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Extensions of Fuzzy Set/Logic, Intuitionistic Fuzzy
Set/Logic, and Neutrosophic
Set/Logic/Probability/Statistics to Plithogenic
Set/Logic/Probability/Statistics

(Preface)

We introduce for the first time the concept of plithogeny in
philosophy and, as a derivative, the concepts of plithogenic set /
logic / probability / statistics in mathematics and engineering — and
the degrees of contradiction (dissimilarity) between the attributes’
values that contribute to a more accurate construction of
plithogenic aggregation operators and to the plithogenic
relationship of inclusion (partial ordering).

They resulted from practical needs in our everyday life, and

we present several examples and applications of them.

Plithogeny is the genesis or origination, creation, formation,
development, and evolution of new entities from dynamics and
organic fusions of contradictory and/or neutrals and/or non-
contradictory multiple old entities.

Plithogeny pleads for the connections and unification of
theories and ideas in any field.

As “entities” in this study, we take the “knowledges” in
various fields, such as soft sciences, hard sciences, arts and letters
theories, etc.
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Plithogeny is the dynamics of many types of opposites,
and/or their neutrals, and/or non-opposites and their organic
fusion.

Plithogeny is a generalization of dialectics (dynamics of one
type of opposites: <A> and <antiA>), neutrosophy (dynamics of
one type of opposites and their neutrals: <A> and <antiA> and
<neutA>), since plithogeny studies the dynamics of many types of
opposites and their neutrals and non-opposites (<A> and <antiA>
and <neutA>, <B> and <antiB> and <neutB>, etc.), and many non-
opposites (<C>, <D>, etc.) all together.

As application and particular derivative case of plithogeny is
the Plithogenic Set, that we’ll present in the book, since it is an
extension of crisp set, fuzzy set, intuitionistic fuzzy set, and

neutrosophic set, and has many scientific applications.

Plithogenic Set

A plithogenic set P is a set whose elements are characterized
by one or more attributes, and each attribute may have many
values.

Each attribute’s value v has a corresponding (fuzzy,
intuitionistic fuzzy, or neutrosophic) degree of appurtenance d(x,
v) of the element x, to the set P, with respect to some given criteria.

In order to obtain a better accuracy for the plithogenic
aggregation operators, a (fuzzy, intuitionistic fuzzy, or
neutrosophic) contradiction (dissimilarity) degree is defined
between each attribute value and the dominant (most important)
attribute value.

{However, there are cases when such dominant attribute

value may not be taking into consideration or may not exist, or

14



there may be many dominant attribute values. In such cases, either
the contradiction degree function is suppressed, or another
relationship function between attribute values should be designed
by the experts according to the application they need to solve.}

The plithogenic aggregation operators (intersection, union,
complement, inclusion, equality) are linear combinations of the
fuzzy operators tnorm and fconorm.

Plithogenic set is a generalization of the crisp set, fuzzy set,
intuitionistic fuzzy set, and neutrosophic set, since these four types
of sets are characterized by a single attribute (appurtenance):
which has one value (membership) — for the crisp set and for fuzzy
set, two values (membership, and nonmembership) — for
intuitionistic  fuzzy set, or three values (membership,
nonmembership, and indeterminacy) — for neutrosophic set.

A plithogenic set, in general, may have its elements

characterized by attributes with four or more attribute values.
Plithogenic Logic

A plithogenic logic proposition P is a proposition that is
characterized by degrees of many truth-values with respect to the
corresponding attributes’ values.

With respect to each attribute’s value v there is a
corresponding degree of truth-value d(P, v) of P with respect to the
attribute value v.

Plithogenic logic is a generalization of the classical logic,

fuzzy logic, intuitionistic fuzzy logic, and neutrosophic logic, since

these four types of logics are characterized by a single attribute
value (truth-value): which has one value (#ruth) — for the classical
logic and fuzzy logic, two values (truth, and falsehood) — for

15



intuitionistic fuzzy logic, or three values (truth, falsehood, and
indeterminacy) — for neutrosophic logic.

A plithogenic logic proposition P, in general, may be
characterized by more than four degrees of truth-values resulted

from under various attributes.

Plithogenic Probability

In the plithogenic probability each event E from a probability
space U i1s characterized by many chances of the event to occur
[not only one chance of the event to occur: as in classical

probability, imprecise probability, and neutrosophic probability],
chances of occurrence calculated with respect to the corresponding
attributes’ values that characterize the event E.

We present into the book the discrete/continuous
finite/infinite n-attribute-values plithogenic probability spaces.

The plithogenic aggregation probabilistic operators
(conjunction, disjunction, negation, inclusion, equality) are based
on contradiction degrees between attributes’ values, and the first
two are linear combinations of the fuzzy logical operators’ tuorm
and tconorm.

