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Abstract.   An interval neutrosophic set is an instance of a neutrosophic set, which can be used in real scientific and 
engineering applications. In this paper, three new operations based on the arithmetic mean, geometrical mean, and 
respectively harmonic mean are defined on interval neutrosophic sets. 
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1. Introduction

In recent decades, several types of sets, such as fuzzy sets [1], interval-valued fuzzy sets [2], intuitionistic 
fuzzy sets [3, 4], interval-valued intuitionistic fuzzy sets [5], type 2 fuzzy sets [6, 7], type n fuzzy sets [6], and 
hesitant fuzzy sets [8], neutrosophic set theory [9  ], interval valued neutrosophic set [10 ]  have been introduced 
and investigated widely. The concept of neutrosophic sets, introduced by Smarandache [6, 9], and is interesting 
and useful in modeling several real life problems. 

The neutrosophic set theory (NS for short), which is a generalization  of intuitionistic fuzzy set  has three 
associated defining functions, namely the membership function, the non-membership function and the 
indeterminacy function, which are completely independent. After the pioneering work of Smarandache [9], 
Wang, H et al. [10] introduced the notion of interval neutrosophic sets theory (INS for short) which is a special 
case of neutrosophic sets. This concept is characterized by a membership function, a non-membership function 
and indeterminacy function, whose values are intervals rather than real numbers. INS is more powerful in 
dealing with vagueness and uncertainty than NS, also INS is regarded as a useful and practical tool for dealing 
with indeterminate and inconsistent information in real world. 

The theories of both neutrosophic set (NS)  and interval neutrosophic set (INS) have achieved great success in 
various areas such as medical diagnosis [11], database [12, 13], topology[14], image processing [15, 16, 17], 
and decision making problem[18]. 

Recently, Ye [19] defined the similarity measures between INSs on the basis of the hamming and Euclidean 
distances, and a multicriteria decision–making method based on the similarity degree was proposed. Some set 
theoretic operations such as union, intersection and complement on interval neutrosophic sets have also been 
proposed by Wang, H. et al.  [10]. 
Later on, S. Broumi and F. Smarandache [20] also defined the correlation coefficient of interval neutrosophic 
set. 

In 2013, Peide Liu [21] have presented some new operational laws for interval neutrosophic sets (INSs) and 
studied their properties and proposed some aggregation operators, including the interval neutrosophic power 
generalized weighted aggregation (INPGWA) operator and interval neutrosophic power generalized ordered 
weighted aggregation (INPGOWA) operator, and gave  a decision making method based on these operators.  
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In this paper, our aim is to propose three new operations on interval neutrosophic sets (INSs) and study their 
properties. 
Therefore, the rest of the paper is set out as follows. In Section 2, some basic definitions related to neutrosophic 
set and interval valued neutrosophic set are briefly discussed. In Section 3, three new operations on interval 
neutrosophic sets have been proposed and some properties of the proposed operations on interval neutrosophic 
sets are proved. In section 4 we conclude the paper. 

2. Preliminaries

In this section, we mainly recall some notions related to neutrosophic sets, and interval neutrosophic sets 
relevant to the present work. See especially [9, 10, and 21] for further details and background. 

2.1. Definition ([9]). Let U be an universe of discourse;  then the neutrosophic set A is an object having the 
form A = {< x: T୅(x), I୅(x), F୅(x)>, x ∈ U}, where the functions T, I, F : U→]−0,1+[  define respectively the 
degree of membership, the degree of indeterminacy, and the degree of non-membership of the element x ∈ U to 
the set A with the condition: 

     −0 ≤ T୅(x)+ I୅(x)+ F୅(x)≤ 3+.          (1) 

From philosophical point of view, the neutrosophic set takes the value from real standard or non-standard 
subsets of ]−0,1+[. So instead of ]−0,1+[ we need to take the interval [0,1] for technical applications, because 
]−0,1+[ will be difficult to apply in the real applications  such as in scientific and engineering problems.  

2.2 .Definition [10]. Let X be a space of points (objects) with generic elements in X denoted by x. An interval 
neutrosophic set (for short INS) A in X is characterized by truth-membership function	T୅(x), indeteminacy-
membership function I୅(x) and falsity-membership function		F୅(x). For each point x in X, we have that	T୅(x), I୅(x), F୅(x) ∈	 [ 0, 1] . 

For convenience, we can use x =( [ T୐	,	T୙] ,   [I୐	,	I୙] ,   [ F୐	,	F୙] ) to represent an element in INS. 

Remark 1. An INS is clearly a NS.

2.3 .Definition [10]. Let A ={( [ ஺ܶ௅	,	 ஺ܶ௎] ,   [ܫ஺௅	,	ܫ஺௎] ,   [ ܨ஺௅	,	ܨ஺௎] )} 

i. An INS A is empty if ஺ܶ௅ = ஺ܶ௎= 0, ܫ஺௅ = ஺௅ܨ	 ,஺௎= 1ܫ = .஺௎= 1, for all x in Aܨ
ii. Let 0 = <0, 1 ,1>   and 1 = <1, 0 ,0>

   In the following, we introduce some basic concepts related to INSs. 

2.4. Definition [21]. Let  ෤݊ଵ ={( [ ଵܶ௅	,	 ଵܶ௎] ,   [ܫଵ௅	,	ܫଵ௎] ,   [ ܨଵ௅	,	ܨଵ௎] )} and  ෤݊ଶ = {([ ଶܶ௅	,	 ଶܶ௎] ,   [ܫଶ௅	,	ܫଶ௎] , [ ܨଶ௅	,	ܨଶ௎])} be two INSs. 

i. ෤݊ଵ ∪ 	 ෤݊ଶ	=[max( ଵܶ௅, ଶܶ௅), max( ଵܶ௎ , ଶܶ௎)  ], [min	(ܫଵ௅, ,ଵ௎ܫ )ଶ௅),minܫ ,ଵ௅ܨ)	ଶ௎) ] , [minܫ ,ଵ௎ܨ )ଶ௅),minܨ { [ (ଶ௎ܨ
ii. ෤݊ଵ ∩ 	 ෤݊ଶ	=[min( ଵܶ௅, ଶܶ௅), min( ଵܶ௎ , ଶܶ௎)  ], [max	(ܫଵ௅, ,ଵ௎ܫ )ଶ௅)maxܫ ,ଵ௅ܨ)	ଶ௎) ] , [maxܫ ,ଵ௎ܨ )ଶ௅),maxܨ { [ (ଶ௎ܨ

2.5. Definition.  Let  ෤݊ଵ ={( [ ଵܶ௅	,	 ଵܶ௎] ,   [ܫଵ௅	,	ܫଵ௎] ,   [ ܨଵ௅	,	ܨଵ௎] )} and  ෤݊ଶ = {([ ଶܶ௅	,	 ଶܶ௎] ,   [ܫଶ௅	,	ܫଶ௎] ,   [ ܨଶ௅	,	ܨଶ௎])} be two INSs, then the operational laws are defined as follows. 

i. ෤݊௖ = [ ܨ௅	,	ܨ௎] ,   [1 − ,1	௅ܫ ܶ௎]	,	௎] ,   [ ܶ௅ܫ	−
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ii. ෤݊ଵ ⨁   ෤݊ଶ = ([ ଵܶ௅ + ଶܶ௅ −	 ଵܶ௅ ଶܶ௅	, ଵܶ௎ + ଶܶ௎ −	 ଵܶ௎ ଶܶ௎], ,	ଶ௅ܫ	ଵ௅ܫ	] ,	[ଶ௎ܫ	ଵ௎ܫ ,	ଶ௅ܨଵ௅ܨ] ([ଶ௎ܨଵ௎ܨ
iii. ෤݊ଵ ⊗  ℎ෨ଶ = [ ଵܶ௅	 ଶܶ௅	 ,		 ଵܶ௎	 ଶܶ௎)],[ ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ	, ଶ௅ܫଶ௅ܫ	− + ଶ௎ܫ ଵ௅ܨ] ,[ଶ௎ܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ ,  ଶ௅ܨଶ௅ܨ	− + ଶ௎ܨ [ ଶ௎ܨଵ௎ܨ−
iv. 	ߣ ෤݊ =	൛൫ൣ1 −	(1 − ܶ௅)ఒ, 1 −	(1 − ܶ௎)ఒ൧, ,	ఒ(௅ܫ	)	ൣ ,ఒ൧(௎ܫ	) ,	ఒ(௅ܨ	)	] .ൟ	ఒ]൯(௎ܨ	)
v. 

