natural neutrosophic number
neutrosophic directed graph.

Example 3.45: Let G be the MOD natural neutrosophic number
neutrosophic directed graph with edge weights from (Z; U I}
given by the following figure.
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Figure 3.22

Hence we define the MOD natural neutrosophic number
neutrosophic directed graph G as follows.

Let G be a directed graph with edge weights from (Z, U D);;
then we define G to be a MOD natural neutrosophic number
neutrosophic directed graph.

We have seen examples of them.

Let us now give some examples of MOD natural
neutrosophic number neutrosophic matrix.
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Example 3.46: Let

R 3421 0 I 411
2 0 L,+3 71 0
S=10 S5I+I,, O L+, 6
71 0 61+, 0  7I+4
0 21 0 6+1 0

be the MOD natural neutrosophic number neutrosophic matrix
with entries from (ZguU D);.

Example 3.47: Let

0 3+61 0
M=[IL 0 I+,
0 2+L, 0

be the MOD natural neutrosophic number neutrosophic square
matrix.

We will define special operations using the MOD natural
neutrosophic number neutrosophic square matrix.

In the first place a n X n matrix P = (p;) = pj € (Zn U Dy is
defined as the MOD natural neutrosophic element neutrosophic
square matrix.

We have already seen examples of them.

Let X = {(a}, ay, ..., a,) /a;€ {0,1, 1}, 1 £i<n} is defined
as the MOD 1nitial state row vector associated with P.

Let X, = {(a}, a5, ..., a,) / a, € {0, 1, I, If where t is a zero

divisor or an idempotent or a nilpotent in (Z, U I)}} is defined
as the MOD special initial state vectors associated with P.
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We can define special type of operations using them which
we describe by some examples.

Example 3.48: Let

[0 31+4 0 I, +1 O]
2. 0 1 0 0
M=o o0 o0 1 3
1 2 0 0 0
0 0 0 0 0

be the MOD natural neutrosophic number neutrosophic matrix
with entries from (Z¢ U D).

Let X = {(a}, a», a3, a4, as) / a; € {0, 1,1}; 1 <1< 5} be the
MOD initial state vectors associated with M.

X, ={(a}, ap, ..., a5) /a; € {1, 0, 1, I{, to a zero divisor or

idempotent or nilpotent element of (Z¢uU I)}; 1 <1 <5} be the
MOD special initial state vectors associated with M.

We now describe the special type of operations on M using
X and X.

Letx; =(1, 0,0, 0, 0) e X; to find the effect of x; on M;

xM = (1,31+4,0, L,+ 1,0) =y,
yM—>QI+1+L,,3[+L,,3[+4, I,+1,0) =y,
yM=(1+1,,2[+2+ L,,31+4,2[+ 1+ [},,3D =y;

ysM=@l+1+ 1, L, +L3[+4, I, +51+5,3D) =y,

21 s
and so on.

After a finite number of iterations we will arrive at a MOD
fixed point or MOD limit cycle.



176 | MoD Cognitive Maps Models and MOD Natural ...

Letx,=(0,1,0,0,0) e X, to find the effect of x, on M.

xM— (2, 1,1,0,0) =y,
yM=QL2L 1, I, +313) =y,

yM=(1+ 1,21+ L, 2L 31+ I},, 3) = y3
yM=(1+1L,, 1+ L, 21+ L, I, +3L0) =y,
yM=G1+ L, 1+ L, 1+ L,,3[+ L, I,) =ys

ysM =51+ 1,51+ L, I+ L, I},, 31+ I}, ) = ys
and so on.

Certainly after a finite number of iterations we will arrive at
a MOD fixed point or a MOD limit cycle.

Letx;=(0,0, 1,0, 0) € X, to find the effect of x; on M

xsM— (0,0, 1,L 3) =y,
yM—->(@L2LLL3) =y,

yoM = (5L, 31, 21, 21 + 1}, ,3D) = y;
ysM=QI+ L,, 1+ L,,3L1+ 1,,,0) =y,
yM =51+ L, 41+ L,, I+ L, 5+ L},, 3]) = ys and so on.

Certainly after a finite number of iterations are will arrive at
a MOD fixed point or a MOD limit cycle.

Let xs=(0,0,0,0, 1) € X, to find the effect of x5 on M.
xsM — (0, 0,0, 0, 1) = xs.

Thus the MOD resultant is a MOD special classical fixed
point.

Interested reader can work with different set of state vectors
from X or X..
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Example 3.49: Let

0 2[+2 0
S=|, 0 2
0 3 0

be the MOD natural neutrosophic number neutrosophic matrix
with entries from (Z, U D).

Let X ={(a;, a,a3) la;e {0,1,t},1<i<3} and

Xs={(ai ara3)lae {0,1,L I;, L, L, ..., } 1 <i< 3}

21°

be the MOD initial state vectors and MOD special initial state
vectors respectively.

Let x; = (1, 0, 0) € X, to find the effect of x; on S.

xS — (1,2I+2,0) =y,
viS— (13,21+2,0) =y,
y:S=(L,1;,0)=y;
ysS=(L,5.5) =y,
Y4S=(I§’I§’I§)=Y5 (=ya).

Thus the MOD resultant is a MOD fixed point. All nodes
indeterminate nodes viz., I,and they are natural neutrosophic
nilpotent element of order two.

Letx, =(0, 1, 0) € X, the effect of x, on S.

xS = (I}, 1,2) =y,
yiS— (L,L, +2,2) =y,
yZS% (IIZ,IIZ +2, IIZ)ZY3
ysS = (I, 1. 1) = y4
¥aS = ys5 (= ya).
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Thus the MOD resultant is a MOD fixed point and all nodes
are natural neutrosophic nilpotent of order two.

One can have several such examples and work for the MOD
resultant.

We now define the MOD natural neutrosophic-neutrosophic
cognitive maps model.

Let P be a problem in hand, C,, C,, ..., C, be n nodes /
concepts associated with this problem.

Suppose the expert wishes to work with elements from MOD
natural neutrosophic-neutrosophic integers (Z, U I);; that is the
directed graph G given by the expert has edge weights from
<Zm U I>1

Then the MOD connect matrix M associated with G severs
as the dynamical system for the MOD-natural neutrosophic-

neutrosophic Cognitive Maps model.

The functioning of it is akin to the MOD Cognitive Maps
models dealt in this chapter as well as in chapter II of this book.

We will illustrate this situation by some examples.
Example 3.50: Let P be a problem with associated nodes C,,
Cy, ..., C.

Let G be the directed graph given by the expert with edge
weights from (Z¢ U I); is given in the following
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2+21

Figure 3.23

G is the MOD-natural neutrosophic-neutrosophic directed
graph whose MOD-natural neutrosophic-neutrosophic
connection matrix M serves as the MOD natural neutrosophic-
neutrosophic Cognitive Maps model dynamical system which is
as follows.
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Let X = {(a;, a5, ..., a¢) l a; € {0, 1}; 1 £1 <6} be the MOD
initial state vectors and

Xs={(a, ay, ..., a¢) la; € {0, 1,1, I{; t is a zero divisor or

an idempotent or nilpotent of (Z¢ U I)}; 1 <1 < 6} be the MOD
special state vectors associated with the MOD-natural
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neutrosophic-neutrosophic cognitive maps model dynamical
system M.

Letx;=(1,0,0,0,0,0) € X, to find the effect of x; on M.

xM— (1,2,0,0,0,0) =y,
yM —(1,2,0,0,0,0) =y, (=y).

Thus the MOD resultant is a MOD fixed point given by
(1,2, 0,0, 0, 0). The on state of C; has no impact on C;, Cy, Cs
and Cs. Only the node C, comes to on state.

Letx,=(0,0,0, 1,0, 0) € X; to find the effect of x, on M.

xM— (1,0,0,1,3L,0) =y,
yiM — (1, 2L, 0, 1, 31, 0) = y2 (= yu).

