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Relativistic Dynamical Theory for Test Particles and Photons in Static
Spherically Symmetric Gravitational Fields

Chifu Ebenezer Ndikilar
Gombe State University, Faculty of Science, Physics Department, P.M.B. 127, Gombe, Gombe State, Nigeria

E-mail: ebenechifu@yahoo.com

The gravitational line element in this field is used to postulate the four spacetime ele-
ment of arc vector, volume element, del operator and divergence operator for space-time
gravitational fields. A relativistic dynamical theory is then established for static spheri-
cally symmetric gravitational fields. Equations of motion for test particles and photons
are obtained with post Newton and post Einstein correction terms of all orders of c−2.

1 Introduction

Schwarzschild in 1916 constructed the first exact solution of
Einstein’s gravitational field equations. It was the metric due
to a static spherically symmetric body situated in empty space
such as the Sun or a star [1].

In this article, we establish a link between Schwarz-
schild’s metric and Newton’s dynamical theory of gravitation.
The consequence of this approach is the emergence of com-
plete expressions for the velocity, acceleration and total en-
ergy with post Newton and post Einstein correction terms to
all orders of c−2 [2].

2 Euclidean Geometry in Static Spherically Symmetric
Fields

Recall that the scalar world line element dS 2 in Schwarz-
schild’s gravitational field is given as

dS 2 = −g11dr2 − g22dθ2 − g33dϕ2 + g00(dx0)2 (2.1)

where

g00 =

(
1 − 2GM

c2r

)
,

g11 =

(
1 − 2GM

c2r

)−1

,

g22 = r2,

g33 = r2 sin2 θ.

G is the universal gravitational constant, c is the speed of
light in vacuum and M is the mass of the static homogeneous
spherical mass (Schwarzschild’s mass) [3, 4]. Now, also re-
call that the world line element dS 2 from which the metric
tensor is formulated is obtained from the fundamental line el-
ement dS (r, θ, ϕ). Also, from vector analysis, it is well known
that dS (r, θ, ϕ) is the most fundamental quantity from which
all vector and scalar quantities required for the formulation of
the dynamical theory of classical mechanics are derived.

2.1 Element of arc vector

From equation (2.1), we realise that Schwarzschild’s gravita-
tional field is a four dimensional orthogonal vector space with
coordinates (r, θ, ϕ, x0) and unit vectors (̂r, θ̂, ϕ̂, x̂0) and hence
the element of arc vector dS is given as

dS = [−g11]1/2(dr)̂r + [−g22]1/2(dθ)̂θ

+[−g33]1/2(dϕ)ϕ̂ + [g00]1/2(dx0)x̂0
(2.2)

with scale factors hr, hθ, hϕ and hx0 defined as

hr = [−g11]1/2,

hθ = [−g22]1/2,

hϕ = [−g33]1/2,

hx0 = [g00]1/2.

2.2 Volume element and Gradient operators

As in Eulidean geometry in three dimensional vector space,
we postulate that the volume element dV in Schwarzschild’s
gravitational field is given by

dV = dS rdS θdS ϕdS x0 (2.3)

and the corresponding space element of volume

dV = dS rdS θdS ϕ, (2.4)

where
dS r = hrdr,

dS θ = hθdθ,

dS ϕ = hϕdϕ,

dS x0 = hx0 dx0.

We postulate that our complete spacetime del operator in
Schwarzschild’s gravitational field is given as

∇ = r̂
hr

∂

∂r
+
θ̂

hθ

∂

∂θ
+
ϕ̂

hϕ

∂

∂ϕ
+

x̂0

hx0

∂

∂x0 . (2.5)

The complete spacetime divergence, curl and laplacian
operators can be defined in a similar manner[2].
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3 Relativistic Dynamical Theory for Test Particles

From the spacetime line element, the instantaneous spacetime
velocity vector in the gravitational field can be defined[2] as

u =
dS
dτ

(3.1)

or
u = ur r̂ + uθθ̂ + uϕϕ̂ + ux0 x̂0, (3.2)

where τ is the proper time,

ur =

(
1 − 2GM

c2r

)−1/2

ṙ,

uθ = rθ̇,

uϕ = r sin θϕ̇

and

ux0 =

(
1 − 2GM

c2r

)1/2

ẋ0.

Hence, the instantaneous speed u is

u2 =

(
1 − 2GM

c2r

)−1

ṙ2 + r2θ̇2 + r2 sin2 θϕ̇2

+

(
1 − 2GM

c2r

)
(ẋ0)2.

(3.3)

Also the instantaneous spacetime acceleration vector is
given as

a =
du
dτ

(3.4)

or
a = ar r̂ + aθθ̂ + aϕϕ̂ + ax0 x̂0, (3.5)

where

ar =

(
1 − 2GM

c2r

)−1/2

r̈ − GM
c2r2

(
1 − 2GM

c2r

)−3/2

ṙ2,

aθ = rθ̈ + ṙθ̇,

aϕ = ṙ sin θϕ̇ + r cos θθ̇ϕ̇ + r sin θϕ̈

and

ax0 =
d
dτ

(1 − 2GM
c2r

)1/2

ẋ0

 .
Now, recall that the inertial mass mI and passive mass mp

are related to the rest mass m0 of a particle by

mI = mp =

(
1 − u2

c2

)−1/2

m0 (3.6)

where in this gravitational field, u2 is as defined in equation
(3.3). Also, the linear momentum of a particle of nonzero rest
mass is defined as

P = mIu (3.7)

or

P =
(
1 − u2

c2

)−1/2

m0u. (3.8)

The instantaneous relativistic kinetic energy (T ) of a par-
ticle of nonzero rest mass is given as

T = (mI − m0) c2 (3.9)

or

T =

(1 − u2

c2

)−1/2

− 1

 m0c2 (3.10)

and the instantaneous relativistic gravitational potential en-
ergy (Vg) for a particle of nonzero rest mass is

Vg = mpΦ = −
(
1 − u2

c2

)−1/2 GMm0

r
, (3.11)

where Φ = −GM
r is the gravitational scalar potential in

Schwarzschild’s gravitational field. Thus, the total relativis-
tic mechanical energy E for a particle of nonzero rest mass is
given as

E = T + Vg (3.12)

or

E = m0c2

(1 − GM
c2r

) (
1 − u2

c2

)−1/2

− 1

 . (3.13)

Thus, our expression for total energy has post Newton and
post Einstein correction terms of all orders of c−2.

The relativistic dynamical equation of motion for parti-
cles of non-zero rest mass[2] is given as

d
dτ

P = −mp∇Φ (3.14)

or

d
dτ

(1 − u2

c2

)−1/2

m0u

 = − (
1 − u2

c2

)−1/2

m0∇Φ (3.15)

or

a +
1

2c2

(
1 − u2

c2

)−1 d
dτ

(u2)u = −∇Φ. (3.16)

Thus, the spacetime relativistic dynamical equations of
motion in static spherically symmetric gravitational field can
be obtained from (3.16). The time equation of motion is ob-
tained as

ax0 +
1

2c2

(
1 − u2

c2

)−1 d
dτ

(u2)ux0 = 0 (3.17)

or
d
dτ

(1 − 2GM
c2r

)1/2

ẋ0

+
1

2c2

(
1 − u2

c2

)−1 d
dτ

(u2)ux0 = 0.

(3.18)
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Notice that the first term of equation (3.18) is exactly
the expression obtained for the general relativistic time di-
lation and hence the second term is a correction term ob-
tained from our dynamical approach in Schwarzschild’s grav-
itational field.

Also, the respective azimuthal, polar and radial equations
of motion are obtained as

ṙ sin θϕ̇ + r cos θθ̇ϕ̇ + r sin θϕ̈

+
1

2c2

(
1 − u2

c2

)−1 d
dτ

(u2)uϕ = 0,
(3.19)

rθ̈ + ṙθ̇ +
1

2c2

(
1 − u2

c2

)−1 d
dτ

(u2)uθ = 0 (3.20)

and

ar +
1

2c2

(
1 − u2

c2

)−1 d
dτ

(u2)ur

= −GM
r2

(
1 − 2GM

c2r

)−1/2 (3.21)

with correction terms not found in the general relativistic ap-
proach.

4 Relativistic Dynamical Theory for Photons

The instantaneous passive and inertial mass of photons is
given as

mp = mI =
hν
c2 , (4.1)

where h is Planck’s constant. Precisely, as in Special Rela-
tivity, we postulate that the relativistic dynamical linear mo-
mentum of photons is given as

P =
hν
c2 u, (4.2)

where u is as defined in (3.2). The relativistic dynamical ki-
netic energy for photons is given as

T = (mI − m0)c2 (4.3)

or
T = h(ν − ν0). (4.4)

Also, as in Newton’s dynamical theory of classical me-
chanics, the relativistic dynamical gravitational potential en-
ergy of photons(Vg) is postulated to be given by

Vg = mpΦ. (4.5)

Hence, in static spherically symmetric gravitational fields

Vg = −
hν
c2

GM
r
. (4.6)

Thus, the total mechanical energy E of a photon is given
as

E = h(ν − ν0) − hν
c2

GM
r
. (4.7)

If the mechanical energy of the photon is E0 at r = r0 then
using the principle of conservation of mechanical energy it
can be deduced that

ν =
E0

h

(
1 − GM

c2r

)−1

(4.8)

or

ν = ν0

(
1 − GM

c2r0

) (
1 − GM

c2r

)−1

. (4.9)

Equation (4.9) is our newly derived expression for grav-
itational spectral shift for static spherically symmetric mass
distributions with post Newtonian and post Einstein correc-
tions of all orders of c−2.

Also, the relativistic dynamical equation of motion for
photons in static spherically symmetric gravitational fields
can be obtained as

d
dτ

[(
1 − GM

c2r

)−1

u
]
= −

(
1 − GM

c2r

)−1

∇Φ (4.10)

from which the instaneous velocity and acceleration vectors
can be obtained.

5 Conclusion

Instructively, this approach unifies the dynamical and geo-
metrical theories of gravitation for test particles and photons
in static spherically symmetric gravitational fields. It is hoped
that if it is well developed it can account for most corrections
of theoretical results in gravitational fields. It is also hoped
that this approach can also be used to establish the long de-
sired unification of gravitational fields with other fundamen-
tal fields in nature.

Submitted on October 4, 2011 / Accepted on October 13, 2011
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The Turning Point for the Recent Acceleration of the Universe
with a Cosmological Constant

T. X. Zhang

Department of Physics, Alabama A & M University, Normal, Alabama, U.S.A.
E-mail: tianxi.zhang@aamu.edu

The turning point and acceleration expansion of the universe are investigated according
to the standard cosmological theory with a non-zero cosmological constant. Choosing
the Hubble constantH0, the radius of the present universeR0, and the density parameter
in matterΩM,0 as three independent parameters, we have analytically examined the other
properties of the universe such as the density parameter in dark energy, the cosmologi-
cal constant, the mass of the universe, the turning point redshift, the age of the present
universe, and the time-dependent radius, expansion rate, velocity, and acceleration pa-
rameter of the universe. It is shown that the turning point redshift is only dependent of
the density parameter in matter, not explicitly on the Hubble constant and the radius of
the present universe. The universe turned its expansion from past deceleration to recent
acceleration at the moment when its size was about 3/5 of the present size if the density
parameter in matter is about 0.3 (or the turning point redshift is 0.67). The expansion
rate is very large in the early period and decreases with time to approach the Hubble
constant at the present time. The expansion velocity exceeds the light speed in the early
period. It decreases to the minimum at the turning point and then increases with time.
The minimum and present expansion velocities are determined with the independent
parameters. The solution of time-dependent radius shows the universe expands all the
time. The universe with a larger present radius, smaller Hubble constant, and/or smaller
density parameter in matter is elder. The universe with smaller density parameter in
matter accelerates recently in a larger rate but less than unity.

1 Introduction

The measurements of type Ia supernovae to appear fainter and
thus further away than expected have indicated that the uni-
verse turned its expansion from past deceleration to recent ac-
celeration [1-4]. The dark energy, a hypothetical form of ne-
gative pressure, is generally suggested to be the cause for the
universe to accelerate recently. The Einsteinian cosmological
constantΛ, initially assumed for a static model of the uni-
verse, is the simplest candidate of the dark energy [5]. Quin-
tessence such as the scalar field from the scalar-tensor the-
ory or the five-dimensional Kaluza-Klein unification theory is
usually considered as another candidate of the dark energy [6-
9]. In the black hole universe model, proposed recently by the
author, the dark energy is nothing but the accretion of mass
in an increasing time rate from outside space, the mother uni-
verse [10-17]. In the black hole universe model, the cosmo-
logical constant can be represented asΛ = 3(Ṁ/M)2, where
M is the universe mass anḋM is the time rate of the universe
mass. However, when the universe turns or what the redshift
of the turning point for the universe to turn its expansion from
past deceleration to recent acceleration has not yet been con-
sistently and precisely determined.

The turning point redshiftZTP was determined to be∼ 0.5
by combining the redshift and luminosity observations of type
Ia supernovae with the standard model of cosmology [2, 4].
The universe was considered to be flat (i.e.,k = 0 with k the

curvature of the universe) with a cold dark matter (CDM) and
a constant dark energy density (i.e., the cosmological cons-
tant). To explain the measurements of type Ia supernovae
with the flat universe model, the density parameters in matter
and dark energy (ΩM,0 andΩΛ,0) at the present time (t0) were
chosen to be

ΩM,0 ≡
8πGρM(t0)

3H2
0

= 0.3, (1)

ΩΛ,0 ≡
Λ

3H2
0

= 0.7, (2)

whereG is the gravitational constant,ρM,0 is the mass density,
andH0 ∼ 50− 70 km/s/Mpc is the Hubble constant [18-21].
For a holographic dark energy, the turning point redshift de-
pends on a free parameter [22]. The turning point redshift is
ZTP ∼ 0.72 if the free parameter is chosen to be unity. For
the best fit to the type Ia supernova data, the free parameter
is around 0.2, which leads to a smaller turning point redshift,
ZTP ∼ 0.28.

To combine the measurements of type Ia supernovae with
the cosmological model, a redshift-luminosity distance rela-
tion is required. The often used relation is, however, a linearly
approximate relation,

dL(Z) ' c(1+ Z)
∫ Z

0

du
H(u)

, (3)
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which is only good for nearby objects (see the detail of the
standard derivation given by [23]. Using this approximate
redshift-luminosity distance relation to study the expansion
of the universe constrained by the measurements of type Ia
supernovae with redshift greater than unity, one cannot accu-
rately determine the turning point redshift [24] (Zhang and
tan 2007). In Eq. (3),c is the light speed,Z is the redshift
of light from the object, anddL is the luminosity, which is
usually defined by

F =
L

4πd2
L

, (4)

whereL is the luminosity of the object such as a supernova,F
is the apparent brightness of the object (i.e., the object emis-
sion flux measured at the Earth).

In this study, we analytically derive the turning point redshift
only from the cosmological model without combining the
model with the type Ia supernova data of measurements and
thus without using the approximate redshift-luminosity dis-
tance relation. The simplest cosmological model that des-
cribes the recent acceleration of the universe is governed by
the Friedmann equation with a non-zero Einsteinian cosmo-
logical constant [1-2, 5]. The expansion characteristics of the
universe described by this constantΛCDM model depend on
three independent parameters. There are many different ways
or combinations to choose the three independent parameters.
But no matter how to combine, the number of independent
parameters is always three. We have chosen the Hubble cons-
tantH0, the radius of the present universeR0, and the density
parameter in matterΩM,0 as the three independent parame-
ters and have further derived the turning point redshift. The
derived turning point redshift is only dependent of the den-
sity parameter in matterΩM,0, not dependent of the other two
independent parametersR0 andH0 if the universe is flat.

Exact solutions of the Friedmann equation [25-26] with
the cosmological constant were obtained by [27-28]. The
physical solutions, however, have not yet been analyzed with
the recent measurements of the universe, especially on the
turning point redshift.

The objective of this study is to quantitatively study the
turning point and expansion characteristics of the recent acce-
leration universe through analyzing and numerically solving
the Friedmann equation with a non-zero cosmological cons-
tant. First, for each set ofH0, ΩM,0, andR0, we analytically
obtain the turning point redshiftZTP and other cosmological
parameters such as the density parameter in dark energyΩΛ,0,
the cosmological constantΛ, and the mass of the universeM.
Then, we substitute the obtainedM andΛ into the Friedmann
equation to numerically solve the time-dependent expansion
rate or Hubble parameterH(t), velocity v(t), radiusR(t), and
acceleration parameterq(t) of the universe. Third, from the
solutions, we determine the age of the present universe. Fi-
nally, we discuss the significant results and summarize our
concluding remarks.

2 Turning Point and Expansion Characteristics of the
Universe

According to the standard cosmological theory, the expansion
of the universe is governed by the Friedmann equation [25-26,
29]

H2(t) ≡
Ṙ2(t)
R2(t)

=
8πGρM(t)

3
−

kc2

R2(t)
+
Λ

3
, (5)

(Friedmann 1922, 1924; Carroll et al. 1992) where the dot
refers to the derivative with respect to time,G is the gravita-
tional constant,ρM(t) is the density of matter given by

ρM(t) =
3M

4πR3(t)
, (6)

andk is the curvature of the space given by -1, 0, 1 for the
universe to be open, flat, and closed, respectively. For the flat
universe (i.e.,k = 0), Eq. (5) becomes

H2(t) ≡
Ṙ2(t)
R2(t)

=
2GM
R3(t)

+
Λ

3
. (7)

The solution of Eq. (7) depends on three independent pa-
rameters:R0, M, andΛ. There are many different combinati-
ons that can be considered as the three independent parame-
ters such as (R0, H0, Λ), (R0, H0, ΩM,0), etc. In this study,
we have chosenR0, H0, andΩM,0 as the three independent
parameters.

To describe the acceleration of the universe, we define the
acceleration parameter as

q(t) ≡
R(t)R̈(t)

Ṙ2(t)
= 1+

Ḣ(t)
H2(t)

. (8)

Traditionally, a negative sign is inserted in Eq. (8) for the
deceleration parameter.

A light that was emitted at timet is generally shifted
towards the red when it is observed at the present timet0 due
to the expansion of the universe. The redshift of the light is
given by

ZH =
R(t0)
R(t)

− 1. (9)

The recent acceleration universe turned its expansion
from past deceleration to recent acceleration at the moment
when the acceleration parameter is equal to zero, i.e.,

q(tTP) = 0, (10)

wheretTP is defined as the turning point - the time when the
universe neither accelerates nor decelerates. It has been re-
cognized for years but not yet theoretically determined.

Differentiating Eq. (7) with respect to time to getḢ(t) and
using the turning point condition (10), we have the following
relation

Λ =
3GM

R3(tTP)
. (11)
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Then, using Eq. (9), we have

Λ =
3GM
R3(t0)

(
R3(t0)
R3(tTP)

)

=
3GM

R3
0

(ZTP + 1)3, (12)

where we have replacedR(t0) by R0 and denoted the redshift
of observed light that was emitted at the turning point byZTP

- the turning point redshift. From Eq. (12), the turning point
redshift can be written as

ZTP =



ΛR3

0

3GM




1/3

− 1. (13)

At the present timet0, Eq. (7) can be written as

1 = ΩM,0 + ΩΛ,0, (14)

where the density parameters in matter and dark energy are
defined respectively by

ΩM,0 =
8πGρM(t0)

3H2
0

=
2GM

H2
0R3

0

, (15)

and

ΩΛ,0 =
Λ

3H2
0

. (16)

From Eqs. (15)-(16), we obtain

ΛR3
0

3GM
= 2

1− ΩM,0

ΩM,0
. (17)

Then, Eq. (13) reduces

ZTP =

(

2
1− ΩM,0

ΩM,0

)1/3

− 1. (18)

Eq. (18) is a new result and has not been obtained be-
fore by any one. It is seen from Eq. (18) that the turning
point redshiftZTP is only dependent of the density parame-
ter in matterΩM, not explicitly on another two independent
parameterH0 andR0.

Figure 1 plotsZTP as a function ofΩM. The result indi-
cates that, for the universe to be recently turned (i.e.,ZTP >
0), the density parameter in matter must beΩM,0 < 2/3 (or
ΩΛ,0 > 1/3). For the universe to be turned at 1& ZTP & 0.5,
the density parameter in matter must be 0.2 . ΩM . 0.4.
WhenΩM,0 = 1, we haveZTP = −1, which implies that the flat
universe will never be accelerated if the cosmological cons-
tant is zero. This is consistent with the gravitational physics
because gravity always attracts.

ConsideringH0, R0, andΩM,0 as three independent para-
meters in the flat universe model, we can determineΩΛ, M,
Λ, andZTP by Eqs. (14)-(16) and (18). Substituting the de-
terminedM andΛ into Eq. (7), we can numerically solve
the expansion parameters of the recent acceleration universe

Fig. 1: Turning point redshiftZTP versus density parameter in matter
ΩM,0.

Fig. 2: Expansion characteristics of the universe whenΩM,0 = 0.3,
R0 = 15 billion light years, andH0 = 50,60,70 km/s/Mpc. (a)
Radius of the universeR(t), (b) expansion rateH(t), (c) expansion
velocity v(t), (d) acceleration parameterq(t).

including the radiusR(t), expansion rateH(t), expansion ve-
locity v(t), and acceleration parameterq(t).

Figure 2 plots these expansion parameters –R(t), H(t),
v(t), andq(t) – as functions of time. We have chosenH0 =

50,60,70 km/s/Mpc, ΩM,0 = 0.3, andR0 = 15 billion light
years, which are displayed in Figure 2a. Three types of lines
(dotted-dashed, solid, and dashed) correspond to the results
with three different Hubble constants. With these three sets
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Fig. 3: Expansion characteristics of the universe whenΩM,0 =

0.2,0.3,0.4 andH0 = 60 km/s/Mpc with the sameR0. (a) Radius
of the universeR(t), (b) expansion rateH(t), (c) expansion velocity
v(t), (d) acceleration parameterq(t).

of parameters, we haveM = 1.7,2.4,3.3 × 1053 kg, Λ =

5.5,8.0,10.8× 10−36 s−2, ΩΛ,0 = 0.7, andZTP = 0.67.

Figure 2a shows thatR(t) increases with time to appro-
ach R0 at the present timet0. In comparison with a linear
relation, the radius-time curves bend down atR . 3R0/5 and
then slightly go up atR & 3R0/5. The flat universe turned its
expansion from past deceleration to recent acceleration at the
time when the size of the universe was about three-fifth of the
present universe (i.e., atZTP ' 2/3) due to the dark energy
or non-zero cosmological constant. Figure 2b indicates that
the expansion rate or Hubble parameterH(t) decreases with
time (or Ḣ(t) < 0) to approach the Hubble constantH0 at the
present time. The dotted line refers toH0 = 60 km/s/Mpc. Fi-
gure 2c shows that the expansion velocity decreases with time
to the minimum at the turning point and then increases with
time to approachv0 = H0R0, which exceeds the light speed in
the case ofH0 = 70 km/s/Mpc andR0 = 15 billion light years.
In the early period, the expansion velocity can be much grea-
ter than the light speed. The minimum expansion velocity is
determined byvmin = (2GM)1/3Λ1/6. From Figure 2d, that the
universe turned its expansion from past deceleration to recent
acceleration can be seen in more obviously. The dotted line
refers toq = 0. Each curve ofq(t) intersects with the dotted
line at the turning point. For a different Hubble constant, the
turning pointtTP is different. The acceleration parameter is
negative (i.e., deceleration) before the turning point and posi-
tive (i.e., acceleration) after the turning point. At the present
time, the acceleration parameter is slightly over 0.5.

Figure 3 also plots the four expansion parametersR(t),

H(t), v(t), and q(t) as functions of time. In this plot, we
have chosen a singleH0 = 60 km/s/Mpc but threeΩM =

0.2,0.3,0.4 with the sameR0. The three types of lines cor-
respond to the results with three different density parameters.
With these three sets of parameters, we haveM = 2.4× 1053

kg, Λ = 8.0 × 10−36 s−2, ΩΛ,0 = 0.8,0.7,0.6, andZTP =

1,0.67,0.5. The results are basically similar to Figure 2. The
turning point redshift is single in the case of Figure 2 but mul-
tiple in the case of Figure 3. The radius-time curves (Figure
3a) also bend down relative to the linear relation in the past
and go up recently, which implies that the flat universe was
decelerated in the past and accelerated recently. The decre-
asing profiles of expansion rateH(t) with time only slightly
different among different density parameters (Figure 3b). The
expansion velocity reaches the minimumvmin at the turning
point and approachesv0 at t0 (Figure 3c). The acceleration
parameter att0 is greater if the universe contains more dark
energy relative to matter (Figure 3d). For a different density
parameter, the turning pointtTP is different. The acceleration
parameter is negative (i.e., deceleration) before the turning
point and positive (i.e., acceleration) after the turning point.

From Figures 2 and 3, we can find the present time or the
age of the present universe withR0 = 15 billion light year. For
a differentH0 or ΩM,0, the age of the present universe should
be different. The age of the present universe determined based
on Figures 2 and 3 is plotted as a function ofH0 in Figure 4a
and as a function ofΩM,0 in Figure 4b. It is seen that the
age of the present universe decreases withH0 andΩM,0 when
R0 is fixed. ForR0 = 15 billion light year,H0 = 50− 70
km/s/Mpc, andΩM,0 = 0.3, the age of the universe is in the
range of∼ 13− 19 billion years, slightly less thanH−1

0 . The
universe is elder if it turned earlier (i.e., smallerΩM,0) or has
a smaller expansion rate.

3 Discussions and Conclusions

The open or closed universe can also be recently accelerated
by the dark energy. Sincek is not zero, the density parameters
will be quite different in order for the universe to be turned
from deceleration to acceleration at a similar turning point.
The details on the turning point and expansion characteristics
of the open and closed universes will be studied in future.

Consequently, the turning point and accelerating expan-
sion of the flat universe has been investigated according to
the cosmological theory with a non-zero cosmological cons-
tant. Choosing six sets ofH0, R0, andΩM,0, we have quanti-
tatively determinedΩM,0, Λ, M, ZTP, t0, R(t), H(t), v(t), and
q(t). Analyzing these results, we can conclude the following
remarks.

To turn the expansion from deceleration to acceleration,
the flat universe must contain enough amount of dark energy
ΩΛ,0 > 1/3. The turning point redshift depends only on the
density parameter in matterZTP = [2(1−ΩM,0)/ΩM,0]1/3 − 1.
The flat universe will never be accelerated if the cosmologi-

Zhang T.X. The Turning Point for the Recent Acceleration of the Universe with a Cosmological Constant 9



Volume 2 PROGRESS IN PHYSICS April, 2012

Fig. 4: Age of the universe as a function ofH0 (a) andΩM,0 (b).

cal constant is zero. For the flat universe to be turned from
deceleration to acceleration at 0.5 . ZTP . 1, the density pa-
rameter in matter must be 0.4 & ΩM,0 & 0.2. The radius of the
universe generally increases with time. The expanding profi-
les are belong to theM1 type of exact solutions given by [27-
28]. The expansion rate of the universe rapidly decreases with
time to approach the Hubble constant. The expansion velocity
decreases with time to the minimumvmin = (2GM)1/3Λ1/6

at the turning point and then increases with time to appro-
ach v0 = H0R0. The acceleration parameter also increases
with time and changes from negative to positive at the turning
point. The acceleration of the present universe is larger if it
contains more dark energy. The age of the universe depends
on all of R0, H0, andΩM,0. The flat universe with a fixedR0

should be elder for smallerH0 or ΩM,0 due to the expansion
velocity smaller.

Overall, this study has shown the constraints and charac-
teristics of the recent acceleration universe, which deepens
our understanding of the turning and accelerating of the uni-
verse from past deceleration to recent acceleration.
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We attempt to develop a minimal formalism to describe an anisotropic to isotropic tran-
sition in the early Universe. Assuming an underlying theory that violates Lorentz in-
variance, we start with a Dirac like equation, involving four massless fields, and which
does not exhibit Lorentz invariance. We then perform transformations that restore it to
its covariant form along with a mass term for the fermion field. It is proposed that these
transformations can be visualized as waves traveling in an anisotropic media. The trans-
formation it/ℏ→ β is then utilized to transit to a statistical thermodynamics system and
the partition function then gives a better insight into the character of this transition. The
statistical system hence realized is a two level system with each state doubly degenerate.
We propose that modeling the transition this way can help explain the matter antimatter
asymmetry of the Universe.

1 Introduction

The idea that the Universe is homogeneous, isotropic and that
space-time is Lorentz invariant are important pillars of theo-
retical physics. Whereas the cosmological principal assumes
the Universe to be homogeneous and isotropic, Lorentz in-
variance is required to be a symmetry of any relativistic quan-
tum field theory. These requirements have robust footings,
but there can possibly be scenarios where these ideas are not
sufficient to describe the dynamics of a system. Temperature
fluctuations in the Cosmic Microwave Background (CMB)
radiation indicate that the assumptions made by the cosmo-
logical principal are not perfect. There is no conclusive ev-
idence of Lorentz violation to date but this has been a topic
of considerable interest and the Standard Model Extension
(SME) has been constructed which includes various terms
that preserve observer Lorentz transformations but violate
particle Lorentz transformations [1]. Limits have been placed
on the coefficients of various terms in the SME as well [2].
Another important question is the matter-antimatter asymme-
try of the Universe which is not completely resolved. Sak-
harov, in 1967 derived three conditions (baryon violation, C
and CP violation and out of thermal equilibrium) for a the-
ory to satisfy in order to explain the baryon asymmetry of the
Universe.

Origin of fermion masses is also one of the most intrigu-
ing questions which is now close to be answered by the AT-
LAS and CMS experiments at the Large Hadron Collider.
Hints of this particle have been seen and we will know for
sure this year, hopefully mid 2012, whether it exists or not. If
the Higgs does not exist than the formalism presented in this
article can also serve as a possible explanation for the origin
of mass of fermions.

In this paper we intend to describe the evolution of a
theory that violates Lorentz invariance to a theory that pre-
serves it. The fields that are involved in the Lorentz violat-
ing theory can be viewed in analogy with fields traveling in

an anisotropic medium. When the system evolves from the
anisotropic to isotropic phase the symmetry of the theory is
restored and the partition function formalism can be used to
better understand how this transition takes place. This for-
malism, we propose, can help explain the matter-antimatter
asymmetry of the Universe. The paper is organized as fol-
lows: In section 2 and 3 we describe these transformations
and propose a way to interpret them as plane wave transitions
into anisotropic media. In section 4 the partition function is
used to get a better insight into how the transformations in
section 2 occur and we conclude in section 5.

2 Transformations leading to Covariant Dirac equation

In this section we outline a set of transformations that lead
to the Dirac equation for a QED (Quantum Electrodynamics)
like theory with no interaction terms. We start with a Dirac-
like equation which involves four fields (χa, χb, χc, χd). These
fields can be redefined in a simple way such that the covariant
form of the Dirac equation is restored along with a mass term.
We assume a minimal scenario and consider just the kinetic
terms for the fields in the underlying theory. If we start with
the following equation (ℏ = c = 1):

iχ̄aγ
0∂0χa + iχ̄bγ

1∂1χb + iχ̄cγ
2∂2χc + iχ̄dγ

3∂3χd = 0, (1)

and transform each of the χ fields in the following manner,

χa(x)→ eiαmγ0 x0ψ(x), χb(x)→ eiβmγ1 x1ψ(x),

χc(x)→ eiδmγ2 x2ψ(x), χd(x)→ eiσmγ3 x3ψ(x), (2)

we get the Dirac equation in covariant form, along with a
mass term (using, for e.g., eiβmγ1 x1γ0 = γ0e−iβmγ1 x1 ),

ψ[iγµ∂µ − (α + β + δ + σ)m]ψ = 0, (3)

where α, β, δandσ are real positive constants. For plane wave
solution for particles, ψ = e−ip.xu(p), the above redefinition
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for the field χa, for example, is a solution of the following
equation:

∂

∂t
χa(x) = −i(E − αmγ0)χa(x), (4)

with similar equations for the other fields. Equation (4), is
similar to equation (27) in reference [3] which is a solution
of the differential equation governing linear elastic motions
in an anisotropic medium (with a constant matrix, see section
III of the reference). With α = 0 the left hand side is just the
Hamiltonian with the plane wave its eigenstate.

Note that the manner in which we can transform equa-
tion (1) to (3) is not unique and there are various ways to do
this with different combinations of the χ fields along with the
field ψ. A mass term (mχχ) for the χ fields could have been
added to equation (1), but the redefinitions (2) can be used to
eliminate it. So, if we want our resulting equation to describe
a massive fermion, these fields should be massless or cannot
have mass term of the form mχχ. This argument will be fur-
ther corroborated with the results we present in section 4. The
transformation matrices in equation (2) are not all unitary, the
matrix eiαmγ0 x0 is unitary while the rest (eiβmγi xi ) are hermitian.

The fields in equation (1) can be considered as indepen-
dent degrees of freedom satisfying equation (4) in an under-
lying theory that violates Lorentz invariance. The transfor-
mations (2) can, therefore, be seen as reducing the degrees
of freedom of the theory from four to one. In such an un-
derlying theory, various interaction terms can be written for
these fields. Since we intend to obtain the free Dirac equation,
we have considered only kinetic terms involving the fields χ.
A quadratic term involving different χ fields (mχiχ j) can be
added to equation (1) but this leads to a term that violates
Lorentz invariance in the resulting Dirac equation. A quartic
term (cχiχiχ jχ j) is possible and would result in a dimension
6 operator for the field ψ with the constant c suppressed by
the square of a cutoff scale. So, with the restriction that the
resulting Dirac equation only contains terms that are Lorentz
scalars the number of terms we can write for the χ fields can
be limited. In other words we impose Lorentz symmetry in
the resulting equation so that various terms vanish or have
very small coefficients.

3 Visualizing field Redefinitions

Space-time dependent field redefinitions in the usual Dirac
Lagrangian result in violation of Lorentz invariance. For ex-
ample, the field redefinition ψ→ e−iaµxµψ leads to the Lorentz
violating terms in the Lagrangian [1]. This particular redefini-
tion, however, would not lead to physically observable effects
for a single fermion. A transformation of this type amounts
to shifting the four momentum of the field. It can also be
viewed in analogy with plane waves entering another medium
of a different refractive index which results in a change in the
wave number of the transmitted wave. Similarly, transforma-
tions (2) can be interpreted as transitions of a wave from an

anisotropic to isotropic medium or vice versa as done in the
Stroh’s matrix formalism [3]. For plane wave solutions of ψ,
the χ fields have propagative, exponentially decaying and in-
creasing solutions (for example, e±imx, e±mx). This wave be-
havior is similar to that in an anisotropic medium or a medium
made of layers of anisotropic medium. The eigenvalues of the
Dirac matrices being the wave numbers of these waves in this
case. The coefficients in the exponent relates to how fast the
wave oscillates, decays and/or increases exponentially. The
transfer matrix in Stroh’s formalism describe the properties of
the material and in this case can possibly represent the prop-
erties of the anisotropic phase from which the transition to the
isotropic phase occurs.

Therefore, we can visualize a global and local transforma-
tion as transitions of plane waves to different types of media.
The wave function of a particle (E > V) which comes across
a potential barrier of a finite width and height undergoes a
phase rotation (eiklψ) upon transmission. If the width of the
barrier extends to infinity, the wave function can be viewed as
undergoing a position dependent phase rotation (eikxψ). The
transformations (2) can similarly be seen as a plane wave en-
tering an anisotropic medium. Another phenomenon called
birefringence in optics can be used to explain why these four
fields map on to the same field ψ. Birefringence results in a
plane wave splitting into two distinct waves inside a medium
having different refractive indices along different directions
in a crystal. These analogies can serve as crude sketches to
visualize how the transformations in equation (2) can occur.

In the usual symmetry breaking mechanism a Higgs field
acquires a vacuum expectation value (VEV) and the resulting
mass term does not respect the symmetry of the underlying
group. For example, in the Standard Model, due to its chiral
nature, a Higgs field is introduced in order to manifest gauge
invariance. Once the Higgs field acquires a VEV the mass
term only respects the symmetry of the resulting group which
is U(1)EM. In our case the mass term arises after symmetry
of the Dirac equation is restored. Consider the simple case
where we have one field χa in addition to the field ψ:

iχ̄aγ
0∂0χa + iψ̄γi∂iψ = 0, (5)

and this field transforms to the field ψ as χa(x)→ eiαmγ0 x0ψ(x)
, leading to the Dirac equation. In order to discuss the symme-
tries of the above equation let’s assume that the two indepen-
dent degrees of freedom are described by the above equation.
Equation (5) then has two independent global U(1) symme-
tries and the resulting equation has one. In fact, there is a list
of symmetries of equation (5) not possessed by (3), for ex-
ample invariance under local transformations, χa → eibiθ(xi)χ′a
(i, j = 1, 2, 3), where bi can be a constant vector, the matrix
γ0 or any matrix that commutes with γ0 (e.g., σi j, γ5γi). This
implies invariance under global and local SO(3) transforma-
tions (rotations of the fields χa but not boosts). Similarly,
ψ→ eiA θ(t)ψ′ is a symmetry, where A can be a constant or the
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matrix iγ0γ5 which commutes with the three Dirac matrices
γi. After the transformation χa → eimγ0tψ the equation is no
more invariant under these symmetries and the SO(1,3) sym-
metry of the Dirac equation is restored along with a global
U(1) symmetry.

4 Partition Function as a Transfer Matrix

In the early Universe, a transition from a Lorentz asymmetric
to a symmetric phase could possibly induce transformations
of the form (2). Let’s again consider the simple example in
equation (5). For this case the eigenvalues of the Dirac ma-
trix γ0 define the wave numbers of the waves traveling in the
anisotropic medium. The direction of anisotropy in this case
is the temporal direction, which means that the time evolu-
tion of these waves is not like usual plane waves. It is not
straight forward to visualize the fields, the dynamics of whom
are described by the anisotropy of space time, but we can use
the partition function method to get a better insight into this.
We can, by using this formalism, calculate the temperature at
which the transformations in equation (2) occur.

We next perform a transition to a thermodynamics system
by making the transformation it → β, where β = 1/kBT [4].
The partition function is then given by the trace of the trans-
formation matrix eimγ0t,

Z = Tr(emβγ0 ) = 2eβm + 2e−βm. (6)

This partition function is similar to that of a two-level sys-
tem of spin 1/2 particles localized on a lattice and placed in
a magnetic field with each state, in this case, having a degen-
eracy of two. The lower energy state corresponding to spin
parallel to the field (E = −m, Z1 = eβm). In this case the
doubly degenerate states correspond to spins up and down of
the particle or anti-particle. For N distinguishable particles
the partition function is ZN , N here is the total number of
particles and antiparticles of a particular species. So, we are
modeling our system as being on a lattice with the spin along
the field as representing a particle and spin opposite to the
field representing an antiparticle.

The evolution of this system with temperature represents
the time evolution of the system in equation (1). In other
words the partition function describes the evolution of these
waves from anisotropic to isotropic phase as the temperature
decreases. For a two level system the orientation of the dipole
moments becomes completely random for large enough tem-
peratures so that there is no net magnetization. In our case we
can introduce another quantity, namely a gravitational dipole,
which would imply that the four states (particle/antiparticle,
spin up/down) of N such particles at high enough tempera-
tures orient themselves in a way that the system is massless.
This just serves as an analogy and does not mean that the
masses are orientating themselves the same way as dipoles
would do in space. The anisotropic character can be seen as
mimicking the behavior of the field in a two level system. The

population of a particular energy level is given by

np(p) =
Ne±βm

eβm + e−βm , (7)

which shows that the number density of particles and antipar-
ticles vary in a different way with respect to temperature.
In the early Universe, therefore the anisotropic character of
space-time seems to play an important role such that parti-
cles and anti-particles behave in different manners. As the
temperature decreases the number density of the anti-particles
decreases and is vanishingly small for small temperatures (∼
e−2βm). When the decoupling temperature is attained there is a
difference in the number density of the particles and antipar-
ticles as described by equation (7). This leads to an excess
of particles over antiparticles. The decoupling temperature
of a particular species of particle with mass m and which is
non-relativistic is given by, kBT ≲ 2m. Below this tempera-
ture the particles annihilate to photons but the photons do not
have enough energy to produce the pair. This can be used to
get the ratio of antiparticles over particles (matter radiation
decoupling). For βm ≈ 0.5, we get

np − np

np
≈ 0.6 , (8)

which implies an excess of particles over antiparticles and
thus can serve as another possible way to explain the mat-
ter antimatter asymmetry of the Universe. This number is
very large compared to the one predicted by standard cos-
mology (∼ 10−9). The above expression yields this order for
βm ≈ 10−9 which implies a large temperature. For electrons
this would imply a temperature of the order 1018K which is
large and the electrons are relativistic. So if we assume that
the decoupling takes place at a higher temperature, the baryon
asymmetry can be explained. Even without this assumption
the conditions proposed by Sakharov can also enhance the
number of particles over the antiparticles. Sakharov’s condi-
tions involve the interaction dynamics of the fields in the early
Universe whereas in our case the statistical system serves
more as a model describing the dynamics of space-time to
a more ordered phase.

Statistical mechanics, therefore, enables us to visualize
this transition in a rather lucid way. In a two level system the
net magnetization at any given temperature is analogous to
the excess of particles over antiparticles in the early Universe.
The time evolution of this anisotropic to isotropic transition
is modeled on the evolution of a statistical thermodynamics
system with particles on a lattice placed in a magnetic field.
The particles on the lattice are localized, static and have no
mutual interaction. The free energy of the system is given by:

F = −NkBT ln{4 cosh
[
mβ

]}. (9)

From this we can calculate the entropy S , heat capacity
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Fig. 1: Plot of heat capacity CV for the mass of electron, up quark,
neutrino and W boson. The maximum of the heat capacity of the
electron occurs at 4.8 × 109K, for the up quarks is 1.9 × 1013K, for
neutrinos is 291K and for the W bosons is 7.8 × 1014K. We use
kB = 8.6 × 10−5 eV/K and mν = 0.03 eV.

CV and mean energy U of the system:

S = −
(
∂F
∂T

)
V

= NkB ln
{
4 cosh

[
mβ

]} − NmkBβ tanh
[
mβ

]
(10)

U = F + TS = −Nm tanh
[
mβ

]
(11)

CV =

(
∂U
∂T

)
V
= NkBm2β2sech2 [

mβ
]

(12)

In Fig. 1, the peaks in the heat capacity represent phase
transition of a particular particle species. These are second
order phase transitions and the peak in the heat capacity is
usually referred to as the Schottky anomaly [5]. Note that the
phase transition we model our system on is a magnetic one.
So, modeling the complex system in the early Universe on a
lattice with spin 1/2 particles can reduce the complications of
the actual system by a considerable amount.

The Schottky anomaly of such a magnetic system, there-
fore, represents phase transitions in the early Universe. For
a particular species of particles the Schottky anomaly shows
a peak around mc2 ≈ kT . The phase transition for the elec-
trons occurs at the temperature where nuclei start forming in
the early Universe. For the quarks the transition temperature
refers to confinement into protons and neutrons. Similarly, W
boson’s transition occurs at the electroweak breaking scale.
The W boson, being a spin 1 particle, is not described by the
Dirac equation, but the heat capacity entails this feature of
showing a phase transition for the energy scale relevant to the
mass of a particle.

The curve for neutrinos implies that the transition tem-
perature for neutrinos is around 291 K, which means that
the density of antineutrinos from the big bang for present

neutrino background temperatures (∼ 2 K) is not negligible.
The ratio of antineutrinos over neutrinos for T = 2 K, is
nν/nν ∼ 10−15000 (mν = 2 eV) and for an even lower neu-
trino mass mν = 0.1 eV the ratio is nν/nν ∼ 10−500, which for
other more massive particles is much smaller. A cosmic neu-
trino and antineutrino background is one of the predictions of
standard cosmology but is still unobserved. This model pre-
dicts an antineutrino background much less than the neutrino
one.

In Fig. 2, the plots of mean energy and entropy are shown
in dimensionless units. In the massless limit for fermions the
entropy attains its maximum value of NkBln4. The plots show
that the energy of the system approaches zero as the temper-
ature approaches infinity. This situation is analogous to the
spins being completely random at high temperatures for the
two level system. The same way that the magnetic energy
of the system on the lattice is zero at high temperatures, the
mass of this system is zero in the very early Universe. As the
temperature decreases the energy of the system attains it min-
imum value (U = −Nm) and the particles become massive at
the temperature less than the value given by the peak of the
heat capacity. The entropy for high temperatures asymptoti-
cally approaches its maximum value of NkBln4.

According to the statistical thermodynamics model that
describes this transition, as this phase transition occurs an-
tiparticles will start changing into particles and as can be seen
from the figure the system will move towards all spins aligned
parallel with the “field”, i.e., towards being particles. From
Fig. 2 we can see that the energy of the system starts attain-
ing the minimum value as the temperature decreases where
all particles are aligned with the field and are “particles”. The
plot of entropy vs. temperature also represents an important
feature of these transformations. The entropy decreases with
decreasing temperature and this represents the transition to a
more ordered phase using equations (2). The plots of energy
of the system U in Fig. 2 show that the system will eventu-
ally settle down to the lowest energy state which in this case
means that the system will have almost all particles with neg-
ligible number of antiparticles. In short, the plot of the heat
capacity reflects the phase transitions, the plot of energy U
represents the transition from massless to massive states and
the plot of entropy represents the transition of space time to a
more ordered phase.

The Big Bang theory is one of the most promising can-
didates to describe how the Universe began. According to
this theory, the Universe expanded from a singularity where
curved space-time, being locally Minkowskian, eventually b-
ecame flat. It is possible that there even was a transition to the
Minkowski space from a non-Minkowski one. If the Universe
began with a state of maximum entropy than we can very well
assume that space-time was not Minkowskian even locally.
The fields that dwell in space-time are representation of the
symmetry group that describes it. The χ fields in the underly-
ing theory, described by equation (1), are therefore, not rep-
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Fig. 2: Plot of entropy and energy for a particle of mass m. For large
enough temperatures the energy of the system approaches zero and
the entropy approaches the limiting value of NkBln4.

resentations of the Lorentz group. The CPT theorem assumes
symmetries of Minkowski space-time in implying the simi-
larities between particles and antiparticles. If the underlying
theory is not Minkowskian than particles and antiparticles can
behave differently and this is what the model described in this
section implies.

Finally, we would like to point out that the occurrence
of the Schottky anomaly has motivated the study of negative
temperatures [6]. Note that the partition functions is invari-
ant under the transformation T → −T but the equations for
the free energy, entropy and energy are not. The existence
of negative temperatures has been observed in experiments.
Negative temperatures, for example, can be realized in a sys-
tem of spins if the direction of the magnetic field is suddenly
reversed for a system of spins initially aligned with the mag-
netic field [5]. Similarly, as described in reference [6] the al-
lowed states of the system must have an upper limit. Whereas
this is not the case for the actual particles in the early Uni-
verse, the statistical mechanics system on which it can be
modeled on has this property. A negative temperature sys-
tem would eventually settle down to the lower energy state
(U = Nm) which in our case would mean that the Universe
would ends up having more antiparticles than particles. This
is yet another interesting insight we get by modeling the early
Universe on a two state system.

5 Conclusions

We analyzed transformations that restore the Dirac equation
to its covariant form from an underlying theory that violates
Lorentz invariance. The fields in the underlying theory are
massless and the transformations yielding the Dirac equation
describe a massive fermion field. The transformations per-
formed, we suggest, can be interpreted as waves traveling
in an anisotropic medium. The partition function formalism
then, enabled us to model these transformations on the evolu-
tion of a system of spin 1/2 particles on a lattice placed in a
magnetic field. Symmetry breaking in this case takes place in
this lattice, the partition function of which characterizes the
transition. Also, since space-time is not Minkowskian in the
underlying theory, the CPT theorem does not hold, implying a
difference in the behavior of particles and antiparticles. This

is in agreement with the analogy created with the statistical
system whereby spin up and down particles behave in differ-
ent ways with the evolution of the system. This formalism
can arguably serve as another possible way to explain the ori-
gin of fermion masses till the final results related to the Higgs
boson are presented in 2012.

We then showed that this model can describe the anis-
otropic to isotropic phase transitions in the early Universe.
Three important features of the early Universe are depicted
in this model: (1) The heat capacity shows the occurrence of
phase transitions. (2) The mean energy of the system shows
how the particles become massive from being massless. (3)
The plot of entropy shows that the transition to a Lorentz sym-
metric phase occurred from an asymmetric one. At any given
temperature the net magnetization measures the excess of par-
ticles over antiparticles. We then suggest that this model can
be used to explain the matter antimatter asymmetry of the
Universe.

Acknowledgements

I would like to thank Fariha Nasir, Hassnain Jaffari and Ilia
Gogoladze for useful discussions and comments.

Submitted on January 24, 2012 / Accepted on February 4, 2012

References
1. Colladay D., Kostelecky V.A. Lorentz violating Extension of the Stan-

dard Model. Physical Review D, 1998, v. 58, 116002–116025.

2. Kostelecky V.A. and Russell N. Data Tables for Lorentz and CPT Vio-
lation. Reviews in Modern Physics, 2011, v. 83, 11–31.

3. Braga M.B. and Hermann G. Floquet waves in anisotropic periodically
layered composites. Journal of the Acoustical Society of America, 1992,
v. 91, 1211–1227.

4. Zee A. Quantum Field Theory in a Nutshell. Princeton University Press,
Princeton, NJ, 2003.

5. Pathria R.K. Statistical Mechanics. Butterworth-Heinemann, Ox-
ford, 1996; Greiner W. Thermodynamics and Statistical Mechanics.
Springer, New York, 1995.

6. Ramsey N.F. Thermodynamics and Statistical Mechanics at Negative
Absolute Temperatures. Physical Review, 1956, v. 103, 20–28.

16 Muhammad Adeel Ajaib. Anisotropic to Isotropic Phase Transitions in the Early Universe



April, 2012 PROGRESS IN PHYSICS Volume 2

Local Doppler Effect, Index of Refraction through the Earth Crust,
PDF and the CNGS Neutrino Anomaly?

Armando V.D.B. Assis
Departamento de Fı́sica, Universidade Federal de Santa Catarina – UFSC, Trindade 88040-900, Florianópolis, SC, Brazil
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In this brief paper, we show the neutrino velocity discrepancy obtained in the OPERA
experiment may be due to the local Doppler effect between a local clock attached to a
given detector at Gran Sasso, sayCG, and the respective instantaneous clock crossing
CG, sayCC, being this latter at rest in the instantaneous inertial frame having got the
velocity of rotation of CERN about Earth’s axis in relation to the fixed stars. With this
effect, the index of refraction of the Earth crust may accomplish a refractive effect by
which the neutrino velocity through the Earth crust turns out to be small in relation
to the speed of light in the empty space, leading to an encrusted discrepancy that may
have contamined the data obtained from the block of detectors at Gran Sasso, leading
to a time interval excessε that did not provide an exact match between the shift of the
protons PDF (probability distribution function) by TOFc and the detection data at Gran
Sasso via the maximum likelihood matching.