3. Three New Operations on INSs

3.1. Definition: Let ෤݊ଵ and ෤݊ଶ be two interval neutrosophic sets;, we propose the following operations on INSs 
as follows: ෤݊ଵ  @ 	 ෤݊ଶ  = {( [ భ்ಽା	 మ்ಽଶ , భ்ೆ ା	 మ்ೆ 	ଶ ], [ூభಽା	ூమಽଶ , ூభೆ ା	ூమೆଶ ]  ,[	ிభಽା	ிమಽଶ , ிభೆ ା	ிమೆଶ ],  where < ଵܶ, ܫଵ,	ܨଵ >∈ ෤݊ଵ ,< ଶܶ, ܫଶ,	ܨଶ >∈ ෤݊ଶ  } ෤݊ଵ  $ 	 ෤݊ଶ  = {( [ඥ ଵܶ௅	 ଶܶ௅, ට ଵܶ௎	 ଶܶ௎	], [ඥܫଵ௅	ܫଶ௅,  ටܫଵ௎	ܫଶ௎	] , [ඥܨଵ௅	ܨଶ௅,  ටܨଵ௎	ܨଶ௎	] } ,where < ଵܶ, ܫଵ,	ܨଵ >∈ ෤݊ଵ ,< ଶܶ, ܫଶ,	ܨଶ >∈ ෤݊ଶ } ෤݊ଵ  # 	 ෤݊ଶ  = {( [ ଶ	 భ்ಽ	 మ்ಽభ்ಽା	 మ்ಽ , ଶ	 భ்ೆ 	 మ்ೆ 	భ்ೆ ା	 మ்ೆ ], [ଶ	ூభಽ	ூమಽூభಽା	ூమಽ , ଶ	ூభೆ 	ூమೆ 	ூభೆ ା	ூమೆ ] , [ଶ	ிభಽ	ிమಽிభಽା	ிమಽ , ଶ	ிభೆ 	ிమೆிభೆ ା	ிమೆ ]}  , where < ଵܶ, ܫଵ,	ܨଵ >∈ ෤݊ଵ ,< ଶܶ, ܫଶ,	ܨଶ >∈ ෤݊ଶ } 
With ଵܶ= [ ଵܶ௅ ,	 ଵܶ௎] ,	ܫଵ= [ܫଵ௅ ,	ܫଵ௎] ,	ܨଵ= [ܨଵ௅ ,	ܨଵ௎] and  ଶܶ= [ ଶܶ௅ ,	 ଶܶ௎] ,	ܫଶ= [ܫଶ௅ ,	ܫଶ௎] ,	ܨଶ= [ܨଶ௅ ,	ܨଶ௎] 
Obviously, for every two n෤ଵ and n෤ଶ, (	n෤ଵ@n෤ଶ),  (n෤ଵ$n෤ଶ) and (n෤ଵ#n෤ଶ) are also INSs. 
3.2.Example Let	 ෤݊ଵ (x)= {([0.2, 0.3], [0.5, 0.6] , [ 0.2 , 0.4  ]),([0.5, 0.8], [0.1, 0.2], [ 0.6 ,0.1 ])} and  ෤݊ଶ (x)= 
{([0.4, 0.6],[0.3, 0.4], [   0.3 , 0.5]), ([0.3, 0.5], [0.1, 0.2], [ 0.5 ,0.1 ]) be two interval neutrosophic sets. Then we 
have ( ෤݊ଵ  @ 	 ෤݊ଶ) = {([0.3, 0.45], [0.4, 0.5],[  0.25 ,0.45 ] ),(b, [0.4, 0.65], [0.1, 0.2], [ 0.55 ,  0.1 ])} 
( ෤݊ଵ	$	 ෤݊ଶ) ={(a, [0.28, 0.42], [0.38, 0.48], [ 0.24  ,0.44 ]),(b, [0.38, 0.63], [0.1, 0.2], [0.55  ,0.1 ])} 
 ( ෤݊ଵ# ෤݊ଶ) = {(a, [0.26, 0.4], [0.37, 0.48] , [ 0.24  , 0.44] ),  (b, [0.37, 0.61], [0.1, 0.2], [ 0.54 , 0.1 ])} 
With these operations, several results follow. 

3.4. Theorem. For ෤݊ଵ,	 ෤݊ଶ ∈ INSs(X), 
(i)	 ෤݊ଵ@ 	෥݊ ଶ=	෥݊ ଶ	@ ෤݊ଵ; 
(ii)	 ෤݊ଵ$ 	෥݊ ଶ=	෥݊ ଶ	$	 ෤݊ଵ; 
(iii)	 ෤݊ଵ#	෥݊ ଶ=	෥݊ ଶ#	෥݊ଵ; 
Proof. These also follow from definitions. 

3.5. Theorem. For	෥݊ଵ,	 ෤݊ଶ ∈	INSs(X),  (	 ෤݊ଵ௖@		 ෤݊ଶ௖	)	௖ =	 ෤݊ଵ@ ෤݊ଶ   
Proof.	 ෤݊ଵ  @ 	 ෤݊ଶ  = {( [ భ்ಽା	 మ்ಽଶ , భ்ೆ ା	 మ்ೆ 	ଶ ], [ூభಽା	ூమಽଶ , ூభೆ ା	ூమೆ 	ଶ ]  ,[	ிభಽା	ிమಽଶ , ிభೆ ା	ிమೆ 	ଶ ]  where < ଵܶ, ܫଵ,	ܨଵ >∈ ෤݊ଵ ,< ଶܶ, ܫଶ,	ܨଶ >∈ ෤݊ଶ  } 
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   ෤݊ଵ௖ ={( [ ܨଵ௅	,	ܨଵ௎] ,   [1- ܫଵ௅	,	1 − 	,	ଵ௎] ,   [ ଵܶ௅ܫ ଵܶ௎] )} 

  ෤݊ଶ௖ = {([ ܨଶ௅	,	ܨଶ௎] ,   [1- ܫଶ௅	,	1 − 	,	ଶ௎] ,   [ ଶܶ௅ܫ ଶܶ௎])} 

෤݊ଵ௖@		 ෤݊ଶ௖ ={ [ ிభಽା	ிమಽ	ଶ , ிభೆ ା	ிమೆ 	ଶ ], [(ଵିூభಽ)ା	(ଵିூమಽ	)ଶ  , (ଵିூభೆ )ା(ଵି	ூమೆ )	ଶ ]  ,[	 భ்ಽା	 మ்ಽଶ , భ்ೆ ା	 మ்ೆ 	ଶ ]  } 

(	 ෤݊ଵ௖@		 ෤݊ଶ௖	)	௖  = ቀ[ிభಽା	ிమಽଶ , ிభೆ ା	ிమೆଶ ], [(ଵିூభಽ)ା	(ଵିூమಽ	)ଶ , (ଵିூభೆ )ା(ଵି	ூమೆ )	ଶ ]		, [	 భ்ಽା	 మ்ಽଶ , భ்ೆ ା	 మ்ೆ 	ଶ ]ቁ௖
=	ቀ[	 భ்ಽା	 మ்ಽଶ , భ்ೆ ା	 మ்ೆଶ ], [1 − (ଵିூభಽ)ା	(ଵିூమಽ	)ଶ ,1 −	 (ଵିூభೆ )ା(ଵି	ூమೆ )	ଶ ]		, [ிభಽା	ிమಽଶ , ிభೆ ା	ிమೆଶ ]		ቁ 

=  ቀ[	 భ்ಽା	 మ்ಽଶ , భ்ೆ ା	 మ்ೆଶ ], [ଶି[ଶି(ூభಽା	ூమಽ	)]ଶ , ଶି[ଶି(ூభೆ ା	ூమೆ 	)]	ଶ ]		, [ிభಽା	ிమಽଶ , ிభೆ ା	ிమೆଶ ]		ቁ 

=ቀ[	 భ்ಽା	 మ்ಽଶ , భ்ೆ ା	 మ்ೆଶ ], [(ூభಽା	ூమಽ	)ଶ , (ூభೆ ା	ூమೆ 	)	ଶ ]		, [ிభಽା	ிమಽଶ , ிభೆ ା	ிమೆ 	ଶ ]		ቁ
Then       (	 ෤݊ଵ௖@		 ෤݊ଶ௖	)	௖  = ෤݊ଵ@ 	෥݊ ଶ 

This proves the theorem. 

