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Abstract:

Roots of unity play a basic role in the theory of algebraic extensions of fields and rings.
The aim of this paper is to obtain an algorithm to find all n-th roots of unity in five
different kinds of neutrosophic complex rings, where many theorems and examples will

be illustrated and suggested.
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1. Introduction and preliminaries

Neutrosophic algebraic structures are considered as generalizations of classical algebraic
structures. The first defined neutrosophic algebraic structure is the neutrosophic ring

which was defined and studied on a wide range by Smarandache et.al [1-11].

Laterally, many other neutrosophic algebraic structures were defined such as n-cyclic

refined neutrosophic rings, neutrosophic matrices, and vector spaces [12-22].

Neutrosophic complex numbers were defined as novel generalizations of classical complex

numbers, in a similar way of split-complex or weak fuzzy complex numbers [23-24].
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One of the most classical interesting problems in classical algebra is the extending of fields
and rings by complex roots of unity. From this point of view, we study for the first time the
concept of neutrosophic roots of unity, where we obtain the classification of the roots of
unity in five different neutrosophic rings. In addition, many examples will be discussed

and presented.

We recall some basic concepts in neutrosophic algebra.

Definition:
Let (R+,X) be a ring and I;1 < k < n be n sub-indeterminacies. We define R,(I)={ay +
ayI + -+ ayl, ; a; € R} to be n-cyclic refined neutrosophic ring.

Operations on R, (I) are defined as:

n n
xily + ) yil;
i=0 i=0
n n
= Z(xi +y)li, ) xil;
=0 =0
n n n
X Z)’ili = Z (x; X y))I;I; = z (i X 1) i+ modn)
=0 ij=o =0

x is the multiplication on the ring R.
Definition:
Let (R+,X) be aring, R(I) = {a+ bl : a,b € R} is called the neutrosophic ring where I is a
neutrosophic element with condition 1% = I.
Definition:
Let (R,+,%) be a ring, (R(I1,1;),+ ,X) is called a refined neutrosophic ring generated by R

b, L.
Definition:

Let (R+,X) be a ring and I;1 < k < n be n indeterminacies. We define R,(I)={ay + a; +
«++ayl, ; a; € R} to be n-refined neutrosophic ring.

Main concepts
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Neutrosophic roots of unity.

Let C(I) ={X +1Y; I? =1;X,Y € C}be the complex neutrosophic ring. According to [21],
we have:

X +IV)" = X"+ I[(X + V)" — X"
So that X + 1Y is an n-th root of unity if and only if (X +1Y)"* =1, hence X" =1, (X +
Y)™ =1 which is equivalent to X,X + Y are two classical roots of unity.
Theorem.

n-th roots of unity in the complex neutrosophic ring C(I) are:
2 2nt; .
Uz{aj+(at—aj)1; aj=en ,q;=en ;1S]Sn,1§t§n}
Proof.

According to the previous discussion X + IY is a neutrosophic n-th root of unity if and

27j .
only if X,X+Y are two roots of unity, thus XzajzeTl; 1<js<sn,X+Y=qa =

2nt;
en;1<t<n.

This implies that X + 1Y = a; + (a; — a;)!.

Theorem.

The set of n-th roots of unity in C(I) is a group under multiplication. Also U = Z,, X Z,,.
Proof.

VT = (o) + (e, — ), To = () + (as —ap); 1< k,s<n1<jt<n
Then:
Ty. T, = ajoy + (ajas — ajap )l + (apar — ajap )l + (aras — oy — ajas + ajay)1
T1.T, = qjay + (aras — ajak)l =a+(a,—a)leU
Where «,, a;, are two roots of unity.

1

On the other hand, we have «;7", a,~1 are two roots of unity.

So that we can put T3 = a;~* + (a, "' —a; 1) € U.

Ty.Ts = aj; t + (qja, ' —ajay ™ + ey ™ — ajo ™t + apa, ™ — apa T — aja !
+aja;)I

T).Ts; =1+ (0) =1, thus T;=T, ' € U. This implies that U is a group under

multiplication.

