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Abstract. This paper is devoted to propose triangular
fuzzy number neutrosophic sets by combining triangular
fuzzy numbers with single valued neutrosophic set and
define some of its operational rules. Then, triangular
fuzzy number neutrosophic weighted arithmetic averag-
ing operator and triangular fuzzy number neutrosophic
weighted geometric averaging operator are defined to ag-
gregate triangular fuzzy number neutrosophic sets. We
have also established some of their properties of the pro-

posed operators. The operators have been employed to
multi attribute decision making problem to aggregate the
triangular fuzzy neutrosophic numbers based rating val-
ues of each alternative over the attributes. The collective
rating values of each alternative have been ordered with
the help of score and accuracy values to find out the best
alternative. Finally, an illustrative example has been pro-
vided to validate the proposed approach for multi attrib-
ute decision making problem.

Keywords: Triangular fuzzy number neutrosophic set, Score and accuracy function, Triangular fuzzy number neutrosophic
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decision making problem.

1 Introduction

Zadeh [1] has been credited with having pioneered the
development of the concept of fuzzy set in 1965. It is gen-
erally agreed that a major breakthrough in the evolution of
the modern concept of uncertainty was achieved in defin-
ing fuzzy set, even though some ideas presented in the pa-
per were envisioned in 1937 by Black [2]. In order to de-
fine fuzzy set, Zadeh [1] introduced the concept of mem-
bership function with a range covering the interval [0, 1]
operating on the domain of all possible values. It should be
noted that the concept of membership in a fuzzy set is not a
matter of affirmation or denial, rather a matter of a degree.
Zadeh’s original ideas blossomed into a comprehensive
corpus of methods and tools for dealing with gradual
membership and non-probabilistic uncertainty. In essence,
the basic concept of fuzzy set is a generalization of classi-
cal set or crisp set [3, 4]. The field has experienced an
enormous development, and Zadeh’s seminal concept of
fuzzy set [1] has naturally evolved in different directions.

Different sets have been derived in the literature such as L-
fuzzy sets [5], flou sets [6], interval-valued fuzzy sets [7-
10], intuitionistic fuzzy sets [11-13], two fold fuzzy sets
[14], interval valued intuitionistic fuzzy set [15], intuition-
istic L-fuzzy sets [16], etc. Interval-valued fuzzy sets are a
special case of L-fuzzy sets in the sense of Goguen [5] and
a special case of type 2 fuzzy set. Mathematical equiva-
lence of intuitionistic fuzzy set (IFS) with interval-valued
fuzzy sets was noticed by Atanassov [17], Atanassov and
Gargov [15]. Wang and He [18] proved that the concepts
of IFS [11-13] and intuitionistic L-fuzzy sets [5] and the
concept of L-fuzzy sets [5] are equivalent. Kerre [19] pro-
vided a summary of the links that exist between fuzzy sets
[1] and other mathematical models such as flou sets [6],
two-fold fuzzy sets [14] and L-fuzzy sets [5]. Deschrijver
and Kerre [20] established the relationships between IFS
[11], L-fuzzy sets [5], interval-valued fuzzy sets [7], inter-
val-valued IFS [15]. Dubois et al. [21] criticized the term
IFSs in the sense of [11-13], and termed it “to be unjusti-
fied, misleading, and possibly offensive to people in intui-
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tionistic mathematics and logic” as it clashes with the cor-
rect usage of intuitionistic fuzzy set proposed by Takeuti
and Titani [22]. Dubois et al. [21] suggested changing the
name of IFS as I-fuzzy set. Smarandache incorporated the
degree of indeterminacy as independent component in IFS
and defined neutrosophic set [23-24] as the generalization
of IFSs. Georgiev [25] explored some properties of the
neutrosophic logic and defined simplified neutrosophic set.
A neutrosophic set is simplified [25] if its elements are
comprised of singleton subsets of the real unit interval.
Georgiev [25] concluded that the neutrosophic logic is not
capable of maintaining modal operators, since there is no
normalization rule for the components T, I and F. The au-
thor [25] claimed that the IFSs have the chance to become
a consistent model of the modal logic, adopting all the nec-
essary properties [26].However certain type of uncertain
information such as indeterminate, incomplete and incon-
sistent information cannot be dealt with fuzzy sets as well
as IFSs. Smarandache [27-28] re-established neutrosophic
set as the generalization of IFS, which plays a key role to
handle uncertain, inconsistent and indeterminacy infor-
mation existing in real world. In this set [27-28] each ele-
ment of the universe is characterized by the truth degree,
indeterminacy degree and falsity degree lying in the non-
standard unit interval. The neutrosophic set [27-28]
emerged as one of the research focus in many branches
such as image processing [29-31], artificial intelligence
[32], applied physics [33-34], topology [35] and social sci-
ence [36]. Furthermore, single valued neutrosophic set[37],
interval neutrosophic set[38],neutrosophic soft set[39],
neutrosophic soft expert set [40], rough neutrosophic set
[41], interval neutrosophic rough set, interval valued neu-
trosophic soft rough set [42], complex neutrosophic set[43],
bipolar neutrosophic sets [44] and neutrosophic cube
set[45] have been studied in the literature which are con-
nected with neutrosophic set. However, in this study, we
have applied single valued neutrosophic set [37] (SVNS), a
subclass of NS, in which each element of universe is char-
acterized by truth membership, indeterminacy membership
and falsity membership degrees lying in the real unit inter-
val. Recently, SVNS has caught attention to the researcher
on various topics such as similarity measure [46-50], med-
ical diagnosis [51] and multi criteria/ attribute decision
making [52-58], etc

Aggregation of SVNS information becomes an im-
portant research topic for multi attribute decision making
in which the rating values of alternatives are expressed in
terms of SVNSs. Aggregation operators of SVNSs, usually
taking the forms of mathematical functions, are common
techniques to fuse all the input individual data that are typ-
ically interpreted as the truth, indeterminacy and the falsity
membership degree in SVNS into a single one. Ye [59]

proposed weighted arithmetic average operator and
weighted geometric average operator for simplified neutro-
sophic sets. Peng et al.[60] developed some aggregation
operators to aggregate single valued neutrosophic infor-
mation, such as simplified neutrosophic number weighted
averaging (SNNWA), simplified neutrosophic number
weighted geometric (SNNWGQG), simplified neutrosophic
number ordered weighted averaging (SNNOWA), simpli-
fied neutrosophic number ordered weighted geometric av-
eraging (SNNOWG), simplified neutrosophic number hy-
brid ordered weighted averaging operator(SNNHOWA),
simplified neutrosophic number hybrid ordered weighted
geometric operator (SNNHOWG), generalised simplified
neutrosophic number weighted averaging opera-
tor(GSNNWA) and generalised simplified neutrosophic
number weighted geometric operator(GSNNGA) operators.
Peng et al. [60] applied these aggregation operators in mul-
ti criteria group decision making problem to get an overall
evaluation value for selecting the best alternative. Liu et al.
[61] defined some generalized neutrosophic Hamacher ag-
gregation operators and applied them to multi attribute
group decision making problem. Liu and Wang [62] pro-
posed a single valued neutrosophic normalized weighted
Bonferroni mean operator for multi attribute decision mak-
ing problem.

Application of SVNS has been extensively studied in
multi-attribute decision making problem. However, in un-
certain and complex situations, the truth membership, inde-
terminacy membership, and falsity membership degree of
SVNS cannot be represented with exact real numbers or in-
terval numbers. Moreover, triangular fuzzy number can
handle effectively fuzzy data rather than interval number.
Therefore, combination of triangular fuzzy number with
SVNS can be used as an effective tool for handling incom-
plete, indeterminacy, and uncertain information existing in
decision making problems. Recently, Ye [63] defined trap-
ezoidal fuzzy neutrosophic set and developed trapezoidal
fuzzy neutrosophic number weighted arithmetic averaging
and trapezoidal fuzzy neutrosophic number weighted geo-
metric averaging operators to solve multi attribute decision
making problem.