1 Definitions and Solution

Firstly, the effect investigated here is not the same one that
was investigated in [2], but, throughout this paper, we will
use some useful configurations defined in [2]. The relative ve-
locity between Gran Sasso and CERN due to the Earth daily
rotation may be written:

~vG −~vC = 2ωRsinαêz, (1)

whereêz is a convenient unitary vector, the same used in [2],
ω is the norm of the Earth angular velocity vector about its
daily rotation axis, beingRgiven by:

RE =
R

cosλ
, (2)

whereRE is the radius of the Earth, its averaged valueRE =

6.37× 106 m, andα given by:

α =
1
2

(αG − αC) , (3)

whereαC andαG are, respectively, CERN’s and Gran Sasso’s
longitudes (← WE→). Consider the inertial (in relation to
the fixed stars) reference frameOCxCyCzC ≡ Oxyz in [2].
This is the lab reference frame and consider this frame with
its local clocks at each spatial position as being ideally syn-
chronized, viz., under an ideal situation of synchronicity be-
tween the clocks ofOCxCyCzC ≡ Oxyz. This situation is the
expected ideal situation for the OPERA collaboration regard-
ing synchronicity in the instantaneous lab (CERN) frame.

Now, consider an interaction between a single neutrino
and a local detector at Gran Sasso. This event occurs at a
given spacetime point(tν, xν, yν, zν) in OCxCyCzC ≡ Oxyz.
The interaction instanttν is measured by a local clockCC at
rest at(xν, yν, zν) in the lab frame, viz., in theOCxCyCzC ≡

Oxyz frame. But, under gedanken, at this instanttν, accord-
ing to OCxCyCzC ≡ Oxyz, there is a clockCG attached to
the detector at Gran Sasso that crosses the point(tν, xν, yν, zν)
with velocity given by Eq. (1). SinceCG crossesCC, the
Doppler effect between the proper tic-tac rates measured at
each location ofCC andCG, viz., measured at their respective
locations in their respective reference frames (the reference
frame ofCG is the OGxGyGzG ≡ Õx̃ỹz̃ in [2], also inertial
in relation to the fixed stars), regarding a gedanken control
tic-tac rate continuosly sent byCC, say via electromagnetic
pulses fromCC, is not transverse. Since the points at which
CC andCG are at rest in their respective reference frames will
instantaneously coincide, better saying, will instantaneously
intersect, attν accordingly toCC, they must be previously
approximating, shortening their mutual distance during the
interval tν − δtν << tν along the line passing through these
clocks as described in theCC world.

SupposeCC sendsN electromagnetic pulses toCG. Dur-
ing the CC proper time interval(tν − δtν) − 0 = tν − δtν ∗

within whichCC emits theN electromagnetic pulses, the first
emitted pulse travels the distancec (tν − δtν) and reaches the
clock CG, as described byCC. Within this distance, there
areN equally spaced distances between consecutive pulses as

∗The initial instantCC starts to emit the electromagnetic pulses is set
to zero in both the framesOCxCyCzC ≡ Oxyz and OGxGyGzG ≡ Õx̃ỹz̃;
zero also is the instant the neutrino starts the travel to Gran Sasso in
OCxCyCzC ≡ Oxyz; hence the instant the neutrino starts the travel to Gran
Sasso and the emission of the first pulse byCC are simultaneous events in
OCxCyCzC ≡ Oxyz. These events are simultaneous inOGxGyGzG ≡ Õx̃ỹz̃
too, since they have got the same spatial coordinatezc = z = 0 along the
OCzC ≡ Ozdirection as defined in [2]. The relative motion between CERN
and Gran Sasso is parallel to this direction. The only one difference between
these events is the difference in theirxC = x coordinates, beingxC = 0 for
the neutrino departure andxC = L = 7.3 × 105 m for CC, being these lo-
cations perpendicularly located in relation to the relative velocity given by
the Eq. (1).
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described in theCC world, sayλC:

NλC = c (tν − δtν) . (4)

Also, since the clocksCC andCG will intersect attν, as
described inOCxCyCzC ≡ Oxyz, during the intervalδtν, the
clock CG must travel the distance 2ωRsinα δtν in the CC

world to accomplish the matching spatial intersection at the
instanttν, hence the clockCG travels the 2ωRsinα δtν in the
CC world, viz., as described byCC in OCxCyCzC ≡ Oxyz:

NλC = 2ωRsinα δtν ⇒ δtν = N
λC

2ωRsinα
. (5)

Solving fortν, from the Eqs. (4) and (5), one reaches:

tν =
NλC

c

(
1+

c
2ωRsinα

)
. (6)

Now, from the perspective ofCG, in OGxGyGzG ≡ Õx̃ỹz̃,
there must beN electromagnetic pulses covering the
distance:

c
(
tGν − δt

G
ν

)
− 2ωRsinα

(
tGν − δt

G
ν

)
, (7)

wheretGν − δt
G
ν is the time interval between the non-proper in-

stantstG = tν = 0, at which theCC clock sends the first pulse,
and the instanttGν −δt

G
ν , at which this first pulse reachesCG, as

described byCG in its world OGxGyGzG ≡ Õx̃ỹz̃. Within this
time interval,tGν −δt

G
ν , CG describes, in itsOGxGyGzG ≡ Õx̃ỹz̃

world, the clockCC approximating the distance:

2ωRsinα
(
tGν − δt

G
ν

)
, (8)

with the first pulse traveling:

c
(
tGν − δt

G
ν

)
, (9)

giving the distance within which there must beN equally
spaced pulses, say, spaced byλG, as described byCG in its
OGxGyGzG ≡ Õx̃ỹz̃ world:

NλG = (c− 2ωRsinα)
(
tGν − δt

G
ν

)
. (10)

With similar reasoning that led to the Eq. (5), now in the
OGxGyGzG ≡ Õx̃ỹz̃ CG world, prior to the spatial matching
intersection betweenCC andCG, the CC clock must travel
the distanceNλG during the time intervalδtGν , with theCC

approximation velocity 2ωRsinα:

NλG = 2ωRsinα δtGν ⇒ δt
G
ν = N

λG

2ωRsinα
. (11)

From Eqs. (10) and (11), we solve fortGν :

tGν = N
λG

2ωRsinα
1

[1− (2ωRsinα) /c]
. (12)

From the Eqs. (6) and (12), we have got the relation be-
tween the neutrino arrival instanttν as measured by the CERN
reference frame,OCxCyCzC ≡ Oxyz, and the neutrino arrival
instant tGν as measured by the Gran Sasso reference frame,
OGxGyGzG ≡ Õx̃ỹz̃, at the exact location of the interaction
at an interation location within the Gran Sasso block of de-
tectors, provided the effect of the Earth daily rotation under
the assumptions we are taking in relation to the intantaneous
movements of these locations in relation to the fixed stars as
previously discussed:

tGν
tν

=
λG

λC

[
1− (2ωRsinα)2 /c2

]−1
= γ2λG

λC
, (13)

whereγ ≥ 1 is the usual relativity factor as defined above.
Now, λG/λC is simply the ratio between the spatial dis-

placement between our consecutive gedanken control pulses,
being these displacements defined through our previous para-
graphs, leading to the Eqs. (4) and (10). Of course, this ratio
is simply given by the relativistic Doppler effect under an ap-
proximation case in whichCC is the source andCG the detec-
tor. The ratio between the Eqs. (10) and (4) gives:

λG

λC
= [1− (2ωRsinα) /c]

(
tGν − δt

G
ν

)

(tν − δtν)
. (14)

But the time interval(tν − δtν) is a proper time interval
measured by the source clockCC, as previously discussed. It
accounts for the time interval between the first pulse sent and
the last pulse sent as locally described byCC is itsOCxCyCzC

≡ Oxyz world. These two events accur at different spatial
locations in theCG detector clock worldOGxGyGzG ≡ Õx̃ỹz̃,
sinceCC is approximating toCG is this latter world. Hence,
tν − δtν is the Lorentz time contraction oftGν − δt

G
ν , viz.:

tν − δtν = γ
−1

(
tGν − δt

G
ν

)
∴

(
tGν − δt

G
ν

)

tν − δtν
= γ =

[
1− (2ωRsinα)2 /c2

]−1/2
. (15)

With the Eqs. (14) and (15), one reaches the usual rela-
tivistic Doppler effect expression for the approximation case:

λG

λC
=

√
1− (2ωRsinα) /c
1+ (2ωRsinα) /c

. (16)

With the Eq. (16), the Eq. (13) reads:

tGν
tν

=
[
1− (2ωRsinα)2 /c2

]−1/2
[1+ (2ωRsinα) /c]−1 =

=
γ

1+ (2ωRsinα) /c
. (17)

Since(2ωRsinα) /c << 1, we may apply an approxima-
tion for the Eq. (17), viz.:

γ ≈ 1+
1
2

(2ωRsinα)2

c2
, (18)
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and:

[1+ (2ωRsinα) /c]−1 ≈ 1− (2ωRsinα) /c, (19)

from which, neglecting the higher order terms, the Eq. (17)
reads:

tGν
tν
≈ 1−

2ωRsinα
c

∴ (20)

tGν − tν = −
2ωRsinα

c
tν. (21)

From this result, the clock that tag the arrival interaction
instanttGν in Gran Sasso turns out to measure an arrival time
that is shorter than the correct one, this latter given bytν.
With the discrepancy,ε, given by the value measured by the
OPERA Collaboration [1], sincetν is simply given byL/vν,
whereL is the baseline distance between the CERN and Gran
Sasso,vν the speed of neutrino through the Earth crust, one
obtains a value forvν. We rewrite the Eq. (21):

ε = tGν − tν = −
2ωRsinα

c
L
vν
. (22)

With the values∗ ω = 7.3 × 10−5 s−1, R = RE cosλ ≈
6.4× 106 m× cos(π/4) = 4.5× 106 m, sinα ≈ sin(7π/180) =
1.2 × 10−1, c = 3.0 × 108 ms−1 and L = 7.3 × 105 m, also
with the discrepancyε, given by the Eq. (22), being, say,
ε = −62 × 10−9 s, the neutrino velocity through the Earth
crust reads:

vν ≈ 3.1× 106 ms−1, (23)

being the refraction index of the Earth crust for neutrino given
by:

nc|ν =
c
vν
≈ 97. (24)

In reference to the matching PDF (probability distribu-
tion function) in the OPERA experiment, one would have
a discrepancy between the maximum likelihood distribution
obtained from the block of detectors at Gran Sasso and the
translation of the PDF due to the protons distribution by TOFc

given by, in virtue of the Eq. (22):

TOFν = TOFc + ε = TOFc −
2ωRsinα

c
L
vν
∴

TOFν − TOFc ≈ −62 ns, (25)

under the reasoning and simplifications throughout this paper.
One should notice the resoning here holds if the discrepancy
turns out to be encrusted within the time translation of the
PDF data, but such effect would not arise if the time interval
TOFν were directly measured, since, in this latter situation,
such interval would only readL/vν.

∗See the Eqs. (2) and (3). The latitudes of CERN and Gran Sasso
are, respectively: 46deg14min3sec(N) and 42deg28min12sec(N). The longi-
tudes of CERN and Gran Sasso are, respectively: 6deg3min19sec(E) and
13deg33min0sec(E).

Fig. 1: Spacetime diagram for the phenomenon previously dis-
cussed. TheOz andOz′ axes depict the negative portions, respec-
tively, of our previously definedOzandÕz̃ axes.

2 Spacetime diagram: a detailed explanation

Fig. 1 depicts the results we previously obtained, to which
we will provide interpretation throughout this section.

The method we had used as a gedankenexperiment to send
N light pulses is depicted via the Fig. 1. There are two dif-
ferent situations, since we want to determine, via the appli-
cation ofN gedanken pulses, in which reference frame the
interaction of a neutrino at a point within the block of detec-
tors at Gran Sasso actually had its interaction instant tagged.
One should notice the Opera Collaboration shifted the PDF
of the protons distribution to the time location of the inter-
actions at Gran Sasso, but one must notice the proton PDF
was not at the same instantaneous reference frame the block
of detectors was. Hence, when one shifts the proton PDF dis-
tribution, one is assuming this shifted distribution represents
the interactions at Gran Sasso in the same reference frame
of the produced protons. This latter situation of shifting the
PDF data of the protons is represented by the pointA in the
Fig. 1, viz., the pointA represents the protons PDF distri-
bution at its shifted position, and the clock that measures the
shifting process is at rest in the CERN reference frame pre-
viously discussed,OCxCyCzC ≡ Oxyz, being our previously
obtainedtν given by the line segmentOA in the Fig. 1, with
the method ofN sent pulses firstly accomplished in this ref-
erence frame. Note thattν ≡ OA is not the time a photon
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would spend to accomplish the shift∗, since one would expect
this from the shifting the OPERA Collaboration statistically
accomplished, once the Collaboration would be intrinsically
assuming the time shift TOFc as actually being the time in-
terval the protons PDF would spend to match the distribution
at the detection location, which would lead to a neutral shift
in comparison with the detected distribution obtained from
the Gran Sasso detectors in a case in which the protons PDF
travelled atc, viz., a fortuitous shift would be simply pointing
out to a velocity discrepancy in relation toc. The time inter-
val the protons PDF actually spent to reach the Gran Sasso
detectors was not directly measured, and the physical shift
that actually occurred was, by the reasonings of this paper,
tν. Now, since the interactions at Gran Sasso occurred in the
OGxGyGzG ≡ Õx̃ỹz̃ reference frame, the clock that tagged a
neutrino interaction, measured via our gedanken method of
N sent pulses, now being applied in the Gran Sasso reference
frame, has its world lineG′B in the Fig. 1, viz,tGν ≡ G′B,
i.e., the line segmentG′B in the Fig. 1 has our previously ob-
tainedtGν as its lenght. Hence, once the OPERA Collaboration
tried to matchtν and tGν , they, unfortunately, would obtain a
discrepancy given by the Eq. (22), since twodifferentframes
raise and do not match. Finally, we would like to point out
that, in the Fig. 1:OE is our previously definedtν − δtν, EA
is our previously definedδtν, G′G is our previously defined
tGν − δt

G
ν andGB is our previously definedδtGν . Also, as said

before,A is the time location the proton PDF was actually
shifted by the OPERA Collaboration, although they had apri-
oristically assumed a TOFc shift for the protons PDF, andB
the time location a Gran Sasso local clock actually tagged a
neutrino event.

3 Conclusion

It is interesting to observe that even with a velocity having
got two orders of magnitude lesser thanc a neutrino may be
interpreted as having got a velocity greater thanc, depend-
ing on the method used to measure neutrino’s time of flight,
with the Earth crust presenting an index of refractionnc|ν > 1,
due, also, to the local Doppler effect between the clocks at-
tached to Gran Sasso and the respective intersecting ones in
the CERN reference frame, as discussed throughout this pa-
per, in virtue of the Earth daily rotation.
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In conventional theoretical physics and its Standard Model the guiding principle is that
the equations are symmetrical. This limitation leads to a number of difficulties, because
it does not permit masses for leptons and quarks, the electron tends to “explode” un-
der the action of its self-charge, a corresponding photon model has no spin, and such a
model cannot account for the “needle radiation” proposed by Einstein and observed in
the photoelectric effect and in two-slit experiments. This paper summarizes a revised
Lorentz and gauge invariant quantum electrodynamic theory based on a nonzero electric
field divergence in the vacuum and characterized by linear intrinsic broken symmetry. It
thus provides an alternative to the Higgs concept of nonlinear spontaneous broken sym-
metry, for solving the difficulties of the Standard Model. New results are obtained, such
as nonzero and finite lepton rest masses, a point-charge-like behavior of the electron due
to a revised renormalization procedure, a magnetic volume force which counteracts the
electrostatic eigen-force of the electron, a nonzero spin of the photon and of light beams,
needle radiation, and an improved understanding of the photoelectric effect, two-slit ex-
periments, electron-positron pair formation, and cork-screw-shaped light beams.

1 Introduction

Conventional electromagnetic theory based on Maxwell’s
equations and quantum mechanics has been successful in its
applications to numerous problems in physics, and has some-
times manifested itself in an extremely good agreement with
experiments. Nevertheless there exist areas within which
these joint theories do not provide fully adequate descriptions
of physical reality. As already stated by Feynman [1], there
are unsolved problems leading to difficulties with Maxwell’s
equations that are not removed by and not directly associated
with quantum mechanics. It has thus to be remembered that
these equations have served as a guideline and basis for the
development of quantum electrodynamics (QED) in the vac-
uum state. Therefore QED also becomes subject to the typical
shortcomings of electromagnetics in its conventional form.

A way to revised quantum electrodynamics is described in
this paper, having a background in the concept of a vacuum
that is not merely an empty space. There is thus a nonzero
level of the vacuum ground state, the zero point energy, which
derives from the quantum mechanical energy states of the
harmonic oscillator. Part of the associated quantum fluctua-
tions are also carrying electric charge. The observed electron-
positron pair formation from an energetic photon presents a
further indication that electric charges can be created out of
an electrically neutral vacuum state. In this way the present
approach becomes based on the hypothesis of a nonzero elec-
tric charge density and an associated electric field divergence
in the vacuum state. This nonzero divergence should not be-
come less conceivable than the nonzero curl of the magnetic
field related to Maxwell’s displacement current.

The present treatise starts in Section 2 with a discussion
on quantization of the field equations. This is followed in

Section 3 by a description of the difficulties which remain in
conventional theory and its associated Standard Model. An
outline of the present revised theory is then given in Section 4,
and its potentialities are presented in Section 5. A number of
fundamental applications and new consequences of the same
theory are finally summarized in Sections 6 and 7.

2 Quantization of the field equations

As stated by Schiff [2] among others, Maxwell’s equations
are used as a guideline for proper interpretation of conven-
tional quantum electrodynamical theory. To convert in an
analogous way the present extended field equations into their
quantum electrodynamical counterpart, the most complete
way would imply that the quantum conditions are included
already from the outset.

In this treatise, however, a simplified procedure is ap-
plied, by first determining the general solutions of the basic
field equations, and then imposing the relevant quantum con-
ditions afterwards. This is at least justified by the fact that the
quantized electrodynamic equations become identically equal
to the original equations in which the potentials and currents
are merely replaced by their expectation values, as shown by
Heitler [3]. The result of such a procedure should therefore
not be too far from the truth, by using the most probable tra-
jectories and states in a first approximation.

3 Difficulties in conventional theory

As pointed out by Quigg [4] among others, the guiding prin-
ciple of the Standard Model in theoretical physics is that its
equations are symmetrical, and this does not permit masses
for leptons and quarks. Such a feature also reveals itself in
the symmetry of the conventional field equations of QED in
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which there are vanishing divergences of both the electric and
magnetic fields in the vacuum, as given e.g. by Schiff [2].

In the Dirac wave equation of a single particle like the
electron, the problem of nonzero mass and charge is circum-
ambulated by introducing given values of its mass me and
charge e. With an electrostatic potential ϕ and a magnetic
vector potential A, the equation for the relativistic wave func-
tion has the form

α0mecΨ + α · [(ℏ/i)∇Ψ − (e/c)AΨ] + eϕΨ = − ℏ
ic
∂

∂t
Ψ (1)

where αi are the Dirac matrices given e.g. by Morse and
Feshbach [5].

To fulfill the demand of a nonzero particle mass, the sym-
metry of the field equations has to be broken. One such pos-
sibility was worked out in the mid 1960s by Higgs [6] among
others. From the corresponding equations a Higgs particle
was predicted which should have a nonzero rest mass. Due to
Ryder [7] the corresponding Lagrangian then takes the form

L = −1
4

FµνFµν +
∣∣∣∣(∂µ + icAµ

)
ϕ
∣∣∣∣2 − m2ϕ∗ϕ − λ(ϕ∗ϕ)2 (2)

where ϕ represents a scalar field, Aµ a vector field, and Fµν =
∂µAν − ∂νAµ is the electromagnetic field tensor. The quantity
m further stands for a parameter where m2 < 0 in the case
of spontaneous symmetry breaking, and the parameter λ is
related to a minimized potential. The symmetry breaking is
due to the two last terms of the Lagrangian (2). The latter is
nonlinear in its character, and corresponds to a deduced rela-
tion for the minimum of the vacuum potential. Experimental
confirmation of this mechanism does not rule out the applica-
bility of the present theory to the problem areas treated in this
paper.

3.1 Steady states

Conventional theory based on Maxwell’s equations in the
vacuum is symmetric in respect to the field strengths E and
B. In the absence of external sources, such as for a self-
consistent particle-like configuration, the charge density ρ̄ ,
divE and curlB all vanish. Then there is no scope for a local
nonzero energy density in a steady state which would oth-
erwise be the condition for a particle configuration having a
nonzero rest mass. This is consistent with the statement by
Quigg [4] that the symmetric conventional field equations do
not permit masses for leptons and quarks.

The fundamental description of a charged particle is in
conventional theory deficient also in the respect that an equi-
librium cannot be maintained by the classical electrostatic
forces, but has been assumed to require extra forces of a non-
electromagnetic origin, as proposed e.g. by Heitler [3] and
Jackson [8]. In other words, the electron would otherwise
“explode” under the action of its electric self-charge.

The electron behaves like a point charge with a very small
radius. Standard theory is confronted with the infinite self-
energy of such a system. A quantum electromagnetic renor-
malization procedure has then been applied to yield a finite
result, by adding an infinite ad hoc term to the Lagrangian,
such as to obtain a finite result from the difference between
two “infinities” [7]. Even if such a procedure has turned out
to be successful, it can be questioned from the logical and
physical points of view.

3.2 Wave modes

In a state of explicit time dependence, the conventional sym-
metric wave equations by Maxwell in the vacuum with van-
ishing electric and magnetic field divergences can be recast
in terms of a Hertz vector Π, as described by Stratton [9] and
Halln [10] among others. These equations result in two partial
solutions, Π1 and Π2 , denoted as an electric and a magnetic
type which are given by the fields

E1 = ∇(divΠ1) − (1/c2)∂2Π1/∂t2 (3)

B1 = (1/c2)curl(∂Π1/∂t) (4)

and

E2 = −µ0curl(∂Π2/∂t) (5)

B2 = µ0∇(divΠ2) − (µ0/c2)∂2Π2/∂t2. (6)

Here c2 = 1/µ0ϵ0 with µ0 denoting the magnetic perme-
ability and ϵ0 the dielectric constant in the vacuum. Using the
results obtained from equations (3)-(6) and given in current
literature, the integrated angular momentum in the direction
of propagation (spin) can be evaluated for plane, cylindrical,
and spherical wave modes. This is made in terms of the elec-
tromagnetic momentum density

g = ϵ0E × B =
1
c2 S (7)

where S is the Poynting vector, and of the density

s = r × S
c2 (8)

with r standing for the radius vector. The results are summa-
rized as described by the author [11]:

• For plane waves propagating in the direction of a rect-
angular frame (x, y, z) the field components Ez and Bz

vanish as well as the spin. A three-dimensional distur-
bance of arbitrary shape at a given instant can in princi-
ple be constructed by Fourier analysis from a spectrum
of plane waves. At later instants, however, such a dis-
turbance would rapidly disintegrate [9].
• Cylindrical geometry has the advantage of providing

a starting point for waves which propagate with con-
served shape in a defined direction like a photon, at
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the same time as it can have limited dimensions in the
transverse directions under certain conditions. With an
elementary wave form f (r) exp[i(−ωt + kz + nφ)] in a
cylindrical frame (r, φ, z) with z in the direction of prop-
agation, the dispersion relation becomes

K2 = (ω/c)2 − k2 (9)

This leads to local spin densities sz1 and sz2 of equation
(8) in respect to the z axis where

|sz1| and |sz2| ∝ K2n [Jn(Kr)]2 sin 2nφ (10)

for the two types of equations (3)-(6), and with Jn(Kr)
as Bessel functions. Consequently, the local contribu-
tion to the spin vanishes both when n = 0 and K = 0.
With nonzero n and K the total integrated spin also van-
ishes.
• When considering spherical waves which propagate

along r in a spherical frame (r, θ, φ) of unbounded space
at the phase velocity ω/k = c with a periodic variation
exp(inφ), the field components are obtained in terms of
associated Legendre functions, spherical Bessel func-
tions, and factors sin(nφ) and cos(nφ) [9]. The asymp-
totic behavior of the components of the momentum
density (7) then becomes

gr ∝ 1/r2 gθ ∝ 1/r3 gφ ∝ 1/r3 (11)

The momentum gr along the direction of propagation
is the remaining one at large distances r for which the
spin thus vanishes. From the conservation of angular
momentum there is then no integrated spin in the near-
field region as well. This is confirmed by its total inte-
grated value.
From these results is thus shown that the conventional
symmetric equations by Maxwell in the vacuum, and
the related equations in quantized field theory, do not
become reconcilable with a physically relevant photon
model having nonzero spin.
In addition, a conventional theoretical concept of the
photon as given by equations (3)-(6) cannot account for
the needle-like behavior proposed by Einstein and be-
ing required for knocking out an atomic electron in the
photoelectric effect. Nor can such a concept become
reconcilable with the dot-shaped marks which occur at
the screen of two-slit experiments from individual pho-
ton impacts, as observed e.g. by Tsuchiya et al. [12].

4 An outline of present revised theory

As stated in the introduction, the present theory is based on
the hypothesis of a nonzero electric charge density in the vac-
uum. The detailed evaluation of the basic concepts of this the-
ory has been reported by the author [13, 14] and is shortly out-
lined here. The general four-dimensional Lorentz invariant

form of the corresponding Proca-type field equations reads(
1
c2

∂2

∂t2 − ∇
2
)

Aµ = µ0Jµ, µ = 1, 2, 3, 4 (12)

where

Aµ =
(
A,

iϕ
c

)
(13)

with A and ϕ standing for the magnetic vector potential and
the electrostatic potential in three-space,

Jµ = (j, icρ̄) = ρ̄(C, ic) j = ρ̄C = ϵ0(divE)C (14)

and C being a velocity vector having a modulus equal to the
velocity constant c of light, i.e. C2 = c2. Consequently
this becomes a generalization of Einsteins relativistic veloc-
ity limit. In three dimensions equation (12) in the vacuum
results in

curlB
µ0
= ϵ0(divE)C +

ϵ0∂E
∂t

(15)

curlE = −∂B
∂t

(16)

B = curlA, divB = 0 (17)

E = −∇ϕ − ∂A
∂t

(18)

divE =
ρ̄

ϵ0
. (19)

These equations differ from the conventional form, by a
nonzero electric field divergence in equation (19) and by the
additional first term of the right-hand member in equation
(15) which represents a “space-charge current density” in ad-
dition to the displacement current. Due to the form (14) there
is a similarity between the current density and that by Dirac
[5]. The extended field equations (15)-(19) are easily found
also to become invariant to a gauge transformation. The same
equations can further be derived from a Lagrangian density

L = 1
2
ϵ0(E2 − c2B2) − ρ̄ϕ + j · A. (20)

In this context special attention will be paid to steady
states for which the field equations reduce to

c2curlcurlA = −C(∇2ϕ) =
ρ̄

ϵ0
C (21)

and to wave modes for which(
∂2

∂t2 − c2∇2
)

E +
(
c2∇ + C

∂

∂t

)
(divE) = 0. (22)

The main characteristic new features of the present theory
can be summarized as follows:

Bo Lehnert. A Way to Revised Quantum Electrodynamics 23



Volume 2 PROGRESS IN PHYSICS April, 2012

• The hypothesis of a nonzero electric field divergence
in the vacuum introduces an additional degree of free-
dom, leading to new physical phenomena. The associ-
ated nonzero electric charge density thereby acts some-
what like a “hidden variable”.
• This also abolishes the symmetry between the electric

and magnetic fields, and the field equations then obtain
the character of intrinsic linear symmetry breaking.
• The theory is both Lorentz and gauge invariant.
• The velocity of light is no longer a scalar quantity, but

is represented by a velocity vector of the modulus c.

5 Potentialities of present theory

Maxwell’s equations in the vacuum, and their quantized
counterparts, are heavily constrained. Considerable parts of
this limitation can be removed by the present theory. Thus the
characteristic features described in Section 4 debouch into a
number of potentialities:
• The present linear field equations are characterized by

an intrinsic broken symmetry. The Lagrangian (20) dif-
fers from the form (2) by Higgs. The present approach
can therefore become an alternative to the Higgs con-
cept of nonlinear spontaneous broken symmetry.
• In the theory by Dirac the mass and electric charge of

the electron have been introduced as given parameters
in the wave equation (1), whereas nonzero and finite
masses and charges result from the solutions of the
present field equations. This is due to the symmetry
breaking of these equations which include steady elec-
tromagnetic states, not being present in conventional
theory.
• As a further consequence of this symmetry breaking,

the electromagnetic wave solutions result in photon
models having nonzero angular momentum (spin), not
being deducible from conventional theory, and being
due to the current density j in equations (14) and (15)
which gives a contribution to the momentum density
(7).
• This broken symmetry also renders possible a revised

renormalization process, providing an alternative to the
conventional one in a physically more surveyable way
of solving the infinite self-energy problem. This alter-
native is based on the nonzero charge density of equa-
tion (19).
• In analogy with conventional theory, a local momen-

tum equation including a volume force term is obtained
from vector multiplication of equation (15) by B and
equation (16) by ϵ0E, and adding the obtained equa-
tions. This results in a volume force density which does
not only include the well-known electrostatic part ρ̄E ,
but also a magnetic part ρ̄C × B not being present in
conventional theory.

6 Fundamental applications

A number of concrete results are obtained from the present
theory, as fundamental applications to models of leptons and
photons and to be shortly summarized in this section.

6.1 An Electron Model

Aiming at a model of the electron at rest, a steady axisym-
metric state is considered in a spherical frame (r, θ, φ) where
A = (0, 0, A) and j = (0, 0, cρ̄) with C = ±c representing the
two spin directions. Equations (21) can be shown to have a
general solution being derivable from a separable generating
function

F(r, θ) = CA − ϕ = G0G(ρ, θ) = G0R(ρ)T (θ) (23)

where G0 stands for a characteristic amplitude, ρ = r/r0 is
a normalized radial coordinate, and r0 is a characteristic ra-
dial dimension. The potentials A and ϕ as well as the charge
density ρ̄ can be uniquely expressed in terms of F and its
derivatives. This, in its turn, results in forms for the spatially
integrated net values of electric charge q0, magnetic moment
M0, mass m0 obtained from the mass-energy relation by Ein-
stein, and spin s0.

A detailed analysis of the integrals of q0 and M0 shows
that an electron model having nonzero q0 and M0 only be-
comes possible for radial functions R(ρ) being divergent at
the origin ρ = 0, in combination with a polar function T (θ)
having top-bottom symmetry with respect to the midplane
θ = π/2 . Neutrino models with vanishing q0 and M0 become
on the other hand possible in three other cases. The observed
point-charge-like behavior of the electron thus comes out as a
consequence of the present theory, due to the requirement of
a nonzero net electric charge.

The necessary divergence of the radial function R leads
to the question how to obtain finite and nonzero values of all
related field quantities. This problem can be solved in terms
of a revised renormalization procedure, being an alternative to
the conventional process of tackling the self-energy problem.
Here we consider a generating function with the parts

R = ρ−γe−ρ, γ > 0 (24)

T = 1 +
n∑
ν=1

{a2ν−1 sin[(2ν − 1)θ] + a2ν cos(2νθ)}

= 1 + a1 sin θ + a2 cos 2θ + a3 sin 3θ + . . . (25)

where R is divergent at ρ = 0 and T is symmetric in respect to
θ = π/2. In the present renormalization procedure the lower
radial limits of the integrals in (q0,M0,m0, s0) are taken to
be ρ = ϵ where 0 < ϵ ≪ 1. Further the concepts of first
and second counter-factors are introduced and defined by the
author [13,15], i.e.

f1 = crGϵ = r0G0 f2 = cGϵ
2 = G0 (26)
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where crG and cG are corresponding constants. Consequently
all field quantities (q0,M0,m0, s0) then become nonzero and
finite at small ϵ. This revised renormalization procedure im-
plies that the “infinities” of the field quantities due to the di-
vergence of R at ρ = 0 are outbalanced by the “zeros” of the
counter-factors f1 and f2 .

The quantum conditions to be imposed on the general so-
lutions are the spin condition

s0 = ±h/4π (27)

of a fermion particle, the magnetic moment relation

M0m0/q0s0 = 1 + δM δM = 1/2π f0 = 0.00116 (28)

given e.g. by Feynman [16], and the magnetic flux condition

Γtot = |s0/q0| (29)

where Γtot stands for the total magnetic flux being generated
by the electric current system.

From these conditions the normalized electric charge q∗ ≡
|q0/e| , with q∗ = 1 as its experimental value, can be ob-
tained in terms of the expansion (25). In the four-amplitude
case (a1, a2, a3, a4) the normalized charge q∗ is then found
to be limited at large a3 and a4 in the a3a4-plane to a nar-
row “plateau-like” channel, localized around the experimen-
tal value q∗ = 1 as shown by Lehnert and Scheffel [17] and
Lehnert and Hk [18]. As final results of these deductions all
quantum conditions and all experimentally relevant values of
charge, magnetic moment, mass, and spin can thus be repro-
duced by the single choices of only two scalar free parame-
ters, i.e. the counter-factors f1 and f2 [15,17,18]. This theory
should also apply to the muon and tauon and corresponding
antiparticles.

With correct values of the magnetic flux (29) including
magnetic island formation, as well as the correct magnetic
moment relation (28) including its Land factor, the plateau
in a3a4-space thus contains the correct experimental value
q∗ = 1 of the elementary charge. There are deviations of only
a few percent from this value within the plateau region. This
could at a first sight merely be considered as fortunate coinci-
dence. What speaks against this is, however, that changes in
the basic conditions result in normalized charges which dif-
fer fundamentally from the experimental value, this within an
accuracy of about one percent. Consequently, omission of the
magnetic islands yields an incorrect value q∗ ≈ 1.55, and an
additional change to half of the correct Land factor results in
q∗ ≈ 1.77. That the correct forms of the magnetic flux and
the magnetic moment become connected with a correct value
of the deduced elementary charge, can therefore be taken as
a strong support of the present theory. Moreover, with wrong
values of the magnetic flux and Land factors, also the values
of magnetic moment M0 and mass m0 would disagree with
experiments.

The Lorentz invariance of the electron radius can be for-
mally satisfied, in the case where this radius is allowed to
shrink to that of a point charge. The obtained results can on
the other hand also apply to the physically relevant situation
of a small but nonzero radius of a configuration having an
internal structure.

The configuration of the electron model can be prevented
from “exploding” under the influence of its eigencharge and
the electrostatic volume force ρ̄E. This is due to the presence
of the magnetically confining volume force ρ̄C × B [18].

6.2 A Photon Model

Cylindrical waves appear to be a convenient starting point for
a photon model, due to the aims of a conserved shape in a
defined direction of propagation and of limited spatial ex-
tensions in the transverse directions. In a cylindrical frame
(r, φ, z) the velocity vector is here given by the form

C = c(0, cosα, sinα) (30)

where sinα will be associated with the propagation and cosα
with the spin. In the case of axisymmetric waves, equation
(22) yields

ω = kν, ν = c(sinα) (31)

for normal modes which vary as f (r) exp[i(−ωt + kz)]. The
angle α should be constant since astronomical observations
indicate that light from distant objects has no dispersion. The
basic equations result in general solutions for the components
of E and B , in terms of a generating function

F(r, z, t) = Ez + (cotα)Eφ = G0G, (32)
G = R(ρ) exp[i(−ωt + kz)]

and its derivatives. The dispersion relation (31) shows that
the phase and group velocities along the z direction of prop-
agation are smaller than c. Not to get in conflict with the
experiments by Michelson and Moreley, we then have to re-
strict ourselves to a condition on the spin parameter cosα, in
the form

0 < cosα ≪ 1 ν/c ≈ 1 − 1
2

(cosα)2. (33)

From the normal mode solutions, wave-packets of narrow
line width can be deduced, providing expressions for the cor-
responding spectrally integrated field strengths Ē and B̄. The
latter are further used in spatial integrations which lead to a
net electric charge q = 0 and net magnetic moment M = 0,
as expected, and into a nonzero total mass m , 0 due to
the mass-energy relation by Einstein, as well as to a nonzero
spin s , 0 obtained from the Poynting vector and equation
(8). There is also an associated very small photon rest mass
m0 = m(cosα). Thus a nonzero spin and a nonzero photon
rest mass become two sides of the same intrinsic property
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which vanishes with the parameter cosα, i.e. with divE. Due
to the requirement of Lorentz invariance, a nonzero cosα thus
implies that a nonzero spin arises at the expense of a slightly
reduced momentum and velocity in the direction of propaga-
tion. This is a consequence of the generalized Lorentz invari-
ance in Section 4.

In this connection it has to be added that the alternative
concept of a momentum operator p = −iℏ∇ has been applied
to a massive particle in the Schrdinger equation [2]. As com-
pared to the momentum density g of equation (7), however,
the operator p leads to physically unrealistic transverse com-
ponents for a cylindrically symmetric and spatially limited
wave-packet model of the photon.

With a radial part of the generating function (32) being of
the form

R(ρ) = ργe−ρ (34)

there are two options, namely the convergent case of γ > 0
and the divergent one of γ < 0. In the convergent case com-
bination of the wave-packet solutions for a main wavelength
λ0 with the quantum conditions

m = h/cλ0 s = h/2π (35)

results in an effective transverse photon radius

r̂ =
λ0

2π(cosα)
γ > 0. (36)

In the divergent case a corresponding procedure has to be ap-
plied, but with inclusion of a revised renormalization being
analogous to that applied to the electron. With the corre-
sponding smallness parameter ϵ the effective photon radius
then becomes

r̂ =
ϵλ0

2π(cosα)
γ < 0. (37)

The results (36) and (37) can be considered to represent two
modes. The first has relatively large radial extensions as com-
pared to atomic dimensions, and for ϵ/(cosα) ⩽ 1 the sec-
ond mode leads to very small such extensions, in the form
of “needle radiation”. Such radiation provides explanations
of the photoelectric effect, and of the occurrence of the dot-
shaped marks on a screen in double-slit experiments [12].
The two modes (36) and (37) are based on the broken sym-
metry and have no counterpart in conventional theory. They
can also contribute to an understanding of the two-slit exper-
iments, somewhat in the sense of the Copenhagen school of
Bohr and where an individual photon makes a transition be-
tween the present modes, in a form of “photon oscillations”
including both a particle behavior and that of wave interfer-
ence, as stated by the author [19]. Such oscillations would
become analogous to those of neutrinos which have nonzero
rest masses.

The nonzero electric field divergence further leads to in-
sintric electric charges of alternating polarity within the body
of an individual photon wave packet. This contributes to the
understanding of electron-positron pair formation through the
impact of an external electric field from an atomic nucleus or
from an electron, as proposed by the author [20].

There is experimental evidence for the angular momen-
tum of a light beam of spatially limited cross-section, as men-
tioned by Ditchburn [21]. This can be explained by contribu-
tions from its boundary layers, in terms of the present ap-
proach.

The wave equations of this theory can also be applied to
cork-screw-shaped light beams in which the field quantities
vary as f (r) exp[i(−ωt+ m̄φ+kz)] and where the parameter m̄
is a positive or negative integer. The dispersion relation then
becomes

ω/k = c(sinα) + (m̄/kr)c(cosα). (38)

The normal modes and their spectrally integrated screw-
shaped configurations then result in a radially hollow beam
geometry, as observed in experiments described by Battersby
[22] among others.

For the W+, W− and Z0 bosons, a Proca-type equation
being analogous to that of the present theory can possibly be
applied in the weak-field case. This would then provide the
bosons with a nonzero rest mass, as an alternative to the Higgs
concept.

With the present theory of the vacuum state as a back-
ground, fermions like the electron and neutrino, and bosons
like the photon, could be taken as concepts with the following
characteristics. The fermions can be made to originate from
the steady-state field equations, represent “bound” states, and
have an explicit rest mass being associated with their spin.
This does not exclude that moving fermions also can have
wave properties. The bosons originate on the other hand from
the dynamic wavelike field equations, represent “free” states,
and have an implicit rest mass associated with their spin.
They occur as quantized waves of the field which describe
the interaction between the particles of matter.

7 New consequences of present theory

Among the fundamental new consequences which only come
out of the present theory and also strongly support its rele-
vance, the following should be emphasized:
• Steady electromagnetic states lead to rest masses of

leptons.
• A nonzero electronic charge is by necessity connected

with a point-charge-like geometry.
• A deduced electronic charge agreeing with the experi-

mental value results from correct forms of the magnetic
moment and magnetic flux, but not from other forms.
• A confining magnetic force prevents the electron from

“exploding” under the influence of its eigencharge.
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• Electromagnetic waves and their photon models pos-
sess spin.
• There are needle-like wave solutions contributing to the

understanding of the photoelectric effect and of two-slit
experiments.
• The angular momentum of a light beam can be ex-

plained.
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Parameterized Special Theory of Relativity (PSTR)
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We have parameterized Einstein’s thought experiment with atomic clocks, supposing
that we knew neither if the space and time are relative or absolute, nor if the speed of
light was ultimate speed or not. We have obtained a Parameterized Special Theory of
Relativity (PSTR), first introduced in 1982. Our PSTR generalized not only Einstein’s
Special Theory of Relativity, but also our Absolute Theory of Relativity, and introduced
three more possible Relativities to be studied in the future. After the 2011 CERN’s
superluminal neutrino experiments, we recall our ideas and invite researchers to deepen
the study of PSTR, ATR, and check the three new mathematically emerged Relativities
4.3, 4.4, and 4.5.

1 Einstein’s thought experiment with the light clocks

There are two identical clocks, one is placed aboard of a
rocket, which travels at a constant speedv with respect to
the Earth, and the second one is on the Earth. In the rocket,
a light pulse is emitted by a source fromA to a mirrorB that
reflects it back toA where it is detected. The rocket’s move-
ment and the light pulse’s movement are orthogonal. There is
an observer in the rocket (the astronaut) and an observer on
the Earth. The trajectory of light pulse (and implicitly the dis-
tance traveled by the light pulse), the elapsed time it needs to
travel this distance, and the speed of the light pulse at which
is travels are perceived differently by the two observers (de-
pending on the theories used — see below in this paper).

According to the astronaut (see Fig. 1):

Δt′ =
2d
c
, (1)

whereΔt′ time interval, as measured by the astronaut, for the
light to follow the path of double distance 2d, while c is the
speed of light.

According to the observer on the Earth (see Fig. 2):

2 l = vΔt , s= |AB| = |BA′|

d = |BB′| , l = |AB′| = |b′A′|




, (2)

whereΔt is the time interval as measured by the observer on
the Earth. And using the Pythagoras’ Theorem in the right
triangleΔABB′, one has

2s= 2
√

d2 + l2 = 2

√

d2 +

(
vΔt
2

)2

, (3)

but 2s= cΔt, whence

cΔt = 2

√

d2 +

(
vΔt
2

)2

. (4)

Squaring and computing forΔt one gets:

Δt =
2d
c

1
√

1− v
2

c2

. (5)

Figure 1

Figure 2

Whence Einstein gets the following time dilation:

Δt =
Δt′

√
1− v

2

c2

. (6)

whereΔt > Δt′

2 Parameterized Special Theory of Relativity (PSTR)

In a more general case when we don’t know the speedx of
the light as seen by the observer on Earth, nor the relationship
betweenΔt′ andΔt, we get:

xΔt = 2

√

d2 +

(
vΔt
2

)2

. (7)

But d = cΔt′

2 , therefore:

xΔt = 2

√(
cΔt
2

)2

+

(
vΔt
2

)2

, (8)

or
xΔt =

√
c2(Δt′)2 + v2(Δt′)2 . (9)
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Dividing the whole equality byΔt we obtain:

x =

√

v2 + c2

(
Δt′

Δt

)2

. (10)

which is thePSTR Equation.

3 PSTR elapsed time ratioτ (parameter)

We now substitute in a general case

Δt′

Δt
= τ ∈ (0,+∞) , (11)

whereτ is the PSTR elapsed time ratio. Therefore we split
the Special Theory of Relativity (STR) in the below ways.

4 PSTR extends STR, ATR, and introduces three more
Relativities

4.1 If τ =
√

1− v
2

c2 we get the STR (see [1]), since replacing
x by c, one has

c2 = v2 + c2

(
Δt′

Δt

)2

, (12)

c2

c2
−
v2

c2
=

(
Δt′

Δt

)2

, (13)

or Δt′

Δt =

√
1− v

2

c2 ∈ [0,1] as in the STR.

4.2 If τ = 1, we get ourAbsolute Theory of Relativity(see
[2]) in the particular case when the two trajectory vectors are
perpendicular, i.e.

X =
√
v2 + c2 = |~v + ~c| . (14)

4.3 If 0 < τ <
√

1− v
2

c2 , the time dilation is increased with
respect to that of the STR, therefore the speedx as seen by
the observer on the Earth is decreased (becomes subluminal)
while in STR it isc.

4.4 If
√

1− v
2

c2 < τ < 0, there is still time dilation, but
less than STR’s time dilation, yet the speedx as seen by the
observer on the Earth becomes superluminal (yet less than
in our Absolute Theory of Relativity). About superluminal
velocities see [3] and [4].

4.5 If τ > 1, we get anopposite time dilation(i.e. Δt′ > Δt)
with respect to the STR (instead ofΔt′ < Δt), and the speedx
as seen by the observer on earth increases even more than in
our ATR.

5 Further research

The reader might be interested in studying these new Relativ-
ities mathematically resulted from the above 4.3, 4.4, and 4.5
cases.
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The Surjective Monad Theory of Reality:
A Qualified Generalization of Reflexive Monism
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What remains of presence and use in the universal dark (or perhaps, after all, in a too
luminous, sight-blinding place), when mirrors are traceless as if without glass, when
eyes are both mindfully and senselessly strained: wakeful but not ultimately cognizant
enough — being a splendid spark at best, but incapable of self-illumination and shed-
ding light on existents as if (situated) in themselves —, when no reflection remains
within and without? Indeed, only that exceedingly singular, somewhat pre-existent
(i.e., pre-reflexive) Motion and Moment without reflection inheres, which is our char-
acteristic redefinition of Noesis or Surjectivity. This, since Reality can in no way be re-
duced to Unreality, even in such noumenal darkness where existence and non-existence
are both flimsy, for otherwise at once — at one universal Now and Here — all would
cease to exist, “before before” and “after after”; and yet all that, nay Being itself, al-
ready exists with or without (the multiplicity of) reflective attributes, i.e., without the
slightest chance to mingle, by both necessity and chance, with Non-Being and hence
with multiplicity! That is simply how chanceless Reality is in itself, suddenly beyond
both the possible and the impossible, such that even Unreality (as it is, without history),
which is a lingering “backwater part” of the Universe after all, can only be (i.e., be
“there”, even if that simply means “nothing”, “nowhere”) if and only if RealityIS, i.e.,
if Reality is One even without operational-situational sign or space in the first place, and
not the other way around. Such, then, is what chance, i.e., the chance of reflection, may
mean in the Universe — and not elsewhere: Reality is such that if it weren’t Such, both
Reality and Unreality would be Not, ever. He who fails to see this at once — as One —
will not be able to understand the rest of the tale, Here and Now (or, as some say, “Now-
Here”, “Nowhere”, or as Wittgenstein would have put it, “senselessly”), with or without
the Universe as we commonly know it. — A first self-query in epistemic solitude.

1 Introduction: silently in the loud background of
things

“Come, like a gush of early bewilderment abruptly
arriving at the edge of time. Let us sort ourselves
out from the loudness of things here.”

The present elucidation is not a “consciousness study”. It
is a conscious expression of Reality. It is a symptom of con-
sciousness, a deliberation of knowing. Or, as some would
say, “it’s a proof, like music, rain, or a tempest”. It is a
self-orchestrated pulsation and presencing without truncation
even by silent objectivity, just as one may paint certain scenes
of Sun-brushed magnolia eyes and long coral noons, or per-
haps the deep winter rain and the seamless Moon-lit snow —
simply like a mindful artist reminded of nudity during cer-
tain cavernous moments, nearly without a mirror capturing
his inward constellation of motions. And so he moves, as it
is, simultaneously before and after reflection, as if moving
away from time itself. And so it moves, the entire reflection
included.

Despite the possibly glacial theoretical sounding of the
title and the way the text shall proceed from here (perhaps in-
consistently), it is essentially not another viscid gathering of
scholastic words on monism, let alone an ecstatic, bemused

first-time attempt at modeling Reality. It is not a theory in the
sense of mental speculation and inspirational belief: it is Pres-
ence and Idea before and after philosophy, and a direct pre-
sentation and “surdetermination” during philosophy. Thus, it
is not a mere representation, for it does not even begin with
reflection. Rather, the entirety of reflection is but momentous
and strengthened only by what truly precedes and surpasses
it. It is not a psychological documentary multi-linearly tinged
with philosophical armor and scientific draping. It is not a
predictable philosophy in the rear. It is not a lucrative science
as the world knows it. It is a mirror for worlds, anti-worlds,
and all the non-worlds. And sometimes this very mirror does
vanish, for absolute certainty’s sake.

This is an exposition to be enjoyed the most by self-
similar “stray falcons”, who can’t help with their epistemic-
intellectual speed and Genius, whose taste — upon the wind
and beyond distant hills — is beyond that of the herd and
the faltering, image-dependent, super-tautological world as a
whole. It is not intended to be a secure throne in the sky
nor a comfy haven on the Earth. Also, it is definitely not
for the hideous, vainly copious one-dimensional intellect de-
void of the valley’s affection and the seasons’ intimation. It
is a silence-breaking tempest and a self-sustaining root in
the most evident evening, entirely independent of the small
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sparks of the present age of thought. It calls upon witnessing
the Witness (and the Witnessed) in infinite exhaustiveness,
intimidation, and silence.

It is incumbent upon the reader to acknowledge that the
present exposition’s veracity is to be grasped not by merely
studying it, but by “studying it, not studying it, not-not study-
ing it, and by none of these” (as to why, it shall be clear later).
While Reality is not situational (as we shall see), the surrep-
titious meta-situation here is that, while there is an entire his-
tory of human ideas in the background of the world at any
instant, its content moves not on any regularly known ground
of being, so basically even the intrepid reader cannot compete
with its velocity and vortex, for it is ahead of his reading, be-
hind it, within it, and without it. And it is none of these.

Still, let the burning lines of the night and the time-span
of the intellect’s long orbit be epistemologically intimated.
For even if there is nothing to be seen and understood by
the reader here, that one shall still see “seeing” itself, beyond
mere “spiritism”, however indifferent.

And so here falls headlong the platitudinous introductory
tone first. Granted, it shall evaporate away soon enough, once
the most unlikely epistemic sensitivity happens to the reader.

At the forefront of humanity — which is definitely a con-
scious, self-reflective episode in the evolution of the cosmos,
according to the famous Anthropic Principle of cosmology
and cosmogony — there is no need to explain why one needs
to fully explore the nature of consciousness philosophically
and scientifically, i.e., unless one is a dead-end dogmatist
who, however taut, probably dares not “swear upon his own
life, as to whether or not his beliefs are universally true after
all”.

The present semantic-ontological exposition centers
around a further (or furthest possible) development of the
theory of consciousness called “Reflexive Monism” (RM) —
hereby referred to as the “Surjective Monad Theory of Real-
ity” ( S MTR).

