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Abstract
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Hesitancy is the most common problem in decision making, for which hesitant fuzzy set can

be considered as a useful tool allowing several possible degrees of membership of an element to a set. Recently,
another suitable means were defined by Zhiming Zhang [1], called interval valued intuitionistic hesitant fuzzy sets,
dealing with uncertainty and vagueness, and which is more powerful than the hesitant fuzzy sets. In this paper, four new
operations are introduced on interval-valued intuitionistic hesitant fuzzy sets and several important properties are

also studied.
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1. Introduction

In recent decades, several types of sets, such as fuzzy sets
[2], interval-valued fuzzy sets [3], intuitionistic fuzzy sets [4,
5], interval-valued intuitionistic fuzzy sets [6], type 2 fuzzy
sets [7, 8], type n fuzzy sets [7], and hesitant fuzzy sets [9],
neutrosophic sets, have been introduced and investigated
widely. The concept of intuitionistic fuzzy sets, was
introduced by Atanassov [4, 5]; it is interesting and useful in
modeling several real life problems.

An intuitionistic fuzzy set (IFS for short) has three
associated defining functions, namely the membership
function, the non-membership function and the hesitancy
function. Later, Atanassov and Gargov provided in [6] what
they called interval-valued intuitionistic fuzzy sets theory
(IVIFS for short), which is a generalization of both interval
valued fuzzy sets and intuitionistic fuzzy sets. Their concept
is characterized by a membership function and a
non-membership function whose values are intervals rather
than real number. IVIFS is more powerful in dealing with
vagueness and uncertainty than IFS.

Recently, Torra and Narukawa [9] and Torra [10]
proposed the concept of hesitant fuzzy sets, a new
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generalization of fuzzy sets, which allows the membership of
an element of a set to be represented by several possible
values. They also discussed relationships among hesitant
fuzzy sets and other generalizations of fuzzy sets such as
intuitionistic fuzzy sets, type-2 fuzzy sets, and fuzzy
multisets. Some set theoretic operations such as union,
intersection and complement on hesitant fuzzy sets have also
been proposed by Torra [9]. Hesitant fuzzy sets can be used
as an efficient mathematical tool for modeling people’s
hesitancy in daily life than the other classical extensions of
fuzzy sets. We’ll further study the interval valued
intuitionistic hesitant fuzzy sets. Xia and Xu [11] made an
intensive study of hesitant fuzzy information aggregation
techniques and their applications in decision making. They
also defined some new operations on hesitant fuzzy sets
based on the interconnection between hesitant fuzzy sets and
the interval valued intuitionistic fuzzy sets. To aggregate the
hesitant fuzzy information under confidence levels, Xia et al.
[12] developed a series of confidence induced hesitant fuzzy
aggregations operators. Further, Xia and Xu [13, 14] gave a
detailed study on distance, similarity and correlation
measures for hesitant fuzzy sets and hesitant fuzzy elements
respectively. Xu et al. [15] developed several series of
aggregation operators for interval valued intuitionistic
hesitant fuzzy information such as: the interval valued
intuitionistic fuzzy weighted arithmetic aggregation
(ITIFWA), the interval valued intuitionistic fuzzy ordered
weighted aggregation (IIFOWA) and the interval valued
intuitionistic fuzzy hybrid aggregation (IIFHA) operator.
Wei and Wang [16], Xu et al. [17] introduced the interval
valued intuitionistic fuzzy weighted geometric (IIFWG)
operator, the interval valued intuitionistic fuzzy ordered
weighted geometric (IIFOWG) operator and the interval
valued intuitionistic fuzzy hybrid geometric (IIFHG)
operator. Recently, Zhiming Zhang [1] have proposed the
concept of interval valued intuitionistic hesitant fuzzy set ,
study their some basic properties and developed several
series of aggregation operators for interval valued
intuitionistic hesitant fuzzy environment and have applied
them to solve multi-attribute group decision making
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problems.

In this paper, our aim is to propose four new operations on
interval valued intuitionistic hesitant fuzzy sets and study
their properties.

Therefore, the rest of the paper is set out as follows. In
Section 2, some basic definitions related to intuitionistic
fuzzy sets, hesitant fuzzy sets and interval valued
intuitionistic hesitant fuzzy set are briefly discussed. In
Section 3, four new operations on interval valued
intuitionistic hesitant fuzzy sets have been proposed and
some properties of these operations are proved. In section 4,
we conclude the paper.

2. Preliminaries

In this section, we give below some definitions related to
intuitionistic fuzzy sets, interval valued intuitionistic fuzzy
sets, hesitant fuzzy set and interval valued hesitant fuzzy
sets.