Note 1: One can easily verify that 

(i) (	 ෤݊ଵ௖$		 ෤݊ଶ௖	)	௖ ≠ ෤݊ଵ$ 	෥݊ ଶ 
(ii) (	 ෤݊ଵ௖#		 ෤݊ଶ௖	)	௖ ≠ ෤݊ଵ#	෥݊ ଶ 

3.6. Theorem.  For ෤݊ଵ,	 ෤݊ଶ  and	 ෤݊ଷ  ∈ INSs(X) , we have the following identities: 

(i) ( ෤݊ଵ ∪ ෤݊ଶ) @ ෤݊ଷ = ( ෤݊ଵ @ ෤݊ଷ) ∪ ( ෤݊ଶ @ ෤݊ଷ); 

(ii) ( ෤݊ଵ ∩ ෤݊ଶ) @ ෤݊ଷ =( ෤݊ଵ @ ෤݊ଷ) ∩ ( ෤݊ଶ@ ෤݊ଷ) 

(iii) ( ෤݊ଵ ∪ ෤݊ଶ) $ ෤݊ଷ= ( ෤݊ଵ$	 ෤݊ଷ) ∪(	 ෤݊ଶ$	 ෤݊ଷ); 

(iv) ( ෤݊ଵ ∩ ෤݊ଶ) $ ෤݊ଷ= ( ෤݊ଵ$	෥݊ ଷ) ∩ (	 ෤݊ଶ$	ℎ෩ଷ); 

(v) (( ෤݊ଵ ∪	 ෤݊ଶ)) # ෤݊ଷ= ( ෤݊ଵ#	෥݊ ଷ) ∪(	 ෤݊ଶ	#	෥݊ ଷ); 

(vi) ( ෤݊ଵ ∩ ෤݊ଶ) # ෤݊ଷ= ( ෤݊ଵ#	 ෤݊ଷ) ∩ (	 ෤݊ଶ#	 ෤݊ଷ); 

 (vii) ( ෤݊ଵ@	෥݊ ଶ) ⨁  ෤݊ଷ= ( ෤݊ଵ ⨁	෥݊ଷ) @(	 ෤݊ଶ ⨁	෥݊ଷ); 

(viii) ( ෤݊ଵ@ ෤݊ଶ) ⊗ ෤݊ଷ=( ෤݊ଵ ⊗ ෤݊ଷ)@ (	 ෤݊ଶ ⊗ ෤݊ଷ) 

Proof. We prove (i), (iii), (v), (vii) and (ix), results (ii), (iv), (vi), (viii) and (x) can be proved analogously 

(i) Using definitions in 2.4, 2.5 and 3.1,we have 

  ෤݊ଵ ={( [ ଵܶ௅	,	 ଵܶ௎] ,   [ܫଵ௅	,	ܫଵ௎] ,   [ ܨଵ௅	,	ܨଵ௎] )} 

  ෤݊ଶ = {([ ଶܶ௅	,	 ଶܶ௎] ,   [ܫଶ௅	,	ܫଶ௎] ,   [ ܨଶ௅	,	ܨଶ௎])} 

( ෤݊ଵ ∪ ෤݊ଶ) @ ෤݊ଷ =  {( [max( ଵܶ௅, ଶܶ௅)	,max(	 ଵܶ௎, ଶܶ௎)] ,   [min (ܫଵ௅, ,ଵ௎ܫ	),min		ଶ௅)ܫ ,ଵ௎ܨ	)min,(ଶ௅ܨ	,	ଵ௅ܨ )ଶ௎)] ,   [minܫ 	,	ଶ௎)] )}  @ {([ ଷܶ௅ܨ ଷܶ௎] ,   [ܫଷ௅	,	ܫଷ௎] ,   [ ܨଷ௅	,	ܨଷ௎])} 
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={[୫ୟ୶(	 భ்ಽ, మ்ಽ)ା య்ಽଶ , ୫ୟ୶(	 భ்ೆ , మ்ೆ )	ା	 య்ೆଶ ] , [	୫୧୬	(ூభಽ,ூమಽ)ାூయಽଶ , ୫୧୬(	ூభೆ ,ூమೆ )ାூయೆଶ ] ,[	୫୧୬൫	ிభಽ	,ிమಽ൯ାிయಽ,ଶ , ୫୧୬(	ிభೆ ,ிమೆ )ାிయೆଶ  ]} 

={[max(   భ்ಽା య்ಽ	ଶ ,  మ்ಽା య்ೆଶ ) , max(   భ்ೆ ା య்ೆ 	ଶ ,  మ்ೆ ା య்ೆଶ ) ], [ min ( ூభಽାூయಽଶ , ூమಽାூయಽଶ ) , min (ூభೆ ାூయೆଶ , ூమೆ ାூయೆଶ )], [min ( ிభಽାிయಽଶ , ிమಽାிయಽଶ  ) , 

min (ிభೆ ାிయೆଶ , ிమೆ ାிయೆଶ  ] } 

= ( ෤݊ଵ @ ෤݊ଷ) ∪ ( ෤݊ଶ @ ෤݊ଷ) 

This proves (i) 

(iii) From definitions in 2.4, 2.5 and 3.1, we have 

( ෤݊ଵ ∪ ෤݊ଶ) $ ෤݊ଷ = {( [max( ଵܶ௅, ଶܶ௅)	,max(	 ଵܶ௎, ଶܶ௎)] ,   [min (ܫଵ௅, ,ଵ௎ܫ	),min		ଶ௅)ܫ ,ଵ௎ܨ	)min,(ଶ௅ܨ	,	ଵ௅ܨ )ଶ௎)] ,   [minܫ 	,	ଶ௎)] )} $ {([ ଷܶ௅ܨ ଷܶ௎] ,   [ܫଷ௅	,	ܫଷ௎] ,   [ ܨଷ௅	,	ܨଷ௎])} 

=    {  [ඥ݉ܽݔ(	 ଵܶ௅, ଶܶ௅)	 ଷܶ௅  , ඥmax(	 ଵܶ௎, ଶܶ௎)	 ଷܶ௎    ] , [ඥmin(	ܫଵ௅, ,ଵ௎ܫ	)ଷ௅  , ඥminܫ	(ଶ௅ܫ ,	ଵ௅ܨ	)ଷ௎ ], [ඥminܫ	(ଶ௎ܫ ,ଵ௎ܨ	)ଷ௅  , ඥminܨ	(ଶ௅ܨ  .{[ ଷ௎ܨ	(ଶ௎ܨ

={ [ max(ඥ ଵܶ௅	 ଷܶ௅    , ඥ ଶܶ௅	 ଷܶ௅   ) , max(ඥ ଵܶ௎	 ଷܶ௎    , ඥ ଶܶ௎	 ଷܶ௎   ) ] , [min(ඥܫଵ௅	ܫଷ௅    , ඥܫଶ௅	ܫଷ௅   ) , min(ඥܫଵ௎	ܫଷ௎    , ඥܫଶ௎	ܫଷ௎   )], [min(ඥܨଵ௅ܨଷ௅    , ඥܨଶ௅	ܨଷ௅   ) , min(ඥܨଵ௎	ܨଷ௎    , ඥܨଶ௎	ܨଷ௎  )]} 

=( ෤݊ଵ$ ෤݊ଷ) ∪	(	 ෤݊ଶ$ ෤݊ଷ); 

This proves (iii). 

(v) Using definitions in 2.4, 2.5 and 3.1, we have 

 (( ෤݊ଵ ∪ ෤݊ଶ)) # ෤݊ଷ = {( [max( ଵܶ௅, ଶܶ௅)	,max(	 ଵܶ௎, ଶܶ௎)] ,   [min (ܫଵ௅, ,ଵ௎ܫ	),min		ଶ௅)ܫ ,ଵ௎ܨ	)min,(ଶ௅ܨ	,	ଵ௅ܨ )ଶ௎)] ,   [minܫ 	,	ଶ௎)] )} # {([ଷܶ௅ܨ ଷܶ௎] ,   [ܫଷ௅	,	ܫଷ௎] ,   [ ܨଷ௅	,	ܨଷ௎])} 

= { [ ଶ	୫ୟ୶(	 భ்ಽ, మ்ಽ)	 య்ಽ୫ୟ୶(	 భ்ಽ, మ்ಽ)ା	 య்ಽ  , ଶ	୫ୟ୶(	 భ்ೆ 	, మ்ೆ )	 య்ೆ୫ୟ୶(	 భ்ೆ 	, మ்ೆ )		ା	 య்ೆ ], [ଶ	୫୧୬	(ூభಽ,ூమಽ)	ூయಽ୫୧୬	(ூభಽ,ூమಽ)ା	ூయಽ  , ଶ	୫୧୬(	ூభೆ ,ூమೆ )		ூయೆ୫୧୬(	ூభೆ ,ூమೆ )	ା	ூయೆ ]  , ], [ଶ	୫୧୬	(ிభಽ,ிమಽ)	ிయಽ୫୧୬	(ிభಽ,ிమಽ)ା	ிయಽ  , ଶ	୫୧୬(	ிభೆ ,ிమೆ )		ிయೆ୫୧୬(	ிభೆ ,ிమೆ )	ା	ிయೆ ]  } 

