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New Operations on Interval Neutrosophic Sets

Said Broumi Florentin Smarandache

Abstract. An interval neutrosophic set is an instance of a neutrosophic set, which can be used in real scientific and
engineering applications. In this paper, three new operations based on the arithmetic mean, geometrical mean, and
respectively harmonic mean are defined on interval neutrosophic sets.
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1. Introduction

In recent decades, several types of sets, such as fuzzy sets [1], interval-valued fuzzy sets [2], intuitionistic
fuzzy sets [3, 4], interval-valued intuitionistic fuzzy sets [5], type 2 fuzzy sets [6, 7], type n fuzzy sets [6], and
hesitant fuzzy sets [8], neutrosophic set theory [9 ], interval valued neutrosophic set [10 | have been introduced
and investigated widely. The concept of neutrosophic sets, introduced by Smarandache [6, 9], and is interesting
and useful in modeling several real life problems.

The neutrosophic set theory (NS for short), which is a generalization of intuitionistic fuzzy set has three
associated defining functions, namely the membership function, the non-membership function and the
indeterminacy function, which are completely independent. After the pioneering work of Smarandache [9],
Wang, H et al. [10] introduced the notion of interval neutrosophic sets theory (INS for short) which is a special
case of neutrosophic sets. This concept is characterized by a membership function, a non-membership function
and indeterminacy function, whose values are intervals rather than real numbers. INS is more powerful in
dealing with vagueness and uncertainty than NS, also INS is regarded as a useful and practical tool for dealing
with indeterminate and inconsistent information in real world.

The theories of both neutrosophic set (NS) and interval neutrosophic set (INS) have achieved great success in
various areas such as medical diagnosis [11], database [12, 13], topology[14], image processing [15, 16, 17],
and decision making problem[18].

Recently, Ye [19] defined the similarity measures between INSs on the basis of the hamming and Euclidean
distances, and a multicriteria decision—making method based on the similarity degree was proposed. Some set
theoretic operations such as union, intersection and complement on interval neutrosophic sets have also been
proposed by Wang, H. et al. [10].

Later on, S. Broumi and F. Smarandache [20] also defined the correlation coefficient of interval neutrosophic

set.

In 2013, Peide Liu [21] have presented some new operational laws for interval neutrosophic sets (INSs) and
studied their properties and proposed some aggregation operators, including the interval neutrosophic power

generalized weighted aggregation (INPGWA) operator and interval neutrosophic power generalized ordered
weighted aggregation (INPGOWA) operator, and gave a decision making method based on these operators.

256



Florentin Smarandache Neutrosophic Theory and Its Applications. Collected Papers, I

In this paper, our aim is to propose three new operations on interval neutrosophic sets (INSs) and study their
properties.
Therefore, the rest of the paper is set out as follows. In Section 2, some basic definitions related to neutrosophic
set and interval valued neutrosophic set are briefly discussed. In Section 3, three new operations on interval
neutrosophic sets have been proposed and some properties of the proposed operations on interval neutrosophic
sets are proved. In section 4 we conclude the paper.

2. Preliminaries

In this section, we mainly recall some notions related to neutrosophic sets, and interval neutrosophic sets
relevant to the present work. See especially [9, 10, and 21] for further details and background.

2.1. Definition ([9]). Let U be an universe of discourse; then the neutrosophic set A is an object having the
form A = {< x: To(X), [4(X), FA(X)>, x € U}, where the functions T, I, F : U—] 0,1 define respectively the
degree of membership, the degree of indeterminacy, and the degree of non-membership of the element x € U to
the set A with the condition:

0<TA(X)+ 1a(x) T Fa()<3". (1)

From philosophical point of view, the neutrosophic set takes the value from real standard or non-standard
subsets of 1°0,1°]. So instead of 1°0,1"T we need to take the interval [0,1] for technical applications, because
170,17 will be difficult to apply in the real applications such as in scientific and engineering problems.

2.2 .Definition [10]. Let X be a space of points (objects) with generic elements in X denoted by x. An interval
neutrosophic set (for short INS) A in X is characterized by truth-membership function T, (%), indeteminacy-
membership function [ (x) and falsity-membership function F,(x). For each point x in X, we have that Ty (x),

Ia(x), Fa(x) € [0, 1].

For convenience, we can use x =( [ T¥, TY], [I*,1Y], [F%Y,FY]) to represent an element in INS.
Remark 1. An INS is clearly a NS.

