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Abstract. In this paper, we defined the basic idea of the single-valued neutrosophic upper (ay)?, single-valued neutro-
sophic lower (@, )s and single-valued neutrosophic boundary sets (a,;)? of a rough single-valued neutrosophic set ay,
in a single-valued neutrosophic approximation space (¥, 5). Based on a, and 6, we introduced the single-valued neu-
trosophic ideal approximation interior operator intgn and the single-valued neutrosophic ideal approximation closure
operator Clgn. We joined the single-valued neutrosophic ideal notion with the single-valued neutrosophic approxi-
mation spaces and then introduced the single-valued neutrosophic ideal approximation closure and interior operators
associated with a rough single-valued neutrosophic set ;. single-valued neutrosophic ideal approximation connect-
edness and the single-valued neutrosophic ideal approximation continuity between single-valued neutrosophic ideal
approximation spaces are introduced. The concepts of single-valued neutrosophic groups and their approximations
have also been applied in the development of fuzzy systems, enhancing their ability to model and reason using uncertain

and imprecise information.

1. INTRODUCTION

Sometimes, it is not convenient to apply practical problems to real-life applications. Data
in medical sciences, economics, weather, climate changes, etc always involve various types of

uncertainties. Moreover, fuzzy systems have been extensively studied and applied in various
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domains due to their ability to handle uncertainty and imprecision. Fuzzy sets and fuzzy logic,
provide a flexible framework for modeling and reasoning with vague and uncertain information.
Fuzzy systems have found applications in areas such as control systems, decision support systems,
and pattern recognition. The integration of neutrosophic set theory with fuzzy systems offers an
intriguing avenue for further exploration. By incorporating the three membership functions of
truth, indeterminacy, and falsity, neutrosophic sets can provide an enhanced representation of
uncertainty. The combination of neutrosophic sets and fuzzy systems has the potential to improve
the modeling and decision-making capabilities by capturing and managing a wider range of
uncertainties that arise in real-world applications.

The notion of rough sets was given by Pawlak [1] referring to the uncertainty of intelligent
systems characterized by insufficient and incomplete information. Rough sets are defined de-
pending on some equivalence relation 6 on a universal finite set . The pair (¥,5) was called
an approximation space based on an equivalence relation imposed on #. In any approximation
space, the notions of lower approximation, upper approximation, and boundary region operators
of some subset could be induced. Many types of generalizations of Pawlak’s rough set have been
obtained by replacing equivalence relation with an arbitrary binary relation. On the other hand,
the relationships between rough sets and topological spaces were studied in [2]. A lot of fuzzy
generalizations of rough approximation have been proposed in the literature [3-7]. Irfan in [8]
studied the connections between fuzzy set, rough set, and soft set ( [9]) notions. Many papers
studied the relationship between fuzzy rough set notions and fuzzy topologies [10, 11]. Recently,
many researchers have used topological approaches in the study of rough sets and their applica-
tions. In [12], it was used the notion of ideal in soft rough ordinary topological space, and in [13],
the authors introduced fuzzy soft connectedness in the sense of Chang [14].

To exceed the difficulties in using the traditional classical methods the word neutrosophy is un-
derstood to be a tool for handling problems involving incomplete, indeterminate and inconsistent
information and the theory was initiated by Smarandache [15] as a generalization of fuzzy sets and
intuitionistic fuzzy sets. He defined the neutrosophic sets to be characterized by three membership
functions independently: truth, indeterminacy and falsity. For this reason, the neutrosophic set
theory becomes an attractive field for scientists and researchers who like to develop their concerns
and match up their works in this scope, such as Wang et al [16] who formed the single-valued
neutrosophic sets, Yang et al., and Qiu at al., [17,18] who proposed the single-valued neutrosophic
relations and single-Valued neutrosophic rough sets, and also Saber et al. [19-30] who famil-
iarized the concepts of single-valued neutrosophic ideal open local function and single-valued
neutrosophic topological space.

The incentive of this paper is to present a new better single-valued neutrosophic lower and
single-valued neutrosophic upper sets through which we get a more consistent single-valued neu-
trosophic boundary region set off a single-valued neutrosophic set a,;. From these single-valued

neutrosophic lower and single-valued neutrosophic upper sets, we introduced concepts of new
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single-valued neutrosophic interior and single-valued neutrosophic closure operators related to a
specific single-valued neutrosophic set a;, € ¢’ and that single-valued neutrosophic relation 6
on ¥ In the single-valued neutrosophic approximation space (¥, 6), based on this single-valued
neutrosophic interior and single-valued neutrosophic closure operators, we defined fuzzy approxi-
mation connectedness. Defining a single-valued neutrosophicideal on ¥ generates a single-valued
neutrosophic ideal approximation space in which a single-valued neutrosophic local function was
defined and many results are proved. Connectedness in single-valued neutrosophic ideal approx-
imation spaces (¥, 6, %) is defined and related with connectedness in single-valued neutrosophic
approximation spaces. Also, single-valued neutrosophic ideal approximation continuity among
two single-valued neutrosophic ideal approximation spaces were discussed.