Definition 2.1. [4, 5] (Set operations on IFS)

Let IFS(X) denote the family of all intuitionistic fuzzy sets
defined on the universe X, and let a, B € IFS(X) be given as

a :(.uaa va)a B:(”ﬁavﬁ)

Then nine set operations are defined as follows:

() a‘=(Vy, Ug);
(11) ayu ﬁ :(max(ua, I’lﬁ ),mil’l(‘Va, vﬁ )):
(iii) a N B =(min(u,, pg),max(vy, vg));
(iv) a @B =(UatUp—Hallg, VaVp);
(v) a®p :(:ua,uﬁa va+vﬁ_vavﬁ);
V) e @p = ),
(VH) a$ﬁ :( \/#a#ﬁs \/Vavﬁ );

_ 2Uqpu 2Vq Vv .
(Vlll) (X#B *(ﬁ,ﬁ,
()  axp =t ey,

2(pqug+1) 7 2(ve vp+1)
In the following, we introduce some basic concepts related
to IVIFS.

Definition 2.2. [6] (Interval valued intuitionistic fuzzy
sets)

An Interval valued intuitionistic fuzzy sets IVIFS) «
in the finite universe X is expressed by the form

0= {<X, Ua(X), Vo (X)>|x € X} ,where po(x)=[ iy (),
ur(x)] € [1] is called membership interval of element to
IVIFS o ,while [ v, (x), v (x)] €[] is the non-
membership interval of that element to the set o , with
the condition 0 < pf(x) +v}(x) <1 must hold for any x €
X.

For convenience, the lower and upper bounds of p (x)

and v, (x) are denoted by py , ud , vy, Vi, respectively.
Thus, the IVIFS o may be concisely expressed as

0= (Hes Vo)= 4<% [ Mg & Hal Ve, va P> [x € X} (D)
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Where 0 < p} +v} <1

Definition 2.3 [9, 11]

Let X be a fixed set. A hesitant fuzzy set (HFS) on X is in
terms of a function that when applied to X returns a subset of
[0, 1] the HFS is expressed by a mathematical symbol

E={<x, hy (X)> |x € X} @)

where hp (x)> is a set of some values in[0, 1], denoting the
possible membership degree of the element x € X to the set
E. For convenience, Xia and Xu [11] called h=hg (x) a
hesitant fuzzy element (HFE) and H be the set of all HFEs.

Given three HFEs represented by h, hy ,and h, ,Torra [9]

defined some operations on them, which can be described as:
1y he={l-y| y € h }

2) hy U hzz{mgx(yl yY2) V1 €Ehi, 2 Ehy
3) hy N hy={min(y; , 2 ) ly1 €1, v2 € hy }
Furthermore, in order to aggregate hesitant fuzzy

information, Xia and Xu [11] defined some new operations
on the HFEs h, hy ,and h; :

1) hi® hy={y1 + v2 "1 v2lv1i €, V2 E g}
2) hi @ h={y1v2 Y1 €hi, v2 Ehy}

3) M={y'|y€eh}

4) Ah=(1-1 - yeh}

Definition 2.4 [1] (Interval valued intuitionistic hesitant
fuzzy sets)

Let X be a fixed set, an interval-valued intuitionistic
hesitant fuzzy set (IVIHFS) on X is given in terms of a
function that when applied to X returns a subset of Q. The
IVIHEFS is expressed by a mathematical symbol

E ={<x, hy (¥)>|x € X} 3)

where hz (x) is a set of some IVIFNs in X , denoting the
possible membership degree intervals and non-membership
degree intervals of the element x € X to the set E.

For convenience, an interval-valued intuitionistic hesitant
fuzzy element (IVIHFE) is denoted by 2 = hgz (x) and h be

the set of all IVIHFEs. If « € h, then an IVIFN can be
denoted by 0= (g, vo)= ([ Kz, » £, MV VD

For any € h, if o is a real number in [0,1], then h
reduces to a hesitant fuzzy element (HFE) [9]; if a is a closed
subinterval of the unit interval, then h reduces to an
interval-valued hesitant fuzzy element IVHFE)[1]; if a is an
intuitionistic fuzzy number (IFN) , then h reduces to an
intuitionistic hesitant fuzzy element (IHFE). Therefore,

HFEs, IVHFEs, and IHFEs are special cases of IVIHFEs.