Zhang and Liu [64] presented method for aggregating
triangular fuzzy intuitionistic fuzzy information and its ap-
plication to decision making. However, their approach
cannot deal the decision making problems which involve
indeterminacy. So new approach is essentially needed
which can deal indeterminacy. Literature review reflects
that this is the first time that aggregation operator of trian-
gular fuzzy number neutrosophic values has been studied
although this number can be used as an effective tool to
deal with uncertain information. In this paper, we have first
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presented triangular fuzzy number neutrosophic sets
(TFNNS), score function and accuracy function of TFNNS.
Then we have extended the aggregation method of triangu-
lar fuzzy intuitionistic fuzzy information [64] to triangular
fuzzy number neutrosophic weighted arithmetic averaging
(TFNNWA) operator and triangular fuzzy number neutro-
sophic weighted geometric averaging (TFNNWG) operator
to aggregate TFNNSs. The proposed TFNNWA and
TFNNWG operators are more flexible and powerful than
their fuzzy and intuitionistic fuzzy counterpart as they are
capable of dealing with uncertainty and indeterminacy.

The objectives of the study include to:

e propose triangular fuzzy number neutrosophic sets
(TFNNS), score function and accuracy function of
TFNNS.

e propose two aggregation
TFNNWA and TFNNWG.

e prove some properties of the proposed operators
namely, TFNNWA and TFNNWG.

e cstablish a multi attribute decision making (MADM)
approach based on TFNNWA and TFNNWG.

e provide an illustrative example of MADM problem.

operators, namely,

The rest of the paper has been organized in the follow-
ing way. In Section 2, a brief overview of IFS, SVNS have
been presented. In Section 3, we have defined TFNNS,
score function and accuracy function of TFNNS, and some
operational rules of TFNNS. Section 4 has been devoted to
propose two aggregation operators, namely, TFNNWA and
TFNNWG operators to aggregate TFNNSs. In Section 5,
applications of two proposed operators have been present-
ed in multi attribute decision making problem. In Section 6,
an illustrative example of MADM has been provided. Fi-
nally, conclusion and future direction of research have
been presented in Section 7.

2 Preliminaries

In this section we recall some basic definitions of intuition-
istic fuzzy sets, triangular fuzzy number intuitionistic
fuzzy set (TFNIFS), score function and accuracy function
of TENIFS.

2.1 Intuitionistic fuzzy sets

Definition1. (Intuitionistic fuzzy set [13]) An intuitionistic

fuzzy set A in finite universe of discourse
X ={X,X;,..., X, } 18 given by

A={(%1,(x),v, () | x € X}, (1)
where 4, : X —[0,1] and v,:X —[0,1] with the

condition 0 < g, (X)+v,(X)<1. The numbers x,(x) and
v, (x) denote, respectively, the degree of membership

degree and degree of non-membership of x in A. In

addition 7z,(x)=1-,(x)—v,(x) is called a hesitancy

degree of XeX in A, For convenience,
A= (ua(x),va(x)) is considered as an intuitionistic fuzzy

number (IFN).

Definition 2. (Operations rules of IFNs [65-67])

Let A= (1, (x),v5(x)) and B = (5(x),v5(x)) be two
IFNs, then the basic operations of IFNs are presented as
follows:

L A®B = (0 (%) + 5 (X) — 1, () 115 (X), VAV (X)),

()
2. A®B = ()4 (%), VAV (X) = VA ()VE (X)),
(€)
3. ﬁA=(1—(1—,uA(x))}",(VA(X))A) for A>0,
)
4. Al=((uA(X))ﬂ,l—(l—vA(x))i) for A>0.
)

Definition 3. [68] Let X be a finite universe of discourse
and F[0,1] be the set of all triangular fuzzy numbers

on[0,1]. A triangular fuzzy number intuitionistic fuzzy set
(TENIFS) A in X is represented by

A={(X,f1,(X), 7, () )| xe X},
where, /2,(X): X — F[0,1] andv,(x): X — F[0,1].

The triangular fuzzy numbers
2,0 = (£ (%), (9,4 (%)) and

V(X)) = (Vl (x), Vi (x), Vi (X)) , respectively, denote the
membership degree and non-membership degree of
Xin A and for every X € X :

0< 1 (x)+Va(x) <1.

For convenience, we consider A = <(a, b,¢),(e.f, g)> as the

trapezoidal fuzzy number intuitionistic fuzzy values
(TENIFV) where,

(,ul (), 122 (X), 420 (x)) =(a,b,c)and (VL ),V (%), (x)) =
(e, f.g).

Definition 4. [69-70] Let A ={(a,,b,,c,),(e,.f,,g,)) and
A = <(a2,b2,02), (ez,fz,g2)> be two TFNIFVs, then the

following operations are valid:
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(a +a,-aa,hb +b,-bb,,c+c,-cc,),\

(ele27 fl f2’ glg2 )
(©)

1. ADA =

5

L ABA - (aa,,hb,,cc,), '

(el +6, €€, fl + fz - fl fZ’gl +0, _9192)
(7

A= {x,<TA(x), 1), F;(0) | x € x},

HereT,(x), 1,(x)and F,(x) are real subsets of [0, 1] that
is T.(x): X —>[0,1], 1,(x): X —>[0,1]

and F;(x): X —[0,1] . The sum of T, (x), 1;(x)and

F,(x) lies in [0, 3] that is

0<supT;(x)+sup | 5(x)+sup F;(x) <3.

3. AA =<(1—(l—a1)‘,1—(l—bl)’l,l—(l—c,)ﬁ),(el’l, f]i,gll)> For convenience, SVNS A can be denoted by

for A>0,,and (8)

2 (allabllablih )9

4. A" = . . . ) for
(1-(-e)".1-(-f)".1-(1-g))")

A>0. )
Definition 5. [69-70]Let A =((a,,b,,c,),(e.f,.g,)) be a
TFNIFV, the score function S(A,) of A, is defined as
follows:

1
S(A)) :Z[(a1 +2b +¢,)— (e +2f +9,) |, s(a) e[-1,1]
(10)
The score function S(A*)=1 for the TENIFV
A" =((1,1,1),(0,0,0)) and S(A™)=—1 for the
TFNIFV A" =((0,0,0),(1,1,1)).

Definition 6. [69-70] Let A =({(a,,b,,c)),(e,.f,g)) be a
TFNIFV, the accuracy function H(A,) is of A is defined

as follows:
1
H(A) :Z[(al +2b, +¢, )+ (e +2f, +gl)], H(A) e[0.1]-

an
2.2 Single valued neutrosophic sets

In this section, some basic definitions of single valued neu-
trosophic sets are reviewed.

Definition 7. [37] Let X be a space of points (objects)
with a generic element in X denoted by X. A single valued
neutrosophic set A in X is characterized by a truth
membership  function T,(x), an indeterminacy
membership function 1,(x), and a falsity membership

function F,(x) and is denoted by

A= (T, (%), 1,(x),Fy(x)) forall XinX .
Definition 8. [37] Assume that
A= (T, (0, 1,00, Fy () and B = (T, (x), 15(x), F (x)) be

two SVNSs in a universe of discourse X . Then the
following operations are defined as follows:

T @+T,-T, T, (),
1. A@B:< | (01,0, F, (OF, () >; (12)
T T+ 10— (X)),
> A®B:<FA(X)+Fé(X)—FA(X)Fé(X) >;
(13)
3. /1,&:<1—(1—TA(x))‘,(|A(x))‘,(FA(x))‘> for 4> 0,
and (14)

= {(Tw) - ) (- Few) o
A>0. (15)

3 Triangular fuzzy number neutrosophic set

SVNS can represent imprecise, incomplete and incon-
sistent type information existing in the real world problem.
However, decision maker often expresses uncertain infor-
mation with truth, indeterminacy and falsity membership
functions that are represented with uncertain numeric val-
ues instead of exact real number values. These uncertain
numeric values of truth, indeterminacy and falsity mem-
bership functions of SVNSs can be represented in terms of
triangular fuzzy numbers.