In this study, ¥ denotes to an initial universe, £¢ is the collection of all single valued neutrosophic
sets (simply, SVNS) on F (where, & = [0,1],&0 = (0,1 and & = [0,1))

2. PRELIMINARIES

Definition 2.1. Let ¥ be a finite set, with a generic element in ¥ indicated by v. A SVNS [4] is defined
as:

an = {(v, 04, (v),35,(V),Ea, (V) 1V E F)

where gy, : F — & (Ba, called membership function), 5o, : & — & ( G, called nonmembership function)

and Gy, : FoE( Ca, called nonmembership function) of v to a,, with
0 < fa, (V) + 64, (V) + Ea,(v) <3
All characterizations and concepts of SVNS originate in found [19] and [17].

Definition 2.2. For any w € ¥, define a single valued neutrosophic coset (sample, SVN — coset) [w] :
F — [0,1] as:

5[(0] (V) = 55(0),1/), C[w} (V) = C};(a),v) Q[a}] (V) = 5‘5(0),1/), Yv e /;:, (21)
All elements v € F with SVNS value Gs5(w,v) < 1,55(w,v) < 1,85(w,v) > 0 are elements having
a membership value in the SVN — coset (], and any element v € F with &5(w,w) = 0, (w, w) =

0, 0s(w, w) = 1is not included in the SVN — coset [w]. Any SVN — coset [w] surely include the element

w € F, and consequently

57 (W) =0, 2p, (W) =0, YoeF, ay_ (o)) =1
30, (@) =0, &y (@) =0, WweF, oy (0l) =1
such that \/ .7 ([v]) = (0,1, 1).

Definition 2.3. Let us define the single-valued neutrosophic difference between two SVNSs as next:

0, if O, (C‘)> < Oe, (CU),
Oty A B(e,)c (@), otherwise.

@anxésn () = {
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30, V00, () = { X ()2 0 ()

i . (2.2)
Gay V O (e,)c (@), otherwise.

1’ # Can (C()) Z CE” (a))l
Cay V E(e,)c (@), otherwise.

Canvcgn (Cl)) = {

3. SINGLE-VALUED NEUTROSOPHIC IDEAL APPROXIMATION SPACES
Definition 3.1. A nonempty collection of SVNSs T of a set F is called single valued neutrosophic ideal [8]
(briefly, SVNI) on F if it satisfies the following:
1. (0,1,1) €h,
2. If B, (@) < Ge, (0), 54, (@0) = 5e, (@), Lo, (@) = e, (@) and o, € h, then, e, € h,Yw € F and

an, en €
3. If ay, & € i, then ((Gu, V Be, ) (@), (Gay A Ge,) (@) (Cay A Cer) (@) €1,V w € F and an, e € .
If hy and hy are SVNIs on F, we obtain hy is finer than hy [hy is coarser than hy| if hy 2 hy. The triple
(F,0,h) is said to be a single-valued neutrosophic ideal approximation space (briefly, SVNIAS). Denote the
trivial SVNI h° as a SVNI including only (0,1, 1).

Definition 3.2. Let (7:‘ ,0,1) be a SVNIAS and oy, € Cfc. Then, the single valued neutrosophic local set
[l (6,70) of aset e, € 7 is defined by:

[en]2, (6,1) = /\{nn € C?E L en ATy = (B, Ao, (@), 56, Vi, (@),
ésnvénn (w)) €h, Clg"(ﬂn) = Tty
Briefly, we will write [sn];n or [en];n (h) instead of [sn];n (6,h).

Corollary 3.1. Let (¥,06,h) be a SVNIAS and o, € %, where h° is the trivial single valued neutrosophic
ideal on F. Then, for each ¢, € <F, we have [en];n = CI5" (en)-

Proof. Since, h° = (0,1,1), we obtain
[511];”(6/ h) = /\{T(n € Cg} : Enxnn = <@SHK@RH (a))/ 56,1V5n,1(0))/ Cenvfnn (a))) = <O/ 1,1), Clg"(ﬂn) = Tfn}
this implies

[En];n (5’h) = /\{T(” € Cf: : @Sn (Cl)) < @nn (a))’égn (CL)) 2 6nn (a))Zgn (CL)) 2 Cnn (CL)),Clgn <n”) = n”} .

Since ¢, < CI5" (&,) , Cly" (Clg“ (en)) = CL" (e,), then [g,]; < CIg" (e,). Let CIY" (e,) £ [en] , then
/ ) = &n,(w),Clg" (11,) = 7y, so that
> Cr, (w) implies that (¢,)° < (7,)°

there exists 7, € (7, e, (@) < 0,
CI5" (en) > 1, But e, (@) < g, (@
and then

CLS" (&) = [(@n)s] V [en]® < [(@n)o]" V [m]” = CI" () = 7.