 ={ [ max (ଶ		 భ்ಽ		 య்ಽభ்ಽା	 య்ಽ   , ଶ		 మ்ಽ		 య்ಽ	మ்ಽା	 య்ಽ ) ,max (ଶ		 భ்ೆ 		 య்ೆభ்ೆ ା	 య்ೆ   , ଶ		 మ்ೆ 		 య்ೆమ்ೆ ା	 య்ೆ  )] , [ min (ଶ		ூభಽ	ூయಽூభಽା	ூయಽ   , ଶ		ூమಽ	ூయಽ		ூమಽା	ூయಽ ) ,min (ଶ		ூభೆ 	ூయೆூభೆ ା	ூయೆ   , ଶ		ூమೆ 	ூయೆ	ூమೆ ା	ூయೆ  )], [ 

min (ଶ		ிభಽ	ிయಽிభಽା	ிయಽ   , ଶ		ிమಽ	ிయಽ		ிమಽା	ிయಽ ) ,min (ଶ		ிభೆ 	ிయೆிభೆ ା	ிయೆ   , ଶ		ிమೆ 	ிయೆ	ிమೆ ା	ிయೆ  )]} 

=( ෤݊ଵ	# ෤݊ଷ) ∪	(	 ෤݊ଶ# ෤݊ଷ)       

This proves (v) 

(vii) Using definitions in 2.4, 2.5 and 3.1, we have 

 ( ෤݊ଵ@	෥݊ ଶ) ⨁  ෤݊ଷ= ( ෤݊ଵ ⨁	෥݊ଷ) @(	 ෤݊ଶ ⨁	 ෤݊ଷ); 

  ෤݊ଵ ={( [ ଵܶ௅	,	 ଵܶ௎] ,   [ܫଵ௅	,	ܫଵ௎] ,   [ ܨଵ௅	,	ܨଵ௎] )} 

  ෤݊ଶ = {([ ଶܶ௅	,	 ଶܶ௎] ,   [ܫଶ௅	,	ܫଶ௎] ,   [ ܨଶ௅	,	ܨଶ௎])} ෤݊ଷ= {( [ ଷܶ௅	,	 ଷܶ௎] ,   [ܫଷ௅	,	ܫଷ௎] ,   [ ܨଷ௅	,	ܨଷ௎] )} 

= {( [ భ்ಽା	 మ்ಽଶ , భ்ೆ ା	 మ்ೆ 	ଶ ], [ூభಽା	ூమಽ	ଶ , ூభೆ ା	ூమೆ 	ଶ ]  ,[	ிభಽା	ிమಽ	ଶ , ிభೆ ା	ிమೆ 	ଶ ])} ⨁ {( [ ଷܶ௅	,	 ଷܶ௎] ,   [ܫଷ௅	,	ܫଷ௎] ,   [ ܨଷ௅	,	ܨଷ௎] )} 

={[ భ்ಽା	 మ்ಽ	ଶ + ଷܶ௅ - భ்ಽା	 మ்ಽଶ ଷܶ௅,   భ்ೆ ା	 మ்ೆଶ + ଷܶ௎ - భ்ೆ ା	 మ்ೆ 	ଶ ଷܶ௎ ] , [ூభಽା	ூమಽ	ଶ ଷ௅,   ூభೆܫ ା	ூమೆ 	ଶ ଶ	ிమಽ	ଷ௎] , [ிభಽାܫ ଷ௅,   ிభೆܨ ା	ிమೆଶ  { [ଷ௎ܨ	
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={ [( భ்ಽା య்ಽି	 భ்ಽ య்ಽ)ା( మ்ಽା య்ಽି మ்ಽ య்ಽ)ଶ  ,		( భ்ೆ ା య்ೆ ି	 భ்ೆ య்ೆ )ା( మ்ೆ ା య்ೆ ି మ்ೆ య்ೆ )ଶ  ], [ூభಽା	ூమಽ	ଶ ଷ௅,   ூభೆܫ  ା	ூమೆ 	ଶ ிమಽଶ	ଷ௎] , [ிభಽାܫ	 ଷ௅,   ிభೆܨ  ା	ிమೆ 	ଶ { [ଷ௎ܨ	

= ( ෤݊ଵ ⨁෤݊ଷ) @ (	 ෤݊ଶ ⨁෤݊ଷ) 

This proves (vi)  

3.7. Theorem. For ෤݊ଵand ෤݊ଶ∈ INSs(X), we have the following identities: 

(i) ( ෤݊ଵ⨁	෥݊ ଶ) ∩  (	 ෤݊ଵ ⊗ ෤݊ଶ) =	 ෤݊ଵ ⊗ ෤݊ଶ; 

(ii) ( ෤݊ଵ⨁	 ෤݊ଶ) ∪	(	 ෤݊ଵ ⊗ ෤݊ଶ) =	 ෤݊ଵ⨁	෥݊ଶ; 

(iii) ( ෤݊ଵ⨁	෥݊ ଶ) ∩  (	 ෤݊ଵ@	෥݊ ଶ) =	 ෤݊ଵ@	෥݊ ଶ; 

(iv) ( ෤݊ଵ⨁	෥݊ଶ) ∪	(	 ෤݊ଵ@	෥݊ ଶ)=	 ෤݊ଵ⨁	෥݊ଶ; 

(v) ( ෤݊ଵ ⊗ ෤݊ଶ) ∩  (	 ෤݊ଵ@	෥݊ ଶ)=	 ෤݊ଵ ⊗ ෤݊ଶ; 

(vi) ( ෤݊ଵ ⊗ ෤݊ଶ) ∪	(	 ෤݊ଵ@ ෤݊ଶ)=	 ෤݊ଵ@	 ෤݊ଶ; 

(vii) ( ෤݊ଵ⨁ ෤݊ଶ) ∩  (	 ෤݊ଵ$	෥݊ ଶ)=	 ෤݊ଵ	$	෥݊ ଶ; 

(viii) ( ෤݊ଵ⨁ ෤݊ଶ) ∪	(	 ෤݊ଵ$	෥݊ ଶ)=	 ෤݊ଵ⨁	෥݊ ଶ; 

(ix) ( ෤݊ଵ ⊗ ෤݊ଶ) ∩  (	 ෤݊ଵ$	෥݊ ଶ)=	 ෤݊ଵ ⊗ ෤݊ଶ; 

(x) ( ෤݊ଵ ⊗ ෤݊ଶ) ∪	(	 ෤݊ଵ$ ෤݊ଶ)=	 ෤݊ଵ$	 ෤݊ଶ; 

(xi) ( ෤݊ଵ⨁	෥݊ଶ) ∩ (	 ෤݊ଵ#	 ෤݊ଶ)=	 ෤݊ଵ#	 ෤݊ଶ; 

(xii) ( ෤݊ଵ⨁	෥݊ ଶ) ∪	(	 ෤݊ଵ# ෤݊ଶ)=	 ෤݊ଵ ⨁ ෤݊ଶ; 

(xiii) ( ෤݊ଵ ⊗ ෤݊ଶ)∩ (	 ෤݊ଵ# ෤݊ଶ)=	 ෤݊ଵ ⊗ ෤݊ଶ; 

(xiv) ( ෤݊ଵ ⊗ ෤݊ଶ)∪(	 ෤݊ଵ# ෤݊ଶ)=	 ෤݊ଵ# ෤݊ଶ 

Proof. We prove (i), (iii), (v), (vii), (ix), (xi) and (xii), other results can be proved analogously. 

(i) From definitions in 2.4, 2.5 and 3.1, we have 

( ෤݊ଵ⨁ ෤݊ଶ) ∩  (	 ෤݊ଵ ⊗ ෤݊ଶ)

  ෤݊ଵ ={( [ ଵܶ௅	,	 ଵܶ௎] ,   [ܫଵ௅	,	ܫଵ௎] ,   [ ܨଵ௅	,	ܨଵ௎] )} 

  ෤݊ଶ = {([ ଶܶ௅	,	 ଶܶ௎] ,   [ܫଶ௅	,	ܫଶ௎] ,   [ ܨଶ௅	,	ܨଶ௎])} =([ ଵܶ௅ + ଶܶ௅ −	 ଵܶ௅ ଶܶ௅	, ଵܶ௎ + ଶܶ௎ −	 ଵܶ௎ ଶܶ௎], ,	ଶ௅ܫ	ଵ௅ܫ	] ,	[ଶ௎ܫ	ଵ௎ܫ ,	ଶ௅ܨଵ௅ܨ] ([ଶ௎ܨଵ௎ܨ ∩ {[	 ଵܶ௅	 ଶܶ௅	, ଵܶ௎	 ଶܶ௎], ଵ௅ܫ] + ଶ௅ܫ ,ଶ௅ܫଶ௅ܫ	− ଵ௎ܫ ଶ௎ܫ+ ଵ௅ܨ  ] 	,	[ଶ௎ܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ , ଶ௅ܨଶ௅ܨ	− + ଶ௎ܨ  { [ ଶ௎ܨଵ௎ܨ	−