In this section, we combine triangular fuzzy num-
bers (TFNs) with SVNSs to develop triangular fuzzy num-
ber neutrosophic set (TFNNS) in which, the truth, indeter-
minacy and falsity membership functions are expressed
with triangular fuzzy numbers.

Definition 9. Assume that X be the finite universe of
discourse and F [0, 1] be the set of all triangular fuzzy
numbers on[0,1] . A triangular fuzzy number neutrosophic

set (TFNNS) A inXis represented by
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A:{<X,T~A(x), LO0F(0) ) xe x},

where, T,(X): X > F[0,1] ,T,(x): X > F[0,1], and
Fa(x): X —> F[0,1].

The triangular fuzzy numbers
T,00=(ThX).T;X).T; () »
and F; (X) = (F2(x), F2(),

the truth membership degree, indeterminacy degree, and

1,00 =(1560,1200,1,).

F; (x)) , respectively, denote

falsity membership degree of X in A and for every
XeX:

0<T.(x)+1,(x)+Fi(x)<3.

For notational convenience, we consider

A= ((a, b,c),(e, f,Q),(r, S,t)> as a trapezoidal fuzzy
number neutrosophic values (TFNNV) where,
(0T ®.T () =(ab,0),

(1. 12 @.1500)=(e f.9),

and (F}(x),F; (x),F; (x))=(r,s,).

(16)

Definition 10. Let A =((a,,b,c),(e,, f,,9,),(1;,S.t,)) and
A, =((a,,b,.¢,).(e,, £,,9,).(1,.5,.1,)) be two TFNNV in

the set of real numbers. Then the following operations are
defined as follows:
» ~ GG, )’>

L <(al +a,
LA®A =
7

-aa,,b +b,-bb,,c +c

(eleza f1 fza g1gz)s(r1r2a51529t1t2)

(aa,,bb,,cc,),

2~A1®Az: (e1+e2_e1e2’f1+fz_f1f2791+gz_g1gz)> )
(h+1,—nn,s +5,—55,,t, +t, —tt,)
(18)
_J(1-a-a)t1-0-b)y L 1-(-c)),
3. AA= e i for
(e f0/ ) (rst7)
A>0 and (19)
(a*.b".c?),
4 K =( (1-0-e)" 1-(= )", 1-(1-9))" ), ) for
(1-a-r)"1-(=5)"1-(1-1)")
A>0. (20)

The operations defined in Definition 10 satisfy the
following properties:

1. A®A=A®A A®A=A®A;
A(A®A)=21A®IA, (ABA) = A @A for
A>0,and

N

WA @A =(4+24)A, AM@®A* = A for
A,4,>0.

W

3.1 Score and accuracy function of TFNNV

In the following section, we define score function and ac-
curacy function of TFNNV from Definition 5, Definition 6.

Definition 11. Assume that
A =((a,,b,,¢,),(e,.£,,2,),(x,5,.t,)) be a TENNVs in the

set of real numbers, the score function S(Al) of A is

defined as follows:

S(A‘) 12{8+(a +2b +¢)—(e +2f +g, )}
—(r+2s +t)

The value of score function of

TFNNV A" = <(1,1,1),(0,0,0),(0, 0, 0)> is S(A")=1and

value of accuracy function of

TFNNV A™ = ((0, 0,0),(1,1,1),(L1, 1)} ISS(A ) =-1.

21

Definition 12. Assume
that A =((a,,b,,c,), (e, . 2,).(1,.5,.1,)) be a TENNV in

the set of real numbers, the accuracy function H (/:\ ) of

A, is defined as follows:
H(A)

The accuracy function H(A,) e[~

=%[(al+2bl+cl)—(rl+2sl+tl)]. (22)

1,1] determines the

difference between truth and falsity. Larger the difference
reflects the more affirmative of the TENNV. The accuracy

function H(A")= 1 for A" =((1,1,1),(0,0,0),(0,0,0)) and
H(A")=—1 for the TFNNV A" =((0,0,0),(1,1,1),(1,1,1)) .
Based on Definition 11 and Definition 12, we present the
order relations between two TFNNVs.

Definition 13. Assume that

A = ((al,bl,cl),(el,fl,gl),(rl,sl,t1)> and

AZ = ((a2,b2,cz ), (ez,fz,gz),(rz,sz,t2)> be two TFNNVs in
the set of real numbers. Suppose that S(A,) and H(A,) are

the score and accuracy functions of TFNNS A (i=12),
then the following order relations are defined as follows:
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1. If S(A)>S(A),then A is greater than A, that is where Re is the set of real numbers, W = (W, W,,...,W,)" is
A=A, the  weight vector of  a;(j=12,.,n) such

2. If S(A)=S(A)and H(A)=>H(A) then A is great-
erthan A, thatis, A = A, ;

3. IfS(A)=S(A),H(A)=H(A) then A is indiffer-
entto A, ,i.e. A=A .

Example 1. Consider two TFNNVs in the set of real

numbers:
Z\ = <(O.70,0.75,0.80),(0.15,0.20,0.25), (0.10,0.15,0.20)>,

A, =((0.40,0.45,0.50),(0.40,0.45,0.50), (0.35,0.40,0.45)).

Then from Egs.(21) and (22), we obtain the following
results:

1. Score value of S(Al)=(8+3—O.8—0.6)/12=0.80,
and S(A)=(8+1.8-1.8-1.6)/12~0.53 ;

2. Accuracy value ofH(Al) =(3-0.6)/4=0.60,
and H(A)=(1.8-1.6)/4=0.05.

Therefore from Definition 13, we obtain A, > A,.

Example 2. Consider two TFNNVs in the set of real
numbers:

A =((0.50,0.55,0.60),(0.25,0.30,0.35),(0.20,0.25,0.30))

A, =((0.40,0.45,0.50),(0.40,0.45,0.50), (0.35,0.40,0.45)).

Using Egs. (21) and (22), we obtain the following results:
1. Score value of S(A)=(8+22-12-1.0)/12~0.67,

and S(A)=(8+1.8-1.8-1.6)/12~0.53 ;
2. Accuracy value ofH(Al) =(2.2-12)/4=0.25,
andH(A)=(1.8-1.6)/4=0.05.

Therefore from Definition 13, we have A, - Az

4 Aggregation of triangular fuzzy number neutro-
sophic sets

In this section, we first recall some basic definitions of ag-
gregation operators for real numbers.

Definition 14. [72] Assume that W :(Re)" — Re, and
aj(j=1,2,...,n) be a collection of real numbers. The
WA, is defined as

weighted averaging

n
WA, (a,,a,,...a,) = > w;a,
j=1

operator

(23)

thatw, €[0,1] (j=1,2,...,n) and Z';:le =1.
Definition 15. [73] Assume that W :(Re)" — Re, and

a,(J=1,2,..,n) be a collection of real numbers. The

weighted geometric operator WG,, is defined as follows:

WG, (a,a,,...a,)=]]a," » (24)
i=1

where Re is the set of real numbers, W= (W, W,,...,W,)" is

the  weight vector of a;(j=12,..,n) with

W, €[0,1] G=1,2,...n)and 3" w, =1

Based on Definition 14 and Definition 15, we propose the
following two aggregation operators of TFNNSs to be used
in decision making.