Contradiction, and then [en];n = CI5" (en). m]
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o @n [ @ [ @ | es ]| e
w1 || (1,0,0)1](0,1,1) | (0,1,1) 0,1,1) 0,1,1)
w2 || (0,1,1) | (1,0,0) | (0,1,1) 0,1,1) 0,1,1)
w3 (0/ 1/ 1) (0/ 1/ 1) (1/ 0/ 0) (0/ 1/ 1) (0/ 1/ 1)

ws || (0,1,1)1](0,1,1) | (0,1,1) (1,0,0) 0.2,0.2,0.2)
ws || (0,1,1)1(0,1,1) || (0,1,1) || (0.2,0.2,0.2) (1,0,0)
TaBLE 1. SVNRof 6

Example 3.1. This is an example that shows that [e,]}, < CI5" (en)-
Let 6 be SVNR on a set F = {w1, wa, w3, wa, ws) as shown down.
Assume that a,, = ((1,0,0),(1,0,0),(1,0,0),(0.1,0.1,0.1), (0.2,0.2,0.2)). Then,
Bae(@1) = G (@) A\ B (1) =0,

an (p)>0,u#wr

Sap(@1) = o, (0)V /(G () =1,

Clanp (@) = Gy (@)V N\ ) =1,

an (p)>0,u#w;
Hence, (ay)°(w1) = (0,1,1). Similarly, we can obtain (a,)°(w2) = (0,1,1) and () (w3) = (0,1,1).
Also,
@(an)ﬁ(wz;) = Oa, (w4) A \/ @[m](‘u) =0.1,

an(p)>0,u#ws

G (@3) = 0u, (@) vV [\ (@) (1) =02,
an(p)>0,u#wy

C((xn)é (0)4) = @an(wz}) \ /\ C[a}] (y) =0.2,

an ()>0,u#ws
Hence, (a,)®(wyq) = (0.1,0.2,0.2), and

O(an) (@5) = B, (@5) A \/ 0w (1) =02,

an (p)>0,u#wy

C(an)b (0)5) = Qa, (0)5) \ /\ C[m] (y) =0.2,

an (1)>0,u#w,
Thus (a,)°(ws) = (0.2,0.2,0.2) and than,

(an)? = ((0,1,1),(0,1,1),(0,1,1),(0.1,0.2,0.2), (0.2,0.2,0.2)),
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(am)s = ((1,0,0), (1,0,0), (1,0,0), (0.2,0.1,0.1), (0.2,0.2,0.2)),

[(an)s]° = ¢(0,1,1),(0,1,1),(0,1,1),(0.1,0.9,0.2), (0.2,0.8,0.2)).

Let, £, = ((0.3,0.3,0.3),(0,1,1),(0,1,1), (0,0.8,0.2), (0,0.8,0.2)}, then
(e2)° =((0,1,1), (0,1,1), (0,1,1), (0,0.8,0.2), (0,0.8,0.2)) and thus

Clg” (en) = [(an)s) V (Sn)(3 =((0,1,1),(0,1,1),(0,1,1),(0.1,0.8,0.2),(0.2,0.8,0.2)).
Assume that a SVNI is defined on F as follows
h={mnel m < ((0.5,0.3,0.3),(0.5,0.5,0.5),(0.5,0.5,0.5), (0.5,0.5,0.5), (0.5,0.5,0.5))}

Note that every m, € <, we have Clg‘” (m,) >¢(0,1,1),(0,1,1),(0,1,1),(0.1,0.9,0.2), (0.2,0.8,0.2)),
and recall that if €, € h, then [sn];n =(0,1,1) [By equations 2.1., ,A{0,1,1) = ¢, € h, Clg‘” ((0,1,1)) =
(0,1,1)] and szlg” (¢4) = €y and e, & 1, then [en];n =¢,.
Now, we get that ¥ 7, = {p,(0,1,1),(0,1,1),(0.1,0.9,0.2), (0.2,0.8,0.2)) for all p € I, we get
CI5" (110) = Ttn,
Form equations 2.1, we have ¢, AT, € h, and thus
lea]Z = ((0,1,1),(0,1,1),(0,1,1),(0.1,09,0.2), (0.2,0.8,0.2)) # CI%* (¢, .

Hence, [e4]; < CL3" (e4).

Proposition 3.1. Let (7~7, 0,h) be a SVNIAS and o, € Cf Then,
1. &y < vy, implies [SH]Z,, < [vn];n.
2. Ifhy, hy are SVNIs ideals on & and iy C o, then [e,]} (71) > [en]) (H2).
Cint} ([ea]) < lealy, = IO ([en]) < CI87 ().

(el )3, < Qi3 (leal?,)
ey Vval), < len Vool and [en]) Alvaly = [en Aval},.

