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Abstract

In this research article, we present a novel frame work for handling nutrosophic soft information by
combining the theory of nutrosophic soft sets with graphs. We introduce the certain notions including
neutrosophic soft graphs, strong neutrosophic soft graphs, complete neutrosophic soft graphs, and
illustrate these notions by several examples. We then discuss various methods of their construction
and investigate some of their related properties. We also present an application of neutrosophic soft
graph in decision making.
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1 Introduction

The concept of fuzzy set theory was introduced by Zadeh [31] to solve difficulties in dealing with uncer-
tainties. Since then the theory of fuzzy sets and fuzzy logic have been examined by many researchers
to solve many real life problems involving ambiguous and uncertain environment. Atanassov [7] intro-
duced the concept of intuitionistic fuzzy sets as an extension of Zadeh’s fuzzy set [31]. The concept
of intuitionistic fuzzy set can be viewed as an alternative approach when available information is not
sufficient to define the impreciseness by the conventional fuzzy set. In fuzzy sets the degree of accep-
tance is considered only but intuitionistic fuzzy set is characterized by a membership(truth-membership)
function and a non-membership(falsity-membership) function, the only requirement is that the sum of
both values is less than one. Smarandache [27] initiated the concept of neutrosophic set in 1995. A
neutrosophic set is characterized by three components: truth-membership, indeterminacy-membership,
and falsity-membership which are represented independently for dealing problems involving imprecise,
indeterminacy and inconsistent data. Wang [29] introduced the concept of single valued neutrosophic
set(SVNS) and defined the set theoretic operators on an instance of neutrosophic set called single valued
neutrosophic set.

Molodtsov [23] introduced the concept of soft set theory as a new mathematical tool for dealing with
uncertainties. Molodtsov’s soft sets give us new technique for dealing with uncertainty from the view-
point of parameters. It has been revealed that soft sets have potential applications in several fields. Some
new operations on soft sets proposed in [6]. The algebraic structure of soft set theory and fuzzy soft set
theory dealing with uncertainties has also been studied in more detail [4, 5, 34, 35, 36]. Cagman et al
[10, 11, 12] presented applications of fuzzy soft set theory, soft matrix theory and intuitionistic fuzzy soft
set theory in decision making. Maji et al [18, 19, 20] proposed fuzzy soft sets, intuitionistic fuzzy soft
sets and neutrosophic soft sets. Said and Smarandache [26] proposed intuitionistic neutrosophic soft set
and its application in decision making problem. Deli and Broumi [13, 14, 15] introduced several concepts
including neutrosophic soft relations, neutrosophic soft matrices and neutrosophic soft multi-set theory.



Based on Zadeh’s fuzzy relations [32] Kaufanm defined in [17] a fuzzy graph. Rosenfeld [25] described
the structure of fuzzy graphs obtaining analogs of several graph theoretical concepts. Bhattacharya [8]
gave some remarks on operations on fuzzy graphs introduced by Mordeson and Nair in [24]. Akram et
al.[1-3] introduced many new concepts, including soft graphs, fuzzy soft graphs and operations on fuzzy
soft graphs. In this research article, we present a novel frame work for handling nutrosophic soft infor-
mation by combining the theory of nutrosophic soft sets with graphs. We introduce the certain notions
including neutrosophic soft graphs, strong neutrosophic soft graphs, complete neutrosophic soft graphs,
and illustrate these notions by several examples. We then discuss various methods of their construction
and investigate some of their related properties. We also present an application of neutrosophic soft
graph in decision making.

2 Preliminaries

In this section, we review some basic concepts that are necessary for fully benefit of this paper.

Definition 2.1. [27] Let X be a space of points (objects). A neutrosophic set A in X is character-
ized by a truth-membership function T4 (x), an indeterminacy-membership function I4(z) and a falsity-
membership function F4(z). The functions T'4(x), Ia(x), and F4(x) are real standard or non-standard
subsets of |07, 1%[ . That is, Ta(z) : X — 07,17, 1a(z) : X — ]07,1[ and Fa(z): X — ]07,17]
and 0~ < Ta(z) + Ia(z) + Fa(z) < 3". From philosophical point of view, the neutrosophic set takes
the value from real standard or non-standard subsets of ]0~, 17 [. In real life applications in scientific and
engineering problems, it is difficult to use neutrosophic set with value from real standard or non-standard
subset of 07,17, it is considered the neutrosophic set (single valued neutrosophic set) which takes the
value from the subset of [0, 1].

Definition 2.2. [27] A neutrosophic set set A is contained in another neutrosophic set B, i.e., A C B if
Vae X, Ta(x) <Tp(z),lsa < Ip(z) and Fa(z) > Fp(z).

Wang et al. [29] introduced the the notion of single valued neutrosophic set(SVNS). Single valued
neutrosophic set is an instance of neutrosophic set which can be used in real life application in scientific
and engineering problems.

Definition 2.3. [29] Let X be a space of points (objects), with a generic element in X denoted by z.
A single valued neutrosophic set (SVNS) A in X is characterized by truth-membership function T'4(x),
indeterminacy-membership function [4(z) and falsity-membership function F4(x). For each point z in
X, Ta(x),La(z), Fa(x) € ]0,1], ie.,

A={{x,Ta,14(x),Fa(z)):x € X} and
0<TA(z)+ IA(x)+ FA(x) <3

Definition 2.4. [29] The complement of a neutrosophic set A over X is denoted by A¢ and is defined by
A= {(x, Fa(x),1 = Is(x), Ta(z)) : v € X}.

Definition 2.5. [29] The union of two single valued neutrosophic sets A and B is a single valued
neutrosophic set C = A U B, truth-membership, indeterminacy-membership and falsity membership
functions of C' is defined by

Te(z) = max{Ta(z),Ts(x)},
Ic(z) = max{la(z),Ip(z)},
Fo(z) = min{Fa(z),Fp(z)} Ve X.



Definition 2.6. [29] The intersection of two single valued neutrosophic sets A and B is a single valued
neutrosophic set C = A N B, truth-membership, indeterminacy-membership and falsity membership
functions of C' is defined by

Te(z) = min{Ta(z),Ts(z)},
Ic(z) = min{la(z),Ip(z)},
Fo(z) = max{Fa(z),Fp(z)} Ve X.

Definition 2.7. [16]A neutrosophic graph is defined as a pair G* = (V, E) where

(i) V = {v1,v2,v3, -+ ,vp} such that Ty : V — [0,1], I : V — [0,1] and F; : V — [0,1] denote the
degree of truth-membership function, indeterminacy-membership function and falsity-membership
function, respectively, and

0<Ti(v)+ L(v)+ Fi(v) <3 VYwveW

(i) ECV xV where To : E — [0,1], I : E — [0,1] and F : E — [0,1] are such that
1> (UU) < T (U)}a

L(uw) < min{l(u), [ (v)},

Fy(uwv) < max{F(u), Fi(v)},

~

min{T} (u

~—

and 0 < Th(uv) + Io(uwv) + Fa(uv) <3 YV uv € E.

Soft set theory was proposed by Molodtsov [23] in 1999. This theory provides a parameterized point
of view for uncertainty modelling and soft computing. Let U be the universe of discourse and P be the
universe of all possible parameters related to the objects in U. Each parameter is a word or a sentence.
In most cases, parameters are considered to be attributes, characteristics or properties of objects in U.
The pair (U, P) is also known as a soft universe. The power set of U is denoted by 22 (U).

Definition 2.8. A pair (F,A) is called soft set over U, where A C P, F is a set-valued function
F:A— Z(U). In other words, a soft set over U is a parameterized family of subsets of U.

By means of parametrization, a soft set produces a series of approximate descriptions of a complicated
object being perceived from various points of view. It is apparent that a soft set Fq4 = (F, A) over a
universe U can be viewed as a parameterized family of subsets of U. For any parameter ¢ € A, the subset
F(e) C U may be interpreted as the set of e-approximate elements.

Definition 2.9. [20] Let U be an intitial universe and P be a set of parameters. Consider A C P. Let
P(U) denotes the set of all neutrosophic sets of U. The collection (F, A) is termed to be the neutrosophic
soft set over U, where F' is a mapping given by F : A — P(U).

Definition 2.10. [20] Let (F, A) and (G, B) be two neutrosophic soft sets over the common universe
U. (F,A) is said to be neutrosophic soft subset of (G, B) if A C B, and Tp(c)(z) < Tg(e)(x), Ipee)(x) <
Igeey(x) and Fpey(x) > Fgey(x) foralle € M,z € U.

Definition 2.11. [28] Let (H,A) and (G, B) be two neutrosophic soft sets over the common uni-
verse U. The union of two neutrosophic soft sets (H,A) and (G, B) is neutrosophic soft set (K,C) =
(H,A) U (G, B), where C = AU B and the truth-membership, indeterminacy-membership and falsity-
membership of (K, C) are defined by

Tr(e) (), ifee A—B,
TK(e) (:E) = Tg(e)(x), ifee B— A,

maX(TH(e) (z), Tg(e) (x)) ifee ANB.