Definition 2.5. [1, 9]

Given three IVIHFEs represented by h, h;,and h,, one
defines some operations on them, which can be described as:

he ={a® |a € h } = {(va, Vil pa > uiDla € R,
El U iiz :{maX (al,az )‘al € El,az € iiz}
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_ - - + o+ Sy = =

- { ([maX( .l'lal !+l'la2 3_5 max( I’lal’:lu'az)]’[niln(vall vaz)a ”;1”;2]'[1/071 Va_z ,V;l ‘V;Z]lal € h‘l , dp € hz))}
min( Vg, Va,))) g € hy, az € hy}, ~ - o P B

hl ® hZ == {([ ”al .uaz > .ual ”az]a[val + va2~_

hl n hZ :{mln(ali az) ‘al € hl’ a; € hz} V¢;1V072a v;—1 +V;2 - V;—1V(-l'—2]| ay € Fll , @3 € hZ }

= { ([min( pq, Ah
Hay)min( g, pg,)].max(ve,, Ve, ).max( vy, vy lay € {([1 (-
hy, a; € hy},

o (- 1L (M) la € B
@ hy = {(( [z, + e, = gty 1, + 1, —

3. Four New Operations on IVIHFEs

Definition 3.1

Let h; and h, € IVIHFE (X), we propose the following operations on IVIHFEs as follows:

_ - = us + 4 ~ Lus + 4t ~ 5
1 by @ hy = {([ P5FL om0 gy € Ry, ap € By
2) hi$h, = {([\//«151 Hays \//i;l Ka, ],[\/Uoﬂ Ugys \/UL v, lla; € hy , a; € hy §
s o 2uzy e, 2wdnd,  2wEiva, i vl v 7
3 hi#h, = 122 A 2 AL B2 g ehy,a, Eh
) 1 2 {([ M‘;1+#{;2 H;-1+ﬂ;2] v{;1+u‘;2 U;1+U;—2]| 1 1 2 2 }

4) }"i * ]’jl _ {([ HaitHay #;14’#;2 ][ Vgt Va, U;1+U;2
v 2 (g b D) 7 2 (kg wd, DT 2000 vyt T 2008, vE, )

Obviously, for every two IVIHFEs h; and h,,( hy@h,), (h1$h,), (h#h,) and (h,*h,) are also IVIHFEs.

lay € hy , ay € hy }

Example 3.2

Let Ay (x)= {([0.2, 0.31,[0.5, 0.6]),([0.5, 0.81,[0.1, 0.2])} and h, (x)= {([0.4, 0.6],[0.3, 0.4]), ([0.3, 0.5],[0.1, 0.2]) be two
interval valued intuitionistic hesitant fuzzy elements. Then we have

(hy @ hy) = {([0.3, 0.451,[0.4, 0.5]),([0.4, 0.65],[0.1, 0.2])}

(R $ hy) ={([0.28, 0.42],[0.38, 0.48]),([0.38, 0.63],[0.1, 0.2])}
(hy#h,) = {([0.26, 0.41,]0.37, 0.48]),([0.37, 0.611,[0.1, 0.2])}
(hy*hy) = {([0.27, 0.381,[0.34, 0.407),([0.34, 0.46],[0.09, 0.19])}

With these operations, several results follow.

Theorem 3.3
For every h € IVIHFE(X), the following are true,
(i) h @ h=h;
(ii) h $ h=h;
(iii) h# h=h;

Proof. we prove only (i) (ii) .
)] Let h € IVIHFEs
- - - = + o+ -y = + .+ -
i @ = { [ #a‘;#a , /Ja';#a ]’[Ua‘;Ua , Ua+va]| a€h }
=l was ) [ ve, v
Then, h @ h =h
(ii) Let h € IVIHFEs
h$h = {((Vua ta> VJud 1d Lz va, Jodvd lla € b}
=l g 1g1 [ Ve, vg ]
Then, h$h =h

Theorem 3.4

For hy, h, € IVIHFEs,
(i) hi@ hy=h, @h;
269
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(i1) ’:11$jlz:~712 §h1;
(i) Ra# =Rt Ry
(iv) hy* hy=hy*hy;
Proof. These also follow from definitions.
Theorem 3.5
For hy, h, € IVIHFE(X),
(fllc@ flzc )€ :fll@ﬁz
Proof. In the following, we prove (i), (ii) and (iii), results (iv), (v) and (vi) can be proved analogously.
(A @Ry )¢ = {[vay v ] ey i ey € R} @ {[va, v ] ey ud] | @z € Ra}
(h@h )¢ = ({[vey Vi) ey wd Nlar € Ry} @ {[ve, vi) (e, 1)l € Rp})