4.1 Triangular fuzzy number neutrosophic arith-
metic averaging operator

Definition 16. Assume
that A\ :<(aj,bj,cj),(ej, fj,gj),(rj,sj,tj)> (G=12,....n)
be a collection TFNNVs in the set of real numbers and

let TFNNWA: @" — © . The triangular fuzzy number
neutrosophic weighted averaging (TFNNWA) operator
denoted by TFNNWA(A,,A,,...,A,) is defined as

TENNWA(A,A,,...,A,)

n
=W1AI®W2A2®”'WnA1=®(WjAj)’ (25)
j=1

where W, €[0,1] is the weight vector of A;(j=1,2,...,n)

such thatzl:wj =1.
=
T
In particular, if W:(l/n,l/n,...,l/n) then the
TENNWA(A,,A,,...,A,) operator reduces to triangular
fuzzy number neutrosophic averaging (TFNNA) operator:

AL =1(A ®A®--®A) (26

n

We can now establish the following theorem by using the
basic operations of TFNNVs defined in Definition 10.

TFNNA(A,, A
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Theorem 1.

LetA =(@;,by,e 05 52, (5,5),1)) (=1,2.....m)
be a collection TFNNVs in the set of real numbers. Then
the aggregated value obtained by TFNNWA, is also a
TFNNV, and

TENNWA, (A, A,,...,A )

OW,A - OWA =

(—B:

(WA}

j=l1

A
[ la)JIH(lb)‘IH(IC)J

f JHgJ ]’[Herj’HSJWj’HthJJ
j= j= j=

27

where W; €[0,1] is the weight vector of TFNNV
A(j=12,..,n)such thatzwj =1.
p

Proof: We prove the theorem by mathematical induction.

1. Whenn=1, itis a trivial case

Whenn=2, we have G—)(WA) w,A ®&w,A
j_

(1=a=a)" 1==b)" 1= (=c)" ), (", £, ). (5,5 t"))

1 (1-a )"Vl

((1-a=ay™ 1==by" 1-(-c)" ). (e, £,9," ). (5", 4™ ))

)J+(1-(-a,)™ )—(1-(1-a)" ).(1-(1-a,)"),

(1-(=b)" )+ (1-(1=b,)* )=(1-(=b)" ).(1-(1=b)™ ), |,
(1-=c)")+(1--c,)" )= (1-(=c)").(1-(1-c,)")
Wz fwl f W“sgl\N'gz ) (nWl r2WZ,SlWl Szwzﬂtlm’ltzwz)

i=1

2 2
(l_lejwI JI6".TT9," J’[H i Ts™,
i1 i1 i1 i1 i

Thus the theorem is true for n =2

3. When n =k, we assume that Eq.(27) is also true.

Then, TENNWA(A ,, A, , ..

(1—H(1—aj)wi,1—]_‘[(1—bj)w' ,1—H(1—bj)wi}
o {17114

i=1

k k
TTenITe
j=1 i=

4. Whenn=Xk+ 1, we have
k
TNFNWA(A,,A,,..
J_

1— ( a)",1- H(1 b,)".1- H(l—bj)wlj,

>

(28)

SA)=WA OWA @---DWA = @(wA)

j=1

(29)

i=1 j=1 j=1

A= 69(w AD® WA
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k Kk
H a) +1_(1 ak1)Wk1_I_H(]_aj)WJ]_(l_akH)wkﬂ’

(1 b)" +1-(1-b )" —1- H(l b)) 1-(1-b)"",

:l* : :1x .

1I-[Ja-c)" +1-(0—c )™ —1- H(l )" I-(1-c,)™"

1 j=1

k k k k
Wi W1 Wj W1 i W1 Wi Wi Wj Wiy Wi Wiy
(l Ie' € +al I fofen™ | Igj € +]{I |rj T ’l Isj Syt ,l Itj e +]

i=1 i=1 i=1 i=1

k+1 k+1 k+1
1- (1—aj)wl,1—H(1—bj)wl,1—]'[(1—bj)wlJ,
j=1 j=1

j=1

+1 k+1 k+1 k+1 k+1 k+1
Wi Wj Wi Wj Wj Wj
eJ J167 ITe | TTe™. I 1s" 11
j j=1 j=1 j=1

i= =l il

(30)

n
We observe that the theorem is true for n = k + 1. —TFNNWA(AA A)— @(W A)

Therefore, by mathematical induction, we can say that Eq. j=1

n n n
. [1—H(1—a)wi,1—1_[(1—b)wi ,1—H(1—c)wi}
three membership functions of Aj belong to [0, 1], the = = =

following relations are valid (ﬁ e ,ﬁ £ ,ﬁ g" j,(ﬁ r ,ﬁ " ,ﬁtw’ ]
-1 -l j=1 j=1 i1 j=1

(27) holds for all values of n. As the components of all

sLl—H(l—cj)Wngl, OSLH ngiJSI, (1-(1-@231""" ,1—(1—b)ZLW",1—(1—c)ZT:'W‘ J

j=1
) [ez?‘w’ AEn g j

OSLHtJ—W‘Jﬁl, Gn
j=1

It follows that the relation (GZHWJ  f 2 >0 2 j
n n n
<|1=TTa=c)™ +]To," +1t" |<3i i .
L lljl ( J ) ]ij] g ] g ] is also valid. = <(a, b; C), (ea f! g)? (r, S, t)> =A
This completes the proof of the Theorem 1. This completes the proof the Property 1.
Now, we highlight some necessary properties of
TFNNWA operator. Property 2. (Boundedness)

Property 1.(Idempotency): If all A (=1,2,...,n)are equal Let Aj <(a1’b15 ]) (e,, i°8; )s (r,, ],t,)> j=1,2,..,n)
be a collection TFNNVs in the set of real numbers.

ie. A =A=((@b,0).(e.f.).(rs,0)) , for all | ,
then TENNWA(A,, A,,...,A, ) = A
Proof: From Eq.(27), we have

TENNWA(A,A,,...,A,)
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(max(a, ) max(b, ). max(c,) ).
] ] ]

A+
Assume A" =

(min(e,min( ), min(g,) ).
(min(r).min(s, ) minct)|
(mjin(aj ).min(b, ),mjin(cj)),
A =

(max(r,- ), maX(Sj ), max(t; ))
] J ]
i=12,...n

Then A <TFNNWA(A ,A,,....,A ) <A".

Proof: We have
m.in(cj) SC; < maX(Cj )s m.in(gj) <0< maX(gj),
j j j j

min(t;) <t; <max(t,) for j=1,2,..,n.
i i
Then
1-[[a-min(c)" <1-TJa-c)"
j=1 ) j=1

g—f[(l—max(cj))wi

n

ZHWJ' n w;
=1—((1—mjin(cj))) sl—]}(l—cj)J

Wi

< 1—((1—mjax(c J.)))ZT'

= min(c,)<1-JJa-c)" < c,)-
min(c;) H( " <max(c))

Again from Eq.(33), we have forj=1,2, ...,n

n

H(Hljin(gj))wj = ljgw' < li!(mjax(gj))
ZLWJ'

Wi

:(mjin(gj ))Z?le < lj g" < (mjax(gj ))

n
=mjir1(gj) < Hew’ < mjax(gj) 5
j=1
wj

?111(11]1:1[(mj_in(tj))WJ Sljtwj Sl:[(mlax(tj)) =

n
W
j=l

)ZTIWJ-

(mjin(t].)) j Sljtwj' s(mjax(tj)

:rnjin(tj)SHt ! Smjax(tj)-

j=1

(m?X(ej ),m?X( f; ),m?X(g i )), for all

and

(32)

(33)

Similarly, we have
mjjn(aj)ﬁl—l;l(l—aj)w‘ gmjax(aj),
mjin(bj)Sl—lg(l—bj)w‘ Smjax(bj);

in(e.)<1— 1—-e)" < e),
mjln( i) [Ta-ep m?x( i)

i=1

mjin(fj)Sl—H(l—fj)Wj Smjax(fj);

j=1

mjin(rj) < 1—13(1—5 E Sm;@x(l’j) )
mjin(sj)Sl—l;I(l—Sj)w‘ Sm?x(sj)
for j=12,..,N.

