NEUTROSOPHIC CUBIC IDEALS

MAJID KHAN! AND MUHAMMAD GULISTAN?2

ABSTRACT. Operational properties of neutrosophic cubic sets are investigated.The
notion of neutrosophic cubic subsemigroups and neutrosophic cubic left(resp.right)
ideals are introduced, and several properties are investigated. Relations be-
tween neutrosophic cubic subsemigroups and neutrosophic cubic left(resp.right)
ideals are discussed. Characterizations of neutrosophic cubic left(resp. right)ideals
are considered, and how the images or inverse images of neutrosophic cubic
subsemigroups and cubic left (resp. right) ideals become neutrosophic cubic
subsemigroups and neutrosophic cubic left (resp. right)ideals, respectively, are
studied..

1. INTRODUCTION

Fuzzy sets are initiated by Zadeh [1]. In [2], Zadeh made an extension of the
concept of a fuzzy set by an interval-valued fuzzy set, i.e., a fuzzy set with an
interval-valued membership function. In traditional fuzzy logic, to represent, e.g.,
the expert’s degree of certainty in different statements, numbers from the interval
[0, 1] are used. It is often difficult for an expert to exactly quantify his or her
certainty,therefore, instead of a real number, it is more adequate to represent this
degree of certainty by an interval or even by a fuzzy set. In the first case, we get
an interval-valued fuzzy set. In the second case, we get a second-order fuzzy set.
Interval-valued fuzzy sets have been actively used in real-life applications. For ex-
ample, Sambuc [10] in Medical diagnosis in thyroidian pathology, Kohout [18] also
in Medicine, in a system CLINAID, Gorzalczany in Approximate reasoning, Turk-
sen [10, 11] in Interval-valued logic, in preferences modelling [12], etc. These works
and others show the importance of these sets. Fuzzy sets deal with possibilistic un-
certainty, connected with imprecision of states, perceptions and preferences. Using
a fuzzy set and an interval-valued fuzzy set, Jun et al. [4] introduced a new notion,
called a cubic set, and investigated several properties. Cubic set theory is applied to
BCK/BCl-algebras (see [6, 7, 8, 9]) and I'-semihypergroups (see [2]). Jun et al.[5]
introduced the concept of cubic ideals in semigroup. They investigated operational
properties of cubic sets, the notion of cubic subsemigroups and cubic left (resp.
right) ideals, and investigate several properties. The concept of neutrosophic set
(NS) developed by Smarandache[16], is a more general platform which extends the
concepts of the classic set and fuzzy set[17], Neutrosophic set theory is applied to
various parts (refer to the site http://fs.gallup.unm.edu/neutrosophy.htm).Haiban
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extended the idea of neutrosophic sets to interval neutrosophic sets[14, 15]. Jun
introduced the notion of neutrosophic cubic set[19].

In this paper we introduce the concept of neutrosophic cubic ideals in semigroup.
We investigate some operational properties of neutrosophic cubic sets. The notion of
neutrosophic cubic subsemigroups and neutrosophic cubic left (resp.right) ideals are
introduced, and several properties are investigated. Relations between neutrosophic
cubic subsemigroups and neutrosophic cubic left (resp. right) ideals are discussed.
Characterizations of neutrosophic cubic left (resp. right)ideals are considered, and
how the images or inverse images of neutrosophic cubic subsemigroups and cubic
left (resp. right) ideals become neutrosophic cubic subsemigroups and neutrosophic
cubic left (resp. right) ideals, respectively, are studied.

2. PRELIMINARIES

“w”

A non-empty set S together with an associative binary operation is called
a semigroup. A non-empty subset A of a semigroup S is called a subsemigroup if
AACA. A non empty subset A of S is left(right) ideal of S if SACA (ASCA) .Jun
et al. [4] have defined the cubic set as follows: Let X be a non-empty set. A
cubic set in X is a structure of the form: C = {(z,u(x), A(z)) |z € X} where
11 is an interval-valued fuzzy set in X and X is a fuzzy set in X. Let X be a
non-empty set. A neutrosophic set (NS) in X (see [16,17]) is a structure of the
form: A = {(Ap(z), A\1(x), Ap(z)) |z € X} where Ap : X — [0, 1]is a truth mem-
bership function, A; : X — [0,1] is an indeterminate membership function, and
Ar : X — [0,1] is a false membership function. Let X be a non-empty set. An
interval neutrosophic set (INS) in X (see [14, 15]) is a structure of the form: g
= {(pr(z), pr(x), fp(z)) |xr € X} where fig, fi; and fip are interval-valued fuzzy
sets[23] in X, which are called an interval truth membership function, an interval
indeterminacy membership function and an interval falsity membership function,
respectively. Jun et al.[19] considered the notion of neutrosophic cubic sets. Let
X be a non-empty set. A neutrosophic cubic set (NCS) in X is a pair A = (, \)
where i = {{(fip(x), i (z), ip(x)) |z € X} is an interval neutrosophic set in X and
A ={(r(z),\1(z),A\r(x)) |z € X} is a neutrosophic set in X.

Jun et al.[5] inrodeced the idea of cubic ideals in semigroup and investigated
several properties.