Thus the MOD resultant is a MOD fixed point given by
{d, 21,0, 1, 3L, 0).

On state of C, has no effect on the nodes C; and Cg.

However the nodes C;, C, and Cs come to on state with
neutrosophic value I, 2I and 31 respectively.

Leta= (0,0, IIZI ,0,0,0) e X, to find the effect of a on M.
aM — (0,0, I},,0,0,0) =a.

Thus the MOD resultant of a is a MOD special classical fixed
point a itself.

This is the way operations are performed on MOD natural
neutrosophic-neutrosophic cognitive maps model.

Interested reader can construct more such models.
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Now we proceed onto define MOD interesting directed graph
and MOD interval matrices.

Using these two concepts we build the MOD interval
cognitive maps model.

We will describe them by their examples.
Example 3.51: Let G be a directed graph with edge weights
from [0, 5).

We call G to be the MOD interval directed graph which is
given in the following figure.

Figure 3.24

Example 3.52: Let G be the MOD interval directed graph with
edge weights from [0, 20) given by the following figure.
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Now just we recall by examples the MOD interval square
matrices with entries from [0, n), 2 <n < oo,

Example 3.53: Let

03 42 0
S=|17 0 63
75 811 0

be a MOD interval matrix with entries from [0, 9).

Example 3.54: Let

3 0 01 0 41 0]
0 07 0 61 0 02
.1 0 15 03 42 0
0 42 0 24 0 6.1
24 0 32 0 31 0
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be the MOD interval matrix with entries from the MOD interval
[0, 7).

We proceed only special type of operations on MOD interval
matrices.

We consider G a directed graph with edge weights from
interval [0, n); then we define G to be a MOD interval directed
graph. We have already seen examples of them.

Let M = (m;) be a n X n matrix with entries from the
interval [0, m); 2 <m < oo,

We define M to be the MOD interval matrix. We have seen
examples them.

Let X = {(a;, a5, ..., ay) l a; € {0, 1}; 1 £1i<n} be the MOD
interval initial state vector. We can perform operations using
them.

This will be explained by some examples.

Example 3.55: Let

0 31 0 13 0 1
12 0 12 0 2 0
Ho|0 L1 0O 1 0 2
1 0 13 0 050

0O 1 0 2 0 1

12 0 1 0 2 0]

MOD interval matrix with entries from [0, 4).



184 | MoD Cognitive Maps Models and MOD Natural ...

Let X = {(a;, a5, ..., a¢) l a; € {1,0}; 1 £1 <6} be the MOD
interval initial state vector associated with H.

Letx,;=(1,0,0,0,0, 0) € X; to find the effect of x, on H.
xH— (1,3.1,0,13,0, 1) =y,
yiH— (1,1,0,0,0,0) =y,
The thresholding takes place in this form
x; =1ifx;22
=0ifx;<2;1<i<6.

yH=(1.2,3.1,12,13,2,1) > (1,1,0,0,1,0) = y;
ysH=(12,4.1,12,33,2,2) > (1, 1,0, 1,1, 1) =y,

yvH=(3.2,4.1,3.5,33,452) > (1,1,1,1,1,1) =ys
ysH=(3.4,52,3.5,43,454)—> (1,1, 1,1,1,1)=ys
(=ys).

Thus the MOD interval resultant is a MOD fixed point.

We see certainly after a finite number of steps we arrive at a
MOD fixed point or a MOD limit cycle.

Letx,=(0,1,0,0,0,0) e X, to find the effect of x, on H.
xH=(12,0,12,0,2,0)—(0,1,0,0,1,0) =y,
yyH=(12,1,12,2,2,1)—>(0,1,0,1,1,0) =y,
yv2H=(22,1,25,2,251)—->1,1,1,1,1,0)=y;

y;H=(2.2,5.1,25,43,2,00= (2.2, 1.1, 2.5,0.3, 2, 0)
—(1,1,1,0,1,0) =y,
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yH=(22,12,12,03,2,0)>(1,1,0,0, 1,0) = ys
ysH=(1.2,0.1,1.2,3.3,2,2) > (0, 1,0, 1, 1, 0) = ys

Thus the MOD interval resultant is a MOD interval limit cycle
given by (0, 1,0, 1, 1, 0).

That is the on state of C, makes on the nodes C; and Cs.
Letx;=(0,0,1,0,0,0) € X, to find the effect of x; on H.

x;H=(0,1.1,0,1,0,2) - (0,0, 1,0,0, 1) =y;,.
yyH=(1.2,11,1,1,2,2) - (0,0,1,0, 1, 1) =y,
yvH=(1.2,22,1,3,2,3)>(0,1,1,1,1, 1) =y;
ysH=(3.4,2.2,35,3,05,3) > (1,1,1,1,0, 1) =y,
ysH=(3.4,02,3.5,23,05,0)—>(1,0,1,1,0,0)=ys
ysH=(1,0.2,1.3,2.3,0.5,3) > (0,0,1, 1,0, 1) = ye
yeH=(2.2,1.1,2.3,1,2.5,2) > (1,0,1,0, 1, 1) =y,
y;H=(1.2,1.2,1,0.3,2,0) > (0,0, 1,0, 1,0) =ys
ysH=1(0,2.2,0,3,0,3) > (0,1,1,1,0, 1) = yo
yoH=(3.4,1.1,3.5,1,0.5,2) > (1,0,1,0,0, 1) = yyo
yioH=1(1.2,0.2,1,2.3,2,0) > (0,0, 1, 1, 1,0) = yy;
ynH=(1,2.1,13,3,05,3) > (0, 1,1, 1,0, 1) =y,
(= yo)

Thus the MOD interval resultant is a MOD interval limit cycle
given by (0, 1, 1, 1, 0, 1) that is on state of C; makes on C,, Cy
and Cg and has no effect on C; and Cs.

Letx¢=(0,0,0,0,0, 1) € X; to find the effect of xs on H.
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yvyH=(22,1,23,2,25,1)—(1,0,1,1,1,1)=y;

ysH=(2.2,12,2.3,0.3,25,0)—>(1,0,1,0,1, 1) =y,

yvyH=(1.2,12,1,0.3,2,0)—(0,0,0,0,1,1)=ys
=y

Thus the MOD interval resultant is a MOD interval limit cycle
given by (0, 0,0, 0, 1, 1).

The on state of the node C¢ has no impact on the nodes C;,
C,, C; and C4 only the node Cs comes to on state.

Letx=(0,1,0,0,0, 1) e X, to find the effect of x on H.

xH=(24,0,2.2,0,0,0)—(1,0,1,0,0, 1) =y,
yH=(1.2,02,1,23,2,3)=(0,1,0,1,1, 1) =y,
yH=34,1,35,2,05,1)—=(1,1,1,1,0,1) =y;

ysH=(3.4,0.2,3.5,2.3,05,3) =
(1, 1,1, 1,0, 1) = ys (=y3).

Thus the MOD interval resultant is a MOD interval fixed
point given by (1, 1, 1, 1, 0, 1).

That is on state of the nodes C, and C4 makes on the nodes
C,, C; and C4, however the node Cs remain unaffected.

This is the way the MOD interval matrix operator special
operations are carried out.

We supply one more example of the same.
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Example 3.56: Let

[0 21 0 1 0 22 0 1]
0 0 120 1 0 21 0
1 0 0 1 0 0 0 1
M= |04 0 060 0 07 0 0
0 12 0 0 1 0 01 02
0O 0 01 003 0 0 O
1 0 0o 1 0 1 0 1
001 0 0 1 0 1 0]

be the MOD interval matrix with entries from [0, 3).