IH(e)(Z‘), ifee A— B,

Ixe)(@) = 1o (@), ifee B—A4,
max (I ey (), Ige)(x)) ifee ANB.
Frey (), ifeec A— B,

Fr(e)(@) =4 Foe (@), if e B— A,

min(FH(e) (z), Fg(e) (x)) ifee ANB.

Definition 2.12. [28] Let (H,A) and (G, B) be two neutrosophic soft sets over the common uni-
verse U. The intersection of two neutrosophic soft sets (H,A) and (G, B) is neutrosophic soft set
(K,C) = (H,A) U (G,B), where C = AN B and the truth-membership, indeterminacy-membership
and falsity-membership of (K, C) are defined by

Trey(@), ifec A— B,
T e)(@) =4 Tae (@), ifee B— A,
min Ty o) (7), Ty (v)) ife€ ANB.
The) (@), ifec A— B,
Ix(e)(x) =9 I (@), ifee B—A4,
min(lg ) (2), Ige)(z)) ifee ANB.
Fry(e)(2), ifec A— B,
Fie)() = Foe (@), if e € B— A,

max(Fg ey (2), Fae)(z)) ifec ANB.

Definition 2.13. Let (H, A) and G, B be two neutrosophic soft sets over the same universe U. The
Cartesian product of (H, A) and (G, B) is denoted by (H, A)x (G, B) = (K, Ax B), the truth-membership,
indeterminacy-membership and falsity-membership functions of (K, A x B) is defined by

Tr(ap)(u) = min{Tya)(w), Taw) (v},
I(apy(w) = min{Ir(a)(w) 150 ()}
FK(a,b) ('LL) = maX{FH(a) (U), FG(b) (U)}

Definition 2.14. Let (H,A) and G, B be two neutrosophic soft sets over the same universe U. A
neutrosophic soft relation from (H, A) to (G, B) is of the form (R, C), where C C A x B and R(x,y) C
(H,A) x (G, B) for all (z,y) € C.

3 Neutrosophic soft graphs

Let U be an initial universe and P be the set of all parameters. P(U) denotes the set of all neutrosophic
sets of U. Let A be a subset of P. A pair (F, A) is called a neutrosophic soft set over U. Let P(V)
denotes the set of all neutrosophic sets of V' and P(F) denotes the set of all neutrosophic sets of E.

Definition 3.1. A neutrosophic soft graph G = (G*, F, K, A) is an ordered four tuple if it satisfies the
following conditions:

(i) G* = (V, E) is a simple graph,

(ii) A is a non-empty set of parameters,
(iii) (F,A) is a neutrosophic soft set over V,
(iv) (K, A) is a neutrosophic soft set over E,
) (P(e),

e)) is a neutrosophic graph of G*, then
K(e)) phic grap

TK(e) (xy) < min{TF(e) (.13), TF(e) (y)}a



Ik (ey(zy) < min{lpe) (2), Ire) (¥)},
Fi(ey(zy) < max{Fp(e)(v), Fre)(y)}
such that
0 < Tx(ey(wy) + Ix(e)(y) + Frey(wy) < 3
Veec A, z,yeV.

The neutrosophic graph (F(e), K(e)) is denoted by H(e) for convenience. A neutrosophic soft graph is
a parameterized family of neutrosophic graphs. The class of all neutrosophic soft graphs is denoted by
NS(G*). Note that Ti(e)(zy) = Ix(e)(zy) = 0 and Fi(e)(zy) =1Voy € V xV — E,e ¢ A.

Definition 3.2. Let G; = (F1, K1, A) and Go2 = (Fy, K3, B) be two neutrosophic soft graphs of G*.
Then G is neutrosophic soft subgraph of G if

(i) ACB
(ii) Hi(e) is a partial subgraph of Hy(e) for all e € A.

Example 3.1. Consider a simple graph G* = (V, E) such that V' = {v1,v2,v3,v4} and E = {vyv2, v103, U104, U204, U304 }.
Let A = {e1, ea} be a set of parameters and let (F, A) be a neutrosophic soft set over V' with neutrosophic
approximation function F : A — P(V') defined by

F(er) = {(v1,0.5,0.4,0.6), (v2,0.2,0.6,0.7), (v3,0.2,0.4,0.5), (v4,0.1,0.4,0.3)},

F(ez) = {(v1,0.2,0.3,0.5), (v2,0.4,0.7,0.3), (v3,0.6,0.7,0.4), (v4,0.2,0.4,0.5) }.

Let (K, A) be a neutrosophic soft set over E with neutrosophic approximation function K : A — P(E)
defined by

K(e1) = {(v1v2,0.1,0.3,0.5), (v1v3,0.2,0.3,0.3), (v104,0.1,0.2,0.4)},

K(es) = {(v1v3,0.1,0.2,0.4), (vav4,0.1,0.3,0.4), (v304,0.2,0.3,0.5)}.

Clearly, H(e1) = (F(e1),K(e1)) and H(ez) = (F(e2), K(e2)) are neutrosophic graphs corresponding to
the parameters e; and es, respectively as shown in Figure. 3.1.

v1(0.5,0.4,0.6) (0.1,0.3,0.5) v2(0.2,0.6,0.7)

v1(0.2,0.3,0.5) v2(0.4,0.7,0.3)

—~

(0.2,0.3,0.3)
(0.1,0.3,0.4)

(0.1,0.2,0.4

v3(0.6,0.7,0.4) (0.2,0.3,0.5) v4(0.2,0.4,0.5)

H{(es)

v4(0.1,0.4,0.3)
H(e1)

v3(0.2,0.4,0.5)

Figure 3.1: Neutrosophic soft graph G = {H(e1), H(e2)}.

Hence G = {H(e1), H(e2)} is a neutrosophic soft graph of G*. Tabular representation of a neutro-
sophic soft graph is given in Table. 1.

Table 1: Tabular representation of an intuitionistic fuzzy soft graph.

F U1 Vg V3 Uy

e1 | (0.5,0.4,0.6) | (0.2,0.6,0.7) | (0.2,0.4,0.5) | (0.1,0.4,0.3)

es | (0.2,0.3,0.5) | (0.4,0.7,0.3) | (0.6,0.7,0.4) | (0.2,0.4,0.5)
K VU9 Vo3 V103 V104 VU4 V34
e; | (0.1,0.3,0.5) | (0.0,0.0,0.0) | (0.2,0.3,0.3) | (0.1,0.2,0.4) | (0.0,0.0,0.0) | (0.0,0.0,0.0)
es | (0.0,0.0,0.0) | (0.0,0.0,0.0) | (0.1,0.2,0.4) | (0.0,0.0,0.0) | (0.1,0.3,0.4) | (0.2,0.3,0.5)




Definition 3.3. The neutrosophic soft graph Gy = (G*, F1, K1, B) is called spanning neutrosophic soft
subgraph of G = (G*, F, K, A) if

(i) B C A,

(i) Ty (e)(v) = Tr(e) (v),
I, () (v) = Ip(e)(v),
FFl(e) (U) = FF(e) (U) foralle e A,v e V.

Definition 3.4. Let G; = (F1, K1, A) and G2 = (F3, Ko, B) be two neutrosophic soft graphs of G} =
(V1, E1) and G5 = (Va, Es), respectively. The Cartesian product of G7 and Gs is a neutrosophic soft
graph G = G1 x Gy = (F,K,A x B), where (F = F; x F3, A x B) is a neutrosophic soft set over
V = Vi x VW, (K = K; x Ko, A x B) is a neutrosophic soft set over E = {((u,v1), (u,v2)) : u €
W1, (v1,v2) € Ea} U {((u1,v), (u2,v)) : v € Va,(u1,u2) € E1} and (F, K, A x B) are neutrosophic soft
graphs such that

(1) Treap (u,v) = Tr (o) (u) ATr,p) (v),
Ip(a b)(uﬂ/) = Ip,(a)(u) A gy (v),
FF(ab (U,’U) FF1(a)(U') \ FFz(b ( ) v (U,’U) € ‘/7 (aab) € Ax Bv

(i) T (a,p)((u,v1), (u, Uz) T u) A Tre, () (v1,v2),

I (o) ((w, v1), (u,02)) = 1((1.) /\IKQ(b)(UhUz)

Frap ((w,v1), (u,v2)) = FFl(a) )V Fre,p)(v1,v2) Y u € Vi, (v1,v2) € Ea,
(i) T (a,p) ((u1,v a(UQ;U):TF V) A T, (a) (U1, u2),

Tic(am (( Ul, ), (u2,v)) = /\IKl(a)(Ul,Uz)

Fr(ap) ((u1,0), (uz,v)) = FFQ(b)( V)V F, (a)(u1,u2) Vv € Vo, (u1,uz2) € Ey.
H(a,b) = Hi(a) x Ha(b) for all (a,b) € A x B are neutrosophic graphs of G.