3. OPERATIONAL PROPERTIES OF NEUTROSOPHIC CUBIC SETS

Definition 1. Let X be nonempty set. A NC set A in X is structure
A={(z, fip, fip, Bp, A1, A1, Ap) c @ € X}

For any nonempty subset G of set X,the characteristic NC set of G in x defined
to be a structure

Xg = {<x?ﬁTG7ﬁIG7ﬁFG7)\TG))\IG7)\FG> T e X}’
which is briefly denoted by

Xa = (Hras By EGs ATG MG AFG)

where
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~ [ 1ifzed v | 0ifzeG
HTG =\ otherwise TG =1 1 otherwise
_ [ 1ifzeq \o_{ 0ifzed
Hre = 0 otherwise ¢ = 1 otherwise
~ [ Tifzeq N 0ifzeG
HFG =\ 0 otherwise FG=\ 1 otherwise

The whole NC set S in semigroup S is defined to be structure

S = {<$,TTS,T157TFS,OTS7OI87OFS> RS S}
with
Tps=[11], I;g=[11], Ips =[1 1], and 075 =0, 075 =0, Opg = 0 for all z € X.
It will briefly denoted by

S = <TT57II57TFS7OTS7OISa0FS7>

For two NC set A = <xaﬁT7ﬂIaﬁFa)\Ta)\Iv>\F> and B:<DT7’DIa;F777T’77I7nF> in
semigroup S.We define

A

C B pp3vp, 2V, lip 2 Up,
and Ay > np, A1 200, AF 2 Np

and the NC pTOdUCt OfA:<xaﬁTa/7]>ﬁF?)‘Ta )‘Ia)‘F>a’nd B:<§T7517;FanT7n17nF>
is define to be NC set

() Gip o) @), Gig o 71) (@), (i 0 ) (@)
A®B = {< (Ar onTT)(:c),()\I onII)(x),()\F 07);)(3:) cx e S >}

which briefly denoted by

/ GipoBr) (@), iy 0 71) (@), (i 0 ) (2)
A®B‘< (r 0 12)(@), (Ar 0 1) (@), (Ap 0 772} () >

where fp o U, iy oV, fip 0 Vp and Ar 0N, A7 0 Ny, AR o Ny are define as follows,
respectively
rsup [rmin{fp(y), vr(2)}  if =yz for some y,z€ S

(Apovr)(z) = »=v= and
g [0 0] otherewise,

A max{Ar(y),nr(2)}  if x=yz for some y,z€ S
(Arong)(x) =4 7=v .
1 otherewise,
rsup [rmin{zn;(y),vr(2)}]  if z=yz for some y,z€ S
(Arovr)(z) = ==v= and
[0 0] otherewise,
A max{A(y),n;(2)}  if z=yz for some y,z€ S
(Arong)(z) =4 ==v2 ‘
1 otherewise,
rsup [rmin{pp(y),vr(2)}]  if z=yz for some y,z € S
(hpovp)(x) = ¢ #=v? and
[0 0] otherewise,

A max{Ar(y),np(2)} if x=yz for some y,z€ S

(s o)) = { -

1 otherewise,



4 MAJID KHAN' AND MUHAMMAD GULISTAN?

for all x€ S we also define the cap and union of two NC sets as follows. Let A
and B be a twoNC setsin x. The intersection of A and B, denoted by ANB,is the
NC set

AN B = (o, (W, e, A V g, At Vi, Ae V)

where (Jifr) () = rmin{fip(2), 7 (2)}, (7,791) () = rminfiy (2), 51 (2)}, (pTor) (2) =
rmin{fp(z),vp(z)} and

(Ar Vnp)(x) = max{Ar(z),np(2)}, (A V np)(z) = max {Ar(z),n;(z)}, (Ar V
np)(x) = max{Ap(z),np(z)}.

The union of A and B, denoted by AU B,is the NC set

AU B = (pUvr, 1,007, ip U0 p, Ar Anp, A Anp, Ap Anp)

e ((uTu () ) = = rmax{fip(2), 7r(0)}, (5,077) (2) = r max{7i; (2), 71(2)}, (7ip00r) (z) =
T max{ T

and <§TAnT><x> — min {Ar(2), 5y (@)}, A Anp) (@) = min {Ar (@), (@)}, A

np)(@) = min {Ap(2),np()}

Proposition 1. For any NC sets A=(x, fir, fig, fip; AT, A1, Ar), B=(Ur, V1, VF, 07,07, Mp)and
C:<ET,EI,ZF,(5T,(SI,5F>in semigroup S. We have

1] Au(BnNC) (AuB)N(AUC)
2] AN(BUC) = (AnNB)UANC)
B] A (BUC) (A B)U(A® ()
4 A®(BNC) C (A@B)N(A®C)

Proof. (1) and (2) are straightforwart.
(3) let x be any elemen of s. if x is not expressed as x=yz , then

(A7 o (5TGZ~T))($) = [00] = ((fir o 77)0(Giz o Cr)) (@),
(hyo (51051))(93) = [00] = (7 0 71)0(Hy © )))(x),
(fip o @rOCp))(@) = [00] = ((fip 0 7p)0(ip o Cp)) ()

and

(A o (np A dr))(x)
(Aro(ny Nér))(w)
(Apo(npAdp))(z) =

((Ar ong) A (A 0 d7)) (),
((Aromng) A(Arodr))(x),
(Arong) A(Apodr))(z).

1
1
1
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therefore A® (BUC) = (A® B) U (A ® C).Assume that xis expressed as x=yz.