Q1 = W

Proof. Suppose that [e,]; % [v4]} , then there exists 1, € 7 with CI5" (1) = 1w and vyAn, =
<@vnK@nn (@), 0, VI, (@), &0, Ven, (a))> € h such that

@[en];n(w) > On, (@) 2 Gy, 1+ (w),

*
an

Since €n < Uny then @snxéj’]n (CL)) @vnxgﬂn (CL)), 65nV577n (CU) > 6vnvaﬂn (CL)), CSnVCT]n ((l)) 2 CUHVCT]H (CL))

and (e, Ady, (@), 66,5y, (@), &, Ve, (w)) € hwith CI3" (n,) = 1. Thus,

Ofe) (@) < fjp,) (@), Ole, 2, () 26, (@), Clen] () = &y, (@),

*
an an
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which is a contradiction for equation (3) and hence [¢,]; < [va]}
(2): Suppose that [e,]* () # [en];n (1), then there exists 1, € (¥ with CIs" (1) = nn and
VAl = <Qvn/\gnn( ),av”Vonn(a)), EonVen, (a))> € hy such that

@[gn};n (h])(a)) < Oy, (w) < @[gn];n (hz)(a)),

Ole, 12 () (@) 2 Gy (@) > 5 12 ) (@) (3.2)

Cleas, () (@) 2 Enu (@) > Cpe ey (@)
Since iy C hip, then <@snK@nn (w), 8¢, V3p, (@), Ee,Vin, (a))) € Iy and C1" (11,) = .. Thus,
Oley)2, (1) (@) < O, (@) T ) (@) 2 81y ) (@), e ) (@) 2 Epy (@),

it is a contradiction for equation (4). Hence [e,] (1) 2 [e % a0, (12).
(3): inty" ([en]aﬂ) <[en]y < CI5” ([ ‘n]an) direct. Smce,

[‘Sn];n S Clg”(fn),
then CI3" ([ex]},) < CIZ" (e4).
*
(4): Since [e,]} < CL3"(&4), then [[en];n]an < CI"([en]})-
(5): From (1), we have &, < v, = [e,]; < [va]} , and so (5) is satisfied. mi
Definition 3.3. Let (73 ,0,1) be a SVNIAS and o, € C(F. Then,

(CL)A (en) = CL% (e4) V ((an)?)h Vee . (3.3)

(int2)* (e,) = int2 () A (((an)?)5 )¢ Veel . (3.4)

(CI5")%, and (ints")%  are single valued neutrosophic operators from <% into ¢ based on a specific SVNS
a, and SVNT h in the SUNAS (F,6).

Now, if i = h°, then
(CLEM)x (en) = CLI" (4 V o) = CIg" (en) = CL"((£n)}) = (€u)y, and

(intg")5, (en) = intd" (en V (an)) 2 intf" (e4) = intg" ((((€4))3,)) = (((n))3,)"
Proposition 3.2. Let (7:" ,0,N) be a SVNIAS with a,, € CT fixed. Then, for any e,,v € C(;r, we have:
L (inty")x (en) S inty" (e4) < &0 < CI" (e0) < (CIEM)E (e). .

2. (€, ((en)f) = (), (o) and (ingg)s, ((e0)) = (€182, ).
3. (Clo‘”); (en V1) = (Clg‘”);n (en) V (Cla”)an (1) and (in’c(S a (en ATty) = (intg”);n (en) A
(int") 7, (70n)-

(Cl“")a (en Amtn) = (CIgM)3, (en) A (CIg")3 (100) and (intg") X (eq V 1) = (int")x (ea) V

(int5") 7, (70n).

(CL5")x, ((CI5)E, (en)) = (CI)E, (en) and (intf") 3 ((intS")7, (ea)) < (int5")5, (n)-
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6. If en < 1y, then (CI5")3 (en) < (CIS")5, (1) and (ints")y (en) < (intg")3 (14).

ap an Qap ap

Proof. (1): From equations 3.3 and 3.4, we get the proof.
(2): From the Definition 3.3, we get that

[(intgn); (En)]c = [(intg”) (en) A (((Ofn)é);)c]c
= [int? (en)] v ((an)é);
=t ((en)) v (@),
= (c1),, ((en)):

By the same way, it can be shown that (int;")} ((gn)c) = ((Clg‘")* (sn))c.

ap

(3)-(5): from the Definition (int;")y and (CI{")% , we get the proof.

Qan
(6): From the Definition (int") and (Clg‘");n, we get e, < 1, = CI" (&) < Clg” (1tn) ,Yen, 1y €
%, and then (Clg‘”): () < (Cl‘g"): (1,,). Similarly, (intg‘”): (en) < (int‘g”): (1t0). m]

4. CONNECTEDNESS IN SINGLE VALUED NEUTROSOPHIC IDEAL APPROXIMATION SPACES

We begin this section by defining the notion of connectedness in single valued neutrosophic

ideal approximation spaces. Some of its characteristic properties are considered.