By contrast, the version of realism called “Biological Nat-
uralism” (BN) posits that consciousness is merely an emer-
gent property of inanimate matter: everything that exists is
necessarily inside the material brain, possibly as a quantum
state. Thus, there is “no world inside the mind” — and so
there is no “mind” (only a material brain) — and conscious-
ness is but a field (electromagnetic, perhaps) activity involv-
ing the neuronal circuitry. Connected to this (and the theory
of “Artificial Intelligence”, AI), is the theory of Multiple In-
telligences (MI ), which advocates “consciousness” as a col-
lective state of material brains via a global circuit mechanism,
necessitating the existence of multiple participants — ulti-
mately leaving no room for an individual brain, let alone an
individual mind in the Universe (and hence, one could say, no
room for a real solitary Genius at all, sinceMI -consciousness
is always a collective pseudo-democratic state, no matter how
transparent), for phenomenal multiplicity (rather than the
self-cognizant, inhering presence of a single universal intel-

ligence) is at the very core of this form of materialism. Yet,
consider this now-generic example as, e.g., conveyed by Vel-
mans [1]. Suppose, convinced like many merely collectivistic
scientists today, one acceptsBN, then by definition one also
accepts the whole world (nay, the Universe) as contained in
the material brain. But most of every-day objects, including
the skies and the horizons, seem to be located “out there” —
that is, outside the brain. Thus, in order to encapsulate all
that in a single material brain, one must accept that there is a
“real skull” (whether or not certain “noumena” are known to
one here) whose size is beyond that of the skies and the hori-
zons, since physically the brain is contained in a skull. The
“real skull” would then be related to individual skulls through
some kind of “statistical-holographic averaging”. The differ-
ence between “is” and “seems” becomes so arbitrary here, as
we can easily see.

On the other hand, the history of human thought presents
us with “Pure Idealism” (PI) — such as that advocated by
Berkeley in one of its versions — where the world is but a
mental entity, purely located inside the mind. By “world”,
we mean all that can exist as a single situational adage and
corollary of reflective facts, including qualia (the trans-optical
reality of color) and psychosomatic sensations. According to
PI, there is “no world out there”. In this approach, the mind
is distinguished from the material brain, with the brain being
a material self-representation of the mind, and everything is
necessarily contained in the mind — yet with serious trou-
bles for, likeBN, it is without clear epistemic qualifications
regarding the notion of individual and multiple entities: ac-
cording to this theory, one might be tempted to see whether
or not the Universe too ceases to exist, when an arbitrary mind
(anyone’s mind) dies out. Non-epistemologically positing es-
sentially “eternal souls” does not really help either. (As re-
gards qualia, we shall readily generalize this notion to include
not just color, but also subsume it in the category spanned by
the pre-reflexive “Surject”, i.e., “Qualon” — precisely so as
not to take the abstract phenomenological entity for granted.)

Such radical, self-limited approaches leave room for both
“dogmatism” and “relativism”, and consequently have their
own drawbacks as shown, e.g., in Velmans’ studies. Indeed
in the face of Reality, one cannot help but be radical and iso-
lated, whether shivering or rasping, but true epistemological
qualification (herein to be referred to as “eidetic qualifica-
tion”) is quite profoundly something else. Velmans himself
— formerly a proponent ofBN — is a cogent philosophical
proponent ofRM and has indeed very extensively explored
this reality theory, especially its aspects pertaining to cogni-
tive psychology. Yet, we shall naturally go even beyond him
in “imbibing Reality”, hence the present theory as our basic
ontological paradigm.

As is evident,RM is a version of realism adopted by
thinkers such as Spinoza, Einstein (but not specifically its as-
sociated pantheism), and Velmans — which goes beyondBN
and PI. Reality is said to isomorphically partake of events
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(mental and material instances) both inside and outside the
brain — and the mind.

Let us attempt to paraphraseRM as follows: the most
fundamental “stuff” of the Universe is a self-intelligent, self-
reflexive (“autocameral”) substance beyond both (the com-
monly known) mind and matter, possibly without an “out-
side” and an “inside” in the absolute sense (think of a Möbius
strip or a Klein bottle, for instance). And yet, locally and
“conspansively” (for the original use of this term, see also
[2]: here “conspansion” is to be understood as self-expression
and self-expansion within the semantics and syntax of univer-
sal logic), it produces intrinsic mind and extrinsic matter —
as we know them.

In our present theory, this underlying substance is further
identified as a non-composite self-intelligent Monad
(“Nous”), without any known attribute whatsoever other than
“surjective, conscious Being-in-itself”: we can make no men-
tion of extensivity, multiplicity, and the entire notion of
knowledge set at this “level” of Reality, whether subjectively
or objectively, or both simultaneously. Otherwise, inconsis-
tent inner multiplicity associated with reflection would some-
how always have to qualify (i.e., ontologically precede) Being
not only as being self-situational or self-representational, but
also as being “accidentally none of these”. Such is absurd,
for then it must also hold in the sheer case of Non-Being, i.e.,
without both existence and such multiplicity-in-itself and -
for-itself. Being pre-reflexive, and hence pre-holographic and
pre-homotopic, the true meaning of this point shall be effort-
lessly self-evident as we proceed from here. This is the reason
why our Noushas no superficial resemblance with arbitrary
phenomenal intelligence, let alone substance.

And yet the very same Monad sets out the emergent prop-
erties of reflexivity, holography, and homotopy with respect
to the Universe it emergently, consciously sees (or
“observes”, as per the essential element of quantum mechan-
ics: the observer and elementary particles are both fundamen-
tal to the theory). It is necessarily, inevitably “intelligent”
since it positively spans (knows) the difference between exis-
tence and non-existence and thereby fully augments this dis-
tinction in that which we refer to as the Universe or Reality’s
Trace, which individual intelligences may reflect in various
degrees of “motion” and “observation”. Otherwise, no one in
extension would ever know (or have the slightest conscious
power to know) the distinction between existence and non-
existence; between the conscious and the unconscious — and
further between absolute singular existence and various epis-
temological categories of multiplicity. Verily, this forms the
basis of our paradigm for a fully intelligent cosmos — and
further qualified versions of the Anthropic Principle.

Furthermore, our framework manifests a theory of Re-
ality via four-fold universal (trans-Heraclitean) logic, which
is beyond both conventional (binary) and fuzzy logics — as
well as beyond Kantian categorical analysis. Given a super-
set ({A, B}), where{A} is a collection of abstract principles,

{B} is a collection of emergent realities isomorphic to the en-
tirety of {A}, and the super-set ( ) is “eidetically symmetric”
(the meaning of which shall become clear later) with respect
to its elements, it contains the full logical span of “A”, “non-
A”, “non-non-A”, and that which is “none of these” (how it
differs from traditional Buddhist logic will become clear later
as well). As such, one may inclusively mention a maximum
span of truly qualified universals, including ontological neu-
tralities. This gives us a “surjective determination of Reality”,
whose fundamental objects are related to it via infinite self-
differentiation, as distinguished from Unreality.

While so far the reader is rigged with limited equipment
— for, at this point, we have not introduced the essence and
logical tools of the present theory to the reader — we can
nevertheless roughly depict Reality accordingly, i.e., we shall
start with “thinking of thinking itself” and “imagining the
dark”. For this we will need one to imagine an eye, a mir-
ror, a pitch-dark room (or infinite dark space), and circumfer-
ential light. Then, the following self-conclusive propositions
follow:

P1. In the pitch-dark room (“Unreality”), there exists an
Ultimate Observer (“Eye”) that sees the pure, luminous mir-
ror. The mirror is the Universe — henceforth called the
“Mirror-Universe” —, which is a “bare singularity” with re-
spect to itself, but which is otherwise multi-dimensional (for
instance, n-fold with respect to the four categorical dimen-
sions of space-time, matter, energy, and consciousness, let
alone the Universe itself).

P2. The circumferential light augments both the mirror
and the sense of staring at it, resulting in the image of an “eye”
(or “eyes”, due to the multiple dimensions of the Mirror-
Universe) and a whole range of “eye-varied fantasies” —
which is the individual mind and a variational synthesis of
that very image with the dark background — where that
which is anyhow materialized readily borders with Unreality.

P3. The circumferential light is, by way of infinite self-
differentiation (and transfinite, self-dual consciousness), none
other than (universal) consciousness.

P4. Reality is the Eye, the Consciousness, the Mirror,
the Image, and the “Eye-without-Eye”. This can only be
understood later by our four-fold universal logic encompass-
ing the so-called “Surjectivity” (Noesis) — with the introduc-
tion of “Surject” at first overwhelming both “Subject” and
“Object” (in addition to “Dimension”) in this framework, but
as we shall see, only this very “Surject” ultimately defines
“Moment” (and not just a universal continuum of three-
dimensional space and sequential time) and “Uniqueness”
(and not just the “totality of consistent and inconsistent
facts”) four-fold: “within”, “without”, “within-the-within”,
and “without-the-without”, ultimately corresponding to the
paramount qualification of Reality for itself and, subsequent-
ly, its associated “class of Surjects” in the noumenal and phe-
nomenal world-realms.

Before we proceed further by the utilization of the above
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similes, we note in passing that the underlying monad
of any reflexive model of the Universe is none other than
mind and matter at once, when seen from its phenomenal-
organizational-relational aspect, a property which constitutes
— or so it seems — both the semantics and syntax of the Uni-
verse, especially when involving conscious observers such as
human beings. That is, noumenally (in-it-self, for instance
in the Kantian sense), the Universe is consciousness-in-itself,
and phenomenally (in relation to the way its intelligibility in-
heres by means of extensive objects), it is a self-dual reality
with a multiverse of material and mental modes of existence.
But, as we shall see, there is a lot more to our adventure than
just this: hence our generalization.

So much for a rather self-effacing introduction, in antici-
pation of the irregular dawning of things on the reader’s men-
tal window. Before we proceed further, let us remark on the
rather speculative nature of “excess things” regarding the sub-
ject of RM in general: while, in general, mind cannot be re-
duced (transformed) into matter and vice versa, there exists
subtle interactive links between them that should be crucially
discerned by pensive research activities so as to maximally re-
late the philosophical dialectics of consciousness and techno-
logical endeavors, i.e., without causing philosophy, yet again,
to get the “last mention”. For, to partake of Reality as much
as possible, humans must simply be as conscious as possible.

2 The gist of the present epistemology: the surjective
qualon

“Mere eruditic logic often turns — as has been
generically said — philosophy into folly, science
into superstition, and art into pedantry. How far
away from creation and solitude, from play and
imagination, from day and night, from noon and sil-
houette it is! How Genius is precisely everything
other than being merely situational, alone as the
Universe.”

Herein we present a four-fold asymmetric theory of Real-
ity whose essence — especially when properly, spontaneous-
ly understood — goes beyond the internal constitutions and
extensive limitations of continental and analytic philosophies,
including classical philosophy in its entirety (most notably:
Platonism, neo-Platonism, atomism, dualism, and peripatetic
traditions), monism (Spinoza-like and others), sophistic rela-
tivism and solipsism (which, as we know, has nothing to do
with the actuality of the Einsteinian physical theory of rel-
ativity), dogmatic empiricism and materialism, Kantianism
and neo-Kantianism, Hegelianism and non-Hegelian dialec-
tics (existentialism), Gestalt psychologism, symbolic logic,
hermeneutics, and all phenomenology. This, while leaving
the rather arbitrary self-triviality of major super-tautological
(collectivistic, ulterior, inter-subjective) and post-modern,
post-structural strands of thought in deliberate non-residual
negligence — for, abruptly starting at the level of axiology
and being generically “not even wrong” in short or at length,

these are devoid of real ontological-epistemological weight in
our view.

The new ontological constitution under consideration is
four-fold and asymmetric in the sense that there exist four
levels necessitating both the Universe and Unreality, i.e., Re-
ality, the Reflexive Mirror-Universe, the Projective World-
Multiplicity, and Unreality, whoseeidetic connective distan-
ces(i.e., “foliages” or “reality strengths”) aretelically (i.e.,
multi-teleologically) direction-dependent and not arbitrarily
symmetric among themselves unless by means ofNoesis, by
which the very theory is said to beeidetically qualified(i.e.,
qualified byEidos, or Suchness — be it Alone without even
specific reference to the Universe at all, or when noumenally
and associatively designated as All or All-in-All) — and
hence self-unified and self-unifying with respect to an en-
tirely vast range of phenomenological considerations.

It is to be noted that Surjectivity, as implied by the very
term Noesis, in our own specific terminology is associated
with Nous, or the Universal Monad, which is none other than
theFirst Self-Evident Essencethrough whose first qualitative
“Being-There” (Ontos qua Qualon) the ontological level, and
not just the spatio-temporal level, is possible at all, especially
as a definite, non-falsifiable concentration of knowledge.

Thus, in particular, the classical Socratic-Hegelian dialec-
tics of thesis, anti-thesis, and synthesis is herein generalized
to include alsoNoesis, but rather in the followingasymmet-
ric, anholonimicorder:Noesis(via the Ontological Surjective
“Surject”, i.e., “Qualon”), Synthesis(via the Epistemological
Reflexive “Dimension”, i.e., “Prefect”), Thesis (via the Re-
flective Dimensional “Object-Subject”, i.e., “Affect”), Anti-
Thesis(via the Projective Dimensional “Subject-Object”, i.e.,
“Defect”). This corresponds to the full creation of a new
philosophical concept, let alone the Logos, by the presence
of self-singular points and infinitely expansive perimeters.

The ontic (i.e., single monad) origin of the noumenal
Universe is Reality itself, i.e., Reality-in-itself (Being-qua-
Being) without any normatively conceivable notion of an in-
ternally extensive (self-reflexive) contingency (e.g., the usual
context of cognition, information, syntax, simplex, and evo-
lution) of inter-reflective, isomorphic, homotopic unity and
multiplicity at all, let alone the immediate self-dual presence
of subjects and objects (i.e., representational and observa-
tional categories, such as space-time and observers).

Thereafter, extensively, upon the emergence of the notion
of a universe along withuniversality, i.e., reflexivity(encom-
passing, by noumenal and phenomenal extension, bothreflec-
tion andprojection— with the former being universal, ulti-
mately akin to singularity and non-dual perception but still,
in an austere sense, other than Reality itself, and with the lat-
ter being somewhat more inter-subjective and arbitrary, still
bordering with the dark, shadowy vanity of Unreality), Real-
ity is said to encompass primal, pre-geometric (i.e., “mirror-
less”, trans-imaginary, orqualic) singularities and transfor-
mational multiplicities (modalities) at successive levels capa-
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ble of fully reflecting essence and existence in the four-fold
Suchness of “within”, “ without”, “ within-the-within”, and
“without-the-without”, where original noumena inhere only
by means ofeidetic-noetic instance(Surjection) without the
necessity of phenomena whatsoever, but only the presence of
the so-called “Surject” — that which is not known to regu-
lar epistemologies, for in a sense it is other than “subject”,
“object”, and “dimension”. Only then do both noumena and
phenomena appearinfo-cognitivelyby means of reflexive om-
nijectivity involving arbitrary subjects, objects, and epistemo-
logical dimensions (i.e., in fundamental semantic triplicity),
which in turn is responsible for the reflective and projective
self-dual modes of all abstract and concrete phenomenal exis-
tences — hence the emergence of the universal syntax, nearly
as circular self-causality.

In elaborating upon the above allusions, we shall also in-
troduce a post-Kantian four-fold universal logic (not to be
confused with four-fold Buddhist logic or that which is as-
sociated with non-relativistic, semantics-based process phi-
losophy) associated with an eidetically qualified kind ofnon-
composite consciousness, which enables us to epistemologi-
cally generalize and elucidate the metaphysics (logical inte-
rior) of the so far sound-enough theory of Reflexive Monism
(i.e., “sound-enough” at least at the “mesoscopic” stage of
things, and in comparison with the majority of competing
paradigms).

In connection with the elucidatory nature of this exposi-
tion, we shall adopt a style of narration as intuitive, lucid, and
prosaic as possible — while being terse whenever necessary
—, due to the otherwise simple ambiguity inherent in the as-
sociation of Reality with a potentially inert scholastic theory
(while there is subtle isomorphism between Reality and lan-
guage at a descriptive stage, to the Wittgensteinian extent, as
recorded in [5], that “that which can be spoken of, must be
spoken of clearly, and that which cannot, must be withheld in
utter silence”, how can Reality only be a “theory” or “philos-
ophy” after all?): the profundity of the former is ultimately
senseless and immediate, with or without deliberate system-
ization on our part, while the latter is but a singular, cognition-
based contingency-in-itself (a logical enveloping singularity
and yet always not devoid of the multiplicity of perceptual
things, including those of plain syntactical undecidability).

3 Peculiar eidetic re-definitions: aprioristic terminology
and essence

“May I suspect, friend, you know — arbitrarily —
what appears. But, tell me, what IS?”

It is important to note that some of the eclectic terms em-
ployed throughout this exposition do not essentially depend
on their scholastic historicity. It is immaterial whether or not
they have come into existence through the collective jargon of
the multifarious schools of all-time philosophers. (Needless
to say, the same applies to scientific-sounding terms, without
any attempt towards imparting to the reader’s mind a sense

of “pseudo-science” whenever touching upon aspects other
than traditional science, for one must be most acutely aware
of the profound tedium prevalent in much of the arbitrary lit-
erature of post-modernism and so-called “theosophy” in ac-
tual relation to pseudo-science, pseudo-spirituality, pseudo-
philosophy, and pseudo-artistry.) Rather, whenever we use
these terms, we would only like to further present them in
the twice-innermost and twice-outermost sense: phenomeno-
logical instances have inner and outer meaning, and yet we
wish to also encompass the “twice-inward” (twice-Unseen,
twice-Real within-the-within) and “twice-outward” (twice-
Manifest, twice-Real without-the-without) akin to Reality be-
yond simple constitutional duality and arbitrary individual
fragments. This is simply a prelude to an amiable over-all
description of the four-fold Suchness of Reality and its self-
qualified primal noumena, which is not attributable to simple,
eidetically unqualified “bi-dimensional” entities (whose com-
mon qualification is solely based on “this” and “other”, “yes”
and “no”, or at most “yes and/or no”).

Now, in order to be trans-phenomenally readable, we may
give the following list of five primary eidetic redefinitions
(corollaries) essential to the outline of things here:

— Suchness (S) (Eidos): that which is manifestly There,
as qualified by Being-in-itself, with or without existen-
tial reflexivity (the multiplicity of forms and mirrors);

— Monad (N) (Nous, Monados, Ontos qua Qualon): the
first intelligible self-qualification (“Qualion”) of Re-
ality and hence its first actual singularity, the noetic-
presential “U(N)” of “Universum” (i.e., “Qualon”),
with or without singular internal multiplicity of reflex-
ive things (i.e., “versum”, or possibleextensa) other
than a “bare” eidetic (and hence noetic) being in and of
Reality-in-itself (i.e., by its simply Being-There). Such
is beyond both the traditional “Atom” and “Platon”, let
alone the infinitesimals. It is simply the noumenal All
and All-in-All, as well as the first eidetic-archetypal
Singularity, with or without phenomenological
“allness” (reflexive enclosure);

— Universe (U) (Universum, Kosmos): the noumenal-
phenomenal four-fold Universe, i.e., the surjective, re-
flexive (multi-dimensionally reflective-transformation-
al), projective, annihilatory universal foliation, ultima-
tely without “inside” nor “outside”. The multi-space
All by the Surjective Monad — simultaneously a multi-
continuum and multi-fractality, being simultaneously
Euclidean and non-Euclidean, geometric and pre-
geometric, process and non-process (interestingly, see
how all these seemingly paradoxical properties can ex-
ist in a single underlying multi-space geometry as de-
scribed in [7] — see also a salient description of the
essentially inhomogeneous physical cosmos in relation
to random processes as presented in [12]). In other
words, Reality’s singular Moment and infinite Reflex-
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ivity, with or without phenomenal space and time;

— Reality (M) (Ontos qua Apeiron): that which is the
Real-by-itself. The self-subsistent Reality of Reality
in-it-self (with or withoutrealities— i.e., with or with-
out internal self-multiplicity), the Surjective Monad,
the Reflexive Universe, and Unreality. Here the aus-
terity of the symbolic, presential letter “M” (for the es-
sentially “Unlettered”) inheres absolutely without any
vowel such that it is said that “nothing enters into it and
nothing comes out of it”;

— Surject (g) and/or Surjectivity (dg) (Noesis, Epoche):
the first self-disclosing instance (“instanton”) of Real-
ity, or such self-evident instances in existence. Reality
is said not to act upon itself, for it is simply beyond cat-
egorical stillness and motion, and so it “acts” only upon
the first reflexive mirror, the Universe, thereby capa-
ble of infusing new universally isomorphicdifferentia
(“solitons”), i.e., new noumenal instances and new phe-
nomenological events in the Universe (with respect to
its trans-finite nature). In relation to it, the Universe is
like a light-like (holographic, homotopic) mirror-
canvas, a ground-base yet ever in motion, upon which
the “Lone Artist” paints his “Surjects”. This is none
other than the innermost nature of Genius (which dif-
fers, as we shall see here (i.e., by this more universal
qualification) from mere superlative talent, just as ei-
detic surjectivity is beyond mere reflexivity).

As can be seen, each of the notions above is self-singular:
these realities are self-similar among themselves, without cat-
egorical parallel apart from the ontological level. In other
words, simply because Reality is One (Self-Singular), with
or without reference to regular phenomenological (arithmeti-
cally countable) oneness, so are the Mirror, the Image, and
the Shadow in essence.

As we shall witness in this exposition, all That (Reality,
Monad, Universe, Unreality) can be given as follows:

M : N
(
U(g,dg)

)
∼ S,

where “:” denotes eidetic-noetic Presence (or Moment) and
“∼” represents transcendental equality as well as trans-
individual self-similarity among the equation’s constituents.
This, in a word, is more than sufficient to end our exposi-
tion at this early stage — for it is a self-contained proof of
consciousness for itself —, as it is mainly intended for spon-
taneous cognizance, but we wish to speak more amiably of
things along the epistemological perimeter of the intellect.

Non-composite Oneness belongs to Reality, so to speak,
without having to be qualified or necessitated by that which
is other than itself, simply because the self-necessary and the
possible (existent), even the impossible (non-existent), can
only be cognitively perceived “there” in and of the Real, not
“elsewhere” by any other means, and not even by any pre-
sential concentration of singular multiplicity (i.e., ontologi-

cal and epistemological gatheredness). In other words, Re-
ality is not diversifiable — and made plural — within and
without, since it has no categorical “inside” nor “outside”,
especially with respect to the discriminative entirety of cog-
nition. Even absolute non-existence can only be conceived
in, and necessitated by, Reality as a category — hence, in
the absence of multiple intelligible things other than the sup-
posedly primal “opposite” of pure existence, there is no ac-
tuality of absolute non-existence that can necessitate Reality
as it is, nor is there anything phenomenal and noumenal that
can cause it to mingle, in and across phenomenological time
and space, with chance, causality, and mediation, let alone
with singularly inconsistent multiplicity and Unreality. It is
boundless not because it lies in infinite space, or because it
is where infinite multiplicity inheres, or because it is a rep-
resentation of eternity, or even because a finite entity is ulti-
mately annihilated by “not knowing” and “non-existence” in
the face of some infinite unknown, but because its ontological
rank or weight (i.e., ontic-teleological reality) is without ei-
ther immediate or extensive multiplicity in its own interiority
or reflexive dimensionality, not even the entirety of “knowl-
edge”. If this weren’t so, a single arbitrary reflective quan-
tity could then also be shown to inhere intransitively (without
existential predication), independently of Being, at any on-
tological level,just as Being can always necessitate it pred-
icatively: for things to be situated in existence (extensivity),
Being (Reality) must be there first absolutely without min-
gling with Non-Being (Unreality),unlike the way things may
phenomenologically mingle among themselves(be it consis-
tently or inconsistently). The metaphysical connection (the
simplex of meta-logic) among ontological categories herein
must then be, as will be shown shortly, asymmetric and an-
holonomic. Or else, there would be no discernment of the
ontological weight of some absolute presence-essence (not in
the way suggested by mere “essentialism”, where even in the
case of arbitrary entification, essence must always precede
existence), and there could be no logic whatsoever at sub-
sequent levels of cognition, and isomorphism would be lim-
ited to the arbitrariness of inconsistent, self-flawed cognitive
discrimination even on the phenomenological scale of things,
which is not as trivial as the “arbitrariness of arbitrary things”.

This way, the Essence of Being is its ownBeing-qua-
Being, which is identical, only in the “twice-qualified” sense,
with the Being of Essence itself, i.e., ”within-the-within” and
“without-the-without”. Only in this ontological instance does
eidetic asymmetry vanish.

It is not “logical”, and yet it is “not illogical” either — for
the entirety of “logic”, “anti-logic”, and “non-logic” can only
be traced (conceptualized) in its presence, with or without
the necessity of accidental particularities. For instance, then,
when we say “universe” without this qualification, we can
still come up with the notion of “multiverse” while often still
retaining space-time categories or attributes, or a plethora of
schizophrenic universes “apart” from each other in one way
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or another, and yet we cannot anyhow apply the same splitting
and extensivity, or diffeomorphism, to Reality itself in order
to make it appear as a co-dependent and co-differential among
others outside its own necessity.

Reality, therefore, is not a set, not a category, not a func-
tor (or functional), not of the likeness of both objective tan-
gible matter (materia) and subjective abstract forms (forma,
qualia). It is neither regular nor aberrant, as commonsense
and traditional phenomenology would have “being” defined
at best as “inconsistent multiplicity in and of itself”. It is not
a representation of something that has to have a normative
representation, be it abstract or concrete, conscious or uncon-
scious. It simplyIS, even when there is no language and
count to express this, without the notion that consciousness
is “always conscious of something” in association with the
internal multiplicity of knowledge. However, the four-fold
asymmetric universal logic to be sketched in the following
section is Reality’s exception just as Reality is its exception:
we can truly say a great deal of things by means of it, espe-
cially consciousness.

Know intuitively (at once, or never know at all) that if
Reality weren’t Such, both Reality and Unreality would not
only be unthinkable and imperceptible (however partial), they
would not be, whether in existence or non-existence, in pre-
eternity, at present, or in the here-after, in infinite contin-
gency, finite extensivity, or universal emptiness, and there
would be no universe whatsoever, finite or infinite, some-
where or nowhere, transcendent or immanent, — and none
of these —, and no one would any likely embark upon writ-
ing this exposition at all!

Such is our blatant methodology bySurjectivityand eide-
tic redefinition, instead of both psychologism and the Husser-
lian phenomenological method of “bracketing”, which often
amounts to either the “arbitrarily subjective over-determina-
tion” or the “arbitrarily objective suppression” of certain on-
tological constitutions already present among phenomenal
categories.

4 Beyond Kant, phenomenology, and reflexivity: a four-
fold, eidetically qualified universal logic with asym-
metric, anholonomic categorical connection

“Now, I must tell you of something more tangible
than all solid objects and more elusive than all
traceless things in the heavens and on the Earth.
Behold the highest branches of the tree of knowl-
edge — untouched by reflection —, of which the
night-in-itself is the garden.”

We are now in a position to outline the underlying features
of our model of universal logic, which shall manifest the an-
alytic epistemological sector of our present theory. In doing
so, we will also make an immediate amiable comparison with
the crux of Kantian epistemology, for the present case can be
seen as a somewhat more universally deterministic general-
ization thereof.

As we have previously implied, it is important to dis-
tinguish between the phrase “four-fold” in our new frame-
work and that found, e.g., in Buddhist empirical dialectics.
In the latter, being of empirical-transformational character
at most, there is no trace of essential relationship or logi-
cal enclosure with respect to the more contemporary Kantian
and Fichtean categories pertaining to “das Ding an sich” (the
thing-in-itself). Rather, in that ancient framework, given an
object of contemplationA belonging to phenomena and sub-
ject to process — and ultimately embedded in a universe of
infinite contingency regarding the past, present, and future
—, the associated dialectical possibilities, of the utmost ex-
tent, are: “A”, “non-A”, “non-non-A”, and “none of these”,
already (though not sufficiently, as we shall see) in contrast to
the more usual forms of binary logic.A roughly tangible ex-
ample would be the irreversible transformation of water (“A”)
into milk (“non-A”), into vapor (“non-non-A”), and into curds
(“none of these”), by the process of powdering, mixing, and
heating however complete.

Though bearing superficial visceral resemblance with this
in the use of the similarly expressed four identifiers, our log-
ical strand is more of ontological “unbracketed” (i.e., non-
Husserlian) dialectical nature, and not of mere process-based
empiricism, existentialism, and phenomenology (i.e., non-
Heideggerian). Rather, we subsume the entire phenomenal
world of entification, process, and contingency already in the
first and second categories (of “A” and “non-A”), as we shall
see, thus leaving the two last categories as true ontological
categories. We assume that the reader is quite familiar with
essentially all kinds of dialectical preliminaries, so we shall
proceed directly to the new elements of the four-fold analysis
we wish to immediately convey here.

In accordance with the ontic-teleological unity given in
the preceding section, we keep in mind four major consti-
tuents responsible for the presence of definite universal exis-
tence, hereafter denoted as the following “eidetic simplex”:

{MO} : {S(Suchness),U(Universe),N(Monad),M(Reality)} +

+{phenomenal instances,O(phenomenal entirety)},

where the first group belongs uniquely to Reality (M) and the
second is due to empirical-dialectical process-based observa-
tion whose phenomenological entirety is denoted byO. This
representation implies that the identification is made fromM
to O, i.e., from Reality to phenomena, yielding a true unitary
ontic-teleological state for any given elements ofO. The ana-
lytic union betweenM andO, in this case, is none other than
the Universe, i.e.,U as a function of its underlying noetic
surjectivity (g,dg).

Now, just asM is singular and four-fold with respect to
the above representation, so isO. Due to the union between
M and O, there exist common elements betweenM and O
possessing true ontological weight: the “within-the-within”
element and the “without-the-without” element. In short,
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given an arbitrary phenomenal instanceA, we can write, ac-
cording to the underlying representation

O = (without, within, within-the-within,

without-the-without),

the following representation:

O(A) = (A, non-A, non-non-A, none of these),

where we shall simply call the four ontological entries “cate-
gories” — for the sake of brevity.

Let us note the following important identifications for the
associated elements: givenA as an object, there is guaranteed,
in the empirical necessity of phenomenological space-time,
an entity other thanA — in fact a whole range of limitless
instances of otherness —, including that which is categorized
by traditional Buddhist logic as either “non-non-A” or “none
of these”, especially in the residual sense of a given underly-
ing process, as we have seen. But, in our approach, these two
are not yet eidetically qualified and simply exist as part of the
infinite contingency of phenomena — and so we can regardA
already as both entity and process, without the need to make
use of the earlier formalized aspects of Buddhist logical rep-
resentation. As such, a phenomenal objectA has no “inside”
other than the entire phenomenal contingency in the form of
immediate “otherness” (e.g., any “non-A”): this, when ap-
plied to an arbitrary organic individual, without negating the
existence of the extensive world, negates the presence of a
non-composite “soul” once and for all (but not the “soul-in-
itself” as an eidetically qualified microcosm), which remains
true in our deeper context of representation.

Meanwhile, at this point, we shall call the traditionally un-
decided Kantian categories into existence instead, according
to which “non-non-A” (“without-the-without”) is the entire
fluctuative phenomenological setO, which is devoid of abso-
lute individual entification, simply due to the fact that Kan-
tianism is undecided aboutA-in-itself, yet leaving it there, as
it is, in existence. This arises in turn simply because of the
inherent Kantian empirical undecidability between pure sub-
jectivity (“spiritism” and “relativism”) and pure objectivity
(“material dogmatism”) — alluded to elsewhere in a preced-
ing section.

However, given our ontic-teleological equation, the pre-
sent theory overcomes such undecidability on the epistemo-
logical level of things, including the phenomenological prob-
lem of the inconsistency of a singular entity (such as the phe-
nomenal mind and its knowledge and abilities): singular yet
still constituted by its inevitable inner multiplicity of reflec-
tive objects. It is as follows.

Given, for instance, the classic example of “a leaf falling
off a tree in a forest”: does it fall, after all, when there is
no one observing it? Our response to this, accordingly, is
that it truly depends on what kind of observer is present,
i.e., how he is categorically qualified in Reality. Thus, an

arbitrary observer will not qualify as a decisive representa-
tion: in that case, the leaf still falls due to, e.g., the law of
gravity, for the macroscopic laws of physics are “arbitrarily
objective-compulsive” in relation to the arbitrary observer. In
other words, such a subjective observer is always objectified
(or “subjectified away”) by that which is other than himself,
which in this case is the totality of the manifest laws of Na-
ture. Hence, his subjective self is bounded by a kind of tem-
poral self-determined objective dogmatism as well, and if he
attempts to be objective, he is soon limited to being subjective
enough. In all this, he is composed of fundamental indetermi-
nacy not intrinsically belonging to himself — as approached
from the “below limit” —, but which is a surjective determi-
nation from the “above limit”, i.e., from the Universe itself.

Rather strikingly, the situation is fundamentally different
if the observer is the Universe itself: whether or not the leaf
falls, it depends on Noesis, according to the representative
constitution of the Universe in our “Reality equation” above.
In other words, there exists a so-called “Ultimate Observer”
as a “surjective instanton” with respect to the entire Mirror-
Universe of reflexivity. Since this observer exists at the self-
similar singular ontological level of Suchness, it is again self-
singular without parallel and indeed without any logical ex-
traneous qualifier (and quantifier), thereby encompassing the
Real, the Mirror, the Image, and the Shadow, in the manner of
Reality. In other words, such an observer is none other than
Reality, in relation to the Universe. Needless to say, that need
not be “Reality-in-itself” in the rough sense of the phrase, de-
spite existing also at the primary ontological level and in lim-
itless eidetic oneness with Reality. Rather, it is most uniquely
none other than it — and nothing else is directly (presentially)
like such “Non-Otherness” with respect to Reality itself. Re-
spectively, such an observer is noetic, i.e., the essence is of
the level of the Surjective Monad, and such identification is
already beyond all practical phenomenology even in its ex-
tended descriptive form.

Hence, up to the most lucid isomorphism, the “within-the-
within/non-non-A” element of an eidetically qualified entity
{A} (which, unlike an ordinary entity subject to Buddhist and
Kantian dialectics, definitely possesses genuine, empathic in-
wardness and outwardness) can be identified as none other
than the Universe, which in turn is the noumenalA itself,
while the corresponding “without-the-without/none-of-these”
element as Reality itself, whereas the conventional modes of
“within” ( A2) and “without” (A1) are, respectively, the ab-
stract phenomenologicalA and the concrete (or material) phe-
nomenologicalA. Hence the following representation:

{A} = {A1,A2,U,M}.

A straightforward example of{A} is the Universe itself, i.e.,

{Universum} = {the Material Universe, the Abstract Uni-

verse, the Universe-in-Itself, Reality}.
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Or, in subtle correspondence with that, we may think of the
categorical representation of thought itself, which has no
equal parallel among arbitrary phenomena other than what
is similar yet other than it (i.e., its possible anti-pod):

{Thought} = {Thought, Anti-Thought, Unthought, Reality}.

Thus, phenomenally, thought always entails anti-thought:
both are two intelligible sides of the same coin on the phe-
nomenological horizon. However, note that such anti-thought
is not equivalent to the further eidetically qualified
Unthought. Simply speaking, this very Unthought somehow
allows not the entirety of phenomena to perceive Reality as
thinkable in the first place. In this light, the famous dictum by
Descartes, “I think, therefore I am,” is indeed far from com-
plete. The more complete phrasing would be something like:
“I think, therefore I am, I am not, I am not-not, and none of
these.” And this too, in the face of Reality, would still depend
on the eidetic qualification of the one expressing it.

“Away” from all matter and abstract dynamical physical
laws, the Universe can thus be identified as a singular
surjective-reflexive mirror of “superluminosity” upon which
Reality “acts” trans-reflectively throughNoesisand Differ-
entia (especially the qualified infinitesimals), hence the so-
briquet “Mirror-Universe” (which is particularly meaningful
here, and may or may not be related to the use of the phrase in
the description of an exciting geometric structure of the phys-
ical Universe as revealed in [8] and based on a chronometri-
cally invariant monad formalism of General Relativity as out-
lined in [4, 9, 11]). It is said to be “superluminal” in reference
to the state of “universal unrest” as measured against all the
rest of individual phenomena in the cosmos, somewhat in as-
sociation with the ever-moving, massless photon as compared
to the rest of physical entities (but this is only a gross, fairly
illegitimate comparison, as we do not aim at sense-reduction
at all).

Other examples include fundamental categories such as
space-time, energy, matter, consciousness, etc.

Note that, generally speaking, the abstract phenomeno-
logical category (e.g., the concept, instead of the actual stuff,
of a tree) is not the same for any entity as the noumenal cat-
egory. Further, whenever an arbitrary, fluctuative entity<A>
(without eidetic qualification) is represented according to the
above scheme, we should have instead

< A >=< A1,A2, {U}, {M} >,

i.e., although{U} and{M} are present in the above represen-
tation, as if being<A>’s linearly valid components in their
respective contingency,<A> possesses no universal similar-
ity with {U} and{M}, let alone with just Reality, but only with
A1 andA2 (subject to phenomenological mapping or transfor-
mation) — which is whyU andM appear “bracketed away”
therein, for otherwise they would best be written as “null

components” (but which in turn would carry us away from
its deeper ontological representation).

Finally, as we have seen, our all-comprehensive “Reality
equation” (i.e., all the above in a word) is

M : N
(
U(g,dg)

)
∼ S.

And we can say something fundamental about the state of
Reality and the Universe as follows:

{MO} = All-Real (M andO are Real and Self-Evident),

{OM} = Ultimately Unreal (leaving Real onlyM),

{MO} , {OM} (the Reality-condition of asymmetry

and anholonomicity),

i.e., the eidetic “distance” (connective foliage) between Re-
ality (M) and Otherness/Phenomena (O) is not the same as
that between Otherness/Phenomena (O) and Reality (M) —
in part owing to the non-reality of arbitrary phenomena with
respect to Reality —, which is why Reality is said to “contain
all things, and yet these contain it not”, so long as arbitrari-
ness is the case. In this instance, we may effortlessly wit-
ness the generally eidetic, anholonomic, asymmetric connec-
tion between categories in the Universe, with respect to Re-
ality. (These categories, in the main, being ontology, episte-
mology, axiology, and phenomenology.) The word “anholo-
nomic” clearly points to the path-dependence, or more pre-
cisely the direction-dependence, of our epistemological con-
sideration:eidetically, surjectively approaching things from
the non-dual ontic-teleological Reality will be substantially
different from arbitrarily, phenomenologically approaching
Reality from(the transitive state of) things.

Eidetic symmetry, thus, only holds in an “exotic case”
possessed of Qualon, whereby an entity is eidetically quali-
fied, so that it truly bears “resemblance” in “substance” with
the Universe and Reality. Ordinary phenomenal symmetry
holds in commonsense cases of isomorphism between things
in the same category or in extensively parallel categories
across boundaries, e.g., between one particle and another in
collision, between an actual ball and a geometric sphere, be-
tween physics and mathematics, or between language and the
world. In this respect, traditional philosophy (as represented
chiefly by ontology and epistemology) qualifies itself above
such phenomenological parallelism, especially with the very
existence of the epistemology of aesthetics, but anyhow re-
mains “infinitely a level lower” than Reality. (Such is in
contrast to a famous, epistemologically trivial statement by
Stephen Hawking, somewhat in the same line of thinking as
some of those working in the area of Artificial Intelligence
(AI) or certain self-claimed philosophers who enjoy meddling
with “scientists” and “technologists” regarding the current
state of science and the eventual fate of humanity, which can
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be roughly paraphrased as: “The only problem left in philos-
ophy is the analysis of language,” where the one saying this
“intuitively” mistakes post-modernism for the entirety of phi-
losophy. One, then, might be curious as to what he has in
store to say about art in general, let alone Being!)

It is important to state at this point that the kind of con-
sciousness possessing eidetic-noetic symmetry (with respect
to the Universe and Reality) is none other than Genius, or
Noesis itself, whose nature we shall exclusively elaborate
upon in the last section.

5 The Ultimate Observer in brief

“Who is looking at who? How far away is the Real
from the reflection?”

We can very empathically say that the Ultimate Observer
is such that if that One stopped observing the Universe by
way of Surjection (Surjectivity,Noesis), and not only in terms
of phenomenological abstract laws and concrete entities, it
would all cease to exist at once — at one Now — “before be-
fore” and “after after”, noumenally and phenomenally. This,
again, is beyond the level of omnijective reality (omnijectiv-
ity) or conscious surrealism (of “altered consciousness
states”) and mere inter-subjectivity, for it is an eidetically
qualified noetic determination without parallel and residue.

The respective observer, then, is called a “noetic ob-
server”: he eyes the Universe even before the Universe is
“conscious enough to eye him”, with all its noumenal and
phenomenal instances, and the Universe takes onessentia
(forma) only through him. The level of imagination of such
an observer, which is equivalent to the very form and inte-
rior of the entire Universe, is not as naive thinkers would
potentially suggest (with express slogans like “anybody can
dream anything into life” and “anything is possible for any-
one”): first of all, he is eidetically qualified by Reality as
regards his very presence and his observing the Universe.
Thus, it cannot be just an arbitrary observer, let alone “con-
sciousness”, in phenomena, and so both typical superficial
“science-fiction” and “spiritual pseudo-science” (i.e., “scien-
tific pseudo-spirituality”) ultimately fail at this point, leaving
only indeterminate non-universal surrealism.

What has been said of Reality thus far, in the forego-
ing twice-qualified ontological fashion, has been said enough
clearly, exhaustively, and exceptionally. Still, let’s continue
to throw some endless surjective light at any of the better-
known sciences (such as physics and cosmology) and at the
so far little-understood (or completely misunderstood) philos-
ophy of universal aesthetics (i.e., the nature of Genius).

6 On a model of quantum gravity and quantum cosmol-
ogy: the all-epistemological connection

“Of geometry and motion, however, I must speak,
no matter how faint.”

We now wish to briefly review certain aspects of a model
of quantum gravity as outlined in [3]. This consideration may
be skipped by those interested only in the supra-philosophical
aspects of the present exposition. But, as we shall see, there is
an intimately profound universal similarity between a primary
underlying wave equation there and our “Reality equation” as
presented here, elsewhere.

In the truly epistemological dimension of this theory,
gravity and electromagnetism are unified by means of con-
structing a space-time meta-continuum from “scratch”, which
allows for the spin of its individual points to arise from first
geometric construction and principles, without superficially
embedding a variational Lagrangian density in a curved back-
ground as well as without first assuming either discreteness or
continuity. As a result, we obtain a four-dimensional asym-
metric, anholonomic curved space-time geometry possess-
ing curvature, torsion, and asymmetric metricity (generally
speaking, the distance between two pointsA and B, on the
fundamentally asymmetric, “multi-planar” manifold, is not
the same as that betweenB and A). The symmetric part of
the metric uniquely corresponds to gravity while the anti-
symmetric part thereof to electromagnetism (which is a gen-
eralized symplectic (pure spin) structure), resulting altogether
in a unique, scale-independent spin-curvature sub-structure.

A five-dimensional phase space then exists only in purely
geometric fluctuation with respect to the four-dimensional
physical manifold, in contrast to regular Kaluza-Klein and
string theory approaches. Thus, we do not even assume
“quantization”, along with continuity, discreteness, and em-
beddability.

An important result is that both the gravitational and elec-
tromagnetic sectors of the theory are “self-wavy”, and the en-
tire space-time curvature can be uniquely given by the wave
function of the Universe for all cosmological scales, serving
as a fundamental fluctuative radius for both the monopolar
meta-particle and the Universe. Needless to say, here the Uni-
verse and such a meta-particle (monopole) are roughly one
and the same. Also crucial is the fact that outside matter and
electromagnetic sources (as both are uniquely geometrized by
the dynamics of torsion in our theory, while in turn the tor-
sion is composed of the dynamics of the anti-symmetric part
of the metric responsible for individual spin “kinemetricity”),
gravity uniquely emerges in an electromagnetic field. An-
other instance is that both gravity and matter appear therein
as “emergent” with respect to the entire geometric quantum
fluctuation whose primary nature is electromagnetic.

To cut the story short, our quantum gravitational wave
equation is as follows:

(DD − R) U (g,dg) = 0 ,

whereDD is the generalized (anholonomic) wave-operator
— constructed by means of the generalized covariant deriva-
tive Di —, R is the spin-curvature scalar,U is the wave func-
tion of the Universe,g is the asymmetric metric, anddg is the
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asymmetric metrical variation. In contrast to the “spinless de-
scription” of the Klein-Gordon equation of special relativistic
quantum mechanics and the originally non-geometric Dirac
equation, our wave functionU is an intrinsic spin-curvature
hypersurface “multivariant” (i.e., the hypersurface character-
istic equation) and, upon the emergence of a specific toroidal
quantum gravitational geometry, becomes none other than the
generator of the most general kind of spherical symmetry (es-
pecially useful in the description of particle modes).

A complementary wave equation is also given there in the
form of a completely geometric eikonal equation:

g(ik) (DiU)(DkU) = −RU2 −→ 1 ,

which goes over to unity in the case of massive particles (oth-
erwise yielding a null electromagnetic geometry in the case
of massless photons), for which

R= R (g,dg) −→ −
1

U2
.

Among others, such fundamental equations of ours result
along with the following comprehensive tensorial express-
ions:

Rik = W2(U) g(ik) (for gravity and matter),

Fik = 2W (U) g[ik] (for electromagnetism),

where the operations “( )” and “[ ]” on tensorial indices de-
note symmetrization and antisymmetrization, respectively,
and summation is applied to repeated tensorial indices over
all space-time values. Note that the above second-rank spin-
curvature tensor, represented by the matrixRik, consists fur-
ther of two distinct parts built of a symmetric, holonomic
gravitational connection (the usual symmetric connection of
General Relativity) and a torsional, anholonomic material
connection (a dynamical material spin connection constitut-
ing the completely geometrized matter tensor).

The strong epistemological reason why this theory,
among our other parallel attempts (see, e.g., the work on the
geometrization of Mach’s principle by the introduction of a
furthest completely geometrized, chronometric (co-moving)
physical cosmic monad as outlined in [10] — and the list
of some of the Author’s other works therein), qualifies as a
genuine unified field theory and a theory of quantum grav-
ity is that, among others, its equation of motion (namely,
the geometric Lorentz equation for the electron moving in a
gravitational field) arises naturally from a forceless geodesic
motion, that the theory gives a completely geometric energy-
momentum tensor of the gravo-electromagnetic field — plus
room for the natural emergence of the cosmological term as
well as the complete geometrization of the magnetic mono-
pole — and that the theory, without all the previously men-
tioned ad hoc assumptions (such as the use of arbitrary em-
bedding procedures and the often “elegant” concoction of epi-
stemologically unqualified Lagrangian densities, with non-
gravitational field and source terms), naturally yields the

eikonal wave equation of geometric optics, therefore com-
pletely encompassing the wave-particle duality: therein a par-
ticle is a localized wave of pure spin-curvature geometry. Or
to be more explicit: elementary particles, including light it-
self, propagate with certain chirality (helicity) arising purely
geometrically due to individual-point spin and manifold tor-
sion, in two geometric transverse and longitudinal modes
(hence the existence of two such completely light-like sur-
face vectors in the case of photons, whereby a photon can be
regarded as a null surface of propagation with transverse and
longitudinal null normal vectors emanating from it, which is
the ground-state of all elementary particles).

In short, the theory yields a completely geometric descrip-
tion of physical fields and fundamental motion for all scales,
especially as regards the question: “why is there motion in
the Universe, rather than phenomenal stillness?” — which is
quite comparable to the generically winding epistemic query:
“why is there existence, rather than absolute non-existence?”.

The full extent of this physical theory is not quite an ap-
propriate subject to discuss here, but we will simply leave it
to the interested reader for the immediate comparison of our
following two equations:

(DD − R) U (g,dg) = 0 (for the phenomenal Universe),

M : N
(
U(g,dg)

)
∼ S (for the noumenal Universe),

with respect to the manifest epistemological connection be-
tween the noumenal and phenomenal Universes.

Additionally, our model of quantum gravity also reveals
why the physical Universe is manifestly four-dimensional,
in terms of the above-said generalized symplectic metrical
structure, and whether or not the cosmos originates in time
(for instance, due to a “big bang” ensuing from the standard
classical, homogeneous, non-quantum gravitational model of
cosmology) — to which the definite answer now is: it does
not, but it can be said to be “emergent” as it is entirely qual-
ified (necessitated), in the ontic-teleological sense, by that
which is other than space-time categories, and in this sense
the Universe is both preceded and surpassed by Reality and
yet, due to Noesis, is never apart from it. As there remain
categories of infinities, certain physical-mathematical singu-
larities may locally exist in the fabric of the cosmos rendering
the space-time manifold “non-simply connected”, but across
such local boundaries the cosmic origin itself cannot truly be
said to be (traceable) in time, for the Universe-in-itself is Re-
ality’s “Now-Here”, infinitely prior to, and beyond, the evo-
lutionary and yet also encompassing it.

7 Genius: a conversation with noumena — closure

“That leaf, which silently yellows and falls, is —
more than all smothering possibilities — a happen-
ing unto itself. If only it were to happen up above
instead of down here, among us, the celestial do-
mains would all be terrifyingly cleansed at once.”
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We are now at a psychological and intensely personal
stage where we can truly speak of the nature of Genius in the
solitude of certain unsheltered sentiments and unearthed fis-
sures belonging to the individual who sees the longest
evening all alone, to which he lends all of his insight. That,
he verily sees not outside the window, but entirely in him-
self. The only helplessly beautiful solace he has, then, arises
simply from his soul seeing things this way. By “soul”, we
mean that which moves from the pre-reflexive Surject to the
reflexive realms as none other than the microcosm, such that
others can hardly notice that he is happening to the Universe
as much as the Universe is happening to him.

Weren’t Genius synonymous with Infinity — while in the
synoptic world of countless impalpable beings, like a con-
trasting taciturn ghost, he is often an infinitely stray, perpetu-
ally long personification (acute inwardness) of the noumenal
world along outwardly paradoxical, tragic banishing slopes
—, Kierkegaard would not have swiftly declared,

“The case with most men is that they go out into life
with one or another accidental characteristic of per-
sonality of which they say,’ Well, this is the way I am. I
cannot do otherwise.’ Then the world gets to work on
them and thus the majority of men are ground into con-
formity. In each generation a small part cling to their
‘I cannot do otherwise’ and lose their minds. Finally
there are a very few in each generation who in spite of
all life’s terrors cling with more and more inwardness
to this ‘I cannot do otherwise’. They are the Geniuses.
Their ‘I cannot do otherwise’ is an infinite thought, for
if one were to cling firmly to a finite thought, he would
lose his mind.”

Similarly, Weininger is known to have exclaimed,

“The age does not create the Genius it requires. The
Genius is not the product of his age, is not to be ex-
plained by it, and we do him no honor if we attempt to
account for him by it. . . And as the causes of its ap-
pearance do not lie in any one age, so also the con-
sequences are not limited by time. The achievements
of Genius live forever, and time cannot change them.
By his works a man of Genius is granted immortal-
ity on the Earth, and thus in a three-fold manner he
has transcended time. His universal comprehension
and memory forbid the annihilation of his experiences
with the passing of the moment in which each occurred;
his birth is independent of his age, and his work never
dies.”