Then

(g o (DTOZT))(JC) =

(g o (;IOZI»(:E)

(fip o @rOCk)) ()

and

rsup [r max {rmin{iz (y), 7r(2) br min {fig (v). Cr(2) |

T=yz

rmax{rsup{[r min{jiz (y), 7r(2)}r min{ﬁT(w,ZT(z)}}}}

T=yz

((Ag o ;T)G(ﬁT o ZT))('T)

= rsup [r min {ﬁ](y)v (ZN/IOEI)(Z)}:I

T=yz

7 sup [7“ min {ﬁ[(y)7 I max {DI(Z)’ CI(Z)}H

T=yz

rsup [rmax {rmin{ji; (y), 71(2) brmin {7, (), $; ()} }

r=yz

e {rsup {frmin7, ) () min {71 0.2} } 1}

(i1 0500501 = )
rsup [rmin {jip(y), 7r0CF)(2) }]

T=yz

7 sup [7“ min {ﬁF(?JL T max {;F(Z)’ CF(Z)}H

T=yz

rsup [rmax {rmin{jip(y), 7r (2) b min {ir ), C () } }

T=yz

o {rsup {rmin (i (), 7 ()i {7 ). £ ()} )1

T=yz

(Ao ;F)O(ﬁF o ZF))(QU)



(Ar o (ng A or))(x)

(Aro(npAér))(x)

(Aro(np Adr))(z)

hence (3 ) holds.
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max {Ar(y), (N A dr)(2)}]
max { A7 (y), min(ny(2), 67 (2))}]
max {min(Azr(y), nr(z)), min(Ar(y), 67(2))}]

|
|
|

win | A {max(ve(s). i (2) max(vr (), 322}
|

A maxOvr(u).nr ()., A, max(ye(y). 01 (2)|

min [(Az o np, Ar 0 d7) ()]
((Ar ongp) A (Ar 0 d7)) (2)
A [max {Ar(y), (nr A 61)(2)}]

_ max {Ar(y), min(n;(2), 61(2))}]
max {min()\j (y), 77[(2))7 min()\l (y)a 6I(Z))}]

|
|
min | A, {max(h ), 15 (2) (s 0), ()|

A maxOu () nn(e) A, max(u).01(2)

min [(A; 017, Ar 0 01) ()]
((Aromg) A(Arodp)) ()
A [max {Ar(y), (np Adr)(2)}]

T=yz

[
m:yz[
min Li\yz {max(Ar(y),np(2)), max(Ar(y), 5F(Z))}:|
min [—A max(Ar (y),np(2), A max(Ar(y), 5F<z>>]

min [(Ap 0 np, Ap 0 6F) (z)]
(Aronp) A (Arodr))(x)

(4) let xe S.If x isnot expressed asx=yz , then it is clear . As
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sume that there exsist y,z&€ S such that x=yz .Then

(fi o (Fr17)) ()

(fig o

(g o

(710¢,) (@)

(r1p)) (@)

runin {rsuplyminGip (1), 7 )} suplymin {7 ). (21}

(g o ;Ti)ﬁ(ﬁT ° ZT))(I)
rsup [rmin {7i;(y), (7:7C) (=) }

T=yz

7 sup [7’ min {ﬁ[(y)7 7 min {ZI(Z)’ CI(Z)}}]

T=yz

rsup [rmax {rmin{ji; (y), 71 (2) brmin {7y (1), ¢, (2) } }]

T=yz

runin {rsuplminig (). 72 (), s i {7 (). 1)} 1}

T=yz T=yz

((Fiy o Zr)0 (R o@))( )
rsup [rmm{ VFOCF)( )H

[
[

rmm{zggg[rmln{w( )-7e() . suplrmin 7). G ()1}

T=Yyz

rmm{ rmm{VF(Z)’CF(Z)}H
r max {rmm{up , Vr(2)}rmin {ﬁF(y)’EF(Z)}}]

r sup

T sup

((fip 0 7p)N(fip © Cp)) ()
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and

o (v or)(@) = A max {r(y), (97 V 61)(2)}

= A max{Ar(y), max{nr(2),6r(2)}}
— A max {max{Ar(y),np(2)}, max{\r(y), dr(2)}}

> mox{ A maxO() (). A max(ir),5r(2)

= ((Mrong)V (A o) (@).
(oG von)@) = A max {Arly). (1 v 81)(2)

= A max ) max(n (2),01(2)})
= A max {max{\;(y),n;(z)}, max{A;(y),07(2)}}

> max{ A max{ () ()} A max(hi ().}

= ((Aron)V (Arodr))(=).
(Apo(npVirp))(z) = A max {Ar(Y), (mp Vor)(2)}

= A max{r(y)max{ue(2), 6 (2)})
= A max{max{Ar(y),np(2)} max{Ar(y), 0r ()} }

T=yz

Y

max {_ A max{Ae(). (1), A max(Ar (). 6r()}
(A o)V (Ar 0 65) 2.

Hence (4) holds. O

Proposition 2. For any NC sets A={x, fip, fip, fbp, A7y A1, Ar), B=0r, U1,V np,n1,Me)
and C:<ZT,Z,,ZF,5T,5,,5F>m semigroup S, if AC B, then AQC C B® C and
CRACC®B.

Proof. Strraitforward. O

Proposition 3. For any nonempty subsets G and H of semigroup S, we have

1] xGexH = xGH,i.e.
<ﬁTXG6ﬁTXH7 ﬁIXGgﬁIXHv ﬁFXGgﬁFXHv ATxG © ATxH > ATxG © AIxH, APxG © )‘FXH> = <ﬁTXGH= :EIXGHa Ny
2] xGNnxH = xGnNH,i.e.
<ﬁTXG’ N Bprsirs iy NV By BryG OV Byt ATXG V ATxH AT V A1 AFxa V )\FXH> = <ﬁTXGﬂH’ B pyGnH
3] xGUxH = xGUH,i.e.
<ﬁTxG U ﬁTva ﬁ[xG U lf’v[’le7 ﬁFxG U /jFxH7 ATXG A )‘TXH7 )‘IXG A )‘IXH7 AFXG A /\FXH> = </~’['TxGUH7 /jFxGUH