- s + 4t ~ s + o B 5 c
_ <{[va1 ZUaZ 'Val Zvaz ]' [ﬂal zﬂaz ’#al Z#az]lal € hl,az € hz})

Uz tug, ur +upd vi tvg, vi +vE ~ ~
(et pht) e, W g € Fyap € By ) )

= El@ 712
This proves the theorem.
Note 1: One can easily verify that

1. (R $R, )¢ = hyS Ry

2. (A # R, )¢ # hy#hy

3. (R * Ry ) £ hyx Ty
Theorem 3.6

For hy, h, and h; € IVIHFE(X) , we have the following identities:
® (hq Uhy) @ h3 =(hy @ h3) U (h, @ h3);

(i) (A N h)@ hs =(hy @ h) N (B@ hy)

(i) (l~11 Uhg) $ h§: (hl$ hg) U( h2~$h3l;

(iv) (h~1 N @2) $ hgz (hl$ h~3) N (’32$ fg;);

V) ((hy U hy)) # h3= (hi# h3) U(h, # hs);

(vi) (hq N hy) # hs3= (hy# h3) N (ha# hs);

(vii) (hq U hy) * hy=(hy *h3) U (hy *h3);

i) (R N Ry) * hy=(hy *hg) N (Ry *hs);

(ix) (@ hy) @ hs3=(hy ® h3) @(h; @ h3);

(x) (hi@hz) ® h3=(hy @ h3)@ (h; & h3)

Proof . We prove (i), (iii), (v), (vii) and (ix), results (ii), (iv), (vi), (viii) and (x) can be proved analogously
Using definitions in 2.3 and 3.1,we have

(fll UFLZ) @ E?y = {[max( ﬂc;la #‘;2)’ max( #;1 5 ”;2)]’[min§@va—1:vc?g)amin( Vgllvtjz)]lal € fll!az € F"Z} @{[ #;3 s
[1;3],[1/(1_3, v;—3]| a3 € h3 }

. max(u;l,u;2)+u;3 max(u}'l ,ug[z)+u3[3 min (v;l,v;2)+v‘;3 min(v{}"l,va'z)+v;1"3
_{[ 2 > 2 ]s[ 2 5 2 ]

| @y € hy,a, € hy, a3 € hs}

Uaitlhas Moo tie pd otud, ud +ud . vaitva, Vaztvg L v Vg, vE vE
M S ) gy M M ) i (0 0 ) i (0 M g, €
hi,a, € hy,az € h3}

—{[max(

=(hy @ h3) U (h, @ h3)

This proves (i)
(iii) From definitions in 2.3 and 3.1, we have

(hy URy) S hy = {[maz(( Uy Hay)s max( pd o pd )] [minivy,, ve,).min( vi, vi)llay € hy,ay € hy}S${[ g,
Uil Vays Vasllas € hs}
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= { [\/max(l’lal’#az) .ua3 > \/max( l’lal Hu'az) l’la3 ] [\/mln( V(Zl' az a3 > \/mln( val’v(-li—z ‘V(-Z'—3]| al E E‘lﬂ az E
hy, a3 € hs}

z{[ max(\/l'l(;l #(;3 b \/I’l(;z I’l(;3 ) b ma’X(\/lu'(;—l I’l;3 b \/M(‘Z'—z #;-3 )]7[m1n(\/va_1 va_3 b \/va_z va

min(\/vi, v, , Jvd,vd, )llar € hi,a, € hy, a3 € hs}

=(hy$hs) U (h,Shs);

This proves (iii).
(v) Using definitions 2.3 and 3.1,we have

((hy Uhy))# hy = {[max( uz,, pg,), max( py, , :u'(-)'(—z)]5[minizéh/a_1'v§2)ﬂmin( Ve va )l € hy,ay € hyb # {[ pz,
Uail:WVays Vasll @3 € hs}

— 2max (pg May) Hay — 2max (pdy, uaz)#a3] [2 min

a1Vaz) Vas 2m1n(v0‘1

vaz)vm]\% € hy,a; € hy, a3 € h3}

max(y;l_u;2)+u;3 ’ max(#oq #az)"':uaz min i} (1_1”(;2)"'1’1;3 ’ mm(va1va2)+
2 gy Has 2 gy tas Zﬂal ﬂa3 Zﬂaz ﬂa3 2Vqq Vay 2Va, Vag 2‘/31—1 ng—3
—{[max( T > n ) max ( n > n )] [mm( L+ > T ) min (ﬁ ’
ﬂal ﬂa3 Ha ﬂa a1 M ﬂ ﬂ V. vaz Ve 1T Va
Zvaz va3
T )]|a1 € hlaaz € hy,a3 € h3}
va2+v