We define f:U — Z, X Z, such that:
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fag + (e —a)l) = (o), @)

f is well defined, that is because:
T =a+ (at - aj)l = T, = ay + (a5 — ai)l, then a; = ay, a; = a,, hence
f(Ty) = (@), ar) = (a, a5) = f(T2)
f is a group homomorphism, that is because:
T, XT, = ajay + (atas - ajak)l
f(Ty XT,) = (ajak'atas) = (aj; at) X (ag,as) = f(Ty) X f(T).
It is clear that f is surjective. Also, f is injective that is because:

ker(f) = {a]- + (at — aj)l e U; (a]-,at) = (1,1)} = {1}
Thus f is a group isomorphic, hence U = Z, X Z,.
Refined neutrosophic roots of unity.
Let C(Iy, 1) ={X+ Y, + ZIy; L1, = LI =1, 1,* =1,1,> =1,,X,Y,Z € C} be the complex
ring of refined neutrosophic numbers.
According to[ ], we have:
KX +YL+ZL)" =X+ L[(X +Y +2)" — (X + 2)"] + L[(X + Z)" — X"]
So that X + Y1, + ZI, is a refined neutrosophic n-th root of unity if and only if (X +YI; +
ZIO" =1, thus X"=(X+Y+2)"=X+2)"=1, ie, X,X+Y+ZX+Z are three
classical roots of unity.
Theorem.

n-th roots of unity in the complex refined neutrosophic ring C(I,1;) are:

2mj; 2nt 2mk,
U={aj+(at—ak)11+(ak—aj)12; aj=en ,qp=en ,qy=en ;1Sj,k,t£n}

Proof.

According to the previous discussion X + YI; + ZI, is a refined neutrosophic n-th root of

unity if X,X +Y + Z,X + Z are three roots of unity, thus:

X=a,X+Z=a,X+Y+Z=a, where 1<jkt<n and aj=en’,aq,=en', qp=

2k,
e n ', thus:

X =a;
j
Y=ay—ay thus X +YI; + ZI, = aj + (a; — ay)]; + (ak - aj)12~
Z=ag—aq;

Theorem.
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Let U be the set of refined neutrosophic n-th roots of unity, then U is a group under
multiplication with U = Z,, X Z,, X Z,
Proof.
Let T, =aqa;+ (a; —ap)ly + (ar — aj)lz , Ty =dj+ (& — dp)l; + (dy — dj)lz be two
element of U, then:
Ty X T, = ajd; + (ajdt - a]-dk)ll + (a]-dk - ajdj)lz + (c’rjat - c’rjak)ll

+ (apay — g, — apay + apag)l; + (ato'zk —apdj — apdy + ako'(j)ll

+ (c'rjak - c'rjaj)lz + (c’rtak — draj — day + o'zkaj)11

+ (akdk —apd; — ajdy + a]-d]-)lz
Ty X Ty = ajd; + (apdy — agdy )l + (ako'(k - ajdj)lz ev.
Also, T, ' =a; ' + (a7 — a7 ) + (ax ™' — ;7)1 is inverse of Ty, so that (U,x) is a
group.
We define f:U — Z, X Z, X Z, such that:

flaj + (ae — )l + (a — a;) 1] = (), ar, ax)

f is a well define one to one mapping.
f is a group homomorphism that is because:
f(T1 X Tp) = (ajdy, aedre, drar) = (@, a, ar) X (&, dp, di) = f(T1) X f(T2)
So that U = Z,, X Z,, X Z,,.
2-cyclic refined neutrosophic ring,.
Let Co(D) ={X+YI+Zly; LI, =L, =11, =1,,1,> =1,,X,Y,Z€ C} be the 2-cyclic
complex refined neutrosophic ring.
X+ YL + ZI, is an n-th root of unity in C,(I) if and only if (X +Y[; + ZI;)" = 1.
Firstly, we present a formula to find the n-th power of X +YI; + ZI,.
Theorem.

Let X +YI; + ZI, € C,(I), then,

™ =Xn+%ll[(X+Y+Z)”— X-Y+2)"] +%IZ[(X+Y+Z)n+(X—Y+Z)n—2Xn]
Proof.
( known befor).
Theorem.
Let X +YI; + ZI, € C,(I), then T is n-th root of unity if and only if X,X+Y +Z,X-Y +Z

are three classical roots of unity.
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Proof.
T™ =1 is equivalent to:
X4 L[(X+Y + 2" = (X =Y + DM +5L[(X+Y + 2" + (X —Y +2)" —2X"] =1
thus:
X"=1
{ X+Y+2D)"—(X-Y+2)"=0
X+Y+2D)"+(X—Y+2)"—2X" =0
This implies that X" = (X +Y +2)" = (X — Y + Z)" = 1, this complete proof.
Theorem.