2.3 .Definition [10]. Let A={([ T}, TY1, Uk, 1Y1, [EF,FY1)}

i. AnINSAisemptyif X =TV=0,1} =1{=1, Ff = F/=1, forall xin A.
ii. Let0=<0,1,1> and1=<1,0,0>

In the following, we introduce some basic concepts related to INSs.

2°4' Deﬁnition [21] Let ﬁl ={( [Tf ’ TIU] ’ [I% ’ I]{]] ’ [FlL ’ F1U] )} and ﬁZ = {([ TZL ’ TZU] ’ [Ié‘ ’ Iéj] ’ [
FE, FY1)} be two INSs.

i. iy U fiy =[max( TE, TE), max( TV ,TY) 1, Imin(IE, 1£),min( 17, 1Y) 1, [min(FE, FE),min( FY,FP) 1}
ii. 7y N Ay =[min(TL, TE), min(TY ,TY) 1, Imax(IF, Iymax( 17, 1Y) 1, Imax(FE, FE),max( FY,FY) 1}

2.5. Definition. Let i, ={([T{,T ], [If,I{], [F{.F{]}and fi, ={( Ty .71, [z.I7], [
FE | FY7)} be two INSs, then the operational laws are defined as follows.

i AC=[F-FY1, —-1"1-1"], [T",TY]
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i @ A =Tt +Ty— TiTy T + 17 — TPTY) [ Iy 1 17 [FEF  FUFYD)

i, A, Q hy=[TETEk T/ TONIE+1% - ik 1Y + 1Y — 1P 1Y), [FE+ FF — FEFE FU + FY —
F{F ]

iv. Aa={([1- A-THY1- @ -=TH,[UD, (ID[(FDHA,(FHY) }.

3. Three New Operations on INSs

3.1. Definition: Let 7; and 7, be two interval neutrosophic sets;, we propose the following operations on INSs
as follows:

U
Tll @ nZ _{([T1+T2 T1 +T2 ] [11+12 ,Il+12] [F1+F2 ,Fl +F2 ], Where<T1,11,F1 S€ ﬁl ,<T2,12,F2 >

Efl, }

iy $ A, ={([\JTL TL, /TlU TV WIELL, 1V 1Y, [JFEFE, [FUFY 1} where< Ty, Iy, Fy >€fiy <T,,

12, FZ >€ ‘Flz }

- ~ 2tird 2tV TY . 21kik 211, 2FFFF 2FP FP ~

i, # 1, = where<Ty, I, F; >€fiy < Ty, I, F, >
1 2 {([Tf,_I_TZL’TIU_I_TZU]'[I%_I_I%'I{I+Izll]’[Ff+FZL’FfI+FZU]}’ 1, 1141 1 212,142
€, }

With 7y= [TE, TV, L= [1F 191, Fy=[FE, FYland To= [T}, TY1, L= [}, 1¥], F= [FE |, FY]
Obviously, for every two fi; and 1,, (1; @fi,), (7;$0,) and (i, #1i,) are also INSs.

3.2.Example Let 71; (x)={([0.2, 0.3], [0.5,0.6],[0.2, 0.4 ]),([0.5, 0.8], [0.1,0.2], [ 0.6 ,0.1 )} and 71, (X)=
{([0.4, 0.6],[0.3,0.4], [ 0.3,0.5]), ([0.3,0.5],[0.1,0.2], [ 0.5,0.1]) be two interval neutrosophic sets. Then we
have

(fl; @ #,)={([0.3, 0.45], [0.4, 0.5],[ 0.25,0.45]),(b, [0.4, 0.65], [0.1, 0.2], [ 0.55, 0.1])}
(7, $71,) ={(a, [0.28, 0.42], [0.38, 0.48], [ 0.24 ,0.44]),(b, [0.38, 0.63], [0.1, 0.2], [0.55 ,0.1])}
(7, #7,) = {(a, [0.26, 0.4], [0.37, 0.48] , [ 0.24 , 0.44]), (b, [0.37, 0.61], [0.1, 0.2], [0.54, 0.1 ])}
With these operations, several results follow.
3.4. Theorem. For i, 7i, € INSs(X),
() 1, @ =7, @fYy;
(i) 1, $ T,=7, $7iy;
(iii) 7, # 71, =T, 87y
Proof. These also follow from definitions.
3.5. Theorem. FOr 7, i, € INSs(X),
(@ 7,°) ¢ = A, @,