=(hy #hs) U (hyi#ths)
This proves (v)

(vii) From definitions 2.3 and 3.1, we have
(hy Uhy) * hy=(hy *h3) U (hy *h3)

={[max( pg,, Ha,), max( uy, . pi,) LIminfvy,, ve,).min( vy, vi)lle, € hy,ay € hy} *{[ uz, , 1t 1V,
+ € h3}
Va3]\ as 3

:{[ max(u;l,uaz)+u;3 max(u{}fl,ﬂ;’z)+u$3 [ min(v;l,v;2)+v{;3 mm(valvaz)+va3

— e a, € hy,a, € hy,a3 € h
Z(max(”al’MQZ)M“3+1)’max(/“;l.#gz)ugz+1’Z(mm(val'vaz)va3+1) Z(mm(vglvaz)va3+1)]‘ 1 1, U2 2> U3 3}

Haqthas HaytHas ) ( H;1+H;—3 #;2‘*#;3 )][ ‘n( VatVay VaytVay

2(uay kaz+D) 7 2(g, ke +l) 2y vaz*D) 7 20, pga+D) 2(vay VaztD) 7 20V Vaz D)
( v}'1+v"1"3 vg[z+v3[3
2(1;;'1 v‘;"3+1) > 2(1/‘;:'2 v;'3 +1)

= {[ max ( ) ,min

N[ a; € hi,a, € hy, a3 € Ry}

= (hy *h3) U (hy *h3)

This proves (vii).
(ix) Using definitions 2.3 and 3.1, we have

(h@hy) @ h3=(hy @ h3) @(h, @ hy);

Mgy tHa pd o vud, . vz, +vg vl +od ~ ~ _ _ ~
={[ 0112 =<, a12 “21,[ a12 =2, = a2]|0f1 € hy,ay € hy} @ {[ pay » 131 [Vays Vi, @z € hs}
ﬂa1+ﬂa2 — Kaytlay — #a1+#a2 + #;1*‘#;2 + Vgq+Vay — Vgt Vay — Ua1+va2 +
{[ + a3z ~ 2 azs 2 + a3 2 a3]7[ 2 + az ~ 2 azs 2 +v a3z
_Ua1+Ua2

> va,llay € hy,a; € hy, a3 € h3}

gty — g )Y UE gy —haakay)  wE i —ud pd D+ ud,tuds—ududs) . va Ve —va va)+(Va, ViV, vis)
7{[ 2 5 2 ]7[ 2 s
(V;—1+V;—3_V;1V;—3)+(V;2+V;—3_V;2V;—3) - T -

> llay; € hy,a; € hy,az € hs}

= (hy ®h3) @(h, ®hs)
This proves (ix)

Theorem 3.7

For hjand l:zze I~VIHFS (X), we have the following identities:
() (Mi® hy) N (hy ® hy) =hy @ hy;
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(i) (M® hy) U (hy ® hy) =hy® hy;
(iii) (hi® hy) N (hy@ hy) =hy@ hy;
(iv) (M® hy) U (hi@ hy)=hi® hy;
v) (hy @ h2) N (hy@ hy)=hy @ hy;

2)= My
V) (i ®hy) U (h@hy)~ @ hy;
wi)  (B®hy) N (R4S hy)=hy
wiil) (B ®hy) U (48 hy)= @ hy;
) (R ®hy) N (RS hy)=hy ® hy;
(x) (’}1 ®~h2) U~( h1~$h2)~: h1~$ hy;
ki) (M@®hy) N(Ay hy)=hytthy;
(xii) (Mi® hy) U (hi#thy))=hi @  hy;
(i) (R ® k)N (Rytthy)= Ry @ By
(xiv) (h1 ® hy) U (hy#thy)= hy#thy
Proof. We prove (i), (iii), (v), (vii), (ix), (xi) and (xii), other results can be proved analogously.
From definitions 2.3, 2.5 and 3.1, we have

(hi®hy) N (hy @ hy)
=([ne, + 13, — mmend, + 08, — G b [va, vay v, vi DN ALia, Hay 08, 131 Ve, + Ve — Ve Vay Ve, +
Ve, = Va,Va,ller € hi,a; € hy}
={[min (g, + Ma; = HayHay > Hay Hay ) Min (M, + Hay — Koy May s Hay Hay)s
[ max (Va, Va, »Va, + Vay, = Va,Va, ) - max (Vi Vi, v, + v, — vivi)lley € hy,ap € hy}
[ty ey o 1Ey BE)DL Vay + Vi, = Vi Vi, SV, Vv, — v v llen € by ap € Ry}
:El ® flz
This proves (i)
iii) Using definitions 2.3, 2.5 and 3.1, we have