Let U be the set of all 2-cyclic n-th roots of unity, then:

1 1 2nj; 2nt, 2mk;
1. U:{aj+511[at—ak]+512[at+ak—2aj]; a=en ,aqg=en ,q=¢€en ;1<

Lk t< n}.
2. (U,x) isagroup.
3. U=Z,XZyXZ,.
Proof.
1. Assume that T = X +YI; + ZI, is an n-th root of unity, then X = a, X+Y+7Z=

an,X—Y+Z=aqa, with 1 <j,k,t<n so that Y = i

N |-

1
lar —axl,Z = E[at +ag] —a;

hence:

1 1
T =a; +§Il[at — ay] +§Iz[at + ay — 2a;]

2. Let Tl = a; +%Il[a’t - a’k] +%12[a’t + ay — Zaj],Tz = 0:’1 +%Il[dt - Ollk] +
1.1 o 4 .
512 [at +a, — Zaj]
Wehave T) X T, = a;d; + %Il[atdt —apd;] + %12 [acd, + agdy — Zajo'zj] eV
The inverse of Ty is T™!; = ;7" +%Il[at‘1 —a )+ %Iz[at‘l +a, - 2a7 | €U, so
that (U,x) is a group.

3. Define f:U — Z,, X Z,, X Z, such that:

1 1
fla+5hlae —ad + EIZ[“t + e = 205] | = (o), @, )

By a similar discussion of previous classification theorems, we get the proof.
Examples.

We find the 3-roots of unity in the neutrosophic complex ring C(I).
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In the classical case, we have three roots a; = 1,a, = ez?ni, az = e%i, thus the neutrosophic
roots of unity are:
{ay, az, a3, 01 + (az —a))lay + (a3 —a)l, az + (a1 — ax)l, ap + (a3 — az)l, az +
(ay —ag)l, as + (a; — as)i}.
Example.
The 2-nd roots of unity in C(I;,1,) are:
U={ay,az a; +(az —ay)ly, a1 + (@ — ax)ly + (az — a)lp, az + (ay — az)lp, a;
+(az —a)l + (g —a)ly, o0 + (@ — )y, az + (g — @)} o = 1,y
=-1
Thus
U={1,-11-20,1+2l —2I,,—1+ 2I,,—1 — 2I; + 2I,,1 — 2I,,—1 + 21, }.
3- Refined and 4-Refined Neutrosophic roots Of Unity
Definition.
Let C be the complex field, the 3-refined neutrosophic complex ring is defined as follows:
C;(D) ={a+bl +cl, +dls;ab,c,d€C}, with I;.[; = Lyinaijy, i* =151 < i < 3.
The 4-refined neutrosophic complex ring is defined:
Co(D) ={a+bl+cl, +dlz+el,;a,b,cde€CYwith L] = Ly i =1;1<i<4
Definition.
Let X = xo + x11; + x51, + x313 € C3(I), then X is called the n-th root of unity if and only if
X" =1.
X 1is called the 3-refined neutrosophic root of unity.
Definition.
Let X = xo + x114 + %515 + x313 + x41, € C4(I), then X is called the n-th root of unity if and
only if X™ = 1.
X 1is called the 4-refined neutrosophic root of unity.
Theorem.
Let X = x¢ + x11; + x,1, + x313 € C3(I),n € N, then:
X" =" + [(xo + 21 + x5 +2x3)™ — (0 + 22 + x3)" [I; + [(x0 + %2 + x3)™ — (%0 + x3)"]1;
+ [(xo + x3)™ — x¢"]I3
For the proof see [ ].

Theorem.
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Let X = xo + x11; + x,1, + x313 € C3(I), then X is a 3-refined neutrosophic root of unity if
and only if xg,x¢ + X3,%¢ + X5 + X3Xg + X; + X, + x3 are roots of unity.

Proof.

Xt=1=x" =1, @ +x3)"=1,(xg+x, +x3)" =1,(xg + x; + x, + x3)" =1, thus the
proof is complete.

Now, we find the 3-refined neutrosophic roots of unity.

Let U = {ay, a3, ..., a,} be the set of classical n-th roots of unity.