Let X = {(xq, X2, ..., Xg) / Xj € {0, 1}; 1 <1< 8} be the MOD
initial state vectors associated with M.

x;=(1,0,0, ...,0) € X; to find the effect of x; on M.

xM=(,21,0,1,0,2.2,0,1) —»
(1,1,0,0,0,1,0,0)=y;

yM=(0,2.1,1.3,1,1.3,22,0.1,1) —>
(1’ 1’ 0’ Ov Ov 19 0’ 0) = y2 (=YI)

Thus the MOD interval resultant is a MOD interval fixed
point given by (1, 1, 0, 0, 0, 1, 0, 0).

The on state of C; makes C, and Cg4 to on state and all the
other nodes C;, Cy4, Cs, C; and Cg are unaffected by the on state
of node C;.

Letx,=(0,1,0,0,0,0,0, 0) e X the effect of X, on M is as
follows.
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xM=(0,0,12,0,1,0,2.1,0) =
0,1,0,0,0,0,1,0)=y;

yM=(,0,12,2,1,1,2.1,1) =»
(0’ 1’ 0’ ]" O’ O’ 1’ 0)=y2

yM=(14,0,18,1,1,1.7,2.1,1) >
(Oa la la 07 07 17 la 0)=Y3

ysM=(2,0,13,2,13,1,2.1,2) >
(1,0,0,1,0,0, 1, 1) = ysand so on.

Certainly after a finite number of iterations we will arrive at
a MOD interval fixed point or a MOD interval realized limit
cycle.

Letxg=(0,0, ...,0, 1) € X; to find the effect of xg on M.

xsM =(0,0.1,0,0,1,0,1,0) -
(0,0,0,0,0,0,0, 1) = (x3).

Thus the MOD interval resultant is a MOD interval special
classical fixed point.

Leta=(0,0,1,0,0,0, 1, 0) € X; to find the effect of a on
M.

aM =(2,0,0,2,0,1,0,2) = (1,0,1,1,0,0, I, I) =y,

yiM=(24,22,06,0,1,09,1,0) >
(1’ 1’ 1’ Ov Ov Ov 1’ 0)=y2

yaM=(2,2.1,12,0,1,0.2,2.1,0) -
(1,1,1,0,0,0, 1, 0) = y3 (=y2).
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Thus the resultant is a MOD interval fixed point.

The on state of the node C; and C; has no impact on Cy, Cs,
C6 and Cg.

Only the nodes C; and C, come to on state.

Interested reader can work with any such MOD interval
matrices with this special type of product of them.

Now we technically define the MOD Interval Cognitive
Maps (MOD ICMs) model.

Let P be a problem in hand.

Let C, C,, ..., C, be the n-nodes / concepts which an
experts wishes to work with.

Let G be the MOD interval directed graph with edge weights
from [0, m); 2 <m < oo,

Let M be the MOD interval connection matrix associated
with M which will serve as the dynamical system of MOD
interval Cognitive Maps model; construct analogous to FCMs or
NCMs.

We will illustrate this situation by an example.

Example 3.57: Let P be a problem in hand C;, C,, C;, C,; and Cs
be the 5 nodes associated with problem P.

Edge weights are taken from the interval [0, 6).

Let G be the MOD interval directed graph associated with
this problem given by the following figure.
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Figure 3.26

Let M be the MOD interval connection matrix associated
with G.

Cl C2 C? C4 CS

G0 32 0 0 O]
MoC0 0 05 0 0
C,J0 0 0 0 O
C,|0 52 0 0 O
G0 0 0 03 0]

Let X = {(a;, a5, a3, a4, a5) l a; € {0, 1}; 1 £1 <5} be the
MOD interval initial state vector.
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Letx; =(1,0,0,0,0) € X;to find x; on M.
xM=(0,3.2,0,0,0)—>(1,1,0,0,0) =y,

yiM=(0,32,05,0,00—>(1,1,0,0,0) =y,
y-M=(0,3.2,05,0,00—>(1,1,0,0,0) =y3 (=y1) .

Thus the MOD interval fixed point given by (1, 1, 0, 0, 0).

So on state of C; makes only C, to on state all other nodes C;,
C, and C; are unaffected by the on state of C;.

Letx,=(0,0,0, 1, 0) € X to find the effect of x, on M.

xxM=(0,52,0,0,0)—(0,1,0,1,0) =y,
yiM=(0,52,05,0,0) = (0,1,0,1,0) =y, (=y1).

Thus on state of C, makes only C, to on state and all other

nodes are in the off state.

Letx,=(0, 1,0, 0, 0) € X; to find the effect of x, on M
x,M =(0,0,0.5,0,0)— (0, 1,0, 0, 0) = x,.

Thus the MOD interval resultant is the MOD interval special

classical fixed point.

Letx;=(0,0, 1,0, 0) € X, to find the effect of x; on M.
x;M = (0, 0,0,0,0)—(0,0,1,0,0) =y, (=x3)

Thus the MOD interval resultant is a MOD interval special

classical fixed point.

Let x5 =(0, 0,0, 0, 1)e X, to find the effect of xs on M
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XSM = (0’ 0’ 0’ 03’ 0) — (O’ 0’ 0’ 0’ 1) =Y (= XS)'

Thus the MOD interval resultant is the MOD interval special
classical fixed point.

Letx=(1,0,0, 1, 0) € X; to find the effect of x on M

xM=(0,24,0,0,0) =»(1,1,0,1,0) =y,
yiM=(0,24,05,0,00 > (1,1,0,1,0) =y, (=yy).

Thus the MOD interval resultant of x is the MOD interval
fixed point given by (1, 1, 0, 1, 0).

That is the on state of C; and C; makes the node C, to the
on state and C; and Cs are left unaffected by them. Interested
reader can work with more such model.

The main advantage of using this model is that the expert
can give any of the value for the edge weights from the interval
[0, n).

However we are sure to find the resultant after a finite
number of steps.

So this new model will be helpful to researches who wishes
to have different weights for the edge weights.



Chapter Four

SUGGESTED PROBLEMS

In this chapter we suggest problems for the reader. Most of
them are only simple exercise only a few of them are really
difficult.

These problems will motivate the researcher in using these
new mathematical models.

1. Obtain all the special features enjoyed by MOD Cognitive
Maps model.

2. Find a suitable programme to find MOD fixed point and
MOD limit cycle for any n X n MOD Cognitive Maps model
matrix with entries from Z,.
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be the MOD Cognitive Maps model with entries from Z,

)
ii)
iii)

V)
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4. Let

Find the number of MOD fixed elements associated with
M.

Find the number of MOD limit points associated with M.
If x and y are any two initial state MOD vectors when
will the resultant XM and yM be such that
M+yM=(x+y) M.

Find the maximum number of iterations needed to
arrive at the MOD fixed point or a MOD limit cycle using
this M.

List all the special features of MOD Cognitive Maps
model and compare it with Fuzzy Cognitive Maps and
Neutrosophic Cognitive Maps models.
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be the MOD connection matrix with entries from Z,,.
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Study question (i) to (v) of problem (3) for this N.

0 2 30 40 3 1 6
10 0 1 0100 120
0120 2 0 70 1 0 9
6 130 1502 7 120

s Letw=|0 7 0 210 90 7 0 18], 4
3 6 01 04 0 2 0
0 130 120 60 7 0 4
20 2 0 6 00 0 6 0
1M1 07 0 36 0 0 2
0 17 15 0 19 0 18 17 2 0 |

MOD connection matrix with entries from Z,;.
Study questions (i) to (v) of problem (3) for this W.

6. Find all special features enjoyed by MOD finite complex
number C(Z,) Cognitive Maps model.

(i) Compare this model with MOD Cognitive Maps models
using Z,.

(i) Can we say when n is prime the MOD Cognitive Maps
Models are perfect?