={[ min ( ଵܶ௅ + ଶܶ௅ −	 ଵܶ௅ ଶܶ௅	, ଵܶ௅	 ଶܶ௅	 ) , min ( ଵܶ௎ + ଶܶ௎ −	 ଵܶ௎ ଶܶ௎  , ଵܶ௎	 ଶܶ௎)] , 

 [ max (ܫଵ௅	ܫଶ௅  ,	ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ ,ଶ௎ܫ	ଵ௎ܫ) ଶ௅ ) , maxܫଶ௅ܫ	− + ଶ௎ܫ ଵ௅ܨ	,  ଶ௅ܨଵ௅ܨ) ଶ௎)],  [ maxܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ ,ଶ௎ܨଵ௎ܨ) ଶ௅  ) , maxܨଶ௅ܨ	− ଶ௎ܨ+  {[(ଶ௎ܨଵ௎ܨ	−

=[ ଵܶ௅	 ଶܶ௅	 ,		 ଵܶ௎	 ଶܶ௎)],[ ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ	, ଶ௅ܫଶ௅ܫ	− + ଶ௎ܫ ଵ௅ܨ] ,[ଶ௎ܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ ,  ଶ௅ܨଶ௅ܨ	− + ଶ௎ܨ  [ ଶ௎ܨଵ௎ܨ	−
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= ෤݊ଵ ⊗ ෤݊ଶ 

This proves (i) 

(iii) Using definitions in 2.4, 2.5 and 3.1, we have 

( ෤݊ଵ⨁ ෤݊ଶ)	∩ (	 ෤݊ଵ@ ෤݊ଶ) =	 ෤݊ଵ@	 ෤݊ଶ; 

={ ([ ଵܶ௅ + ଶܶ௅ −	 ଵܶ௅ ଶܶ௅	, ଵܶ௎ + ଶܶ௎ −	 ଵܶ௎ ଶܶ௎], ,	ଶ௅ܫ	ଵ௅ܫ	] ,	[ଶ௎ܫ	ଵ௎ܫ ,	ଶ௅ܨଵ௅ܨ] ([ଶ௎ܨଵ௎ܨ 	∩( [ భ்ಽା	 మ்ಽଶ , భ்ೆ ା	 మ்ೆ 	ଶ ], [ூభಽା	ூమಽଶ , ூభೆ ା	ூమೆ 	ଶ ]  ,[	ிభಽା	ிమಽଶ
, ிభೆ ା	ிమೆଶ ])

= {[ min  ( ଵܶ௅ + ଶܶ௅ −	 ଵܶ௅ ଶܶ௅ ,	 భ்ಽା	 మ்ಽଶ  ) , min ( ଵܶ௎ + ଶܶ௎ −	 ଵܶ௎ ଶܶ௎ ,	 భ்ೆ ା	 మ்ೆ 	ଶ ] ) ], 

[ max (ܫଵ௅	ܫଶ௅ , ூభಽା	ூమಽ	ଶ ) , max (ܫଵ௎	ܫଶ௎, ூభೆ ା	ூమೆ 	ଶ )] , [ max (ܨଵ௅ܨଶ௅ , ிభಽା	ிమಽ	ଶ ) , max (ܨଵ௎ܨଶ௎, ிభೆ ା	ிమೆଶ )]}.  

={ [ భ்ಽା	 మ்ಽଶ , భ்ೆ ା	 మ்ೆଶ ] , [	ூభಽା	ூమಽଶ ,  ூభೆ ା	ூమೆ 	ଶ ], [  ிభಽା	ிమಽ	ଶ   , ிభೆ ା	ிమೆ 	ଶ    ] = ෤݊ଵ	@ ෤݊ଶ 
This proves (iii). 

(v) From definitions in 2.4, 2.5 and 3.1, we have 

( ෤݊ଵ ⊗ ෤݊ଶ) ∩ (	 ෤݊ଵ@ ෤݊ଶ) =	 ෤݊ଵ ⊗ ෤݊ଶ; 

{[ ଵܶ௅	 ଶܶ௅	 ,		 ଵܶ௎	 ଶܶ௎)],[ ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ	, ଶ௅ܫଶ௅ܫ	− + ଶ௎ܫ ଵ௅ܨ] ,[ଶ௎ܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ ,  ଶ௅ܨଶ௅ܨ	− + ଶ௎ܨ ] }∩ {[ ଶ௎ܨଵ௎ܨ	− భ்ಽା	 మ்ಽଶ , భ்ೆ ା	 మ்ೆଶ  ] , 

[	ூభಽା	ூమಽ	ଶ   ,  ூభೆ ା	ூమೆ 	ଶ ], [  ிభಽା	ிమಽଶ , ிభೆ ା	ிమೆ 	ଶ  ]}. 

={[ min  ( ଵܶ௅	 ଶܶ௅	 ,	 భ்ಽା	 మ்ಽ	ଶ ) , min ( ଵܶ௎	 ଶܶ௎ , 	 భ்ೆ ା	 మ்ೆ 	ଶ ) ],[ max (ܫଵ௅ + ଶ௅ܫ ଶ	ூమಽ	ଶ௅ ,ூభಽାܫଶ௅ܫ	− ) , max (ܫଵ௎ + ଶ௎ܫ ଶ௎, ூభೆܫଵ௎ܫ	− ା	ூమೆ 	ଶ ) 

], [max (ܨଵ௅ + ଶ௅ܨ ଶ	ிమಽ	ଶ௅   ,ிభಽାܨଶ௅ܨ	− ) , max (ܨଵ௎ + ଶ௎ܨ ଶ௎ , ிభೆܨଶ௎ܨ	− ା	ிమೆଶ )]}. 

= {[ ଵܶ௅	 ଶܶ௅	 , 	 ଵܶ௎	 ଶܶ௎  ], [ܫଵ௅ + ଶ௅ܫ 1ܷܫ			, ଶ௅ܫଶ௅ܫ	− + 2ܷܫ − 	 1ܷܫ 2ܷܫ ଵ௅ܨ	] ,[ + ଶ௅ܨ ଵ௎ܨ	 , ଶ௅ܨଶ௅ܨ	− + ଶ௎ܨ ଶ௎ ] }=  ෤݊ଵܨଶ௎ܨ	− ⊗	 ෤݊ଶ	This	proves	(v).	(vii)	Using	definitions	in	2.4, 2.5 and 3.1,	we	have	
( ෤݊ଵ⨁ ෤݊ଶ)	∩ (	 ෤݊ଵ$	 ෤݊ଶ)=	 ෤݊ଵ	$	 ෤݊ଶ
=  ([ ଵܶ௅ + ଶܶ௅ −	 ଵܶ௅ ଶܶ௅	, ଵܶ௎ + ଶܶ௎ −	 ଵܶ௎ ଶܶ௎], ,	ଶ௅ܫ	ଵ௅ܫ	] ,	[ଶ௎ܫ	ଵ௎ܫ ,	ଶ௅ܨଵ௅ܨ]  ∩ {( [ඥ	ଶ௎])ܨଵ௎ܨ ଵܶ௅	 ଶܶ௅, ඥ ଵܶ௎	 ଶܶ௎	], [ඥܫଵ௅	ܫଶ௅,  ඥܫଵ௎	ܫଶ௎	] ,
[ඥܨଵ௅	ܨଶ௅,  ඥܨଵ௎	ܨଶ௎	]} 
= { [ min ( ଵܶ௅ + ଶܶ௅ −	 ଵܶ௅ ଶܶ௅ ,	ඥ ଵܶ௅	 ଶܶ௅ ) , min ( ଵܶ௎ + ଶܶ௎ −	 ଵܶ௎ ଶܶ௎ ,	ඥ ଵܶ௎	 ଶܶ௎	 )],  [max (	ܫଵ௅	ܫଶ௅,	ඥܫଵ௅	ܫଶ௅ ) , max (ܫଵ௎	ܫଶ௎ , ඥܫଵ௎	ܫଶ௎	) 
], [max (	ܨଵ௅	ܨଶ௅,	ඥܨଵ௅	ܨଶ௅ ) , max (ܨଵ௎	ܨଶ௎ , ඥܨଵ௎	ܨଶ௎	) ]} 
={[ඥ ଵܶ௅	 ଶܶ௅    	, ඥ ଵܶ௎	 ଶܶ௎	  ] , [  ඥܫଵ௅	ܫଶ௅  ,	ඥܫଵ௎	ܫଶ௎	  ] , [ ඥܨଵ௅	ܨଶ௅  ,	ඥܨଵ௎	ܨଶ௎	  ] } = ෤݊ଵ	$	 ෤݊ଶ 
This proves (vii) (ix)	From	definitions	in	2.4, 2.5 and 3.1, we	have	
( ෤݊ଵ ⊗ ෤݊ଶ)	∩ (	 ෤݊ଵ$ ෤݊ଶ)=	 ෤݊ଵ ⊗ ෤݊ଶ; 
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={[ ଵܶ௅	 ଶܶ௅	 ,		 ଵܶ௎	 ଶܶ௎)], [ ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ	, ଶ௅ܫଶ௅ܫ	− + ଶ௎ܫ ଵ௅ܨ] ,[ଶ௎ܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ ,  ଶ௅ܨଶ௅ܨ	− + ଶ௎ܨ ଶ௎ ]}  ∩{[ ඥܨଵ௎ܨ	− ଵܶ௅	 ଶܶ௅	, ඥ ଵܶ௎	 ଶܶ௎	  ] , [  ඥܫଵ௅	ܫଶ௅  ,	ඥܫଵ௎	ܫଶ௎	  ] , [ ඥܨଵ௅	ܨଶ௅  ,	ඥܨଵ௎	ܨଶ௎	  ]} 
= {[ min ( ଵܶ௅	 ଶܶ௅	 ,ඥ ଵܶ௅	 ଶܶ௅) , min (	 ଵܶ௎	 ଶܶ௎,	ඥ ଵܶ௎	 ଶܶ௎	 )], [max (ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ) ଶ௅) , maxܫ	ଵ௅ܫ , ඥ	ଶ௅ܫଶ௅ܫ	− + ଶ௎ܫ ଵ௅ܨ) )], [max	ଶ௎ܫ	ଵ௎ܫଶ௎, ඥܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ) ଶ௅) , maxܨ	ଵ௅ܨ , ඥ	ଶ௅ܨଶ௅ܨ	− + ଶ௎ܨ  {[(	ଶ௎ܨ	ଵ௎ܨଶ௎, ඥܨଵ௎ܨ	−