Definition 4.1. Let (,0) be a SVNAS and a, € <% Then,

1. The SUNSs ¢, v, € CF are called single valued neutrosophic approximation separated (briefly,
SVNA-separated) if

CI* (e0) A0y = & ACI" (0) = O,1,1).

2. A SWNS m, € 7 is called single valued neutrosophic approximation disconnected set (briefly,
SVNA-disconnected) if there exist SVNA-separated sets &, vy € C"P, such that €, Vv, = 1, A
SVNS m, is called single valued neutrosophic approximation connected (briefly, SVNA-connected)
if it is not SVNA-disconnected.

3. (F,0) is called single valued neutrosophic approximation disconnected space (briefly, SVNA-
disconnected space) if there exist SVNA-separated sets &, v, € C(f}, such that €, V v, = (1,0,0).
A SVNAS (F,0) is called SVNA-connected if it is not SVNA-disconnected

Definition 4.2. Let (‘f’ ,0,1) be a SVNIAS and o, € Cf Then,

1. The SVNSs e, v, € O are called single valued neutrosophic ideal approximation separated (briefly,
SVNIA-separated) if
*
an
(©5),

n

(en) AUy =¢€4 A (Cl‘g”): (vy) =¢0,1,1).

2. A SWNS m, € T is called single valued neutrosophic ideal approximation disconnected set
(briefly, SVNIA-disconnected) if there exist SVNIA-separated sets €,,v, € ", such that
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eEn VU, = Tu. A SVNS my, is called single valued neutrosophic ideal approximation connected
(briefly, SVNIA-connected) if it is not SVNIA-disconnected.

3. (F,6,h) is called single valued neutrosophic ideal approximation disconnected space (briefly,
SVNIA-disconnected space) if there exist SUNIA-separated sets ¢,, v, € C?F, such that ¢, Vv, =
(1,0,0). A SVNIAS (7:", 0,h) is called SVNIA-connected if it is not SVNIA-disconnected.

Remark 4.1. Any two SVNIA-separated sets ,,v, € C(f} are SVNA-separated as well (from that
* i

Cls" () < (Clg‘” >an (e4) ¥ 1, € T7). That is, neutrosophic ideal approximation disconnectedness implies

single-valued neutrosophic approximation disconnectedness and thus, single-valued neutrosophic approxi-

mation connectedness implies single-valued neutrosophic ideal approximation connectedness.

Example 4.1. This is an example that shows that [en];n < CIg" (&)
Let 6 be SVNR on a set F = {w1, w2, w3, wa, ws)} as shown down.

o er [ @ [ ws | @ | s
w1 || (1,0,0) 1 (1,0,0) | (0,1,1) || (0,1,1) | (0,1,1)
w2 || (1,0,0) | (1,0,0) || (1,0,0) | (0,1,1) | (0,1, 1)
w3 (O/ 1/ 1) (1/ 0/ 0) (1/ 0/ 0) (0/ 1/ 1) (0/ 1/ 1)
w4 (O/ 1/ 1) (0/ 1/ 1) (0/ 1/ 1) (1/ 0/ 0) (1/ 0/ 0)
ws | (0,1,1) ] (0,1,1) | (0,1,1) || (1,0,0) || (1,0,0)

TaBLE 2. SVNRof 6

Assume that a, = ((0,1,1),(0,1,1),(0.2,0.2,0.2),(1,0,0),(1,0,0)). Then,

B (@) = Ga (@) A\ B (1) =0,

an (1)>0,u#wn

(@) =0, (@) vV (@) ) =1,

an (p)>0,u#wy

Elapy (@1) = Dy, (1) V /\ o)) =1,
an ()>0,u#wy

Hence, (ay)?(w1) = (0,1,1). Similarly, we can obtain (a;,)°(w2) = (0,1,1) and

Oy (@3) = O, (@3) A \/ 0 (1) = 0.2,
a (1)>0,u#ws

O (@3) = O (@3) v\ (@) () =02,

an (u)>0,u#ws3
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Hence, (a,)°(ws) = (0.2,0.2,0.2) and

O(an)y (@4) = Oa, (04) A \/ 0w (1) =1,
G (a0 (W) = Ga, (ws) V /\ (G10)) (1) =0,

Clanp (@) = By (@) vV /\ Eu(w) =0,

an(p)>0,u#ws

Hence, (ay)?(ws) = (1,0,0). Similarly, (a,)®(ws) = (1,0,0). Thus, by equations (3) and (4) we get than

(ay)? =¢(0,1,1),(0,1,1),(0.2,0.2,0.2), (1,0,0), (1,0,0)) = (as)s,

[(a)s]¢ = ((1,0,0),(1,0,0), (0.2,0.8,0.2), (0,1,1), (0,1,1)).