7. Let P be the problem where M be the MOD complex
Cognitive Maps model associated with the problem with
entries from C(Z»).
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[0 3+ip, 2 0 4 0
I+i, 0 6 I+i, 2 6
0 0 0 5 4 0
0 6 0 0 2 1
10 0 1+i, 1 0 5

P=1 0 1143, 0 0 1+5, 0

1+i, 0 1 3 0 7
0 1 247, O 1 2i,
5+6i, 0 3i, 1 4i, 0
0 7+8i, 0 iy 0 1+5i,

| 6i, 0 7 0  6i 0

5 0 8 9 0 |
0 2 0 0  1+5i,
2 7 0 8 0
0o 0 7 0 2i,
1m0 1l+i, 1 0
0 3 0 4 2+i,
0 0 1 1+6i, 0
0 0 0 0 2
i, 0 0 i 0
0o 1 3i 0 2
2+i, 0 0 3 0 |

1) Study questions (i) to (v) of problem (3) for this P.

i1) Distinguish the MOD complex Cognitive Maps model
from that of MOD Cognitive Maps model, FCMs model
and NCM model.

8. Let S be a problem which has the following MOD complex
number matrix;



10.

11.
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0 2+i, 3 0 1 4]
ip 0 21, 1 0 5
g_| © 1 0 I+i, 2 0
34i, 0 2+i. 0 0 i
0 1 iy 0 0 1
| 2 0 0 i, 4+i, 0

with entries from C(Z¢) acting as the associated MOD
complex number dynamical system of the problem.

Study questions (i) to (v) of problem (3) for this S.
Let S; be the MOD dual number dynamical system

associated with the MOD dual number Cognitive Maps
model with entries from (Z, U g).

Cl Cz C3 C4 Cs Cs
G[o 22 0 2+g 0 7g |
Gl2 0 g 3g 2 0
Si=c,|l0 0 0 0 0 1+4g
C,J0 1 0 0 1 0
G5 2+7g 0 4 0 3
Cl0O 0 7g¢ 0 443z 0 |

Study questions (i) to (v) of problem (3) for this S,

Obtain all special features associated with MOD dual
number Cognitive Maps model.

What are the advantages of using MOD dual number
Cognitive Maps model in the place of FCMs and NCMs?
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12.

13.

14.

15.

16.

17.

18.

19.

Compare FCMs model with MOD complex modulo integer
Cognitive Maps model.

Compare MOD complex modulo integer Cognitive Maps
model with MOD dual number Cognitive Maps model built
using C(Z;5) and (Zs U g) respectively for a same problem.

Give some real world applications of the MOD finite
complex modulo integer Cognitive Maps model.

Find the problems in which MOD dual number Cognitive
Maps model would be better than FCMs and NCMs.

What are the advantages of using MOD special quasi dual
number Cognitive Maps model?

Compare MOD special quasi dual number Cognitive Maps
model with FCMs and NCMs.

Distinguish the MOD special quasi dual number Cognitive
Maps model from the MOD complex modulo integer
Cognitive Maps model.

Let P be the MOD special quasi dual number connection
matrix special associated with the MOD special quasi dual
number Cognitive Maps model given below;

[0 6+2k 0 4 0 5k ]
10 2k 0 1 0

p_| kK 0 0 14k 0 2K+l
4k 0 0 0 k 0
0 1 1+k k 0 0

0 0 0 0 Il+k 0 |

is the dynamical system with entries from (Z, U k); k> = 6k.

a) Study questions (i) to (v) of problem (3) for this P.



20.

21.

22.

23.

24.
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b) Obtain any other special feature one can associate with
this MOD special quasi dual number Cognitive Maps
model.

Let P be a MOD connection matrix of the MOD special dual
like number Cognitive Maps model with entries from (Z; U
h), h*=h given below;

0O 1 2 h 3 0
0 0 h 0 I+h 2

p_|0 0 0 3h+l 0 0
2 0 1+h 0 0 h
0 243n 0 0 0 1+h
0 h 3 0 2 0

Study questions (i) to (v) of problem (3) for this P.

What are the advantages of using MOD special dual like
number Cognitive Maps model?

Compare MOD special quasi dual number Cognitive Maps
model with MOD special dual like number Cognitive Maps
model.

Compare this new MOD NCMs model with FCMs and
NCMs.

Let S be the MOD neutrosophic Cognitive Maps model
associated dynamical system; S takes its entries from
(Zoy U Ty and S is as follows.
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25.

26.

27.

28.

29.

30.

31.

32.

0 3+I I 0 2 I 3I+3]
1 0 0 21 0 0
441 0 0 0 0 2 I
S=| 0 0 0 0 0 4I+3
0 0 5 1 00 0
1 71 0 0 10 O
0 0 241 1 00 O |

Study questions (i) to (v) of problem (3) for this S.

Compare a MOD neutrosophic Cognitive Maps model with
NCMs model.

Enumerate the advantages of using MOD neutrosophic
Cognitive Maps model in the place of NCMs model.

What are the special features associated with MOD directed
graphs?

Compare MOD directed graphs with usual directed graphs.

Compare the MOD complex modulo integer directed graph
with edge weights from C(Z,,) with usual directed graphs.

Compare the MOD complex modulo integer directed graph
with MOD dual number directed graphs.

Let G be the MOD dual number directed graph with edge
weights from (Zs U g).

Compare this graph G with the MOD directed graph built
using Zs.

What are the special features associated with MOD natural
neutrosophic directed graphs G?
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33. Can we claim it is advantageous to use MOD natural
neutrosophic directed graphs in mathematical models?

34. Let M be the connection matrix of a MOD natural
neutrosophic model with entries from Z, given in the

following;
[0 241} 0 I'+1 0 O]
2 0o 1 0 2 0
M=| © 0O 0 3 0 I
1 L 0 0 1 0
0 o I, 0o 0 3
L+, 0 0 2 I, 0]

i) Find all MOD natural neutrosophic special classical
fixed points associated with M.

i1) How many of the MOD resultants associated with M are
MOD natural neutrosophic fixed points?

iii) What is the highest number of iterations needed to
arrive at a MOD fixed point?

iv) How many of the MOD resultants associated with M are
MOD natural neutrosophic limit cycles?

v) What is the highest number of iterations needed to
arrive at a MOD natural neutrosophic limit cycle?

vi) Enumerate all special features associated with this MOD
natural neutrosophic Cognitive Maps models.
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35.

36.

010002710
00105000
00030000
Let p_|4 0100101
03020060
1 040600 3
02010000
1010010 0

be the MOD natural neutrosophic Cognitive Maps model
connection matrix with entries from Z! .

Study questions (i) to (vi) of problem (34) for this P.

[0 3 141 0 0 0 1]
00 0 0 300
01 0 I°0 6 2
Let T=l40 0o 0 003
00 1 0 000
10 0 2 600
00 0 0 00 0

be the connection MOD matrix of a MOD natural

neutrosophic Cognitive Maps model with entries from Zj, .

Study questions (i) to (vi) of problem (34) for this T.
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37. Let W=

S O O ~ O O
S L O O O =
S = O O O N
AN ©O O O NN O
S O v O = O
S N O = O W

be the MOD natural neutrosophic connection matrix
associated with a MOD natural neutrosophic Cognitive Maps

model with entries from Z; .
Let X ={(a,a, ...,a5)/a;€ {0,1}; 1<1<6} and

Xs = {(al, Az, ..y aﬁ)/ai S {0, 1, Ig, Ig, Ii, Ig }, 1<1< 6}
be the MOD natural neutrosophic initial state vectors and
MOD natural neutrosophic special initial state vectors
respectively associated with W.

1) Study questions (i) to (vi) of problem (34) for this W.
38. Compare MOD natural neutrosophic Cognitive Maps model
with NCMs model.
39. Derive all special and distinct features enjoyed by MOD

natural neutrosophic finite complete modulo integer
Cognitive Maps model.
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40.

41.

42.