(For more such non-dissipating, spectacular universal
overtures, see [6].)

Peculiar to Genius is, among other solitary things, an in-
finite capability for intricate pain (inward ailment), for per-
petual angst, which people often misrepresent as arising from
mere anti-social loneliness or lack of amusement. But this
aspect of Genius cannot be partitioned arbitrarily from the

soaring spontaneity of his infinite ecstasy. Rather, Genius is
simply beyond ecstasy and despondence, as well as beyond
pride and self-deprecation, the way people are used to these
terms. In any case, it is a state of universal sensitivity, inspi-
ration, solitude, and creativity, which is the Eye of Creation,
whereby Reality is comprehensively “likened” to a form en-
suing from Noesis.

This way, most people are mistaken in their belief that
Genius and talent are equivalent, for Genius is, indeed, “sep-
arated from all else by an entire world, that of noumena”, and
not situated “within the spectrum of all linearly predictable
expectations and contingencies”, as Goethe, Schopenhauer,
Wilde, Emerson, Weininger, and Wittgenstein would have
agreed. Mere belief, assumption, or syllogism is effortlessly
devoid of authentic realization, let alone Reality: it is not even
worthy of the simplest meta-logical refutation.

Indeed, Genius is in no way the superlative of talent. Tal-
ent is, at most, phenomenal-reflective, while Genius is
noumenal-surjective and noumenal-reflective. It has been
said that Genius does not act as a role model for talent at
all: with respect to the latter, the former may appear inanely
murky and most wasted, simply because the latter lacks that
which is infinitely other than the entire contingency of multi-
ple reflections and projections.

The world of Genius is Moment, Universality, and Cre-
ation, where the entirety of noumena is revealed to the per-
sona without residue, which is the greatest, most absolute ku-
dos in existence, be it in the presence or absence of an au-
dience. The world of talent is ordinary — no matter how
augmented — time, space, and imitation, i.e., the relative in-
tegral power of the inter-subjective contingency and tautology
of phenomenal recognition and security.

The ocean of Genius is the heaviest self-necessity of
greatly spontaneous assaults and pervasions on any shore
without sparing both any large accidental object and a sin-
gle grain of sand: it evokes creation and destruction entirely
in its own being in this world. The pond of talent, amidst
dregs, is the relative confidence of “sedimental measurement
and experimentation”, albeit still related to intensity.

The intentionality of Genius is a self-reserved “Parsifal”
of Universality, while that of talent is always other than the
thing-in-itself (and so, for instance, a talent associated with
science tends not to embrace the essence of science itself,
which is one with the essence of creative art and epistemic
philosophy, but only something of populistic, tautological
“scientism”).

The essence of Genius is Reality, not just situational
“truth” — not the normative, often progressive, collective
truths of talent and society.

The way of Genius in the world is traceless originality
and thus defies all sense of imitation and expectation. Who
shall discover the traces of fish in water and those of birds
in the sky? And yet, this matter of Genius is more than that:
he is different from all similarities and differences, absolutely
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independent of representation. Hence it is said of men of Ge-
nius — for instance by Weininger — that “their parents, sib-
lings, and cousins cannot tell you anything about them, for
they simply have no mediational peers, no genial otherness”.
By contrast, talent is still psychogenetically and methodolog-
ically inheritable.

The life of Genius is that of utter sensitivity, and not just
volitional silence and loudness. It is one of transcenden-
tal consciousness and intensity, and not constituted of mere
choice and chance.

As the hallmark of the Genius is authenticity and creativ-
ity, which is not situated within the rhyme and rhythm of a
mere choice of life-styles, he can do no other than this, and
no one needs to tell or teach him anything.

Individuals of Genius exist as universal gradations of the
pure eidetic plenum, and not as part of the mere ascending
levels of talent. Thus, the particularity of Genius is always si-
multaneously universal: it is both twice-qualified “Atom” and
“Platon”, Instanton and Soliton. He possesses the entirety
of Object, Subject, Dimension, and Surject to unbelievable
lengths.

Indeed, as has been generically said: “science becomes
pure imagination, art pure life, and philosophy pure creation”,
there in the vicinity of Genius.

Genius is Michelangelo, not Rafaelo. Genius is Leonardo,
not rhetoric. Genius is Mozart, not the Royal Court. Genius
is Beethoven, not the audience and merely connected hear-
ing. Genius is Zola, not psychotherapy. Genius is Kafka, not
stability. Genius is Rembrandt, not feminism. Genius is Tol-
stoy, not chastisement. Genius is Johann Sebastian, not the
Bach family. Genius is Klimt, not neurasthenics and Venus.
Genius is van Gogh, not art exhibitionism. Genius is Glinka
and Gould, not musical recording. Genius is Abel and Ga-
lois, not the Parisian Academy. Genius is Kierkegaard, not
Hegelianism. Genius is Weininger, not Aryanism. Genius
is Wittgenstein, not philology. Genius is Kant, Einstein, and
Zelmanov, not the herd of “scientism”. Genius is Goethe, not
Prussia. Genius is Cezanne, not Europe. Genius is Emerson,
not America. Genius is Neruda, not Chile. Genius is Tagore,
not India.

Genius is the Renaissance in motion before everyone else
is capable of naming it, not its “timely and subsequent
crumbs”. Genius is Dream, not sleep. Genius is Insight, not
the day. Genius is Vision, not a report or a documentary. Ge-
nius is the austere summit, not the floating clouds. Genius is
the ocean, not a river. Genius is gold, not the muddy colliery,
not the mining. Genius is youth, not childhood, not adoles-
cence, not adulthood, and absolutely not old age. Genius is
all-life, not imitation. Genius is all-death, not barren con-
stancy and consistency. Genius is acutely conscious suicide,
not helplessness — but definitely not all suicides are Genius.
Genius is love, not crude relationship. Genius is music, not li-
censed instrumentation. Genius is Self, not super-tautological
composition. Genius is sheer nostalgy, not learning. Genius

is Creation, not school, not training.
Genius is the cold North Atlantic, not the luxurious Ti-

tanic. Genius is the Siberian currents, not the avoidance of
winter for more festive humidity. Genius is the entire Sonora,
not urban life of chance-fragments. Genius is character, not
yielding sexuality. Genius is Moment, not societal time. Ge-
nius is Mystery, not public space. Genius is Memory, not
standard coordination. Genius is Nature, not information —
and so not recognition. Genius is the full eclipse as it is, not
prediction. Genius is the entire night, not a system.

Genius is Motion-in-itself, not a planned sequence. Ge-
nius is real individuality in the Universe, not composite insti-
tutional, societal, cultural pride. Genius is the singular con-
quest, not an artificial war. Genius is the universal meteor, not
a celebratory fire-cracker. Genius is the rareness of a tsunami,
a volcano, or an earthquake, not reported abrupt casualties.
Genius is solitude, not sold and given democracy, and not a
republic. Genius is the abyss and the sudden voice and force
arising from it, not typical antiquity, Victorianism, and post-
modernism.

Genius is the Universe, not a specific age of trends, not a
destined place of people.

Genius is Reality, not a situation, not an option, not a col-
lection of societal facts.

Genius is Genius, not talent.
Genius is a word not yet spoken (enough) by other sen-

tient beings. And, respectively, a drop not yet consumed, a
meaning not yet sighed, a clarity not yet impregnated. A birth
not yet celebrated, a sudden electricity not yet channeled, a
humanity not yet recognized.

Often, in relation to tragedy, Genius emerges as a funeral
song, preceding all births and surpassing all deaths, which
people find hard to canonize. Amidst their superficial merri-
ment, a man of Genius is like the night that falls on their eyes
and sinks in their souls — to be forgotten at their selfish ease.
He is the loneliness of the day on a deep cogitator’s pane, one
with the blue nacre of things.

Why then would Genius be most exclusively, among oth-
ers, associated with tragedy? It is because most people would
not mind partaking of “joy as it is”, with or without antici-
pation and as much and gauche as possible, yet they are ever
impotent and apprehensive when it comes to facing “the other
thing as it is”, i.e., tragedy. As Genius is the only spontaneous
genera capable of infinitely imbibing the noumenal “thing-in-
itself”, in universality and in particularity, in representation
and in person, a man of Genius would principally never shun
tragedy. His objective is inevitably the surjective pure intima-
tion of it.

Thus, tragedy has sought the Genius even from before
the dawning of the world. Indeed, he would even volun-
teer for it. And the entire Universe volunteers for it too, in
and through his very individuality. This is why, the theme of
tragedy (or death) is rather universal: it is consciously fre-
quented only by very few men and yet by the entire Universe
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itself. These men, without losing their Self, which is Real-
ity and the Universe — unlike the way most people under-
stand it —, embrace phenomenal selflessness and defense-
lessness with full noumenal understanding and bursting inno-
cence: they are “too close” to the torrents of the most unlikely
visitation of kisses, “too close” to thunder in the heavy rain,
“too close” to the Sun in elevation and peaking radiation, “too
close” to the soil and dust in every heavenly intimation, “too
close” to the nakedness of Nature in everything raw and full,
“too close” to the chiseled understanding of certain winter-
banished seeds and underground grains, “too close” to the
Cornelian female breast of surreptitiously migrating strengths
and silences. They are “too close” to their own prodigious
male latitude, in their expensive self-immolating Siriusian nu-
clear moods, eventually being poured out of life onto the can-
vas of death as the most splendid of selfless, will-less, unadul-
terated presence of colors and paintings, while thus rendering
themselves too far from incidental admirers other than Real-
ity itself. Such is glory: only due to that does deeply crimson
compassion whiten in this world for a few sensitive others
to see.

Though this world may see naught but sad wrinkles, the
love of Genius is strong in its own unseen furrows, at the core
of stars, in the fire of molten things. Genius is strong though
weak and peevish in appearance: it is exalted in everything
that takes roots and bears its own growth, in everything uni-
versal Reality wishes to see for itself. The Crucified is such
a rare taste in people’s veins to devour. So either they unveil
their own souls in the tragedy of Genius and then die to live
anew, or live the life of a heathen forever.

When will this world fall into indigenous silence, like Ge-
nius, but not in certain sleep? Where is the soft hand of a
lovely, caring female weaver upon Genius’ crushed, blacken-
ing fingers emerging from the rugged Earth and its ravines?
In an aspect that relates the solitude of Genius and the conti-
nuity of mankind, known and unknown Geniuses have been
digging the Earth for eons, for this world’s most conscious
dreams, so that humanity may gush out with Nature’s own
blood of youth: such is done among tormenting rocks, yet in
order to reach above the Sun — yes, with the entire humanity.

Who would glue his petty, cowardly self to the secret, yet
infinitely open, wounds of Genius? Either humanity caresses
Genius the way Genius would touch humanity, until nerves,
whips, and scourges become impalpable in humanity’s con-
stitution of clay and fire, and of some might of the Unknown,
or it perishes altogether with self-sufficient Genius not repeat-
ing itself for its cause ever again.

And to humanity it will then be said, “Either gaze at the
red branches in the park of lovers, where Genius lives and
dies unnoticed, where life fills its own cup through entwined
hearts, lips, and arms through the sacrificial life of Genius
at unseen roots, or, perchance, seek another countenance, an-
other reality altogether and die without Reality ever sketching
you in its own bosom.”

In this savage world of heavily fabricated walls, who then
would want to taste a most tender, fateful wet drop of dew
and honey oozing from the pristine skin of Genius, in the rain
of tragedy and in the weft of huge solitude, which might just
taste like the Universe — all of the Universe?

Who, then, would be able to recapture the moments of
Genius, once they pass for good? Would they ever be able
to simply rediscover the soul of Genius among many roots,
thorns, and tremors and still multiply the silent understanding
of love and life that hides in a wide ocean that shall never want
to depart from humanity?

Who, then, would abandon the ever-putrefying cowar-
dice, soulless collectivism, and mere conformity with much
of this unconscious world and sit with Genius just for one
more night — where there shall be no more secrets in the
darkness’ midst, other than shadowless man, without flight
from destiny, naked, engraved, and unshaken on the scarlet
horizon behind a thousand prison features? Who shall be
loved and sought by freedom this way?

Genius is a most shunned resonance behind all languages:
both “knowing” and “not knowing” recognize it not. Whereas
people are sole humans, a man of Genius is, infinitely more
acutely, the most solely human: he is the one who under-
stands love and sacrifice the most, who breathes limitlessly
upon the flanks of wild flowers and hidden rivulets, yet no
one among sole humans dares to love him with enough vast-
ness of space. Indeed, he is the drops and substances in the
rain, all the non-existence in dust.

When an individual of Genius desires existence in this
world, he comes yielding against everyone else’s direction,
cutting the evening on its very edges, unfolding horizons —
even if that means undoing fancy rainbows. And when he
yearns for an ultimate self-exile, he rushes towards death un-
conditionally, just as he once arrived in this world not by
slow walking, purblind wandering, and empty gazing, but by
the crackling spontaneity that impulsively and immeasurably
forms fateful symmetries through the soul’s pure motion.

The life of Genius leaves this world a silent place under-
ground for the most solitary and distinguished of understand-
ing, knowledge, tenderness, and pain. Only a few, therefore,
know what a “most original Genius” truly means. If only
people knew the universal responsibility set upon the shoul-
ders of Genius, and not just its apparent glories, very few of
them would dare to aspire to the rank of Genius. Instead,
they would be fairly content with talent alone. For, in rela-
tion to humanity as a “non-ideal savior”, Genius lives with
such a palpitating, lonely chest and uplifting sensitivity in the
narrowness of time’s remaining passage. (As Schopenhauer
once declared, “Great minds are related to the brief span of
time during which they live as great buildings are to a little
square in which they stand: you cannot see them in all their
magnitude because you are standing too close to them.”)

As regards the history of indifference and war that has be-
fallen mankind, the heavens, some say, can’t be errant. But
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what idea do they have of a man of Genius whose heart of im-
mense autumns is like a shattered clock, which he hears tick-
ing mercilessly every second until its near cease, even when
its fire — of awakening blood — moves from his heart’s soli-
tude, to his soul’s labyrinth, to his lips, to the desire to pos-
sess, to nearness, to excitement, to the redemption of human-
ity? When the only place he can carry humanity to — for the
moments and lost wings to take, to hold, to secure — is his
ship of winter, passing through wounding seas, violent winds,
and threshing floors? When he himself is one of the branches
of the long, solitary night — of azure fate — and hardly a
resting place for another soul’s existence?

A man of Genius loves humanity beyond its occasional
self-pity and vain arrogance, without knowing how to carry
the luster and growth of the garden of passion and intimacy
elsewhere other than through the often awkward abruptness
and intensity of each second. And so, wordlessly, certain
hidden things are written in blood and yet shared in mois-
ture, freely given and fully experienced — just as the cup,
potion, and tavern are spun only at night — even while per-
sonal hope, let alone a future, ever shies away for himself, for
soon enough nearly everyone’s eyes are to shut at length in
sleep, not knowing that Reality itself is present in the darkest
ravine of their modulations.

Men of Genius do not cross poignant, dark reefs to merely
taste the deeps of depravity for themselves, but to make con-
tact with the entirety of humanity and to love the uncon-
sciously tragic as it is. But, of conversing with the severity
and weather of naked love in the most drenching downpour of
sentiments, who shall readily repay these men by communing
in their names, even without having seen them?

Who, then, can cover the perimeter of Genius like a pure
ring? In the Genius, life passes in a single heartbeat, and
he happens to the world like the grip of the strangest spon-
taneous intimacy upon the furthest comprehension of sincere
lovers. The nakedness of Genius is just as day and night are
inseparably present in the world, unveiling each other — and
thus essentially beating in each other — more than just taking
turns and partaking of chance.

Verily, before the whole world of people ever does it, Ge-
nius is the poetry that immediately captures the high flares
of every joy and the disconcerting depths of every tragedy
there has ever been and will ever be so long as humanity ex-
ists. By the very personification of Genius is the most distant
fate of humanity drawn near and the nearest pitfalls thereof
redeemed.

People do the Genius absolutely no honor by merely pro-
jecting phenomenal attributes and expectations — and by
merely scholastically and naively reflecting — upon him.
When, coincidentally, certain men of Genius happen to be
situated in certain domains of the society (instead of living
in relative obscurity and epistemic solitude), which is a very
rare case, it is to be understood that a zoo that proudly keeps
a lion or a falcon, has no way of knowing whether or not

it fully possesses it; and yet too often the zoo honors the
beast and prides itself in the act only in order to praise it-
self. Genius exists independently of such a contingency and
tautology. The entire gist of societal-phenomenal intention-
ality approaches not the abyss of the Genius, who, alone, is
the monad, center, mind, and heart of the Universe. He is the
entirely unabridged, naked pulse of Nature. It is the Genius
who merely not “eyes the abyss” and “is conversant with it”,
but who also exists there with absolute self-certainty, inde-
pendently of all the objects outside the abyss (out there in the
world), and independently of the entire abyss itself. He is not
a mere philosopher of “mereology” either. He never has the
need to question his own existence nor to “unveil himself”,
whatsoever. He is not a mystic in this sense (and in that of
Wittgenstein): it is not mysticism that is mystical, it is the
way things already are in and of his nature; yet this he often
projects onto people as “mysticism” in order to be “roughly
understood”, i.e., when forced to speak to the world.

Indeed, Genius is more of the Universal Mind that estab-
lishes (and not just imparts to others) the “Suchness” of the
Universe entirely through itself and moves things that way
from the infinite past to the infinite future, through the infinite
moment, instead of just a mere saint and mystic who has to
find his way, by following the ways of other adepts, in much
of the Unknown. It is the Pure Sword that still glitters and
functions (i.e., moves) in the darkest stretch of space, with
or without the presence of mirrors and lights. And it is not
just a spark, nor a mere brilliance: Genius is the wholeness of
unique illumination and pure presence.

The Universe of Genius individuality is four-fold, encom-
passing an infinite amount of noumenal uniqueness (not just
“totality”) and a most extensive category of phenomenal
modes of existence. Thus, again, it contains:

— Reality: Eidos-Nous— the Surjective Monad, Abso-
lute Unique Singularity,

— The Mirror-Universe — the Reflective Whole, Singu-
larity, Transcendence,

— The Imagery-World — the Projective Particularity,
Multiplicity, Immanence,

— Unreality — the Absolute Darkness

i.e., its being-there, entirely in the greatest genus of individu-
ation, is essentially without chance and residue.

The man of Genius, as such, needs no “belief” nor “hy-
pothesis”, nor even any “transcendental method”, be it of re-
ligious, philosophical, or scientific dialectical nature, for he,
the Eye-Content of Infinity and the Sign-Severity of Oneness,
is he whose essence is All-in-All, the All-One, the Unique:
“within”, “without”, “within-the-within”, and “without-the-
without”. And this is more than just saying that his individual
entification is the microcosm — and that he is a particulariza-
tion of the Universe.

Unlike a mere saint who is the ultimate phenomenal (lin-
ear, diametrical) opposite of a mere criminal, a person of Ge-
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nius possessesAnimus(Anima, “animate animal”), with re-
spect to the entire Imagery-World, and is therefore the most
unpredictable, spontaneous, intense, and creative in his phe-
nomenal actions, beyond the entirety of collective anthropo-
morphic morality, if not ethics. And, unlike a mere criminal
who is the phenomenal opposite of a mere saint, Genius is
fully, intrinsically possessed of Noesis. Thus, a single mo-
ment of Genius in the Universe enriches existences infinitely,
whether the individual is “animal-like” (in terms of instinct,
but not merely psycho-pathological: for instance, even when
madness seems to have befallen a man of Genius — as Atlas
is said to excessively bear the world on his shoulders, alone,
more than any other —, it is so without the Genius losing
his persona at all, for his essence is absolutely non-composite
Individuality and Universality, inwardly and outwardly; mad-
ness is a mere “surrealism” the Genius deliberately embraces
in order to relatively, specifically “seal” his suffering without
ulterior motives other than “inward romanticizing” (for in-
stance, Goethe and Kafka), and the same can be said about the
case of a suicidal Genius) of tragedy-in-itself, or whether he is
deliberately an entirely new humanity — and, again, not just
a new species — beyond the external world’s understanding.

The Genius is he who knows the saint more than the saint
knows himself, and he who knows the devil more than the
devil knows himself: needless to say, he definitely knows
Kant better than Kant knows himself (indeed, he who under-
stands Kant, goes beyond him and thereby “bedevils” him,
while most others are stuck, without soul, in mere scholas-
tic documentaries on Kantianism). Whether or not he speaks
of what people call “morality”, it is entirely up to him: in
any case, he alone personifies Reality and gives its most elu-
sive aspects to his subjects. Unlike the sadist, he suffers not
from the outward surreal vacuum of space and, unlike the
masochist, from the inward intimidation of time (again, see
Weininger’s psychological essay on aspects of sadism and
masochism in [6]). His deliberate transgression of establish-
ed, normative mores is equally non-understandable by most
sentient beings as his infinite capacity for tenderness and self-
lessness. In any of these acts, he truly owns his moments,
either by throwing universal light into utter darkness or by
annihilating even light in every phenomenal perception. In
one respect, he is indeed ageless Momentum: he is child-like,
though not exactly a child, and he is sage-like, though not
exactly a sage.

As the Genius is he who phenomenally contains the most
variegated manifold of attributes, names, and characters, he
thus has to represent an entirely new genus of humanity, a
whole new epoch in the evolution of the cosmos, beyond the
level of acceptance of present humanity. He remains human,
simultaneously aloft as the sky — proud as a mountain —
and fragile as the sand of time — humbled as a valley — be-
yond mere acceptance and refusal, and even beyond contem-
plation. Just as the heavens send down the rain just as much
as they reflect sunlight, and just as the great ocean gently inti-

mates sand-grains and yet annihilates shores and settlements,
so is Genius the one most capable of sorrow and joy; rage
and calmness; destruction and creation — of both infinitely
romanticizing and molding the modes of existence.

Thus, while there can be countless linearly, smoothly pre-
dictable talented, institutionalized people in the world, “who
are just happy and successful enough” without the tinctures of
tragedy and without possessing the Surjective Monad of Ge-
nius, there is indeed no Genius without a trait of tragedy, for
tragedy is the only melodrama in the Universe used as a lan-
guage to convey and gather known and unknown multitudes:
it is a forceful communication among breaths made possible
in a largely superficial world and in a truly secluded corner
of the Universe — however with the possibility of commu-
nication across it. Of this universal epistemic disposition,
the Genius would rather embrace moments of melancholia
and quiver like certain autumnal sitar-strings, than be merely
happy. Again, while not being a merely fateful one, he never
shuns tragedy: he voluntarily internalizes any tragedy (espe-
cially the tragedy of other men of Genius, whether known
or unknown) and still gives it a breathing space and pulse in
the Universe (and indeed binds it as a cosmic episode), when
most people are wary of it. Nor does the Genius withhold
conquest merely for the sake of mercy. He is the virtuoso,
and not just the actor. He is also at once the script, the stage,
the spectator, and the actor — the very life of the play. In
the cosmic sense of the ultimate unification of observers and
observables, he is self-observed, self-observing, self-existent.

As such, the following can be said about the dominion
and nature of Genius, which belongs to no school and species
at all. An individual of Genius is entirely his very own genus,
more than a species, of Universality: without him, the Uni-
verse is not the Universe, and Reality would never “act upon
itself” and “beget an archetype”. No one can teach Genius
anything. No school, nor training, nor erudition can beget,
let alone produce, the conscious existence of Genius. Its
meta-human dominion is that of non-composite Self-Will an-
imating the infinitesimals (i.e., meta-particulars) of the Uni-
verse. Its person is the one most capable of infinite self-
differentiation (besides his intrinsic, immutable uniqueness),
precisely because the Universe — the infinite Memory (Holo-
graphy), Moment (Presence), and Mystery (Precedence) —
is never exhausted when it comes differentiation, especially
self-distinction.

Genius is the very vein and veil of Nature. Once people
of discernment and reflection witness the Genius’ unfolding
the heavens by climbing them up, at once they shall also wit-
ness that he has no ladder nor means, that he is the creator
of even the Unknown and of perceptual noema. Or even if at
first it appears to them that the Genius uses a ladder or means
(such as any transcendental logical method of deduction or
any style of art), it will entirely fall back upon themselves af-
ter being self-thrown, at them and away from him, by himself,
and there is no fear in the Genius regarding this, for, again, he
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is everywhere Reality’s exception just as Reality is his excep-
tion. His sheer independence is the sine qua non of existence.

Thus, where are the kisses to leap towards the solitude of
Genius, to consume it for last? Hidden in the pure seethe
of an ocean’s changeless soul, the love of Genius for the
Real and the Human is hardly reachable. Even if Genius ap-
pears in the faintest human form, among other things in the
perpetual sand of existence, people still find it unreasonable
to intimate it. Instead, they readily besiege and confine its
very incarnation into disappearance, ridicule by ridicule, be-
trayal by betrayal, kiss by kiss. But they can imprison not
the most invisible, most infinitesimal — the most artful grain
(meta-particle) in the Universe. Like unknown butterflies and
fresh grapes, however short-lived, the Genius swiftly takes
for farewell upon the eyelids of beauty, coming home not any
later at the coronet noon of that which has communed with
him in existence and appearance.

Only Genius knows Genius, and this is no sentimental
exaggeration — whether the inter-subjective world of people
(not the world-in-itself) is awake or asleep, it is bound to be
troubled by the very person. Indeed, for most, “he draws near
from farness, and he draws far from nearness”, with respect
to perception and non-perception, by the very essence and
form of Reality — and Unreality —, for the distance between
Genius and people is not the same as that between people and
Genius.

Footnote

Suggested parallel reading in philosophy, psychology, math-
ematics, and physics, especially for the sake of the reader’s
perspicacity of the present novel epistemological (meta-
logical) work in simple comparison with other works dealing
with theories of Reality and the Universe.
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The proposed model is based on Wheeler’s geometrodynamics of fluctuating topology
and its further elaboration based on new macro-analogies. Micro-particles are conside-
red here as particular oscillating deformations or turbulent structures in non-unitaty
coherent two-dimensional surfaces. The model uses analogies of the macro-world,
includes into consideration gravitational forces and surmises the existence of closed
structures, based on the equilibrium of magnetic and gravitational forces, thereby sup-
plementing the Standard Model. This model has perfect inner logic. The following
phenomena and notions are thus explained or interpreted: the existence of three genera-
tions of elementary particles, quark-confinement,“Zitterbewegung”, and supersymme-
try. Masses of leptons and quarks are expressed through fundamental constants and
calculated in the first approximation. The other parameters — such as the ratio among
masses of the proton, neutron and electron, size of the proton, its magnetic moment, the
gravitational constant, the semi-decay time of the neutron, the boundary energy of the
beta-decay — are determined with enough precision.

The world . . . is created from nothing,
provided the structure . . .

P. Davies

1 Introduction

The Standard Model of fundamental interactions (SM) is a
result of the attempts of thousands of researches in the course
of decades. This model thus bears rather complicated mathe-
matical techniques which hide the physical meaning of the
phenomena.

Is this process inevitable? And also: can further mathe-
matical details make the Standard Model able to explain vir-
tually everything that takes place in the micro-world? May it
be necessary to add SM by the concept proceding not from
electrodynamics? This problem statement is grounded, be-
cause another adequate model allows us to consider micro-
phenomena from another side, and so it remains accessible
for more number researchers.

According to contemporary statements, objects of the
micro-world cannot be adequately described by means of
images and analogies of the surrounding macro-world. But
certain analogies successfully interpreting phenomena of the
micro-world and explaining their physical essence exist. It
will be shown further in the present exposition.

This work uses conceptualization of another class of phy-
sical phenomena, and its possibilities are demonstrated. This
model has the inner logic which does not contradict confir-
med aspects of SM. Besides, it explains some problems which
are not solved at the present time.

It is necessary to outline a survey illustration of our mo-
del worked out in the spirit of Wheeler’s geometrodynamics.
The logic of the model, and its adequacy, is justified by many

examples. Thus another approach towards understanding
micro-phenomena is proposed. Herein, straightforward nu-
merical results are obtained only on the basis of the laws of
conservation of energy, charge and spin, and evident relations
between fundamental constants, without any additional coef-
ficients. These results, being the basic points of this model,
justify the model’s correctness.

The geometrization of the physics assumes the interpreta-
tion of micro-phenomena by topological images. Many such
works have been outlined now: for example, the original ele-
ments of the micro-world, from which particles are construc-
ted according to Yershov’s model [1], are preons, which are,
generally speaking, local singularities.

Wheeler’s idea of fluctuating topology is used here as an
original model of a micro-element of matter: in particular,
electric charges are considered therein as singular points loca-
ted at a surface and connected to each other through “worm-
holes” or vortex current tubes of the input-output kind in an
additional direction, thus forming a closed contour.

A surface can be two-dimensional, but fractal, topologi-
cally non-unitaty coherent at that time. It can consist of vortex
tubes linkage which form the three-dimensional structure as
a whole.

This paper follows [3], where numerical values of the
electric charge and radiation constants were obtained. It is
shown in [3] that from the purely mechanistic point of view
the so-calledchargeonly manifests the degree of the non-
equilibrium state of physical vacuum; it is proportional to the
momentum of physical vacuum in its motion along the con-
tour of the vortical current tube. Respectively, the spin is pro-
portional to the angular momentum of the physical vacuum
with respect to the longitudinal axis of the contour, while the
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magnetic interaction of the conductors is analogous to the for-
ces acting among the current tubes.

The electric constant in the framework of the model is a
linear density of the vortex tube:

ε0 =
me

re
= 3.233× 10−16 kg/m, (1)

and the value ofinverse magnetic constantis associated with
a centrifugal force:

1
μ0

= c2ε0 = 29.06 n (2)

appearing by the rotation of a vortex tube of the massme and
of the radiusre with the light velocityc. This force is equi-
valent to the force acting between two elementary charges by
the given radius. Note that Daywitt has obtained analogous
results in [4].

One must not be surprised that the electrical charge has
dimension of impulse. Moreover, only the number of electric
chargesz is meaningful for the force of electrical and magne-
tic interaction, but not the dimension of a unit charge. So, for
example, the Coulomb formula takes the form:

Fe =
z1z2

μ0r2
(3)

wherer is the relative distance between the charges expressed
in the units ofre.

The co-called standard proton-electron contour intersec-
ting the surface at the pointsp+ and p− is considered in [3]
and in further papers. The total kinetic energy of this contour
equals the energy limit of the electron. Possibilities of the
model explaining different phenomena of the micro-world are
considered with the help of this standard contour.

2 On the connection between the electric and the weak
interactions

The electric and weak interactions are united in the uniform
contour. The form of our model continuum in a neighborhood
of a particle is similar to the surface of a hyperboloid. It is
conditionally possible to separate the contour into two regi-
ons: the proper surface of the region (the regionX) and the
“branches”, or vortex tubes (the regionY), as shown Fig. 1. A
perturbation between charged particles along the surfaceX is
transmitted at light velocity in the form of a transverse surface
wave, i.e. the electromagnetic wave. The perturbation along
vortex tubes byY spreads in the form of a longitudinal wave
with the same velocity of transmission, as it will be shown.

Express the light velocity from (1) as:

c =

√
s
ε0

√
1

sμ0
(4)

wheres is some section, for instance, the section of the vortex
tube. Upon dimensional analysis, the first factor is a specific

volume, the second — a pressure. In other words, this for-
mula coincides with the expression of the local velocity of
sound inside continuous medium. It is interpreted in this case
as the velocity of the longitudinal wave along the tube of the
contour. The longitudinal wave transforms into the transverse
surface wave from the viewpoint of an outer observer at the
boundary of theX- andY-regions.

According to [3], the mass of the contour is given by
M = c2/3

0 me = 4.48 × 105me. This value equals approxi-
mately thesummary mass of W, Z-bosons(the dimensionless
light velocity c0 = c

[m/sec] is introduced here). One can state
therefore that the vortex current tube is formed by three vortex
threads rotating around the principal longitudinal axis. These
threads are finite structures. They possess, by necessity, the
right and left rotation; the last thread (it is evidently double
one) possesses summary null rotation. These threads can be
associated with vector bosonsW+, W−, Z0 which are conside-
red as true elementary particles as well as the photon, electron
and neutrino.

This structure is confirmed by three-jet processes obser-
ved by high energies — the appearance of three hadron stre-
ams by the heavyY-particle decay and by the electron and
positron annihilation. The dates about detection of three-zone
structure of really electron exist [5].

Other parameters of the weak interaction correspond to
the given model. So, the projective angle is an addition to
theWeinberg angle of mixing qw of the weak interaction. The

projective angle is determined in [3] as arcsin
c1/6

0√
2πa

= 61.8◦,
wherea is inverse to the fine structure constant. The value
sin2 qw = 0.231 is determined experimentally, i.e.qw = 28.7◦

and π2 − qw = 61.3◦. Based exactly on the value of this angle
the electric charge is calculated precisely, the numerical value
of which has the form [3]:

e0 = mec4/3
0 cosqw × [m/sec]= 1.603× 10−19 kg m/sec. (5)

3 Fermions and bosons

It is necessary to note that vortex structures are stable in this
case if they are leaned on the boundary of phase division, i.e.
on the two-dimensional surface.

The most close analogy to this model, in the scale of our
world, could besurfaces of ideal liquid, vortical structures
in it and subsequent interaction between them, forming both
relief of the surface and sub-surface structures.

Vortex formations in the liquid can stay in two extreme
forms — the vortexat the surfaceof radiusrx along theX-
axis (let it be the analog of a fermion of the massmx) and the
vortical current tubeunder the surfaceof the angular velocity
ν, the radiusry and the lengthly along theY-axis (let it be the
analog of a boson of the massmy). These structures oscillate
inside a real medium, passing through one another (forming
an oscillation of oscillations). Probably, fermions conserve
their boson counterpart with half spin, thereby determining
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their magnetic and spin properties, but the spin is regenerated
up to the whole value while fermions passing through boson
form. The vortex field, twisting into a spiral, is able to form
subsequent structures (current tubes).

The possibility of reciprocal transformations of fermions
and bosons forms does not mean that a micro-particle can
stay simultaneously in two states, but it shows that a mass
(an energy) can have two states andpass from one form to
another.

It is easy to note that this model of micro-particles gi-
ves an overall original interpretation of the employed notions:
mass defectandsupersymmetry. At the same time, our model
does not require us to introduce additional particles (super-
players) which have remained undetected until now by expe-
riments and, evidently, will not be discovered.

4 The determination of the relation of the masses pro-
ton/electron

In order to compare masses of fermions, it is necessary to
consider them as objects possessing inner structure. Let us
introduce the analog where the vortex tube is similar to a jet
crossing the surface of liquid inside a bounded region and ori-
ginating ring waves, or contours of the second order (which
originate, in turn, contours of the third order, etc.). Let this
region of intersection correspond to a micro-particle. Then
it is considered now as a proper contour and can be charac-
terized by parameters of the contour: a quantum numbern,
the radius of the vortex threadr, the circuit velocityν and the
mass of the contourM.

Let us proceed to determine the quantum numbers for
micro-particles. We express the typical spin of fermions th-
rough parameters of their characteristic contour, being res-
tricted to self-evident cases, namely:

1) the spin of the particle equals the momentum of the
contour as a whole:

h
4π

= Mν r , (6)

2) the spin of the particle equals the momentum of the
contour, related to the unity element of the contour structure
(the photon):

h
4π

=
Mν r

z
, (7)

whereh = 2πamecre is the Planck constant.
The parameters ofM, ν, r following from the charge con-

servation condition are determined as [3]:

M = (an)2me, (8)

ν = c1/3
0

c
(an)2

, (9)

r = c2/3
0

re

(an)4
, (10)

and the number of photonsz in the contour for the case of the
decay of the contour (ionization) is

z≈ n4. (11)

The following evident relation ensues from the expression
of the linear densityε0 (1):

ly
re

=
my
me

=
M
me

= (an)2. (12)

In other words, the relative length of the current tube ex-
pressed through the unitsre equals the boson mass M expres-
sed through the unitsme.

Using the parameters obtained in (8), (9), (10), (11) from
(6) and (7), we find:

1) for the first particle, assuming that it is a proton

n = np =

(
2c0

a5

)1/4

= 0.3338, (13)

2) for the second particle, assuming that it is an electron

n = ne =

(
2c0

a5

)1/8

= 0.5777. (14)

Taking into account properties of fermions and bosons in
our model, we conjecture that the boson thread is able to pack
extremely compactly into thefermion formby a process of
oscillation along theY-axis. This packing is possible along all
four coordinates (degrees of freedom), because this structure
can form subsequent structures. Using (10) and (12), we find
that the relative linear dimension of a fermion along theX-
axis is proportional to the radius of the vortex thread. It can
be expressed by the formula:

r
re

=

(
r
re

) (
ly
re

)1/4

=
(c0)2/3

(an)7/2
. (15)

For instance, substituting into the above-obtained formu-
lasn = np, we find the characteristic dimensions of the proton
structure expressed through the unitsre: the radius of the vor-
tex threadr = 0.103, the linear dimension along theX-axis
rx = 0.692 and the length of the vortex threadly = 2092. For
the electron, by the substitutionn = ne, we have, respectively:
0.0114, 0.1014 and 6266.

Of course, the expression (15) has only qualitative charac-
ter, but it can be used for the calculation of themass relation
of arbitrary fermions, assuming that the respective masses are
proportional to their four-dimensional volumes:

mxp

mxe
=

(
rxp

rxe

)4

=

(
ne

np

)14

. (16)

For the given couple of particles, we have the relation
(

0.5777
0.3338

)14
= 2160, therefore it is evident that this couple is
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Fig. 1: The contours: scheme of the contours of the proton, and their
sizes (in the units ofre).

reallyprotonandelectron. Thus the given relation is equal to
the mass of the proton expressed by the units of the electron
mass. It is more evident, because the boson mass of a par-
ticle myp is almost equal to the fermion massmxp , and it is
non-randomly so. Let these masses be equal, then the more
precise value is the boson mass according to (12), because it
does not depend on the photon numberz, which is determined
by means of the approximated formula. Then we can correct
also the valuene using the relation (16), and accept that its
value is equal to 0.5763. It is necessary to correct the proton
mass and electron charge by the cosine of the Weinberg an-
gle. We obtain, as the final result, an almost exact value of
the observed proton mass:

mp

me
= (anp)2 cosqw = 1835. (17)

The Weinberg angle has also a geometric interpretation as

cosqw =
(

1
2π

)1/14
, which confirms indirectly the correctness

of the expression (16) also.
The masses of other particles expressed through the units

of the electron mass are calculated: for the fermion — accor-
ding to (16), assuming thatnp is the quantum number for an
arbitrary fermion, and for the boson — according to (12).

The quantum numbers for the electronne and the proton
np are their inner determinant parameters, emerging into the
influence zone of these particles. The parameterne determi-
nes the length of the enveloping contour of the electron as
a circle of the lengthly = (ane)2re, corresponding to three
inscribed circles of the diameterdy. The vortex threads ro-
tate inside these circles. This diameter equals the Compton
wavelength, i.e. the amplitude of electron oscillations, which

follows from the Dirac equation (the phenomena “Zitterbewe-
gung”). Evindently, it follows from geometric reasons:

dy =
(ane)2re sin(60◦)

2π
= 2.423× 10−12m, (18)

which coincides with the Compton wavelength, where
“Zitterbewegung” is confirmed by experiments [6].

Analogously, the parameternp determines the length of

the contour of the proton of the diameterdy =
(anp)2re

π
enve-

loping the extremely contractedp+ − e−-contour, parameters
of which reach critical values withν = c, Fig. 1. It follows in
this case from (9):

np = nmin =
c1/6

0

a
= 0.1889 (19)

and using (12) we find furtherly = c1/3
0 re = 669re ≈ dy.

The excitation of elementary particles gives a set of their
non-stable forms. So, fermions can have more porous and
voluminous packing of boson threads, forming hyperons, etc.
Apparently, some preferred configurations of packing exist,
but the most compact is a proton, for which the volume and
the mass of the particle areminimal for baryons.

5 Three generations of elementary particles

A micro-particle is considered in our model as an actual con-
tour, therefore any contour connecting charged particles can
be compared with a particle included in a greater contour; i.e.
the mass of a relatively lesser contour is assumed to be the
mass of a hypothetical fermion (e.g. a baryon as the analog
of a proton for greater one), as shown in Fig. 2. Thus, there
can exist correlated contours of the first and following orders
forming several generation of elementary particles. It is clear
that two quantum numbers correspond to every particle de-
pending on its classification: 1) the particle is considered as
a fermion (the analog of the proton being part of the greater
contour of the following class); 2) the particle is considered as
a boson (the mass of the contour of the previous class of parti-
cles). Fermion and boson masses are equal only for a proton,
besides they have the same quantum numbern = 0.3338.

The analog of a proton for theμ-contour is the mass of
the standard contourM = c2/3

0 me. We find from (16) its
quantum numbernμ = 0.228. The analog of a proton for
theτ-contour is the mass of theμ-contour, andnτ is determi-
ned from extreme conditions, i.e. whenν → 1, r → 1 and
nτ = nmin = 0.1889. Then we find from (16) the mass of theμ-
contour or theτ-analog of a proton which equals 6.05×106me.

It is logical to assume that by analogy with the second
class that this mass also consists of three bosons (the middle
mass of every boson 2.02× 106me, i.e. 1030 GeV), which
corresponds to the upper bound of the mass of the unknown
Higgs boson. Thus, in reality, theτ-contour is the largest and
the last one in the row.
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Fig. 2: Scheme of the families of the elementary particles.

Assume that the relation between the masses of baryons
and their leptons in the following classes of particles, i.e.
between masses of theμ-analog of the proton and a muon,
and theτ-analog of a proton and a taon, is the same as for
a proton-electron contour: it equals 2092. Then, using the
obtained value, we can estimate the masses of other leptons.
The mass of amuonequals4.48×105

2092 = 214me, whereas the

mass of ataonequals6.05×106

2092 = 2892me.
Theμ- and theτ-analogs of protons as baryons do not ac-

tually exist, but their boson masses (anμ)2me and (anτ)2meare
close to the masses of lightest mesons — kaon and a couple
of pions.

6 On the proton’s structure

Continuing a hydrodynamic analogy, we assume that any
charged particle included in a contour of circulation is the
region where a flow of the medium intersects the boundary
betweenX- andY-regions: the phase transformation is reali-
zed in this boundary and the parameters attaincritical values.

Let us now introduce the notion the density of a fermion
and a boson mass:ρx =

mx

wx
andρy =

my
wy

. Neglecting their
exact forms, assume three-dimensional volumes of fermions
and bosons in the simplest form: a fermion — as a sphere
wx = r3

x, a boson thread — as a cylinder wy = r2ly.
Using (10), (12), (15), (16), we obtain, after transformati-

ons, their respective densities:

ρx =
ρen14

e a10.5

n3.5c2
0

, (20)

ρy =
ρe(an)8

c4/3
0

, (21)

whereρe is the density of the electron for a classical volume
me

r3
e
= 4.071× 1013 kg/m3.
Of course, the densities of fermion and boson masses by

the critical section are equal. Then we find byρx = ρy the
critical quantum number and the density:

nk =
n1.217

e a0.217

c0.058
= 0.480, (22)

ρk =
ρ0 (ane)9.74

c1.797
0

= 7.65× 1016 kg/m3, (23)

It is possible to ascribe these averaged parameters to some
particle — aquark, existing only inside the phase transfer
region. At once note that a quark by this interpretation is not
a specific particle but only a part of the mass of a proton,
obtaining critical parameters. The value of the mass can be
determined from the formula (16):mk = 12.9me. It is easy to
calculate further other parameters of an electronic quark. It
is possible to verify that the density of a quark is between the
fermion and boson densities of a proton, and its size goes in
to the size of a nucleon.

The critical velocity of a vortex current is determined
from the known hydrodynamic equation:

νk =

(
pk

ρk

)1/2

, (24)

where in this case:νk is the critical velocity,ρk =
mk

wk
is the cri-

tical density, wk is the volume of the quark,pk is the pressure
in the critical section, or the energy related to a corresponding
volume. The energy of the standard contour equalsmec2 [3],
and the critical volume is determined aszkwk, wherezk is the
number of quarks.

Substituting the indicated values and expressing alsoνk
through (9), we find from (24) the number of quarks as

zk =
(ank)4me

c2/3
0 mk

= 3.2. (25)

This result shows that the flow of the general contour must
split into three partsin the region of the proton so as to satisfy
the conditions of critical density and velocity. The relation of
boson masses of an electron and a proton equals the same

value. In fact, using (12), we obtainMe

Mp
=

(
ne

np

)2
= 3.0.

It means that in order that the conditions of current conti-
nuity and charge steadiness in any section of the contour are
realized,inverse circulation currentsmust arise in a neigh-
borhood of a proton. It can be interpreted as a whole that
zones with different signs of charge exist in a proton. Using a
minimalnumber ofnon-recurrent force current lines, we can
express schematically current lines in a proton in a unique
way, as shown in the Fig. 3

As seen, there exist two critical sections with a conditio-
nally plus current (up in the scheme) and one section with a
conditionally minus current (down in the scheme), where th-
ree current lines correspond to a general current in the
scheme. Therefore, the fermion surface of a proton is cons-
tructed: the regions where force lines intersect the critical
sections on the line 0 – 0 inside a proton will be projected
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on this surface in the form+2/3, +2/3, −1/3 from the total
charge according to the number and direction of the force li-
nes intersecting this surface.

Therefore, it is more correct to associate quarks not with
critical sections but withsteady ring currents, containing one
or two closed single contours intersecting the critical sec-
tion, as follows from the scheme. Therefore the masses of
quarks can be determined as 1/3 or 2/3 from the summary-
calculated 12.9me, i.e. they must be equal, respectively, to
4.3me and 8.6me , which coincides in fact with the masses of
light quarks determined at the present time.

Parameters of quarks ofμ- and τ-classes are calculated
analogously by substitution of muon and taon quantum num-
bers in place ofne, respectively, (Table 1).

Of course, the proposed structure of the proton is a hy-
pothesis of the author only. Nevertheless, the definite num-
bers and masses of quarks here do not contradict the ones ob-
tained by other methods earlier. Concerning theconfinement
or non-flying of quarks: this phenomenon is self-evident, be-
cause a proton in the presently given model has no combined
parts, but it has only local features in its structure. The den-
sity of a proton in critical-value regions is considerable less
than its fermion density: they are, probably “holes” and, of
course, they cannot be distinguished as individual particles.
On the other hand, only regions of critical sections, being of
advanced frontal velocity pressure (dynamical pressure), are
observed by experiments aspartons.

We can deduce one more reason on behalf of the stated
model: the Georgi-Glashow hypothesis of a linear potential
exists. According to this hypothesis, between infinitely heavy
quarks there must act, independently from a distance, a force
of attraction (approximately 14 tons). Current tubes are just
linear objects in our model.

Concerning the force: its limiting value can be expressed
here as the sum of electrical forces’ projections relative to the
center of the right triangle. The forces act in pairs between
critical sections carrying an elementary charge by the condi-
tion that the distance between them is minimal (according to
(10), for a quarkr = 0.0239re). Then, taking into account
(3), we findFe =

3 cos 30◦

μ0 r2 = 1.33× 105 N or 13.3 tons.

7 The weak interaction and the neutrino

The stated scheme of a proton allows us to give a native illus-
tration to the proton-neutron transitions in the weak interacti-
ons. For example, in the case of the so-called hunting pheno-
menon (e-capture) if a proton and an electron bring together
up to n 6 1) an intermediate contour is formed, connecting
the particles temporarily. The boson mass of the contour, in
addition, must be more than the sum of the combined boson
masses of the proton and the electron, precisely:

M = (an)2me + myp + mye. (26)

Let n =1, thenM = 27108me. Using the general relation

Fig. 3: Scheme of the proton: distribution of the current lines inside
the proton.

between the boson mass of a contour and a lepton, we find the
mass of the fermion for this contour:mx =

27137
2092 = 12.9me.

This result turns out to be independent. The obtained va-
lue M coincides with a total mass of the quark and confirms
that in the process ofe-capture the temporal contour is ac-
tually formed, which is analogous to earlier considered con-
tours (section 5) where one of the critical sections of a proton
as a lepton is present.

Recall that our model contour has the properties of ideal
liquid, therefore closed ring formations as parts of this con-
tinuum are absolutely inelastic and absolutely deforming at
the same time. The contour connecting the particles, by their
further coming together, transmits a share of energy-
momentum to the inner structure of the proton, deforms and
orients itself to theY-region; then it is extracted as aneutrino
which takes the momentum (spin) of the electron (Fig. 1). In
other words, this process is similar to a separation of charge
and spin — the phenomenon, fixed in hyperfine conductors
[7], which vortex tubes are supposedly similar to.

A similar contour is formed by every act of the weak in-
teraction, and it corresponds to the exchange of intermediate
bosons. The relative slowness of this process is connected
with the time constant t. The typical value oft, taking into
account a spiral derived structure, determined by the time du-
ring which a circulating current passes with the velocityν
through all line of the “stretched” counter (the size ofW-,
Z-particles). For the standard contour we have

t = (4.884)2
Rb (re/r)
ν

= 1.25× 10−9 sec, (27)

where 4.884 is the quantum number for a standard contour
[3], r andν are determined by (9) and (10) by the givenn, Rb

is the Bohr first radius.
It follows from the logic of the model, that a neutrino is a

particle analogous to a photon, but it spreads in theY-region,
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i.e. it transfers energy along the vortex tube of the contour. As
known, two kinds of these particles: a neutrino — with a left
spiral and an anti-neutrino — with a right spiral, correspon-
ding to two poles of a general contour. Because a neutrino
is a closed structure and exists only in theY-region, it has
no considerable charge and the mass in a fermion form ( i.e.
in form of theX-surface objects). Probably, a neutrino has a
spiral-toroidal structure and thus it inherits or reproduces (de-
pending on the type of the weak interaction) the structure of
the vortex tube of the contour.

8 On the magnetic-gravitational interaction

Consider a possibility of existence of the mentioned closed
contours at the express of an equilibrium between magnetic
forces of repulsion and electrical forces of attraction. Let us
formally write this equality for tubes with oppositely directed
currents, neglecting the form of the contour and its possible
completeness, and expressing the magnetic forces through the
Ampere formula in the “Coulomb-less” form:

zg1zg2γm2
e

r2
i

=
ze1ze2 μ0m2

ec2 li
2π ri × [sec2]

, (28)

wherezg1, zg2 , ze1, ze2, ri , li are gravitational masses and
charges expressed through masses and charges of an electron,
a distance between current tubes and theirs length.

Substitutingμ0 from (2), we derive from (28) the cha-
racteristic size of the contour as themean-geometricof two
linear values:

lk =
√

li ri =

√
zg1zg2
ze1ze2

√
2πγε0 × [sec]. (29)

The parameterlk is composite. Using the formulas (10),
(12), (29), we obtain for a contour with a unit charge the va-
lues li and ri , where the lengths are expressed by the units
of re:

li =
c2/3

0

l2k
, (30)

ri =
l4k

c2/3
0

. (31)

The contour can be placed both in theX-region (for exam-
ple, a contourp+– e−) and in theY-region (inside an atomic
nucleus). A deformation of the contour, for example, its con-
traction by the e-capture, takes place by means of theβ-decay
energy. When a proton and an electron come together, energy
and fermion-mass increase of the contour occurs, while the
boson mass decreases, but the impulse (charge) is conserved.