Example 3.2. Let A = {ej,ea} and B = {e3,es} be a set of parameters. Consider two neutrosophic
soft graphs Gy = (H1, A) = {Hi(e1), Hi(e2)} and Gy = (Ha, B) = {Haz(e2), H2(e3)} such that
Hy(er) = ({(u1,0.2,0.4,0.6), (uz, 0.4,0.5,0.7), (us,0.4,0.5,0.7)},
{(U1U,2, 0.2, 03, 04), (U,Qu;g, 0.2, 03, 04), (U,1U,3, 0.1, 0.2, 05)}),
H(e3) = ({(u1,0.3,0.5,0.7), (2, 0.4,0.5,0.6), (us,0.5,0.4,0.3)},
{(U1U,2, 0.2, 0.4, 0. 5), (U,1U,3, 0.2, 03, 04)}),
Hy(es) = ({(v1,0.4,0.5,0.3), (v3,0.3,0.4,0.1), (v, 0.3,0.5,0.8), (vs,0.5,0.3,0.4)},
{(v19,0.2,0.3,0.3), (v103,0.2,0.3,0.5), (v304,0.2,0.2,0.5)}),
Hy(eq) = ({(v1,0.4,0.5,0.8), (v3,0.6,0.3,0.7), (vs, 0.4,0.4,0.5), (v4,0.7,0.2,0.6)},
{(Ulvg, 0. 3 0. 4 0. 6) (1}1’()3, 0.2, 03, 05), (1}1’()4, 03, 0.2, 05)})
The Cartesian product of G1 and Gq is G1 X G2 = G = (H, A x B), where
Ax B = {(61,63), (61,64), (62,63), (62,64)}, H(el,eg) = Hl(el) X Hg(eg), H(€1,64) = Hl(el) X H2(64),
H(ea,e3) = Hi(e2) x Ha(es) and H(ez,eq) = Hi(ea) x Ha(eyq) are neutrosophic graphs of G = G x Ga.
H(ey1,e3) = Hy(e1) X Hz(es) is shown in Figure. 3.2.
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Figure 3.2: Cartesian product: Hi(e1) X Ha(es)

In the similar way, Cartesian product of H(e1,e4) = Hi(e1) x Ha(es), H(ez,e3) = Hi(ez) X Ha(es),
and H(es2,eq) = Hi(ea) x Ha(eq) can be drawn.
Hence G = G1 X Gy = {H(e1,e3), H(e1,e4), H(ea,e3), H(ea,e4)} is a neutrosophic soft graph.

Theorem 3.1. The Cartesian product of two neutrosophic soft graph is a neutrosophic soft graph.

Proof. Let G = (F1, K1, A) and Gy = (Fy, Ko, B) be two neutrosophic soft graphs of G7 = (V4, Eq)
and G5 = (Va, E3), respectively. Let G = Gy x G2 = (F,K,A x B) be the Cartesian product of
G; and Go. We claim that G = (F,K,A x B) is a neutrosophic soft graph and (H,A x B) =
{F1 x Fy(ai,b;), K1 x Ka(a;,b;)} ¥V a; € Ab; € B for i = 1,2,---,m, j = 1,2,--- ,n are neutro-
sophic graphs of G.

Consider,

TK(a,;.bj) ((U" 1), (u, UQ)) = min{TFl(awi)(u’)’ TK2(bj)(U1’ UQ)}

fori=1,2,---,m, j=1,2,--- ,n.

< min{Tpl(ai)(u), min{TFZ(bj)(vl), TFg(bj)(UQ)}}-

= min{min{TFﬁ(ai) (U), TFg(bj) (Ul)}7 min{TFl(a,i) (U), TFz(bj) (1}2)}}

TK(ai,bj) ((u,v1), (u,v2)) < min{ (T (a;) X Try(,)) (U 01), (Try(as) X Try(ny)) (U, v2)}
fOI‘?;: 1,27... ,m, J: 1,27... M,

IK(ai.bj) ((U'a Ul)v (U'a UQ)) = min{IFl(a,i)(U/), IKg(bj)('Ula 1}2)}

fOI‘?;: 1,27... ,m, J: 1,27... ;M.

< min{IFI(ai)(u),min{[Fz(bj)(vl),IFz(bj)(vz)}}

= min{min{7p, 4,y (), I, (v1)}, min{Ip, ) (w), I, (v2) } }

IK(ai.bj) ((U,, Ul)v (U; UQ)) < min{(IFl(ai) X IFz(bj))(val), (Ipl(ai) X IFz(bj))(Ua'UQ)}
fori=1,2,---,m, j=1,2,---,n and

Fr. o (uy01), (u,v2)) = max{Fp a,) (1), Fe,(0,)(01,v2) }

fOI‘?;: 1,27... ,m, J: 1,27... ;M.

< maX{FFl((li)(u)’ ma’X{FFQ(b]‘)(vl)7 FF2(bj)(U2)}}

= max{max{Fp, (4,) (1), Fr,5;)(v1)}, max{Fp, (q,) (1), Fry ;) (v2) }}



FK(ai,hj) ((U7U1)7 (U;'UQ)) < max{(Fpl(ai) X FF2(bj))(u,v1), (FFl((li) X FF2(bj))(u;'U2)}

fori=1,2,---,m, j=1,2,---,n

Similarly,

TK(ai,bj)((ula 'U)ﬂ (UQ; 'U)) < min{(TFl(ai) X TFQ(bj))(Ul,U), (TFl((li) X TFQ(b]‘))(u2) 'U)} for

i=12,---,m, j=1,2,---,n

Ik, o) ((w1,), (uz, ) < min{(Ir ;) X Iry(6;) (015 0)s (I (a) X Tpy(0,)) (w2, 0)} for

i=1,2,---,m, j=1,2,--- ,n and

FK(ai,hj) ((u1,v), (ug,v)) < maX{(Fpl(a,;) X FF2(bj))(u1’ v), (FFl(ai) X FFQ(bj))(U’?vU)} for

i=12,---,m, j=1,2,---,n

Hence G = (F, K, A x B) is a neutrosophic soft graph. 0

Definition 3.5. The cross product of G and G+ is a neutrosophic soft graph G = G1©G2 = (F, K, Ax B),
where (F, A x B) is a neutrosophic soft set over V' =V; x V4, (K, A x B) is a neutrosophic soft set over
E = {((u1,v1), (u2,v2)) : (u1,u2) € Eq, (v1,v2) € Ea} and (F, K, A x B) are neutrosophic soft graphs
such that

(1) Tr(ap)(u,v) = Tr () (u) A Tr,@)(v),
Ip(ap) (U, 0) = Ir, 0y (u) AR,y (0),
Frap (u,v) = Fpa)(w) V Fp,p)(v) V (u,v) € V,(a,b) € Ax B

(i) Tre(ap)(( U1,U1 (u2,v2)) = Tk, (a) (U1, u2) A Trey (1) (v1, v2),
Tk (ap) (w1, 1), u2702 )) = Ik, (o) (U1, uz) A Ty ) (v1, v2),
Fre(ap) ((u1,v1), (u2,v2)) = Fi, () (w1, u2) V Frey) (v1,v2) V (u1,u2) € By, (v1,v2) € Eo.
H(a,b) = Hi(a) ® Ha(b) for all (a,b) € A x B are neutrosophic graphs of G.
Theorem 3.2. The cross product of two neutrosophic soft graph is a neutrosophic soft graph.

Proof. Let G1 = (F1,K1,A) and Gy = (Fy, K2, B) be two neutrosophic soft graphs of G5 = (V1, E4)
and G5 = (Va, E2), respectively. Let G = G; ® G2 = (F, K, A x B) be the cross product of G; and Gs.
We claim that G = (F, K, A x B) is a neutrosophic soft graph and (H, A x B) = {F} ® Fx(a;,b;), K1 ®
Ks(a;,b)} Va; € A, bjeBfori=1,2,--- ,m, j=1,2,---,n are intuitonistic fuzzy graphs of G.
Consider,

Tk (as v, (w1, 1), (u2, v2)) = min{ T, (4, (w1, u2), Trcy(v,) (01, 02)}

fori=1,2,--- m, j=1,2,---.n

< min{min{Tr, (a;)(u1), Try (a;) (u2) b, min{ Tr, 1) (01), Try ) (v2) 1
= min{min{TF&((li) (ul)’ TFz(bj))(Ul)}’ min{TFl (a:i) (Ug), TF2(bj) (Uz)}}

T (as,6;) ((u1,01), (U2, v2)) < min{Tp, (a,) @ Tr,p,) (11, 01), Try (as) © Tryv,) (w2, v2) }

)
fori=1,2,---,m, j=1,2,---,n,
Ti(a ) (w1, 01), (U2, v2)) = min{Ix, o) (w1, u2), Trey vy (01, 02) }
fori=1,2,---,m, j=1,2,---,n

< min{min{Zp, (4,)(u1), I (a;) (u2) }, min{ I, ) (v1), Lry (b, (02) 1}
= min{min{IFl((li)(ul)’ IF2(b_7‘))(U1)}’ min{IFl(ai)(u2)7 IFz(bj)(Uz)}}

Tk (an by (w1, v1), (u2 ,02)) < mln{IFl(a )y © Iy 5,y (U1, 1), I Py () © Ty (v,) (U2, v2) }
fori=1,2,--- ,m, j=1,2,--- ;n, and



FK(ai’bj) ((ul’ Ul)’ (Ug, 02)) = min{FKl((li)(ula u?)v FK2(bj)(Ula 1}2)}
fori=1,2,---,m, j=1,2,---,n