(hy ®h,)N( by @hy) = hy@hy;
- - R - T 7 a1t Ha
:{ ([uaz + ual - I”l(xz ual' ug(—z + ujx-l - I”lg(—z ugl]'[vaz val 'v(;:—z V;l]) | al € h17 az € hz}m {[ % >

Forud a1t Vg v+t ~ ~
Fer 2#0‘2],[11‘1121)0‘2 , a12 “2la; € hy,a; € hy}

. . _ _ o Uzt Uy . _ M;— +ﬂ;
= {[ mll’l (I’ltxz + ual - uqzual 9 L 2 . ) b mln (I’llxll I’lgz + Ugl - ugzugl b s 2 2 )]7

+ +
u{,(l+v0[2
2

v;1+v;2
2

[ max (v, vg, » ), max (v, v, V|a: € hy,a, € hy}

a1t la ud +ud Vg1t Vg vi, +ud ~ ~ ~ ~
={[Fre P e, S gy € Ry, ap € Ryl= M@h,

This proves (iii).
(v) From definitions 2.3, 2.5 and 3.1, we have

(’31 ® Flz) N (51@52) :f~11 ® Flz;

—f7 = - - - - = = Haithay, wd+ud
_{[”al I’laz 'I’lgl I’lgz]' [Val +Va2 - valvaz’v(;l +V;2 - v(-li-lv(;—z]lal € h17 az € h’Z} n{[ = 2 = 4 = 2 = ]5

Vg1t Va vE +ud =~ =
5, —5Fllay € hy,a; € hy}

. _ Mg tug . i +ud
:{[ mln (:ua1 #(127 alz = )7m1n (#;1 #;—2 > alz = )]7

+ +
u{,(l+v0(2
2

v‘;1+v;2
2

[ max (vg, +va, — Vo, Ve, » ), max (v, +va, — vd, v, )| a1 € hy,a, € hy}

={[ pa, e, > i, vk, L Ve, + Ve, = Va,Vay» V:;:l + V;Z - v;1v22]|a1 € hy,a, € hy}= b @ hy
This proves (v)

(vii) Using definitions 2.3, 2.5 and 3.1, we have

(hi®h)N(hy$ hy)=hy $ by
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= ([mg, + 1, — ngmaywd, +ud, — vl ] [ve, va, v, v 1) N LG, e, Jud, 1, LV, Ve,

vV vt;t'—1 U;z :Hal € hlsaz € hz}

= {[ min (ug, + Mo, — HayHa,y »+/Ha, Hay ) > min (Mg, + 1g, — Mo, He, - /M, #d, DLImax (v, v, /e, Ve, ), max
(vt;'—z v;—1 >/ vt:‘t: U;z )]| a € hla a € hz}

e, Ha, »Jud, vd, LI Jva, va, -yJvd vi, ey € hi,a, € hy} = h; $h,

This proves (vii)
(ix) From definitions 2.3, 2.5 and 3.1, we have

(hy ® ha)N(7y$ hy)=hy @ hy;

={([lu'(;1 I’l(;z Hu'(-)'(—l I’lgz]' [va_l +va_2 - V vaz’val +Va2 - V V ]) |a1 € h17a2 € hz} n{[ﬂ lu'al I’laza

\/#;1 #(-1'—2 ]5[\/”(;1 U(;z’ \/U;1 v;’z ]|a1 € hla a; € hz}

= {[ mln (I’l(;l I’l(;z b \[ I’l(;l I’l(;z) b mln (,U.;l I’lgz b V ,U.;—l I’l(-l'—z )]5[max (V(Z_l + Va_z - va_lva_z b \[ vt;l U(X_z) b ma’X
(vd, +vd, = va v, Jud, vd, )l ew € hy,a; € hy}

={[ way by sy 01 Ve, + Ve, — VayVe, WVd A vd, — vd vl € iy € Ryy=h @ hy

This proves (ix)
(xiii) From definitions 2.3, 2.5 and 3.1, we have

(hy ® hp)N(hy# hy)=hy ® hy;

= - - - - - 2 gy Ka,
_{[#(11 #(lz '#;—1 #;—2] [Va1 +v¢l2 - va1v(l2lvt-l'—1 +v;2 - V(;'—lvaz]lal € hl’ az € hz} m {[ ——z >

Ha1+ﬂa2
2ugy Bdy o 2Vay Vay 24 Vg
AR [ Sy € hy,a; € hy)
HaitHay Vg tVe, Ua1+va2
20gq tay ﬂal ﬂaz zval Vg,

:{[ min (#;1 #(;2 > ) maX(Val + v(lz

# +:ua ) mln (#(11 #(lz 4 + + + )] [maX (vt;1 +v(;2 - vt1_1va_2 ’ +Ua2
2vf, vd
Vfl1vf12 P +a:_ 0:-2:”“1 € hl, a, € hz}

={uz, tays v, v, [ Ve, + Ve, = Va,Va, »Va, +Va, — Vv, llar € by, ay € hy}=hy @ hy

This proves (xiii).