Consider some characteristic cases of a contour contrac-
tion and of a further transition of the nucleon from a proton
form into a neutron one.

a) Write the equality (29) forp+– e−-contour, where
zg1 =

mp

me cosqw
is the relative mass of the proton, where the

cosine of the Weinberg angle is considered, andzg2 = 1. In
this caselk = 5977.4re, which corresponds to the valueRb

π

exactly. In other words, for the contourp+– e−:

lk =

√
mp

me cosqw

√
2πγε0 × [sec]=

Rb

π
. (32)

The extension of the contour is now impossible, because
all the mass of the proton is involved in the contour of circu-
lation. Thus the parametersli and ri are limited and equal
to 0.0125 and 2.850× 109 re, respectively, i.e. the length
of contour tubes equals the radius of the vortex thread of an
electron, approximately (section 4), and the distance between
them equals the limiting size of the hydrogen atom (3902Rb).
The last result is confirmed by the fact that the maximal level
of energizing of hydrogen atoms in the cosmos, registered at
the present time by means of radio astronomy, does not ex-
ceedn = 301 [8].

b) Let lk be equal to the Compton wavelengthλk = 2πare.
In this case,li and ri are equal to 0.604 and 1.227× 106 re,
respectively, i.e. the length of contour tubes corresponds to
the diameter of a nucleon, and the distance between them —
to the size of the most atomic size (82Rb). Thus, taking into
account (30) and the expression forλk, we can express the
proton radius in the form:

r p =
c2/3

0

8π2a2
= 0.302re = 851 fm, (33)

which corresponds to the size of the proton, determined by
the last experiments (842 fm) [9].

The equality (29) oflk = λk is observed, if the relation
zg1zg2
ze1ze2

= 43.4. This value can be interpreted as the product of
the masses of two quarkszg1zg2, included in the contour of a
nucleon or an atomic nucleus.

c) The critical contour ofν = c. Hereli = c1/6
0 , ri = c1/3

0 ,
lk = c1/4

0 by the units ofre. The equality (29) is fulfilled
provided that the relationzg1zg2

ze1ze2
≈ 1. A fraction of the impulse

is transmitted to its own current (quark) contour of the proton
by a further contraction of the contour, because the velocity
of circulation cannot exceed the light velocity.

d) The contour is axially symmetric and is placed at the
intersection of regionsX andY, which corresponds to a tran-
sient state between a proton and a neutron. It is logical to as-
sume that the mass of the contour is situated in a critical state
which is intermediate between fermion and boson forms. It is
possible to suppose, according to the considered model, that a
boson thread is contracted already into a contour by the length
lk, but it is not packed yet into a fermion form.

In this caseli = ri = lk = c2/9
0 re, and the equality (29)

is fulfilled provided that the relationzg1zg2
ze1ze2

≈ 1/3. The limit
impulse of this contourI = πε0 lk c ≈ e0

3 cosqw
, consequently it

could correspond to one excited quark contour.
The size of the magnetic-gravitational contour is correla-

ted with the size of an atom depending on the value of gravi-
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tational masses involved in its structure; the product of these
masses is in the limits (5.4 . . . 43)m2

e in the intervals of the
main quantum numbersn = 1, . . . , 8. Moreover, in the re-
gion X the relationzg1zg2

ze1ze2
is proportional to the degree of de-

formation of the contour, i.e. to the relation of the size of the
symmetric contourlk with respect to the small axis of the de-
forming one; the coefficient of proportionality isconstantand
equal to 0.34≈ 1/3.

The contour is reoriented into the regionY by the proton-
neutron transition. However in this case, in the regionY, there
is a sole solution, which determines the critical contour by
ν = c. Herel i = c1/3

0 , ri = 1, lk = c1/6
0 by the unitsre. The

contour is inserted in the current tube with the sizere and the
inverse relation is realized exactly for this contour:

ze1ze2

zg1zg2
=

lk
3ri
. (34)

Taking into account that for the symmetric contourlk =

c2/9
0 re and using the formula (29), we have, after transforma-

tions,
c5/9

0 r2
e

2πγε0 × [sec2]
= 3. (35)

The uniqueness of the solution indicates that, by the tran-
sition of a proton into a neutron, the contour is isolated into
the regionY, namely with the corresponding critical parame-
ters, and corresponds to a neutrino.

The expressions (32) and (35) are exact, as the valuesπ
and 3 reflect the geometry of the space and its three-
dimensionality. It is possible to deduce from them the for-
mula of thegravitational constantusing the least quantity of
values possessing dimensions, and to obtain also the more
exact expression for the Weinberg angle. So, removing the
expression forε0, we find from (35), after transformations,

γ =
c5/9

0

6πρe × [sec2]
= 6.6733× 10−11 m3/sec2kg, (36)

from (32) and (35):

cosqw =
π2c5/9

0

3a4

mp

me
= 0.8772. (37)

Note that the expression forγ shows that the gravitational
constant is an acceleration, i.e. the velocity at which the spe-
cific volume of matter in the Universe changes, in view of its
expansion.

Thus, the analysis of a magnetic-gravitational equilibr-
ium, additionally and independently, confirms the existence
of three zones in the proton structure and the correspondence
to the masses of light quarks of the active parts of the pro-
ton mass, included in the circulation. The conditions stated
in sections 4, 6, 8 reflect different aspects of the unit structure
of a proton as a whole.

9 The determination of the mass and lifetime of the neu-
tron

A neutron is somewhat heavier than a proton, which is due
to the excited condition of its own current (quark) contours.
But in SM, only one quark from among the three undergoes
a transformation by the proton-neutron jump. Let us assume
that this quark contour obtains in addition the energy of a
symmetric contour (which is considered in this situation as
the own contour of a particle of the massε0lk), which leads
to its size extension and, respectively, to the increase of the
nucleon mass.

Let us equate a total-energy differential, obtained by a nu-
cleon, to the rotational energy of a symmetric contour except
the initial rotational energy of a quark contour:

(mn −mp)c2

cosqw
= ε0 lkν

2
i −

mkν
2
k

2
, (38)

whereνi is the peripheral velocity of a symmetric contour,νk
is the peripheral velocity of a quark contour,1

2 mk is the ave-
raged mass of a quark contour (section 6). Starting from the
massesc2/9

0 me and 12.9me, theirs quantum numbers are de-
termined from the formula (16), the rotational velocities —
from (9). Substituting these values we obtain after transfor-
mations the expression (by the unites ofme andre):

mn −mp = rie


c

2/7
0 −

m9/7
k

2


 cosqw = 2.53me, (39)

whererie is the radius of the vortical thread of the electron
determined from (10).

After discharge of a neutrino and deletion of three enclo-
sed current lines, there remains one summary contour in the
neutron. This contour consists of three closed force lines. Its
size can maximally reach the size of a symmetric contour by
means of the obtained energy. This contour forms three vor-
tex threads by the lengthly with co-directed currents. These
threads rotate relative to the longitudinal axis and have the
boson massesmy. The equality of magnetic and inertial (cen-
trifugal) forces for vortex threads must follow from the equi-
librium condition. By analogy with (28), we have:

my ν20
ri

=
ze1ze2 μ0m2

ec2 ly
2π ri × [sec2]

, (40)

whereν0 is theperipheral velocityof vortex threads. Taking
into account (1), (2), (12), we find from (40):

ν0 =

√
ze1ze2 re

√
2π × [sec]

, (41)

where the velocity does not depend on the length of the vortex
threads and the distance between them.

A spontaneous, without action of outer forces, neutron-
decay is realized just owing to the own rotation of vortex

54 Anatoly V. Belyakov. Macro-Analogies and Gravitation in the Micro-World: Elaboration of Wheeler’s Geometrodynamics



April, 2012 PROGRESS IN PHYSICS Volume 2

threads, causing a variation of its inner structure. In other
words, the excited contour deforms and is turned into another
configuration with less energy, which corresponds to the ini-
tial energy of the proton. This process must characterize itself
by theconstant of timewhich can be determined as a quoti-
ent from a division of the characteristic linear size in terms
of the peripheral velocityν0. As the diameter of the tube is
not determined,ri is not determined, then it is expediently to
consider the length of a symmetric transient contourπ lk as a
characteristic size. In this case, the constant of time takes the
form for unit charges:

τ =
π lk
ν0

=
√

2π3 c2/9
0 × [sec]= 603 sec. (42)

On the other hand, the constant of time can be determined
also from energetic reasons, taking into account the difference
of the masses of nucleons.

Let a neutron lose step-by-step the transmitted total en-
ergy (mn − mp)c2 by portions which are proportional to the
energy of an electronmeν

2
e, whereνe is the electron’s own-

contour rotational velocity during the time equal to the period
of vortex threads rotation inside the current tube. Determine
this characteristic time asre

ν0
= 2.51 sec, then, taking into

account (9), (39), (41), we obtain the period of the total dis-
persion of the energy by a neutron:

τ =

√
2π (mn −mp) × [sec]

rie cosqw
= 628 sec, (43)

The obtained constants of time correspond to the half-life
of a neutronτ1/2. By definition,τ1/2 = ln 2× τn, whereτn is
the lifetime of a neutron; its value which is obtained by one
of the recent studies is 878.5 sec [10], thenτ1/2 = 609 sec.

Note that the contour of a neutrino also consists of three
different vortex fields and probably undergoes periodically
small variations of time when forming three configurations
relative to a chosen direction. This result, probably, can ex-
plain the problem of solar neutrinos and their possible varia-
tions.

10 On theβ-decay energy

The energy of the excited contour of a neutron by its decay
is transmitted to an electron and an anti-neutrino extracted
by this process. Taking into account (1), (9), (16), we can
express, in relative units, the additional impulseIβ = πε0 lkνi
transmitted to a nucleon from the symmetric contour:

Iβ =
πc37/63

0

(ane)2
= 47.92mec. (44)

This impulse is distributed between the contours of a neu-
trino and an electron with the total massMβ, and these con-
tours are present in any process of the weak interaction.

In addition, the mass of a neutrino contour isc1/3
0 me, and

the mass of an electron contour also cannot be smaller than

the critical valuec1/3
0 me. The velocity of rotation of the con-

tour by the impulse transmission will beIβMβ
, and theβ-decay

energy isEβ =
I2
β

Mβ
; then its maximal value, transmitted additi-

onally to the electron and neutron contours, and, consequen-
tly, to the electron and the neutrino, occurs atMβ = 2c1/3

0 me.
Substituting the values, we obtain the boundary value of en-
ergy: Eβ0 = 1.72 (in the units ofmec2) or 0.88 MeV.

The same result can be obtained by means of another,
independent way, if we assume that the transient contour is
symmetric from an energetic viewpoint (but not from a geo-
metric one). Assume that the limit energy of the mass of a
fermion contour equals the energy of rotation of this mass in
a boson form, i.e.mxc2 = myν2. Introduce also into the ex-
pression of the impulse the value of the spin of the contour:
it allows us to characterize the process of theβ-decay more
objectively. Correct to this end the quantum numberne for
the unit relative mass (the mass of an electron) in the case of
arbitrary spin. It is evident that, taking into account of (7) and
(14), nei =

ne

k1/8 , wherek is the relation between an arbitrary
spin value and the spin 1/2.

Taking into account the aforesaid equalities and using the
formulas (9), (12), (16), we obtain as a result the expression
for the impulse of the contour which is analogous to (44), in
the units ofmec:

Iβ =
k7/12c11/9

0

(ane)14/3
. (45)

It gives, for k = 2, the value of the impulse 47.96mec,
coinciding with the result of the formula (44).

Thus we have showed that, by the transient condition of a
nucleon, the symmetric contour obtains temporarily the spin
1 (joining the spin of an electron 1/2, which then takes a neu-
trino).

This energy of theβ-decay for isotopes can be higher, and
its maximal value can be determined. According to our mo-
del, a symmetric contour can transfer the limit impulse which
equals one third of a charge (section 8, d). Then, taking into
account (5), assumingMβ = 2c1/3

0 me and introducing the
Weinberg angle, we obtain as a result the simple expression
of theβ-decay limit energy in the units ofmec2:

Eβlim =
c1/3

0 cosqw

18
= 32.6 (46)

or 16.7 MeV.
In fact, the maximal value of theβ-decay energy among

different isotopes is registered for the transition N12→C12

(16.6 MeV), which coincides with the calculated value. The
value of the impulse which corresponds to the given energy
follows from the formula (45) byk = 28. In other words, the
obtained spin is proportional to the number of nucleons in the
nucleus (for a nitrogen, 28/2 = 14).

In the case ofe-capture only a neutrino is extracted, then
Mβ = c1/3

0 me, and the typical energy of the neutrino must be
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1.75 MeV.
Namely, such contours, possessing symmetric forms and

balanced energies (quarks), are the base of the microstructure
of particles:threequarks for baryons andtwo — for mesons.
Partially, fork = 1, the contour, possessing the spin 1/2, has
the mass 146.4me. Consequently, two such contours, de-
pending on their properties of combination, can form mesons
more easily — pions, and their excited states — , i.e. heavier
micro-particles.

Thus, the results obtained in sections 8, 9, 10 in the frame-
work of our model correspond to well-known parameters and
admissible limits. Various coincidences of the calculated va-
lues with reality (e.g. the number of quarks, the sizes of the
axes of characteristic contours, the size of the proton, the gra-
vitational constant, the difference of the masses of nucleons,
the half-life of the neutron, theβ-decay energy) cannot have
accidental nature: they prove that the structure satisfying the
magnetic-gravitational equilibrium condition really exists in
the micro-world.

11 The magnetic moments of the proton and the neutron

The anomalous magnetic moment of the protonμp in the gi-
ven model can be calculated as follows. The valueμp depends
on the boson configuration of a proton and is determined re-
lative to theY-axis whereμp is the product (charge×velocity
×path). We thus have, for a vortex thread, a peripheral velo-
city ν and a circumferenceπr. Substitutingν andr from (9)
and (10), we obtain as a result:

μ =
πc0ce0 re

(anp)6
= 1.393× 10−26 am2, (47)

which differs insignificantly from the experimental value.
The magnetic moment of the neutron equals two thirds of

the proton’s magnetic moment, i.e. proportional to the reduc-
tion of the number of intersections of the critical sections by
current lines for a proton (six instead of nine, existing in a
proton, see Fig. 3). Naturally, the sign of the moment chan-
ges in addition, because three positive enclosed currents are
removed.

The calculated values of some parameters with respect
to reality, or obtained earlier by other methods, are given in
Table 1.

12 Conclusion

This work is an attempt to add a physically descriptive inter-
pretation to some phenomena of the micro-world using both
topological images of Wheeler’s geometrodynamic idea and
further macro-world analogies. This approach allows us to
include into consideration inertial and gravitational forces.

This model has a logical demonstrative character and de-
termines a scheme for the construction of a possible theory
adding up the Standard Model (SM) of particle physics. The
new theory must use such mathematical apparatus, in the fra-
mework of which vortex structures and their interactions

Particles∗ Calculated data Actual data

Family 1

Proton 1835 1836

Electron 1 1

Quark 12.9 (4.3; 8.6) 3.93; 9.37

Family 2

μ-analog of the proton,mxμ 4.48× 105 4.92× 105 †

Muon 214 206.8

μ-quark 8780 3230; 276

Family 3

τ-analog of the proton,mxτ 6.31× 106 ?
τ-lepton 2892 3480
τ-quark 233000 348000; 8260

Other parameters

Charge of the electron, kg m/s 1.603× 10−19 1.602× 10−19

Number of the quarks
(on the basis of the phase
transit condition) 3.2 3

Number of the quarks
(on the basis of the magnetic-
gravitational equilibrium) 3 3

Interacting force among
the quarks, N 1.33× 105 1.4× 105

Weinberg angle 28.2◦ 28.7◦

Compton wavelength, m 2.423× 10−12 2.426× 10−12

The gravitational constant,
m3/kg sec2 6.673× 10−11 6.673× 10−11

Radius of the proton, fm 851 842

Difference between the mass
of the proton and the mass
of the neutron,me 2.53 2.53

Semi-decay of the neutron
(kinematic estimation), sec 603 609

Semi-decay of the neutron
(energetic estimation), sec 628 609

Ultimate high energy of
theβ-decay, MeV 16.7 16.6

Magnetic moment of
the proton, am2 1.39× 10−26 1.41× 10−26

Magnetic moment of
the neutron, am2 −0.92× 10−26 −0.97× 10−26

∗Masses of the particles are given in the mass of the electron.
†The summary mass of the W, Z-bosons.

Table 1: The actual numerical parameters, and those calculated ac-
cording to the model suggested by the author.
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could be described. As often mentioned by the author, the
contours will be mapped out by singular configurations of
force lines of some field.

Nevertheless, the present model gives a correct interpre-
tation even in the initial, elementary form where only laws
of conservation are used. It explains some phenomena mi-
sunderstood in the framework of SM and allows us to obtain
qualitative and, sometimes, quantitative results by calculation
of important parameters of the micro-world.

In part, this model predicts that it is impossible by means
of experiments conducted at the BAC to obtain new particles
— dubbed “super-partners”: rather, it is necessary to seek
new massive vector bosons in the region of energies approxi-
mating 1000 GeV.
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Quantum Uncertainty and Relativity
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The major challenge of modern physics is to merge relativistic and quantum theories
into a unique conceptual frame able to combine the basic statements of the former with
the quantization, the non-locality and non-reality of the latter. A previous paper has
shown that the statistical formulation of the space-time uncertainty allows to describe
the quantum systems in agreement with these requirements of the quantum world. The
present paper aims to extend the same theoretical model and approach also to the special
and general relativity.

1 Introduction

Merging quantum mechanics and general relativity is surely
the most challenging task of the modern physics. Since their
early formulation these theories appeared intrinsically dis-
similar, i.e. conceived for different purposes, rooted on a dif-
ferent conceptual background and based on a different math-
ematical formalism. It is necessary to clarify preliminarily
what such a merging could actually mean.

A first attempt was carried out by Einstein himself in the
famous EPR paper [1] aimed to bridge quantum behavior and
relativistic constraints; he assumed the existence of hypothet-
ical “hidden variables” that should overcome the asserted in-
completeness of the quantum mechanics and emphasize the
sought compatibility between the theories. Unfortunately this
attempt was frustrated by successive experimental data ex-
cluding the existence of hidden variables. The subsequent
development of both theories seemed to amplify further their
initial dissimilarity; consider for instance the emergence of
weird concepts like non-locality and non-reality of quantum
mechanics, which make still more compelling the search of
an unified view.

The most evident prerequisite of a unified model is the
quantization of physical observables; being however the gen-
eral relativity essentially a 4D classical theory in a curved
non-Euclidean space-time, the sought model requires new hy-
potheses to introduce the quantization. A vast body of litera-
ture exists today on this topic; starting from these hypotheses
several theories have been formulated in recent years, like the
string theory [2,3] and loop quantum gravity [4], from which
were further formulated the M-theory [5] and the supersim-
metric theories [6]. The new way to represent the particles as
vibrating strings and multi-dimensional branes is attracting
but, even though consistent with the quantization, still under
test. Moreover the quantization of the gravity field is not the
only problem; additional features of the quantum world, the
non-locality and non-reality, appear even more challenging
as they make its rationale dissimilar from that of any other
physical theory. The quantum mechanics postulates a set of
mathematical rules based on the existence of a state vector |ψ⟩
describing the quantum system in Hilbert space and a Hermi-

tian operator corresponding to a measure, whose outcomes
are the eigenvalues that represent the observables; the evolu-
tion of a system is represented by an evolution operator T (t)
such that |ψ(t)⟩ = T (t) |ψ(0)⟩ operating on the state vector at
the initial time. To these rules overlap also the exclusion and
indistinguishability principles to formulate correctly the state
vectors. The relativity rests on physical intuitions about the
behavior of masses in a gravity field and in accelerated sys-
tems; it postulates the equivalence between gravitational and
inertial mass and aims to build a covariant model of physical
laws under transformation between inertial and non-inertial
reference systems.

Apart from the apparent dissimilarity of their basic as-
sumptions, a sort of conceptual asymmetry surely character-
izes the quantum and relativistic theories; on the one side
abstract mathematical rules, on the other side intuitive state-
ments on the behavior of bodies in a gravity field. If the
unification of these theories concerns first of all their basic
principles, the task of introducing into a unified model even
the concepts of non-locality and non-reality appears seem-
ingly insurmountable. Eventually, a further concern involves
the choice of the mathematical formalism appropriate to the
unified approach. In general the mathematical formulation
of any theoretical model is consequence of its basic assump-
tions. The tensor calculus is required to introduce covariant
relativistic formulae in curvilinear reference systems; is how-
ever its deterministic character really suitable to formulate a
non-real and non-local theoretical model? This last remark
is suggested by previous papers that have already touched on
this subject.

Early results showed that a theoretical approach based on
the quantum uncertainty only, introduced as a unique assump-
tion to calculate the electron energy levels of many-electron
atoms/ions and diatomic molecules [7,8], could be subse-
quently extended to the special relativity too [9] while be-
ing also consistent with the concepts of non-localism and
non-realism of quantum mechanics. Despite this encouraging
background, however, so far the implications of the concepts
introduced in the quoted papers have not been fully investi-
gated and systematically exploited. In these early papers, the
connection between quantum approach and special relativity
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was preliminarily acknowledged through gradual results pro-
gressively obtained, concerning however other less ambitious
tasks; for instance, to assess the chance of superluminal speed
of neutrinos [9]. The decisive strategy to this purpose was to
regard the concept of uncertainty as a fundamental law of na-
ture and not as a mere by-product of the commutation rules of
operators. The statistical formulation of the quantum uncer-
tainty has been proven effective on the one side to explain and
account for all of the aforesaid features of the quantum world,
i.e. quantization and non-reality and non-locality, and on the
other side to obtain as corollaries the basic statements of spe-
cial relativity too along with the invariant interval and Lorentz
transformations. So it seemed sensible to exploit more pro-
foundly these early achievements before proceeding towards
a more advanced generalization including the general relativ-
ity too.

The present paper aims to collect together and push for-
ward these preliminary results through further considerations
having more general and systematic character; the approach
proposed here is purposely focused towards a unifying task
able to combine together quantum and relativistic require-
ments within the same conceptual frame. For this reason the
present paper heavily rests on previous results introduced in
the quoted references. While referring to the respective pa-
pers when necessary, some selected considerations very short
and very important are again reported here for clarity of ex-
position and to make the present paper as self-contained as
possible.

The paper consists of three parts. The first part, exposed
in section 2, merely summarizes some concepts already pub-
lished and some selected results previously achieved; these
preliminary ideas are however enriched and merged together
with new suggestions. The second part, section 3, stimulates
further considerations approaching the intermediate target of
merging together basic concepts of quantum mechanics and
special relativity. The third part, section 4, aims to show that
effectively even the most significant Einstein results of gen-
eral relativity are compliant with the quantum approach here
proposed.

The foremost concern constantly in mind is how to trans-
fer into the beautiful self-consistency of relativity the alien
concepts of quantization, non-locality and non-reality of the
quantum world.

2 Preliminary considerations

The present section collects some ideas and results reported
in previous papers concerning the statistical formulation of
quantum uncertainty. Two equations sharing a common num-
ber of allowed states

∆x∆px = nℏ = ∆ε∆t (2,1)

are the only basic assumption of the present model. No hy-
pothesis is made about size and analytical form of these ran-

ges, which are by definition arbitrary. These equations disre-
gard the local values of the dynamical variables, considered
indeed random, unknown and unpredictable within their un-
certainty ranges and thus of no physical interest. The concept
of uncertainty requires the particle delocalized everywhere in
its space range ∆x without any further detail about its ac-
tual motion; in practice the theoretical approach describes a
system of quantum particles through their uncertainty ranges
only exploiting the following positions

px → ∆px, x→ ∆x, t → ∆t, ϵ → ∆ϵ. (2,2)

The first relevant consequence is that the calculations
based on these ranges only waive in fact a specific kind of
reference system. Consider for instance ∆x = x − xo: the
lower boundary xo describes the position of ∆x with respect
to the origin O of an arbitrary reference system R, the upper
boundary x its size. So, owing to the lack of hypotheses or
constraints on xo and x, the considerations inferred through
the ranges (2,2) hold in any R whatever it might be, Cartesian
or curvilinear or else; also, being both boundary coordinates
xo and x arbitrary and unknowable, their role as concerns size
and location of ∆x in R could be identically exchanged. Hold
also for the other ranges, e.g. for to and t of ∆t = t − to, the
same considerations introduced for xo and x, in particular the
arbitrariness of the time coordinates in the reference system
where is defined the time length ∆t.

If in R both boundaries are functions of time, as it is to be
reasonably expected according to eqs. (2,1), then not only the
range size is itself a function of time dependent on the rela-
tive signs and values of ẋ and ẋo, but also the results hold for
reference systems in reciprocal motion; indeed a reference
system Ro solidal with xo moves in R at rate ẋo and possi-
ble acceleration ẍo. Nothing indeed compels to regard ẋo as a
constant, i.e. Ro could be non-inertial or inertial depending on
whether the concerned physical system admits or not accel-
erations. As any outcome inferred through the positions (2,2)
holds by definition in an arbitrary reference system R or Ro, it
is clear since now the importance of this conclusion in relativ-
ity, which postulates covariant general laws of nature. Intro-
ducing local coordinates requires searching a covariant form
for the physical laws thereafter inferred; once introducing ar-
bitrary uncertainty ranges that systematically replace the local
coordinates “a priori”, i.e. conceptually and not as a sort of
approximation, hold instead different considerations.

This topic will be concerned in the next subsection 4.1.
Here we emphasize some consequences of the positions (2,2):
(i) to waive a particular reference system, (ii) to fulfill the
Heisenberg principle, (iii) to introduce the quantization thro-
ugh the arbitrary number n of allowed states, (iv) to overcome
the determinism of classical physics, (v) to fulfill the require-
ments of non-locality and non-reality [9]. Hence appears sen-
sible to think that an approach based uniquely on eqs. (2,1)
through the quantum positions (2,2) is in principle suitable to
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fulfil the requirements of special and general relativity too,
far beyond the conceptual horizon of the quantum problems
to which the quoted papers were early addressed. While be-
ing well known that the concept of uncertainty is a corollary
of the operator formalism of wave mechanics, the reverse path
is also possible: the operators of wave mechanics can be in-
ferred from eqs. (2,1) [9]. The operator formalism is obtained
introducing the probability Πx = δx/∆x for a free particle to
be found in any sub-range δx included in the whole ∆x during
a given time range δt; it is only required that the sub-range be
subjected to the same conditions of arbitrariness and uncer-
tainty of ∆x. Analogous considerations hold in defining the
probability Πt = δt/∆t for the particle to be confined during a
time sub-range δt within a given δx, while ∆t is the time range
for the particle to be within ∆x. These probabilities allow to
infer the operators

px → ±
ℏ

i
∂

∂x
, ϵ → ±ℏ

i
∂

∂t
. (2,3)

As intuitively expected, the space and time sub-ranges δx
and δt describe a wave packet having finite length and mo-
mentum that propagates through ∆x during ∆t. The positions
(2,2), directly related to eqs. (2,1), and the non-relativistic po-
sitions (2,3), inferred from eqs. (2,1), compare the two pos-
sible ways of introducing the quantum formalism. This result
is important for two reasons: (i) it justifies why eqs. (2,1)
lead to correct quantum results through the positions (2,2);
(ii) the connection and consistency of the positions (2,2) with
the familiar wave formalism (2,3) justifies the starting point
of the present model, eqs. (2,1) only, as an admissible option
rather than as an unfamiliar basic assumption to be accepted
itself. Although both eqs. (2,1) and the wave equations in-
troduce the delocalization of a particle in a given region of
space, in fact the degree of physical information inherent the
respective approaches is basically different: despite their con-
ceptual link, eqs. (2,1) entail a degree of information lower
than that of the wave formalism; hence they have expectedly
a greater generality.

Consider a free particle. Eqs. (2,1) discard any informa-
tion about the particle and in fact concern the delocalization
ranges of its conjugate dynamical variables only; accordingly
they merely acknowledge its spreading throughout the size
of ∆x during the time uncertainty range ∆t. Being also this
latter arbitrary, the information provided by eqs. (2,1) con-
cerns the number of states n allowed to the particle and its
average velocity component vx = ∆x/∆t only. The wave me-
chanics concerns and describes instead explicitly the particle,
which is regarded as a wave packet travelling throughout ∆x;
as it is known, this leads to the concept of probability density
for the particle to be localized somewhere within ∆x at any
time. The probabilistic point of view of the wave mechanics,
consequence of Πx and Πt, is replaced in eqs. (2,1) by the
more agnostic total lack of information about local position
and motion of the particle; this minimum information, con-

sistent with the number of allowed states only, corresponds
in fact to the maximum generality possible in describing the
physical properties of the particle. The fact that according to
eqs. (2,1) the particle could likewise be anywhere in all avail-
able delocalization range, agrees with the Aharonov-Bohm
effect: the particle is anyhow affected by the electromagnetic
field even in a region of zero field, because the probabilis-
tic concept of “here and then there” is replaced by that of
“anywhere” once regarding the region of the concerned field
as a whole 3D uncertainty volume whose single sub-regions
cannot be discerned separately. These conclusions also ex-
plain the so called “EPR paradox”: the idea of spooky action
at a distance is replaced by that of action at a spooky dis-
tance [9], because the positions (2,2) exclude the concept of
local positions and thus that of a specific distance physically
distinguishable from any other distance. Just because ignor-
ing wholly and in principle the particle and any detail of its
dynamics, while concerning instead uncertainty ranges only
where any particle could be found, the indistinguishability of
identical particles is already inherent the eqs. (2,1); instead
it must be postulated in the standard quantum wave theory.
The number n of allowed states is the only way to describe
the physical properties of the particle; this explains why n
plays in the formulae inferred from eqs. (2,1) the same role
of the quantum numbers in the eigenvalues calculated solv-
ing the appropriate wave equations [7]. An evidence of this
statement is shortly sketched for clarity in section 3.

The generality of eqs. (2,1) has relevant consequences:
the approach based on these equations has been extended to
the special relativity; instead the momentum and energy op-
erators of eqs. (2,3) have limited worth being inherently non-
relativistic. In effect the probabilities Πx and Πt have been in-
ferred considering separately time and space; it was already
emphasized in [9] that Πx and Πt should be merged appro-
priately into a unique space-time probability Π(x, t). The ne-
cessity of a combined space-time reference system will be
discussed in the next section 3. This fact suggests that a gen-
eral description of the system is obtainable exploiting directly
eqs. (2,1), which by their own definition introduce concur-
rently both space and time coordinates into the formulation
of quantum problems; in short, the present paper upgrades
the early concept of uncertainty to that of space-time uncer-
tainty in the way highlighted below.

It has been shown that eqs. (2,1) also entail inherently
the concepts of non-locality and non-reality of the quantum
world: the observable outcome of a measurement process is
actually the result of the interaction between test particle and
observer, as a function of which early unrelated space and
momentum ranges of the former collapse into smaller ranges
actually related to n according to eqs. (2,1); accordingly, it
follows that the quantized eigenvalues are compliant with the
non-locality and non-reality of quantum mechanics. This col-
lapse is intuitively justified here noting that any measurement
process aims to get information about physical observables;
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without shrinking the initial unrelated ranges, thus reducing
their degree of initial uncertainty, the concept of measurement
would be itself an oxymoron. These results prospect therefore
a positive expectation of relativistic generalization for the po-
sitions (2,2). Due to the subtle character of the connection
between quantum and relativistic points of view, the present
paper examines more closely in the next section the first con-
sequences of the considerations just carried out, previously
obtained in the quoted papers: the first goal to show the suc-
cessful connection of eqs. (2,1) with the special relativity, is
to infer the invariant interval and the Lorentz transformation.

3 Uncertainty and special relativity

The special relativity exploits 4-vectors and 4-tensors that
consist of a set of dynamical variables fulfilling well defined
transformation rules from one inertial reference system to an-
other. For instance, the components ui of four velocity are
defined by the 4-vector dxi as ui = dxi(cdt)−1(1 − (v/c)2)−1/2,
being v the ordinary 3D space velocity; the angular momen-
tum is defined by the anti-symmetric 4-tensor Mik =

∑
(xi pk−

xk pi), whose spatial components coincide with that of the
vector M = r × p.

Despite the wealth of information available from such
definitions, however, the central task always prominent in the
present paper concerns their link to the concepts of quantiza-
tion, non-locality and non-reality that inevitably qualify and
testify the sought unification: if the final target is to merge
quantum theory and relativity, seems ineffective to proceed
on without a systematic check step after step on the compli-
ance of such 4-vectors and tensors with the quantum world.

To explain in general the appropriate reasoning, compare
the expectations available via tensor calculus and that avail-
able via the positions (2,2): having shown previously that
eqs. (2,1) are compliant with the non-reality and non-locality,
this means verifying the consistency of the former definitions
of angular momentum or velocity with the concept of un-
certainty. Since both of them necessarily exploit local co-
ordinates, then, regardless of the specific physical problem
to be solved, the previous definitions are in fact useless in
the present model; the local coordinates are considered here
worthless “a priori” in determining the properties of physical
systems and thus disregarded.

Merging quantum and relativistic points of view compels
instead to infer the angular momentum likewise as shown in
[7], i.e. through its own physical definition via the positions
(2,2) to exploit eqs. (2,1). For clarity this topic is sketched in
the next sub-sections 3.4 to 3.7 aimed to show that indeed the
well known relativistic expressions of momentum, energy and
angular momentum of a free particle are inferred via trivial
algebraic manipulations of eqs. (2,1) without exploiting the
aforesaid standard definitions through local 4-coordinates.

Let us show now that the basic statements of special rela-
tivity are corollaries of eqs. (2,1) without any hypothesis on

the uncertainty ranges. First, the previous section has shown
that once accepting the positions (2,2) all inertial reference
systems are indistinguishable because of the total arbitrari-
ness of their boundary coordinates; if in particular both xo

and to are defined with respect to the origin of an inertial
space-time reference system R, then the arbitrariness of the
former require that of the latter. So in any approach based on
eqs (2,1) only, all R are necessarily equivalent in describing
the eigenvalues, i.e. the observables of physical quantities.
Second, it is immediate to realize that the average velocity
vx = ∆x/∆t previously introduced must be upper bounded.
Consider a free particle in finite sized ∆x and ∆px, thus with
finite n; if vx → ∞ then ∆t → 0 would require ∆ε → ∞,
which in turn would be consistent with ε → ∞ as well. Yet
this is impossible, because otherwise a free particle with finite
local momentum px could have in principle an infinite energy
ε; hence, being by definition an allowed value of any physi-
cal quantity effectively liable to occur, the value of vx must be
upper bound. Third, this upper value allowed to vx, whatever
its specific value might be, must be invariant in any inertial
reference system. Indeed vx is defined in its own R without
contradicting the indistinguishability of all reference systems
because its value is arbitrary like that of both∆x and∆t; hence
the lack of a definite value of vx lets R indistinguishable with
respect to other inertial reference systems R′ whose v′x is ar-
bitrary as well. If however vx takes a specific value, called
c from now on, then this latter must be equal in any R oth-
erwise some particular R(c) could be distinguishable among
any other R′, for instance because of the different rate with
which a luminous signal propagates in either of them. Thus:
finite and invariant value of c, arbitrariness of the boundary
coordinates of ∆x and equivalence of all reference systems in
describing the physical systems are strictly linked. One easily
recognizes in these short remarks, straightforward corollaries
of eqs (2,1), the basic statements of the special relativity.

This result legitimates thus the attempt to extend the out-
comes of the non-relativistic approach of the early papers
[7,8] to the special relativity. Before exemplifying some spe-
cific topics in the following subsections, it is useful to note
that eqs. (2,1) can be read in several ways depending on how
are handled the ranges in a given R.

The first example is provided by the ratio ∆x/∆t: if the
particle is regarded as a corpuscle of mass m delocalized in
∆x, thus randomly moving throughout this range, then ∆x/∆t
is its average velocity component vx during ∆t, whatever the
local features of actual motion within ∆x might be. Inter-
esting results can be inferred hereafter in a straightforward
way. It is possible to define ∆px/∆t equal to ∆ε/∆x for any n,
thus obtaining the concept of average force field component
Fx = ∆px/∆t throughout ∆x, or the related average power
∆ε/∆t = Fxvx and so on. This is not mere dimensional exer-
cise; these definitions hold without specifying a particular ref-
erence system and will be exploited in the following to check
their ability to get both quantum and relativistic results.
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In the next subsection will be examined in particular the
ratio ∆px/∆x to introduce the curvature of the space-time
simply via uncertainty ranges, i.e. in the frame of the un-
certainty only. In these expressions, the ranges play the same
role of the differentials in the respective classical definitions.
This suggests how to regard the concept of derivative entirely
in the frame of eqs. (2,1) only, i.e. as ratio of uncertainty
ranges. The fact that the size of the ranges is arbitrary sug-
gests the chance of thinking, for mere computational pur-
poses, their limit sizes so small to exploit the previous def-
initions through the differential formalism; for instance it is
possible to imagine a particle delocalized in a very small, but
conceptually not vanishing, range dx without contradicting
any concept introduced in the positions (2,2), because re-
mains valid in principle the statement dx∆px = nℏ despite
the random values of x between xo and xo + dx tend to the
classical local value xo. It is also possible to define very low
values of vx, i.e. dx/∆t ≪ c, because ∆x and ∆t are indepen-
dent ranges and so on. Furthermore, hypothesizing ℏ so small
that all ranges can be even treated as differentials, let us try
to regard and handle the ranges of eqs. (2,1) as if in the limit
case n = 1 they would read (dx)(dpx) = ℏ = (dt)(dε). This
means that, for mere computational purposes, the case n = 1
is regarded as a boundary condition to be fulfilled when cal-
culating the sought physical property.

To check the validity of this point through an example
of calculation involving vx, rewrite eqs. (2,1) in the forms
∆px/∆t = ∆ε/∆x and ∆ε = ∆px∆x/∆t that however will be
now handled likewise as if dpx/dt = Fx = dε/dx and dε =
vxdpx to assess the results hereafter obtainable. In agreement
with these computational notations, which however do not
mean at all regarding the formal position ∆x/∆t → dx/dt as
a local limit, let us consider a free particle and write

ε = ∫ v′x(dpx/dv′x)dv′x. (3,1)

Although these positions are here introduced for calcu-
lation purposes only, since actually the uncertainty ranges
are by definition incompatible with the concept of differential
limit size tends to zero, nevertheless it is easy to check their
validity recalling that in a previous paper [9] simple consider-
ations based on eqs. (2,1) only allowed to infer px = εvx/c2;
this equation is so important that its further demonstration
based on a different reasoning is also provided below in sub-
section 3.4. Replacing in eq (3,1) and integrating yields ε =
c−2 ∫ v′x[d(εv′x)/dv′x]dv′x, easily solved in closed form; the so-

lution ε = const
(
1 − (vx/c)2

)−1/2
yields by consequence also

px = vxc−2const
(
1 − (vx/c)2

)−1/2
. If vx → 0 then px → 0; yet

nothing compels also the vanishing of ε. Calculating thus the
limit px/vx for vx → 0 and calling m this finite limit,

lim
vx→0

px

vx
= m, (3,2)

one infers the integration constant const = ±mc2; follow im-
mediately the well known expressions

px = ±mvx

(
1 − (vx/c)2

)−1/2
,

ε = ±mc2
(
1 − (vx/c)2

)−1/2
.

(3,3)

The double sign corresponds in the former case to that of
either velocity component, in the latter case to the existence
of antimatter. Moreover exploit also ∆px/∆t − ∆ε/∆x = 0;
regarding again this equation in its computational differen-
tial form dpx/dt − dε/dx = 0 and solving it with respect to
vx, as if the ranges would really be differentials, one finds of
course vx = −∆x/∆t. These results are important: handling
the ranges as differentials entails just the well known rela-
tivistic results, which appear however to be limit cases i.e.
boundary conditions of the respective definitions via uncer-
tainty ranges; this confirms that the intervals appearing in the
invariant interval and in the Lorentz transformation of length
and time must be actually regarded as uncertainty ranges, as
pointed out in [9], so that also the transformation formulae get
full quantum meaning. This holds provided that the ranges
related to ℏ be really so small with respect to distances and
times of interest to justify the integral calculus; this is cer-
tainly true in typical relativistic problems that usually concern
massive bodies or cosmological distances and times.

So far the particle has been regarded as a corpuscle char-
acterized by a mass m traveling throughout ∆x during the time
range ∆t. According to the positions (2,3) and owing to the
results [9], however, the particle can be identically described
as a wave propagating throughout the same space range dur-
ing the same time range; also to this purpose are enough eqs.
(2,1), the basic assumptions of the wave formalism are un-
necessary.

Let us regard ∆x as the space range corresponding to one
wavelength and the related ∆t as a reciprocal frequency ω =
∆t−1; so one finds ∆ε = nℏω with ω = 2πν, in which case
∆x/∆t = ωλ = v as well. In principle one expects from this
result that in general an average velocity v1 corresponds to
the frequency ω1, thus v2 to ω2 and so on. Suppose that,
for fixed ∆x, a time range ∆t′ and thus a frequency ω′ ex-
ist such that the right hand side turns into a unique constant
velocity, whose physical meaning will appear soon; then, us-
ing again the differential formalism, d(λ−1) = −λ−2dλ and
λdω′ + ω′dλ = 0 combined into λ(dω′ − λω′d(λ−1)) = 0
yield v′/2π = dω′/dk where k = 2π/λ. Being v′ arbitrary
like ∆x, including the trivial factor 2π in v′′ = v′/2π yields
v′′ = dω′/dk. So are defined the phase and group velocities v
and v′′ of a wave, which of course coincide if v does not de-
pend on ω; this is possible because ∆x and ∆t are independent
ranges that can fulfil or not this last particular case. Moreover
eqs. (2,1) also yield immediately ∆ε/∆p = dν/d(λ−1) = v.
Eventually, dividing both sides of ∆x∆px = nℏ by ∆t yields
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F∆x = nℏω; since dF/dν has physical dimension of momen-
tum, being all range sizes arbitrary the last equation reads
in general p = h/λ. These reasonable results are distinc-
tive features of quantum mechanics, here found as corollaries
by trivial manipulations of eqs. (2,1). If both corpuscle and
wave formalisms are obtained from a unique starting point,
eqs. (2,1), then one must accept the corpuscle/wave dual be-
havior of particles, as already inferred in [9]. This justifies
why these equations have been successfully exploited in the
early papers [7,8] to describe the quantum systems.

After having checked the compliance of eqs. (2,1) with
the fundamental principles of both quantum mechanics and
special relativity, we are now justified to proceed further to-
wards the connection between the theories. Eqs. (2,1) al-
low describing various properties of quantum systems, e.g.
in the frame of space/time uncertainty or energy/momentum
uncertainty, as better specified in the next subsection. Note
that the invariant interval, inferred itself from eqs. (2,1) only,
is compliant with the non-locality and non-reality simply re-
garding the space and time intervals as uncertainty ranges; by
consequence merging quantum mechanics and special rela-
tivity simply requires abandoning the deterministic meaning
of intervals defined by local coordinates, which have classi-
cal character and thus are exactly known in principle. Indeed
we show below that the invariant interval consists of ranges
having fully quantum meaning of space-time uncertainty. In
the frame of eqs. (2,1) only, the concept of time derivative
necessarily involves the time uncertainty range; an example
is ∆x/∆t previously identified with the velocity vx. This lat-
ter, even though handled as dx/dt for computational purposes
only, still keeps however its physical meaning of average ve-
locity.

These considerations hold in the reference system R whe-
re are defined eqs. (2,1) and suggest a remark on the alge-
braic formalism; once trusting on eqs. (2,1) only, the concept
of derivative is replaced by that of ratio between uncertainty
ranges. These latter indeed represent the chance of variabil-
ity of local quantities; so the derivative takes here the mean-
ing of correlation between these allowed chances. Of course
being the ranges arbitrary and unknown, this chance is ex-
tended also to the usual computational concept of derivative,
as shown before. Once having introduced through the un-
certainty the requirements of quantum non-locality and non-
reality into the relativistic formulae, a problem seems arising
at this point, i.e. that of the covariancy.

This point will be concerned in the next section 4, aimed
to discuss the transformations between inertial and non-inerti-
al reference systems. For clarity of exposition, however, it is
better to continue the present introductory discussion trusting
to the results so far exposed; it is enough to anticipate here
that the arbitrariness of the quantum range boundaries, and
thus that of the related reference systems as well, is the key
topic to merge the requirements of uncertainty and covari-
ancy.

3.1 The space-time uncertainty

This section aims to show that the concept of space-time is
straightforward corollary of the space/momentum and time/
energy uncertainties. Eqs. (2,1) represent the general way of
correlating the concepts of space, momentum, time and en-
ergy by linking their uncertainties through the number n of
allowed states; just their merging defines indeed the eigenval-
ues of any physical observable. On the one side, therefore, the
necessity of considering concurrently both time and space co-
ordinates with analogous physical meaning appears because
of the correlation of their uncertainties; for instance the par-
ticular link underlying time and space ranges through c al-
lows to infer the invariant interval and the relativistic expres-
sions of momentum and energy. On the other side the concept
of quantization appears strictly related to that of space-time,
since the concurrence of both ∆x and ∆t that defines n also
introduces in fact a unique space-time uncertainty. These el-
ementary considerations highlight the common root between
relativity and quantum theory, which also accounts for the
non-locality and non-reality of the latter according to the con-
clusions emphasized in [9].

Eqs. (2,1) consist of two equations that link four ranges;
for any n, two of them play the role of independent variables
and determine a constrain for the other two, regarded there-
fore as dependent variables. In principle this means that two
independent ranges introduce eqs. (2,1) via n. As ∆px and ∆ε
include local values of physical observables while ∆x and ∆t
include local values of dynamical variables, it is reasonable
to regard as a first instance just these latter as arbitrary inde-
pendent variables to which are related momentum and energy
as dependent variables for any n; however any other choice
of independent variables would be in principle identically ad-
missible.

For instance, let us concern ∆ε∆x/(vx/c) = nℏc consid-
ering fixed the energy and coordinate ranges. Two limits
of this equation are particularly interesting: (i) vx/c → 0,
which requires in turn n → ∞, and (ii) vx <∼ c, which requires
∆x<∼nℏc/∆ε for any given n. Consider the former limit rewrit-
ing identically (∆px/vx)vx∆x = nℏ, which reads vx∆x∆m = nℏ
according to eq (3,2); since for a free particle vx is a constant,
then ∆(mvx) = ∆px i.e. px ≈ mvx. Guess the related classical
energy regarding again ∆ε/∆px = vx as dε/dpx = vx, whence
dε = vxmdvx i.e. ε = mv2

x/2 + const. As expected, these ex-
pressions of energy and momentum result to be just the non-
relativistic limits of eqs. (3,3) for vx ≪ c. This is because we
have considered here the space coordinate separately from the
time coordinate: despite the time range has been somehow in-
troduced into the previous reasoning through the definition of
vx, yet it occurred in the way typical of the Newtonian me-
chanics, i.e. regarding the time as an entity separated from
the space coordinate, and not through the link between ∆px

and ∆ε provided by n.
We also know that the classical physics corresponds to
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the limit n → ∞ [9]; thus eqs. (2,1) require that the non-
relativistic limit vx ≪ c and the classical physics limit n→ ∞
are actually correlated. Indeed, eqs. (3,3) have been obtained
handling the ranges as differentials just thanks to small val-
ues of n. Of course such a correlation is not required when
regarding quantum theory and relativity separately, it appears
instead here as a consequence of their merging. Since for n→
∞ the difference between n and n+1 becomes more and more
negligible with respect to n, this latter tends to behave more
and more like a continuous variable. It has been shown in [9]
that just the quantization entails the non-real and non-local
features of the quantum world; instead locality and reality
are asymptotic limit properties of the classical world attained
by the continuous variable condition n → ∞. Now it appears
that just the same quantization condition of n requires also the
relativistic properties of the particles, which indeed are well
approximated by the corresponding equations of Newtonian
physics in the limit n → ∞ i.e. vx ≪ c. Otherwise stated, the
special relativity rests itself on the quantization condition re-
quired by the space/momentum and time/energy uncertainties
merged together; these latter are therefore the sought unique
fundamental concept on which are rooted quantum proper-
ties, non-reality, non-locality and special relativity.

3.2 Energy-momentum uncertainty and Maxwell equa-
tions

Let us start from ∆ε = vx∆px; being as usual ∆ε = ε − εo

and ∆px = px − po, this uncertainty equation splits into two
equations ε = vx px and εo = vx po defined by the arbitrary
boundary values of energy and momentum. Consider first the
former equation; dividing both sides by an arbitrary volume
V and by an arbitrary velocity component v§x, the uncertainty
equation turns dimensionally into the definition J§x = C§vx

of a mass flow; indeed J§x is the flux of the mass m initially
defining momentum and energy of the particle, C§ is the cor-
responding amount of mass per unit volume. Calculating
the flux change between any x and x + δx during δt, one
finds δJ§x = vxδC§ + C§δvx. This result can be exploited in
various ways. For instance in a previous paper it has been
shown that eqs. (2,1) lead under appropriate hypotheses to
the result J§x = −D∂C§/∂x [10], being D the diffusion co-
efficient of m. The particular case of constant vx in the ab-
sence of an external force field acting on m during the time
range δt = δx/vx yields δJ§x = −[∂(D∂C§/∂x)/∂x]δx. Since
δJ§x/δx = −δC§/δt, because δJ§x/δx and δC§/δt have oppo-
site sign under the hypothesis of gradient driven mass flow
in the absence of sinks or sources in the diffusing medium,
one obtains the 1D Fick law δC§/δt = ∂(D∂C§/∂x)/∂x, triv-
ially extensible to the 3D case. In general, under the con-
strain of constant vx only, the vector equations corresponding
to J§x = C§vx and δJ§x = −vxδC§ read

J§ = C§v, ∇ · J§ = −∂C§/∂t. (3,4)

Multiplying by e/m both sides of these expressions, one

obtains the corresponding equations for the flux of charge
density Ce, i.e. Je = Cev. An analogous result holds for
the second part εo = vx po of the initial uncertainty equation,
rewritten now as Jm = Cmv with Cm = C§em/m; the physical
meaning of em will be remarked below. Put now C = Ce +Cm

and J = Je + Jm; then, replacing J§ and C§ of the mass con-
centration gradient equation with J and C, it is possible to
introduce an arbitrary vector U− such that the second equa-
tion eq (3,4) reads

∇ · ∇ × U− = ∇ · J +
∂C
∂t

(3,5)

as it is clear because the left hand side is null. So one obtains

∇ × U− =
∂U+
∂t
+ J, ∇ · U+ = C,

J = Je + Jm, C = Ce +Cm.
(3,6)

The second equation defines U+. Since C = Ce + Cm, the
vector U+ must reasonably have the form U+ = H+E, where
H and E are arbitrary vectors to be defined. As also J is sum
of two vectors, U− is expected to be itself sum of two vec-
tors too. For mere convenience let us define these latter again
through the same H and E; there is no compelling reason to
introduce necessarily further vectors about which additional
hypotheses would be necessary to solve the first eq (3,6). Ap-
pears now sensible to guess U− = c(H − E), with c mere di-
mensional factor, for four reasons: (i) U+ + c−1U− = 2H and
U+ − c−1U− = 2E, i.e. U− and U+ can be expressed through
the same vectors they introduce; (ii) the same holds for the
scalars c−1U+ · U− = H2 − E2 and U2

+ − c−2U2
− = 4E · H;

(iii) the same holds also for c−1U− × U+ = 2E × H and (iv)
U2
+ + c−2U2

− = 2(H2 + E2). If H and E are now specified
in particular as vectors proportional to magnetic and electric
fields, then the proposed definitions of U− and U+ entail a
self-consistent set of scalars and vectors having some interest-
ing features: the scalars (ii) define two invariants with respect
to Lorentz transformations, whereas the vector (iii) is propor-
tional to the Poynting vector and defines the energy density
flux; moreover the point (iv) defines a scalar proportional to
the energy density of the electromagnetic field; eventually the
integral ∫ U+ · U−dV over the volume previously introduced
is proportional to the Lagrangian of a free field.