< min{min{ Fp, (a,) (u1); Fry (o) (u2) }, min{ Fr, ) (01), Fry (b, (02) 1}
= min{min{FFl((li)(ul)v FF2(bj))(Ul)}ﬂ min{FFl ((li)(U’?)ﬂ FFz(bj)(UQ)}}

FK((livbj) ((ul?vl)v (u27v2)) < min{FFl(ai) © FF2(bj)(u17U1)a FFl((li) © FFz(bj)(UQ; U?)}
fori=1,2,---,m, j=1,2,---,n
Hence G = (F, K, A x B) is a neutrosophic soft graph. 0

Definition 3.6. The lexicographic product of G; and G5 is a neutrosophic soft graph G = G10G, =
(F, K, Ax B), where (F, Ax B) is a neutrosophic soft set over V' =V} x V4, (K, AX B) is a neutrosophic soft
set over E = {((u,v1), (u,v2)) : u € Vi, (v1,v2) € Ea} U {((u1,v1), (uz,v2)) : (u1,u2) € Ey, (v1,v2) € Ea}
and (F, K, A x B) are neutrosophic soft graphs such that

(1) Tr(ap)(w,v) =Tk () (u) A Tr,@)(v),
Ir(ap (u,v) = I (o) () A gy (),
FF(a,b)(uvv) FF1(a)(U') \ FFz(b ( ) v (U,’U) € ‘/7 (aab) € Ax Bv

(1) Tr(ap)((u, U1 s (u,02)) =Tk (a) u) A Tre, vy (v1,v2),
Ik (a, b)( w,v1), (u,v2)) = Ip, (a) (W) A Ty ) (01, 02),
Frc(ap) ((u,v1), (u,v2)) = Fp, () (0) V Fie, ) (v1,02) ¥ u € Vi, (01,02) € Es,

Tic(ap) (w1, v1), (uz,v2)) = Ik, (o) (U1, uz) A Ty ) (v1, v2),

(iil) Tk(a b)((ul,m  (u2,02)) = Tre, (a) (U1, u2) A Trey () (v1,02),
Fr(ap) ((u1,v1), (u2,v2)) = Fi, () (w1, u2) V Fry) (01, 02) ¥ (w1, u2) € E1, (v1,v2) € Es.

H(a,b) = Hi(a) © Ha(b) for all (a,b) € A x B are neutrosophic graphs of G.
Theorem 3.3. The lexicographic product of two neutrosophic soft graph is a neutrosophic soft graph.

Definition 3.7. The strong product of G; and Gs is a neutrosophic soft graph G = G1®G2 = (F, K, A x
B), where (F, A x B) is a neutrosophic soft set over V. =V} x Vs, (K, A x B) is a neutrosophic soft
set over E = {((u,v1), (u,v2)) : u € Vi, (v1,v2) € Ea} U {((u1,v), (u2,v)) : v € Va,(u1,u2) € E1} U
{((u1,v1), (uz,v2)) : (u1,u2) € E1,(v1,v2) € Ea} and (F, K, A x B) are neutrosophic soft graphs such
that

(1) Tr(ap)(u,v) = Tr () (u) A Tp@)(v),
Ip(ap (u,v) = Ip gy (1) A Tpy ) (v),
Frap) (u,v) = FFl(a) u) V FF2(b) (v) V (u,v) € V,(a,b) € Ax B,

(
(i) Tk (a,b) 7'U1 (u,02)) = Ty (a) (W) A Trey () (01, 02),

Tic(ap) ((w,v1), (u,v2)) = Iy (0 ( /\IKg(b)(Uh'UQ)

Fre(ap) (v, 01 ,( u,vz)) = FFl(a) )V Fre,p)(v1,v2) YV u € Vi, (v1,v2) € Ea,
1,0), (u2,0)) = Tp, ) (v) A T, (a) (U1, u2),

I (ap) ((u1,0), (u2,v)) = I, /\IKl(a)(U1;U2)7

Fr(ap) ((u1,v), (uz,v) FFg(b )V Fi () (ur,u2) Y v € Vo, (ug,uz) € By,

(iv) Tk (ap) U1,U1 (ug,v2)) = TKl(a) (u1,u2) A T,y (v1,v2),
Iic(ap) (w1, v1), (uz, v2)) = ) (ur, u2) A g, @y (v1,v2),
FK(a,b)((uh'Ul) (ug,v2)) = FKl(a) (u1,u2) V Fre, ) (v1,02) V (u1,u2) € B, (v1,02) € Es.

((u
((u
((
(iii) T (a,p) (w1, v
(¢
((
(C
(¢



H(a,b) = Hi(a) ® Ha(b) for all (a,b) € A x B are neutrosophic graphs of G.
Theorem 3.4. The strong product of two neutrosophic soft graph is a neutrosophic soft graph.
Definition 3.8. The composition of G; and G5 is a neutrosophic soft graph G = G1[G2] = (F, K, Ax B),

where (F, Ax B) is a neutrosophic soft set over V' =V} x V3, (K, Ax B) is a neutrosophic soft set over E' =
{((u’ 1}1), (U7U2)) tu €V, ('Ul, UQ) € EQ} U {((ula 'U), (U‘??U)) tv € Vs, (u17u2) € El} U {((ula 'Ul); ('Ll,g, UQ)) :
(u1,u2) € E1,v1 # v2} and (F, K, A x B) are neutrosophic soft graphs such that
() Tr(ap)(u,0) = Tr(a) () A Try) (v),
Ipa,p) (U, v) = Ip () (u) A Ipy @) (v),

Frap)(u,v) = Fp () (u) V Fpp)(v) V (u,v) € V, (a,b) € A x B,
(i) Tr(ap)((u,v1), (u,v2)) = T (@) (W) A Ty 5y (v1,v2),

IK(ab (( 7U1) (U' UQ)) (u) /\IKg(b)(U17U2)7

Fi(a,p)((u, v1), ( v2)) = ( u) V Fre, ) (v1,v2) ¥V u € Vi, (v1,02) € B,
(iil) Tk ab)((u1, , (u2,v) T v) ATk, (a) (u1, uz2),

Tie(ap) (( u1, u2, v)) = 2(b) /\IKl(a)(u1,u2)
Fr(ap) Uly (u2,v)) = Fp)(v) V Fiy 0y (u1,u2) ¥V v € Va, (u1,u2) € Ex,

T (a,b) U1,v1 ), (u2,v2)) = Ip, (ay(u1, u2) A Ty (v1) A Iy (v2),
Fr(ap) ((u1,v1), (u2,v2)) = Fry(q)(u1,u2) V Fry)(v1) V Fryp) (v2) ¥ (u1,u2) € Ey, where vy # vs.

H(a,b) = Hy(a)[H2(b)] for all (a,b) € A x B are neutrosophic graphs of G.

Example 3.3. Let A = {e;} and B = {es,e3} be the parameter sets. Let G; and G2 be the two
neutrosophic soft graphs defined as follows:
G1={Hi(e1)} = {({(u1,0.3,0.4,0.6), (u2,0.4,0.5,0.7)}, { (u1u2,0.3,0.4,0.6) }) },
GQ = {HQ(@Q), H(@g)} = {({(Ul, 0.4, 0.5, 03), (UQ, 07, 0.2, 04), (Ug, 0.5, 06, 03)}, {(Uﬂ]g, 0.4,
0.5,0.2), (vav3,0.5,0.2,0.4)}), ({(v1, 0.3,0.4,0.4), (v2, 0.2, 0.4, 0.8),
(v3,0.6,0.5,0.7)}, {(v102,0.2,0.3,0.7), (v1v3,0.1,0.3,0.6)})}.
The composition of Gy and Gs is G = G1[G2] = (H, Ax B), where Ax B = {(e1,¢e2), (e1,€e3)}, H(e1,ea) =
Hi(e1)[H2(e2)] and H(e1,e3) = Hi(e1)[Ha(es)] are neutrosophic graphs of G1[Ga]. Hi(e1)[Ha(ez2)] is
shown in Figure. 3.3

(iv) Tk(a b)( uy,v1) U27U2)) = Tp, () (u1,u2) A Try ) (v1) A Try)(v2),

(0.3,0.4,0.6)

(u1,v1)(0.3,0.4,0.6) (u1,v3)(0.3,0.4,0.6)

(u1,v2)(0.3,0.2,0.6)  (0.3,0.2,0.6)

o ©)

(0_3’0
¢
> 0,
6)

(0.3,0.4,0.6)

(9°0%°0°¢"0)

(u2,v1)(0.4,0.5,0.7) (uz2,v2)(0.4,0.2,0.7) (0.4,0.2,0.7) (u2:3)(0-4,0.2,0.7)

Figure 3.3: Composition: Hi(e)[Hz(ea)]

Similarly, composition of neutrosophic graphs Hi(e;) and Hs(es) of G; and Ga, respectively can be
drawn.