={[ ଵܶ௅	 ଶܶ௅	 ,	 ଵܶ௎	 ଶܶ௎	] , [	ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ	,  ଶ௅ܫଶ௅ܫ	− + ଶ௎ܫ ଵ௅ܨ  ] ,[ ଶ௎ܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ ,  ଶ௅ܨଶ௅ܨ	− + ଶ௎ܨ = {[  ଶ௎ܨଵ௎ܨ	− ෤݊ଵ ⊗ ෤݊ଶ	
This proves (ix) 

(xiii) From definitions in 2.3, 2.5 and 3.1, we have 

 ( ෤݊ଵ ⊗ ෤݊ଶ)	∩ (	 ෤݊ଵ#	෥݊ ଶ) =	 ෤݊ଵ ⊗ ෤݊ଶ; 

={[ ଵܶ௅	 ଶܶ௅	 ,		 ଵܶ௎	 ଶܶ௎)], [ ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ	, ଶ௅ܫଶ௅ܫ	− + ଶ௎ܫ ଵ௅ܨ] ,[ଶ௎ܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ ,  ଶ௅ܨଶ௅ܨ	− + ଶ௎ܨ 	ଶ௎ ]}  ∩ {( [ ଶܨଵ௎ܨ	− భ்ಽ	 మ்ಽభ்ಽା	 మ்ಽ  , ଶ	 భ்ೆ 	 మ்ೆ 	భ்ೆ ା	 మ்ೆ ], [ଶ	ூభಽ	ூమಽ	ூభಽା	ூమಽ  , ଶ	ூభೆ 	ூమೆ 	ூభೆ ା	ூమೆ ] , [ଶ	ிభಽ	ிమಽ	ிభಽା	ிమಽ  , ଶ	ிభೆ 	ிమೆ 	ிభೆ ା	ிమೆ ]}

={ [ min ( ଵܶ௅	 ଶܶ௅ ,ଶ	 భ்ಽ	 మ்ಽ	భ்ಽା	 మ்ಽ ) , min ( ଵܶ௎	 ଶܶ௎ ,	ଶ	 భ்ೆ 	 మ்ೆభ்ೆ ା	 మ்ೆ  ) ] , [ max (ܫଵ௅ + ଶ௅ܫ ூమಽ	ூభಽା	ூమಽ	ூభಽ	ଶ௅ , ଶܫଶ௅ܫ	− ) , max(ܫଵ௎ + ଶ௎ܫ ூభೆ	ଶ௎ ,ଶܫଵ௎ܫ	− 	ூమೆூభೆ ା	ூమೆ  ], [ max 

ଵ௅ܨ) + ଶ௅ܨ ிమಽ	ிభಽା	ிమಽ	ிభಽ	ଶ௅   , ଶܨଶ௅ܨ	− ) , max(ܨଵ௎ + ଶ௎ܨ ிభೆ	ଶ	ଶ௎  ,ܨଵ௎ܨ	− 	ிమೆ 	ிభೆ ା	ிమೆ  ]}

={ [ ଵܶ௅	 ଶܶ௅, ଵܶ௎	 ଶܶ௎], [	ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ	, ଶ௅ܫଶ௅ܫ	− + ଶ௎ܫ ଵ௅ܨ  ]	,	[ଶ௎ܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ ,  ଶ௅ܨଶ௅ܨ	− + ଶ௎ܨ =   {[  ଶ௎ܨଵ௎ܨ	− ෤݊ଵ ⊗ ෤݊ଶ 
This proves (xiii). This proves the theorem. 

3.8. Theorem. For ෤݊ଵand		 ෤݊ଶ∈	INSs(X), then following relations are valid: 

(i) ( ෤݊ଵ# ෤݊ଶ) $ (	 ෤݊ଵ# ෤݊ଶ) =	 ෤݊ଵ#	 ෤݊ଶ; 

 (ii) ( ෤݊ଵ⨁ ෤݊ଶ) $ (	 ෤݊ଵ ⨁ ෤݊ଶ) =	 ෤݊ଵ⨁ ෤݊ଶ; 

(iii) ( ෤݊ଵ ⊗ ෤݊ଶ) $ (	 ෤݊ଵ ⊗ ℎ෨ଶ) =	 ෤݊ଵ ⊗ ෤݊ଶ; 

(iv) ( ෤݊ଵ@	෥݊ ଶ) $ (	 ෤݊ଵ@	෥݊ ଶ) =	 ෤݊ଵ@	 ෤݊ଶ; 

(v) ( ෤݊ଵ#	෥݊ ଶ) @ (	 ෤݊ଵ	#	෥݊ ଶ) =	 ෤݊ଵ	#	෥݊ ଶ; 

 (vi) ( ෤݊ଵ⨁	෥݊ ଶ) @ (	 ෤݊ଵ ⊗ ෤݊ଶ) =	 ෤݊ଵ@	෥݊ ଶ; 

(vii) ( ෤݊ଵ ∪ 	෥݊ ଶ) @ (	 ෤݊ଵ ∩ ෤݊ଶ) =	 ෤݊ଵ@ ෤݊ଶ; 

(viii) ( ෤݊ଵ ∪ 	෥݊ ଶ) $ (	 ෤݊ଵ ∩ ෤݊ଶ) =	 ෤݊ଵ$	 ෤݊ଶ; 

(ix) ( ෤݊ଵ ∪ 	 ෤݊ଶ) # (	 ෤݊ଵ ∩ ෤݊ଶ) =	 ෤݊ଵ#	෥݊ ଶ; 

Proof. The proofs of these results are the same as in the above proof 

3.9. Theorem For every two ෤݊ଵ	and ෤݊ଶ		∈	INSs(X), we have: 

(i) (( ෤݊ଵ ∪ ෤݊ଶ)	⨁ (	 ෤݊ଵ ∩ ෤݊ଶ)) @ ((	 ෤݊ଵ ∪ ෤݊ଶ)	⊗ (	 ෤݊ଵ ∩ ෤݊ଶ)) =	 ෤݊ଵ@ ෤݊ଶ;  

(ii) (( ෤݊ଵ ∪ ෤݊ଶ)#(	 ෤݊ଵ∩ ෤݊ଶ)) $ (( ෤݊ଵ ∪ ෤݊ଶ) @ (	 ෤݊ଵ ∩ ෤݊ଶ)) =	 ෤݊ଵ$ ෤݊ଶ  
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(iii) (( ෤݊ଵ⨁ ෤݊ଶ) ∪	(	 ෤݊ଵ ⊗ ෤݊ଶ)) @ ((	 ෤݊ଵ⨁ ෤݊ଶ) ∩ (	 ෤݊ଵ ⊗ ෤݊ଶ))=	 ෤݊ଵ@ ෤݊ଶ; 

(iv) (( ෤݊ଵ⨁ ෤݊ଶ) ∪	(	 ෤݊ଵ@ ෤݊ଶ)) @ ((	 ෤݊ଵ ⊗ ෤݊ଶ) ∩ (	 ෤݊ଵ@ ෤݊ଶ))=	 ෤݊ଵ@ ෤݊ଶ; 

(v) (( ෤݊ଵ⨁ ෤݊ଶ) ∪ (	 ෤݊ଵ# ෤݊ଶ)) @ ((	 ෤݊ଵ ⊗ ෤݊ଶ) ∩ (	 ෤݊ଵ# ෤݊ଶ)) =	 ෤݊ଵ@ ෤݊ଶ; 

(vi) (( ෤݊ଵ	⨁ ෤݊ଶ)	∪ (	 ෤݊ଵ$ ෤݊ଶ)) @ ((	 ෤݊ଵ ⊗ ෤݊ଶ)	∩ (	 ෤݊ଵ$ ෤݊ଶ)) =	 ෤݊ଵ@ ෤݊ଶ; 

(vii) (( ෤݊ଵ⨁ ෤݊ଶ)	∪ (	 ෤݊ଵ@ ෤݊ଶ)) @ ((	 ෤݊ଵ⨁ ෤݊ଶ) ∩ (	 ෤݊ଵ# ෤݊ଶ)) =	 ෤݊ଵ$ ෤݊ଶ. 