[0 i,+2 0 3i,+1]
1 0 0 0
0

LetP = 0 0 I,
ii 0 0 0
0o 2 0 0 |

be MOD natural neutrosophic finite complete modulo integer
connection matrix associated with a MOD natural
neutrosophic finite complex modulo integer Cognitive
Maps model with entries from CI(ZZ4).

i) Obtain the special and distinct features enjoyed by MOD
natural neutrosophic finite complex modulo integer
Cognitive Maps model.

ii) Compare this model with MOD complex modulo integer
Cognitive Maps model built using C(Zy).

0 345, 0 0 IS O]
0 0 1 0 0 5
LetM=|2 O 0 3, 0 0
0o 1 0 0 1 0
i, 0 0 0 0 2i
0 0 1+i, 0 0 0]

be the MOD natural neutrosophic finite complex modulo
integer connection matrix associated with a MOD NCM
model, with entries from C'(Z).

Study questions (i) to (vi) of problem (34) for this M.

Let P be a MOD natural neutrosophic dual number Cognitive
Maps model with entries from (Z; U g)r.



43.

44.
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Derive all special features enjoyed by this P.

0o 2 0 4g 0 0 I
0 0 I+g O 1 2¢ 0
1 0 0 1 0 0 0
LetS=35 0 0 0 0 0 g
0 1+43g 0 0 0 4+g 0
0 0 g 0 5+g 0 0
10 0 0 0 0 0 0]

be the MOD natural neutrosophic dual number Cognitive
Maps model connection matrix with entries from (Z¢ U g).

Study questions (i) to (vi) problem (34) for this S.

0 g 0 0 I+g 0]

0 0 1+5¢ 92 0 O
Letw=| ¢ 0 0 0 0 Ll bethe

0 10 1lg 0 0 0

l+g 0 0 0 0 0

0 0 0 1+5¢ 0 0]

MOD natural neutrosophic dual number connection matrix
associated with the MOD natural neutrosophic dual number

Cognitive Maps model with entries from (Z;, U g)r.

i) Study questions (i) to (vi) of problem (34) for this W.

1) Let x; = (Iﬁmg, 0, 0, 0, 0, 0) be the initial state vector

find the MOD resultant of x; on W.
iii) Let x, = (0, 0, 0, g, 0, 0) be the initial state vector find
the MOD resultant of x,.
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45.

46.

47.

48.

iv) Let x3=(0, 0, 0, 0, 0, I2) be the initial state vector find
the MOD resultant of x; on W.

v) Letx,=1(0,0, 1,0, 0, 0) be the initial state vector find
the MOD resultant of x, on W.

vi) Compare the MOD resultants given by the initial state
vector X, X,, X3 and X4 on W.

Compare the MOD natural neutrosophic finite complex
modulo integer Cognitive Maps model with MOD natural
neutrosophic dual number Cognitive Maps model built
using C!(Z5) and (Z,3 L g); respectively.

Suppose B be the MOD natural neutrosophic special dual
like number Cognitive Maps models dynamical system
given in the following built using (Z;s U h)y;

0O 2 0 4h+1 0 0 0 0
o o0 I, 0 0 0 h o
30 0 0 0 0 00

B_| 0 0O 0 0 0 0 00
O 0 4 0 0 0 00
l+h 0 0 0 0 0 00
0O 6+h 0 10h 0 0 0 0

0 0 0 0 0 1446h 0 0

Study questions (1) to (vi) of problem (34) for this B.

Derive all special features associated with MOD natural
neutrosophic special dual like number Cognitive Maps
model.

Compare MOD natural neutrosophic special dual like
number Cognitive Maps model with MOD special dual like
number Cognitive Maps model.
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49. What are the benefits of using MOD natural neutrosophic
dual like number Cognitive Maps model in the place of
FCMs or NCMs?

50. Let
0 h+1 0 0 0 I
0 0 000 1
w,=|3+2 0 000 0
0 0 000 0
0 0 00 0 2h
L0 0 000 O]

be the MOD special dual like number Cognitive Maps
models connection matrix with entries from (Zs U h),.

1) Study questions (i) to (vi) of problem (34) for this W,

n) Ifx, = (I';h, 0, 0, 0, 0, 0) be the initial state vector find
the MOD resultant of x; on W.

iii) If y; = (0, 0, 0, 3h, 0, 0) be the initial state vector find
the MOD resultant of y; on W;.

iv) Let x5 = (0, 0, 0, I'; , 1, 0) be the initial state vector find
the MOD resultant of x; on W.

51. Let V be the MOD natural neutrosophic special quasi dual
number connection matrix associated with MOD NCMs
model given in the following; with entries from (Z;s U k);.
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0 k 00IL 0O0 O
0 000O0O0O0 1
2000000 O
vo|0 000 0 00 2+4k
0 000O0O0O0 O
I, 000 2 00 O
0 001000 O
|0 000 0 O0O0 0 |

1) Study questions (i) to (vi) problem (34) for this V.

i) fx; =@+ I, + 15,0 00, ..., 0) be the initial state
vector find the MOD resultant of x; on V.

1) Let x = (0, 0, 0, 0, ..., 0 2 k + 4) be the initial state
vector find the MOD resultant of x on V.

iv) Let x, = (1, 0, ..., 0) be the initial state vector find the
MOD resultant of x, on V.

v) Compare the MOD resultants of x; and x, on V in
questions (ii) and (iv).

vi) Letx3=(0,0, ..., 0, Iﬁk) be the initial state vector. Find
the MOD resultant of x; on V.

vii) Compare the MOD resultant of x and X3 on V in
questions (iii) and (vi) respectively.

viii)  Lety = (0, 1, ..., I}, ) be the initial state vector.
Find the MOD resultant of y on V.

ix) Compare the MOD resultants of x,, x; and y on V in
questions (iv), (vi) and (viii) respectively.
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53.

54.

55.
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x) Obtain any other special or striking feature associated
with V.

Bring out all special features associated with MOD natural
neutrosophic special quasi dual numbers cognitive maps
model.

Compare the model mentioned in problem (52) with that of
FCMs and NCMs models.

What are the main differences between MOD natural
neutrosophic special dual like numbers model and MOD

special quasi dual number model.

Justify your claim.

0 1+I 0 0 0
0 0 1 00
Let S=lo 0o o0 I 0
0 0 I, 00
1 0 0 0 0]

be the MOD natural neutrosophic-neutrosophic square
matrix which serves as the connection matrix or MOD
dynamical system of the MOD natural neutrosophic-
neutrosophic Cognitive Maps model with entries from
<26 \ I>I

1) Study questions (i) to (vi) of problem (34) for this S.

n) If x=( 0,0, 0, 0) is the initial state vector, find the
MOD resultant of x on S.

1i) Let x; = (I;I , 0,0, 0, 0) be the MOD initial special state
vector, find the MOD resultant of x; on S.
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56.

57.

58.

59.

60.

iv) Compare x and x; of questions (ii) and (iii) by
comparing the MOD resultants.

v) Obtain any special feature associated with MOD natural
neutrosophic-neutrosophic Cognitive Maps model.

vi) Compare this MOD n.n. neutrosophic cognitive maps
model with NCMs and MOD neutrosophic Cognitive
Maps model.

vii) Let y; = (1, 0, 0, 0, 0) be the initial state vector, find the
MOD resultant of y; on S.

viii) Compare the MOD resultants initial state vectors given
in (ii), (iii) and (vii).

ix) Letz=1(0,0,0, 1, I(I)) be the initial state vector, find
the MOD resultant of z on S.

x) Find all initial state vector x;’s such that the MOD
resultants of their sum is the sum of the MOD resultants.

Compare the MOD natural neutrosophic-neutrosophic
Cognitive Maps model with MOD natural neutrosophic dual
number Cognitive Maps model.

Which of the MOD Cognitive Maps model is powerful to
study social problem?

Which of the MOD natural neutrosophic Cognitive Maps
model is best suited to study scientific or technological
problems?