Hence G = G1[G2] = {Hi(e1)[Hza(e2)], Hi(e1)[Hz(e3)]} is a neutrosophic soft graph.
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Theorem 3.5. If G1 and G2 are neutrosophic soft graphs, then G1|Gs] is a neutrosophic soft graph.
Proof. Gi = (F1,K1,A) and G2 = (Fz, K2, B) be two neutrosophic soft graphs of G; = (V1, E4)
and G5 = (Va, Es), respectively. Let G1[G2] = G = (F,K,A x B), be the composition of G; and
G2. We claim that G1[Gz] = G = (F,K,A x B) is a neutrosophic soft graph and (H,A x B) =
{F1(a;)[Fa(bj)], K1(ai)[K2(b;)]} VYa; € A,b; € B for i = 1,2,---,m, j = 1,2,--- ,n are neutrosophic
graphs of G.

Let u € V4 and (v1,v2) € Ea, we have

Tk (a5 b;) (1, 01), (1, v2)) = min{Tp (q,) (), Ty (v, (01, v2) }
fori=1,2,--- m, j=1,2,---.n

TK((li,bj) (('LL, Ul)v (ua UQ)) < min{TFl((li) ('LL), min{TF2(bj) (1}1), TF2(b_7) (UQ)}}
= min{min{TF&((li) (u)7 TF2(b_7‘) ('Ul)} min{TFl (a:) (U), TFz(bj) (UQ)}}

= min{(TFH(ai) x TF2(bj))(U” v1), (TF1(11¢) x TF2(bj))(U" UQ)}a

T (as,p;) ((w,01), (u,02)) < min{Trq, ;) (W, 01), Tra, ) (W, v2)}

((u,vl (u, va) ) = min{IFl(,“)(u),IKz(bj)(vl,vg)}

IK("’M b;)
fori=1,2,--- mj—1,2,- -,n
IK(aL, )((U7U1 U, U2 ) < mln{IF1(ai)(u)7min{IFz(bj)( ) IFZ( )(UQ)}}

= min{min{/p, (4,)(u), I, v;) (v1)}, min{Zp, (q,) (), I, v;) (v2)}}

= min{(Ip, (a;) X Ir(,)) (W, 01), (IFy (i) X LRy () (w5 02)}

Ik () (w01, (w,v2)) <min{Ipe, ;) (U, 01), Ipa, b,) (1, v2)},

Fi(aib;) ((u, v1), (u, vg)) = max{Fp, (q,)(u), Freyv,)(v1, va)}
fori=1,2,--- ,m, j=1,2,---,n

Frc(aip;) ((wsv1), (u,02)) < max{Fp, (q,)(u), max{Fp,,)(v1), Fr,p,)(v2)}}
= max{max{Fp, (q,)(u), Fp,,) (v1)}, max{ Fp, (4,)(u), Fp,,) (v2)}}

= max{(Fp, (a;) X Fry6,)) (1), (Fpy () X Fry,))(w,v2) 1,

Fi (b, ((u,v1), (u,02)) < max{ Fr(a, p,)(t,v1), Fp(a, )t v2)}-
Similarly, for any v € Vo and (u1,us) € Eq, we have

Tk (asby) (w1, ), (u2,v)) < min{Tr(a, p,) (U1, ), Tr(a by (U2, 0) },

Ik () (U1, 0), (u2,v)) < min{Tp(q, p,) (U1, 0), Ip(a, p,) (U2, v)},

Fi(aib;) ((ul,v), (uz,v)) <max{Fr,p,)(U1,0), Fria, ;) (u2,v)}.

Let (u1,v1)(ug,v2) € E*, (u1,us) € Eq, and v # vy. Then we have

T (a;.5,) ((u1,01), (ug,02)) = min{Tk, (a,) (U1, u2), T, ;) (1), Try (5, (V2) }

< min{min{TF&(ui) (u1)3 TF1 (as) (Ug)}, TF2(b_7‘) (1}1), TF2(b_7‘) (02)}
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= min{min{Tr, (q,)(v1), Try(v,) (V1) }, Min{Tr, (a,) (u2), Try s,y (v2) } }

T (as b, ((u1,01), (uz,v2)) < min{Tpq, b,) (u1,01), Tp(a, ) (w2, v2)},

Tk () (w1, v1), (w2, v2)) = min{T g, (a,) (w1, u2), Ip, (6,0 (01), Ly (5,) (v2)}
< min{min{7Ip, (4,)(u1), I, (a;)(u2)}, I,y (01), Iy (v;) (v2)}

= min{min{/p, () (u1), I, ;) (v1) }, min{Ir, () (v2), Iy 5,) (v2) } }

Tk (as b;) (w1, 01), (ug,v2)) < min{Ip(q, ;) (w1, 01), Ip(a; p,) (12, v2)},
Frc(aip;) ((u1,01), (u2,v2)) = max{Fr, (a,)(u1, u2), F, ;) (1), Fry 6,y (v2)}
< max{max{ Fr, (4,) (1), Fr, (a;) (U2) }s Fryv,)(V1)s Fryv,)(v2) }

= max{max{Fp, (q,)(u1), Fry,)(v1)}, max{Fp, (q,)(u2), Fp,,) (v2)}}

Frc(a;b;) ((u1,01), (u2,v2)) < max{Fp(q, p,)(U1,01), Fra, ;) (t2,v2)}.
Hence G = (F, K, A x B) is a neutrosophic soft graph. O

Definition 3.9. Let G; = (F1,K1,A) and Go = (F3, Ko, B) be two neutrosophic soft graphs. The
intersection of G; and Gg is a neutrosophic soft graph denoted by G = G; NGy = (F,K,AU B),
where (F, AU B) is a neutrosophic soft set over V.= V3 N Vs, (K, AU B) is a neutrosophic soft set over
E = FE; N F4, the truth-membership, indeterminacy-membership, and falsity-membership functions of G
for all u,v € V defined by,

Tr, () (v) ifeec A— B;
(1) Trey(v) =< Trye)(v) ifee B— A;
Tr,(e)(V) ATy (v), ifec ANB.
Ip, (¢)(v) ifec A— B;
Ipey(v) = ¢ Ipye)(v) ifee B— A4,
Ir () () Ny (v), ife€ ANB.
Fr,(¢)(v) ifec A—B;
Frey(v) =4 Frye)(v) ifee B— A;
Fry(e)(0) V Fry(e)(v), ifec ANB.
TKl(e)(uv) ifee A—B;
(i) Tr(ey(uv) = Try(e)(wv) ifec B— A;
Tx, (o) (uv) A Treyey (wv), if e € AN B.
IKl(e)(uv) ifee A— B;
Ire(e)(wv) = Ly (e) (w0) ife e B— A;
Kl(e)(uv) A IK2(6)('LL'U), ifee ANB.
Fi, (e) (u) ifec A—B;
Frey(uwv) = § Frey(e)(uv) if e € B— A;
Fi,(e)(uv) V Fiye)(wv), if e € ANB.

Example 3.4. Let A = {ej1,es} and B = {ej,e3} be two parameters sets. Let G; and Gy be two
neutrosophic soft graphs defined by
G1 = {Hi(e1), Hi(e2)}, where
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Hi(er) = ({(u1,0.3,0.4,0.6), (ug,0.4,0.5,0.3), (us, 0.6,0.4,0.5), (us,0.5,0.4,0.7)},
{(u1u2,0.2,0.1,0.3), (u1us, 0.2,0.3,0.5), (ugus, 0.3,0.2,0.5), (ugus, 0.1,0.4,0.5)}),

Hi(es) = ({(u1,0.4,0.5,0.6), (uz,0.3,0.5,0.4), (us, 0.5,0.3,0.4), (us, 0.6, 0.3,0.4)}, { (wyus,
0.2,0.3,0.3), (ugus,0.1,0.2,0.3), (ugug,0.2,0.1,0.4)}) and

GQ = {61, 63}, where

Hy(er) = ({(u1,0.3,0.4,0.5), (ug,0.5,0.3,0.2), (us, 0.5,0.3,0.6), (v1,0.5,0.6,0.4)}, { (uyv1,
0.2,0.2,0.3), (u1us,0.2,0.3,0.3) (ugus, 0.2,0.2,0.4)}),

Hy(es) = ({(u1,0.5,0.7,0.3), (u2,0.7,0.6,0.5), (us, 0.5,0.5,0.6), (v1,0.3,0.4,0.6)}, { (u1v1,
0.2,0.3,0.2), (ugv1,0.3,0.3,0.6), (ugus, 0.4,0.2,0.6)}).

=4
(u1,0.3,0.4,0.6) (uz,0.4,0.5,0.3)(uy, 0.4,0.5,0.6) (uz, 0.3,0.5,0.4)(u1,0.3,0.4,0.5) (usz,0.5,0.3,0.2) (u1,0.5,0.7,0.3)(uz, 0.7, 0.6, 0.5)
(0.2,0.1,03) (0.2,0.3,0.3) (02,03,03)

(0.2,0.3,0.5)
01,0203
(02,0.2,0.3)
(0.2,02,04)
(02,03,02)
(04,0.2,0.6)

(u4,0.5,0.4,0.7)(us,0.6,0.4,0.5) (u4,0.6,0.3,0.4) (uz,0.5,0.3,0.4)(v1,0.5,0.6,0.4) (u3,0.5,0.3, 0-6)(U1 0.3,0.4,0.6) (us, 0.5, 0.5, 0.6)
Hi(e) Hi(e2) Hy(er) Hy(e3)
G1 = {Hi(e1), Hi(e2)} G2 = {Ha(e1), Ha(es)}

Figure 3.4: Neutrosophic soft graphs G; and Ga.

