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1 Introduction

In neutrosophic logic, each proposition is approximat-
ed to have the percentage of truth in a subset (T), the per-
centage of indeterminacy in a subset (I), and the percent-
age of falsity in a subset (F), where T, I, F are standard or 
non-standard subsets of the non-standard unit interval ]−0, 
1+[. 

The concept of neutrosophic numbers of the form a + 
bI, where I is the indeterminacy with In = I, and, a and b 
are real or complex numbers, was introduced by Kan-
dasamy and Smarandache in 2003. In the same year, Kan-
dasamy and Smarandache introduced the concept of neu-
trosophic algebraic structures by combining the indetermi-
nate element I with the elements of a given algebraicstruc-
ture (X, ∗) to form a new algebraic structure (X(I), ∗) =<X, 
I> generated by X and I and they called it a neutrosophic 
algebraic structure. Some of the neutrosophic algebraic 
structures developed and studied by Kandasamy and 
Smarandache include neutrosophic groupoids, neutrosoph-
ic semigroups, neutrosophic groups, neutrosophic loops, 
neutrosophic rings, neutrosophic fields, neutrosophic vec-
tor spaces, neutrosophic modules, neutrosophic 
bigroupoids, neutrosophic bisemigroups, neutrosophic 
bigroups, neutrosophic biloops, neutrosophic N-groups, 
neutrosophic N-semigroups, neutrosophic N-loops, and so 
on. 

In [5], Smarandache introduced the refined neutrosoph-
ic logic and neutrosophic set where it was shown that it is 
possible to split the components <T, I, F> into the form 
<T1,T2, … , Tp; I1, I2, … , Fr; F1, F2, …, Fs>.  Also in [6], 
Smarandache extended the neutrosophic numbers a + bI 
into refined neutrosophic numbers of the form a + b1I1 + 
b2I2 + … + bnIn, where a, b1, b2, … , bn are real or complex 
numbers and considered the refined neutrosophic set based 
on these refined neutrosophic numbers. 

2 Refined Neutrosophic Algebraic Structures 

Consider the split of the indeterminacy I into two inde-
terminacies I1 and I2 defined as follows: 

I1= contradiction (true (T) and false (F)), (1) 
I2 = ignorance (true (T) or false) (F). (2) 
It can be shown from (1) and (2) that: 
𝐼1

2 = I1; (3) 
𝐼2

2 = I2; (4) 
I1I2 = I2I1 = I1. (5) 
Now, let X be a nonempty set and let I1 and I2 be two 

indeterminacies. Then the set 
X(I1, I2) =< X, I1,I2> = {(x, yI1, zI2):x, y, z ∈ X}(6) 

is called a refined neutrosophic set generated by X, I1 and 
I2, and (x, yI1, zI2) is called a refined neutrosophic element 
of X(I1, I2). If + and . are ordinary addition and multiplica-
tion, Ik with k = 1, 2 have the following properties: 

(1) Ik+Ik+···+Ik=nIk. 
(2) Ik+(−Ik)=0. 
(3) Ik.Ik.···.Ik= 𝐼𝑘

𝑛=Ik for all positive integer n>1.
(4) 0.Ik=0. 
(5) 𝐼𝑘

−1 is undefined and therefore does not exist.
If ∗ : X(I1, I2) × X(I1, I2) → X(I1, I2) is a binary opera-

tion defined on X(I1, I2), then the couple (X(I1, I2),∗) is 
called a refined neutrosophic algebraic structure and it is 
named according to the laws (axioms) satisfied by ∗. If 
(X(I1, I2),∗) and (Y(I1, I2),∗’) are two refined neutrosophic 
algebraic structures, the mapping φ: (X(I1, I2),∗) →(Y(I1, 
I2),∗’) is called a neutrosophic homomorphism if the fol-
lowing conditions hold: 

(1) φ((a, bI1, cI2) ∗ (d, eI1, fI2)) = φ((a, bI1, cI2)) ∗’ 
φ((d, eI1, fI2)). 

(2) φ(Ik) = Ik ∀(a, bI1, cI2), (d, eI1, fI2) ∈ X(I1, I2) and k 
= 1, 2. 

Definition 2.1. 

Let (X(I1, I2), +, .) be any refined neutrosophic algebra-
ic structure where + and . are ordinary addition and multi-
plication respectively. For any two elements (a, bI1, cI2), (d, 
eI1, fI2) ∈ X(I1, I2), we define 

(a, bI1, cI2) + (d, eI1, fI2)=(a + d, (b + e)I1, (c + 
f)I2),(7) 
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(a, bI1, cI2).(d, eI1, fI2) = (ad, (ae + bd + be + bf + 
ce)I1, 

(af + cd + cf)I2).    (8) 

Definition 2.2. 