Assume that
TENNWA, (A,,A, ..., A,) = A={(a,b,c),(e,f, ), (1,5,1)),

then the score function of A

S(A)=é[8+(a+2b+c)—(e+2f +0)—(r+2s+t)]

8+ (max(aj ) +max(2b;) + max(c; ))

L B i - ; (34)
512 (mjln(ej)+2nj11n(fj)+mj1n(gj))
—(rn_in(rj)+2rn_in(sj)+ min(t; ))
] J J
=S(A").

Similarly, the score function of A
S(A) :é[8+(a+2b+c)—(e+2f +9)—(r+2s+1)];
8+(m_in(aj)+m_in(2bj)+m_in(cj))
] ] J

1
12

> —(max(ej)+max(2 fj)+rnax(gj))
i i j

—(m_ax(l’j ) + max(2s;) + max(t; ))

=S(A).
Now, we consider the following cases:
1. If S(A)<S(A*)and S(A)>S(A") then we have

A" <TFNNWA(A . A,,...,A )<A". (395)
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IfS(A)=S(A*), then we can take

%[8+(a+2b+c)—(e+2f +0)—-(r+2s+t)]

8+(mjax(aj)+21rj1ax(bj)+m?x(cj))

1 . . ;
-5 —(mjm(ej)+2rrjnn(fj)+mj1n(gj))

— (m_in(rj )+ 2min(s;) + min(t; ))
J J J
It follows that

(a+2b+ c):(m}ax(aj ) +2n11ax(bj)+mjax(cj)) ,
(e+2f+0Q) :(mjin(ej)+2nj1in( fj)+mjin(gj)) and

(r+2s+t)= (mjin(rj )+ 2min(s;) + min(t; )) _
i j
Therefore the accuracy function of A

H(A) _%[(a+2b+c)—(r+2s+t)]

(max(a. )+ max(2b;) + max(c; ))
1 j ! i ! j !
4 —(m_in(rj)+min(ZSJ)+m_in(tj))
J J J
=H@A"), (36)
From (36),we have TFNNWA(A,A,,..,A)=A"  (37)

Similarly, for S(A) = S(A™), the accuracy function of A
1
H(A) =Z[(a+2b+c) —(r+2s+t)]

1 (mjin(aj )+ mjin(ij) +mjin(cj))

4 —(max(rj )+ max(2s,) +max(t, ))
] J 1

=H@A) (38)
From (38), we have TNFNWA(A ,A,,..,A)=A".  (39)

Combining Eqgs. (35), (37) and (39), we obtain the follow-
ing result

A" <TFNNWA(A,A,,..,A )< A" (40)
This proves the Property 2. o

Property 3. (Monotonicity) Suppose
Al Il aly fal §1 A1y (pl ol 4l
that Aj =<(aj,bj,cj),(ej, fj 7gj)7(rj )Sjatj)> and

R =((@.02,6). (€ FL.00.07,8L8)) (=1,2,...m) be

a collection of two TFNNVs in the set of real numbers.

If A< A for j=L2,...,n then
TENNWA(A],AL,..., A ) S TENNWA(AZ, AZ,..,A2). (41)

Proof: We first consider Clj ,0

2t2

i

ltl

of A} and

2 A2
C;,9;,t; of A to prove the property 3.

3 1 2 1 2 1
We can considerc! <c¢?, g! >g?and t! >t? for
J ] J J J ]

A<A(j=12,..0).

Then we have

(1=ci)" 2(1=<)". (01)" 2(g3)" -
1—ﬁ(1—c})w’ <1-

i=1 '
()" ()"

Therefore,

=TT(-e)" <1-T1(1-¢)"
i=1 '

and [(6)" = 1(6)"
j=1 j=1

n

j=

Similarly, we can show

-TT(-a)" <1-TT(1-a;)"
j=1 j=1

1

and (1)) =L ()"
j=1 j=1

I-[T(1-b)" <1
j=1

and [(5))" =T (s})"-
i=1 i=1

Assume that

n

j=1

(-0 T

A' =TFNNWA(A!,A!,...,Al)

=((@.b',), (€, f,9),(r',s',t)) and
A2 =TFNNWA(A2,A2,...,A2)
_ <(a2,b2,cz),(e2, fz,g2),(l’2,52,t2)>,Where

@ =1-[](1-a)" b =1 [](1-01)"
j=1 j=1

¢ =1-[](1-¢)" :
j=1

j=1

Now we consider the score function of A, :

= —

9;

)W’ and

:ﬁ(tj )" fors=1,2.

i=1
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S(A‘) 8+(a' +2b' +c')y—(e'+2f'+g")
12 —(r' +2s' +t") =%[(a2+2b2+02)—(r2+232+t2)}
=H(A%). (44)

1 2 2 2 2 2 2 2 2 N ~ ~ o~
SE[8+(a +2b7 +c?)— (@ +2f7 + %) +(r* +2s% +t )J_S'(mﬁ}\lwA(A”Az

Now we consider the following two cases:

Casel.If S (/:\l) <S (Az) from Definition-13, we have
TNFNWA(A!,A! . Al) < TNFNWA(A2, A2, A2). (43)
Case 2. IfS(A')=S(A’), then by Eq.(21) we can
consider

1|8+(@ +2b' +cH)—(e'+2f'+g")

E{ —(r' 25" +t) }

1|8+@ +2b*+c*)—(&*+2f*+g?)

:E{ —(r* +2s +t%) }
A (j=12

1 2, Al 2 1 2

C; <C;; € € f > f? i»9;20; and
2
J

Thus for Al <A n) i.e., for a <a’, b < b2

i° i

rj<rl,s;2s ,tj >t} wehave
a'=a’, b'=b’, c

s' =s’andt' =t

c'=c’, e =e’, f'=f2 g'=¢g°,
r'=r?,

Then, the accuracy function of A'yields

H(A") :%[(a‘ +2b' +h) = (r' + 25"+t ]

Thus from Definition-13, we have
.. Al) =TNFNWA(A?, A2, A2). (45)

Finally, from Egs. (43) and (45), we have the following
result

TENNWA(A],AL,...,Al) S TENNWA(AZ, A2,...,A?).
This completes the proof of Property 3. o

Example3.We consider the following four TFNNVs:
A =((0.80,0.85,0.90), (0.10,0.15,0.20),
(0.05,0.10,0.15)); A, =((0.70,0.75,0.80),
(0.15,0.20,0.25), (0.10,0.15,0.20));
A, =((0.40,0.45,0.50), (0.40,0.45,0.50),
(0.35,0.40,0.45)) and

=((0.70,0.75,0.80), (0.15,0.20,0.25),
(0.10,0.15,0.20)).

Using TFNNWA operator defined in Eq.(27), we can
aggregate A,,A,,A,,and A, with weight vector

w = (0.30,0.25,0.25,0.20) as:
A=TFNNWA(A ,A,,A,,A,)
:WIAI C'BWzAz ®W3A3 ('BW4A4

(1 —(1-0.80)"*(1-0.70)"*(1-0.40)** (1-0.70)"* )
— (| (1-(1-0.85)"*(1-0.75)"*(1-0.45)"*(1-0.75)"*"),
(1-(1-0.90)"*(1-0.80)"*(1-0.50)"*(1-0.80)"*")

(0.10)°*°(0.15)"*(0.40)°*(0.15)"*"),

(
| ((0.15)"°(0.20)°%(0.45)"* (0.20)" ), |
(

(0.20)*°(0.25)*%(0.50)"* (0.25)“0)

((0.09)°(0.10)°*(0.35)"*(0.10)**),
((0:10)°(0.15)°(0.40)"*(0.15)"), (46)
((0.15)°*°(0.20)°* (0.45)°* (0.20)"*")

((1-0.617x0.740% 0.880x 0.786),(1-0.566 x 0.707 x 0.861x 0.756),,(1—-0.501x 0.669 % 0.841x0.725)),
= ((0.501x0.622x0.795x0.684),(0.566 x 0.667 x 0.819x 0.725),(0.617x 0.707 x 0.841x 0.887) ),
((0.407x0.562x0.769x0.631),(0.501x0.622x 0.795x 0.684),,(0.566x 0.669x 0.819x0.725))

Pranab Biswas, Surapati Pramanik, and Bibhas C. Giri; Aggregation of triangular fuzzy neutrosophic set information and

its application to multi-attribute decision making



Neutrosophic Sets and Systems, Vol. 12, 2016

31

=((0.6842,0.7395,0.7956),(0.1804,0.2605,0.3254), (0.1110,0.1694,0.2249)) .