Although eqs. (3,5) and (3,6) are general equations stra-
ightforward consequences of charge flows, simply specifying
purposely them to the case of the electromagnetic field fol-
lows the validity of the form assigned to U− because of such
sensible outcomes. The first eq (3,6) reads thus c∇×(H−E) =
∂(H + E)/∂t + (Je + Jm). In principle the terms of this equa-
tion containing H, E, Je and Jm can be associated in various
ways, for instance is admissible c∇ × H = ∂H/∂t + Jm; in-
tegrating this equation is certainly possible but the solution
H = H(x, y, z, t, Jm) would be of scarce interest, i.e. one
would merely find the space and time profile of a possible
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H consistent with Jm. The same would hold considering the
analogous equation for E. A combination of mixed terms that
appears more interesting is

∇ · E = Ce, ∇ ·H = Cm,

−c∇ × E =
∂H
∂t
+ Jm, c∇ ×H =

∂E
∂t
+ Je.

(3,7)

In this form, the interdependence of the magnetic and
electric field vectors H and E through Je and Jm yields the
Maxwell equations formulated in terms of charge and current
densities. These equations, also inferred from eqs. (2,1), have
been written having in mind the maximum generality; Ce

and Cm are proportional to the electric charge and magnetic
charge densities, Je and Jm to the charge and magnetic current
densities. While Ce is known, an analogous physical mean-
ing for Cm is doubtful because the magnetic “monopoles” are
today hypothesized only but never experimentally observed.
Although it is certainly possible to regard these equations
with Cm = 0 and Jm = 0, nevertheless seems formally at-
tractive the symmetric character of the four equations (3,7).
Note however in this respect that rewriting E = Eo + Q and
H = Ho +W, where W and Q are further field vectors whose
physical meaning is to be defined, with the positions

C′e = ∇ ·Q, ∇ ×Q = 0, J′e =
∂Q
∂t
,

ρm = −∇ ·W, ∇ ×W = 0, J′m =
∂W
∂t

,

the equations (3,7) turn into

∇ · Eo = Ce −C′e, ∇ ·Ho = ρm,

−c∇ × Eo =
∂Ho

∂t
+ J′m, c∇ ×Ho =

∂Eo

∂t
− J′e + Je,

having put here Cm = 0 and Jm = 0. In practice rewriting H
and E as a sum of vectors Ho and Eo parallel to them plus W
and Q fulfilling the aforesaid conditions one obtains a new set
of Maxwell equations whose form, even without reference to
the supposed magnetic monopoles, is however still the same
as if these latter would really exist. Note eventually that be-
side eqs. (3,7) there is a further non-trivial way to mix the
electric and magnetic terms, i.e.

∇ · E = Ce, ∇ ·H = Cm,

−c∇ × E =
∂H
∂t
+ Je, c∇ ×H =

∂E
∂t
+ Jm,

(3,8)

expectedly to be read with Cm = 0 and Jm = 0. Work is in
progress to highlight the possible physical meaning of Q and
W and that of the eqs. (3,8) still consistent with eq (3,6).

3.3 Uncertainty and wave formalism

Start now from eqs. (3,3) that yield ε2 = (cpx)2 + (mc2)2; so
the positions (2,3) define the known 2D Klein-Gordon equa-
tion −∂2ψo/c2∂t2 = −∂2ψo/∂x2+(mc/ℏ)2ψo, whose extension
to the 4D case is trivial simply assuming ψo = ψo(x, y, z, t)

∂2ψo

c2∂t2 − ∇
2ψo + k2ψo = 0, k2 =

(mc
ℏ

)2
. (3,9)

Eq. (3,9) is equivalent to O2
5ψo = 0 inferred from O5ψo =

0, where the total momentum operator O5 is defined as

O5 = a j
ℏ

i
∂

∂x j
+ a4

i
c
ℏ

i
∂

∂t
+ a5mc,

j = 1, 2, 3; a j · a j′ = δ j, j′ .

Thus O5 is the sought linear combination a jP j+(a4i/c)H+
a5mc of the momentum P j and energy H operators (2,3) via
orthogonal unit vector coefficients a j and a4i/c and a5; this
combination of space and time operators defines the wave
equation corresponding to the relativistic eqs. (3,3).

Replace now ψo with ψ = ψo+a·A+bφ in eq (3,9); a and b
are arbitrary constants, A and φ are functions of x j, t that must
still fulfill eq (3,9). Assuming constant both modulus and
direction of a with respect to A, trivial calculations yield three
equations. One is once again the Klein-Gordon equation for
ψo; moreover subtracting and summing to the two remainder
terms the amount a · J/c, where J is a further arbitrary vector,
the condition a ·J/cb = −ρ yields the following two equations

∂2φ

c2∂t2 − ∇
2φ + k2φ − ρ = 0,

∂2A
c2∂t2 − ∇

2A + k2A − J
c
= 0.

(3,10)

In principle this result is anyway formally possible with
the given b, which links the equations through ρ and J = ρv
according to eqs. (3,4). The condition on b requires a ·J/cρ =
a′ · J′/cρ′; so in general J is not necessarily a constant. Let
us specify now this result. If A and φ are proportional to
the magnetic and electric potentials, then ρ and J are charge
density and flux; in effect the particular case φ ∝ r−1 agrees
with the physical meaning of the former, whence the meaning
of the latter as well. The fact that ψo differs from ψ = ψo + a ·
(A − Jφ/cρ) by the vector A − Jφ/cρ , 0 suggests defining
a = ξJ′/c in order obtain the scalar J′ · A/c − φJ′ · J/ρc2,
i.e. J′ · A/c − ρ′φv′ · v/c2; ξ is a proportionality factor. So
putting φ = φ′q, with q proportionality factor, the result is
J′ · A/c − ρ′φ′ with q−1 = v′ · v/c2. In this way one obtains
ψ = ψo + ξ(J′ · A/c − ρ′φ′), while eqs. (3,10) are the well
known Proca’s equations in vector form.

Note that ξ has physical dimension f ield−2, which indeed
justifies the particular way of defining a, while the scalar
in parenthesis characterizes the wave function of a particle
moving in the presence of magnetic and electric potentials.

Sebastiano Tosto. Quantum Uncertainty and Relativity 65



Volume 2 PROGRESS IN PHYSICS April, 2012

Since a free particle has by definition kinetic energy only,
the scalar additive to ψo is a perturbative term due to the
magnetic and electric potentials; so it should reasonably rep-
resent a kinetic energy perturbation due to the presence of
magnetic and electric fields. This suggests that the complete
Lagrangian T − U of the particle moving in the electromag-
netic field should be therefore given by the linear combination
of the scalar just found and the free field scalar cU− · U+ =
H2 − E2, i.e. it should be obtained by volume integration of
J′ · A/c − ρ′φ′ + χ(E2 − H2), being χ an appropriate coeffi-
cient of the linear combination of potential and kinetic energy
terms.

This topic is well known and does not deserve further
comments. It is worth noticing instead that eqs. (3,10) can be
also obtained introducing the extended space-time momen-
tum operator O7 collecting together the space and time op-
erators of the positions (2,3) in a unique linear combination
expressed as follows

O7 = a j∂/∂x j + a4i∂/∂(ct) + a5i/x5 + a6∂/∂x6 + a7∂/∂x7,

where x5, x6 and x7 are to be regarded as extra-coordinates.
Putting x5 = ℏ/mc, the wave function that yields directly both
eqs. (3,10) with this operator reads accordingly

ψ = ψo + a · (A − Jx2
5/c)x6 + (φ − ρx2

5)x7.

Still holds the position a j ·a j′ = δ j, j′ that regards again the
various a j, with j = 1..7, as a set of orthogonal unit vectors in
a 7D dimensional space where is defined the equation O2

7ψ =
0 containing as a particular case the Klein-Gordon equation.
The sixth and seventh addends of O7 are ineffective when
calculating O2

7ψo, which indeed still yields the free particle
equation; however just these addends introduce the non-null
terms of Proca’s equations in the presence of fields.

In summary, the free particle eq (3,9) is nothing else but
the combination of the two eqs. (3,3) expressed through the
wave formalism of quantum mechanics; its successive manip-
ulation leads to define the Lagrangian of the electromagnetic
field in the presence of magnetic and electric potentials while
introducing additional extra-dimensions. It appears however
that the chance of defining 3 extra-dimensions to the familiar
ones defining the space-time is suggested, but not required in
the present model, by the relativistic wave formalism only.

3.4 Uncertainty and invariant interval

In [9] has been inferred the following expression of invariant
interval

∆x2 − c2∆t2 = δs2 = ∆x′2 − c2∆t′2 (3,11)

in two inertial reference systems R and R′. Owing to the
fundamental importance of this invariant in special relativ-
ity, from which can be inferred the Lorentz transformations
[11], we propose here a further instructive proof of eq (3,11)
based uniquely on the invariance of c. Consider then the un-
certainty range ∆x = x − xo and examine how its size might

change during a time range ∆t if in general x = x(∆t) and
xo = xo(∆t).

Let be δ± = ∆x ± v∆t the range in R that generalizes the
definition ∆x/∆t = vx to δ± , 0 through a new velocity com-
ponent v , vx taking also into account the possible signs of v.
Regard both δ± as possible size changes of ∆x during the time
range ∆t in two ways: either (i) with xo replaced by xo ± v∆t
while keeping fixed x or (ii) with x replaced by x ± v∆t while
keeping fixed xo. Of course the chances (i) or (ii) are equiva-
lent because of the lack of hypotheses on ∆x and on its bound-
ary coordinates. In both cases one finds indeed δ+ = ∆x+ v∆t
and δ− = ∆x − v∆t, which yield δ = (δ+ + δ−)/2 = ∆x;
so the range size ∆x, seemingly steady in R, is actually a
mean value resulting from random displacements of its lower
or upper boundaries from xo or x at average rates v = ẋo or
v = ẋ as a function of time. Of course v is in general arbi-
trary. The actual space-time character of the uncertainty, hid-
den in δ , appears instead explicitly in the geometric mean
< δ >=< δ−δ+ >= (∆x2 − v2∆t2)1/2 of both time deforma-
tions allowed to ∆x. Note however that the origin O of the
reference system R where is defined ∆x appears stationary in
(ii) to an observer sitting on xo because is x that displaces, but
in (i) O appears moving to this observer at rate ∓ẋo. Consider
another reference system R′ solidal with xo, thus moving in
R at rates ±ẋo. In R′ is applicable the chance (ii) only, as xo

is constant; it coincides with the origin in R′ and, although
it does not in R, yet anyway ẋo = 0. So the requirement
that both (i) and (ii) must be equivalent to describe the defor-
mation of ∆x in R and R′, otherwise these reference systems
would be distinguishable, requires concluding that the chance
(ii) must identically hold itself both in R and R′. This is pos-
sible replacing v = ẋ = c in < δ >, which indeed makes in
this particular case the deformation rate (ii) of ∆x indistin-
guishable in R and R′: in both systems ẋo = 0, as xo is by
definition constant, whereas ẋ also coincides because of the
invariancy of c; when defined through this particular position,
therefore, < δ(c) > is invariant in any R and R′ in agreement
with eqs. (3,11). These equations have been written consider-
ing spacelike intervals; of course an identical reasoning holds
also writing eqs. (3,11) as timelike intervals.

3.5 The invariancy of eqs. (2,1)

The following considerations concern the invariancy of eqs.
(2,1) in different inertial reference systems. The proof is ba-
sed on the arbitrariness of the range sizes and on the fact that
in any R and R′ actually n is indistinguishable from n′ perti-
nent to the different range sizes resulting from the Lorentz
transformations; indeed neither n nor n′ are specified and
specifiable by assigned values, rather they symbolize arbi-
trary numbers of states. Admitting different range sizes in
inertial reference systems in reciprocal motion, the chance of
any n in R corresponds to any other chance allowed to n′ in
R′. However the fact that the ranges are arbitrary compels
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considering the totality of values of n and n′, not their sin-
gle values, in agreement with the physical meaning of eqs.
(2,1). Hence, despite the individual numbers of states can be
different for specific ∆x∆px in R and ∆x′∆p′x in R′, the sets
of all arbitrary integers represented by all n and n′ remain in
principle indistinguishable regardless of how any particular n
might transform into another particular n′.

The fact of having inferred in [9] the interval invariant
in inertial reference systems, the Lorentz transformations of
time and length and the expression px = εvx/c2, should be
itself a persuasive proof of the compliance of eqs. (2,1) with
special relativity; now it is easy to confirm this conclusion
demonstrating the expression of px in a more straightforward
way, i.e. exploiting uniquely the concept of invariancy of c.
The present reasoning starts requiring an invariant link be-
tween ∆px = p1 − po and ∆ε = ε1 − εo in ∆ε = ∆px∆x/∆t.
This is possible if ∆x/∆t = c, hence ∆pxc = ∆ε is a sensi-
ble result: it means of course that any local value ε within
∆ε must be equal to cpx calculated through the correspond-
ing local value px within ∆px although both are unknown. If
however ∆x/∆t < c, the fact that the arbitrary vx is not an
invariant compels considering for instance vk

x∆x/∆t = qck+1

with k arbitrary exponent and q < 1 arbitrary constant. Then
(∆pxv

−k
x )ck+1q = ∆ε provides in general an invariant link of

∆pxv
−k
x with ∆ε through ck+1q. Is mostly interesting the chan-

ce k = 1 that makes the last equation also consistent with the
previous particular case, i.e. (∆px/vx)c2q = ∆ε; so one finds
ε1v
′
x/c

2 − p1 = εov
′
x/c

2 − po with v′x = vx/q. The arbitrary fac-
tor q is inessential because vx is arbitrary itself, so it can be
omitted; hence px = εvx/c2 when considering any local val-
ues within the respective ranges because of the arbitrariness
of po, p1, εo, ε1. At this point holds identically the reasoning
of the previous subsection. Rewrite ∆ε − (∆px/vx)c2 = 0 as
δ± = ∆ε ± (∆px/v)c2 , 0 with v , vx to calculate δ = ∆ε

and < δε >= ±
√
∆ε2 − (∆px/v)2c4; one concludes directly

that the invariant quantity of interest is that with v = c, i.e.
δεc = ±

√
∆ε2 − ∆p2

xc2 that reads

∆ε2 = δε2
c + ∆p2

xc2. (3,12)

So ε2 = (mc2)2 + p2
xc2 once having specified δεc with the

help of eq (3,2). This is not a trivial way to obtain again eqs
(3,3). In general the ranges are defined by arbitrary boundary
values; then ε1 and εo can be thought in particular as arbitrary
values of ε, thus invariant themselves if calculated by means
of eqs. (3,3). So, despite the local values within their own
uncertainty ranges are unknown, the range ∆ε defined as the
difference of two invariant quantities must be invariant itself.
Consider thus in particular the interval of eq (3,11). It is in-
teresting to rewrite this result with the help of eqs. (2,1) as
(nℏ)2∆p−2

x − c2(nℏ)2∆ε−2 = δs2 = ∆x′2 − c2∆t′2, which yields
therefore

δpxδs = nℏ = δp′xδs, (3,13)

δpx = ±
∆px∆ε√
∆ε2 − (c∆px)2

, δp′x = ±
∆p′x∆ε

′√
∆ε′2 − (c∆p′x)2

.

So δpx = δpx(∆px,∆ε), whereas δp′x = δp′x(∆p′x,∆ε
′)

as well. Both δs and δpx at left hand side are invariant: the
former by definition, the latter because formed by quantities
∆ε and ∆px defined by invariant boundary quantities ε1, εo,
p1, po of the eqs. (3,3). Being the range sizes arbitrary and
not specifiable in the present theoretical model, the first eq.
(3,13) is nothing else but the first eqs. (2,1) explicitly rewrit-
ten twice with different notation in invariant form. This fea-
ture of the first eq. (3,13) confirms not only the previous rea-
soning on n and n′, thus supporting the relativistic validity
of eqs. (2,1) in different inertial reference systems, but also
the necessity of regarding the ranges of special relativity as
uncertainty ranges; in other words the concept of invariancy
merges with that of total arbitrariness of n, on which was
based the previous reasoning. In conclusion: (i) disregard-
ing the local coordinates while introducing the respective un-
certainty ranges according to the positions (2,2) is enough to
plug the classical physics into the quantum world; (ii) replac-
ing the concepts of space uncertainty and time uncertainty
with that of space-time uncertainty turns the non-relativistic
quantum physics into the relativistic quantum physics; (iii)
the conceptual step (ii) is fulfilled simply considering time
dependent range sizes; (iv) if the deterministic intervals of
special relativity are regarded as uncertainty ranges, then the
well known formulae of special relativity are in fact quantum
formulae that, as a consequence of eqs. (2,1), also fulfil the
requirements of non-locality and non-reality. Accordingly, it
is not surprising that the basic postulates of special relativity
are in fact corollaries of eqs. (2,1) only, without the need of
any further hypothesis.

3.6 The angular momentum

Let us show how the invariant interval of eq (3,11) leads to the
relativistic angular momentum. Expand in series the range
δs =

√
∆x2 − c2∆t2 noting that in general

√
a2 − b2 = a −

(
b/a + (b/a)3/4 + (b/a)5/8 + ··

)
b
/
2.

Calculated with an arbitrary number of terms, the series
expansion can be regarded as an exact result. Thus write
δs = δrx − δrt/2 where δrt = c∆t

[
c∆t/∆x + (c∆t/∆x)3/4 + ··

]
and δrx = ∆x. Being ∆t and ∆x both arbitrary, δrx and δrt

are independent ranges. Regard δs as the x-component of an
arbitrary uncertainty vector range δs = δrs − δrt/2 and re-
peat identically the reasoning introduced in [7] and shortly
sketched here; the subscripts stand for “space” and “time”.
Insert δs in the classical component Mw = δs × δp · w of an-
gular momentum M along the arbitrary unit vector w. The
analytical form of the function expressing the local value p
does not need to be specified; according to the positions (2,2)
p is a random value to be replaced by its own uncertainty
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range δp to find the eigenvalues of the angular momentum.
For the mere fact of having introduced an invariant interval
into the definition of angular momentum, therefore, Mw re-
sults defined by the sum of two scalars Mw,s = δrs × δp · w
and Mw,t = −δrt × δp · w/2. So Mw,s = w × δrs · δp, i.e.
Mw,s = δp·δIs with δIs = w×δrs. If δp and δIs are orthogonal
then Mw,s = 0; else Mw,s = δpIsδIs, defined by the conjugate
dynamical variables δpIs = δp·δIs/ |δIs| and δIs = |δIs|, yields
immediately by virtue of eqs. (2,1) Mw,s = ±lℏ with l arbi-
trary integer including zero; instead of n, we have used the
standard notation l for the eigenvalues of angular motion of
the particle. Identically one finds also Mw,t = ±l′ℏ/2, with l′

arbitrary integer including zero too. Hence Mw = ±lℏ± l′ℏ/2.
The first addend is clearly the non-relativistic component

lℏ of angular momentum already found in [7], the latter yields
an additional component l′ℏ/2 of angular momentum. Hav-
ing considered the invariant range δs rather than the space
range ∆x only, the further number l′ of states is due to the
time term of the space-time uncertainty; putting ∆t = 0, i.e.
omitting the time/energy uncertainty and thus the time coor-
dinate, δrt = 0 and Mw coincides with the non-relativistic
quantum component of angular momentum only.

Four important remarks concern:
(i) the number l of states allowed for the non-relativistic

angular momentum component coincides with the quantum
number of the eigenvalue of the non-relativistic angular mo-
mentum wave equation;

(ii) the concept of space-time uncertainty defines the se-
ries development of the particular invariant range δs as sum
of two terms, the second of which introduces a new non-
classical component of angular momentum l′/2;

(iii) the local momentum p and local coordinate s within
the ranges δp and δs are not really calculated, rather they
are simply required to change randomly within the respective
ranges of values undetermined themselves; (iv) the bound-
ary coordinates of both δp and δs do not appear in the result,
rather is essential the concept of delocalization ranges only to
infer the total component as a sum of both eigenvalues.

The component Mw = ±lℏ ± sℏ, with s = l′/2, requires
introducing M = L + S. In [7] the non-relativistic M2

nr has
been calculated summing its squared average components be-
tween arbitrary values −L and +L allowed for ±l, with L
by definition positive, thus obtaining M2

nr = 3 < (ℏl)2 >=
L(L + 1)ℏ2. Replace now ±l with ±l ± s; with j = l ± s rang-
ing between arbitrary −J and J, then M2 = 3 < (ℏ j)2 >=

3(2J + 1)−1
J∑
−J

(ℏ j)2 = ℏ2J(J + 1) being J positive by defini-

tion. The obvious identity
J∑
−J

j2 ≡ 2
J∑
0

j2 requires that J con-

sistent with M2 takes all values allowed to | j| from |l − s| up
to |l + s| with l ≤ L and s ≤ S . Since no hypothesis has been
made on L and S, this result yields in general the addition rule
of quantum vectors. Also, holds for S the same reasoning car-

ried out for L in [7], i.e. only one component of S is known,
whereas it is immediate to realize that S 2 = ℏ2(L′/2+1)L′/2.

The physical meaning of S appears considering that: (i)
l′ℏ/2 is an angular momentum, inferred likewise as and con-
textually to lℏ; (ii) l′ results when considering the invariant
space-time uncertainty range into the definition of Mw; (iii)
l and l′ are independent, indeed they concern two indepen-
dent uncertainty equations; the former is related to the angular
motion of the particle, the latter must be instead an intrinsic
property of the particle, as l′ is defined regardless of whether
l = 0 or l , 0. Since in particular l′ , 0 even though the or-
bital angular momentum is null, S can be nothing else but the
intrinsic property of the particle we call spin angular momen-
tum. Indeed it could be also inferred in the typical way of rea-
soning of the special relativity i.e. introducing observers and
physical quantities in two different inertial reference systems
R and R′ in relative constant motion; so, exploiting exactly the
same procedure considering couples δr and δp together with
δr′ and δp′ fulfilling the Lorentz transformation one finds of
course the same result.

It is significant the fact that here the spin is inferred thro-
ugh the invariant interval of eq (3,13), i.e. exploiting eqs.
(2,1) only. This is another check of the conceptual compli-
ance of these equations with the special relativity.

3.7 The hydrogenlike atom/ion

The following example of calculation concerns first the non-
relativistic hydrogenlike atom/ion. Assume first the origin O
of R on the nucleus, the energy is thus ε = p2/2m − Ze2/r
being m the electron mass. Since p2 = p2

r + M2/r2, the po-
sitions (2,2) pr → ∆pr and r → ∆r yield ε = ∆p2

r/2m +
M2/2m∆r2 − Ze2/∆r. Two numbers of states, i.e. two quan-
tum numbers, are expected because of the radial and angu-
lar uncertainties. Eqs. (2,1) and the results of section 3.3
yield ε = n2ℏ2/2m∆r2 + l(l+ 1)ℏ2/2m∆r2 −Ze2/∆r that reads
ε = εo + l(l + 1)ℏ2/2m∆r2 − Eo/n2 with Eo = Z2e4m/2ℏ2 and
εo = (nℏ/∆r − Ze2m/nℏ)2/2m. Minimize ε putting εo = 0,
which yields ∆r = n2ℏ2/Ze2m and εtot = [l(l+1)/n2−1]Eo/n2;
so l ≤ n − 1 in order to get ε < 0, i.e. a bound state.
Putting thus n = no + l + 1 one finds the electron energy
levels εel = −Eo/(no + l + 1)2 and the rotational energy εrot =

l(l + 1)Eo/n4 of the atom/ion as a whole around O. So εrot =

εtot − εel. Repeat the same reasoning putting O on the cen-
ter of mass of the system nucleus + electron; it is trivial to
infer E′o = Z2e4mr/2ℏ2 and ∆r′ = n2ℏ2/Ze2mr, being mr the
electron-nucleus reduced mass. If instead O is fixed on the
electron, i.e. the nucleus moves with respect to this latter, then
E′′o = Z2e4A/2ℏ2 and ∆r′′ = n2ℏ2/Ze2A, being A the mass of
the nucleus. Thus various reference systems yield the same
formula, and then again ε′rot = ε

′
tot−ε′el and ε′′rot = ε

′′
tot−ε′′el, yet

as if the numerical result would concern particles of different
mass.

The ambiguity between change of reference system and
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change of kind of particle is of course only apparent; it de-
pends merely on the erroneous attempt of transferring to the
quantum world dominated by the uncertainty the classical
way of figuring an “orbital” system of charges where one of
them really rotates around the other. Actually the uncertainty
prevents such a phenomenological way of thinking: instead
the correct idea is that exists a charge located somewhere
with respect to the nucleus and interacting with it, without
chance of specifying anything else. This is shown noting that
anyway one finds Eel = −Ze2/2∆ρ with ∆ρ symbolizing any
radial range of allowed distances between the charges, regard-
less of which particle is actually in O. Since the total uncer-
tainty range 2∆ρ is the diameter of a sphere centered on O,
the different energies are mere consequence of different de-
localization extents of a unique particle with respect to any
given reference point.

This reasoning shows that different ranges of allowed ra-
dial momenta entail different allowed energies: if the particle
of mass m is replaced for instance by one of lower mass, then
∆ρ increases while therefore ∆pρ decreases; i.e. Eo reason-
ably decreases along with the range of allowed radial mo-
menta. Of course it is not possible to infer “a priori” if these
outcomes concern the motion of three different particles or
the motion of a unique particle in three different reference
systems; indeed no specific mass appears in the last conclu-
sion. The allowed radial momenta only determine εel, de-
fined as −Eo of two charges −Ze and e at diametric distance
with respect to O times n−2; this latter is the fingerprint of the
quantum delocalization meaning of ∆ρ. So Eo is defined by
the mass m of the particle whose energy levels are of interest;
for instance in the case of a mesic atom m would be the mass
of a negative muon.

Note that εel is the intrinsic energy of the system of two
charges, regardless of the kinetic energy of the atom as a
whole and the rotational energy, i.e. ∆ε = εtot − εel = l(l +
1)Eo/n2. The physical meaning of the boundary coordinates
of ∆x and ∆t has been already emphasized.

Let us consider now the boundary values of other uncer-
tainty ranges, examining also the harmonic oscillator and the
angular momentum. The vibrational and zero point energies
of the former nℏω and ℏω/2 define ∆ε = εtot −εzp = nℏω; i.e.
the lower boundary of the range is related to an intrinsic en-
ergy not due to the oscillation of the mass, likewise as that of
the hydrogenlike atom was the binding energy. In the case of
angular momentum ∆Mw = Mw − l′ℏ = lℏ, with Mw ≡ Mtot,w,
i.e. the lower boundary of the range is still related to the in-
trinsic angular momentum component of the particle; from
this viewpoint, therefore, the spin is understandable as the in-
trinsic property not dependent on the specific state of motion
of the particle with respect to which the arbitrary values of l
define the range size ∆Mw. The same holds for the relativis-
tic kinetic energy of a free particle; the series development of
the first eq (3,3) shows that its total energy is the rest energy
plus higher order terms, i.e. one expects ∆ε = ε − mc2; also

now the lower boundary of the range is an intrinsic feature of
the particle, not related to its current state of motion. Classi-
cally, the energy is defined an arbitrary constant apart; here it
appears that this constant is actually an intrinsic property of
the particle, not simply a mathematical requirement, and that
a similar conclusion should hold in general, thus expectedly
also for the relativistic hydrogenlike energy. Let us concern
the relativistic case specifying the energy ranges in order to
infer the binding energy εel < 0 through trivial manipulations
of eq (3,12) ∆ε2 = c2∆p2 + δε2

c . This expression is the 4D
extension of that considering the component ∆px only; what-
ever the three space components and their link to ∆p might
be, their arbitrariness allows to write again ∆p = p1 − po

and ∆ε = ε1 − εo. The first steps of calculations are truly
trivial: consider c∆p/δεc then calculate (c∆p − ∆ε)/δεc, so
that (cp1 − ∆ε)/δεc = b +

√
a2 − 1 − a with a = ∆ε/δεc and

b = cpo/δεc. Next (cp1 − ∆ε)2/δε2
c yields trivially

∆ε2

(cp1 − ∆ε)2 −
(c∆p)2

(cp1 − ∆ε)2 =
1(

b +
√

a2 − 1 − a
)2 .

A reasonable position is now (cp1 − ∆ε)2 = (c∆p)2: in-
deed the left hand side ∆ε2/(c∆p)2 = 1 for b → ∞, i.e. for
δεc → 0, agrees with the initial equation. Trivial manipula-
tions yield

cp1

∆ε
= 1 ± 1√

1 +
(
b +
√

a2 − 1 − a
)−2

,

c∆p = ±(cp1 − ∆ε), a =
∆ε

δεc
, b =

cpo

δεc
.

This result has not yet a specific physical meaning be-
cause it has been obtained simply manipulating the ranges
∆ε, δεc and c∆p. Physical information is now introduced tak-
ing the minus sign and calculating the non-vanishing first or-
der term of series development of the right hand side around
b = ∞, which is 1/2b2; the idea that specifies the result is
thus the non-relativistic hydrogenlike energy −(αZ/n)2mc2/2
previously found. Requiring b = n/αZ, the limit of the ratio
cp1/∆ε is thus the energy in mc2 units gained by the electron
in the bound state with respect to the free state. To infer a
recall that n = l + 1 and note that the second equation ±∆ε =
cpo − cp1± cp1 reads ±∆ε = cpo or ±∆ε = cpo−2cp1; divid-
ing both sides by δεc, the latter suggests cp1/δεc = (2αZ)−1

in order that ±a = n/αZ or ±a = (n− 1)/αZ read respectively
±a = (l + 1)/αZ or ±a = l/αZ, i.e. a = (l + 1/2 ± 1/2)/αZ.

In conclusion the relativistic form of the binding energy
εel is

εel

mc2 =

√√√√√√√1 +
(αZ)2(

n +
√

( j + 1/2)2 − 1 − ( j + 1/2)
)2 − 1

with j = l ± s. If n → ∞ then εel → 0, while the non-
relativistic limit previously found corresponds to αZ → 0.
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3.8 The pillars of quantum mechanics

Let us show now that the number of allowed states introduced
in eqs. (2,1) leads directly to both quantum principles of ex-
clusion and indistinguishability of identical particles. The re-
sults of the previous section suggest the existence of different
kinds of particles characterized by their own values of l′. If
this conclusion is correct, then the behavior of the particles
should depend on their own l′. Let us consider separately ei-
ther possibility that l′ is odd or even including 0.

If l′/2 is zero or integer, any change of the number N of
particles is physically indistinguishable in the phase space:
are indeed indistinguishable the sums

∑N
j=1 l j + Nl′/2 and∑N+1

j=1 l∗j + (N + 1)l′/2 controlling the total value of Mw be-
fore and after increasing the number of particles; indeed the
respective l j and l∗j of the j-th particles are arbitrary. In other
words, even after adding one particle to the system, Mw and
thus M2 replicate any possible value allowed to the particles
already present in the system simply through a different as-
signment of the respective l j; so, in general a given number
of allowed states determining Mw in not uniquely related to a
specific number of particles.

The conclusion is different if l′ is odd and l′/2 half-inte-
ger; the states of the phase space are not longer indistinguish-
able with respect to the addition of particles since Mw jumps
from . . . integer, half-integer, integer... values upon addition
of each further particle, as any change of the number of par-
ticles necessarily gives a total component of Mw, and then a
resulting quantum state, different from the previous one. In
other words any odd-l′ particle added to the system entails a
new quantum state distinguishable from those previously ex-
isting, then necessarily different from that of the other parti-
cles. The conclusion is that a unique quantum state is consis-
tent with an arbitrary number of even-l′ particles, whereas a
unique quantum state characterizes each odd-l′ particle. This
is nothing else but a different way to express the Pauli ex-
clusion principle, which is thus corollary itself of quantum
uncertainty. Recall also the corollary of indistinguishability
of identical particles, already remarked; eqs. (2,1) concern
neither the quantum numbers of the particles themselves nor
their local dynamical variables but ranges where any particle
could be found, whence the indistinguishability.

We have shown that a unique formalism based on eqs.
(2,1) only is enough to find the basic principles of both spe-
cial relativity and quantum mechanics; also, quantum and rel-
ativistic results have been concurrently inferred. The only es-
sential requirement to merge special relativity and quantum
mechanics is to regard the intervals of the former as the un-
certainty ranges of the latter. The next step concerns of course
the general relativity.

4 Uncertainty and general relativity

In section 3 the attempt to generalize the non-relativistic re-
sults of the papers [7,8] was legitimated by the possibility of

obtaining preliminarily the basic postulates of special rela-
tivity as straightforward corollaries of eqs. (2,1). Doing so,
the positions (2,2) ensure that the special relativity is com-
pliant with the concepts of quantization, non-reality and non-
locality of quantum mechanics [9]. At this point, the attempt
of extending further an analogous approach to the general rel-
ativity is now justified by showing two fundamental corollar-
ies: (i) the equivalence of gravitational and inertial forces and
(ii) the coincidence of inertial and gravitational mass. These
concepts, preliminarily introduced in [9], are so important to
deserve being sketched again here.

Once accepting eqs. (2,1) as the unique assumption of the
present model, the time dependence of the uncertainty range
sizes ∆x = x − xo and ∆px = px − po rests on their link to
∆t through n; for instance it is possible to write d∆x/d∆t in
any R without contradicting eqs. (2,1); this position simply
means that changing ∆t, e.g. the time length allowed for a
given event to be completed, the space extent ∆x necessary
for the occurring of that event in general changes as well. In
other words there is no reason to exclude that ∆t → ∆t + ∆t§,
with ∆t§ arbitrary, affects the sizes of ∆x and ∆px although
n remains constant; in fact eqs. (2,1) do not prevent such a
possibility. Hence, recalling that here the derivative is the ra-
tio of two uncertainty ranges, the rate ∆ẋ with which changes
∆x comes from the chance of assuming ẋ = δx/d∆t and/or
ẋo = δxo/d∆t; also, since analogous considerations hold for
d∆px/d∆t one finds similarly ṗx and ṗo. Also recall that the
boundary values of the ranges are arbitrary, so neither po and
px nor their time derivatives need to be specified by means
of assigned values. Since ṗo and ṗx are here simply defi-
nitions, introduced in principle but in fact never calculated,
the explicit analytical form of the momentum p of general
relativity does not need to be known; the previous examples
of angular momentum and hydrogenlike atoms elucidate this
point. The following reasoning exploits therefore the mere
fact that a local force is related to a local momentum change,
despite neither the former nor the latter are actually calculable
functions of coordinates.

Let us define ∆t and the size change rates d∆x/d∆t and
d∆px/d∆t in an arbitrary reference system R as follows

d∆px/d∆t = F = −nℏ∆x−2d∆x/d∆t (4,1)

with F , 0 provided that ẋ , ẋo and ṗx , ṗo. At left hand
side of eqs. (4,1) the force component F involves explicitly
the mass of the particle through the change rate of its momen-
tum; at the right hand side F concerns the range ∆x and its
size change rate only, while the concept of mass is implicitly
inherent the physical dimensions of ℏ. It is easy to explain
why a force field arises when changing the size of ∆x: this
means indeed modifying also the related size of ∆px and thus
the extent of values allowed to the random px; the force field
is due to the resulting ṗx throughout ∆x whenever its size is
altered. After having acknowledged the link between ∆ẋ and
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F intuitively suggested by eqs. (2,1), the next task is to check
the conceptual worth of eqs. (4,1). Let xo be the coordi-
nate defined with respect to the origin O of R where hold eqs.
(2,1). If ∆t = t − to with to = const, then the previous expres-
sion reads d∆px/dt = F = −nℏ∆x−2d∆x/dt. Formally eqs.
(4,1) can be rewritten in two ways depending on whether xo

or x, and likewise po or px, are considered constants: either
(i) ∆ṗx ≡ ṗx so that ṗx = Fx = −nℏ∆x−2 ẋ or (ii) ∆ ṗx ≡ ṗo so
that ṗo = Fo = −nℏ∆x−2 ẋo.

The physical meaning of these results is realized imagin-
ing in R the system observer + particle: the former is sitting
on xo, the latter is fixed on x. In (i) the observer is at rest with
respect to O and sees the particle accelerating according to
ṗx by effect of Fx generated in R during the deformation of
the space-time range ∆x. In (ii) the situation is different: now
∆x deforms while also moving in R at rate ẋo with respect
to O, the deformation occurs indeed just because the parti-
cle is at rest with respect to O; thus the force Fo displaces
the observer sitting on xo, which accelerates with respect to
the particle and to O according to −ṗo. In a reference system
Ro solidal with xo, therefore, a force F′o still acts on the ob-
server although he is at rest; the reason is clearly that Ro is
non-inertial with respect to R because of its local acceleration
related to −ṗo. Although the reasoning is trivially simple, the
consequence is important: both situations take place in the
presence of a force component because both cases (i) and (ii)
are equally allowed and conceptually equivalent; however the
force in R is real, it accelerates a mass, that in Ro does not;
yet Fx , 0 compels admitting in R also Fo , 0, which in turn
reads F′o , 0 in Ro. Whatever the transformation rule from Fo

to F′o might be, the conclusion is that an observer in an accel-
erated reference frame experiences a force similar to that able
to accelerate a massive particle with respect to the observer
at rest. Of course Fx is actually the component of a f orce
f ield, because it is an average value defined throughout a fi-
nite sized range ∆x deforming as a function of time, whereas
Fo and F′o are by definition local forces in xo; if however the
size of ∆x is smaller and smaller, then Fx is better and better
defined itself like a classical local force.

Now we are also ready to find the equivalence between
inertial and gravitational mass. Note indeed that Fx has been
defined through a unique mass m only, that appearing in the
expression of momentum; hence from the standpoint of the
left hand side of eqs. (4,1) we call m inertial mass. Con-
sider in this respect that just this mass must somehow ap-
pear also at right hand side of eqs. (4,1) consisting of un-
certainty ranges only, which justifies the necessary position
nℏ∆ẋ∆x−2 = m

∑∞
j=2 a j∆x− j according which the mass is also

an implicit function of ∆x, ∆ẋ, ℏ and n; the lower summa-
tion index is due to the intuitive fact that ∆ẋ cannot be func-
tion of or proportional to ∆x otherwise it would diverge for
∆x→ ∞, hence the power series development of the quantity
at left hand side must start from ∆x−2. So, putting as usual the
coefficient of the first term of the series a2 = kG, eqs. (4,1)

yields F = −kGm∆x−2 +ma3∆x−3 + ··. Three remarks on this
result are interesting: (i) the first term is nothing else but the
Newton gravity field, where now the same m plays also the
expected role of gravitational mass generating a radial force
that vanishes with x−2 law if expressed through the local ra-
dial distance x from m; (ii) F is in general additive at the first
order only, as it is evident considering the sum of ∆ẋ1 due to
F1 related to m1 plus an analogous ∆ẋ2 due to F2 in the pres-
ence of another mass m2; (iii) gravitational mass generating F
and inertial mass defined by ṗo coincide because in fact m is
anyway that uniquely defined in eqs. (4,1). By consequence
of (ii) force and acceleration are co-aligned at the first order
only. The proportionality factor kG has physical dimensions
l3t−2; multiplying and dividing the first term at right hand side
by a unit mass mu and noting that mum can be equivalently
rewritten as m′m′′ because m is arbitrary like m′ and m′′, the
physical dimensions of kG turn into l3t−2m−1 while

F = −Gm′m′′∆x−2 + m′m′′a3∆x−3 + · · ·. (4,2)

In conclusion eqs. (2,1) allow to infer as corollaries the
two basic statements of general relativity, the arising of iner-
tial forces in accelerated systems and the equivalence princi-
ple.

This result legitimates the attempt to extend the approach
hitherto outlined to the general relativity, but requires intro-
ducing a further remark that concerns the concept of covari-
ance; this concept has to do with the fact that eqs. (4,1) in-
troduce in fact two forces Fx and Fo in inertial, R, and non-
inertial, Ro, reference systems. This early idea introduced by
Einstein first in the special relativity and then extended also
to the general relativity, aimed to exclude privileged reference
systems by postulating the equivalence principle and replac-
ing the concept of gravity force with that of space-time curved
by the presence of the mass; Gaussian curvilinear coordinates
and tensor calculus are thus necessary to describe the local
behavior of a body in a gravity field. This choice allowed on
the one side to explain the gedankenexperiment of light beam
bending within an accelerated room and on the other side to
formulate a covariant theory of universal gravitation through
space-time Gaussian coordinates.

Yet the covariancy requires a mathematical formalism that
generates conflict with the probabilistic basis of the quantum
mechanics: the local metric of the space-time is indeed deter-
ministic, obviously the gravity field results physically differ-
ent from the quantum fields. It makes really difficult to merge
such a way of describing the gravitation with the concepts
of non-locality and non-reality that characterize the quantum
world. In the present model the concept of force appears in-
stead explicitly: without any “ad hoc” hypothesis the Newton
law is obtained as approximate limit case, whereas the trans-
formation from an inertial reference system R to a non-inertial
reference system Ro correctly describes the arising of an in-
ertial force.
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Hence the present theoretical model surely differs in prin-
ciple from the special and general relativity; yet, being de-
rived from eqs. (2,1), it is consistent with quantum mechanics
as concerns the three key requirements of quantization, non-
reality, non-locality. Also, the previous discussion exploits
a mathematical formalism that despite its extreme simplicity
efficiently bypasses in the cases examined the deterministic
tensor formalism of special relativity. In the next sub-section
4.1 attention will be paid to the concept of covariancy, not
yet explicitly taken into consideration when introducing the
special relativity and apparently skipped so far. Actually this
happened because, as shown below, the concept of covari-
ance is already inherent “per se” in the concept of uncertainty
once having postulated the complete arbitrariness of size and
boundary coordinates of the delocalization ranges.

Let us conclude this introductory discussion rewriting the
eqs. (4,1) as ∆ṗx = F = µ∆ẍ, where

µ = −nℏ
∆ẋ
∆x2∆ẍ

has of course physical dimensions of mass; indeed ∆ṗx en-
sures that effectively µ must somehow be related to the mass
of a particle despite it is defined as a function of space delo-
calization range and its proper time derivatives only.

It is worth noticing that in eq (3,2) the mass was defined
regarding the particle as a delocalized corpuscle confined wi-
thin ∆x, here the quantum of uncertainty ℏ introduces the
mass µ uniquely through its physical dimension. Also note
that µ/ℏ has dimension of a reciprocal diffusion coefficient
D, so the differential equation ∆ẋ/(∆x2∆ẍ) = ∓(Dn)−1 admits
the solution ∆x = (L(ξ) + 1)

√
Dτo, where L is the Lambert

function and ξ = ±n exp(∓n∆t/τo); the double sign is due to
that possibly owned by µ, the integration constants are −to
defining ∆t = t − to and τo. In conclusion we obtain in the
same R of eqs. (4,1)

F = ±n2 ℏ/τo√
Dτo

L(ξ)
(L(ξ) + 1)3 ,

∆x
∆xD

= L(ξ) + 1,

µ = ±ℏ/D, ξ = ±n exp(∓n∆t/τo),

∆xD =
√

Dτo.

(4,3)

Note that the ratio ∆ẋ/∆ẍ = ∓(L(ξ) + 1)2τo/n inferred
from the given solution never diverges for n > 0; moreover
∆x defined by this solution is related to the well known FLRW
parameter q = −äa/ȧ2, where a is the scale factor of the uni-
verse. Replacing this latter with ∆x thanks to the arbitrariness
of ∆xD and ∆x itself, one finds that q = ∓L(ξ)−1.

The importance of eqs. (4,3) rests on the fact that ∆x =
∆xD for n = 0 whereas instead, selecting the lower sign,
∆x < ∆xD for any n > 0; the reason of it will be clear in
the next section 4.3 dealing with the space-time curvature.

It is worth remarking here the fundamental importance
of n: (i) in [9] its integer character was proven decisive to
discriminate between reality/locality and non-reality/non-
locality of the classical and quantum worlds; (ii) previously
small or large values of n were found crucial to describe rela-
tivistic or non-relativistic behavior; (iii) here the values n = 0
and n > 0 appear decisive to discriminate between an un-
physical world without eigenvalues and a physical world as
we know it. This last point will be further remarked in the
next subsection 4.2.

Eventually µ deserves a final comment: µ is a mass de-
fined within ∆x uniquely because of its ∆ẋ and ∆ẍ; its sign
can be in principle positive or negative depending on that of
the former or the latter.

Relate ∆x to the size of our universe, which is still ex-
panding so that ∆ẋ , 0; also, since there is no reason to ex-
clude that the dynamics of the whole universe corresponds to
∆ẍ , 0 too, assume in general an expansion rate not neces-
sarily constant.

It follows for instance µ < 0 if the universe expands at
increasing rate, i.e. with ∆ẋ > 0 and ∆ẍ > 0. Eqs. (4,3)
show that a mass is related to non-vanishing ∆x and ∆ẋ, ∆ẍ.
This result appears in fact sensible recalling the dual corpus-
cle/wave behavior of quantum particles, i.e. imagining the
particle as a wave propagating throughout the universe.

It is known that a string of fixed length L vibrates with two
nodes L apart, thus with fundamental frequency νo = v/2L
and harmonics νn = nνo = nv/2L; the propagation velocity of
the wave is v = νnλn =

√
T/σ, being T and σ the tension and

linear density of the string. If L changes as a function of time
while the string is vibrating and the wave propagating, then
νn and λn become themselves functions of time.

Let the length change occur during a time δt; it is trivial to
find δνn/νn = (v̇/v−L̇/L)δt, i.e. the frequency change involves
L, L̇ and v̇. Put now L equal to the diameter of the universe at a
given time, i.e. identify it with ∆x; then propagation rate and
frequency of the particle wave clearly change in an expanding
universe together with its dynamic delocalization extent.

This therefore means changing the energy ℏδνn of the par-
ticle wave, which in turn corresponds to a mass change δm =
ℏδνnc−2. All this agrees with the definition µ = µ(∆x,∆ẋ,∆ẍ)
and supports the analogy with the vibrating string. If so the
mass µ results related itself to the big-bang energy, early re-
sponsible of the expansion. Once again is the uncertainty the
key to highlight the origin of µ: likewise as the time change
of ∆x entails the rising of a force, see eqs. (4,1), correspond-
ingly the time change of the size of the universe changes the
delocalization extent of all matter in it contained and thus its
internal energy as well.

Two questions arise at this point: has µ so defined some-
thing to do with the supposed “dark mass“? If this latter is
reasonably due to the dynamics of our universe and if the
kind of this dynamics determines itself both space-time cur-
vature and sign of ±µ, has this sign to do with the fact that
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our universe is preferentially made of matter rather than of
antimatter? Work is in advanced progress to investigate these
points, a few preliminary hints are sketched below.

4.1 Uncertainty and covariancy

In general the laws of classical mechanics are not covariant
by transformation from inertial to non-inertial reference sys-
tems. Their form depends on the arbitrary choice of the ref-
erence system describing the time evolution of local coordi-
nates, velocities and accelerations; this choice is subjectively
decided for instance to simplify the formulation of the spe-
cific problem of interest.

A typical example is that of a tethered mass m rotating
frictionless around an arbitrary axis: no force is active in R
where the mass rotates, whereas in Ro solidal with the mass
is active the centrifugal force; also, if the constrain restrain-
ing the mass to the rotation axis fails, the motion of the mass
becomes rectilinear and uniform in R but curved in Ro, where
centrifugal and Coriolis forces also appear. Let in general
the non-covariancy be due to a local acceleration aR in R,
to which corresponds a combination aRo of different accel-
erations in Ro. This dissimilarity, leading to fictitious forces
appearing in Ro only, suggested to Einstein the need of a co-
variant theory of gravitation. Just in this respect however the
theoretical frame of the present model needs some comments.

First, the local coordinates are conceptually disregarded
since the beginning and systematically eliminated according
to the positions (2,2), whence the required non-locality and
non-reality of the present model; accordingly the functions
of coordinates turn into functions of arbitrary ranges, i.e. in
2D aR(x, t) → aR(∆x,∆ε,∆p,∆t, n), whereas the same holds
for aRo . So the classical x-components of aR and aRo trans-
form anyway into different combinations of the same ranges
∆x,∆ε,∆p,∆t; the only information is that the local aR and
aRo become random values within ranges ∆aR = a(2)

R −a(1)
R and

∆aRo = a(2)
Ro
− a(1)

Ro
. Yet being these range sizes arbitrary and

unpredictable by definition, maybe even equal, is still phys-
ically significant now the formal difference between aR and
aRo ?

Second, eqs. (4,1) introduce explicitly a force component
F via ∆ ṗx consequence of ∆ẋ , 0; still appears also in the
present model the link between force and deformation of the
space-time, hitherto intended however as expansion or con-
traction of a 2D space-time uncertainty range.

Third, the positions (2,2) discriminate non-inertial, Ro,
and inertial, R, reference systems; from the arbitrariness of
xo and po follows that of ẋo and ṗo as well. For instance
the previous discussion on the 2D eqs. (4,1) leads directly to
Einstein’s gedankenexperiment of the accelerated box; in the
present model the expected equivalence between gravity field
in an inertial reference system, Fx, and inertial force in accel-
erated frames, F′o, is indeed obtained simply considering the
time dependence of both boundary coordinates of ∆x; with-

out specifying anything, this also entails the equivalence of
gravitational and inertial mass. Being all space-time ranges
arbitrary, the equivalence principle previously inferred is ex-
tensible to any kind of acceleration through a more general,
but conceptually identical, 4D transformation from any R to
any other Ro; indeed defining appropriately xo j and their time
derivatives ẋo j and ẍo j times m, with j = 1, 2, 3, one could
describe in principle also the inertial forces of the example
quoted above through the respective p j, po j and ṗ j, ṗo j.