Let (G, ∗) be any group. We call the couple (G(I1, I2), 
∗) a refined neutrosophic group generated by G, I1 and I2. 
(G(I1, I2), ∗) is said to be commutative if for all x, y ∈ G(I1, 
I2), we have x ∗ y = y ∗ x. Otherwise, we call (G(I1, I2), ∗) a 
non-commutative refined neutrosophic group. 

(G(I1, I2), ∗) is called a finite refined neutrosophic 
group if the elements in G(I1, I2) are countable. Otherwise, 
G(I1, I2) is called an infinite refined neutrosophic group. If 
the number of elements in G(I1, I2) is n, we call n the order 
of G(I1, I2) and we write o(G(I1, I2)) = n. For an infinite 
refined neutrosophic group G(I1, I2), we write o(G(I1, I2)) = 
∞. 

Example 1. 

(ℤ(I1, I2), +), (ℝ(I1, I2), +), (ℂ(I1, I2), +), (ℝ(I1, I2), .) 
and (ℂ(I1, I2), +.) are commutative refined neutrosophic 
groups. 

Example 2. 

(𝑀2×2
ℝ (𝐼1, 𝐼2, . )), where

𝑀2×2
ℝ (𝐼1, 𝐼2, . ) = {[

𝑤 𝑥
𝑦 𝑧] : 𝑤, 𝑥, 𝑦, 𝑧 ∈ ℝ(𝐼1, 𝐼2)}

is a non-commutative refined neutrosophic group. 

Example 3. 

Let ℤ2(I1, I2) = {(0, 0, 0), (1, 0, 0), (0, I1, 0), (0, 0, I2), 
(0, I1, I2), (1, I1, 0), (1, 0, I2), (1, I1, I2)}.  
Then (ℤ2(I1, I2), +) is a commutative refined neutro-

sophic group of integers modulo 2. Generally for a positive 
integer n ≥ 2, (ℤn(I1, I2), +) is a finite commutative refined 
neutrosophic group of integers modulo n. 

Theorem 2.3. 

(1) Every refined neutrosophic group is a semi group 
but not agroup. 

(2) Every refined neutrosophic group contains a 
group. 

Corollary 2.4. 

Every refined neutrosophic group (G(I1, I2), +) is a 
group. 

Theorem 2.5. 

Let (G(I1, I2), ∗) and and (H(I1, I2), ∗) be two refined 
neutrosophic groups. Then G(I1, I2) × H(I1, I2) = {(x, y) : x 
∈ G(I1, I2), y ∈ H(I1, I2)} is a refined neutrosophic group. 

Definition 2.6. 

Let (G(I1, I2), ∗) be a refined neutrosophic group and 
let A(I1, I2) be a nonempty subset of G(I1, I2). A(I1, I2) is 
called a refined neutrosophic sub-group of G(I1, I2) if (A(I1, 
I2), ∗) is a refined neutrosophic group. It is essential that 
A(I1, I2) contains a proper subset which is a group.  

Otherwise, A(I1, I2) will be called a pseudo refined neu-
trosophic subgroup of G(I1, I2). 

Example 4. 

Let G(I1, I2) = (ℤ(I1, I2), +) and let A(I1, I2) = (3 ℤ(I1, 
I2), +). Then A(I1, I2) is a refined neutrosophic subgroup of 
G(I1, I2). 

Example 5. 

Let G(I1, I2) = (ℤ6(I1, I2), +) and let 
A(I1, I2) = {(0, 0, 0), (0, I1, 0), (0, 0, I2), (0, I1, I2), 

(0, 2I1, 0), (0, 0, 2I2), (0, 2I1, 2I2), 
(0, 3I1, 0), (0, 0, 3I2), (0, 3I1, 3I2), 
(0, 4I1, 0), (0, 0, 4I2), (0, 4I1, 4I2), 
(0, 5I1, 0), (0, 0, 5I2), (0, 5I1, 5I2)}. 

Then A(I1, I2) is a pseudo refined neutrosophic sub-
group of G(I1, I2). 

Theorem 2.7. 

Let {𝐴𝑘(𝐼1, 𝐼2)}1
𝑛  be a family of refined neutrosophic

subgroups(pseudo refined neutrosophic subgroups) of a 
refined neutrosophic group G(I1, I2). Then ⋂1

𝑛Ak(I1, I2)} is a
refined neutrosophic subgroup (pseudo refined neutro- 
sophic subgroup) of G(I1, I2). 

Definition 2.9. 