Suppose that

(82}
3
~
—~
o
~
—_
~
—_
~—
~
—~

0,1,1),(0,1,1),(0.6,0.6,0.6), (0,1,1)),
0,1,1),(0,1,1),(0,1,1), (0.6,06,0.6)),

<
=
Il
~
—
(=}
~
—_
~
—_
~
~
—~

then
(Sn)é =¢(0,1,1),(0,1,1),(0,1,1),(0.6,0.6,0.6), (0,1,1)),
(vn)° =¢(0,1,1),(0,1,1),(0,1,1),(0,1,1), (0.6,06,0.6)),
and thus from Definitions Cl", int;" in [14], we get than
Clg" (en) = [(an)s]° V [En]é =((1,0,0),(1,0,0),(0.2,08,0.2), (0.6,0.6,0.6), (0,1,1))

, and also, Clg‘” (vn) = [(an)s]° V [vn]‘S =((1,0,0),(1,0,0),(0.2,08,0.2),(0,1,1), (0.6,0.6,0.6)), which
means that

Clg” (en) ANy = &x A Clg‘" (vy) =(0,1,1).
Thus, €, v, are SVNA-separated sets, and moreover the SVNS
(ex Vvy) =¢(1,0,0),(1,0,0),(0,1,1),(0.6,0.6,0.6), (0.6,0.6,0.6))

is SVNA-disconnected set.

Now, suppose
h={n, € 7 . <¢(0.7,0.7,0.7),(0.7,0.7,0.7), (0.7,0.7,0.7), (0.7,0.7,0.7), (0.7,0.7,0.7))}.
Then
((an)é)g =((1,0,0),(1,0,0),(0.2,0.2,0.2),(0.3,0.3,0.3), (0.3,0.3,0.3)).
Hence,

(Clg”); (ex) = ((1,0,0),(1,0,0),(0.2,0.2,0.2), (0.6,0.3,0.3), (0.3,0.3,0.3)),
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which means that
(Clg” );n (¢q) Avy =¢(0,1,1),(0,1,1),(0,1,1),(0,1,1),(0.3,06,0.6)) # (0,1, 1).

Hence, not every SVNA-separated sets are SUNIA-separated sets, and moreover, the SVNS set (en \% vn)
will be SVNIA-connected set whenever h # C and h # (0,1,1), that is, whenever h is a proper SVNI on
F.

Theorem 4.1. Let (7?, 0,h) be a SVNIAS and ay, € CGE. Then, the following are equivalent.

1. (¥,06,h) is SUNIA-connected.
* * .
2. en Av, = (0,1,1), (intg”)a (eq) = en,(intg”)a (vn) = vy and €, Vv, = (1,0,0) imply ¢, =
0,1,1) or v, = (0,1, 1).
3. en Aoy = (0,1,1),(C18%)"

(eq) = en,(Clg‘"): (vn) = vy and &, V v, = (1,0,0) imply ¢, =
0,1,1) or v, = (0,1, 1).

Proof. (1) = (2) : Let ey, vy € 7 with (intg”); (en) = en,(intg”); (vn) = vy such that e, A v, =
(0,1,1) and ¢, V v, = (1,0,0). Then, from (2) in Proposition 3.2., we get that

(Cl5")a, (en) = (CIM)3, (0a)%) = ((intg")g, (va))* = (Va)° = €n,

(CI")2, (va) = (CIg)x ((en)) = ((ingg")7, ()" = () = Vi,

Hence, (Clg”): (en) Aoy = & A (Clg‘”): (vn) = e Avy, = (0,1,1). That is, &,,v, are
SVNIA-separated sets so that ¢, Vv, = (1,0,0). But (f', 0,h) is SVNIA-connected implies that
&, =140,1,1)orv,, =<0,1,1).

2)=(3):(3) = (1) : Clear. mi
Theorem 4.2. Let (¥,68,1) be a SVNIAS and a,, € (7. Then, the following are equivalent.

1. &, is SVNIA-connected set.
2. If vy, T, are SVNIA-separated sets with ¢, < (v, V ), then e, Av, =(0,1,1) or ¢y ATty =
0,1, 1).

3. If vy, i, are SVNIA-separated sets with e, < (v, V Ty, then e, < v, 0F €, < Ty

Proof. (1) = (2) : Let vy, 1, are SVNIA-separated sets with ¢, < (v, V 7,,). That s,
*
a

*
(Clg‘") ) (Un) ATty = vy A (Clgn)an (r,) = (0,1,1).
So that ¢, < (v, V 1,). Since

(CIS)A (en Avp) A(en At) = (CI")3 (en) A (CIS")3 (Un) A (€0 ATy)
= (CI5")x, (en) A en A (CIE") 3 (Un) ATy

=(0,1,1).
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(CIS)A (en Amtp) A(en Avn) = (CI")5 (en) A (CIS")3 (Ttn) A (€0 Avy)
= (CI5")x, (en) A en A (CIE") 3 (T00) A vy

=(0,1,1).

Then, (1 Av) and (u A p) are SVNIA-separated sets with €, = (e, Av,) V (¢4 ATty). But g, is
SVNIA-connected means that ¢, Av, =(0,1,1)or e, A7, =0,1,1).