T1+T2 T1+T2] [11+12L

1{’+12U] [F1L+F2L Y

U
Proof.fi; @ i, ={([ B where < Ty, Iy, Fy >€ iy < Ty, Iy, Fy €T, }

’
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i, ={([FE,FYY, -1, 1 =171, [T, T))}
S ={((F}, FY1, -15,1 =191, (TF, TV}

F1+F2 F1+F2 1 [(1 m+a-15) - If’)+(1 12”)] [T1+T2 v+ 1Y 1)
2 2 ’ 2

;5@ i, ={[

Ly gl gU,pU L _L
(74,°@ 7i,©)°© :([F1+Fz 'F1 +F ] [(1 I+ Qa-13)

a-H+a-1¥y, tE+rk U+t \©
2 2 ! 2 1.1 ! 1

2

)

i+l V4T a-h+ a-1%) a-19H+a-1Y) FE+Ff FUV+FY
=([122 1 2][1 12 2’1_ 12 2]’[122’122])

L L L L L L
_ [T1+T2 T1U+T2U] [2—[2—(11+12)] 2—[2—(1{’+12U)]] [F1+F2 F1U+F2U]
2 o2 v 2 ! 2 o2

)

e+l TV+TY . b+ k)
(1 i

av+1¥) FF+FF U+ FY
2 ) 2 1.1 ]

2 2 2
Then (7A,°@ 7,°)°¢ =@ T,

This proves the theorem.

Note 1: One can easily verify that

@) (7,°$ ,°) €+ 1,$ Ty
(i1) (7,°# 7,°) € # A #R,

3.6. Theorem. For i, 7, and iy € INSs(X), we have the following identities:
(i) (7iy Uftp) @ 7i3 = (7 @ 7i3) U (i, @ Ti3);
(i) (M N 7y) @ 7iz =( i, @ 7i3) N (R, @ 7i3)
(iil) (7, Ufiy) $ fiz= (74 $ 713) U( 7,8 7i3);
(iv) (i, N 71y) $ 7iz= (1,8 7i3) N (7,$ hs);
V) ((fiy U 1y)) # iz= (M1 #T3) U( 7, #713);
(vi) (M N 7y) # 3= (M # Ti3) N (NL,#TR);
(vil) (M @T7,) @ 7iz=(fi; ®7N3) @( 7, ©73);
(viii) (7, @717) @ 7iz=(7y & 7i3)@ (7, @ 7i3)
Proof. We prove (i), (iii), (v), (vii) and (ix), results (ii), (iv), (vi), (viii) and (x) can be proved analogously
(i) Using definitions in 2.4, 2.5 and 3.1,we have
iy =T, T, Uf, 1, [FE, O
i, ={([Ty, TF1, Uy, 131, [Fy, F{I)

(fiy Ufip) @ iz = {( [max( TE, T5) max(TY, TP, [min (If, I5) min(1{,I1¥)], [min(FE, FE),min( FY,F)1)} @{([
T3LIT3U]I [[§II3U]I [F_?{‘IF3U])}
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max(TETH+TF  max(TY,rd) + Y min (515 +15 min(1Y10)+1¥ min( FL FY)+FY, min( £ FY)+rY

={[ 2 ) p 1.1 5 ) 2 1.0 2 5 2 I
L U U L, L L, ,L U L
— {[max( T} -;T3 rf+1y +T3 ) . max( 4y +T3 T erT3 ). [min(11213 ’12;13 ). min (11 +2-13 Y1y +13 ). [m ln(F1+F3 FL -;F3 ).
U
i (F1 -;F3 il +F3 1}
= (1, @7i3) U (fl, @ Ti3)
This proves (i)

(iii) From definitions in 2.4, 2.5 and 3.1, we have

(fiy UTly) § 7is = {([max(T{, T3) max(TY, T)1, [min(If, 13) ,min(1{, )], [min(Ff, F3),min( F{, F)1)}${(l
T;ITS’U]I [Ié‘lléj]l [FS{‘IFS’U])}

= { Ymax(TE, THTE ,Jmax(TY, THYTY 1, [Ymin(If, 12 1%, Jmin( 17, 1Y) 1Y 1, [min( FF, FF) FE