4.2 Triangular fuzzy number neutrosophic geo-
metric averaging operator
Definition 17. Suppose that

that A] = <(aj’bj5cj)’(ej’fjagj),(rj9sj5tj)> (J = 1725---an)
be a collection TFNNVs in the set of real numbers

and TFNNWG : @" — @ . The triangular fuzzy number
neutrosophic weighted geometric (TFNNWG) operator
denoted by TFNNWG,,(A,,A,,...,A,) is defined as

follows:

TENNWG, (A, A,,..,A ) =AY @A™ ®---Q A™

n
- @A) 7
J:

where w; €[0,1] is the exponential weight vector of

A, (i=1,2,...,n) such that ij =1. In particular, if

j=1
w=(1/n,1/n,...,1/n)" then the
TENNWG(A,, A, ,..., A, ) operator reduces to triangular
fuzzy neutrosophic geometric(TNFG) operator:
1
TENNWG, (A, A,...A ) =(A®A ® ®A ). (@8

We now establish the following theorem with the basic
operations of TFNNV defined in Definition 10.

Theorem 2. Assume that

A =((@;b;¢)). (€., (17,5 ,,t)) (=1.2,..m) be a

collection TFNNVs in the set of real numbers. Then the

aggregated value obtained from TFNNWG, is also a
TFNNYV, and then we have

TENNWG, (A, A,,....,A,)
= Awl @AZWz ®"'®A1W"

n
= ®@AM)
j=1

E]
]

1= 1=

j=1

= [1—H(1—ej)wi,1— a-f)" ,1—]__[(1—9,»)“'],

j=1

(1—1‘[(1—5)"“1,1— (1—sj)wi,1—H(1—tj)Wf]
j=1 i=1 i=1

(49)
where w; [0,1] is the weight vector of TFNNV

>

A (=12,...,n) such thatzwj =1.

i=1

Similar to arithmetic averaging operator, we can also prove
the theorem by mathematical induction.
1. When n =1, the theorem is true.

2. Whenn=2, we have
2

( (AJ )WJ' — Alw, ® AZWZ

J=1

) <(alw',blw',clw'),(1—(1—el)W‘,1—(1—fl)W',l—(l—gl)W'),(1—(1—rl)W‘,1—(1—sl)w',1—(1—tl)w')>
) ®<(a2W',b2W',c2W'),(1—(1—e2)wl,1—(1—fz)Wl,l—(l—gz)Wl),(1—(1—5)““',1—(1—sz)W',1—(1—t2)W')>
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(1--e)")+(1-(-e)™ )= (1-(1-e)" ).(1-(1-&,)"™),
(a"a,".b"b,",c"c," )| (1= )" )+(1-(=£,)")=(1-(= £)" ).(1-(1= £,)"),
(1==c)")+(1-(-c)"™ )=(1-(=c)" ).(1-(1-c,)"™)
(1=a=n)")+(1=a=r)" )= (1=a=r)" ).(1-(-1)*),
(1=A=s)" )+ (1-(1=5,)" )= (1-(1=5)" ).(1-(1=8,)" ),
(1-a=t)")+(1-(-t)" )= (1-(1-t)" ).(1-(1-t,)" )

(HajWJ,HbJW' HclwlMl H(1 e)",1- H(l—f)’l H(l—g) ]

= (50)
2
[1 [Ta-ep".1- H(l f)".1- ]‘[(1 g)" J
j=1
3. When n =k, we assume that Eq.(49) is true then,
TNFNWG,, (A, A,,..,A)=A" A" ®---Q A™
k w k w n w k w k w k w
[Ha] J»Hb] JaHCJ st(l_n(l_ej) 151_H(1_f1) J,I—H(l_gj) JJ;
i=1 j=1 j=1 j=1 j=1 j=1 (51

[1—ﬁ(1—rj)Wi,1—ﬁ(1—sj)wi,1—ﬁ(1—t1)wi]

4. When n=k+1, we can consider the following expression:

TNFNWG, A, A,....A,,) = ® (X)) ®(A,,,)"
<[H a; " a'k+1Wk ! H b bk+1Wk ! ’ll[ C]Wj 'Ck+1Wk+I J’

JJ+(1 - ekﬂ)W“‘)—[l [Ta- e)WJJ.(l—u_ew)WM),

j=1

k
t-110-
Hl—f)l}(l (1- M)W“)—(l [Ta-fp" ](1—(1—&“)%),,
11

j=

(1—9,-)““"j+(1—<1—gk+l>“““)—(l TTa- g,)wl}(l—(l—gm)"“w)

j=1

Pranab Biswas, Surapati Pramanik, and Bibhas C. Giri; Aggregation of triangular fuzzy neutrosophic set information and
its application to multi-attribute decision making



Neutrosophic Sets and Systems, Vol. 12, 2016 33
k w; k w;
1-[Ta-r) JJ+(1—(1—rk+l)Wk+l)— 1-[Ta-rp ‘].(l—(l—rkﬂ)wk*'),
j=1 j=1
k w. k w.
1-TTa=-sp" [+(1==s )" )| 1=[Ta=s)" |(1-(=s.)""), (52)
j=1 j=1
k W, k W
1-TTa-t) J]+(1—(l—tk+,>%')—[I—Ha—t,-) ’j.(l—(l—tm)%')
i=1 j=1
k+1 w k+1 w k+1 w K+1 w K+1 w k+1 w
{Hal JaHbj JaHCj Jja[l_H(l_ej) Jal_H(l_fJ) J,I—H(l—gj) ij
_ j=1 j=1 j=1 j=1 j=1 j=1 (53)
k+1 w k+1 w k+1 w
(1—H(1—rj) L-TTa-spUa-TJa-t) j
j=1 j=1 j=1
We observe that the theorem is also true for n = k+1.
Therefore, by mathematical induction, Eq. (49) holds for noooon o
all values of n. [Ha LTI T e ’],
Since the components of all three membership functions of = i= =
AJ- (j=L2,..,n) belong to [0, 1] the following relations are = [1—11[(1 —e)".1 —ﬁ(l— £ 1 —ﬁ(l _g)" j,
valid j=1 i1 i
T . W, -T (1-n",1- : (1-s)",1- : 1-v"
os[chl <1,0< I—H(l—gj)’ <1, , H H H
i= i=
DIRUEDNRURD W wjj
n : < ’b j= ,C j= ,
and OSLI_H(I_H)W}JSL (54) (
j:] n n n
It follows that — (1_(1_e)zilwl’1_(1_ f)zile,l—(l_g)z“w’j,
n n n
o< [ +1-T]-g)" +1-TJ(1-t)" |<3. " w " w "W
LH ] H( g]) H( ]) 1_(1_e)21:1 J’l_(l_f)Zle J’l_(l_g)ZJ:I ]
J=1 j=l1 j=1
This completes the proof of Theorem 2. B b p )= A
Now, we discuss some essential properties of TEFNNWG B <'(a, 0 (e f.9).(r.5,1)) =
operator for TENNG. This completes the Property 4. o

Property 4.(Idempotency): If all A, (j=1,2,...,n)are equal
that is A ={((a,b,c).(e.f,2).(r.5,0)) all j
then TENNWG, (A, A,,...,A, ) = A.