2= (3):If e, Avy, =4(0,1,1), &y < (v, V 71,) means that e, = ¢, A (0, VT1,) = (€4 AVy) V (€4 A
7,) = (&én A Ty) and thus (e, < 7y,). Also, if ¢, A, =(0,1,1), then ¢, < v,,.

(3) = (1): Let vy, 1, be SVNIA-separated sets so that ¢, = v, V m,,. Then, from (3), ¢, < v, or

&q <My If e, <v,, then
Ty = (Vn V1) ATty = €y AT < Uy ATTy < (Clg”);n(vn) AT, =40,1,1).
Also, if u < p, then
Un = (Vg V Ttn) AUy = €4 AUn < Ty Avy < (CIE") 3 (100) A vy = (0,1, 1).
Hence, €, is SUNIA-connected set. O

Definition 4.3. Let (7" ,0), (G,0%) be two SVNAS and a,, € C¢, ¢, € (Y are SVNSs. Then, the
mapping f : (F,8) — (G,06%) is called single valued neutrosophic approximation continuous (briefly,
SVNA-continuous) if f (int{: (v,)) < ints"(f ™ (va)) V vy € . )
Equivalently. f is called SVNA-continuous if f~*(Clyi (v,)) = CIs" (f ™ (va)) ¥ va € .

Definition 4.4. A mapping f : (¥,0,h) — (G, 6*) is called single valued neutrosophic ideal approxima-
tion continuous (briefly, SUNTA-continuous) if f~ (intj: (v,)) < (intg")5 (f‘l(vn))\!vn e (g
Equivalently. f is called SVNTA-continuous if f~(CI{1) (va) 2 (CIg")x (f~!(va))V0, € co.

ay

Every SVNIA-continuous mapping will be SVNA-continuous as well (from (1) in Proposition

3.2.) but not converse.

Remark 4.2. Since i and 1™ are independent SVNIs on F and G respectively, then the mapping f :
(F,6,) — (G, 6%, 1*) still not SUNIA-continuous in general even if we have taken f is a bijective map
with respect to ay, € & and flan) € 5 and the SYNR S an F and 6* on G wrere 6* = 5o (f‘l xf‘l) =
(f X f)(0). This special case itself could be as an example of a SVNA-continuous mapping but not

SVNIA-continuous in general

Theorem 4.3. Let (7:', o,h), (G,(S*,h*), associated with o, € C¢, &y € CG respectively, be SVNIAS and
f:(F,5,h) — (G,06*,h*) is a SUNIA-continuous mapping. Then, f(n,) € (Y is a SUNIA-connected
set if 1, is @ SUNIA-connected set in F.

Proof. Letv,, 1, € % be SVNIA-separated sets with f(nu) = vp V7, Thatis, (Clgi)s*n(vn) AT, =
CI5) 2 (mtu) Avy = (0,1,1). Then, 1, < (f‘l(vn) Vv f‘l(nn)), and from f is SVNIA-continuous, we
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get that
(CI)x, (FH wn)) A fH () < fHCIG (vn)) A f7H ()
= fH(CI (va) A) = £71((0,1,1))
=(0,1,1).
and similarly, we have
(CI)x, FH ) A fH (on) < fHCIG (7)) A f7H (un)
= f_l(CIfgi (7tn) Avy) = f_l {0,1,1))
=(0,1,1).
Hence, f~!(v,) and f~1(r,) are SUNIA-separated sets in & so that 1, < (f~1(v,,) vV f~(m,)). But
by (3) in Theorem (4.2), we get that n, < f~'(v,) or , < f~!(m,) which means that f(1,,) < v, or

f(nu) < 1. Thus, from that 1, is SVNIA-connected set in 7, and again from (3) in Theorem (4.2),
we get that f(1),,) is SUNIA-connected in G. o

The implications in the following diagram are satisfied whenever f is SVNIA-continuous.

1y is SUNA-connected — 1), is SVNIA-connected

3 8
f(nn) is SVNA-connected — f(7),,) is SVNIA-connected
7 7
1y is SUNIA-connected Ny is SVNA-connected

Only the implications in the following diagram are satisfied whenever f is SUNA-continuous.

Ny is SUNA-connected — 1), is SVNIA-connected

3 8
f(11n) is SUNA-connected — f(1,) is SVNIA-connected
T

1 1s SUNIA-connected
Example 4.2. Let F =G = {w1, wa, w3, wa} and f: F — G such that

flw1) = flw2) = w1, flws) =w2, f(ws) = ws,

6 and & are SVNR on F, G respectively as follows:
Assume that
an ={(1,0,0),(1,0,0),(1,0,0),(0.2,02,02)y e .,

and
n. =¢(0,1,1),(0.3,0.3,0.3), (0.5,0.5,0.5), (0.2,0.2,0.2)) € CQ
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o @ | e | e | e
w1 | (1,0,0) || (0,1,1) 0,1,1) 0,1,1)
wy || (0,1,1) | (1,0,0) 0,1,1) 0,1,1)