Proof. (1) Let ac S.If a€ GH, then pip, gy (a) = [11], iy gu(a) = [11], fpyap(a) =
(11], Arygr(a) = 0, Arygr(a) = 0, Apygr(a) = 0 and a=bc for some be G and
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ce H Thus

(/ijG © ﬁ'TxH) (Cl) = Trsup [7‘ min {ﬁTxG (Jf), :D:TxH (y) }]

a=xy

Y

r min {ﬁTxg(b% firym(c)}
1)

(ﬁ[xG o ﬁ[xH)(a) = Trsup [T min {ﬁIxG (.’E), :H’IxH (y)}]

a=xy

= rmin{fi;, (), i (c)}
— [

(Bpye © fipyr)(a) = rsup [rmin{ip o), fp qy)}]

a=xy

- rmin{ﬁpxc(b),ﬁFXH(C)}
— [

and

(AMrxc o Arym)(a) = A max{Arya(z), Aryr(y)}]

a=zy
< max {)\TxG(b)a )\TxH(C)}
0

A max fAne (@), A (9)}

max {Arya(b), Arym(c)}
= 0

(Arxa 0 Arym)(a)

IN

A [maX {)‘FXG (-’17)7 )\FxH (y>}]

a=zy
max {)\FxG(b)’ )\FxH (C)}
0

(ArxG © Arym)(a)

IN

It follows that (firye © fryr)(@) = [1 1], (Aryq © firgm)(a) = [1 1], (Apye ©
fpyr)(a) = [1 1] and (Arye © Arym)(a) = 0,(Arye o Aiym)(a) = 0,(ApyG ©
Aryr)(a) = 0.Therefore

<ﬁTXG o ﬁTXHa )\TXG © /\TXH> = <ﬁTXGHa ATXGH>
<ﬁ1XG o ﬁIXHa AIxG © )\IxH> = <l71XGHv AIXGH>
</7'FXG o /7FXH7 AFxG © )‘FXH> = <ﬁFXGHa )‘FXGH>

that is ,xGRxH = xGH. Assume that a¢ GH. Then fip, gy (a) = [00], fif, g (a) =

[0 0], ipyer(a) = [0 0] and Arygu(a) = 1, Arvan(a) = L, Apygr(a) = 1. Let
y,z€ S be such that a= yz. Then we know that y¢ G or z¢ H.Assume that
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y¢ G.Then
(BryG © Prym) (@) = Zil;g[?‘ min {fipy (y), By (2) 1)
= Zit;g[r min {[0 0], fig 5 (2) }]
= [00]= ﬁTXGH(a)
(ﬁIXG © ﬁIXH)(a) = 7;2;1; [7" min {ﬁIXG(y)a ﬁIXH(Z)}]
= Zi‘;?v min {[0 0], iy, 5 (2) }]
= [00]= ﬁIXGH(a)
(ﬁFXG © ﬁFXH)(a) = ZS;IZD[T min {ﬁFXG(y)a ﬁFXH(Z)H
= Zit;l;[r min {[0 0], fipy r(2)}]
= [00]= ﬁFXGH(a)
and
(Arxc o Arym)(a) = ai\yz[maX {Arya (), Arym (2)}]
= A max {1 Arr ()]
= 1= )\TXGH(CL)
AneoAna)(a) = A [max{Arnc(y), A (2)}]
= A max {1 Arr(2)}]
= 1= )\IxGH(a)
(ArxG 0 Arym)(a) = ai\yz[max {Arxa(y), Arym (2)}]
= A [max{L Apyu(2)}]

= 1= )\FXGH(G)

Similarly, if 2¢ H ,then (fip,gofipyp)(a) = [00] = firygu (@), (Brgohm)(a) = [0
0] = ﬁIXGH(a)a (ﬁFXGOﬁFXH)(a) =[00] = /EFXGH(Q) and (Aryg oArym)(a) =1 =
Aryau(a), Arya o Arym)(a) = 1 = Arygr(a), (Aryg © Arym)(a) = 1 = Apygu(a).
Therefore xG @ xH = xGH.(2) and (3) are straightforward. O

4. Neutrosophic cubic subsemigroups and ideals

Definition 2. A NC set A=(jip, lig, fip, AT, A1, Ap) in semigroug S is called a NC
subsemigroup of S if it satisfies:

(Ve,y € S)  pr(ey) = rmin{pg (2), 07 (y)}, g (2y) = rmin{iy (@), 0 ()} pe (2y) = rmin g (2), 5
Ar(zy) < max{Ar(2), Ar(y)}, Ar(zy) < max{Ar(z), Ar(y)}, Ar(zy) <{Ar (), Ar(y)}

Example 1. Consider a semigroup S={a,b,c} with the following Caylay’s table.

. a b

a ¢ ¢ ¢
b ¢ ¢ a
c ¢ b c
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Defins a NC set A=(fip, iy, figs A1, A1, Ap) in S by
S hr Iy [ip AT AL Ap
a [0.3,0.6] [0.5,0.7] [0.6,07] 0.4 0.6 0.8
b [0.2,04] [0.3,04] [0.2,05] 0.6 0.7 0.9
¢ (07,09 [0.8,09 [0.7,08 0.2 0.3 0.4

Theorem 1. A NC set A=(fip, fif, fip, A7y A1, Ap) in semigroug S is a NC sub-
semigroup of S if and only if AQA C A.