Proof: From Eq.(49), we have

TENNWG, (A, A,,....A,)

for

® =

=TFNNWG, (A.A,...A) = @ (A )"

=1

Property 5. (Boundedness).
Let A =((@;b;,¢)).(e;. 6,8, (51,1} (=1,2,...m)
be a collection TFNNSs in the set of real numbers. Assume

(mjaxaj,mjaxbj,mjaxcj),(mjinej,mjin fj,mjin gj),
+ j—

minrt,,min$S;, mint.
[ TR A

and
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(m_in a;,minb;, min ),(m?xej,m?x fj,m?x 9; ),

] ] ]

A =
(maxrj,maxsj,maxtj)
i j j

forall j=1,2,..,n. . Then
A sTNFNWGW(A,,AZ,...,An)sA*. (55)
Proof: The proof of the Property 5 is similar to Property 2.

Property 6. (Monotonicity).
LA = ((a}, b, ¢} ) (€l g (x},5), 1)) and
A =((a],55,¢).(€]. 17,8, (53, 1))) =1.2...m) bea

collectlon of two TFNNVs in the set of real numbers. If
Al < A2 for j=1,2,...,n then
TENNWG, (Al A},...A!) STFNNWG, (A2, A2, .. A%).
(56)
Proof: Property 6 can be proved by a similar argument of
Property 3. Therefore, we do not discuss again to avoid
repetition. o

((0.80)°*(0.70)*(0.40)(0.70)"*"),
= ((0.85)0'30(0.75)0'25(0.45)0‘25(0.75)0'20),,
((0.90)0” (0.80)"*(0.50)"* (0.80)0‘20)

(1-(1-0.05)"*(1-0.10)"* (1-0.35)"* (1-0.10)"*"),
(1 —(1-0.10)"°(1-0.15)"*(1-0.40)"*(1-0.15)"* )
(1 —(1-0.15)"°(1-0.20)"* (1-0.45)"* (1 —0.20)“0)

Example 4. Assume that
A =((0.80,0.85,0. 90) (0.10,0.15,0.20),

(0.05,0.10,0.15)); A, = ((0.70,0.75,0.80),
(0.15,0.20,0.25), (0.10,0.15,0.20));

A, =((0.40,0.45,0.50), (0.40,0.45,0.50),
(0.35,0.40,0.45))and A, =((0.70,0.75,0.80),
(0.15,0.20,0.25),

Then using TFNNWG operator defined in Eq.(49), we can
aggregate A ,A,,A,,and A, with the considered weight

vector w=(0.30,0.25,0.25,0.20) as:
A=TFENNWG, (A,,A,,A,,A,)
= Wl'&i ®W2A2 ®W3A3 ®W4A4

(0.10,0.15,0.20)) are four TFNNVs.

(1 —(1-0.10)"(1-0.15)"*(1-0.40)* (1 —0.15)“0),
(1-(1-0.15)"*(1-0.20)"* (1-0.45)"* (1-0.20)"*"), |,
(1-(1-0.20)*(1-0.25)"* (1-0.50)°* (1-0.25)""" )

((0.935x0.915x0.795x0.931),(0.952x 0.930x 0.819x0.944),(0.969x 0.946 x 0.841x0.956) ),
=( ((1-0.969x0.960x0.880x0.968),(1-0.952x0.946x 0.861x 0.956),(1—-0.935x0.930x 0.841x 0.944)),
((1-0.985x0.974x0.898x0.979),(1-0.969x 0.960x 0.880x 0.968), (1 0.952x 0.946 x 0.861x 0.956))

=((0.6332,0.6845,0.7370),(0.2076,0.2587,0.3097),(0.1565,0.2075,0.2587)) .

5 Application of TFNNWA and TENNWG opera-

tors to multi attribute decision making

Consider a multi attribute decision making problem in
which Y ={Y,,Y,,...,Y,} be the set of n feasible

alternatives and C = {C,,C,,...,C,} be the set of attributes.
Assume that w=(w,,w,,...,w,)" be the weight vector of
the attributes, where w; denotes the importance degree of

the attribute C; such that w, >0 and Z'}:l w; =1 for
j=12,..n

The ratings of all alternatives Y;(i=1,2,...,
to the attributes C;(j=1,2,...,n) have been presented in a
TFNNV based decision matrixU = (u (see the Table

1). Furthermore, in the decision matrix U = (u; the

m) with respect

u)m n

ij )mxn >

rating U <(au’ ij° u) (eu’ Ij’glj)(|j7 ij° Ij)> represents a
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TFNNV, where the fuzzy number (a;, by, c;) represents the
degree that the alternative Y;(i=1,2,...,m) satisfies the
C,=12...n) , the

(&;. ;. 9;) represents the degree that the alternative Y, is

attribute

fuzzy  number

uncertain about the attribute C; and fuzzy number

0<c;+g;+t; <3,fori=12..,mandj=1 2, ..., n

Based on the TFNNWA and TFNNWG operators, we
develop a practical approach for solving MADM problems,
in which the ratings of the alternatives over the attributes
are expressed with TFNNVs. The schematic diagram of the

o . d h for MADM is depicted in the Figure-1.
(r;.8;.t;) indicates the degree that the alternative Y, does Proposee approach 1ot 15 Gepictec in the Tgure

not satisfy the attribute C, such that

Table 1. Triangular fuzzy number neutrosophic value based decision matrix

C, c, C,
Yl (all’bll’cll)’ (aIZ’bIZ’CIZ)’ (aln’bln’cln
(ell’ fll’ gll)’ (el2’ f12’ ng)’ (eln> fln> gln)>
(rll’sll’tll) (rll’SIZ’tIZ) (rln’sln’tln)
Yz (a217b217021)’ (a22’b22’c22)’ (aZn’bZn’CZn)7
(821’ f219gZI)’ (e22’ f229 922)’ (ell'l’ f2n’92|‘|)’
21°%21° 721 2255225722 2n’32n’ 2n
(KSst) (ry,505t0) (r t))
Ym (aml’bml’cm])’ (amZ’bm25Cm2)5 (amn’bmn’cmn)’
(emI’ fml’gm])> (em25 fm25gm2)’ (emn’ fmn’gmn)’
m Sml’ ml m2°>¥m2°> m2 mn?~mn? " mn
(s Smiotr) (Fm2sSmastmz) (P> S tn )
| Development of MADM problem |
|
| Indentification of alternatives |
I
| Determination of the attribute to be used in assessment |
[
‘ Construction of decision matrix ‘
|
I I l l ] l
Agereeation of the rating Agereeation of the rating Azarezation of the ratinz

values of alterative 1 wvalues of alternative 2 values of altematrve m over
over the artributes over the attributes the atinbutes

I I I I 1

Determination of the scare

value and accuracy value
of alternative 1.

Determmation of the score
value and accuracy value of
alternative m.

Determination the score
value and accuracy value
of alternative 2.

Makine of rankine order based on
score value and accuracy value

[

Selecting the best altematives

Figure-1. Framework for the proposed MADM method
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Therefore, we design the proposed approach in the
following steps:
Step 1: First aggregate all rating values p; (j=1,2,...,n)

de-

mxn

of the 1 -th row of the decision matrix ( P;)

fined in Table 1.
Step 2: Determine the aggregation value U; corresponding

to the alternative Y, obtained from TFNNWA operator:
u, = <(ai,bi,c),(ei,fi,gi),(ri,si,ti)>

(57)
= TFNNWAN( Pir> Pizs--os pin)
or by the TFNNWG operator as
up = <(aiabirc)s(eiafingi)a(rissiati)>
=TFENNWG,, (Pi;» Piys--e> Pin) (58)

Step 3: For each alternative A (i =1,2,...,m), calculate the
score values S(u;) and accuracy values A(u;) of the ag-

gregated rating values obtained by TFNNWA or
TFNNWG operators that are in Egs. (21) and (22).