w3 | (0,1,1)1(0,1,1) (1,0,0) (0.3,0.3,0.3)

wy | (0,1,1)1(0,1,1) 1 (0.3,0.3,0.3) (1,0,0)
TaBLE 3. SVNRof &

o]l e | e | e | e |

w1 (1,0,0) (0.5,0.5,0.5) || (0.5,0.5,0.5) | (0,1,1)

wy || (0.5,0.5,0.5) (1,0,0) (0.5,0.5,0.5) || (0,1,1)

ws || (0.5,0.5,0.5) | (0.5,0.5,0.5) (1,0,0) 0,1,1)

w4 (0/ 1/ 1) (0/ 1/ 1) (0/ 1/ 1) (1/ O/ 0)
TaBLE 4. SVNRof 6

Then,

Hence, (ay)?(w1) = ()% (@2) = (a)°(w3) = (0,1,1). Also,

Bap (@) = 8o, (@) A\ B () =02,

an ()>0,u#w,

Sapp (@1) = Ga, @)V [\ () (1) =03,

an (1)>0,u#wy

Clan)? (w4) = Ba, (ws) V /\ C[w](y) =0.3,

an (1)>0,u#ws

Thus, (a,)®(w4) = (0.2,0.3,0.3) and than,

(an)® = ((0,1,1),(0,1,1),(0,1,1), (0.2,0.3,03)),
(am)s = ((1,0,0),(1,0,0), (1,0,0), (0.3,0.2,0.2)),

[(an)s]¢ = ((0,1,1),(0,1,1),(0,1,1),(0.2,0.8,0.3)).
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For By = ((0,1,1), (0,1,1),,(0.2,0.8,0.2), (0,1,1)) € C, we get that
FH(Bn) = 0,1,1)
and then C15" (f~'(Bn)) = (0,1,1). Since

(nn)s = (0.5,0.5,0.5), (0.5,0.3,0.3), (0.5,0.5,0.5), (1,0,0),
(Bx)" =((0,1,1),(0,1,1),(0.2,0.8,0.5), (0,1,1)),

[(n)s]¢ = ((0.5,0.5,0.5), (0.3,0.7,0.5), (0.5,0.5,0.5), (0,1, 1)).
Then, CL (B,) = [(nu)s]° V ()% = ((0.5,0.5,0.5),(0.3,0.7,0.5), (0.5,0.5,0.5), (0,1, 1)). Thus,
fH(CL(By)) = ((0.5,0.5,0.5), (0.5,0.5,0.5), (0.3,0.7,0.5), (0,1,1)) > (0,1,1) = CL3"(f ' (Bx))

. Hence, there is a fuzzy set B, € g satisfying the condition of single valued neutrosophic approximation
continuity. Next, we will show that B, itself will not satisfy the condition of fuzzy ideal approximation
continuity.

Since, Clg" (F~Y(Bn)) = (0,1,1), then

(€L (F71Bn)) = C2 (£ (B) v ((@n)®), = ((@n))2,,
that is,
(€ (F71(Bn)) = 1(0,1,1),(0,1,1),(0,1,1), (0.2,03,03))},

Now, define a single-valued neutrosophic ideal i over ¥ as next
pehe ¢<{((1,00),(1,0,0),(0.2,0.2,0.2),(0.2,0.2,0.2))}
. Then, from being Clg” (tn) = (an)§ V (pn)® 24(0,1,1),(0,1,1),(0,1,1),(0.2,0.8,0.3)), we get that,
(€ (F71(Bn)) = 1(0,1,1),(0,1,1),(0.2,0.8,0.2), (02,0.8,0.2))}.

according to the definition of h and the definition of

[al, (0,1) = N\ tvi € T : tuAvy = (0, N, (@), 5, V0, (@), 1, Ve, (@) € h, CIE" () = v}
. Hence, we obtain

f- (Cl"" (Bn)) =((05,0.5,0.5),(0.5,0.5,0.5),(0.3,0.7,0.5), (0,1, 1)) £ (CI3")x, (f_1 (ﬁn))

= {((0,1,1),(0,1,1),(0.2,0.8,0.2), (0.2,0.8,0.2))}

Therefore, not any single-valued neutrosophic approximation continuous map must be a single-valued

neutrosophic ideal approximation continuous but the converse is a must.
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5. CoNCLUSION

In this paper, we introduced the notion of single-valued neutrosophic approximation space.
Joining a single-valued neutrosophic ideal to the single-valued neutrosophic approximation space,
we got a single-valued neutrosophic ideal approximation space with other properties different from
those of single-valued neutrosophic approximation spaces. In future work, we will define single-
valued neutrosophic approximation rough groups and single-valued neutrosophic approximation

rough rings as applications of this paper.

Discussion for further works: The theories that were used in this article could be extended to
study some similar notions in the neutrosophic metric topological spaces.
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