Intersection of Gy and Gs is a neutrosophic soft graph G = G4 N Gy = (H, AU B), where
AUB = {ej,eq,e3}, H(ey) = Hi(er) N Hay(e1), H(ez) and H(e3) are neutrosophic graphs of G corre-
sponding to the parameters e;, es and es, respectively are shown in Figure.3.5.

(u1,0.3,0.4,0.6)  (u2,0.4,0.3,0.3)  (u1,0.4,0.5,0.6) (0.2,0.3,0.3)(us,0.3,0.5,0.4) (u2,0.7,0.6,0.5)

(0.2,0.1,0.3)
2 o |2
_-g (u1,0.5,0.7,0.3) S
H(el) 8 o
H(e3) <
(us,0.5,0.3,0.6) (us,0.5,0.3,0.4) (usz,0.5,0.5,0.6)

Figure 3.5: Neutrosophic graph G = G1 N Ga.

Definition 3.10. Let G; = (F1, K1, A) and Gy = (Fy, K2, B) be two neutrosophic soft graphs. The union
of Gy and G5 is a neutrosophic soft graph denoted by G = G; UGy = (F, K, AU B), where (F, AU B)
is a neutrosophic soft set over V.=V, U V;, (K, AU B) is a neutrosophic soft set over E = E; U F1, the
truth-membership, indeterminacy-membership, and falsity-membership functions of G for all u,v € V
defined by,

Tr,(e)(v) ifec A—B;
(i) Trey(v) =4 Trye)(v) ifee B— A;
Tr(e)(v) V Trye)(v), ifec ANB.

IF1(6)(U) ifee A— B,

Ipe)(v) = § 1py(e) (V) if e € B— A;

Ip, (o) (V) V Ip,)(v), ifec ANB.
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FF1(6)(U) ifee A—B;
FF(S) (v) = FFz(e) (v) %f e€ B — A,
Fp () (V) A Fry(e)(v), ife€ ANB.

Tk, (e) (uv) ifee A— B;
(i) Tr(e)(uv) = ¢ Trye) (uv) ifee B—A4;
T (e)(uv) V Tiep(e)(uv), ifec ANB.

I, (e)(uv) ifee A— B;

Irg(ey(uwv) = ¢ Ik, (e)(uv) ifee B—A;

I, ey (uv) V I, ey (wv), if e € AN B.
Fr,(e)(uv) ifee A— B;
Fr(ey(uv) = ¢ Fr,e)(uv) if ee B— A;
Fre,(ey(uv) A Freyey(uv), ifec ANB.

Theorem 3.6. Let G1 and G2 be two neutrosophic soft graph over G* such that ANB # (), then G1UG2
is a neutrosophic soft graph.

Proof. The union of G; = (Fy, K1, A) and Gy = (Fy, Ko, B) defined by Gy UGy = (H, AU B), where
Hi(e) ifee A— B;
H(e) = Ha(e) ifee B— A
Hy(e) U Hy(e), ifee ANB.
Since G; € NS(G}) and Gy € NS(G3), then Hy(e) and Ha(e) are neutrosophic graphs for all e € AU B.
The union of two intuitionistic fuzzy graphs Hi(e) W Hy(e) is a neutrosophic graph for all e € AN B.
Therefore, H(e) are neutrosophic graph of G for all e € AU B. Hence G = (H, AU B) is a neutrosophic

soft graph over G*.
O

Definition 3.11. Let G; and G5 be two neutrosophic soft graphs. The join of G; and G is a neutrosophic
soft graph denoted by Gy + Gy = (Fy + F», K1 + K3, AU B), where (F; + F3, A U B) is a neutrosophic
soft set over V3 U Vs, (K1 + K3, AU B) is a neutrosophic soft set over E; U Ey U E defined by

(i) (F1 + F>,AUB) = (F1,A) U (Fy, B),

(11) (K1+K2,AUB):(K1,’A) (KQ, ) if uv € By U Es,
when e € AN B,uwv € E, where E is the set of all edges joining the vertices of V; and V3, the
truth-membership, indeterminacy-membership, and falsity-membership functions are defined by

Tr, 15 (e) (wv) = min{Tp, ) (w), Try(e) (V) },
I, v ka(e)(wv) = min{lp, (o) (u), 5y e) (V) },
Fr v ko) (uv) = max{FFp, ()(u), Fp,(e)(v)} Yuv € E.

Example 3.5. Let A = {e1,e2} and B = {ey, e3} be parameter sets. Let G; and G2 be two neutrosophic
soft graphs defined as follows:
G, = {Hl(el) Hi(e2)}, where
Hy(e1) = ({(v1,0.5,0.5,0.6), (v2,0.6,0.5,0.3), (vs,0.8,0.5,0.2)}, { (102, 0.3,0.4,0.3),
(v1v3,0.3,0.5,0.5)}),
= ({(v1,0.5,0.6,0.7), (v2,0.4,0.4,0.3), (v3,0.7,0.9,0.7), (v4, 0.4,0.3,0.5)},
{(v1v2,0.3,0.4,0.6), (v1v3,0.4,0.5,0.6), (v1v4,0.2,0.1,0.4)}) as shown in Figure.3.6
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u1(0.5,0.5,0.6) u2(0.6,0.5,0.3)  u1(0.5,0.6,0.7)  u2(0.4,0.4,0.3)
(0.3,0.4,0.3)

(0.3,0.4,0.6)

(0.3,0.5,0.5)
(0.4,0.5,0.6)

u3(0.8,0.5,0.2) u3(0.7,0.9,0.7) u4(0.4?0.3,0-5)
Hl(el) H1(62)

Figure 3.6: Neutrosophic soft graph G; = {Hiy(e1, Hi(e2))}.

Go = {Hz(e1)}, where
Hj(e2) = ({(v1,0.5,0.6,0.4), (v2,0.5,0.4,0.7)}, { (v1v2,0.4,0.3,0.6), }),

Hs(es) = ({(v1,0.6,0.5,0.7), (v2,0.5,0.6,0.4), (v3,0.5,0.7,0.5), { (v1v2, 0.5,0.4,0.2), (v1v3,0.3,0.2,0.6), (vov3,0.4,0.3,0.2) } }
as shown in Figure.3.5.

21(0.5,0.6,0.4)  v5(0.5,0.4,0.7) v1(0.6,0.5,0.7)  vs(0.5,0.6,0.4)
b (0.4,0.3,0.6)

Hg(el)

H(e3)
v3(0.5, 0.7, 0.5)

Figure 3.7: Neutrosophic soft graph G = {Ha(e1), Ha(es)}

Join of G; and G is a neutrosophic soft graph Gy + G2 = (H, AU B), where
AUB = {ey,ea,e3}, H(e1) = Hyi(e1) + Hz(e1), H(ez) and H(e3) are neutrosophic graphs corresponding
to the parameters e, e; and es, respectively are shown in Figure.3.8.

u1(0.5,0.5,0.6 u2(0.6,0.5,0.3 u3(0.8,0.5,0.2 .5,0.6,0. 2(0.4,0.4,0.3
1 ( ) 2( ) 3 ( ) g (0.5,0.6,0.7)  ua( 121 (0.6,0.5,0.7) v2(0.5,0.6,0.4)
(0.3,0.4,0.6)

©
S
5
S
S
S

(0.4.03.0.6) v3(0.5,0.7,0.5)

—— u3(0.7,0.9,0.7)  u4(0.4,0.3,0.5)
v1(0.5,0.6,0.4) 02(0.5,0.4,0.7) Hie) H(es3)
2
H(el)

Figure 3.8: Join: Gy + G2 = {H (e1), H(e2), H(es)}.
Proposition 3.1. If G1 and G5 are two neutrosophic soft graphs then their join G1 + Go is also a
neutrosophic soft graph.

Definition 3.12. The complement of a neutrosophic soft graph G = (F, K, A) denoted by G¢ =
(F°, K¢, A°) is defined as follows:

(i) A= A,

(if) F<(e) = F(e),
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(111) TK;(P) ('LL, U) = TF(e) ('LL) A TF(e) (U) - TK(e)(u,U);
iv IK;(e) (U, U) = IF(e) (u) A IF(e) (U) - IK(e)(u,v)a and
(V) Fre(e)(u,v) = Fpeey(u) V Fpe)(v) = Fi(e)(u,v), for all u,v € Vie € A.

Example 3.6. Consider an undirected graph G* = (V,E), where V. = {v1,us,u3,us} and F =
{urug, uguy, usuyst Let A = {eq,ea} and let (F, A) be a neutrosophic soft set over V' with its approximate
function F : A — P(V) giuen by

F(e1) = {(v1,0.5,0.6,0.7), (ug,0.4,0.5,0.3), (us,0.7,0.5,0.8), (u4,0.4,0.9,0.5) },

F(e2) = {(u1,0.4,0.5,0.2), (ug,0.3,0.6,0.8), (us,0.3,0.4,0.5), (u4,0.7,0.8,0.5) }.