Let A(I1, I2) and B(I1, I2) be any two refined neutro-
sophic sub-groups (pseudo refined neutrosophic sub-
groups) of a refined neutrosophic group (G(I1, I2), +). We 
define the sum A(I1, I2) + B(I1, I2) by the set 

A(I1, I2) + B(I1, I2) = {a + b : a ∈ A(I1, I2), 
b ∈ B(I1, I2)}     (9) 

which is a refined neutrosophic subgroup (pseudo refined 
neutrosophic subgroup) of G(I1, I2). 

Theorem 2.9. 

Let A(I1, I2) be any refined neutrosophic subgroup of a 
refined neutrosophic group (G(I1, I2), +) and let B(I1, I2) be 
any pseudo refined neutrosophic subgroup (G(I1, I2), +). 
Then: 

(1) A(I1, I2) + A(I1, I2) = A(I1, I2). 
(2) B(I1, I2) + B(I1, I2) = B(I1, I2). 
(3) A(I1, I2) + B(I1, I2) is a refined neutrosophic sub-

group of G(I1, I2). 

Definition 2.10. 
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Let (G(I1, I2),∗) and (H(I1, I2),∗’) be two refined neutro-
sophic groups. The mapping φ : (G(I1, I2), ∗) → (H(I1, I2), 
∗’) is called a neutrosophic homomorphism if the follow-
ing conditions hold: 

(1) φ(x ∗ y) = φ(x) ∗’ φ(y). 
(2) φ(Ik) = Ik ∀x, y ∈ G(I1, I2) and k = 1, 2. 
The image of φ is defined by the set 
Imφ = {y ∈ H(I1, I2) : y = φ(x),  (10) 

for some x ∈ G(I1, I2)}. 
If G(I1, I2) and H(I1, I2) are additive refined neutro-

sophic groups, then the kernel of the neutrosophic homo-
morphism φ : (G(I1, I2), +) → (H(I1, I2), +) is defined by 
the set 

Kerφ = {x ∈ G(I1, I2) : φ(x) = (0, 0, 0)}. 
Epimorphism, monomorphism, isomorphism, endo-

morphism and automorphism of φ have the same defini-
tions as those of the classical cases. 

Example 6. 

Let (G(I1, I2), ∗) and (H(I1, I2), ∗’) be two refined neu-
trosophic groups. Let φ : G(I1, I2) × H(I1, I2) → G(I1, I2) be 
a mapping defined by φ(x, y) = x and let ψ: G(I1, I2) × H(I1, 
I2)→ H(I1, I2) be a mapping defined by ψ(x, y) = y. Then φ 
and ψ are refined neutrosophic group homomorphisms. 

Theorem 2.11. 

Let φ : (G(I1, I2), ∗) → (H(I1, I2), ∗’) be a refined neu-
tro-sophic group homomorphism. Then Imφ is a neutro-
sophic subgroup of H(I1, I2). 

Theorem 2.12. 

Let φ : (G(I1, I2), +) → (H(I1, I2), +) be a refined neu-
tro-sophic group homomorphism. Then Kerφ is a subgroup 
of G and not a neutrosophic subgroup of G(I1, I2). 

Example 7. 

Let φ : ℤ2(I1, I2) × ℤ2(I1, I2) →ℤ2(I1, I2) be a neutrosoph-
ic group homomorphism defined by φ(x, y) = x for all x, y 
∈ℤ2(I1, I2). Then 

Imφ = {(0, 0, 0), (1, 0, 0), (0, I1, 0), (0, 0, I2), 
(0, I1, I2), (1, I1, 0), (1, 0, I2), (1, I1, I2)}. 
Kerφ = {((0, 0, 0), (0, 0, 0)), ((0, 0, 0), (1, 0, 0)), ((0, 0, 

0), (0, I1, 0)),((0, 0, 0), (0, I1, I2)), ((0, 0, 0), (0, 0, I2)), ((0, 
0, 0), (1, I1, 0)),((0, 0, 0), (1, 0, I2)), ((0, 0, 0), (1, I1, I2))}. 

Conclusion 

By splitting the usual indeterminacy I into two inde-
terminacies I1and I2, we have developed a new neutrosoph-
ic set X(I1, I2) called a refined neutrosophic set and we 
have generated a new neutrosophic algebraic structure 
(X(I1, I2), ∗) from X, I1 and I2 which we called a refined 
neutrosophic algebraic structure. In particular, we have 
studied refined neutrosophic group and we have presented 
some of its elementary properties. 

Using the same approach as in this paper, other refined 
neutrosophic algebraic structures involving rings, fields, 
vector spaces, modules, group rings, loops, hypergroups, 
hyperrings, algebras, and so on could be developed. We 
hope to look into these in our future papers. 
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