Proof. In the following, we prove (i) and (iii), other results can be proved analogously. 

(i) From definitions in 2.4, 2.5 and 3.1, we have 

(( ෤݊ଵ ∪ ෤݊ଶ) ⨁	(	 ෤݊ଵ ∩ ෤݊ଶ))  @  ((	 ෤݊ଵ ∪ ෤݊ଶ) ⊗	(	 ෤݊ଵ ∩ ෤݊ଶ)) = 

  ෤݊ଵ ={( [ ଵܶ௅	,	 ଵܶ௎] ,   [ܫଵ௅	,	ܫଵ௎] ,   [ ܨଵ௅	,	ܨଵ௎] )} 

  ෤݊ଶ = {([ ଶܶ௅	,	 ଶܶ௎] ,   [ܫଶ௅	,	ܫଶ௎] ,   [ ܨଶ௅	,	ܨଶ௎])} 

 ෤݊ଷ= {( [ ଷܶ௅	,	 ଷܶ௎] ,   [ܫଷ௅	,	ܫଷ௎] ,   [ ܨଷ௅	,	ܨଷ௎] )} 

(( ෤݊ଵ ∪ ෤݊ଶ) ⨁	(	 ෤݊ଵ ∩ ෤݊ଶ))  = 

{ [max( ଵܶ௅, ଶܶ௅), max( ଵܶ௎ , ଶܶ௎)  ], [min	(ܫଵ௅, ,ଵ௎ܫ )ଶ௅),minܫ ,ଵ௅ܨ)	ଶ௎) ] , [minܫ ,ଵ௎ܨ )ଶ௅),minܨ  ଶ௎) ] } ⨁ { [min( ଵܶ௅, ଶܶ௅), min( ଵܶ௎ܨ
, ଶܶ௎)  ], [max	(ܫଵ௅, ,ଵ௎ܫ )ଶ௅), maxܫ ,ଵ௅ܨ)	ଶ௎) ] , [maxܫ ,ଵ௎ܨ )ଶ௅), maxܨ   .{ [ (ଶ௎ܨ

={[  max( ଵܶ௅, ଶܶ௅)+ min( ଵܶ௅, ଶܶ௅) - max( ଵܶ௅, ଶܶ௅) min( ଵܶ௅, ଶܶ௅),   max( ଵܶ௎ , ଶܶ௎)  + min( ଵܶ௎ , ଶܶ௎)  -  max( ଵܶ௎ , ଶܶ௎ min( ଵܶ௎ 
, ଶܶ௎)] ,[  min(ܫଵ௅, ,ଵ௅ܫ)	ଶ௅)maxܫ ,ଵ௎ܫ )ଶ௅),  minܫ ,ଵ௎ܫ )ଶ௎) maxܫ ,ଵ௅ܨ)ଶ௎)], [  minܫ ,ଵ௅ܨ)	ଶ௅)maxܨ ,ଵ௎ܨ )ଶ௅),  minܨ ,ଵ௎ܨ )ଶ௎) maxܨ   .{[(ଶ௎ܨ
( ෤݊ଵ ∪ ෤݊ଶ) ⊗	(	 ෤݊ଵ∩ ෤݊ଶ) = 

{ [max( ଵܶ௅, ଶܶ௅), max( ଵܶ௎ , ଶܶ௎)  ], [min	(ܫଵ௅, ,ଵ௎ܫ )ଶ௅),minܫ ,ଵ௅ܨ)	ଶ௎) ] , [minܫ ,ଵ௎ܨ )ଶ௅),minܨ  ଶ௎) ] } ⊗ { [min( ଵܶ௅, ଶܶ௅), min( ଵܶ௎ܨ
, ଶܶ௎)  ], [max	(ܫଵ௅, ,ଵ௎ܫ )ଶ௅), maxܫ ,ଵ௅ܨ)	ଶ௎) ] , [maxܫ ,ଵ௎ܨ )ଶ௅), maxܨ   .{ [ (ଶ௎ܨ

= {[ max( ଵܶ௅, ଶܶ௅) min( ଵܶ௅, ଶܶ௅) , max( ଵܶ௎ , ଶܶ௎)  min( ଵܶ௎ , ଶܶ௎)  ]  ,  [	min	(ܫଵ௅, ,ଵ௅ܫ)	max	ଶ௅) +ܫ ,ଵ௅ܫ)	ଶ௅) - minܫ ,ଵ௅ܫ)	ଶ௅) maxܫ ,ଵ௎ܫ)	ଶ௅), minܫ ,ଵ௎ܫ)	max	ଶ௎) +ܫ ,ଵ௎ܫ)	ଶ௎) - minܫ ,ଵ௎ܫ)	ଶ௎) maxܫ ,ଵ௅ܨ)	min	ଶ௎)]   ,  [ܫ ,ଵ௅ܨ)	max	ଶ௅) +ܨ ,ଵ௅ܨ)	ଶ௅) - minܨ ,ଵ௅ܨ)	ଶ௅) maxܨ ,ଵ௎ܨ)	ଶ௅), minܨ ,ଵ௎ܨ)	max	ଶ௎) +ܨ ,ଵ௎ܨ)	ଶ௎) - minܨ ,ଵ௎ܨ)	ଶ௎) maxܫܨ  .{[(ଶ௎ܨ
(( ෤݊ଵ ∪ ෤݊ଶ) ⨁	(	 ෤݊ଵ∩ ෤݊ଶ))  @  ((	 ෤݊ଵ ∪ ෤݊ଶ) ⊗	(	 ෤݊ଵ∩ ෤݊ଶ)) = 

{[
max൫	ܶ1ܮ2ܶ,ܮ൯+	min൫	ܶ1ܮ2ܶ,ܮ൯−	max൫	ܶ1ܮ2ܶ,ܮ൯min൫	ܶ1ܮ2ܶ,ܮ൯+max(	ܶ1ܮ2ܶ,ܮ)	min(	ܶ1ܮ2ܶ,ܮ)૛  

,	max(	ܶ1ܷ 	,ܶ2ܷ )		+	min(	ܶ1ܷ 	,ܶ2ܷ )		−		max(	ܶ1ܷ 	,ܶ2ܷ )min(	ܶ1ܷ 	,ܶ2ܷ )	+max(	ܶ1ܷ 	,ܶ2ܷ )		min(	ܶ1ܷ 	,ܶ2ܷ )૛ ] ,  

[
	[		min൫ܮ2ܫ,ܮ1ܫ൯max	(ܮ2ܫ,ܮ1ܫ)	+min	(ܮ2ܫ,ܮ1ܫ)	+	max	(ܮ2ܫ,ܮ1ܫ)	−	min	(ܮ2ܫ,ܮ1ܫ)	max	(ܮ2ܫ,ܮ1ܫ))૛ ,	min(	1ܷܫ 2ܷܫ, )	max(	1ܷܫ 2ܷܫ, )+min	(1ܷܫ 2ܷܫ, )	+	max	(1ܷܫ 2ܷܫ, )	−	min	(1ܷܫ 2ܷܫ, )	max	(1ܷܫ 2ܷܫ, )૛ ] 

[
	[		min൫ܮ2ܨ,ܮ1ܨ൯max	(ܮ2ܨ,ܮ1ܨ),+min	(ܮ2ܨ,ܮ1ܨ)	+	max	(ܮ2ܨ,ܮ1ܨ)	−	min	(ܮ2ܨ,ܮ1ܨ)	max	(ܮ2ܨ,ܮ1ܨ))૛ ,	min(	1ܷܨ 2ܷܨ, )	max(	1ܷܨ 2ܷܨ, )+min	(1ܷܨ 2ܷܨ, )	+	max	(1ܷܨ 2ܷܨ, )	−	min	(1ܷܨ 2ܷܨ, )	max	(1ܷܨ 2ܷܨ, )૛ ]} 

= [
max൫	ܶ1ܮ2ܶ,ܮ൯+	min൫	ܶ1ܮ2ܶ,ܮ൯	૛ ,	max(	ܶ1ܷ 	,ܶ2ܷ )		+	min(	ܶ1ܷ 	,ܶ2ܷ )૛ ],  
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[
	min	(ܮ2ܫ,ܮ1ܫ)	+	max	(ܮ2ܫ,ܮ1ܫ)૛  ,	min	(1ܷܫ 2ܷܫ, )	+	max	(1ܷܫ 2ܷܫ, )	૛ ], [

	min	(ܮ2ܨ,ܮ1ܨ)	+	max	(ܮ2ܨ,ܮ1ܨ)૛  ,	min	(1ܷܫ 2ܷܫ, )	+	max	(1ܷܫ 2ܷܫ, )	૛ ],

={[
૛	ܮ2ܶ	+ܮ1ܶ		 ,	ܶ1ܷ +	ܶ2ܷ૛ ] , [

૛ܮ2ܫ+ܮ1ܫ , ૛		ܮ2ܫ+ܮ1ܫ	 ], [
૛ܮ2ܨ+ܮ1ܨ , ૛		ܮ2ܨ+ܮ1ܨ	 ]}

=	 ෤݊ଵ@ ෤݊ଶ 

This proves (i). 