The key point of the present discussion is just here: the
arbitrariness of both x j and xo j generalizes the chances of
accounting in principle for any aR and any aRo . A typical
approach of classical physics consists of two steps: to intro-
duce first an appropriate R according which are defined the
local coordinates and to examine next the same problem in
another Ro via a suitable transformation of these coordinates,
whence the necessity of the covariancy. The intuitive con-
siderations just carried out suggest instead that the classical
concept of coordinate transformation fails together with that
of local coordinates themselves. Imagine an observer able to
perceive a range of values only, without definable boundaries
and identifiable coordinates amidst; when possibly changing
reference system, he could think to the transformation of the
whole range only. This is exactly what has been obtained
from eqs. (4,1) through the arbitrary time dependence of both
x and xo: the classical physics compels deciding either R or
Ro, the quantum uncertainty requires inherently both of them
via the two boundary coordinates of space-time ranges. The
ambiguity of forces appearing in either of them only becomes
in fact completeness of information, paradoxically just thanks
to the uncertainty: the classical freedom of deciding “a priori”
either kind of reference system, inertial or not, is replaced by
the necessary concurrency of both of them simply because
each couple of local dynamical variables is replaced by a cou-
ple of ranges.

As shown in the 2D eqs. (4,1), in the present model R-
like or Ro-like reference systems are not alternative options
but complementary features in describing any physical sys-
tem that involves accelerations. Accordingly eqs. (4,1) have
necessarily introduced two forces, Fx and Fo, related to the
two standpoints that entail the equivalence principle as a par-
ticular case. After switching the concept of local dynamical
variables with that of space-time uncertainty, the physical in-
formation turns in general into two coexisting perspectives
contextually inferred; inertial and non-inertial forces are no
longer two unlike or fictitious images of a unique law of na-
ture merely due to different formulations in R or Ro, but, since
each one of them requires the other, they generalize the equiv-
alence principle itself. Just this intrinsic link surrogates here
the concept of covariancy in eliminating a priori the status of
privileged reference system. On the one hand, the chance of
observers sitting on accelerated xo or x excludes by necessity
a unique kind of reference system; on the other hand, avoid-
ing fictitious forces appearing in Ro only testifies the ability
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of the present approach to incorporate all forces into a unique
formulation regardless of their inertial and non-inertial na-
ture.

Instead of bypassing the ambiguity of unlike forces ap-
pearing in either reference system only by eliminating the
forces, the present model eliminates instead the concept it-
self of privileged reference system in the most general way
possible when describing a physical system, i.e. through the
concomitant introduction of both R and Ro. The total ar-
bitrariness of both boundary coordinates of the uncertainty
ranges on the one side excludes a hierarchical rank of R or
Ro in describing the forces of nature, while affirming instead
the complementary nature of their unique physical essence;
on the other side it makes this conclusion true in general, re-
gardless of whether xo or x is related to the origin O of R and
to the size of ∆x.

4.2 Uncertainty and space-time curvature

The concept of curvature is well known in geometry and in
physics; it is expressed differently depending on the kind of
reference system. In general relativity the space-time curva-
ture radius is given by ρ = gikRik, being gik the contravariant
metric tensor and Rik the Ricci tensor. As already empha-
sized, however, the central issue to be considered here is not
the mathematical formalism to describe the curvature but the
conceptual basis of the theoretical frame hitherto exposed; the
key point is again that the positions (2,2) exclude the chance
of exploiting analytical formulae to calculate the local curva-
ture of the space-time. So, once having replaced the concept
of space-time with that of space-time uncertainty, the way to
describe its possible curvature must be accordingly reviewed.
Just at this stage, eqs. (2,1) are exploited to plug also the
quantum non-locality and non-reality in the conceptual struc-
ture of the space-time, i.e. into the general relativity.

In a previous paper [9] these features of the quantum wo-
rld were introduced emphasizing that the measurement pro-
cess perturbs the early position and momentum of the ob-
served particle, assumed initially in an unphysical state not
yet related to any number of states and thus to any observ-
able eigenvalue. Owing to the impossibility of knowing the
initial state of the particle, the early conjugate dynamical vari-
ables were assumed to fall within the respective ∆x§ and ∆p§x;
the notation emphasizes that before the measurement process
these ranges are not yet compliant with eqs. (2,1), i.e. they are
unrelated. These ranges, perturbed during the measurement
process by interaction with the observer, collapse into the re-
spective ∆x and ∆px mutually related according to the eqs.
(2,1) and thus able to define eigenvalues of physical observ-
ables through n; this also means that ∆x§ and ∆p§x were mere
space uncertainty ranges, whereas after the measurement pro-
cess only they turn into the respective ∆x and ∆px that take
by virtue of eqs. (2,1) the physical meaning of space-time
uncertainty ranges of position and momentum. The paper

[9] has explained the reason and the probabilistic character
of such a collapse to smaller sized ranges, thanks to which
the measurement process creates itself the number of states:
the non-reality follows just from the fact that after the mea-
surement process only, the particle leaves its early unphysical
state to attain an allowed physical state characterized by the
n-th eigenvalue.

This kind of reasoning is now conveyed to describe how
and why a particle while passing from an unphysical state to
any allowed physical state also curves concurrently the space-
time. In this way the basic idea of the general relativity, i.e.
the space-time curvature, is conceived itself according the
concepts of non-reality and non-locality; the latter also fol-
lows once excluding the local coordinates and exploiting the
uncertainty ranges of eqs. (2,1) only.

To start the argument, note that the arbitrary boundaries
of the range ∆x§ = x§ − xo control the actual path traveled by
a particle therein delocalized. Let the space reference system
be an arbitrary 1D x-axis about which nothing is known; in-
formation like flat or curled axis is inessential. Thus the fol-
lowing considerations are not constrained by any particular
hypothesis on the kind of possible curvature of the early 1D
reference system. Consider first the space range ∆x§ alone;
changing by an arbitrary amount dx§ the actual distance of
x§ from xo on the x-axis, the size of ∆x§ changes as well so
that d∆x§/dx§ = 1, i.e. d∆x§ = dx§. This implicitly means
that the range ∆x§ overlaps to, i.e. coincides with, the ref-
erence x-axis. Thus the delocalization motion of the particle
lies by definition between the aforesaid boundary coordinates
just on this axis, whatever its actual geometry before the mea-
surement process might be. In principle this reasoning holds
for any other uncertainty range corresponding to ∆x§, e.g. the
early local energy of a particle delocalized within ∆x§ could
be a function of its local coordinate along the x-axis; however
such a local value of energy is inconsequential, being in fact
unobservable in lack of n and thus by definition unphysical.

Consider again the aforesaid 1D space range, yet assum-
ing now that a measurement process is being carried out to in-
fer physical information about the particle; as a consequence
of the perturbation induced by the observer, the actual corre-
lation of ∆x = x − xo with its conjugate range ∆px = px − po

of allowed momenta introduces n too; now, by virtue of eqs.
(2,1), these ranges take the physical meaning of space-time
uncertainties and concur to define allowed eigenvalues ac-
cording to the concept of quantum non-reality. Although ∆x
is still expressed by two arbitrary coordinates on the x-axis, it
is no longer defined by these latter only; rather ∆x is defined
taking into account also its correlation with ∆px through n.
In other words eqs. (2,1) compel regarding the change of x,
whatever it might be, related to that of ∆px; this does not
contradict the concept of arbitrariness of the ranges so far as-
sumed, as x remains in fact arbitrary like ∆px itself and un-
known like the function x(∆px) correlating them. Yet, when
calculating d∆x/dx with the condition ∆x∆px = nℏ, we ob-
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tain in general d∆x/dx = −(nℏ)−1∆x2d∆px/dx , 1.
To summarize, ∆x§ and ∆x have not only different sizes

but also different physical meaning, i.e. the former is mere
precursor of the latter: before the measurement process ∆x§

overlapped to the x-axis and had mere space character, the
early path length of the particle lay on the reference axis, i.e.
d∆x§ = dx§; after the measurement process ∆x§ shrinks into
the new ∆x such that in general d∆x , dx, thus no longer co-
incident with the x-axis and with space-time character. In this
way the measurement process triggers the space-time uncer-
tainty, the space-time curvature and the allowed eigenvalues
as well.

Let us visualize for clarity why the transition from space
to space-time also entails curved Gaussian coordinates as a
consequence of the interaction of the particle with the ob-
server. If ∆x§ shrinks to ∆x, then the early boundary coor-
dinates of the former must somehow approach each other to
fit the smaller size of the latter; thus the measurement driven
contraction pushes for instance x§ towards a new x closer to
xo along the reference axis previously coinciding with the
space range ∆x§ and its possible dx§. So, after shrinking,
∆x§ turns into a new bowed space-time range, ∆x, forcedly
decoupled from the reference x-axis because of its acquired
curvature, whence dx , dx§ as well. If length of the x-axis
and size of the uncertainty range physically allowed to de-
localize the particle do no longer coincide, the particle that
moves between xo and x follows actually a bowed path re-
producing the new curvature of ∆x, no longer that possibly
owned by the 1D reference system itself, whence the curva-
ture of the 2D space-time uncertainty range.

This is possible because nothing is known about the actual
motion of the particle between the boundary coordinates xo

and x of the reference x-axis; moreover it is also possible to
say that the new curvature is due to the presence of a mass in
∆x§, as in lack of a particle to be observed the reasoning on
the measurement process would be itself a non-sense.

The last remark suggests correctly that the space-time is
actually flat in the absence of matter, as expected from the
original Einstein hypothesis, so is seemingly tricky the pre-
vious specification that even the early ∆x§ could even owe
a possible curvature coincident with that of the x-reference
axis; this specification, although redundant, was deliberately
introduced to reaffirm the impossibility and uselessness of hy-
potheses on the uncertainty ranges and to avoid confusion be-
tween arbitrariness of the uncertainty ranges and Einstein’s
hypothesis.

Eventually, the probabilistic character of the shrinking of
delocalization range, emphasized in [9], guarantees the prob-
abilistic nature of the origin of space-time and its curvature.
Indeed all above is strictly related to the time uncertainty: a
time range ∆t is inevitably necessary to carry out the mea-
surement process during which ∆x§ and ∆p§x collapse into ∆x
and ∆px.

As found in the previous section, the correlation of the

range deformation with the time involves change of momen-
tum of the particle within ∆px, i.e. the rising of a force com-
ponent as previously explained. This reasoning therefore col-
lects together four concepts: (i) introduces the space-time as
a consequence of the measurement process starting from an
unphysical state of the particle in a mere space range and in
an unrelated momentum range, both not compliant separately
with observable eigenvalues; (ii) introduces the non-reality
into the space-time curvature, triggered by the measurement
process; (iii) links a force field to this curvature by conse-
quence of the measurement process; (iv) introduces the un-
certainty into the concepts of flat space and curved space-
time: the former is replaced by the idea of an early space
uncertainty range where is delocalized the particle coincident
with the coordinate axis, whatever its actual geometry might
be; the latter is replaced by the idea of early geometry modi-
fied by the additional curvature acquired by the new ∆x with
respect to that possibly owned by the x-axis during their de-
coupling. Of course just this additional curvature triggered
by the measurement process on the particle present in ∆x§ is
anyway that experimentally measurable.

In conclusion, the measurement process not only gen-
erates the quantum eigenvalues of the particle, and thus its
observable properties described by their number of allowed
states, but also introduces the space-time inherent eqs. (2,1)
concurrently with new size and curvature with respect to the
precursor space delocalization range. Hence the particle is
effectively confined between xo and x during the time range
∆t; yet, in the 2D feature of the present discussion, it moves
outside the reference axis. Actually these conclusions have
been already inferred in eqs. (4,3); it is enough to identify
∆x§ with the previous ∆xD for n = 0 to find all concepts so
far described.

Note that the existence of a curved space-time was not ex-
plicitly mentioned in section 3, in particular when calculating
the orbital and spin angular momenta or hydrogenlike energy
in subsection 3.3, simply because it was unnecessary and in-
consequential: the eigenvalues do not depend on the proper-
ties of the uncertainty ranges, e.g. on their sizes and possible
curvature, nor on the random values of local dynamical vari-
ables therein defined. To evidence either chance of flat or
curved space-time uncertainty, the next sub-section 4.3.2 de-
scribes the simulation of a specific physical experiment, the
light beam bending in the presence of a gravitational mass,
whose outcome effectively depends on the kind of path fol-
lowed by the particle.

This “operative” aspect of the model is indeed legitimate
now; after having introduced the basic requirements of spe-
cial and general relativity and a possible explanation of the
space-time curvature, we are ready to check whether or not
some significant outcomes of general relativity can be effec-
tively obtained in the conceptual frame of eqs. (2,1) through
the positions (2,2) only. Once again, the essential require-
ment to merge relativity and quantum mechanics is to regard
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the deterministic intervals of the former as the quantum un-
certainty ranges of the latter.

4.3 Some outcomes of general relativity

Before proceeding on, it is useful a preliminary remark. De-
spite the conceptual consistency of eqs. (2,1) with the special
relativity, extending an analogous approach to the general rel-
ativity seems apparently difficult.

Consider for instance the time dilation and the red shift
in the presence of a stationary gravitational potential φ. As
it is known, the general relativity achieves the former result
putting dx1 = dx2 = dx3 = 0 in the interval −ds2 = gikdxidxk;
calculating the proper time in a given point of space as τ =
c−1 ∫

√−g00dx0, the integration yields τ = c−1x0
√

1 + 2φ/c2,
i.e. τ = c−1x0(1 + φ/c2).

In an analogous way is calculated the red shift ∆ω =
c−2ω∆φ between two different points of space where exists
a gap ∆φ of gravitational potential φ. Are the ranges of eqs.
(2,1) alone suitable and enough to find similar results once
having discarded the local conjugate variables?

Appears encouraging in this respect the chance of having
obtained as corollaries the fundamental statements of special
and general relativity. Moreover is also encouraging the fact
that some qualitative hints highlight reasonable consequences
of eqs. (2,1).

Put m′ = ℏω/c2 to describe a system formed by a photon
in the gravity field of the mass m; thus ∆ṗx = F of eq (4,1)
is now specified as the momentum change of the photon be-
cause of the force component F due to m acting on m′. Since
the photon moves in the vacuum at constant velocity c there
are two possibilities in this respect: the photon changes its
wavelength or its propagation direction.

These chances correspond to two relevant outcomes of
general relativity, i.e. the red shift and the light beam bending
in the presence of a gravity field; the former occurs when the
initial propagation direction of the photon coincides with the
x-axis along which is defined the force component ∆ ṗx, i.e.
radial displacement, the latter when the photon propagates
along any different direction. The bending effect is of course
closely related to the previous considerations about the actual
curvature of the space-time uncertainty range that makes ob-
servable the path of the photon; this means that in fact the
deflection of the light beam replicates the actual profile of ∆x
with respect to the x-axis.

Eventually, also the perihelion precession of orbiting bod-
ies is to be expected because of non-Newtonian terms in eq
(4,2); it is known indeed that the mere gravitational potential
of Newton law allows closed trajectories only [12].

From a qualitative point of view, therefore, it seems that
the results of general relativity should be accessible also in
the frame of the present theoretical approach. It is necessary
however to explain in detail how the way of reasoning early
introduced by Einstein is replaced here to extend the previous

results of special relativity. The following subsections aim to
show how to discuss the curvature of the space-time uncer-
tainty range and then how to describe time dilation, red shift
and light beam bending exploiting uniquely the uncertainty
ranges of eqs. (2,1) only, exactly as done at the beginning of
section 3.

4.3.1 The time dilation and the red shift

Infer from eqs. (2,1) ∆x∆px/∆t = nℏ/∆t, which also reads
m∆x∆vx/∆t = nℏ/∆t. Holds also here the remark introduced
about eqs. (4,1), i.e. the particular boundary values of po

and px determining the size of the momentum range ∆px =

px − po are arbitrary, not specifiable in principle and indeed
never specified; therefore, since neither po nor px need being
calculated, the actual expression of local momentum is here
inessential. So, merely exploiting the physical dimensions of
momentum, it is possible to replace ∆px with m∆vx and write
m∆vx∆x/∆t = nℏ/∆t, whatever ∆vx and m might in fact be.
Hence, the energy at right hand side can be defined as follows

mφx = −
nℏ
∆t
, φx = −∆x

∆vx

∆t
, φx < 0. (4,4)

Being the range sizes positive by definition, φx has been
intentionally introduced in the first equation with the negative
sign in order that mφx = −∆ε correspond to an attractive force
component F = −∆ε/∆x of the same kind of the Newton
force, in agreement with the conceptual frame of relativity.
Also, φx does not require specifying any velocity because for
the following considerations is significant its definition as a
function of ∆vx only. This result can be handled in two ways.

In the first way, the first eq. (4,4) is rewritten as follows

− ℏ
∆t
= ε

φx

c2 , ε = (m/n)c2, (4,5)

in which case one finds

∆t − to
∆t

= 1 +
φx

c2 ,
ℏ

ε
= to,

mφx

∆x
= −m

∆vx

∆t
= −FN . (4,6)

Note that to is a proper time of the particle, because it
is defined through the energy of this latter. In this case the
number n is unessential and could have been omitted: being
the mass m arbitrary, m/n is a new mass arbitrary as well.
The third result defines φx as a function of the expected New-
ton force component FN ; hence φx corresponds classically
to a gravitational potential. The first equation is interesting:
it correlates through φx the time ranges ∆t′ = ∆t − to and
∆t. Note that if φx → 0 then ∆t → ∞ according to eqs.
(4,4) or (4,5), i.e. ∆t′ → ∆t; hence the gravitational poten-
tial φx provides a relativistic correction of ∆t, which indeed
decreases to ∆t′ for φx , 0. Eq. (4,6) is thus just the known
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expression τ = (x0/c)(1+φx/c2) previously reported once re-
placing τ/(c−1x0) with ∆t′/∆t; indeed in the present approach
the local quantities are disregarded and replaced by the corre-
sponding ranges of values. The first eq (4,6) shows that time
slowing down ∆t− to occurs in the presence of a gravitational
potential with respect to ∆t pertinent to φx = 0.

The second way to handle eqs. (4,4) consists of consider-
ing two different values of φx at its right hand side and a parti-
cle that climbs the radial gap corresponding to the respective
values of gravitational potential with respect to the origin of
an arbitrary reference system; moreover, being ε constant by
definition because to is fixed, the proper times of the particle
t1 and t2 define the corresponding time ranges ∆t1 and ∆t2
necessary for the particle to reach the given radial distances.
So eqs. (4,5) yield with obvious meaning of symbols

− ℏ/ε
∆t(1) =

φ(1)
x

c2 − ℏ/ε
∆t(2) =

φ(2)
x

c2 .

Hence, putting ω = ∆t−1, one finds

ω1 − ω2

ωo
=
φ(2)

x − φ(1)
x

c2 , ωo =
ε

ℏ
. (4,7)

Here ωo is the proper frequency of the free photon with
respect to which are calculated ω1 and ω2 at the respective
radial distances. This expression yields the frequency change
between two radial distances as a function of ωo

∆ω =
∆φx

c2 ωo.

Since φx is negative, the sign of ∆ω is opposite to that of
∆φx: if φ(2)

x is stronger than φ(1)
x , then φ(2)

x − φ(1)
x < 0, which

means that ω2 > ω1. One finds the well known expression of
the red shift occurring for decreasing values of gravitational
potential. We have inferred two famous result of general rel-
ativity through uncertainty ranges only. Now we can effec-
tively regard these results as outcomes of quantum relativity.

4.3.2 The light beam bending

Rewrite eq (4,2) as FN∆x/(ℏω/c2) = −Gm/∆x; here FN is
due to the mass m acting along the x direction on a photon
having frequency ω and traveling along an arbitrary direc-
tion; the notation emphasizes that the photon energy ℏω/c2

replaces the mass of a particle in the gravity field of m. The
distance between photon and m is of course included within
∆x. Introduce with the help of eq (4,4) the gravitational po-
tential φx = −FN∆x/m, so that φx/c2 = Gm/(c2∆x). Now it is
possible to define the beam deflection through φx, according
to the idea that the beam bending is due just to the gravita-
tional potential; we already know why this effect is to be in
fact expected. Of course, having discarded the local coordi-
nates, the reasoning of Einstein cannot be followed here; yet

since δϕ = δϕ(φx), with notation that emphasizes the depen-
dence of the bending angle δϕ of the photon upon the field φx,
it is certainly possible to express the former as series devel-
opment of the latter, i.e. δϕ = α + β(φx/c2) + γ(φx/c2)2 + · · ·;
α, β and γ are coefficients to be determined. Clearly α = 0
because δϕ = 0 for m = 0, i.e. there is no bending effect; so

δϕ ≈ Gmβ
c2∆x

,
Gm
c2∆x

≈ −β +
√
β2 + 4γδϕ
2γ

. (4,8)

The former expression is simpler but more approximate
than the latter, because it account for one term of the series
development of δϕ(φx) only; the latter calculates instead φx

as a function of δϕ at the second order approximation for rea-
sons that will appear below. Consider first the former ex-
pression and note that even in lack of local coordinates the
deflection can be expressed as the angle between the tangents
to the actual photon path at two arbitrary ordinates y− and
y+ along its way: i.e., whatever the path of the photon might
be, we can figure m somewhere on the x-axis and the pho-
ton coming from −∞, crossing somewhere the x axis at any
distance within ∆x from m and then continuing a bent tra-
jectory towards +∞. Let the abscissas of the arbitrary points
y− and y+ on the x-axis be at distances ∆x− and ∆x+ from
m; the tangents to these points cross somewhere and define
thus an angle δϕ′. The sought total deflection δϕ of the pho-
ton corresponds thus to the asymptotic tangents for y− and
y+ tending to −∞ and ∞. Note now that the same reason-
ing holds also for a reversed path, i.e. for the photon coming
from infinity and traveling towards minus infinity; the intrin-
sic uncertainty affecting these indistinguishable and identi-
cally allowed chances suggests therefore a boundary condi-
tion to calculate the change of photon momentum h/λ during
its gravitational interaction with the mass. The impossibility
of distinguishing either chance requires defining the total mo-
mentum range of the photon as ∆p = h/λ − (−h/λ) = 2h/λ,
i.e. ∆p = (2/c)ℏω. Since the momentum change depends on
c/2, and so also the interaction strength ∆p/∆t correspond-
ing to FN , it is reasonable to assume that even δϕ should de-
pend on c/2; so putting β = 4 in the former expression of
δϕ and noting that the maximum deflection angle calculated
for y− → −∞ and y+ → +∞ corresponds to the minimum
distance range ∆x, one finds the well known result

δϕ ≈ 4Gm
c2∆xmin

.

The numerical factor 4 appears thus to be the fingerprint
of the quantum uncertainty, whereas the minimum approach
distance of the Einstein formula is of course replaced here by
its corresponding uncertainty range ∆xmin. It is also interest-
ing to consider the second equation (4,8), which can be iden-
tically rewritten as follows putting γ = γ′β and again β = 4 to
be consistent with the previous result as a particular case; so

ρ =

√
1 + γ′δϕ − 1

γ′
, ρ =

rS chw

∆xmin
, rS chw =

2Gm
c2 ,
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with the necessary convergence condition of the series that
reads

∣∣∣γ′φx/c2
∣∣∣ < 1 and requires√

1 + γ′δϕ − 1
2

< 1.

This condition requires −δϕ−1 ≤ γ′ < 8δϕ−1, and there-
fore rS chwδϕ

−1 ≤ ∆xmin < 4rS chwδϕ
−1. Replace in this result

δϕ = π and consider what happens when a photon approaches
m at distances rbh between π−1rS chw < rbh < 4π−1rS chw: (i)
the photon arrives from −∞ and makes half a turn around m;
(ii) after this one half turn it reaches a position diametrically
opposite to that of the previous step; (iii) at this point the
photon is still in the situation of the step (i), i.e. regardless
of its provenience it can make a further half a turn, and so
on. In other words, once arriving at distances of the order of
2Gm/c2 from m the photon starts orbiting without possibility
of escaping; in this situation m behaves as a black body. Here
the event horizon turns actually into a range of event horizons,
i.e. into a shell surrounding m about ∼ 3π−1rS chw thick where
the gravitational trapping is allowed to occur; this result could
be reasonably expected because no particle, even the photon,
can be exactly localized at some deterministic distance from
an assigned point of space-time, i.e. the event horizon is re-
placed by a range of event horizons. Note however that the
reasoning can be repeated also imposing δϕ = 2π and, more
in general, δϕ = 2 jπ where j describe the number of turns of
the photon around m. In principle the reasoning is the same
as before, i.e. after j revolutions required by δϕ the photon is
allowed to continue again further tours; yet now trivial calcu-
lations yield ( jπ)−1rS chw < rbh < 4( jπ)−1rS chw. At increasing
j the shell allowing the turns of the photon becomes thinner
and thinner while becoming closer and closer to m. As con-
cerns the ideal extrapolation of this result to approach dis-
tances rbh < π

−1rS chw one can guess for j→ ∞ the chance of
photons to spiral down and asymptotically fall directly on m
without a stable orbiting behavior.

4.3.3 The Kepler problem and the gravitational waves

The problem of perihelion precession of planets is too long to
be repeated here even in abbreviated form. It has been fully
concerned in a paper preliminarily submitted as preprint [13].
We only note here how this problem is handled in the frame
of the present model. It is known that the precession is not
explained in the frame of classical mechanics. If the potential
energy has the form −α/r the planet follows a closed trajec-
tory; it is necessary a form of potential energy like α/r + δU
to describe the perihelion precession. The Newton law en-
tails the former kind of potential energy, but does not justifies
the correction term δU. In our case, however, we have found
the Newton law as a particular case of a more general force
containing additional terms, eq (4,2); thanks to these latter,
therefore, it is reasonable to expect that the additional poten-
tial term enables the perihelion precession to be described.

Also in this case the formula obtained via quantum uncer-
tainty ranges coincides with the early Einstein formula. The
same holds for the problem of the gravitational waves, also
concerned together with some cosmological considerations
in the quoted preprint. Both results compel regarding once
again the intervals of relativity as uncertainty ranges.

4.3.4 Preliminary considerations on eqs. (4,3)

This subsection introduces preliminary order of magnitude
estimates on the propagation wave corresponding to the mass
µ = ℏ/D; the ± sign is omitted because the following consid-
erations concern the absolute value of µ only.

Consider a wave with two nodes at a diametric distance
du on a sphere simulating the size of universe; the first har-
monic has then wavelength λu = 2du. Let the propagation
rate v of such a wave be so close to c, as shown below, that
for brevity and computational purposes only the following es-
timates are carried out replacing directly v with c. Guess the
quantities that can be inferred from D by means of elemen-
tary considerations on its physical dimensions in a reference
system R fixed on the center of the whole universe. Calculate
D as λu times c, i.e. D = 2duc, and define τ as

√
Dτ = du/2,

i.e. as the time elapsed for µ to cover the radial distance of
the universe; so τ describes the growth of the universe from
a size ideally tending to zero at the instant of the big-bang
to the current radius

√
Dτ. Since λu = 0 at τ = 0 and

λu = 2du at the current time τ, then du = 8cτ and D = 16c2τ.
Moreover, considering that G times mass corresponds to D
times velocity, guess that mu = 16c3τ/G introduces the mass
mu to which correspond the rest energy εu = 16c5τ/G and
rest energy density ηu = 3c2/(16πGτ2) calculated in the vol-
ume Vu = 4π(du/2)3/3 of the universe. Also, the frequency
ωµ = ξc2/D of the µ-wave defines the zero point energy

εzp = ℏωµ/2 = µ′c2/2 µ′ = ξµ

of oscillation of µ; the proportionality constant ξ will be jus-
tified below. At right hand side appears the kinetic energy
of the corpuscle corresponding to ℏωµ/2, in agreement with
the mere kinetic character of the zero point energy. Note that
with trivial manipulations D = 16c2τ reads also in both forms

ℏ2

2µ(du/2)2 =
ℏ

2τ
λµ = du/2 =

ℏ

µc
(4,9)

The left hand side of the first equation yields εzp of the µ-
corpuscle, also calculable from ∆p2

zp/2µ i.e. ℏ2/2µ∆x2
zp re-

placing ∆xzp with du/2; this means that the momentum of a
free unbounded particle initially equal to an arbitrary value p1
increases to p2 after confinement in a range ∆xzp, whence the
conjugate range ∆pzp = p2− p1. Equating this result to µc2/2
one finds the second equation, which shows that the Comp-
ton length of the µ-particle is the universe radius. Also ℏ/2τ
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must describe a zero point energy; this compels introducing
the frequency ωu = 1/τ so that it reads ℏωu/2.

Define now the ratio σµ = µD/Vµωµ to express the lin-
ear density of µ as a function of its characteristic volume Vµ

and length ∆xµ = Vµωµ/D: since the squared length inher-
ent D concerns by definition a surface crossed by the particle
per unit time, ∆xµ lies along the propagation direction of µ.
This way of defining σµ = µ/∆xµ is thus useful to calculate
the propagation velocity of the µ-wave exploiting the anal-
ogy with the string under tension T ; so v =

√
T/σµ yields

T = ℏc2/Vµωµ, which in fact regards the volume Vµ as a
physical property of the mass µ. This expression of T appears
reasonable recalling that µ is defined by the ratio ∆ẋ∆ẍ−1∆x−2

of uncertainty ranges, which supports the idea of calculat-
ing its mass linear density within the space-time uncertainty
range ∆xµ that defines σµ through Vµ. Consider that also the
ratio v2/G has the dimension of mass/length; replacing again
v with c we obtain c2 = TG/c2, i.e. the tension of the string
corresponds to a value of F of eqs. (4,3) of the order of the
Planck force acting on µ; so, comparing with the previous ex-
pression of T , one infers Vµ ≈ ℏG/ωµc2, i.e. Vµ ≈ ℏDG/c4.
Thus Vµ has a real physical identity defined by the fundamen-
tal constants of nature and specified to the present problem by
ω−1
µ .

Before commenting this point, let us show that the ac-
tual propagation velocity of the µ-wave is very close to c.
Exploit the wave and corpuscle formulae of the momentum
of µ putting h/λu = µv/

√
1 − (v/c)2 i.e. 2π

√
1 − (v/c)2 =

(v/c); then v ≈ 0.99c justifies the expressions inferred above,
whereas εµ = µc2/

√
1 − (v/c)2 is about 6.4 times the rest

value µc2. Call ξ this kinetic correction factor. In principle
all expressions where appears explicitly µ still hold, replac-
ing however this latter with µ′ = ξµ as done before; it ex-
plains why ωµ has been defined just via ξ. This is also true
for ε′µ = µ

′c2, for ε′zp = εzp(µ′) and for the effective Compton
length λ′µ, which result therefore slightly smaller than du/2
because it is the Loretz contraction of the proper length λµ,
but not for ωu, whose value is fixed by τ and du. Indeed at this
point is intuitive to regard τ as a time parameter as a function
of which are calculated all quantities hitherto introduced.

Before considering this problem let us introduce the par-
ticular value of τ equal to the estimated age of our universe,
commonly acknowledged as about 4 × 1017s; this yields the
following today’s time figures:

du = 9.6 × 1026m, mu = 2.6 × 1054kg,

ωu = 2.5 × 10−18s−1, εu = 2.3 × 1071J,

ηu = 5.0 × 10−10Jm−3, ℏωu/2 = 1.3 × 10−52J,

and also

D = 5.8 × 1035m2s−1, ωµ = 9.9 × 10−19s−1,

µ = 1.8 · 10−70kg, µ′ = 1.2 × 10−69kg,

ε′µ ≈ 1.0 × 10−52J, ℏωµ/2 = 5.2 × 10−53J.

It is interesting the fact that the results split into two
groups of values: the quantities with the subscript u do not
contain explicitly µ and are in fact unrelated to D, ωµ and
εµ. Are easily recognized the diameter du and the mass mu of
matter in the universe, which support the idea that just the dy-
namics of the universe, i.e. ∆ẋ and ∆ẍ, concur together with
its size, i.e. ∆x, to the mass in it present.

This was indeed the main aim of these estimates. The av-
erage rest mass density mu/Vu is about 5.6 × 10−27Kg/m3. Is
certainly underestimated the actual energy εu, here calculated
without the kinetic Lorentz factor taking into account the dy-
namic behavior of mu, i.e. the average velocity of the masses
in the universe; εu and thus ηu are expected slightly greater
than the quoted values. However this correction factor can be
neglected for the present purposes because it would be of the
order of a few % only at the ordinary speed with which moves
the matter. The order of magnitude of the energy density ηu,
of interest here, is close to that expected for the average vac-
uum energy density ηvac; it suggests ηu = ηvac, i.e. the idea
that matter and vacuum are a system at or near to the dynamic
equilibrium based on creation and annihilation of virtual par-
ticles and antiparticles. This way of linking the energy den-
sities of µ and matter/vacuum emphasizes that the dynamic
of the universe, regarded as a whole system, concerns neces-
sarily its total size and life time; this clearly appears in eqs.
(4,9) and is not surprising, since µ is consequence itself of the
space-time evolution ∆ẋ∆ẍ−1∆x−2 of the universe.

Note now the large gap between the values of µ and mu:
this is because the former is explicit function of D, the latter
does not although inferred in the frame of the same reason-
ing. Despite the different values and analytical form that re-
veal their different physical nature, a conceptual link is there-
fore to be expected between them. Let the characteristic vol-
ume Vµ be such that ε′zp/Vµ = ηvac = ηu, which requires
Vµ = 8πGτ2µ′/3. This means that the universe evolves keep-
ing the average energy density due to the ordinary matter, ηu,
in equilibrium with that of the vacuum, ηvac, in turn triggered
by the zero point energy density of µ′ delocalized in it: in this
way both ηvac and ηu result related to the early big-bang en-
ergy and subsequent dynamics of the universe described by
µ. To verify this idea, get some numbers: Vµ = 8πGτ2µ′/3
results about 1.0 × 10−43m3, whereas Vµ = ℏG/ωµc2 yields
the reasonably similar value 7.9×10−44m3. Moreover there is
a further significant way to calculate Vµ. Define the volume
Vµ = π(du/2)2∆xµ and rewrite identically ∆xµ = ℏG/Dc2,
having put T just equal to the Planck force; one finds Vµ =

πℏGτ/c2 i.e. Vµ = 9.8×10−44m3 that agrees with the previous
values although it does not depend on µ and thus on the cor-
rection factor ξ. In other words, ξ could have been also calcu-
lated in order that ω and µ′ fit this last value of Vµ; of course
the result would agree with the relativistic wave/corpuscle be-
havior of µ.
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These outcomes confirm the consistency of the ways to
calculate Vµ and the physical meaning of µ′, in particular
the considerations about T . Yet the most intriguing result
is that the size of Vµ also comes from a very large number,
the area of a diametric cross section of the universe, times an
extremely small number, the thickness ∆xµ = 8.6 × 10−97m
used to calculate the linear density σµ and thus T . Of course
any diametric section is indistinguishable from and thus phys-
ically unidentifiable with any other section, otherwise should
exist some privileged direction in the universe; so the vol-
ume Vµ, whatever its geometrical meaning might be, must be
regarded as permeating all universe, in agreement with the
concept of delocalization required by eqs. (2,1).

Despite µ′c2/2 is a very small energy, its corresponding
energy density accounts in fact for that of the vacuum be-
cause of the tiny value of Vµ. Compare this estimate with
that of muc2 intuitively regarded in the total volume Vu of the
universe: so as Vu is the characteristic volume of ordinary
matter, likewise Vµ is the characteristic volume of µ i.e. a
sort of effective physical size of this latter. Since µ′ > µ, the
first eq (4,9) includes in Vµ an excess of zero point energy
with respect to that previously calculated with µ′; just for this
reason indeed ℏωu/2 > ℏω′µ/2. The previous expressions of
ε′zp account for the actual kinetic mass µ′ by replacing the rest
mass µ. Yet in the first eq (4,9) this is not possible because τ,
once fixed, is consistent with µ and not with µ′. The simplest
idea to explain this discrepancy is that actually ℏ/2τ accounts
for two forms of energy: the zero point energy, which can
be nothing else but ξµc2/2 previously inferred, plus an extra
quantity

δε = ℏ2µ−1(du/2)−2/2 − ξµc2/2

accounting for the dynamic behavior of both µ-particle and
universe. Hence the energy balance per unit volume of uni-
verse consists of four terms: ηu, ηvac, ηzp and δηzp = δε/Vµ.
The first two terms, equal by hypothesis, are also equal to
the third by definition and have been already calculated; δε
amounts to about 7.9×10−53J, so that δηzp = 8.7×10−10J/m3.
Hence δηzp is about 64% of δηzp + ηvac and about 35% of the
total energy density δηzp + ηvac + ηu + ηzp = 2.4 × 10−9J/m3.

The former estimate is particularly interesting because
neither ηvac nor δηzp are directly related to the matter present
in the universe; rather the picture so far outlined suggests that
ηvac is related to µ within Vµ randomly delocalized through-
out the whole physical size of the universe, whereas the or-
dinary matter is in turn a local coalescence from the vacuum
energy density precursor. This idea explains why µ′c2/Vµ =

1.1 × 10−9Jm−3 is twice ηu; actually this result must be in-
tended as µ′c2/Vµ = ηvac + ηu. As concerns the negative sign
of µ, see eqs. (4,3), note that actually the second eq (4,9)
reads λµ = ±ℏ/µc and that ξ turns into −ξ replacing v with
−v; it is easy to realize that this leaves unchanged λµ and the
quantities that depend on mu′, e.g. ωµ and Vµ, while the uni-
verse time τ of eq (4,9) changes its sign. Also σµ change its

sign, so the tension T must be replaced by −T .
The last remark concerns the physical meaning of δε; it is

neither vibrational or zero point energy of µ, nor vacuum or
matter energy. If so, what then is it? Is it the so called dark
energy?

5 Discussion

The discussion of the results starts emphasizing the concep-
tual path followed in the previous sections to merge relativ-
ity and quantum physics via the basic eqs. (2,1). The pre-
requisites of the present model rest on three outstanding key
words: quantization, non-locality, non-reality. Without shar-
ing all three of these features together, the search of a unified
theory would be physically unconvincing and intrinsically in-
complete. The first result to be noted is that the present model
of quantum relativity finds again formulae known since their
early Einstein derivation, which indeed agree with the experi-
mental results, although with a physical meaning actually dif-
ferent; instead of deterministic intervals, the relativistic for-
mulae must be regarded as functions of the corresponding
uncertainty ranges. On the one side, this coincidence ensures
the consistency of the present theoretical model with the ex-
perience. On the other side, the sought unification unavoid-
ably compels transferring the acknowledged weirdness of the
quantum world to the relativistic phenomena: it requires re-
garding the intervals and distances likewise the ranges of eqs.
(2,1), i.e. as a sort of evanescent entities, undefined and ar-
bitrary, not specified or specifiable by any hypothesis, whose
only feature and role rests on their conceptual existence and
ability to replace the local dynamical variables, in no way
defined and definable too. For instance the invariant inter-
val of special relativity turns into a space-time uncertainty
range whose size, whatever it might be, remains effectively
unchanged in all inertial reference systems; in other words,
this well known concept still holds despite its size is actually
indeterminable.

Strictly speaking, it seems understandable that nothing
else but an evanescent idea of uncertainty ranges could ex-
plain counterintuitive quantum features like the non-reality
and non-locality; the former has been described in subsection
4.2 as a consequence of the measurement driven compliance
of the eigenvalues with eqs. (2,1), the latter has been related
in [9] to the elusiveness of concepts like local distances that
hide the ultimate behavior of the matter. The EPR paradox or
the dual corpuscle/wave behavior or the actual incomplete-
ness of quantum mechanics testify in fact different appear-
ances of the unique fundamental concept of uncertainty; the
approach of sections 3 and 4 is so elementary and straightfor-
ward to suggest that the present way of reasoning focuses just
on the limited degree of knowledge we can in fact afford, i.e.
only on the physical outcome that waives any local informa-
tion.

Despite this statement represents the most agnostic start-
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ing point possible, nevertheless it paradoxically connects qua-
ntum theory and relativity in the most profound way expecta-
ble: from their basic postulates to their most significant re-
sults. In this respect the section 4 shows an alternative con-
ceptual path, less geometrical, towards some relevant out-
comes of general relativity: Einstein’s way to account for
the gravity through the geometrical model of curved space-
time is replaced by simple considerations on the uncertainty
ranges of four fundamental dynamical variables of eqs. (2,1).
In this way the approach is intrinsically adherent to the quan-
tum mechanics, which rests itself on the same equations. For
this reason even the general relativity is compliant with the
non-locality and non-reality of the quantum world, as it has
been sketched in section 3.

This conclusion seems surprising, because usually the rel-
ativity aims to describe large objects on a cosmological scale;
yet its features inferred in the present paper can be nothing
else but a consequence of quantum properties consistent with
well known formulae early conceived for other purposes. A
more detailed and complete treatment is exposed in the paper
[13], including also the gravitational waves and the perihelion
precession of the Kepler problem.

The quantization of the gravity field is regarded as the
major task in several relativistic models; although this idea is
in principle reductive alone, because also the non-reality and
non-locality deserve equal attention, examining the present
results this way of thinking appears in fact acceptable. Indeed
the number of states n accounts not only for the quantization
of the results, as it is obvious, but also for the non-locality
and non-reality themselves; as highlighted in [9] the reality
and locality of the classical world appear for n→ ∞ only, i.e.
when n tends to behave like a continuous variable so that the
Bell inequality is fulfilled. So it is reasonable to think that the
quantization has in effect a hierarchical role predominant on
the other quantum properties. Yet this actually happens if n
is never exactly specified because of its arbitrariness, thus en-
suring the invariancy of eqs. (2,1); its effectiveness in describ-
ing both quantum and relativistic worlds appears due indeed
to its lack of specific definition and to its twofold meaning
of number of states and quantum number. Just this ambiva-
lence is the further feature that remarks the importance of n;
on the one side it represents an essential outcome of the quan-
tum mechanics, on the other side it assigns its quantum fin-
gerprint to any macroscopic system necessarily characterized
by a number of allowed states. Of course the incomplete-
ness of information governing the quantum world compels an
analogous limit to the relativity; yet, without accepting this
restriction since the beginning into the sought unified model
through eqs. (2,1), the elementary considerations of sections
3 and 4 would rise topmost difficulties in formulating cor-
rect outcomes. Moreover, typical ideas of quantum mechan-
ics provide a possible explanation of experiments that involve
relativistic concepts. An example in this respect has been pro-
posed in the paper [9] as concerns the possibility of a super-

luminal velocity under investigation in a recent experiment
carried out with neutrinos and still to be confirmed. A rel-
ativistic quantum fluctuation hypothesized in the quoted pa-
per appears compatible with a superluminal velocity transient
that, just because of its transitory character, can be justified
without violating any standard result of the deterministic for-
mulae of early relativity. Other problems are presently under
investigation.

Regardless of the results still in progress, seems however
significant “per se” the fact itself that the quantum character
of the relativistic formulae widens in principle the descriptive
applicability of the standard relativity.
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On a Fractional Quantum Potential

Robert Carroll
University of Illinois, Urbana, IL 61801, USA

Fractional quantum potential is considered in connection to the fractal calculus and
the scale relativity.

1 Introduction

For fractals we refer to [1, 2] and for differential equations
cf. also [3–7]. The theme of scale relativity as in [8–15]
provides a profound development of differential calculus in-
volving fractals (cf. also the work of Agop et al in the journal
Chaos, Solitons, and Fractals) and for interaction with frac-
tional calculus we mention [6,16–19]. There are also connec-
tions with the Riemann zeta function which we do not discuss
here (see e.g. [20]). Now the recent paper [21] of Kobelev de-
scribes a Leibnitz type fractional derivative and one can relate
fractional calculus with fractal structures as in [16,18,19,25]
for example. On the other hand scale relativity with Haus-
dorff dimension 2 is intimately related to the Schrödinger
equation (SE) and quantum mechanics (QM) (cf. [12]). We
show now that if one can write a meaningful Schrödinger
equation with Kobelev derivatives (α-derivatives) then there
will be a corresponding fractional quantum potential (QP)
(see e.g. [4, 6, 18, 19] for a related fractional equation and
recall that the classical wave function for the SE has the form
ψ = R exp(iS/ℏ)).

Going now to [21] we recall the Riemann-Liouville (RL)
type fractional operator (assumed to exist here)

cDα
z [ f (z)] =



1
Γ(−α)

∫ z

c
(z − ζ)−α−1 f (ζ)dζ

c ∈ R, Re(α) < 0
dm

dzm cDα−m
z [ f (z)]

m − 1 ≤ ℜα < m

(1.1)

(the latter for m ∈ N = {1, 2, 3, . . .}). For c = 0 one writes
(1A) 0Dα

z [ f (z)] = Dα
z [ f (z)] as in the classical RL operator

of order α (or −α). Moreover when c → ∞ (1.1) may be
identified with the familiar Weyl fractional derivative (or inte-
gral) of order α (or −α). An ordinary derivative corresponds
to α = 1 with (1B) (d/dz)[ f (z)] = Dα

z [ f (z)]. The binomial
Leibnitz rule for derivatives is

D1
z [ f (z)g(z)] = g(z)D1

z [ f (z)] + f (z)D1
z [g(z)] (1.2)

whose extension in terms of RL operators Dα
z has the form

Dα
z [ f (z)g(z)] =

∞∑
n=0

(
α
n

)
Dα−n

z [ f (z)]Dn
z [g(z)]; (1.3)

(
α
k

)
=

Γ(α + 1)
Γ(α − k + 1)Γ(k + 1)

; α, k ∈ C.

The infinite sum in (1.3) complicates things and the bi-
nomial Leibnitz rule of [21] will simplify things enormously.
Thus consider first a momomial zβ so that

Dα
z [zβ] =

Γ(β + 1)
Γ(β − α + 1)

zβ−α; ℜ(α) < 0; ℜ(β) > −1. (1.4)

Thus the RL derivative of zβ is the product

Dα
z [zβ] = C∗(β, α)zβ−α; C∗(β, ga) =

Γ(β + 1)
Γ(β − α+)

. (1.5)

Now one considers a new definition of a fractional deriva-
tive referred to as an α derivative in the form

dα
dz

[zβ] = dα[zβ] = C(β, α)zβ−α. (1.6)

This is required to satisfy the Leibnitz rule (1.2) by def-
inition, given suitable conditions on C(β, α). Thus first (1C)
zβ = f (z)g(z) with f (z) = zβ−ϵ and g(z) = zϵ for arbitrary ϵ the
application of (1.3) implies that

dα
dz

[zβ] = zϵ
dα
dz

zβ−ϵ + zβ−ϵ
dα
dz

zϵ

= zϵC(β − ϵ, α)zβ−ϵ−α + zβ−ϵC(ϵ, α)zϵ−α

= [C(β − ϵ, α) +C(ϵ, α)]zβ−α.

(1.7)

Comparison of (1.6) and (1.7) yields (1D) C(β − ϵ, α) +
C(ϵ, α) = C(β, α). To guarantee (1.2) this must be satisfied for
any β, ϵ, α. Thus (1D) is the basic functional equation and its
solution is (1E) C(β, α) = A(α)β. Thus for the validity of the
Leibnitz rule the α-derivative must be of the form

dα[zβ] =
dα
dz

[zβ] = A(α)βzβ−α. (1.8)

One notes that C∗(β, α) in (1.5) is not of the form (1E)
and the RL operator Dα

z does not in general possess a Leibnitz
rule. One can assume now that A(α) is arbitrary and A(α) = 1
is chosen. Consequently for any β

dα
dz

zβ = βzβ−α;
dα
dz

zα = α;
dα
dz

z0 = 0. (1.9)

Now let K denote an algebraically closed field of char-
acteristic 0 with K[x] the corresponding polynomial ring and
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K(x) the field of rational functions. Let F(z) have a Laurent
series expansion about 0 of the form

F(z) =
∞∑
−∞

ckzk;

F+(z) =
∞∑
0

ckzk;

F−(z) =
−1∑
−∞

ckzk; ck ∈ K

(1.10)

and generally there is a k0 such that ck = 0 for k ≤ k0.
The standard ideas of differentiation hold for F(z) and for-
mal power series form a ring K[[x]] with quotient field K((x))
(formal Laurent series). One considers now the union (1F)
K ≪ x ≫= ∪∞1 K((x1/k)). This becomes a field if we set

x1/1 = x, xm/n = (x1/n)m. (1.11)

Then K ≪ x ≫ is called the field of fractional power
series or the field of Puiseux series. If f ∈ K ≪ x ≫ has
the form (1G) f =

∑∞
ko

ck xmk/nk where c1 , 0 and mk, nk ∈
N = {1, 2, 3, . . .}, (mi/ni) < (m j/n j) for i < j then the order is
(1H) O( f ) = m/n where m = m1, n = n1 and f (x) = F(x1/n).
Now given n and z complex we look at functions

f (z) =
∞∑
−∞

ck(z − z0)k/n = f+(z) + f−(z);

f+(z) =
∞∑
0

ck(z − z0)k/n,

f−(z) =
−1∑
−∞

ck(z − z0)k/n; ck = 0 (k ≤ k0)

(1.12)

(cf. [21] for more algebraic information - there are some mis-
prints).

One considers next the α-derivative for a basis (1I) α =
m/n; 0 < m < n; m, n ∈ N = {1, 2, 3, · · ·}. The α-derivative
of a Puiseux function of order O( f ) = 1/n is again a Puiseux
function of order (1 − m)/n. For α = 1/n we have

f+ =
∞∑
0

ckzk/n =

∞∑
0

ckzβ; β = β(k) =
k
n

(1.13)

leading to

dα
dz

f+(z) =
∞∑
1

αβckz(k−1)/n =

∞∑
0

cp+1αβzp/m; (1.14)

dα
dz

f−(z) =

−1∑
−∞

ckαβz(k−1)/n =

−2∑
−∞

cp+1αβzp/n

=

−1∑
−∞

ĉpzp/n; ĉ−1 = 0.

Similar calculations hold for α = m/n (there are numer-
ous typos and errors in indexing in [21] which we don’t men-
tion further). The crucial property however is the Leibnitz
rule

dα
dz

( fg) = g
dα
dz

f + f
dα
dz
g; (dα ∼

dα
dz

) (1.15)

which is proved via arguments with Puiseux functions. This
leads to the important chain rule

dα
dz

F(gi(z)) =
∑ ∂F

∂gk

dα
dz
gk(z). (1.16)

Further calculation yields (again via use of Puiseux func-
tions)

dm
α

dzm

[
dℓα
dzℓ

f
]
=

dℓα
dzℓ

[
dm
α

dzm f
]
, (1.17)

∫
f (z)dαz =

∞∑
0

∫
zβdαz;

∫
zβdαz =

zβ+α

β + α
, (1.18)

dα
dz

∫
f (z)dαz = f (z) =

∫
dα
dz

dαz, (1.19)

where dαz here is an integration symbol here).
The α-exponent is defined as

Eα(z) =
∞∑
0

(zα/α)k

Γ(α + 1)
= exp

(
zα

α

)
;

E1(z) = ez; Eα(0) = 1 (0 < α, 1).

(1.20)

The definition is motivated by the fact that Eα(z) satisfies
the α-differential equation (1J) (dα/dz)Eα(z) = Eα(z) with
Eα(0) = 1. This is proved by term to term differentiation of
(1.20). It is worth mentioning that Eα(z) does not possess the
semigroup property (1K) Eα(z1 + z2) , Eα(z1)Eα(z2).