Jymin( FY,FY) FY 1}

={[max(VTI' Ty YT ), max(VIY Ty Y17 )], [min(Jif ;51 ), minE 1,
VI IO min(VFF; L VEF ), min(VFY YV ED

=(7,$7i3) U (i $7i3);

This proves (iii).
(v) Using definitions in 2.4, 2.5 and 3.1, we have

((fiy Ufip)) # iz = {( Imax(T{, T3) ,max(T, T)1, [min (if, I3) ,min(1{,15)], [min(F{, F3)min( FY, F)1)}#A(
Ts,T41, [y, {1, [F5, F{N)}

2min(FL,FH FE 2 min(EY FY) FY
min(FE, PP+ FE  min(FY EY) + FY

2min(tF 5y i 2min(ll 1Y) ¥
min(t4 15+ 15 min(iZ 1Y) + 1Y

2max(TETH T 2max(r? Y)Y
max(TETH+ T ' max(1P 1Y) + 1Y

={[

L[ 1,11

1}

2Tk s 2Tk TE
ti+1d O TE+ T

L L U
. 2 FFFl 2 FRFE 2rVFY 2 FYFY
min min
FL+FE ® Fl+ )9 (FU+F3u > FU+ ED )]}

={ | max (

2tV 21V 2 1kl 2Lk 2101V 2y
)9maX(Tu1+T?1 ’ Tu2 )] [mln(ILiIZ, ’ ILZ 3)amln(1u11?1 ’ IUZ 7 [

=(71, #1i3) U (71, #13)
This proves (V)
(vii) Using definitions in 2.4, 2.5 and 3.1, we have
(lL@T,) @ 7iz= (7, B73) @(7, @ Ti3);
iy ={(LTE, 01, Uf, 1Y, [FE, FOD}
iy ={([ T3, 771, Uy, 151, [Fz, FJ)

s={([Ts,TY), U5, 1§1, [F5,F{1)}

u

T+ TF TU+T ey Ve ly FF+FF FY+FY
(T TR el Wl (HER R @ (1, T, U, 1), [FEFYD)
TL+T, TE+ TS 7+ 1Y 7+ 1Y k+ 1% W1 F FP+FY
_{[1+2 TSL_l‘Zz T?f‘, 1+tT +T3U- 122 TBU],[1‘;21?1),, 1+2 I?l,]] [ +2F3, 122 FSU]}
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(TE+TE-TETh+(rF+E-TiTE) (@l +rY -ty + P+ YTy | b+ 1k 1L W+ 1y i Fl+ EF FL Fl+ EY
2 ’ 2 ]I [ 2 37 2 3 ] ’ [ 2 3 2

={[ F{1}
= (1, ®t3) @ (i, Diiz)
This proves (vi)
3.7. Theorem. For fi;and i, € INSs(X), we have the following identities:
(1) (1 ®7,) N (7 @ p) =71y @ Tp;
(i) (M, @ 7)) U (7i; @ 71,) =7, D Ty;
(iil) (B Tiy) N (AL @T,) =A@ Tiy;
(iv) (D T,) U (A, @T,)= 1D 7y;
V) (A @ 7ip) N (@ Th2)= 11y & Ty
(Vi) (7 @ 71p) U (74 @)= 74 @ Tip;
(vii) (i, ®7,) N (71,87,)= 7y $7y;
(viil) (7, @B71,) U (71,8 7,)= 1, B Tiy;
(ix) (i; @ 1) N (A $T,)=1; @ 71y;
x) (My ® 1iy) U (71, $71,)=118 7iy;
(xi) (i, ®T,) N (7 1iy)= Ty # 7y,
(xil) (I, D Ty) U (L #7i,)=7, @ iy,
(xiii) (7 @ 7ip)N (T #i,)=1; Q 7iy;
(xiv) (fi; @ 7i,)U( 71y #i1,)= Ty #i1,
Proof. We prove (i), (iii), (v), (vii), (ix), (xi) and (xii), other results can be proved analogously.
@) From definitions in 2.4, 2.5 and 3.1, we have
(i, B7iy) N (7 @ 7iy)
iy ={((TE, TP1, U, 171, [FE FOD}
iy ={(L T3, T71, 3, 151, [Fy, FZD}

=([T} +TF = TETE TV + TP = TVTYL 1 1 10 1Y) (FEFE FPEYD 0 (T T4, TV 1), [ + 1% — ik, 1Y +
- 1101, [ Fk+F}— FRFE FY +FY — FYFY 1}