Plithogenic probability is a generalization of the classical
probability [ since a single event may have more crisp-probabilities

of occurrence |, imprecise probability [ since a single event may

have more subunitary subset-probabilities of occurrence ], and
neutrosophic probability [ since a single event may have more

triplets of: subunitary subset-probabilities of occurrence,
subunitary subset-probabilities of indeterminacy (not clear if
occurring or not occurring), and subunitary subset-probabilities of

nonoccurring) ].
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Plithogenic Statistics

As a generalization of classical statistics and neutrosophic
statistics, the Plithogenic Statistics is the analysis of events
described by the plithogenic probability.

Formal definitions of plithogenic set / logic / probability /
statistics are presented into the book, followed by plithogenic
aggregation operators, theorems, and then examples and
applications of these new concepts into our everyday life.

The Author
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I[. INTRODUCTION TO PLITHOGENY

I.1. Etymology of Plithogeny

Plitho-geny etymologically comes from:

(Gr.) winbog (plithos) = crowd, large number of, multitude,
plenty of,

and

-geny < (Gr.) -yevid (-genid) = generation, the production of
something & yéveia (géneia) = generations, the production of
something < -yévean (-génesi) = genesis, origination, creation,
development,

according to Translate Google Dictionaries
[ https://translate.google.com/ ] and Webster’s New World
Dictionary of American English, Third College Edition, Simon &
Schuster, Inc., New York, pp. 562-563, 1988.

Therefore, plithogeny is the genesis or origination, creation,
formation, development, and evolution of new entities from
dynamics and organic fusions of contradictory and/or neutrals
and/or non-contradictory multiple old entities.

Plithogeny pleads for the connections and unification of
theories and ideas in any field.

As “entities” in this study we take the “knowledges” in
various fields, such as soft sciences, hard sciences, arts and letters
theories, etc.

Plithogeny is the dynamics of many types of opposites,
and/or their neutrals, and/or non-opposites and their organic

fusion.
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https://translate.google.com/

Plithogeny is a generalization of dialectics (dynamics of one
type of opposites: <A> and <antiA>), neutrosophy (dynamics of
one type of opposites and their neutrals: <A> and <antiA> and
<neutA>), since plithogeny studies the dynamics of many types of
opposites and their neutrals and non-opposites (<A> and <antiA>
and <neutA>, <B> and <antiB> and <neutB>, etc.), and many non-

opposites (<C>, <D>, etc.) all together.
I.1.1. Etymology of Plithogenic

While plithogenic means what is pertaining to plithogeny.
1.2. Plithogenic Multidisciplinarity

While Dialectics is the dynamics of opposites (<4> and
<antiA>), Neutrosophy is the dynamic of opposites and their
neutrality (<4>, <neutA>, <antiA>), Plithogeny [as a
generalization of the above two] is the dynamic and fusion of many
opposites and their neutralities, as well as other non-opposites
(<A>, <neutA>, <antiA>; <B>, <neutB>, <antiB>; <C>;
<D>;..).

Plithogeny organically melts opposites and neutrals and non-
opposites entities as a melting pot of hybrid or related ideas and
concepts.

Plithogeny is multidynamic.

Plithogeny is a MetaScience.

Plithogeny is a hyper-hermeneutics, consisting of hyper-
interpretation of literature and arts, soft and hard sciences, and so
on. Unconventional research / theory / ideas...

Of course, the dynamics and fusions do not work for all kind
of opposites, neutrals, or non-opposites.
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Plithogeny is referred to the fluctuation of opposites,
neutrals, and non-opposites that all converge towards the same
point, then diverge back, and so on. A continuum process of
merging, and splitting, or integration and disintegration.

Plithogeny is the basement of plithogenic set, plithogenic
logic, plithogenic probability, and plithogenic statistics.

1.3. Applications of Plithogeny

Of a particular interest is the plithogenic set, that we’ll
present next, since it is an extension of fuzzy set, intuitionistic fuzzy
set, and neutrosophic set, and has many scientific applications.

Similarly plithogenic logic, plithogenic probability and
plithogenic statistics.

Let €@ be a plithogenic aggregation operator [organic
fusion].

L1.3.1. Three entities: Religion (<A>) @ Science (<antiA>) @
Body (<B>).

The religious prayer (part of <4>) has been proven be a
psychological therapy (hence a scientific method that belongs to
<antiA>), which means a non-empty intersection of <4> and
<antiA>, or <neutA>, pleading to a spiritual health, which
positively influences the physical body (<B>). Therefore, a fusion
between <A>, <antiA>, and <B>, or better — a neutrosophic
implication: <A> N <antiA> = <B>.
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1.3.2. Materialism (<A>) @ Idealism (<antiA>) @ Ontology
(<B>).

Materialism is a philosophical doctrine stating that the only
reality is the matter. The emotions, the feelings, and the thoughts
can also be explained in terms of matter.

Idealism is a philosophical theory that things (reality) exist
in our mind only, as ideas; they are dependent of our mind. The
things are not material objects.