Step 4: Using Definition 11 to Definition 13, determine
the ranking order of aggregated values obtained in Step 3.
Step 5: Select the best alternative in accordance with the
ranking order obtained in Step 4.

6 An illustrative example of multi attribute deci-
sion making

In this section, we consider an illustrative example of
medical representative selection problem to demonstrate
and applicability of the proposed approach to multi
attribute decision making problem.

Assume that a pharmacy company wants to recruit a medi-
cal representative. After initial scrutiny four candidates
Y,(i=1,2,3,4) have been considered for further evaluation

with respect to the five attributes C, (j =1,2,3,4,5) namely,
1. oral communication skill (C,);
2. past experience(C,);
3. general aptitude (C,);
4. willingness (c,)and
5. self confidence (C.).
The ratings of the alternatives Y;(i=1,2,3,4) with respect
to the attributes C, (j=1,2,3,4,5) are expressed with
TFNNVs shown in the decision matrix P =(p;),,,(see Ta-

ble 2.). Assume w = (0.10, 0.25, 0.25, 0.15, 0.25)T be the
relative weight vector of all attributes C;(3=1,2,3,4,5).

Table 2. Triangular fuzzy number neutrosophic value based rating values

C C

1 2

C

C C

4 5

(0.80,0.85,0.90)
(0.10,0.15,0.20)
(0.05,0.10,0.15)

Y, <(0.50,0.55,0.60)

(0.50,0.55,0.60)
(0.25,0.30,0.35)
(0.20,0.25,0.30)

(0.70,0.75,0.80)
(0.25,0.30,0.35)
(0.20,0.25,0.30)

(0.40,0.45,0.50)
(0.40,0.45,0.50)
(0.35,0.40,0.45)
Y, (0.40,0.45,0.50)
(0.40,0.45,0.50)
(0.35,0.40,0.45)

(0.15,0.20,0.25)
(0.10,0.15,0.20)

(0.50,0.55,0.60)
(0.25,0.30,0.35)
(0.20,0.25,0.30)

(0.50,0.55,0.60)
(0.25,0.30,0.35)
(0.20,0.25,0.30)

— T T

(0.70,0.75,0.80)
(0.15,0.20,0.25)
(0.10,0.15,0.20)

(0.80,0.85,0.90) (0.70,0.75,0.80)
(0.10,0.15,0.20)
(0.05,0.10,0.15)

(0.40,0.45,0.50)
(0.40,0.45,0.50)
(0.35,0.40,0.45)
(0.40,0.45,0.50)
(0.40,0.45,0.50)
(0.35,0.40,0.45)

(0.80,0.85,0.90)
(0.10,0.15,0.20)
(0.05,0.10,0.15)

(0.70,0.75,0.80)
(0.15,0.20,0.25)
(0.10,0.15,0.20)

(0.70,0.75,0.80)
(0.15,0.20,0.25) (0.15,0.20,0.25)
(0.10,0.15,0.20) (0.10,0.15,0.20)
(0.40,0.45,0.50) (0.50,0.55,0.60)
(0.40,0.45,0.50) (0.25,0.30,0.35)
(0.35,0.40,0.45) (0.20,0.25,0.30)
(0.70,0.75,0.80) <(o.70,0.75,0.80)

(0.15,0.20,0.25) (0.15,0.20,0.25)
(0.10,0.15,0.20) (0.10,0.15,0.20)

Here, we apply two proposed aggregation operators
TFNNWA and TFNNWG to solve the medical
representative selection problem by using the following
steps.

6.1 Utilization of TFNNWA operator:

Step 1: Aggregate the rating values of the alternative Y;
(i= 1, 2, 3, 4) defined in the I -th row of decision
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matrix P =(p;),,s(see Table 2.) with TFNNWA

operator.

Step 2: The aggregated rating values U, corresponding to
the alternative Y, are determined by Eq.(27) and the
values are shown in Table 3.

Table 3. Aggregated TENNV based ratings

Aggregated ratings

4 ((0.6920,0.7451,0.8000),(0.1540,0.2026,0.2572), (0.1000,0.1540,0.2060))
u, ((0.7147,0.7667,0.8197),(0.1426,0.1938,0.2445), (0.0901,0.1426,0.1938))
((0.4523,0.5025,0.5528),(0.3162,0.3674,0.4183), (0.2646,0.3162,0.3674))

u, <(0.5655, 0.6184,0.6722),(0.2402,0.2940,0.3466), (0.1844,0.2402, 0.2940)>

Step 3: The score and accuracy values of alternatives Y; Y,>Y, >~Y,>Y,.

(i=1, 2, 3, 4) are determined by Eq.(21) and
Eq.(22) in Table 4.

Table 4. Score and accuracy values of aggregated rating values

Step 5: The ranking order in Step 4 reflects that, Y, is the
best medical representative.

Alternative Score Accuracy
values S(U,) values A(u;) 6.2 Utilization of TFNNWG operator:
Y, 0.7960 0.5921 Step 1: Using Eq.(49), we aggregate all the rating values
Y, 0.8103 0.6247 of the alternative Y; (i= 1, 2, 3, 4) for the i- throw of
Y 0.6464 0.1864
. the decision matrix P =(p, ), ,(see Table 2.).
Y, 0.6951 0.3789 1o

Step 4: The order of the alternatives Y; (i= 1, 2, 3, 4) is
determined according to the descending order of the score
and accuracy values shown in Table 4. Thus the ranking
order of the alternatives is presented as follows:

Step 2: The aggregated rating valuesuy, corresponding to

the alternative Y, are shown in the Table 5.

Table 5. Aggregated TENN based rating values

Aggregated rating values

U, ((0.6654,0.7161,0.7667),(0.1643,0.2144,0.2646), (0.1142,0.1643,0.2144))
u, {(0.6998,0.7502,0.8002),(0.1485,0.1986,0.2486), (0.0984,0.1485,0.1986))
U, ((0.4472,0.4975,0.5477),(0.3292,0.3795,0.4299), (0.2789,0.3292,0.3795))

u, <(0.5291,0.5804,0.63 16),(0.2707,0.3214,0.3721), (0.2202,0.2707,0.3214)>

Step 3: The score and accuracy values of alternatives Y;
(i= 1, 2, 3, 4) are determined by Egs.(21) and (22)
and the results are shown in the Table 6.

Y, 0.8010 0.6016
Y, 0.5962 0.1683
Y 0.6627 0.3096

4

Table 6. Score and accuracy values of rating values

Step 4: The order of alternatives Y;(i=1, 2, 3, 4) has
been determined according to the descending order

Alternative Score Accuracy
values S(U,) values A(u;)
Yl 0.7791 0.5518

of score and accuracy values shown in Table 4.
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Thus the ranking order of the alternative is present-
ed as follows:

Y, =Y, =Y, >Y,.

Step 5: The ranking order in Step 4 reflects that Y, is the
best medical representative.

7 Conclusions

MADM problems generally takes place in a complex
environment and usually connected with imprecise data
and uncertainty. The triangular neutrosophic fuzzy
numbers are an effective tool for dealing with
impreciseness and incompleteness of the decision maker’s
assessments over alternative with respect to attributes. We
have first introduced TFNNs and defined some of its
operational rules. Then we have proposed two aggregation
operators called TFNNWAA and TFNNWGA operators
and score function and applied them to solve multi
attribute decision making problem under neutrosophic
environment. Finally, the effectiveness and applicability of
the proposed approach have been illustrated with medical
representative selection problem. We hope that the
proposed approach can be also applied in other decision
making problems such as pattern recognition, personnel
selection, medical diagnosis, etc.
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