What are the advantages and disadvantages of these MOD
neutrosophic Cognitive Maps model?

Can we say MOD neutrosophic Cognitive Maps model is
more powerful than NCMs model?



61.

62.

63.

64.

65.

66.

67.
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Can we claim different types of indeterminate in MOD
natural neutrosophic Cognitive Maps model is useful than
NCMs models?

Adopt MOD natural neutrosophic complex modulo integer
Cognitive Maps model is a social or scientific problem and
show it gives better result than MOD finite complex
Cognitive Maps model.

Describe the MOD interval Cognitive Maps model.

Compare the MOD interval Cognitive Maps model with MOD
integers Cognitive Maps model.

Apply the MOD interval cognitive maps model in some real
world problem.

0 31 0112 0 0 1]
0 0 122 01 04 0
LetM= 130 0 0 0 4l be the MOD
0 132 01 0 2 0
0 0 0 0 0 03
|0 0 0 1 0 0|

interval Cognitive Maps model dynamical system.

i) Study questions (i) to (v) of problem (3) for this M.

il) How many MOD interval initial state vectors lead to
MOD interval special classical fixed points?

iii) How many MOD interval initial state vectors yield the
MOD interval resultant as MOD interval limit cycle?

What are the advantages of using MOD interval Cognitive
Maps model in the place of FCMs?

Mention the application of MOD interval Cognitive Maps
model.
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68. Let P be a problem with C,, c;, C;, C4 as its nodes /
concepts. The expert has worked the problem P using MOD
interval Cognitive Maps model using the interval [0, 9).

Let M, be the MOD interval connection matrix which serves
as the MOD dynamical system for this problem P.

0 801 01 2
M, = 0 0 63 0
32 0 0 1
0 1 0 0

i) Study questions (i) to (iv) of problem (3) for this M;.

i) Let x; = (1, 0, 0, 0) be the initial state vectors find the
MOD interval resultant of x; on M.

ii1) Let x5 = (0, 0, 1, 0) be the MOD interval initial state
vector. Find the MOD interval resultant of x; on M.

iv) Let y = (1, 0, 1, 0) be the MOD interval initial state
vector. Compare the sum of the MOD resultants of x;
and x; with that of the MOD resultant of y.

v) Can we replace the X = {(a, a,, a3, a4) /a; € {0, 1}, 1<
i<4} by X ={(a;, a, a3, ay) / a; € Zy, 1 £1 <4} and
study the model?

vi) Prove using X, will also yield the MOD resultant after a
finite number of iterations.



FURTHER READING

Harary, F., Graph Theory, Narosa Publications (reprint, Indian
edition), New Delhi, 1969.

Kosko, B., Fuzzy Cognitive Maps, Int. J. of Man-Machine
Studies, 24 (1986) 65-75.

Kosko, B., Fuzzy Thinking, Hyperion, 1993.

Kosko, B., Hidden Patterns in Combined and Adaptive
Knowledge Networks, Proc. of the First IEEE International
Conference on Neural Networks (ICNN-86), 2 (1988) 377-393.

Kosko, B., Neural Networks and Fuzzy Systems: A Dynamical
Systems Approach to Machine Intelligence, Prentice Hall of
India, 1997.

Smarandache, F. (editor), Proceedings of the First International
Conference on Neutrosophy, Neutrosophic Set, Neutrosophic
Probability and Statistics, Univ. of New Mexico — Gallup, 2001.

http://www.gallup.unm.edu/~smarandache/NeutrosophicProcee
dings.pdf

Smarandache, F. Neutrosophic Logic - Generalization of the
Intuitionistic Fuzzy Logic, presented at the Special Session on



214 | MoD Cognitive Maps Models and MOD Natural ...

10.

11.

12.

13.

14.

15.

16.

Intuitionistic Fuzzy Sets and Related Concepts, of International
EUSFLAT Conference, Zittau, Germany, 10-12 September
2003.  http://lanl.arxiv.org/ftp/math/papers/0303/0303009.pdf

Smarandache, F., Collected Papers IIlI, Editura Abaddaba,
Oradea, 2000.
http://www.gallup.unm.edu/~smarandache/CP3.pdf

Vasantha Kandasamy, W.B., Love. Life. Lust. Loss: 101 Real
Life Stories of Migration and AIDS—A Fuzzy Analysis, Tamil
Nadu State AIDS Control Society, Chennai, 2003.

Vasantha Kandasamy, W.B., Women. Work. Worth. Womb.,
101 real life stories of rural women, Tamil Nadu State AIDS
Control Society, Chennai, 2005.

Vasantha Kandasamy, W.B., Public. Pity. Patients. Peace.,
Public opinion on HIV/AIDS, Tamil Nadu State AIDS Control
Society, Chennai, 2006.

Vasantha Kandasamy, W.B., and Minor, A., Estimation of
Production and Loss or Gain to Industries Using Matrices, Proc.
of the National Conf. on Challenges of the 21* century in
Mathematics and its allied topics, Feb. 3-4, 2001, Univ. of
Mysore, 211-218.

Vasantha Kandasamy, W.B., and Balu, M. S., Use of Weighted
Multi-Expert Neural Network System to Study the Indian
Politics, Varahimir J. of Math. Sci., 2 (2002) 44-53.

Vasantha Kandasamy, W.B., and Indra, V., Maximizing the
passengers comfort in the madras transport corporation using
fuzzy programming, Progress of Mat., Banaras Hindu Univ., 32
(1998) 91-134.

Vasantha Kandasamy, W.B., and Karuppusamy, Environmental
pollution by dyeing industries: A FAM analysis, Ultra Sci,
18(3) (2006) 541-546.

Vasantha Kandasamy, W.B., and Mary John, M. Fuzzy
Analysis to Study the Pollution and the Disease Caused by



17.

18.

19.

20.

21.

22.

23.

24.

25.

Further Reading | 215

Hazardous Waste From Textile Industries, Ultra Sci, 14 (2002)
248-251.

Vasantha Kandasamy, W.B., and Ram Kishore, M. Symptom-
Disease Model in Children using FCM, Ultra Sci., 11 (1999)
318-324.

Vasantha Kandasamy, W.B., and Pramod, P., Parent Children
Model using FCM to Study Dropouts in Primary Education,
Ultra Sci., 13, (2000) 174-183.

Vasantha Kandasamy, W.B., and Praseetha, R., New Fuzzy
Relation Equations to Estimate the Peak Hours of the Day for
Transport Systems, J. of Bihar Math. Soc., 20 (2000) 1-14.

Vasantha Kandasamy, W.B., and Uma, S. Combined Fuzzy
Cognitive Map of Socio-Economic Model, Appl. Sci.
Periodical, 2 (2000) 25-27.

Vasantha Kandasamy, W.B., and Uma, S. Fuzzy Cognitive Map
of Socio-Economic Model, Appl. Sci. Periodical, 1 (1999) 129-
136.

Vasantha Kandasamy, W.B., and Smarandache, F., Analysis of
social aspects of migrant labourers living with HIV/AIDS using
fuzzy theory and neutrosophic cognitive maps, Xiquan,
Phoenix, 2004.

Vasantha Kandasamy, W.B., and Smarandache, F., Basic
Neutrosophic algebraic structures and their applications to fuzzy
and Neutrosophic models, Hexis, Church Rock, 2004

Vasantha Kandasamy, W.B., and Smarandache, F., Fuzzy and
Neutrosophic analysis of Periyar’s views on untouchability,
Hexis, Phoenix, 2005.

Vasantha Kandasamy, W.B., and Smarandache, F., Fuzzy
Cognitive Maps and Neutrosophic Cognitive Maps, Xiquan,
Phoenix, 2003.



216 | MoD Cognitive Maps Models and MOD Natural ...

26.

27.

28.

29.

30.

31.

32.