Let (K, A) be a neutrosophic soft set over E with its approximate function K : A — P(FE) giuen by
K(e1) = {(uju2,0.3,0.4,0.5), (uaug,0.3,0.4,0.4), (uyus, 0.4,0.3,0.6)},

K(es) = {(uru2,0.2,0.3,0.5), (ugus, 0.1,0.3,0.4), (uzus, 0.2,0.2,0.4)}

By routine calculations, it is easy to see that H(e;) and H(e3) are neutrosophic graphs corresponding to
the parameters e; and es, respectively as shown in Figure.3.9

41(0.5,0.6,0.7)  u2(0.4,0.5,0.3) u1(0.4,0.5,0.2) u2(0.3,0.6,0.8)
(0.3,0.4,0.5)

(0.2,0.2,0.4)
u3(0.7,0.5,0.8) wa(0.4,0.9,0.5) u3(0.3,0.4,0.5) u4(0.7,0.8,0.5)
H(ey) H(e2)

Figure 3.9: G = {H(e1) = (F(e1), K(e1)), H(e2) = (F(ez2), K(e2))}

By the complement of neutrosophic soft graph G is the complement of neutrosophic graphs H(eq)
and H (e2) which are shown in Figure. 3.10.

u1(0.5,0.6,0.7) u2(0.4,0.5,0.3)  u1(0.4,0.5,0.2) u2(0.3,0.6,0.8)
(0.1,0.2,0.3)

(0.3,0.4,0.5)

u3(0.7,0.5,0.8)  4(0.4,0.9,0.5) u3(0.3,0.4,0.5) 14(0.7,0.8,0.5)
C
H¢(e1) H¢(es)

Figure 3.10: G¢ = {H(e1) = (F°(e1), K(e1)), H (e2) = (F*°(e2), K°(e2))}

Definition 3.13. A neutrosophic soft graph G is self complementary if G ~ G°.

Definition 3.14. A neutrosophic soft graph G is a complete neutrosophic soft graph if H (e) is a complete
neutrosophic graph of G for all e € A, i.e.,

T (e)(uv) = min {Trey (w), Tp(e)(v) }
IK(e) (UU) = min {IF(e) ('Ll,), IF(e) ('U)} and

Fr(ey(uv) = max {Fp)(u), Fpey(v)}  Yu,veViee A
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Example 3.7. Consider the simple graph G* = (V, E) where V' = {u1, us, u3, us} and E = {ujua, usus, uztg, u1ug, Uiy, sty
Let A = {ej,es,e3}. Let (F,A) be a neutrosophic soft set over V with its approximation function
F:A— P(V) defined by
F(e1) = {(v1,0.5,0.7,0.7), (ug,0.3,0.4,0.6), (us, 0.5,0.4,0.6) },
) = {(u1,0.8,0.5,0.4), (uz,0.4,0.6,0.8), (us,0.4,0.5,0.6), (u4,0.7,0.8,0.3) },
3) = {(u1,0.6,0.7,0.4), (u2,0.7,0.4,0.9), (us, 0.8,0.5,0.9), (uyg,0.5,0.7,0.7) }.
Let (K, A) be a neutrosophic soft set over E with its approximation function K : A — P(E) defined by
K(e1) = {(uju2,0.3,0.4,0.7), (uqus,0.5,0.4,0.7), (ugus, 0.3,0.4,0.6) },

(62) = {(U,1U,2, 0.4, 0.5, 08), (U,Qu;g, 0.4, 0.5, 08), (U,3U,4, 0.4, 0.5, 06), (U,1U,3, 0.4, 0.5, 06),

(u1u4,0.7,0.5,0.4), (uguq,0.4,0.6,0.8)},
K(eg) = {(U1UQ, 06, 04, 09), (UQU3, 07, 04, 09), (U3U4, 05, 05, 09), (U1U3, 06, 05, 09),
(u1u4,0.5,0.7,0.7), (ugus, 0.5,0.4,0.9)}.

It is easy to see that H(e1), H(es) and H(es) are complete neutrosophic graphs of G corresponding to
the parameters e; es and eg, respectively as shown in Figure 3.11.

11(0.5,0.7,0.7) u5(0.3,0.4,0.6)  u1(0.8,0.5,0.4) wu2(0.4,0.6,0.8) u1(0.6,0.7,0.4) u2(0.7,0.4,0.9)
(0.3,0.4,0.7) (0.6,0.4,0.9)

© ~ S ~
Q = © S 2
10 - L(‘,; S
< s < S
~ Q- o < 5
el A* S S 5
>(0.4,0.5,0.6)
u3(0.5, 0.4, 0.6) u3(0.4,0.5,0.6)  a(0.7,0.8,03) (008 0.5,0.9) us(0.5,0.7,0.7)

H(e1) H(e2) H(es)
Figure 3.11: Complete neutrosophic soft graph G = {H(e1), H(e2), H(es)}.

Definition 3.15. A neutrosophic soft graph G is a strong neutrosophic soft graph if H(e) is a strong
neutrosophic graph for all e € A.

Example 3.8. Consider the simple graph G* = (V, E) where V' = {u1, us, u3, u4} and E = {ujug, usus, uztig, u1ug, Uiy, Uty
Let A = {ej,es,e3}. Let (F,A) be a neutrosophic soft set over V with its approximation function
F:A— P(V) defined by
F(e1) = {(v1,0.5,0.7,0.7), (ug,0.3,0.4,0.6), (us, 0.5,0.4,0.6)},
) = {(u1,0.8,0.5,0.4), (uz2,0.4,0.6,0.8), (us,0.4,0.5,0.6), (u4,0.7,0.8,0.3) },
3) = {(u1,0.6,0.7,0.4), (u2,0.7,0.4,0.9), (us, 0.8,0.5,0.9), (uyg,0.5,0.7,0.7) }.
Let (K, A) be a neutrosophic soft set over E with its approximation function K : A — P(FE) defined by
{(uquz2,0.3,0.4,0.7), (u1us, 0.5,0.4,0.7), (ugus, 0.3,0.4,0.6) },
K(eg) = {(U,Qu;g, 0.4, 0.5, 08), (U,1U,4, 07, 0.5, 04)},
{(uquz2,0.6,0.4,0.9), (uius, 0.6,0.5,0.9), (ugu4,0.5,0.4,0.9) }.
H(e1) = (F(e1),K(e1)), H(ea) = (F(e2), K(e2)) and H(es) = (F(es), K(es)) are strong neutrosophic
graphs of G corresponding to the parameters eq, e and es, respectively as shown in Figure 3.12.
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u1(0.5,0.7,0.7) 45(0.3,0.4,0.6) ©1(0.8,0.5,0.4) u2(0.4,0.6,0.8) u1(0.6,0.7,0.4) u2(0.7,0.4,0.9)

(0.3,0.4,0.7) (0.6,0.4,0.9)
a —
) 2 2
= <
= <]
< vy
= S
u3(0.5,0.4,0.6) u3(0.4,0.5,0.6) u4(0.7,0.8,0.3) u3(0.8,0.5,0.9)  u4(0.5,0.7,0.7)
H(e1) H(e2) H(es)

Figure 3.12: Strong neutrosophic soft graph G = {H (e1), H(ez), H(es)}.

Hence G = {H(e1), H(ez2), H(es)} is a strong neutrosophic soft graph of G*.

Proposition 3.2. If G1 and Gy are strong neutrosophic soft graphs, then Gy x G, G1[G2] and G1+G>
are strong neutrosophic soft graphs.

Definition 3.16. The complement of a strong neutrosophic soft graph G = (F, K, A) is a neutrosophic
soft graph G¢ = (F¢, K¢, A°) defined by

(i) Ac= A,
(ii) F(e)(u) = F(e)(u) forallece Aand u € V,

if Tx(e)(u,v) >0,

0
Tie(e :
(i) Tree(e) (u;v) min{Tp(e)(w), Tpe)(v)},  if Txey(u,v) =0,

if Tre(ey(u,v) >0,
Tiete :
Ke(e) (4, ) { min{Ipy(u), Ipe)(v)}, if Ix(e)(u,v) =0,

B 0 if FK(e)(uvv) >0,
FKc(e) (u,v) = { maX{FF(e)(U)aFF(e) (v)}, if FK(e) (u,v) =0,

We state the following propositions without their proofs.

Proposition 3.3. If G is a strong neutrosophic soft graph over G*, then G€ is also a strong neutrosophic
soft graph.

Proposition 3.4. If G and G¢ are strong neutrosophic soft graphs of G*. Then G U G€ is a complete
neutrosophic soft graph.