Proof. straightforward. O

Definition 3. A NC set A=(lip, iy, ips AT, A1, AF) in a semigroug S is called a
right(left) NC ideal of S if it salisfies:

(Va,b € S)  fig (zy) = iy () (g (2y) = Bp (y) 55 (2y) = fig (2) (B
and  Ar(zy) < Ar(z) (Ar(zy) < Ar(y), Ar(zy) < Ar(z) (Ar(zy) < Ai(y)), Ar(

By a (two sided) NC ideal we mean a left and right NC' ideal.
Example 2. Consider a semigroup S={a,b,c} with the following Caylay’s table.

a b c
a a a a
b a a a
c a a c
Defins a NC set A=(fip, fif, fip,s AT, A1, Ap) in S by
S hr Iy [ip AT A Ap

a [0.7,0.9] [0.8,0.9] [0.7,0.8] 0.2 0.3 04

b [0.2,04] [0.3,0.4] [0.2,0.5] 0.6 0.7 0.9

¢ [0.1,0.3] [0.5,0.6] [0.2,0.4] 0.7 0.5 0.8
It is easy to verify that A = (fip, liy, fig, A1, A1, AR) is a cubic ideal of S.
Obviously, every left (resp. right) cubic ideal is a cubic subsemigroup.
But the converse may not be true as seen in the following example

Example 3. Consider a semigroup S={a,b,c,d} with the following Caylay’s table.

a b ¢ d
a a a a a
b a a a a
c a a a b
d a a b c

Defins a NC set A=(fip, iy, by A1, A1, Ap) in S by
S hr Iy [ip AT A Ap
a [0.5,08 [0.7,0.9] [0.6,0.8 02 0.1 0.3
b [0.3,0.6] [0.4,0.7] [0.3,0.5] 0.6 0.7 0.4
¢ [0.5,0.8] [0.5,0.6] [0.5,0.6] 0.4 0.5 04
]

d [0.2,04] [0.2,04] [0.1,0.3] 0.6 08 0.5
It is easy to verify that A = (lip, fig, i, AT, A1, Ap) is a NC subsemigroup of S;
but it is not a left NC ideal of S since i (dc) = fip (b) =[0.3,0.6] ¥ [0.5,0.8] =
fir (€)
and/or Ar (de) =Ar (b)) = 0.6 > 0.4 = Ar(c).

Theorem 2. For NC set A = (Jip, fif, i, AT, A1, Ap) in semigroug S, the following
are equivalent:

~
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(1)

1) A= (g, iy, fop, ATy A1, Ar) s a left NC ideal of S.
(2) S® AC A.

Proof. Assume that A = (jip, fiy, g, A7, A1, Ap) is a left NC ideal of S. Let ac S.
If (S® A) (a) = ([0,0],1), then it is clear that S ® A T A.Otherewise, there exsists
z,y € S such that a = zy. Since A = (lip, fiy, kg, A1, A1, Ap) is a left NC ideal of
S, we have

(Ts o ﬂT> (@) = rsup {r min {Tg(x),ﬁT(y)H

a=zy

= rsup [T min {[17 1] 7ﬁT(xy)}]

a=xy
= rsupjiy(a)
= pg(a)

(Tsoﬁz) (a) = rsup {rmin{ls(:r),ﬁl(y)”

a=zy

< rsup [rmin {[1,1], 7 (xy)}]

a=zy
= rsupfi;(a)
= fiy(a)

(TSOﬁF) (a) = rsup {rmin{lg(x),ﬁF(y)}]

a=xy

= rsup [rmin{[L,1], pp(zy)}]

a=zxy
= rsupjip(a)
= fip(a)

and

(0s o Ar)(a)

AV
- L
E B
I~ o
] ]
—~ =
b o
~ 195
T B
N

—

(Oso Ar)(a) = A max{0s(z),Ar(y)}

(0so Ap)(a) = ﬁ\ max {0g

Therfore S ® A C A.



NC IDEALS 13

Conversely, suppose that S ® A C A. For any elements x and y of S, let
a = xy. Then

fir(y) = fir(a) = (Lsofir) (a)
= rsup [rmin{Tg(b),ﬁT(c)H

a=bc
= rmin{Ts(@), fir(v) } = fir(w)
Lsojir) (a)

= rsup

rsup [rmin { Ts(0), 7y (c)}|
= rmin {Ts(@),fir () } = fir )
fir(ey) = fip(a) = (1sofir ) (a)

= rsup {rmm{lg(b)

a=bc

rmin{ }

Ar(zy) = Ar(a) < (0so Ar)(a)
ai&bcmax {05 (b), Ar(c)}
max {05 (), Ar(y)} = Ar(y)
Ar(a) < (0so Ap)(a)
ai\bc max {0g (b),Ar(c)}
max {0s (), Ar(y)} = Ar(y)
Ar(zy) = Ar(a) < (0s0 Ar)(a)

= A max {05 (5, Ar(0))

< max{0s (z),Ar(y)} = Ar(y)
Hence A = (lip, iy, i, A1, A1, Ap) is a left NC ideal of S. O

pr(ry) = pgla) =

|—|
A

<>}}

Y

and

IN

Ar (zy)

IN

Similarly, we can induces the following theorem.

Theorem 3. For a NS cubic st A = (lip, lig, b, AT, A, AR) in asemigroup S, the
following are equivalent:

(1) A= (ip, fig, fip, ATy A1, Ap) is a right NS cubic ideal of S.

(2) A®SLC A

Theorem 4. If A = (ip, fif, fip, A1, A1, Ap) is a NS cubic set in a semigroup S,
then S® A (resp. A® S) is a left (resp. right) NS cubic ideal of S.

Proof. Since S® (S® A) = (S®S5)® AL S® A, it follows from theorem 2 that
S® A is aleft NS cubic ideal of S. Similarly A® S is a right NS cubic ideal of S. [

Now we will consider conditions for a left (resp. right) NS cubic ideal to be
constant.
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Proposition 4. Let U be a left zero subsemigroup of a semigroup S. If A =
(g gy By ATs A1, Ap) is a left NS cubic ideal of , then A(x) = A(y) for all
z,y eU.