:{[ min (Tf‘ + TZL - Tf‘TZL N TlL T2L ) ’ min (T]_U + TZU - T1UT2U N T1U TZU)] s

[max (I} 1§ I} +1F — 1515)  max (I 1Y, 1Y + 1Y — IP1Y)), [max (FFFY FE+ Ff — FEF} ), max (FUFY, FY +
FY — FYF

=TTy TOTOLE + 15 — 1y I + 1) — W [FE+ Fy — FpFy Y + F — FUF) ]
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:ﬁl ® ﬁz

This proves (i)

(iii) Using definitions in 2.4, 2.5 and 3.1, we have
(1, ®f1y) N (7 @T,) =1y @ Ty,

T1+T2 T1 +T2] [11+Iz 11+12] [F1+F2

={(TE+TF = TETE, TV + T — TPTP) LI 11V 18], [FEFE FUFPD N( |

2 ’ 2
F1U+F2U])
2

’

={[{min (T} + 7} — Ti74 , 222 ) min (19 + 79 — TOTY B ) |
1 2 142 9 2 9 1 2 142 » 2 )

[ max (I I ,'1“2 '1“2 )|, [ max (F{F; ,F1+F2) max (F'F;, F1+F2 )3

) , max (I I,

FE+EE P+ FY

vy V1Y 1= ~
2 > 2 nl@nz

2 ’ 2

={ [Tf+ TF ’T1U+2T2U

1.0 11

This proves (iii).
(v) From definitions in 2.4, 2.5 and 3.1, we have
(fy ® ) N (A @T,) =7y @ Tiy;

T+ TZ T1 +7Y

(TE Ty, TY TOVN I+ 15 — 1515 1Y + 1) — VI, [FE+ Fy — FeFy JFY + FY — FYFY 13 0 [2== 1
L iy 1 FE+FF FU+EY
[122’122],[ 122,122]}.

T1+T2

— : L L ry +Tz LyL 1+ U U v W+
={[min (T{ T , ) , min (T T/, ) L[ max (If +1; — 1313 aT)amaX W+ -4y, 2 )

Fl+ FE FY+ FY
]9[maX(F1L+F2L_F2LF2 —5) max(Fl +F - FF =)

={lriry, W L+ -5, B+5 - NELIF+F - FBE N+ - B )= 401
This proves (v).
(vii) Using definitions in 2.4, 2.5 and 3.1, we have

(i, ®71,) N (8 f)=1, $ 7,

= (Tt + 71k -1y, m + 1Y — VTP (1 15 17 11 [FEFE  FYFYD N {(WYTETE T T ) I I, 1P 1Y,

[WFL Fy, VF 1}

={[min(Tf + T} — TETE ,JTETE ), min(TY + T — TPTY ,JTY TY )N, [max (IE 1%, JIE 1E ), max (I 1Y, /1Y 1Y)
1, Imax (F{ Fy,\JF{ Fy ), max (F{ F} ,\JF/ F}') ]}

SWTETy T 1IN VI VP R 1 =7, 87,

This proves (vii)

(ix) From definitions in 2.4, 2.5 and 3.1, we have

(fy @ ) N (718 )=y & fiy;
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=TTy T TOLUE + 15— 1 1+ 1 — W) (FE+ B - FRF R+ FY = FUFY T OYTETS
NI VUV I VI WFEF FF D

= {[min (T T; T Ty), min (T 77, YT T, )], [max (If + 17 — 313, JIf I7) , max (I + 17 — 117,

Iy 1)), [max (Ff + F; — FyFy |, \FL Fy), max (FY + F) — F'F], \JF{ FJ )]}

=T W+ - 5l W+ — L[ FE+Fr— FFp JFY+F — FIF) 1} =1, @1,

This proves (ix)

(xiii) From definitions in 2.3, 2.5 and 3.1, we have

iy ® i) N (M #T,) =7y Q 7y

L L
— L L U U L L LiL U U Uju L L LpL U U UrpU 2Ty T
=Ty W[k +L -Gl Iy +1; — ) [Fr+Fy— FFy Fy +F) — FUF; ]} n{([T%+T2L’
2T1UT2U] [21{“1% 21{’15’] [2F1LF2L 2F1UF2U]}
O e T R S L R O N Y
L L U U L ;L U ,;u
_ . LpL 2T Ty . upu 271 T L L LyL 21713 U U vyu 211 I3
={[min (T T, LgL =), min (TP Ty, —g—5 )1, [max (Iy + I3 — L7, %), max(l{y + 15 — I{'I7 ~—%1, [ max
L+ TS TV + T} k+ 14 W+ 1t
L L LpL 2FLFf U U vpu 2R F
(Fl +F2_F2F2 ,FL+FL),maX(F1 +F2_F1F2 ,FU+FU]}
1 2 1 2

={ M, T L [+ 05— B, +1 — WL FE+F— B U+ B — FIF 1 =i, @,
This proves (xiii). This proves the theorem.