33.

34.

Vasantha Kandasamy, W.B., and Smarandache, F., Fuzzy
Relational Equations and Neutrosophic Relational Equations,
Neutrosophic Book Series 3, Hexis, Church Rock, USA, 2004.

Vasantha Kandasamy, W.B., and Smarandache, F., Introduction
to n-adaptive fuzzy models to analyse Public opinion on AIDS,
Hexis, Phoenix, 2006.

Vasantha Kandasamy, W.B., and Smarandache, F., Vedic
Mathematics: ‘Vedic’ or ‘mathematics’ A Fuzzy and
Neutrosophic Analysis, automaton, Los Angeles, 2006.

Vasantha Kandasamy, W.B., Smarandache, F., and Ilanthenral,
K., Elementary Fuzzy matrix theory and fuzzy models for social
scientists, automaton, Los Angeles, 2006.

Vasantha Kandasamy, W.B., and Anitha, V., Studies on Female
Infanticide Problem using Neural Networks BAM-model, Ultra
Sci., 13 (2001) 174-183.

Vasantha Kandasamy, W.B., and Indra, V., Applications of
Fuzzy Cognitive Maps to Determine the Maximum Ultility of a
Route, J. of Fuzzy Maths, publ. by the Int. fuzzy Mat. Inst., 8
(2000) 65-717.

Vasantha Kandasamy, W.B., and Victor Devadoss,
Identification of the maximum age group in which the
agricultural labourers suffer health hazards due to chemical
Pollution using fuzzy matrix, Dimension of pollution, 3 (2005)
1-55.

Vasantha Kandasamy, W.B., and Yasmin Sultana, FRM to
Analyse the Employee-Employer Relationship Model, J. Bihar
Math. Soc., 21 (2001) 25-34.

Vasantha Kandasamy, W.B., and Yasmin Sultana, Knowledge
Processing Using Fuzzy Relational Maps, Ultra Sci., 12 (2000)
242-245.



35.

36.

37.

38.

39.

40.

41.

Further Reading | 217

Vasantha Kandasamy, W.B., Mary John, M., and Kanagamuthu,
T., Study of Social Interaction and Woman Empowerment
Relative to HIV/AIDS, Maths Tiger, 1(4) (2002) 4-7.

Vasantha Kandasamy, W.B., Neelakantan, N.R., and
Ramathilagam, S., Maximize the Production of Cement

Industries by the Maximum Satisfaction of Employees using
Fuzzy Matrix, Ultra Science, 15 (2003) 45-56.

Vasantha Kandasamy, W.B., Neelakantan, N.R., and Kannan,
S.R., Operability Study on Decision Tables in a Chemical Plant
using Hierarchical Genetic Fuzzy Control Algorithms, Vikram
Mathematical Journal, 19 (1999) 48-59.

Vasantha Kandasamy, W.B., Neelakantan, N.R., and Kannan,
S.R., Replacement of Algebraic Linear Equations by Fuzzy
Relation Equations in Chemical Engineering, In Recent Trends
in Mathematical Sciences, Proc. of Int. Conf. on Recent
Advances in Mathematical Sciences held at IIT Kharagpur on
Dec. 20-22, 2001, published by Narosa Publishing House,
(2001) 161-168.

Vasantha Kandasamy, W.B., Neelakantan, N.R., and
Ramathilagam, S., Use of Fuzzy Neural Networks to Study the
Proper Proportions of Raw Material Mix in Cement Plants,
Varahmihir J. Math. Sci., 2 (2002) 231-246.

Vasantha Kandasamy, W.B., Pathinathan, and Narayan Murthy.
Child Labour Problem using Bi-directional Associative
Memories (BAM) Model, Proc. of the 9™ National Conf. of the
Vijnana Parishad of India on Applied and Industrial
Mathematics held at Netaji Subhas Inst. of Tech. on Feb. 22-24,
2002.

Vasantha Kandasamy, W.B., Ramathilagam, S., and
Neelakantan, N.R., Fuzzy Optimisation Techniques in Kiln
Process, Proc. of the National Conf. on Challenges of the 21*
century in Mathematics and its allied topics, Feb. 3-4 (2001),
Univ. of Mysore, (2001) 277-287.



218 | MoD Cognitive Maps Models and MOD Natural ...

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

Vasantha Kandasamy, W. B. and Smarandache, F.,
Neutrosophic algebraic structures and neutrosophic N-algebraic
structures, Hexis, Phoenix, Arizona, (2006).

Vasantha Kandasamy, W. B. and Smarandache, F.,
Smarandache Neutrosophic algebraic structures, Hexis,
Phoenix, Arizona, (2006).

Vasantha Kandasamy, W.B., and Smarandache, F., Fuzzy
Interval Matrices, Neutrosophic Interval Matrices and their
Applications, Hexis, Phoenix, (2006).

Vasantha Kandasamy, W.B., Smarandache, F., and Ilanthenral,
K., Special fuzzy matrices for social scientists, InfoLearnQuest,
Ann Arbor, (2007).

Vasantha Kandasamy, W.B. and Smarandache, F., Interval
Semigroups, Kappa and Omega, Glendale, (2011).

Vasantha Kandasamy, W.B. and Smarandache, F., Finite
Neutrosophic Complex Numbers, Zip Publishing, Ohio, (2011).

Vasantha Kandasamy, W.B. and Smarandache, F., Dual
Numbers, Zip Publishing, Ohio, (2012).

Vasantha Kandasamy, W.B. and Smarandache, F., Special dual
like numbers and lattices, Zip Publishing, Ohio, (2012).

Vasantha Kandasamy, W.B. and Smarandache, F., Special quasi
dual numbers and Groupoids, Zip Publishing, Ohio, (2012).

Vasantha Kandasamy, W.B. and Smarandache, F., Algebraic
Structures using Subsets, Educational Publisher Inc, Ohio,
(2013).

Vasantha Kandasamy, W.B. and Smarandache, F., Algebraic
Structures using [0, n), Educational Publisher Inc, Ohio, (2013).



53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

Further Reading | 219

Vasantha Kandasamy, W.B. and Smarandache, F., Algebraic
Structures on the fuzzy interval [0, 1), Educational Publisher
Inc, Ohio, (2014).

Vasantha Kandasamy, W.B. and Smarandache, F., Algebraic
Structures on Fuzzy Unit squares and Neutrosophic unit square,
Educational Publisher Inc, Ohio, (2014).

Vasantha Kandasamy, W.B. and Smarandache, F., Natural
Product on Matrices, Zip Publishing Inc, Ohio, (2012).

Vasantha Kandasamy, W.B. and Smarandache, F., Algebraic
Structures on Real and Neutrosophic square, Educational
Publisher Inc, Ohio, (2014).

Vasantha Kandasamy, W.B., llanthenral, K., and Smarandache,
F., MOD planes, EuropaNova, (2015).

Vasantha Kandasamy, W.B., Ilanthenral, K., and Smarandache,
F., MOD Functions, EuropaNova, (2015).

Vasantha Kandasamy, W.B., llanthenral, K., and Smarandache,
F., Multidimensional MOD planes, EuropaNova, (2015).

Vasantha Kandasamy, W.B., Ilanthenral, K., and Smarandache,
F., Natural Neutrosophic numbers and MOD Neutrosophic
numbers, EuropaNova, (2015).

Vasantha Kandasamy, W.B., Ilanthenral, K., and Smarandache,
F., Algebraic Structures on MOD planes, EuropaNova, (2015).

Vasantha Kandasamy, W.B., llanthenral, K., and Smarandache,
F., MOD Pseudo Linear Algebras, EuropaNova, (2015).

Vasantha Kandasamy, W.B., Ilanthenral, K., and Smarandache,
F., Problems in MOD Structures, EuropaNova, (2016).