Proof. Let x,y € U. Then zy = x and yz = y. Thus

pr(x) = pr(zy) = b (y) = fir (yz) = fp (2)
pp(z) = pp(zy) = g (y) = g (yz) = gy (@)
pp(z) = fip(2y) = pp (y) = ip (y2) = o (2)
and
Ar(z) = Ar(zy) <A (y) = A (zy) < Ar(2)
Ar(@) = Ar(zy) < Ar(y) = Ar(zy) < Ar(2)
Ar(z) = Ar(zy) < Ap(y) = Ap (2y) < Ar (2)
Therefore A () = A (y) for all z,y € U. O

Similarly, we have the following proposition.

Proposition 5. Let U be a right zero subsemigroup of a semigroup S. If A =
(s Bops fops AT, AL, AR) i a right NS cubic ideal of , then A(z) = A(y) for all
z,y eU.

Theorem 5. Let A = (fip, i, fip, A1, A1, Ap) is a left NC ideal of a semigroup S.
If the set of all idempotent elements of S forms a left zero subsemigroup of S, then
A (u) = A(v) for all idempotent elements u and v of S.

Proof. Let Idm (S) be the set of all idempotent elements of S and assume that
Idm (S) is a left zero subsemigroup of S. For any u,v € Idm (S), we have uv = u
and uv = v. Hence

pr(w) = fAp(uw) = fg (v) = fip (w) = g (v)
pp(u) = fg(w) = g (v) = pp (w) = oy (u)
br(u) = fp(w) =g () =g (uw) = g (v)
and
Ar(w) = Ar(ww) < Ap (v) = Ap (uv) < Ar (w)
Ar(w) = Ar(uv) < Ar(v) = A1 (ww) < Af(u)
Ar(w) = Ap(w) < Ap (v) = Ap (w) < A (u)
Therefore A (u) = A (v) for all u,v € Idm (S). O

Similarly, we have the following theorem.

Theorem 6. Let A = (fip, fiy, ips AT, A1, Ar) is a right NC ideal of a semigroup
S. If the set of all idempotent elements of S forms a right zero subsemigroup of S,
then A (u) = A (v) for all idempotent elements u and v of S.

Theorem 7. Let S be a semigroup. Then the following properties hold.
(1) The intersection of two NC subsemigroups of S is a NC subsemigroup of S.
(2) The intersection of two left (resp. right) NC ideals of S is a left (resp. right)
NC ideals of S
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P’I”OOf. (1) Let A = <ﬁT’ﬁI7/jF7>\T7>\Ia AF> and B = <ZT7§I,5F777T,J71777F> be
two NC subsemigroups of S. Let x and y be any elements of S. Then

(hr Ovr) (zy) = rmin{pr (zy),vr (zy)}
(

= rmin {rmin{fiy (z), fip (y)},rmin {vr (2), 07 (y) }}
rmin {r min {fiy (), V7 (=)}, min {zir (y) , o7 () }}
= rmin{(ir No7) (), (e No7) (Y)}
(yNor)(wy) = rmin{g; (vy),vr (zy)}
= rmin{rmin{z; (z), 5 (y)},rmin{vr (z), 07 (y)}}
rmin {r min {zi; (z), 77 ()}, min {zi; (y), 71 (y)}}
= rmin{(z; N71) (), (7 NV1) (y)}
(p NvFp) (zy) = rmin{ip (zy),vr (zy)}
= rmin{rmin{fip (z), 0 (y)},rmin{vr (2),0F (y)}}

rmin {r min {fy () ,v

)

and

(ArVr) (zy) = max{Ar (2y),nr (zy)}

max {max {\r (z)
max {max {\r (z),
max {(Ar V 1) (2)

(
7 (zy)}

IN

(Ar V) (zy) max {7 (zy),n

IN

max {max {\; (z

\/v

max {max {\; (z

max {(Ar Vn;) (z),(Ar V) (y)}
max {Ar (zy),np (xy)}

max {max {\r ()
max {max {\g ()
)

= max{(Ar Vnp)(2),

(Ar Vap) (zy)

IN

F
vp (x)},rmin{pg (y), ve (y)}}
rmin{(zp Nvr) (2), (e NVF) ()}

At ()} max {ng (z) . np (v) 1}
nr (2)}, max {Ar (y),
(AT Vo) (y)}

nr (y)}}

s A1 (y)}, max {ny (), 0y (y)}}
»r (@)}, max {7 (y),n

nr (Y)}}

AR ()} max {np (z),nr (y)}}
nr (2)}, max{Ar (y),np (y)}}
(ArVng) (y)}

Therefore AN B = (fip NV, iy NV, fip NVp, AT V ), ALV 0, Ap Vng) is a

NC subsemigroup of S.
The second property can be proved in a similar manner.

Proposition 6. If A =
18 a left NC ideal of a semigroup S, then A®Q BC AN B.

Proof. Let A =

(Jip, g, s Ay A1, AR) 48 right NC ideal and B =

(i, gy gy Ay Az, Ap) is right NC ideal and B

O

<;T751,§F777T,7771777F>

= (U, V1,00, N7, 1, )

is any NC ideal of S. Then by Theorem (2) and Theorem (3) we have A ®@ B T

ARSCAand AR BCS®BLC B. Thus AQ BC AN B.

O

Proposition 7. If S is a regular semigroup, then AQ B = AN B for every right NC

ideal A =
of S.