3.8. Theorem. For f1;and 71,€ INSs(X), then following relations are valid:
(i) (A #7y) $ (T H#1,) = # 7iys

(i) (M, D7) $ (AL @ 71y) =7, DBfy;

(iii) (7; @ ) $ (7 ® hy) =7, ® i3

(iv) (L, @72) $ (L@ T,) =T, @ 73

V) (#7,) @ (71 #7y) =1y #7253

i) (1, ®T,) @ (71; @ 7ip) = @ Tip;

(vii) (7, U T2p) @ (1y N 1) =7l @fiy3

(viii) (7i; U 71,) $ (7i; N 7p) =718 7ly;

(ix) (71, U 7y) # (7i; N 7iy) =71 #Ty;

Proof. The proofs of these results are the same as in the above proof

3.9. Theorem For every two #i; and 71, € INSs(X), we have:

(@) ((; U 71p) © (7y N 11p)) @ (71 U 7ip) @ (Tiy N 7ip)) =7y @iy

(i) (7, U fip)#( 7, N715)) $ (7, U ) @ (71 N 7)) =171, 87,
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(iii) (7, D7) U (7; @ 7)) @ ((71,D71;) N (g @ 7))= 1y @5
(iv) (1, ©71;) U (T, @1712)) @ ((7y @ 7ip) N (7 @)= iy @153
W) (M, 87) U (711 #11,)) @ ((7y @ 7ip) N (7 #7ip)) = 7y @3
(vi) (71, ©71z) U (71,871,)) @ ((71; @ 7ip) N (718$72)) = 7l @Fiz;
(vii) (A, D7) U (7, @7)) @ (7, Dfi,) N (7 #7,)) = 71, $7,.
Proof. In the following, we prove (i) and (iii), other results can be proved analogously.
@) From definitions in 2.4, 2.5 and 3.1, we have
(i, UTip) © (7l NT1p)) @ ((7iy UTLp) @ (7 Nlp)) =
iy ={(1TF, 01, U, ), [FE O}
i, ={([ Ty, 771, Uy, 5], [Fp, F{)}
fis={([Ts5, T3], U3, {1, [F§, Fi)}
(7, U Tip) @ (71, N1ip)) =

{ [max( TE, TF), max( T ,TY) 1, Imin(If, 12),min( I, I¥) 1, [min(FL, F¥),min( FY, FY) 1} @ { [min( TE, T#), min( T
TY) 1, [max(1f, 1F), max( 1, 13) 1, [max(Ff, Fy), max( FY,F{) 1 }.

={[ max(TE, TE)+ min( TE, TE) - max( TE, TF) min( TE, TE), max(TY ,TY) + min(TY ,TY) - max(TY ,TY min(TY
TN ,1 min(IE, I2) max (15, 1%), min( 17, 1Y) max( 1Y, I)], [ min(FE, FE) max(FE, FE), min( FY, FY) max(
FY,FHIL

(g U Ty) ® (7, N7A,) =

{ [max( TE, TF), max(TY ,TY) 1, Imin(If, IZ),min( 1Y, I¥) 1, [min(FE, FE),min( FY, FY) 13 @ { [min( TE, T#), min( T
JTY) 1, [max(1f, 1F), max( 1Y, 13) 1, [max(Ff, Fy), max( FY,F{) 1 }.