4 Application

Neutrosophic soft set has several applications in decision making problems and used to deal with un-
certainties from our different daily life problems. In this section we apply the concept of neutrosophic
soft sets in a decision making problem and then give an algorithm for the selection of optimal ob-
ject based upon given set of information. Suppose that V' = {hq, ho, h3, hy, hs, he} be the set of five
houses under consideration which Mr. X is going to buy a house on the basis of wishing param-
eters or attributes set A = {e; = large,es = beautiful,e3 = greensurrounding}. (F,A) is the
neutrosophic soft set on V which describe the value of the houses based upon the given parameters
= large, ea = beautiful, e3 = greensurrounding, respectively.
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F(e1) = {(h1,0.3,0.5,0.8), (h2,0.2,0.8,0.5), (hs,0.4,0.5,0.2), (h4, 0.5,0.2,0.7),
(hs,0.4,0.7,0.6), (hg,0.2,0.5,0.8)},

F(es) = {(h1,0.6,0.7,0.4), (ha,0.6,0.2,0.9), (h3,0.2,0.6,0.3), (hs,0.7,0.4,0.2),
(hs,0.0,0.0,0.0), (hg,0.6,0.2,0.6)},

F(es) = {(h1,0.6,0.3,0.5), (ha,0.5,0.2,0.8), (h3,0.4,0.4,0.8), (hs,0.5,0.6,0.4),
(hs,0.6,0.4,0.2), (hg,0.4,0.7,0.8)}.

(K, A) is the neutrosophic soft set on E = {hjhs, h1hg, h1hs, h1hg, hahg, haheg, hahs, hahs,
hsha, hahs, hahs, hahg, hshe} which describe the value of two houses corresponding to the given parame-
ters e; = large, es = beautiful, ez = greensurrounding, respectively.

K(e1) = {(h1h2,0.1,0.3,0.6), (h1h4,0.2,0.1,0.4), (hahs,0.2,0.4,0.3), (hehy,0.1,0.1,0.6),
(hohs,0.2,0.2,0.4), (hshs,0.3,0.4,0.5), (hshg,0.1,0.3,0.6), (h4hs,0.3,0.1,0.2),
(hshe,0.2,0.4,0.7)},

K(ez) = {(h1h2,0.5,0.1,0.6), (h1hs3,0.1,0.5,0.3), (h1h4,0.4,0.3,0.3), (hoh4,0.5,0.1,0.7),
(h2he,0.4,0.1,0.7), (hgh4,0.1,0.3,0.3), (hghe, 0.2,0.1,0.4) },

K(e3) = {(h1h2,0.4,0.1,0.7), (h1hs5,0.4,0.2,0.3), (hahs,0.3,0.1,0.6), (hehy, 0.3,0.1,0.5),
(hshs,0.3,0.2,0.7), (hshg, 0.3,0.2,0.6), (hahs,0.4,0.3,0.1), (hshe, 0.2,0.3,0.5),
(h4hs,0.3,0.1,0.2), (hshe, 0.2,0.4,0.7)}.

The neutrosophic graphs H (e;) of neutrosophic soft graph G = (F, K, A) corresponding to the parameters

e; for i = 1,2, 3 are shown in Figure. 4.1.

£1(0.3,0.5,0.8) h2(0.2,0.8,0.5) h3(0.4,0.5,0.2) hi(0.6,0.7,0.4) h5(0.2,0.6,0.3)
1 4 (0.1,0.5,0.3)

(0.1,0.3,0.6) (0.2,0.4,0.3) R
o
< I < ° S
S S S S “
— o~ o — ~ 7
2 2 : — 0
s = < < s 022570.6,0.2,0.6)
S S S S
(0.3,0.1,0.2) (0.2,0.4,0.7) (0.5,0.1,0.7)
h4(0.5,0.2,0.7) hs(0.4,0.7,0.6) hs(0.2,0.5,0.8) h2(0.6,0.2,0.9) h4(0.7,0.4,0.2)
H(e1) H(e2)
£1(0.6,0.3,0.5) h2(0.5,0.2,0.8)  hs(0.4,0.4,0.8)

(0.4,0.1,0.7)

h5(0.6,0.4,0.2)
H{(es)

h4(0.5,0.6,0.4) he(0.4,0.7,0.8)

Figure 4.1: Neutrosophic soft graph G = {H (e1), H(ez2), H(es)}.

The neutrosophic graphs H(e;), H(ez) and H(es) corresponding to the parameters “large”, “beauti-
ful” and “green surrounding”, respectively are represented by the following incidence matrices

(0,0,0) (0.1,0.3,0.6) (0,0,0) (0.2,0.1,0.4) (0,0,0) (0,0,0)
(0.1,0.3,0.6) (0,0,0) (0.2,0.4,0.3) (0.1,0.1,0.6) (0.2,0.2,0.4) (0,0,0)
Hie) — (0,0,0) (0.2,0.4,0.3) (0,0,0) (0,0,0) (0.3,0.4,0.5)  (0.1,0.3,0.6)
) =1 02,01,04) (0.1.0.1,0.6) (0,0,0) (0,0,0) (0.3,0.1,0.2) (0,0,0) '
(0,0,0) (0,0,0) (0.1,0.3,0.6) (0,0,0) (0.2,0.4,0.7) (0,0,0)
(0,0,0) (0,0,0) (0.1,0.3,0.6) (0,0,0) (0.2,0.4,0.7) (0,0,0)
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H(e2)

and

(0707 O)
(0.5,0.1,0.6)
(0.1,0.5,0.3)
(0.4,0.3,0.3)

(0’07 O)

(0707 O)

(0.5,0.1,0.6) (0.

(0,0,0)
(0,0,0)

(0.5,0.1,0.7) (0.

(0,0,0)

(0.4,0.1,0.7) (0.

(0.4,0.1,0.7)
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(0,0,0) (0.
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(07 07 0)

(07 07 0)
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(07 07 0)
(07 07 0)
(0.4,0.3,0.1)
(07 07 0)

) (0,0,0)

) (0.4,0.1,0.7)

) (0.2,0.1,0.4)

) (0,0,0) ’
) (0,0,0)

) (0,0,0)

(0.4,0.2,0.3) (0,0,0)
(0,0,0) (0,0,0)
(0.3,0.2,0.6)
(O’ 07 O)
(0.2,0.3,0.5)
(O’ 07 O)

(0.3,0.2,0.7)
(0.4,0.3,0.1)
(0,0,0)
(0.2,0.3,0.5)

After performing some operations(AND or OR); we obtain the resultant neutrosophic graph H(e), where
e =e1 A es A es. The incidence matrix of resultant neutrosophic graph is

(0,0,0)  (0.1,0.1,0.7)  (0,0,0.3) (0,0,04)  (0,0,0.3)  (0,0,0)
(0.1,0.1,0.7)  (0,0,0) (0,0,06)  (0.1,0.1,0.7) (0,0,0.4)  (0,0,0.7)

e — | (0,0,03) (0,0,0.6) (0,0,0) (0,0,03)  (0,0,0.7) (0.1,0.1,0.6)
©=1" (0004 (01.01,07) (0,0,0.3) 0,0,0)  (0,0,0.2)  (0,0,0)
(0,0,0.3) (0,0,0.4) (0,0,0.7) (0,0,02)  (0,0,0)  (0,0,0.7)
(0,0,0) (0,0,07)  (0.1,02,06)  (0,0,0)  (0,0,0.7)  (0,0,0)

Tabular representation of score values of incidence matrix of resultant neutrosophic graph H(e) with

Te+Ip+1-Fy
3

average score function Sy = and choice value for each house hy for k =1,2,3,4,5.

Table 2: Tabular representation of score values with choice values.

hi ha h3 ha hs he h
hi 0.334 0.167 0.234 0.2 0.234 0.334 1.503
ha 0.167 0.334 0.133 0.334 0.2 0.334 1.502
hs 0.234 0.133 0.334 0.234 0.1 0.2 1.235
ha 0.2 0.167 0.234 0.334 0.267 0.334 1.536
hs 0.234 0.2 0.1 0.267 0.334 0.1 1.235
he 0.334 0.1 0.234 0.334 0.1 0.334 1.436

Clearly, the maximum score value is 1.536, scored by the hy. Mr. X will buy the house hy.
We present our method as an algorithm that is used in our application.
Algorithm

1. Input the set P of choice parameters of Mr. X, A is a subset of P.
2. Input the neutrosophic soft sets (F, A) and (K, A).
3. Construct the neutrosophic soft graph G = (F, K, A).

4. Compute the resultant neutrosophic soft graph
H(e) =(H(ex) for e = Neg V k.
k k

20



Consider the neutrosophic graph H(e) and its incidence matrix form.
Compute the score Sy of hy V k.

The decision is hy, if ka = max; hl

® N = o

If k£ has more than one value then any one of hy may be chosen.

5 Conclusion and future work

Fuzzy graph theory is finding an increasing number of applications in modeling real time systems where
the level of information inherent in the system varies with different levels of precision. Fuzzy models
are becoming useful because of their aim of reducing the differences between the traditional numerical
models used in engineering and sciences and the symbolic models used in expert systems. A neutrosophic
set introduced by Smarandache is a powerful general formal framework, which generalizes the concept of
the classic set, fuzzy set, interval valued fuzzy set and intuitionistic fuzzy set. A neutrosophic soft set is
a generalization of fuzzy soft set. We have applied the concept of neutrosophic soft sets to graphs in this
paper. We have discussed various methods of construction of neutrosophic soft graphs. We are extend-
ing our research of fuzzification to (1) Neutrosophic soft hypergraphs, (2) Application of neutrosophic
multisets to graphs and (3) Intuitionistic neutrosophic soft graphs.
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