(iii) From definitions in 2.4, 2.5 and 3.1, we have 

(( ෤݊ଵ⨁ ෤݊ଶ) ∪	(	 ෤݊ଵ ⊗ ෤݊ଶ)) @ ((	 ෤݊ଵ⨁ ෤݊ଶ) ∩ (	 ෤݊ଵ ⊗ ෤݊ଶ)) =	 ෤݊ଵ@ ෤݊ଶ; 

( ෤݊ଵ⨁ ෤݊ଶ) ∩	(	 ෤݊ଵ ⊗ ෤݊ଶ) ={ ([ ଵܶ௅ + ଶܶ௅ −	 ଵܶ௅ ଶܶ௅	, ଵܶ௎ + ଶܶ௎ −	 ଵܶ௎ ଶܶ௎], ,	ଶ௅ܫ	ଵ௅ܫ	] ,	[ଶ௎ܫ	ଵ௎ܫ ,	ଶ௅ܨଵ௅ܨ] 	∩{([ଶ௎ܨଵ௎ܨ
{[ ଵܶ௅	 ଶܶ௅	 ,		 ଵܶ௎	 ଶܶ௎)], [ ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ	, ଶ௅ܫଶ௅ܫ	− + ଶ௎ܫ ଵ௅ܨ] ,[ଶ௎ܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ ,  ଶ௅ܨଶ௅ܨ	− + ଶ௎ܨ {[ ଶ௎ܨଵ௎ܨ	−

={ [ min (  ଵܶ௅ + ଶܶ௅ −	 ଵܶ௅ ଶܶ௅ ,  ଵܶ௅	 ଶܶ௅	 ) , min ( ଵܶ௎ + ଶܶ௎ −	 ଵܶ௎ ଶܶ௎ ,	 ଵܶ௎	 ଶܶ௎)] , 

 [ max (ܫଵ௅	ܫଶ௅	, ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ		,  ଶ௎ܫ	ଵ௎ܫ)ଶ௅ ),  maxܫଶ௅ܫ	− + ଶ௎ܫ   , [(  ଶ௎ܫଵ௎ܫ	−

 [ max (ܨଵ௅ܨଶ௅	, ܨଵ௅ + ଶ௅ܨ ଵ௎ܨ	,  ଶ௎ܨଵ௎ܨ)ଶ௅ ),  maxܨଶ௅ܨ	− + ଶ௎ܨ  .{[(  ଶ௎ܨଵ௎ܨ	−

 = {[ ଵܶ௅	 ଶܶ௅  ,	 ଵܶ௎	 ଶܶ௎	], [ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ	, ଶ௅ܫଶ௅ܫ	− + ଶ௎ܫ ଵ௅ܨ  ], [ ଶ௎ܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ  ,ଶ௅ܨଶ௅ܨ	− + ଶ௎ܨ  {[ ଶ௎ܨଵ௎ܨ	−

 ( ෤݊ଵ⨁ ෤݊ଶ) ∪	(	 ෤݊ଵ ⊗ ෤݊ଶ)  ={ ([ ଵܶ௅ + ଶܶ௅ −	 ଵܶ௅ ଶܶ௅	, ଵܶ௎ + ଶܶ௎ −	 ଵܶ௎ ଶܶ௎], ,	ଶ௅ܫ	ଵ௅ܫ	] ,	[ଶ௎ܫ	ଵ௎ܫ ,	ଶ௅ܨଵ௅ܨ] 	∪ {([ଶ௎ܨଵ௎ܨ
{[ ଵܶ௅	 ଶܶ௅	 ,		 ଵܶ௎	 ଶܶ௎)], [ ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ	, ଶ௅ܫଶ௅ܫ	− + ଶ௎ܫ ଵ௅ܨ] ,[ଶ௎ܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ ,  ଶ௅ܨଶ௅ܨ	− + ଶ௎ܨ [ ଶ௎ܨଵ௎ܨ	−

={ [max (  ଵܶ௅ + ଶܶ௅ −	 ଵܶ௅ ଶܶ௅ ,  ଵܶ௅	 ଶܶ௅	   ) , max ( ଵܶ௎ + ଶܶ௎ −	 ଵܶ௎ ଶܶ௎ , ଵܶ௎	 ଶܶ௎)] , 

   [ min (ܫଵ௅	ܫଶ௅	, ܫଵ௅ + ଶ௅ܫ ଵ௎ܫ	,  ଶ௎ܫ	ଵ௎ܫ)ଶ௅ ),  minܫଶ௅ܫ	− + ଶ௎ܫ ଵ௅ܨ ,	ଶ௅ܨଵ௅ܨ) ଶ௎  )] , [ minܫଵ௎ܫ	− + ଶ௅ܨ ଵ௎ܨ	,  ଶ௎ܨଵ௎ܨ)ଶ௅),  minܨଶ௅ܨ	− ଶ௎ܨ+  {[(  ଶ௎ܨଵ௎ܨ	−

 ={ [ ଵܶ௅ + ଶܶ௅ −	 ଵܶ௅ ଶܶ௅  ,	 ଵܶ௎ + ଶܶ௎ −	 ଵܶ௎ ଶܶ௎], [ܫଵ௅	ܫଶ௅  , ܫଵ௎	ܫଶ௎  ] ,  [	ܨଵ௅ܨଶ௅,	ܨଵ௎ܨଶ௎] } 

 (( ෤݊ଵ⨁ ෤݊ଶ) ∪	(	 ෤݊ଵ ⊗ ෤݊ଶ)) @ ((	 ෤݊ଵ⨁ ෤݊ଶ) ∩ (	 ෤݊ଵ ⊗ ෤݊ଶ))={[ 
૛ܮ2ܶܮ1ܶ	−ܮ2ܶ+ܮ1ܶ+ܮ2ܶ	ܮ1ܶ			    ,  

ܶ1ܷ 	ܶ2ܷ +ܶ1ܷ+ܶ2ܷ−	ܶ1ܷ ܶ2ܷ૛   ], 

[  
૛		ܮ2ܫ	ܮ1ܫ+	ܮ2ܫܮ2ܫ	−ܮ2ܫ+ܮ1ܫ    ,  

1ܷܫ			 2ܷܫ+ 1ܷܫ	− 2ܷܫ 1ܷܫ+ 2ܷ૛ܫ	    ] , [  
૛,ܮ2ܨܮ1ܨ+	ܮ2ܨܮ2ܨ	−ܮ2ܨ+ܮ1ܨ			  ,  

1ܷܨ	−2ܷܨ+1ܷܨ 2ܷܨ 1ܷܨ+ 2ܷ૛ܨ    ] } 

={[ 
૛		ܮ2ܶ+ܮ1ܶ			 ,  

	ܶ1ܷ +ܶ2ܷ૛    ],[ 
૛		ܮ2ܫ+ܮ1ܫ			    , 

1ܷܫ 2ܷ૛ܫ+    ] ,[ 
૛		ܮ2ܨ+ܮ1ܨ		    ,  

2ܷ૛ܨ+1ܷܨ    ] 

Hence, (( ෤݊ଵ⨁ ෤݊ଶ) ∪	(	 ෤݊ଵ ⊗ ෤݊ଶ)) @ ((	 ෤݊ଵ⨁ ෤݊ଶ) ∩ (	 ෤݊ଵ ⊗ ෤݊ଶ)) =	 ෤݊ଵ@ ෤݊ଶ 

This proves (iii). 

4. Conclusion

In this paper we have defined three new operations on interval neutrosophic sets based on the arithmetic mean, geometrical 
mean, and respectively harmonic mean, which involve different defining functions. Several related results have been 
proved and the characteristics of the interval neutrosophic sets revealed.  
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