={[ max(TE, TF) min( TE, TF), max( TY ,TY) min(TY ,TY) 1, [ min(If, I}) + max(I5, I%) - min(1F, 1) max(IF, 1),
min(1Y, 1Y) + max(1Y, 1Y) - min(1¢, I¥) max(17,19)] , [ min(FE, FE) + max(FE, FE) - min(FE, FE) max(FE, FE),
min(F/, FY) + max(FY, FY) - min(FY, F1J) max(FY, F)H]1}.
(i, U ) @ (73,N7L)) @ (i U 7iy) @ (7 NTLy)) =
{[max( Tll‘,TIZ‘)+ min( T%,Té)— max( Tll‘,TIZ‘)min( Tll‘,TIZ‘)+max( Tll‘,le‘) min( T%,le‘)

2

max( T? ,Tg) + min( Tg ,lej) — max( T? ,Tg)min( T? ,lej) +max( Tg ,lej) min( Tllj ,lej)
b
2

1,

[ min([ll‘,lé)max(lli,lé) +min(111‘,ll§) + max(lli,lé) - min(lll‘,llz‘) max(l%,llz‘)) min( Ig,lzu) max( Ig,lg)+min(lllj,llzj) + max(lllj,lg) - min(lllj,lg) max(lg,llzj)
2 > 2

[

|

[ [ min(Fll‘,FIZ‘)max(Fll‘,FIZ‘),+min(Fll‘,F12‘) + max(Fll‘,Fé) - min(Fll‘,Flz‘) max(F%,Fli))
2 b

min( F?,Flzl) max( Flll,Fg)+min(Fllj,Fl2]) + max(Fllj,Flzj) - min(Fllj,Flzj) max(Flll,Fg)

. I

max( T%,Té)+ min( Tll‘,TIZ‘) max( Tg ,lej) + min( Tg ,lej)
2 ’ 2

=[ ]a
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min(FIi,Fli) + maX(FI{,FIZ“) min(Illj,lé/) + max(lllj,lé/)
2 ’ 2

min(lll“,lli) + max(lli,lé) min(li’,lg) + max(li’,lg)
2 ’ 2

[ 15 [ 15

i1y Y41y LR ES Fi4Fy  FLyrk

-1 L1

=i, @7,
This proves (i).
(ii1) From definitions in 2.4, 2.5 and 3.1, we have
(1, ©712) U (71; @ 112)) @ (7, D7) N (7 @ 7ip)) =iy @3
(@) N (7 @ fip) ={ (T{ + Ty — TiTy TV + T — TYTYL 1 Iz 1Y I3 [FEFy  FUFYDIN

AT Ty T TN+ 15— Bl Y+ 15 — WL FE+Fp — FeFp B+ F) — FUF 1
={[min ( T} +T; - T{Ty, T{ T ), min (7Y + T - T/, 1Y T,

[max (IF 1L, 1F+ 15— 181, max(if 1Y , 1Y + 1Y — 1710 ),
[ max (FLF} | FE + FF — FEFE), max(FUFY ,FY + FY — FUFY )1}
={Tf Ty ST T LU+ 13— Iy P+ 17 = DI 1, FE+Fp — FpFy, Y+ F — FUFY [}
(@A) U (7 ® i) ={ ([T} + Ty — TiTy , T +T7 — TUT LU Iy 1Y 1], [FLF  FPFY D U

AT Ty T TV + 1 — Iy Y+ 15 — W) [FE+ Fy — FoFp JFY +F) — FF) ]
={[max ( T{ +T; - T{Ty , T{ Ty ), max (T + T — /T . T7 )],

[min (1 1} 1F + 15— 1305), min(t? 1Y 1Y + 19 — IP1Y )], [min (FFFS | Ff + Ff — FEFD), min(EVFY FY +
FY — FVFY )

([Tt +Ty - TiTy T+ T = WYL U I W11, [FEF PR}

o 5 B o B N i 54k 4ri— Thrh ¥ rderfery—riry
(D7) U (7l @ 715)) @ (7, D7) N (7 & 71L))={] 2 ) 2 I,
[ e rs— 150k ik 15 My Viy+1¥ 1Y 1.1 Fr+rs— r5rl +Fkrs,  FUaRY— FURY 4RV FY B
2 ’ 2 ’ 2 > 2
q Thyrh {41y Ll ] Y4y 1 Fh4FL FY+FY
2 2 o2 > 2 o2 > 2

Hence, ((71,©11,) U (7, @ 712)) @ ((71,©D71;) N (71; @ 715)) =7, @1,

This proves (iii).

4. Conclusion

In this paper we have defined three new operations on interval neutrosophic sets based on the arithmetic mean, geometrical

mean, and respectively harmonic mean, which involve different defining functions. Several related results have been
proved and the characteristics of the interval neutrosophic sets revealed.
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