If X is 3-refined neutrosophic roots of unity, then xy € U,xq +x3 € U,xo +x, +x3 €
Uxg+x1+x, +x3 €U.

If xo=a;,xo+x3=0ajxy+ X +x3=0a,x0+x +x;, +x3 =ag, where i,j,t,s € {1,..,n},
thus

Xo = Qj, X3 = @) — Qj, Xy = A — Aj, X = A — Ap.

Remark.

For n, there exists n* root of unity in C3(I).

Example.

2T AT
3

For n=3, we have U ={l,a;,a,}, with a; =e'3,a, =e's , hence the 3-refined
neutrosophic cubic roots of unity are:

X =ty+ (t; — to)I; + (t, — t3)I, + (t3 — to)l3, where t; € U.

We show some of them:

X=1+(1—a ) + (o, = DL+ (A —ay)l;, (tg =1t = aq,t, = ay,t3 = aq).

Y=a,+ (ay —ap)h + (@ — DI + (1 —ax)ls, (b = az,ty = ay,t; = ay,t3 = 1).

And so on.

Remark.

Since (U,x) is a group with order n(cyclic group), the corresponding set of 3-refined
neutrosophic roots of unity is an abelian group with order n*.

Also, it is isomorphic to U, X U, X U, X U,,.

Theorem.

Let X = xo + x11; + x50, + x313,Y = yo + y114 + y, 1, + y313 € C5(1), then:

XY = x%0 4+ [(xg + X1 + x5 + x3)Y0tV1HV2tVs — () + x, + x3) Y0t V2HY3|L + [(xg + x5 +
x3)Y0TY2HYs — (g + x3)Y0 31y + [(xg + x3)7073 — xp¥0] 3.

Check [ .
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Definition.
We define the unity duplet (X,Y) as follows:
(X,Y) is a unity duplet if and only if X¥ =1, where X € C3(1),Y € C5(I).
Theorem.
Let (X,Y) be a unity duplet, this equivalents:
%070 = (xg + x3)Y0%Y3 = (xg + x5 + x3)Y0tV2tY3 = (xg + xq + x5 + x3)Y0TV1HYV2HYs = 1,
The proof is clear.
Example.
Take X =1+ (eiz?n— i1+ (i - ei%)lz + (eif —1)I3,Y =2 = I, — 41, + 6.
We have X¥ =1, hence (X,Y) is a unity duplet.
Theorem.
Let X = x¢ + x11; + x50, + x315 + x41, € C4(I),n € N, then:
X" =xo" + [(xg + x1 + X3 + x5+ x4)" — (X0 + x5 + x3 + x)" ][
+ [(xg +x3 + x3 +x4)™ — (xg + x3 + x4)"]1,
+ [(o + 23+ 24)" — (%0 + x4)" I3 + [(x0 + %)™ — %" 114
Proof.
The proof can be checked easily by induction.
Theorem.
Let X = xo + x11; + x50, + x313 + x4, € C4(I), then X is an n-th root of unity if and only if:
Xo,Xg + X4, Xg + X3 + X4, X0 + X3 + X3 + X4, %9 + x4 + X, + x3 + x4 are classical n-th roots of
unity.
The proof is clear.
Remark.
If U={ay,a,,..,a,} is the set of n-th roots of unity, the corresponding 4-refined
neutrosophic roots of unity are:
{to+tily + oyl + tals +talyty = @ty = @ — @ t3 = @ — @, by = g — Ay, ty = o — A}
where k,j,i,s,l € {1,...,n}.
Example.
For n =4, wehave U = {1,—1,i,—i}.

The 4-refined neutrosophic roots of unity for n = 4 are:
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(X =ty +tdy +t,], +tal; +t,l,}, with to €U tg+t, EUtg+t; +t, €Uty +t, +t3 +
ty EUtg+t, +t, +t3 +t, €U.

Forexample X =i+ (=2i)l, + (=1 + )3 + (1 — )I,.

(to=itg=1—i,t3=—1+1it, =—-2i,t; =0).

Conclusion

In this paper, we have studied the roots of unity of five neutrosophic different kinds of
rings, where the roots of unity in neutrosophic rings, refined neutrosophic rings, 3-refined,
4-refined neutrosophic rings, and 2-cyclic refined neutrosophic rings are obtained and
classified as direct products of well known classical finite groups. Many related examples
were presented and discussed to clarify the validity of our work.
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