Vasantha Kandasamy, W.B., llanthenral, K., and Smarandache,
F., Semigroups on MOD Natural Neutrosophic Elements,
EuropaNova, (2016).



220 | MoD Cognitive Maps Models and MOD Natural ...

65.

66.

67.

68.

69.

70.

Vasantha Kandasamy, W.B., Ilanthenral, K., and Smarandache,
F., Special Type of Fixed Points of MOD Matrix Operators,
EuropaNova, (2016).

Vasantha Kandasamy, W.B., Ilanthenral, K., and Smarandache,
F., Special Type of Fixed Points pairs of MOD Rectangular
Matrix Operators, EuropaNova, (2016).

Vasantha Kandasamy, W.B., Smarandache, F. and Ilanthenral,
K., Distance in matrices and their applications to fuzzy models
and neutrosophic models, EuropaNova, (2014).

Zadeh, L.A., A Theory of Approximate Reasoning, Machine
Intelligence, 9 (1979) 149- 194.

Zhang, W.R., and Chen, S., A Logical Architecture for
Cognitive Maps, Proceedings of the 2" IEEE Conference on
Neural Networks (ICNN-88), 1 (1988) 231-238.

Zimmermann, H.J., Fuzzy Set Theory and its Applications,
Kluwer, Boston, 1988.



INDEX

F

Fuzzy Cognitive Maps (FCMs) model, 7-8
N

Neutrosophic Cognitive Maps (NCMs), 7-8
M

MOD acyclic, 20-3

MOD Cognitive Maps (MOD CMs) model, 22-5

MOD connection matrices, 32-5

MOD cycle, 20-4

MOD directed dual number graphs, 82-5

MOD directed dual number square matrix, 83-6

MOD directed finite complex integer graph, 69-73

MOD directed graphs, 19-25

MOD dual number Cognitive Maps model, 80-6

MOD dynamical system, 21-4

MOD fixed point, 11-6

MOD hidden pattern, 21-4

MOD integers, 10-2

MOD interval Cognitive Maps model, 185-9

MOD interval directed graph, 179-180

MOD interval square matrix, 179-181

MOD limit cycle, 11-6

MOD natural neutrosophic Cognitive Maps model, 115-9

MOD natural neutrosophic complex Cognitive Maps model,
136-9

MOD natural neutrosophic complex directed graph, 136-9

MOD natural neutrosophic complex matrix, 136-9



222 | MoD Cognitive Maps Models and MOD Natural ...

MOD natural neutrosophic directed graph, 116-8
MOD natural neutrosophic dual number Cognitive Maps model,
147-151
MOD natural neutrosophic dual number directed graph, 143-6
MOD natural neutrosophic dual number square matrix, 143-6
MOD natural neutrosophic matrix, 116-8
MOD natural neutrosophic special dual like number Cognitive
Maps model, 156-163
MOD natural neutrosophic special dual like number directed
graphs, 154-8
MOD natural neutrosophic special dual like number square
matrix, 154-9
MOD natural neutrosophic special quasi dual number Cognitive
Maps model, 167-171
MOD natural neutrosophic special quasi dual number directed
graphs, 163-8
MOD natural neutrosophic special quasi dual number square
matrix, 165-8
MOD natural neutrosophic-neutrosophic Cognitive Maps model,
135-7
MOD natural neutrosophic-neutrosophic directed graph, 170-5
MOD natural neutrosophic-neutrosophic square matrix, 170-6
MOD NCMs dynamical system 76-8
MOD Neutrosophic Cognitive Maps (MOD NCMs) model, 53-6
MOD realized fixed point, 11-9
MOD realized limit cycle, 11-9
MOD row matrices, 10-3
MOD special dual like number Cognitive Maps model, 104-8
MOD special dual like number directed graphs, 95-9
MOD special dual like number matrix, 100-5
MOD special quasi dual number Cognitive Maps model, 107-111
MOD special quasi dual number directed graphs, 105-7
MOD special quasi dual number matrix, 105-7
MOD square matrices, 10-3



ABOUT THE AUTHORS

Dr.W.B.Vasantha Kandasamy is a Professor in the Department of
Mathematics, Indian Institute of Technology Madras, Chennai. In the
past decade she has guided 13 Ph.D. scholars in the different fields of
non-associative algebras, algebraic coding theory, transportation
theory, fuzzy groups, and applications of fuzzy theory of the problems
faced in chemical industries and cement industries. She has to her
credit 694 research papers. She has guided over 100 M.Sc. and
M.Tech. projects. She has worked in collaboration projects with the
Indian Space Research Organization and with the Tamil Nadu State
AIDS Control Society. She is presently working on a research project
funded by the Board of Research in Nuclear Sciences, Government of
India. This is her 115™ book.

On India's 60th Independence Day, Dr.Vasantha was conferred
the Kalpana Chawla Award for Courage and Daring Enterprise by the
State Government of Tamil Nadu in recognition of her sustained fight
for social justice in the Indian Institute of Technology (IIT) Madras
and for her contribution to mathematics. The award, instituted in the
memory of Indian-American astronaut Kalpana Chawla who died
aboard Space Shuttle Columbia, carried a cash prize of five lakh
rupees (the highest prize-money for any Indian award) and a gold
medal.

She can be contacted at vasanthakandasamy@gmail.com
Web Site: http://mat.iitm.ac.in/home/wbv/public_html/
or http://www.vasantha.in

Dr. K. Ilanthenral is Assistant Professor in the School of Computer
Science and Engg, VIT University, India. She can be contacted at
ilanthenral@gmail.com

Dr. Florentin Smarandache is a Professor of Mathematics at the
University of New Mexico in USA. He published over 75 books and 200
articles and notes in mathematics, physics, philosophy, psychology,
rebus, literature. In mathematics his research is in number theory,
non-Euclidean geometry, synthetic geometry, algebraic structures,
statistics, neutrosophic logic and set (generalizations of fuzzy logic
and set respectively), neutrosophic probability (generalization of
classical and imprecise probability). Also, small contributions to
nuclear and particle physics, information fusion, neutrosophy (a
generalization of dialectics), law of sensations and stimuli, etc. He got
the 2010 Telesio-Galilei Academy of Science Gold Medal, Adjunct
Professor (equivalent to Doctor Honoris Causa) of Beijing Jiaotong
University in 2011, and 2011 Romanian Academy Award for Technical
Science (the highest in the country). Dr. W. B. Vasantha Kandasamy
and Dr. Florentin Smarandache got the 2012 New Mexico-Arizona and
2011 New Mexico Book Award for Algebraic Structures. He can be
contacted at smarand@unm.edu




In this book authors for the first time
introduce new mathematical models
analogous to Fuzzy Cognitive Maps (FCMs)
and Neutrosophic Cognitive Maps (NCMs)
models. Several types of MOD Cognitive
Maps models are constructed in this book.
They are MOD Cognitive Maps model,
MOD dual number Cognitive Maps model,
MOD neutrosophic Cognitive Maps model,
MOD finite complex number Cognitive
Maps model, MOD special dual like number
Cognitive Maps model and MOD special
quasi dual number Cognitive Maps model.

ISBN 978-1-59973-462-0

US $40.00

EuropaNova

9"781599"734620" >



	1-7final.pdf (p.1-8)
	chapter1.pdf (p.9-10)
	chapter2.pdf (p.11-116)
	Chapter3.pdf (p.117-192)
	Chapter4pdf.pdf (p.193-212)
	refFinal.pdf (p.213-220)
	index.pdf (p.221-222)
	about.pdf (p.223)


 
 
    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 1 to page 8
     Trim: none
     Shift: move up by 18.00 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     706
     267
    
     Fixed
     Up
     18.0000
     0.0000
            
                
         Both
         1
         SubDoc
         8
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.0d
     Quite Imposing Plus 2
     1
      

        
     7
     223
     7
     8
      

   1
  

 HistoryList_V1
 qi2base