Theorem 3.8
For hyand h,€ IVIHFE(X), then following relations are valid:
) (hi#thy) $ (Ry#thy) = Ryt by
(i) (h1%hy) $ (hyxhy) = hyxhy;

(iii) (1 ®hy) $ (@ hy) = hy ®hy;
(iv) (h1 ® hy) $ (hy @ hy) =hy @ hy;
v) (h@ h2)$(h1@ hz) by @ hy;
(vi) (hi# hy) @ (hy # hy) = by #hy;
(vii) (hy*hy) @ (hy*hy) = hyxhy;
(viii) (@ hy) @ (hy ® hy) = hi @y
(ix) (h1U hy) @ (hyNhy) = hy@hy;
(x) (}}1U1}2)$(}}1m}2) ]}1$f2,

(xi) (hU hy) # (hyNhy) = hy# hy;
(xii) (h1U hy) * (hyNhy) = hyxhy;

(i) (Ry* hy) @ (Ry*hy) = hyxhy;

(xiv) (hy* hy) $ (hyxhy) = hyxhy.

Proof , The proofs of these results are the same as in the above proof

Theorem 3.9.
For every two hy and h, € IVIHFE (X), we have:
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(1 ((hyUhy) @ (hiNhy)) @ ((hqUhy) @ (hiNhy)) = h1@h2;

(i1) ((hq U #( hiNhy)) $ ((h1URy) @ (hy Nhy)) = hy$hy

(ii1) (M ®hy) U (hy ® hy)) @ (R ®hy) N (hy @ hy))= hi@hy;

(iv) (i ®hy) U (hi@hy)) @ ((hy ® hy) N (hy@hy))=hi@hy;

(v) ((h®hy) U(hyi#hy)) @ ((hy ® hy) N (hyi#thy)) = by @hy;

(vi) ((hy ®hy)U(h1$hy)) @ ((hy ® hy)N(hi$hy)) = h1@hz,

(vii) (i ®hy)U( hi@hy)) @ ((hy®hy) N (hy#hy)) = hiSh,.

Proof .In the following, we prove (i) and (iii), other results can be proved analogously.
(i) From definitions 2.3 and 3.1, we have

((hyURy) @ (hyNhy)) @ ((hyURy) @ (hiNhy)) =

((hyUhy) ® (hyNhy)) =

{[max( ﬂc;la :ut;z)’ max( :ut-;l 5 :ut-;z) ]9[min§@l}rz_11vt;z)amin( v;11V;2)]|a1 € F"liaz € F"ZE ® {[mln( #;p #;2) s mln( #;1 5

#;2) ]9[maxg2@l/r;1lvc;2)s max( V;yV;z)“ a € hla a, € hZ}

={[max( Ug,, Ha,)+min( pg,, pg,)-max( pg,, piz,) min( g, Hg,) »max( pg, , pg,)+min( ug, , ug,)-max( ug, ,
I’l(-;z) +mln( ,U.;l > :u'(-)'(—z)]’[ min(va_l’va_z) max'@’(x_lﬂva_z) > mln( v(;('-l'v(jz) maX( vé—l'v;z)]

(hiURy) ® (hyNhy) =

{[max( pg,, Hg,) , max( pg, ,ugz)],[mini?@v;l,v;z),min(~v;1,v;2)ya1 € hy,a; € hy} ® {[min( g, Uz,),

mln( #;l > I’l(-x'—z) ]7[max£z@/a_1'va_2)7 max( v;—l'v;—z)“ a; € hla a; € hZ}

_ - - : - - : + + ST =
= {[max( pg,» ta,) min pig,, pe,), max( g, , ug,) min( ug, , Ug,) 1, [minifvg,,vg,) +
- = S = 1= = = : + 4+ + o+ : + 4+ + 4+

r1~1ax(val,v2(2 — miniflv,, vg,) maxifvy,, ve,) , min( vy, Vg,) +max( vy, Ve,) - min( Vg, Ve,) max( vy, Vg,) lla; €
hi,a; € hy}
((qUhy) @ (hNhy)) @ ((h1VRy) ® (hiNhy)) =