(s gy By Ay Ay Ar) and every left NC ideal B =

<§T,51,5F,UT,anI7”F>
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Proof. Let a be any element of S. Since S is regular, there exist an element z € S
such that a = axa. Hence we have

(ki ovr) (a)

rsup {rmin {fig (y) ,vr (2)}}

)
rmin {fr (az),vr (a)}
rwin {7z (a), 7 (a)
(ip Nor) (a)
rsup {rmin {zi; (y), 77 (2)}}

r(a)}
rmin{z; (a),v; (a)}
(7 Nr)(a)
rsup {rmin {zip (y),vr (2)}}

rmin {fip (ax), v (a)}
rmin{p (a),vr (a)}
(p NvF) (a)

Y Yy

(nrovr)(a)

rmin {g; (az),v

Y 1Y

(hpovr)(a)

Y 1Y

and

Arong) (@) = Amax{\r(y),nr(2)}
max {Ar (ax) , 7 (a)}
max {Ar (a) ,nr (a)}
= (A Nnp)(a)
A\ max {Xr (), n; (2)}

max {As (az) 1y (a)}
max {Ar (a), 7 (a)}

(Ar N (a)

A\ max{Ar (y) 0 ()}

a=yz
max {Ar (az),1p (a)}
max {Ar (a),np (a)}
= (ArNng)(ae)
and so A® B J AN B. It follows from Proposition (6) that AQ B=AMNB. O

INIA

(Areny)(a)

IAINA Il

(Ar onp) (a)

IAIA

We now discuss the converse of Proposition (7). We first consider the following
lemmas.

Lemma 1. [20]. For a semigroup S, the following conditions are equivalent.
(1) S is regular.
(2) RN L =RL for every right ideal R of S and every left ideal L of S.

Lemma 2. For a non-empty subset G of a semigroup S, we have
(1) G is a subsemigroup of S if and only if the characteristic NC set x =
</ETx’ﬁIx7ﬁFx7)‘TX’)‘1X7)‘FX> of G in S is a NC subsemigroup of S.
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(2) G is a left (right) ideal of S if and only if the characteristic NC set x =
<ﬁTX7ﬁIX7ﬁFX7)\TX’ /\Ix>)‘Fx> of G in S is a left (resp. right) NC ideal of S.

Proof. Straight forward O
Theorem 8. For every right NC' ideal A = (fip, iy, fip, A7, A1, Ay and every left

NC ideal B = <;T,517§F7UT77UI,UF> of a semigroup S, if A®B = ANDB, then
S is reqular.

Proof. Assume that A®B = ANDB for every right NC ideal A = (i, fiy, L, A1, A1, Ar) and
every left NC ideal B = <DT,DI,§F,77T,,771,77F> of a semigroup S. Let R and L
be any right ideal and left ideal of S, respectively. In order to see that RN L C
RL holds, let a be any element of RN L. Then the characteristic NC sets x, =

<'HTXR"EIXR’ILFXR’)\TXR’AIXR’)\FXR> and XL = <ﬁTXL’ﬁIXL’ﬁFXL’>\TXL’AIXL7>\FXL> are
a right NC ideal and a left NC ideal of S, respectively, by Lemma (2). It follows
from the hypothesis and proposition (3) that

and
ATy, (@) = (ATXR © ATXL) (a)

= ()‘TXR N ATy, ) (a)
1

1
Mg (@) = (An, oAy, ) (@)

A, (@) = (Ary, 0 Ak, ) (@)
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and so that ¢ € RL. Thus RN L C RL. Since the inclusion in the otherdirection
always holds, we obtain that RN L = RL. It follows from Lemma (1) that S is
regular. O

Let A = (fip, fig, fig, A7y A1, Ar) be a NC set in X. For any s,0,¢g € [0,1] and
t,i,f € D[0,1], we define U (A;[s,t],r) as follows:

U (4 (85 Fos.0.9)) = {o € X| (fir (2) = L7y (@) = L ip (@) = FoAr (@) < 5.0 (2) € 0,Ar (2) < g) |
and we say it is a NC level set of A = (i, fig, fip, AT, A1, Ar) (see[8]).

Theorem 9. For a NC set A = (lip, lig, fip, AT, A1, AF) in a semigroup S, the
following are equivalent:

(1) A= {fp,fif, i, AT, A1, Ap) is a NC subsemigroup of S.

(2) Ewvery non-empty NC level set of A = (jip, fir, fip, AT, AL, AR) i a subsemi-
group of S.

Proof. Assume that A = (lip, iy, i, A, A1, Ar) is a NC subsemigroup of S. let
x,ye U (A; <£Z, f, s, 07g>) for all s,0,9 € [0,1] and 1,1, fe DJ0,1]. Then g (z) =
Liig(@) =, fip (@) = [ and Ar(z) < s,M\1(2) < 0,Ap(z) < g, fir(y) = L7 (y) =
G ap(y) = [ and Ar(y) < s,Ar(y) < 0,Ap(y) < g. It follows form Definition
(2) that fip(zy) = rmin{gr (), ir (y)} = ¢ pr(zy) = rmin{p; (), 0, (y)} =

i, fip(zy) = rmin{jip (@), fip (1)} = f and Ar(zy) < max{Ar (@), A (y)} <
s, Ar(zy) < max{Ar(z),Ar (¥)} < o, Ar(zy) < max{Ar (z),\r(y)} < g.Hence

z,ye U (A; <ftv,;, f, S, 0,g>) and thus U (A; <t~,;7 f, S, 0,g>) is a subsemigroup of

Conversly, let s,0,¢g € [0,1] and i1, fe DJ0, 1] be a such that U (A; <t~,z f, s, 0, g>> #+