2 Fractals and fractional calculus

For relations between fractals and fractional calculus we re-
fer to [16, 18, 19, 24, 25, 27, 28]. In [16] for example one as-
sumes time and space scale isotropically and writes [xµ] = −1
for µ = 0, 1, · · · ,D − 1 and the standard measure is replaced
by (2A) dDx → dρ(x) with [ρ] = −Dα , −D (note [ ] de-
notes the engineering dimension in momentum units). Here
0 < α < 1 is a parameter related to the operational defi-
nition of Hausdorff dimension which determines the scaling
of a Euclidean volume (or mass distribution) of characteris-
tic size R (i.e. V(R) ∝ RdH ). Taking ρ ∝ d(rDα) one has
(2B) V(R) ∝

∫
dρEuclid(r) =∝

∫ R
0 drrDα−1 ∝ RDα, showing

that α = dH/D. In general as cited in [16] the Hausdorff di-
mension of a random process (Brownian motin) described by
a fractional differintegral is proportional to the order α of the
differintegral. The same relation holds for deterministic frac-
tals and in general the fractional differintegration of a curve
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changes its Hausdorff dimension as dH → dH + α. More-
over integrals on “net fractals” can be approximated by the
left sided RL fractional of a function L(t) via∫ t̄

0
dρ(t)L(t) ∝ 0Iαt̄ L(t) =

1
Γ(t)

∫ t̄

0
dt(t̄ − t)α−1L(t);

ρ(t) =
t̄α − (t̄ − t)α

Γ(α + 1)
,

(2.1)

where α is related to the Hausdorff dimension of the set (cf.
[24]). Note that a change of variables t → t̄ − t transforms
(2.1) to

1
Γ(α)

∫ t

0
dttα−1L(t̄ − t). (2.2)

The RL integral above can be mapped into a Weyl inte-
gral for t̄ → ∞. Assuming limt̄→∞ the limit is formal if the
Lagrangian L is not autonomous and one assumes therefore
that limt̄→∞L(t̄ − t) = L[q(t), q̇(t)] (leading to a Stieltjes field
theory action). After constructing a “fractional phase space”
this analogy confirms the interpretation of the order of the
fractional integral as the Hausdorff dimension of the underly-
ing fractal (cf. [18]).

Now for the SE we go to [4, 6, 18, 19]. Thus from [4]
(1009.5533) one looks at a Hamiltonian operator

Hα(p, r) = Dα|p|α + V(r) (1 < α ≤ 2). (2.3)

When α = 2 one has D2 = 1/2m which gives the stan-
dard Hamiltonian operator (2C) Ĥ( p̂, r̂) = (1/2m)p̂2 + V̂(r̂).
Thus the fractional QM (FQM) based on the Levy path inte-
gral generalizes the standard QM based on the Feynman in-
tegral for example. This means that the path integral based
on Levy trajectories leads to the fractional SE. For Levy in-
dex α = 2 the Levy motion becomes Brownian motion so that
FQM is well founded. Then via (2.2) one obtains a fractional
SE (GSE) in the form

iℏ∂tψ = Dα(−ℏ2∆)α/2ψ + V(r)ψ (1 < α ≤ 2) (2.4)

with 3D generalization of the fractional quantum Riesz
derivative (−ℏ2∆)α/2 introduced via

(−ℏ2∆)α/2ψ(r, t) =
1

(2πℏ)3

∫
d3 pe

ipr
ℏ |p|αϕ(p, t) (2.5)

where ϕ and ψ are Fourier transforms. The 1D FSE has the
form

iℏ∂tψ(x, t) = −Dα(ℏ∇)αψ + Vψ (1 < α ≤ 2). (2.6)

The quantum Riesz fractional derivative is defined via

(ℏ∇)αψ(x, t) = − 1
2piℏ

∫ ∞

−∞
dp e

ipx
ℏ |p|αϕ(p, t) (2.7)

where

ϕ(p, t) =
∫ ∞

−∞
dx e

−ixt
ℏ ψ(x, t) (2.8)

with the standard inverse. Evidently (2.6) can be written in
operator form as (2D) iℏ∂tψ = Hαψ; Hα = −Dα(ℏ∇)α +V(x)

In [6] (0510099) a different approach is used involving
the Caputo derivatives (where +c D(x)k = 0 for k = constant.
Here for (2E) f (kx) =

∑∞
0 an(kx)nα one writes (D→ D̄)

+
c f (kx) = kα

∞∑
0

an+1
Γ(1 + (n + 1)α)
Γ(1 + nα)

(kx)nα. (2.9)

Next to extend the definition to negative reals one writes

x→ χ̄(x) = sgn(x)|x|α; D̄(x) = sgn(x)+c D(|x|). (2.10)

There is a parity transformation Π satisfying (2F) Πχ̄(x)
= −χ̄(x) and ΠD̄(x) = −D̄(x). Then one defines (2G)
f (χ̄(kx)) =

∑∞
0 anχ̄

n(kx) with a well defined derivative

D̄ f (χ̄(kx))=sgn(k)|k|α
∞∑
0

an+1
Γ(1+(n+1)α)
Γ(1+nα)

χ̄n(kx). (2.11)

This leads to a Hamiltonian Hα with

Hα = −1
2

mc2
(
ℏ

mc

)2α

D̄iD̄i + V(X̂1, . . . , X̂i, . . . , X̂3N) (2.12)

with a time dependent SE

HαΨ =−1
2

mc2
(
ℏ

mc

)2α

D̄iD̄i + V(X̂1, . . . , X̂i, . . . X̂3N)

Ψ
= iℏ∂tΨ.

(2.13)

3 The SE with α-derivative

Now we look at a 1-D SE with α-derivatives dα ∼ dα/dx
(without motivational physics). We write dαxβ = βxβ−α as in
(1.9) and posit a candidate SE in the form

iℏ∂tψ = Dαℏ
2d2

αψ + V(x)ψ. (3.1)

In [11, 12] for example (cf. also [29]) one deals with a
Schrödinger type equation

D2∆ψ + iD∂tψ −
W
2m

ψ = 0 (3.2)

where D ∼ (ℏ/2m) in the quantum situation. Further D is
allowed to have macro values with possible application in bi-
ology and cosmology (see Remark 3.1 below).

Consider a possible solution corresponding to ψ =

R exp(iS/ℏ) in the form (3A) ψ = REα (iS/ℏ) with Eα as in
(1.20). Then one has for S = S (x, t) (3B) ψt = RtEα + R∂tEα

and via (1.15)-(1.16)

dα
[
REα

( iS
ℏ

)]
= (dαR)Eα + REα

i
ℏ

(dαS ); (3.3)
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d2
α

[
REα

( iS
ℏ

)]
= (d2

αR)Eα + 2(dαR)Eα
i
ℏ

dαS+

+REα

( i
ℏ

dαS
)2

+ REα
i
ℏ

d2
αS ;

(3.4)

∂tEα(z) = ∂t

∞∑
0

(zα/α))k

Γ(k + 1
=

zt

α

∞∑
1

(zα/α)
Γ(k)

=

=
zt

α

∞∑
0

(zα/α)m

Γ(m + 1)
=

zt

α
Eα.

(3.5)

Then from (3B), (3.4), (3.3), and (3.5) we combine real
and imaginary parts in

iℏ
[
RtEα +

iS t

αℏ
REα

]
= VREα + Dαℏ

2
[
(d2
αR)Eα+

2(dαR)Eα
i
ℏ

dαS − RS Eα

ℏ2 (dαS )2 +
iREα

ℏ
d2
αS

] (3.6)

leading to

RtEα = −2DαdαREα(dαS ) − DαREαd2
αS ; (3.7)

− 1
α

S tREα = VREα + Dαℏ
2d2

αREα − REα(dαS )2.

Thus Eα cancels and we have

Rt = −2Dα(dαR)(dαS ) − DαRd2
αS ; (3.8)

− 1
α

S tR = VR + Dαℏ
2d2

αR − R(dαS )2.

Now recall the classical situation here as (cf. [30, 31])

S t +
S 2

x

2m
+ V − ℏ

2R′′

2mR
= 0; ∂t(R2) +

1
m

(R2S ′)′ = 0. (3.9)

This gives an obvious comparison:

1. Compare 2RRt + (1/m)(2RR′S ′ + R2S ′′) = 0 ∼ 2Rt +

(1/m)(2R′S ′ + RS ′′) = 0 with Rt = −2Dα(dαR)(dαS ) −
DαRd2

αS

2. Compare S t + (S 2
x/2m) + V − ℏ2R′′

2mR = 0 with − 1
α

S t =

V − Dαℏ
2d2

αR
R + (dαS )2

which leads to
THEOREM 3.1

The assumption (3.1) for a 1-D α-derivative Schrödinger type
equation leads to a fractional quantum potential

Qα = −
Dαℏ

2d2
αR

R
(3.10)

For the classical case with dαR ∼ R′ (i.e. α = 1) one has
Dα = 1/2m and one imagines more generally that Dαℏ

2 may
have macro values. ■

REMARK 3.1
We note that the techniques of scale relativity (cf. [11, 12])
lead to quantum mechanics (QM). In the non-relativistic case

the fractal Hausdorff dimension dH = 2 arises and one can
generate the standard quantum potential (QP) directly (cf.
also [29]). The QP turns out to be a critical factor in under-
standing QM (cf. [30–32, 35–37]) while various macro ver-
sions of QM have been suggested in biology, cosmology, etc.
(cf. [8, 11, 12, 38, 39]). The sign of the QP serves to distin-
guish diffusion from an equation with a structure forming en-
ergy term (namely QM for Dα = 1/2m and fractal paths of
Hausdorff dimension 2). The multi-fractal universe of [16,23]
can involve fractional calculus with various degrees α (i.e.
fractals of differing Hausdorff dimension). We have shown
that, given a physical input for (3.1) with the α-derivative of
Kobelev ( [21]), the accompanying α-QP could be related to
structure formation in the related theory. ■
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By identifying the orders of phase transition through the analytic continuation of the
functional of the free energy of the Ehrenfest theory, we have developed a theory for
studying the dependence of the local magnetic moment, M on the Fe – As layer sep-
aration in the third order phase transition regime. We derived the Euler – Lagrange
equation for studying the dynamics of the local magnetic moment, and tested our model
with available experimental data.

1 Introduction

Since the discovery of superconductivity in Fe – based pnic-
tides oxides [1], there has been enormous research activities
to understand the origin of their superconductivity. This im-
mense interest in the physics and chemistry communities is
reminiscent of the excitement that accompanied the discov-
ery of high – Tc cuprate superconductors in the early 1980s.
Normally, in Fe – based superconductors, antiferromagnetic
(AFM) order is suppressed by charge (hole) doping but spin
interactions still exist [2]. It should be noted that supercon-
ductivity can still be induced in the pnictides without charge
doping through either isoelectric doping, non-stoichiometry,
or by use of non-thermal control parameters such as applica-
tion of non-hydrostatic pressure. Also it should be noted that
the parent compounds of the iron pnictides are metallic, albeit
highly dissipative, bad metals [3]. Most striking is the spec-
troscopy evidence that Fe based superconductors are weakly
correlated electronic system [4, 5]. Thus, the origin of the
observed superconductivity may not be due to Mott physics.
Put differently, for the fact that spin is relevant in Fe pnic-
tide superconductors, they are basically itinerant magnetism
suggesting that the Mott – Hubbard physics may be irrele-
vant in physics of Fe pnictide superconductors. We can thus
speculate that the superconductivity observed in Fe pnictides
are locally and dynamically spin polarized due to strong Fe
spin fluctuations with the itinerant nature of Fe providing the
“glue”. Hence, spin-fluctuation mediated through the spin
channel may be relevant in understanding the origin and na-
ture of the observed superconductivity in Fe pnictide.

Fe pnictide superconductors have layered structure. The
Fe atom layers of these pnictide systems are normally sand-
wiched by pnictogen, for example, Arsenic (As). Hence, the
magnetic moment of Fe depends strongly on the inter-layer
distances of Fe-As [6]. The magnetic moment of transition
metals also depends on volume [7]. This leads to the so-called
lattice anharmonicity.

In quasi 2D layered materials, a state with some rather
unexpected properties (new mean field solution) is observed
at non-zero [8]. This new mean field property observed in
these layered systems cannot be described by the ordinary

phenomenological Ginzburg – Landau theory. Also, the ther-
modynamic relation

∫ Tc

0 [δCe(H,T )/T]dT = 0 which holds for
2nd order phase transition is violated in some materials with
Bose – Einstein condensate (BEC)-like phase transition (see
for example as in spin glasses [9], ferromagnetic and anti-
ferromagnetic spin models with temperature driven transi-
tions [10]). We speculate that the normal Landau theory de-
veloped for 2nd order phase transition may not adequately ac-
count for the physics of the phase transitions and associated
phenomena, for example, magneto-volume effect due to lat-
tice anharmonicity in Fe pnictide superconductors. This mo-
tivated us to develop a new Landau-like mean field theory for
studying Fe-pnictide superconductors. The theory is based on
the Ehrenfest classification of orders of phase transitions [11].
Specifically, we will study the dependence of the local mag-
netic moment, M on the Fe-As layer separation, z.

2 Theoretical Framework

According to Hilfer [12], rewriting the singular part of the
local free energy within a restricted path through the critical
point in terms of the finite difference quotient, and analyti-
cally continuing in the orders, allows one to classify continu-
ous phase transitions precisely according to their orders. We
speculate that there exist phase transition of orders greater
than two as there is no known physical reason why such tran-
sitions should not exist in nature since they certainly exist in
a number of theoretical models like quantum chromodynam-
ics (QCD), lattice field theory and statistical physics [13].
At least, higher order phase transitions (≥2) are tenuous at
best and their non-detection might have been due to the hasty
generalization that all that departs from phase transition of
order two can always be explained in terms of field fluctua-
tion [13, 14].

The dependence of the magnetic moment, M on the Fe-As
layer separation is completely determined by the functional
(the magnetic free energy functional), F[z, ⟨M⟩] where ⟨M⟩
is the local magnetic moment. However, F must be invariant
under the symmetry group (e.g. Abelian Higg’s model) [15]
of the disordered phase in order to minimize the total energy
[13]. In general, F is a very complex functional of ⟨M⟩. To
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make ⟨M⟩ to be spatially continuous in equilibrium, in the
ordered phase, we essentially for all cases, redefine it. This
suggests that F be expressed in terms of a local free energy
density, f [z, ⟨M⟩ ] (the local magnetic free energy) which is
a function of the field at the point “z”. After coarse graining,
in its simplest form [13, 14], F is give (for orders of phase
transition > 2) by,

Fp(M, z) =
∫

ddr|M|2(p−2){−ap|M|2 + bp|M|4+

cp|∇M|2 + |M|2α(z − zc)2(p−2)},∀p > 2
(1)

where p is the order of the phase transition, ap = ao(1−H/Hc),
bp≫1, z is the Fe-As layer distance (inter-atomic separation),
zc is the critical point, and α < 0 (a typical material dependent
parameter).

Equation 1 is the model equation we are proposing for
studying the dependence of M on the Fe-As inter-atomic sep-
aration. For 3rd order phase transition, p = 3, Eq. 1 reduces
to,

F3(M, z) =
∫

ddr|M|2{−a3|M|2 + b3|M|4+

c3|∇M|2 + |M|2α(z − zc)2}
(2)

If we neglect the gradient term, and minimize the local
magnetic free energy with respect to M, Eq. 2 reduces to

M2 =
2

3b3
[a3 + |α|(z − zc)2] (3)

which basically leads (i.e., substituting Eq. 3 into 2) to the
local free energy

⟨ f3⟩ = [
2

3b3
(a3 + |α|(z − zc)2)]2{5

3
|α|(z − zc)2 − 1

3
a3}. (4)

In the presence of the gradient term to the local magnetic
free energy, using variational principle, after scaling, we ob-
tain the Euler – Lagrange equation for M as,

φ5 − φ3[1 − α(z − zc)2] − φ|∇2φ| = 0. (5)

3 Model Application

Using the data of Egami et al. [16], we calculated the mag-
netic moment, M using our model Eq. 3. The plot of ex-
perimentally determined critical temperature against our cal-
culated M (µB) are as shown in Fig. 1. Observe that there
is strong correlation between Tc and M. Most significantly,
our model predicted correctly the range of values of magnetic
moment of Fe, in Fe pnictide superconductors. As it is evi-
dence from the plot, the magnetic moment range from 0.59 to
0.73 µB. The experimentally measured value for the magnetic
moment of Fe in LaOFeAs for instance, range from 0.30 to
0.64 µB [17, 18].

We speculate that the observed strong correlation between
Tc and M stems from the fact that the superconducting criti-
cal temperature Tc depends very sensitively on the iron pnic-
togen (i.e., Fe-As-Fe) bond angle which in turn, depends on

Fig. 1: Color-online. Superconducting experimental critical tem-
perature, Tc from Ref. [16] against the calculated M obtained using
Eq. 3 at the critical point.

the Fe-As layer separation [19]. This present observation is
in tandem with the understanding that the bonding of the ar-
senic atoms changed dramatically as a function of magnetic
moment [20] and the core-level spectroscopy measurements
on CeFeAsO0.89F0.11 [21] which showed very rapid spin fluc-
tuation dependent magnetic moment. Since from our model
Eq. 3, M is proportional to z (for a3≪ 1), the observed strong
correlation is to be expected. This observation confirms our
earlier assertion that spin mediated fluctuations may be the
major dominant mediator in the superconductivity of Fe pnic-
tide superconductors. However, electron-phonon coupling
through the spin-channel is also to be expected.
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LETTERS TO PROGRESS IN PHYSICS

On the Exact Solution Explaining the Accelerate Expanding Universe
According to General Relativity

Dmitri Rabounski

A new method of calculation is applied to the frequency of a photon according to the tra-
velled distance. It consists in solving the scalar geodesic equation (equation of energy)
of the photon, and manifests gravitation, non-holonomity, and deformation of space as
the intrinsic geometric factors affecting the photon’s frequency. The solution obtained
in the expanding space of Friedmann’s metric manifests the exponential cosmological
redshift: its magnitude increases, exponentially, with distance. This explains the acce-
lerate expansion of the Universe registered recently by the astronomers. According to
the obtained solution, the redshift reaches the ultimately high valuez= eπ − 1= 22.14 at
the event horizon.

During the last three years, commencing in 2009, I published
a series of research papers [1–5] wherein I went, step-by-
step, in depth of the cosmological redshift problem. I tar-
geted an explanation of the non-linearity of the cosmological
redshift law and, hence, the accelerate expansion of the Uni-
verse. I suggested that the explanation may be found due to
the space-time geometry, i.e. solely with the use of the geo-
metric methods of the General Theory of Relativity.

Naturally, this is the most promising way to proceed in
this problem. Consider the following: in 1927, Lemaı̂tre’s
theory [6] already predicted the linear reshift law in an expan-
ding space of Friedmann’s metric (a Friedmann universe). As
was then shown by Lemaı̂tre, this theoretical result matches
the linear redshift law registered in distant galaxies∗. The ano-
malously high redshift registered in very distant Ia-type su-
pernovae in the last decade [7–9] manifests the non-linearity
of the redshift law. It was then interpreted as the accelerate
expansion of our Universe. Thus, once the space-time ge-
ometry has already made Lemaı̂tre successful in explaining
the linear redshift, we should expect a success with the non-
linear redshift law when digging more in the theory.

Lemâıtre deduced the cosmological redshift on the basis
of Einstein’s field equation. The left-hand side of the equation
manifests the space curvature, while the right-hand side des-
cribes the substance filling the space. In an expanding space,
all objects scatter from each other with the velocity of the
space expansion. Lemaı̂tre considered the simplest case of
deforming spaces — the space of Friedmann’s metric. Such a
space is free of gravitational fields and rotation, but is curved
due to its deformation (expansion or compression). Solving
Einstein’s equation for Friedmann’s metric, Lemaı̂tre obtai-
ned the curvature radiusR of the space and the speed of its

∗According to the astronomical observations, spectral lines of distant
galaxies and quasars are redshifted as if these objects scatter with the radial
velocity u=H0 d, which increases 72 km/sec per each megaparsec of the
distanced to the object.H0= 72±8 km/sec×Mpc= (2.3±0.3)×10−18 sec−1 is
known as the Hubble constant. 1 parsec= 3.0857×1018 cm' 3.1×1018 cm.

changeṘ. Then he calculated the redshift, assuming that it is
a result of the Doppler effect on the scattering objects of the
expanding Friedmann universe.

Lemâıtre’s method of deduction would remain quite good,
except for three drawbacks, namely —

1) It works only in deforming spaces, i.e. under the as-
sumption that the cosmological redshift is a result of
the Doppler effect in an expanding space. In static
(non-deforming) spaces, this method does not work. In
other words, herein is not a way to calculate how the
frequency of a photon will change with the distance of
the photon’s travel in the space of a static cosmological
metric (which is known to be of many kinds);

2) In this old method, the Doppler effect does not follow
from the space (space-time) geometry but has the same
formula as that of classical physics. Only the speed of
change of the curvature radius with timeṘ (due to the
expansion of space) is used as the velocity of the light
source. In other words, the Doppler formula of clas-
sical physics is assumed to be the same in an expan-
ding Friedmann universe. This is a very serious sim-
plification, because it is obvious that the Doppler effect
should have a formula, which follows from the space
geometry (Friedmann’s metric in this case);

3) This method gives the linear redshift law — a straight
line z= Ṙ

c , which “digs” in the wall Ṙ= c. As a re-
sult, the predicted cosmological redshift is limited by
the numerical valuezmax= 1. However, we know do-
zens of much more redshifted galaxies and quasars. In
2011, the highest redshift registered by the astronomers
is z= 10.3 (the galaxy UDFj-39546284).

So, in his theory, Lemaı̂tre calculated the cosmological
redshift in a roundabout way: by substituting, into the Dop-
pler formula of classical physics, the speed of change of the
curvature radiuṡR he obtained his redshift law, i.e., by sol-
ving Einstein’s equation for Friedmann’s metric.
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In contrast to Lemâıtre, I suggested that the cosmologi-
cal redshift law can be deduced in a more direct and pro-
found way. It is as follows. The generally covariant geode-
sic equation — the four-dimensional equation of motion of a
particle — can be projected onto the time line and the three-
dimensional spatial section of an observer. As a result, we
obtain the scalar geodesic equation, which is the equation of
energy of the particle, and the vectorial geodesic equation (the
three-dimensional equation of motion). The in-depth mathe-
matical formalism of the said projection was introduced in
1944 by Zelmanov [10, 11], and is known as the theory of
chronometric invariants∗. Solving the scalar geodesic equa-
tion (equation of energy) of a photon, we shall obtain how
the photon’s energy and frequency change according to the
remoteness of the signal’s source to the observer. This is the
frequency shift law, particular forms of which we can deduce
by solving the scalar geodesic equation of a photon in the
space of any particular metric.

The same method of deduction may be applied to mass-
bearing particles. By solving the scalar geodesic equation for
a mass-bearing particle (“stone-like objects”), we shall obtain
that the relativistic mass of the object changes according to
the remoteness to the observer in the particular space.

First, following this new way of deduction, I showed that
the redshift, observed by the astronomers, should be present
in a space which rotates at the velocity of light [1, 2]. In this
case, the Hubble constant plays a rôle of the frequency of
the rotation. The redshift due to the space rotation should be
present even if the space is static (non-deforming).

The light-speed rotation is only attributed to the so-called
isotropic region of space (home of the trajectories of light).
This can be shown by “adapting” the space metric to the iso-
tropic space condition (equality of the metric to zero), which
makes a replacement among the componentsg00 andg0i of
the fundamental metric tensorgαβ. In Minkowski’s space,
this replacement means that the isotropic region has a non-
diagonal metric, whereg00= 0, g0i = 1, g11= g22= g33=−1.
Such isotropic metrics were studied in the 1950’s by Petrov:
see§25 and the others in hisEinstein Spaces[12]. More in-
sight into this subject is provided in my third paper on the
redshift problem [3].

On the other hand, a regular sublight-speed observer shall
observe all events according to the components of the funda-
mental metric tensorgαβ of his own (non-isotropic) space —
home of “solid objects”. Therefore, I then continued the rese-
arch study with the regular metrics, which are not “adapted”
to the isotropic space condition.

In two recent papers [4, 5], I solved the scalar geode-
sic equation for mass-bearing particles and massless particles
(photons), in the most studied particular spaces: in the space
of Schwarzschild’s mass-point metric, in the space of an elec-

∗The property of chronometric invariance means that the quantity is in-
variant along the three-dimensional spatial section of the observer.

trically charged mass-point (the Reissner-Nordström metric),
in the rotating space of G̈odel’s metric (a homogeneous dis-
tribution of ideal liquid and physical vacuum), in the space of
a sphere of incompressible liquid (Schwarzschild’s metric), in
the space of a sphere filled with physical vacuum (de Sitter’s
metric), and in the deforming space of Friedmann’s metric
(empty or filled with ideal liquid and physical vacuum).

Herein I shall go into the details of just one of the ob-
tained solutions — that in an expanding Friedmann universe,
— wherein I obtained the exponential cosmological redshift,
thus giving a theoretical explanation to the accelerate expan-
sion of the Universe registered recently by the astronomers.

The other obtained solutions shall be omitted from this
presentation. The readers who are curious about them are
directly referred to my two recent publications [4,5].

So, according to Zelmanov’s chronometrically invariant
formalism [10, 11], any four-dimensional (generally covari-
ant) quantity is presented with its observable projections onto
the line of time and the three-dimensional spatial section of
an observer. This is as well true about the generally covari-
ant geodesic equation. As Zelmanov obtained, the projected
(chronometrically invariant) geodesic equations of a mass-
bearing particle, whose relativistic mass ism, are

dm
dτ
−

m
c2

Fi v
i +

m
c2

Dik vivk = 0 , (1)

d(mvi)
dτ

−mFi + 2m
(
Di

k + A∙ik∙
)
vk + m4i

nkvnvk = 0 , (2)

while the projected geodesic equations of a massless particle-
photon, whose relativistic frequency isω, have the form

dω
dτ
−
ω

c2
Fi c

i +
ω

c2
Dik cick = 0 , (3)

d(ωci)
dτ

− ωFi + 2ω
(
Di

k + A∙ik∙
)
ck + ω4i

nkcnck = 0 . (4)

Heredτ=
√
g00 dt− 1

c2 vi dxi is the observable time, which
depends on the gravitational potential w= c2 (1−

√
g00 ) and

the linear velocityvi =−
cg0i√
g00

of the rotation of space. Four
factors affect the particles: the gravitational inertial forceFi ,
the angular velocityAik of the rotation of space, the deforma-
tion Dik of space, and the Christoffel symbolsΔi

jk (expressing
the space non-uniformity). According to the scalar geodesic
equation (equation of energy), two factors,Fi andDik, affect
the energy of the particle. They are determined [10,11] as

Fi =
1
√
g00

(
∂w
∂xi
−
∂vi
∂t

)

,
√
g00 = 1−

w
c2
, (5)

Dik =
1

2
√
g00

∂hik

∂t
, Dik =−

1
2
√
g00

∂hik

∂t
, D=

∂ ln
√

h
√
g00 ∂t

, (6)

whereD= hikDik, while hik is the chr.inv.-metric tensor

hik = −gik +
1
c2
vi vk , hik = −gik, hi

k = δ
i
k . (7)
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The geodesic equations of mass-bearing and massless
particles have the same form. Only the sublight velocity vi

and the relativistic massm are used for mass-bearing parti-
cles, instead of the observable velocity of lightci and the fre-
quencyω of the photon. Therefore, they can be solved in the
same way to yield similar solutions.

My suggestion is then self-obvious. By solving the scalar
geodesic equation of a mass-bearing particle in each of the
so-called cosmological metrics, we should obtain how the ob-
served (relativistic) mass of the particle changes according to
the distance from the observer in each of these universes. I
will further refer to it as thecosmological mass-defect. The
scalar geodesic equation of a photon should give the formula
of the frequency shift of the photon according to the travelled
distance (thecosmological frequency shift).

Consider the space of Friedmann’s metric

ds2 = c2dt2 − R2

[
dr2

1− κ r2
+ r2

(
dθ2 + sin2θ dϕ2

)]

, (8)

wherein Lemâtre [6] deduced the linear redshift law. Here
R=R(t) is the curvature radius of the space, whileκ= 0,±1
is the curvature factor. Ifκ=−1, the three-dimensional subs-
pace possesses hyperbolic (open) geometry. Ifκ= 0, its geo-
metry is flat. Ifκ=+1, it has elliptic (closed) geometry.

As is seen from the metric, such a space — a Friedmann
universe — is free of (g00= 1) and rotation (g0i = 0), but is
deforming, which reveals the functionsgik = gik (t). It may
expand, compress, or oscillate. Such a space can be empty, or
filled with a homogeneous and isotropic distribution of ideal
(non-viscous) liquid in common with physical vacuum (Λ-
field), or filled with one of the media.

Friedmann’s metric is expressed through a “homogene-
ous” radial coordinater. This is the regular radial coordinate
divided by the curvature radius, whose scales change accor-
ding to the deforming space. As a result, the homogeneous
radial coordinater does not change its scale with time.

The scalar geodesic equation for a photon travelling along
the radial direction in a Friedmann universe takes the form

dω
dτ

+
ω

c2
D11c1c1 = 0 , (9)

wherec1 [sec−1] is the solely nonzero component of the ob-
servable “homogeneous” velocity of the photon. The square
of the velocity ish11c1c1 = c2 [cm2/sec2]. We calculate the
components of the chr-inv.-metric tensorhik according to Fri-
edmann’s metric. After some algebra, we obtain

h11 =
R2

1− κ r2
, h22 = R2r2, h33 = R2r2 sin2θ , (10)

h = det‖hik‖ = h11h22h33 =
R6r4 sin2θ

1− κ r2
, (11)

h11 =
1− κ r2

R2
, h22 =

1
R2r2

, h33 =
1

R2r2 sin2θ
. (12)

With these formulae of the components ofhik, we obtain
the tensor of the space deformationDik in a Friedmann uni-
verse. According to the definition (6), we obtain

D =
3Ṙ
R
, D11 =

RṘ
1− κ r2

, D1
1 =

Ṙ
R
. (13)

The curvature radius as a function of time,R=R(t), can
be found by assuming a particular type of the space defor-
mation. The trace of the tensor of the space deformation,
D= hikDik, is by definition the speed of relative deformation
of the volume. A volume, which is deforming freely, expands
or compresses so that its volume undergoes equal relative
changes with time

D = const, (14)

which, in turn, is a world-constant of the space. This is the
primary type of space deformation: I suggest referring to it as
theconstant(homotachydioncotic) deformation∗.

Consider a constant-deformation (homotachydioncotic)
Friedmann universe. WithD= 3Ṙ

R according to Friedmann’s

metric, we haveṘ
R =A= const in this case. We thus arrive

at the equation1
R dR=Adt, which isd ln R=Adt. Assuming

the curvature radius at the moment of timet= t0 to bea0, we
obtain

R= a0eAt, Ṙ= a0 AeAt , (15)

and, therefore,

D = 3A , D11 =
a2

0 Ae2At

1− κ r2
, D1

1 = A . (16)

Return now to the scalar geodesic equation of a photon in
a Friedmann universe, which is formula (9). Becauseg00= 1
andg0i = 0 according to Friedmann’s metric, we havedτ= dt.
Therefore, becauseh11c1c1 = c2, the scalar geodesic
equation transforms intoh11

dω
dt +ωD11= 0. From here we ob-

tainh11
dω
ω
=−D11dt, and, finally, the equation

h11 d lnω = −D11dt . (17)

By substitutingh11 andD11, we obtain

d lnω = −A dt, (18)

whereA= Ṙ
R is a world-constant of the Friedmann space.

As is seen, this equation is independent of the curvature
factor κ. Therefore, its solution will be common for the hy-
perbolic (κ=−1), flat (κ= 0), and elliptic (κ=+1) geometry
of the Friedmann space.

This equation solves as lnω=−At+ ln B, where B is
an integration constant. So forth, we obtainω= B e−At. We
calculate the integration constantB from the conditionω=ω0

∗I refer to this kind of universe ashomotachydioncotic(in Greek —
oμoταχυδιoγκωτικó). This term originates fromhomotachydioncosis—
oμoταχυδιóγκωσης— volume expansion with a constant speed, fromóμo
which is the first part of́oμoιoς (omeos) — the same,ταχύτητα — speed,
διóγκωση — volume expansion, while compression can be considered as
negative expansion.
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at the initial moment of timet= t0 = 0. We haveB=ω0. Thus,
we obtain the final solutionω=ω0 e−At of the scalar geodesic
equation. Expanding the world-constantA= Ṙ

R and the dura-
tion of the photon’s travelt= d

c , we have

ω = ω0 e
− Ṙ

R
d
c , (19)

whered= ct [cm] is the distance to the source emitting the
photon. At small distances (and durations) of the photon’s
travel, the obtained solution takes the linearized form

ω ' ω0

(

1−
Ṙ
R

d
c

)

. (20)

The obtained solution manifests that photons travelling in
a constant-deformation (homotachydiastolic) Friedmann uni-
verse which expands (A> 0) should lose energy and frequen-
cy with each mile of the travelled distance. The energy and
frequency loss law is exponential (19) at large distances of
the photon’s travel, and is linear (20) at small distances.

Accordingly, the photon’s frequency should be redshifted.
The magnitude of the redshift increases with the travelled dis-
tance. This is acosmological redshift, in other words.

Let a photon have a wavelengthλ0 =
c
ω0

being emitted by
a distantly located source, while its frequency registered at
the arrival isλ= c

ω
. Then we obtain the magnitudez= λ−λ0

λ0
=

=
ω0−ω
ω

of the redshift in an expanding constant-deformation
(homotachydiastolic) Friedmann universe. It is

z= e
Ṙ
R

d
c − 1 , (21)

which is anexponential redshift law. At small distances of
the photon travel, it takes the linearized form

z'
Ṙ
R

d
c
. (22)

which manifests alinear redshift law.
If such a universe compresses (A< 0), this effect changes

its sign, thus becoming acosmological blueshift.
Our linearized redshift formula (22) is the same asz= Ṙ

R
d
c

obtained by Lemâıtre [6], the “father” of the theory of an
expanding universe. He followed, however, another way of
deduction which limited him only to the linear formula. He
therefore was confined to believing in the linear redshift law
alone.

The ultimately high redshiftzmax, which could be registe-
red in our Universe, is calculated by substituting the ultima-
tely large distance into the redshift law. If following Lemaı̂-
tre’s theory [6],zmax should follow from the linear redshift
law z= Ṙ

R
d
c =Ad

c . BecauseA= Ṙ
R is the world-constant of the

Friedmann space, the ultimately large curvature radiusRmax

is determined by the ultimately high velocity of the space
expansion which is the velocity of lighṫRmax= c. Hence,
Rmax=

c
A
. The ultimately large distancedmax (the event ho-

rizon) is regularly determined from the linear law for scat-
tering galaxies, which isu=H0d: the scattering velocityu

should reach the velocity of light (u= c) at the event horizon
(d= dmax).∗ The law u=H0d is known due to galaxies and
quasars whose scattering velocities are much lower than the
velocity of light. Despite this fact, the empirical linear law
u=H0d is regularly assumed to be valid upto the event hori-
zon. Thus, they obtaindmax=

c
H0

= (1.3±0.2)×1028 cm. Then
they assume the linear coefficient H0 of the empirical law of
the scattering galaxies to be the world-constantA= Ṙ

R, which
follows from the space geometry. As a result, they obtain
dmax=Rmax and zmax=H0

dmax

c = 1 due to the linear redshift
law. How then to explain the dozens of very distant galaxies
and quasars, whose redshift is much higher thanz= 1?

On the other hand, it is obvious that the ultimately high
redshift zmax, ensuing from the space (space-time) geome-
try, should be a result of the laws of relativistic physics. In
other words,z= zmax should follow from not a straight line
z= Ṙ

R
d
c =H0

d
c =

u
c , which digs in the vertical “wall”u= c, but

from a non-linear relativistic function.
In this case, the Hubble constantH0 remains a linear coef-

ficient only in the pseudo-linear beginning of the real redshift
law arc, wherein the velocities of scattering are small in com-
parison with the velocity of light. At velocities of scattering
close to the velocity of light (close to the event
horizon), the Hubble constantH0 loses the meaning of the
linear coefficient and the world-constantA due to the increa-
sing non-linearity of the real redshift law.

Such a non-linear formula has been found in the frame-
work of our theory alluded to here. This is the exponen-
tial redshift law (21), which then gives the Lemaı̂tre linear
redshift law (22) as an approximation at small distances.

We now use the exponential redshift law (21) to calculate
the ultimately high redshiftzmax, which could be conceivable
in an expanding Friedmann space of the constant-deformation
type. The event horizond= dmax is determined by the world-
constantA= Ṙ

R of the space. Thus, the ultimately large cur-
vature radius isRmax=

c
A, while the distance corresponding to

Rmax on the hypersurface isdmax= πRmax=
πc
A . Suppose now

that a photon has arrived from a source, which is located at
the event horizon. According to the exponential redshift law
(21), the photon’s redshift at the arrival should be

zmax = e
Ṙ
R

dmax
c − 1 = eπ − 1 = 22.14, (23)

which is the ultimately high redshift in such a universe.
The deduced exponential increase of the redshift implies

the accelerate expansion of space. This “key prediction” of
our theory was surely registered by the astronomers in the
last decade: the very distant Ia-type supernovae manifested
the increasing non-linearity of the redshift law and, hence,
the accelerate expansion of our Universe [7–9].

∗The law for scattering galaxies dictates that distant galaxies and quasars
scatter with the radial velocityu=H0d, increasing as 72 km/sec per each
megaparsec. The linear coefficient of the law,H0= 72±8 km/sec×Mpc=
= (2.3±0.3)×10−18 sec−1, is known as the Hubble constant.
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We therefore can conclude that the observed non-linear
redshift law and the accelerate expansion of space have been
explained in the constant-deformation (homotachydioncotic)
Friedmann universe.

The deduced exponential law points out the ultimately
high redshiftzmax= 22.14 for objects located at the event ho-
rizon. The highest redshifted objects, registered by the astro-
nomers, are now the galaxies UDFj-39546284 (z= 10.3) and
UDFy-38135539 (z= 8.55). According to our theory, they
are still distantly located from the “world end”. We therefore
shall expect, with years of further astronomical observation,
more “high redshifted surprises” which will approach the up-
per limit zmax= 22.14.

In analogy to massless particles-photons, we can consider
the scalar geodesic equation of a mass-bearing particle. In
a Friedmann universe this equation takes the form

dm
dτ

+
m
c2

D11v1v1 = 0 , (24)

which, alone, is non-solvable. This is because mass-bearing
particles can travel at any sub-light velocity, which is there-
fore an unknown variable of the equation.

This problem vanishes in a constant-deformation Fried-
mann universe, by the assumption according to which mas-
sive bodies travel not arbitrarily, but are only being carried
out with the expanding (or compressing) space. In this parti-
cular case, particles travel with the velocity of space deforma-
tion, v= Ṙ. Because v2= hikvivk, we havehikvivk= Ṙ2. Thus,
and withdτ= dt according to Friedmann’s metric, the scalar
geodesic equation of mass-bearing particles transforms into
h11

dm
dt +

m
c2 D11Ṙ2= 0, i.e.h11

dm
m =− Ṙ2

c2 D11dt. We obtain

h11 d ln m= −
Ṙ2

c2
D11dt . (25)

Then, expandingR, Ṙ (15), andD11 (16) according to
a constant-deformation space, we obtain the scalar geodesic
equation in the form

d ln m= −
a2

0 A3e2At

c2
dt , (26)

where A= Ṙ
R = const. It solves as lnm=−

a2
0 A2

2c2 e2At+ ln B,
where the integration constantB can be found from the con-
dition m=m0 at the initial moment of timet= t0 = 0. After
some algebra, we obtain the final solution of the scalar geo-
desic equation. It is the double-exponential function

m= m0 e
−

a2
0 A2

2c2
(e2At−1)

, (27)

which, at a small distance to the object, takes the linearized
form

m' m0


1−

a2
0 A3 t

c2


 . (28)

The obtained solution manifests thecosmological mass-
defectin a constant-deformation (homotachydiastolic) Fried-
mann universe: the more distant an object we observe in an
expanding universe is, the less should be its observed massm
to its real massm0. Contrarily, the more distant an object we
observe in a compressing universe, the heavier should be this
object according to observation.

Our Universe seems to be expanding. This is due to the
cosmological redshift registered in the distant galaxies and
quasars. Therefore, according to the cosmological mass-
defect deduced here, we should expect distantly located cos-
mic objects to be much heavier than we estimate on the basis
of astronomical observations. The magnitude of the expected
mass-defect should be, according to the obtained solution, in
the order of the redshift of the objects.

The cosmological mass-defect complies with the cosmo-
logical redshift. Both of these effects are deduced in the same
way, by solving the scalar geodesic equation for mass-bearing
and massless particles, respectively. One effect cannot be in
the absence of the other, because the geodesic equations have
the same form. This is a basis of the space (space-time) ge-
ometry, in other words. Therefore, once the astronomers re-
gister the linear redshift law and its non-linearity in very dis-
tant cosmic objects, they should also find the corresponding
cosmological mass-defect according to the solution presented
here. Once the cosmological mass-defect is discovered, we
will be able to say, surely, that our Universe is an expanding
Friedmann universe of the constant-deformation (homotachy-
diastolic) type.
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LETTERS TO PROGRESS IN PHYSICS

Social Aspects of Cold Fusion: 23 Years Later

Ludwik Kowalski

The field of Cold Fusion, now called Condensed Matter Nuclear Science (CMNS), re-
mains controversial. The original 1989 claim made by M. Fleischmann and S. Pons was
that a chemical process in an electrolytic cell could initiate a nuclear reaction–fusion of
two deuterium nuclei. More recent CMNS claims, made by experimental scientists,
are: emission of charged nuclear projectiles during electrolysis; accumulation of 4He;
production of radioactive isotopes; and transmutation of elements. In the US, CMNS
claims have been evaluated in two Department of Energy (DOE) investigations, in 1989
and 2004, as summarized in this article. These investigations did not lead to any resolu-
tion of the controversy. Scientists and adminstrators are not ideal; competition among
them, as among other groups of people, tends to have both positive and negative influ-
ences.

1 Introduction

The so-called “scientific methodology”, a set of norms deve-
loped to deal with difficulties, especially with mistakes and
controversies, is well known. Most scientific mistakes are re-
cognized when new results are discussed with colleagues, or
via the peer review process. Occasional errors in published
papers are subsequently discovered during replications con-
ducted by other researchers. Scientific results, if valid, wrote
Huizenga [1], must be reproducible on demand. “When er-
rors are discovered, acknowledged and corrected, the scien-
tific process moves quickly back on track, usually without
either notice or comment in the public press.” The scientific
process, in other words, is self-corrective. The purpose of this
presentation is to analyze an ongoing controversy about the
so-called “cold fusion” (CF). The author of this article, and
three other researchers, tried to verify one recent CF claim
– emission of alpha particles during electrolysis. The results
were negative, as described in [2]. Critical analysis of some
CF claims, as illustrated in [3], can enrich nuclear physics
courses, even at the undergraduate level.

Why is the CMNS controversy started in 1989 unresol-
ved? Because CF claims are still not reproducible on de-
mand, and because they conflict with accepted theories. A
theory, in this context, is not just a hypothesis, or only a
logical/mathematical argument. It is a logical structure that
is known to agree with a wide range of already verified ex-
perimental data. Researchers know the rule–theories guide
but experiments decide. But they are very reluctant to aban-
don accepted theories. To be reluctant means to insist on
additional verifications of new experimental results. Refer-
ring to such situations, Huizenga wrote: “There are occa-
sionally surprises in science and one must be prepared for
them.” Theories are not carved in stone; scientists do not
hesitate to modify or reject theories when necessary. Rejec-
ting a highly reproducible experimental result “on theoreti-
cal grounds” would not be consistent with scientific metho-

dology. Unlike mathematics, science is based, in the final
analysis, on experimental data, not on logical proofs.

2 The Original Claim

It is well known that two hydrogen nuclei can fuse, releasing
energy. But this happens only at extremely high temperatu-
res. At ordinary temperatures the probability of the reaction
is practically zero, due to the well known coulomb repulsion
of positive nuclei. This has been confirmed by reliable expe-
rimental data. But two scientists – Steven Jones, a physicist,
and Martin Fleischmann, a chemist – independently specula-
ted that this might not always be true. The term CF was in-
troduced by them to identify the claimed fusion of hydrogen
nuclei (ionized atoms dissolved in solid metals). The DOE
supported Jones’ work long before Fleischmann and his colle-
ague Pons (F&P) applied for similar support. That is why the
DOE asked Jones to evaluate the new research proposal. He
was later accused (by the administration of Utah University)
of stealing the idea of CF from F&P. Trying to establish prio-
rity, Utah University organized a press conference (March 23,
1989) at which the discovery of generation of nuclear heat in
an electrolytic cell was announced to the world. The released
heat was declared to be due to fusion of deuterium nuclei –
ionized atoms dissolved in palladium. At that time Jones and
his co-workers had already authored numerous peer-reviewed
articles [4]. But their claim was not excess heat; it was emis-
sion of neutrons.

3 The First DOE Investigation

Most scientists immediately rejected claims conflicting with
well-known facts and theories. But many attempts to repli-
cate F&P’s poorly-described experiments were made. Some
attempts were successful (unaccounted heat was generated at
rates close to one watt), while others were not [5]. That was
the beginning of the controversy. Fleischmann and Pons wan-
ted to study the CF phenomenon for another year or so but
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were forced to announce the discovery by the university ad-
ministrators [6]. They had no evidence that the measured heat
was due to a nuclear reaction. The only thing they knew was
that it could not be attributed to a known chemical reaction.

Suppose their experimental results had been described
without any interpretation, and the phenomenon had been
named “anomalous electrolysis”. Such a report would not
have led to a sensational press conference; it would have
been made in the form of an ordinary peer review publication.
Only electrochemists would have been aware of the claim;
they would have tried to either confirm or refute it. The issue
of “how to explain excess heat” would have been addressed
later, if the reported phenomenon were confirmed. But that
is not what happened. Instead of focusing on experimental
data (in the area in which F&P were recognized authorities)
most critics focused on the disagreements with the coulomb
barrier theory. Interpretational mistakes were quickly recog-
nized and this contributed to the premature skepticism toward
their experimental data.

But the significance of CF, if real, was immediately re-
cognized. Some believed that ongoing research on high-tem-
perature fusion, costing billions of dollars, should be stopped
to promote research on CF. Others concluded, also prematu-
rely, that such a move would be opposed by “vested interests”
of mainstream scientists. Responding to such considerations,
the US government quickly ordered a formal investigation. A
panel of scientists, named ERAB (Energy Research Advisory
Board), and headed by John Huizenga, was formed to inves-
tigate CF in 1989. The final report, submitted to the DOE
several months later, interfered with the normal development
of the field. It should be noted that ERAB scientists inves-
tigating the CF claims were not personally involved in repli-
cations of experiments. Their report [7], based on visits to
several laboratories rather than participation in experiments,
can be summarized by the following statements:
Conclusions:

1. There is no evidence that a nuclear process is responsi-
ble for excess heat.

2. Lack of experimental reproducibility remains a serious
concern.

3. Theoretically predicted fusion products were not found
in expected quantities.

4. There is no evidence that CF can be used to produce
useful energy.

5. The CF interpretation is not consistent with what is
known about hydrogen in metals.

6. The CF interpretation is not consistent with what is
known about nuclear phenomena.

Recommendations:

7. We recommend against any extraordinary funding.

8. We recommend modest support for more experiments.

9. We recommend focusing on excess heat and possible
errors.

10. We recommend focusing on correlations between fu-
sion products and excess heat.

11. We recommend focusing on the theoretically predicted
tritium in electrolytic cells.

12. We recommend focusing on theoretically predicted
neutrons.

Note that only one conclusion (item 2) refers to CF ex-
periments. Conclusion 4 is about anticipated practical uses
of CF while the remaining four conclusions (1, 3, 5, and 6)
are about various aspects of the suggested interpretation of
experimental results. Instead of focusing on reality of ex-
cess heat critics focused on the fact that the hypothesis was
not consistent with what was known about hot nuclear fu-
sion. The same observation can be made about recommen-
dations. Only one of them (item 9) refers to possible errors
in experiments. Items 7 and 8 refer to future funding while
items 10, 11, and 12 refer to what was expected on the ba-
sis of the suggested hot-fusion interpretation. It is clear that
the ERAB observations were based mostly on ”theoretical
grounds,”and not on identified errors in experimental data.
Recommendations about future financial support for CF were
very important. But they were ignored by the DOE. Support
for CF research practically stopped in 1989. Another result of
the first DOE investigation was that editors of some scientific
journals stopped accepting articles dealing with CF research.
Why was the scientific methodology of validation of claims –
theories guide but experiments decide – not followed by the
DOE-appointed scientists? Why did “rejections on theoreti-
cal grounds” prevail?

4 The Second DOE Investigation

The second DOE investigation of CF was announced in
March 2004, nearly 15 years after the first one. Links to
three online documents related to that investigation – Con-
ference Agenda, Meeting Agenda, and DOE CF Report – can
be found in [8]. The six most important scientific questions,
based on new experimental claims, were:

a) Is it true that unexpected protons, tritons, and alpha par-
ticles are emitted [9, 10] in some CF experiments?

b) Is it true that generation of heat, in some CF experi-
ments, is linearly correlated with the accumulation of
4He and that the rate of generation of excess heat is
close to the expected 24 MeV per atom of 4He [9, 11]?

c) Is it true that highly unusual isotopic ratios [9, 12] have
been observed among the reaction products?

d) Is it true that radioactive isotopes [9, 13] have been
found among reaction products?

e) Is it true that transmutation of elements [10, 14] has
occurred?

L8 Ludwik Kowalski. Social Aspects of Cold Fusion: 23 Years Later



April, 2012 PROGRESS IN PHYSICS Volume 2

f) Are the ways of validating of claims made by CF re-
searchers (see conference reports presened at [16, 17,
18]) consistent with accepted methodologies in other
areas of science?

A positive answer to even one of these questions would
be sufficient to justify an official declaration that cold fusion,
in light of recent data, should be treated as a legitimate area
of research. But only the (b) question was addressed by the
selected referees [8]. They were asked to review the availa-
ble evidence of correlation between the reported excess heat
and production of fusion products. One third of them stated
that the evidence for such correlation was conclusive. That
was not sufficient; the attitude of the scientific establishment
toward cold fusion research did not change.

5 Conclusion

The CF controversy is unprecedented in terms of its duration,
intensity, and caliber of adversaries on both sides of the di-
vide. Huizenga and Fleischmann were indisputable leaders
in nuclear science and electrochemistry. CMNS researchers
are mostly also Ph.D. level scientists. The same is true for
those scientists who believe that the announced discovery of
CF was a “scientific fiasco”. We are still waiting for at least
one reproducible-on-demand demonstration of a nuclear ef-
fect resulting from a chemical (atomic) process. In the case
of CF the self-correcting process of scientific development
emphasized by Huizenga has not worked. This fiasco seems
to be due to the fact that scientists appointed to investigate CF
claims did not follow the rules of scientific methodology.
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