{max(py prg,) +minCpg g, ) — max(pg, e, ) MinC g g, J3max( g, e, ) min( iy, beg,)
i g ,
{max(t i)+ min o, ity ) man(iy )+ min, i )} sy i) miniy iy

k !
[ min(vg, vz, ) maxitg, vg,) +mintvg, va,) + max(vg, vg, )~ mindvg, ve,) maxitg, va,)
2 b

mm( Vaqs vaz) max( Vaqs va2)+m1n( Vaq vaz) + max( Va1 vaz) min( Va1 vaz) max ( Va1 vaz)]

2

- - soe— - + o+ o+ +
- (max( g g, + min(ig, He,) {max( Hay '“az) + mm( Hay '“az) }]
2 ’ 2 ’
[ min(vg, v, ) maxitg, vg,) +mintvg, va,) + max(vg, vg, )~ mindvg, ve,) maxitg, va,)
2 b

c (o o+ + o+ st o+ + o+ S+ + o+
mm( val,vaz) max( val,va2)+mm( VayVay) + Max(VgyVa,) — min( Vg, ,Ve,) max( Ve, Ve,)

2

lla; € hy,a; € hy}

- + + e - et F + 4+
#a1+ Hay /Ja1+ /Jaz] [mma!@val,vaz) + max(val,vaz) min( vy, ,Vq,) + max(vey,Ve,)

2 ) 2 2 J 2 ]|6{1 € ElsaZ € FLZ}

=l

T #;1 + /J;Z Ve Hay vgl +v3;2 - -
_{[ 12 5 2 ]5[ 2 ) 2 ]|(l1 € hlsaZ € hZ}
=h@h,

This proves (i).
(ii) From definitions 2.3 and 3.1, we have

(A1 ®h3) U (hy ® hy)) @ ((h1®hy) N (hy @ hy)) = hi@hy;
(iil@iiz) n (Fll ® Flz) = {[uo_q + I’lgz - Uo_czlh;l; Ugl + ng - I’lgt—z Ugl]: [v(l_z v(l_l !vt;'—z v;—1]‘a1 € fll’ a; € Flz} U

{[ v, va, s wd, vd,Lve, + vy, = VayVays Vay + Vi, = VaVa,lle1 € hy,ay € Ry}
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={[min (g, +ug, — HeoMa, > Hay Hay ) Min (0 +ud, — wdud, o ud, ud)l,

[ max (Vg, Ve, » Va, + Va, = VayVa, ) Max(Vy, Ve, »Va, +Va, = Va,Va, M € hy,a, € hy}

= {[Mary Hay s Mty a1 WVay + Vi = VayVa, > Vay +va, — vavdllay € hy,a; € Ry}

(h®hy) U (hy ® hy) = {[1g, + He, = HegMap, b8, + 13, — wiud, | [ve, va, v, vl € hy,a; € hy}U
[ nay ey > by 1d, LV, + Ve, = Vi Vays Va, Ve, = Va,Va, | € Ry, € Ry}

={[max ( g, + 1a, = HayHa, > Hay Hay ) > Max (ud, +ud, — wd,wd, ,ud, ug)l

[ min (Vg, Ve, » Ve, Ve, = Va,Va, )» Min(Vy, Ve, , Ve, +Va, = Va,Va, Mew € hy,a, € hy}

={[Ha, + Ha, — Mo, M, s b+ ud, — wdnd, L v, Vays v, va llay € by, ap € hy}

+
. - - - Hay oy Fheg Hiig, = B ey Hay My Wy T Hagha
((h1®@hz) U (hy ® hy)) @ ((hi®hy) N (hy & hy))={[ > , 5 ,

v&l +v;2 - V(;1 v&z + v&z v&l V;I +v;2 - V;1 V;Z +v;2 vzl ~ ~
[ 5 ) 2 lla; € hy,a; € hy}
- - Wt o+
Hog THay ag T H Var tVay VaitVa, -~ ~
={[ 2 s 2 > 2 5 2 ]| a; € hlaaz € h’Z}

Hence ,( (i ®h,) U (hy ® hy)) @ (h®hy) N (hy @ hy)) = by @h,
This proves (ii).
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4. Conclusion

In this paper, we have defined four new operations on
interval valued intuitionistic hesitant fuzzy sets which
involve different defining functions. Some related results
have been proved and the characteristics of the interval
valued intuitionistic hesitant fuzzy sets have been brought
out..
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