), and U (A; <ftv,zf,s,0,g>) is a subsemigroup of S. Suppose that Definition (2)

is false. Then there exist a,b € S such that fip(ab) % rmin{fp (a),ip (b)} or
fir(ab) £ rmin{f; (a),i; (b)}or fp(ab) Z rmin{fip(a),fip (b)} or Ar(ab) %
max{Ar (a) , Ar (b)}.or Ar(ab) & max{A; (a), A (b)} orAp(ab) £ max{Ar (a),\r (b)}.
If fip(ab) # rmin{fir (a),fig (b)}, then fp(ab) <t < rmin{fig (a),figp (b)} for
some t € DJ0,1]. Hence a,b € U (A; <f,;, f, s,o,g>> , but

ab ¢ U (A; <£Z f, 5,0,g>>
This gives a contradiction. Similar results can be deduced for any component
U (A; <357, f, 8,0,g>) :
Hence Definition (2) is valid, and therefore A = (lip, i, g, A1, A1, Ap) is a NC
subsemigroup of S. O

Theorem 10. For a NC set A = (fip, fif, fip, AT, A1, AR) in a semigroup S, the
following are equivalent:

(1) A= {pp, fig, b, AT, A1, Ap) is a left (resp. right) NC ideal of S.

(2) FEvery non-empty NC level set of A = (fig, lif, ig, AT, A1, AF) is a left (resp.
right) NC ideal of S.

Proof. It can be easily verified by the similar way to the proof of Theorem(9). O
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Denote by N(X) the family of NC sets in a sets X. Let X and Y be given
classical sets. A mapping h : X — Y induces two mapping N, : N(X) —
N(Y), A— Np(A), and N; ' : N(Y) — N(X), B+~ N, '(B), where N,,(A)
is given by

_ rsup fip () if hl(y)£0
Np(ap)(y) = y=h(z) |
[0, 0] otherewise
i rsupfip () if h7Hy) #0
Nin(pr)(y) = y=h(z) |
[07 O] otherewise
_ rsup fip (x) if hl(y)£0
Nu(ip)(y) = y=h(z) |
[0, 0] otherewise
inf A ; h_1
Ny(Ar)(y) = {y—h(z) 7 () Zf' (y) #0
1 otherewise
inf A if bl
NaO)) = { M@ i 1w 0
1 otherewise

inf /\F € 7 h—l 0
Nn(Ar)ly) = { y=h(z) () f (y) #

1 otherewise

for all y € Y; and N, '(B) is defined by N, ' (vr)(z) = vr(h(z)), N, ' (v1)(2) =
v1(h(2)), N, (7F)(z) = Dp(h(z)) and N, ' (n7)(x) = np(h(@), Ny, ' (np)(x) =
n;(h(x)), N; ' (np)(z) = np(h(z)) for all 2 € X. Then the mapping Ny, (resp. N, ') is
called a NC transformation (resp. inverse NC transformation) induced by h. A NC
set A = (lip, g, fig, A1, A1, Ar) in X has the NC property if for any subset C of X

there exists zg € C such that fip(x0) = rsuppip (z), 17 (z0) = rsupp; (z), fip(zo) =
zeC zeC

rxseucpﬁp () and Ar(zg) = migg)\T (), Ar(zo) = 9;11612)\1 (), Ap(z0) = ziggx\p (x).
Theorem 11. For a homomorphsim h : X — Y of semigroups, let N, : N(X) —
N(Y) and N;' : N(Y) — N(X) be the NC transformation and inverse NC
transformation, respectively, induced by h.

(1) If A= (lp, fig, bp, A, Ar, Ar) € N(X) is a NC subsemigroup of X which
has the NC property, then Np(A) is a NC subsemigroup of Y.

(2) If B = (vr,v1,vp, 07, n1,np) € N(Y) is a NC subsemigroup of Y, then
N, '(B) is a NC subsemigroup of X.

Proof. (1) Given h(z).h(y) € h(X), let o € h~(h(z)) and yo € h=(h(y)) be
such that

pir(zo) = rsup fip (a),py(zo) =  rsup  pg(a),pp(xo) = rsup  pp(a)
ach=1(h(x)) ach=1(h(x)) ach=1(h(x))
Ar(zg) = inf  Ap(a),Ar(zo) = inf  Ar(a),A\p(xo) = inf  Ap(a)

ach=1(h(x)) ach~1(h(x)) ach=1(h(x))
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and
(o) = rsup iy (b),pr(yo) = rsup  fip(b),ap(yo) = rsup  fip (b)
beh=1(h(y)) beh=1(h(y)) beh=1(h(y))
= inf  Ap(b), A = inf A7 (b), A = inf  Ap (b
(o) ven A O Arlwo) = inf A (), Arlyo) = inf Ar ()
respectively. Then
N (pi) (h () R (y)) = rsup  fip (2)
z€h~1(h(z)h(y))
= fr (zoyo) = rmin {fig (z0) , A7 (Y0)}
= rmin rsup fip(a), rsup Ly (b)
ach~1(h(x)) beh—1(h(y))
= rmin{Ny (i7) (h(z)), Nu (i) (h (y))}
Ny (pg) (h(z) h(y) = rsup  fig (2)
z€h=1(h(z)h(y))
= A (woyo) = rmin{£; (zo), Ay (Yo)}
= rmin rsup jpi;(a), rsup fi; (b)
a€h=1(h(z)) beh=1(h(y))
= rmin{Ny (1i7) (h(x)), Nu (117) (R (y))}
Ny (p) (h(z)h(y) = rsup - fip (2)

z€h=1(h(z)h(y))
= fip (zoyo) = rmin{fip (v0) , fip (Yo)}

= rmin rsup g (a), rsup fip(b)
ach=1(h(z)) beh=1(h(y))

= rmin{N, (i) (h(x)), Nn (2p) (h(y))}
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