According to Neutrosophy, the reality is the matter
(independent of our mind) and our ideas, feelings and thoughts
(dependent of our mind). Thus, the combination of <A4> and
<antid> gives <neutA>.

Ontology 1s a branch of metaphysics that studies the common
traits and principles of being, of reality (ultimate substance). But,
<A> N <B>, which is the Materialist Ontology, studies the
structure, determination and development of respective reality.
While <antiA> N <B>, which is Idealist Ontology (or
Gnoseology), studies the knowledge process: its structure, general
conditions, and validity. Whence <4> N <antiA> N <B> studies

both the objective and subjective realities of being.

Etymologically, Gnoseology < Germ. Gnoseologie < Gr.
ywawaong (gnosis) = knowledge < Gr. yryvookew (gignoskein) = to
look with wide open eyes, to goggle, to know.

We introduce now for the first time this philosophical term
from German and Romanian languages to English.

Gnoseology is the theory of cognition; philosophical theory
refereed to the human’s capacity of knowing the reality and getting
to the truth. { Dictionarul Explicativ al Limbii Romdne, Editura
Academiei, Bucharest, p. 377, 1975. }
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1.3.3. Conscious Motivation (<A>) @ Aconscious Motivation
(<neutA>) @ Unconscious Motivation (<antiA>) © Optimism
(<B>) @ Pesimism (<antiB>).

All above five concepts [Conscious Motivation, Aconscious
Motivation, Unconscious Motivation, Optimism, and Pesimism]|
are from the neutrosophic philosophical assumptions and
neutrosophic personality traits.

The fusion of these five philosophical entities using
plithogeny ends up in assuming: a degree of optimism and a
degree of pessimism regarding the motivation at each of the
memory’s neutrosophic levels: conscious, aconscious, and

unconscious.

I.4. Notations for Crisp, Fuzzy, Intuitionistic Fuzzy,
Neutrosophic, and Plithogenic Set/Logic/Probability

Operators

We use the notations for intersection, union, complement,
less than or equal to, greater than or equal to, and equal to
respectively - as follows:

Crisp (Classical): A,v, 1, <, >, =

Fuzzy: Ap (thorm)s Vi (tconorm)s —1F» <F, >F, =F

Refined Fuzzy: Agp, Vrr, =g, <RF, >RF, =RF

Intuitionistic Fuzzy: Ajp Vg =g, <IF, 2IF, =IF

Refined Intuitionistic Fuzzy: Ag;r Vgir, —riF, <RIF, ZRIF, =RIF
Neutrosophic: Ay Vy =1y, SN, 2N, =N

Refined Neutrosophic: Agy Vgy, —1gns SRN, ZRN, =RN

Plithogenic: Ap» Vp, T1ps <P, 2P, =P.
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II. PLITHOGENIC SET

I1.1. Informal Definition of Plithogenic Set

A plithogenic set P is a set whose elements are characterized
by one or more attributes, and each attribute may have many
values.

Each attribute’s value v has a corresponding degree of
appurtenance d(x, v) of the element x, to the set P, with respect to
some given criteria.

In order to obtain a better accuracy for the plithogenic
aggregation operators, a contradiction (dissimilarity) degree is
defined between each attribute value and the dominant (most
important) attribute value.

{However, there are cases when such dominant attribute
value may not be taking into consideration or may not exist
[therefore it is considered zero by default], or there may be many
dominant attribute values. In such cases, either the contradiction
degree function is suppressed, or another relationship function
between attribute values should be established. }

The plithogenic aggregation operators (intersection, union,
complement, inclusion, equality) are based on contradiction
degrees between attributes’ values, and the first two are linear
combinations of the fuzzy operators’ tnorm and tconorm.

Plithogenic set is a generalization of the crisp set, fuzzy set,

intuitionistic fuzzy set, and neutrosophic set, since these four types

of sets are characterized by a single attribute value (appurtenance):
which has one value (membership) — for the crisp set and fuzzy set,
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two values (membership, and nonmembership) — for intuitionistic
fuzzy set, or three values (membership, nonmembership, and
indeterminacy) — for neutrosophic set.

A plithogenic set, in general, may have elements
characterized by attributes with four or more attribute values.

I1.2. Formal Definition of Single (Uni-Dimensional)

Attribute Plithogenic Set

Let U be a universe of discourse, and P a non-empty set of
elements, P € U.

I1.2.1. Attribute Value Spectrum

Let & be a non-empty set of uni-dimensional attributes
o = {1, 02, ..., Om},
m = 1; and o € & be a given attribute whose spectrum of all

possible values (or states) is the non-empty set S, where S can be a
finite discrete set, S = {si, 52, ..., 51}, 1 <[ <oo, or infinitely
countable set S = {s;, s2, ..., s»}, or infinitely uncountable
(continuum) set S = ]a, b[, a < b, where ]...[ is any open, semi-
open, or closed interval from the set of real numbers or from other
general set.

I1.2.2. Attribute Value Range

Let V' be a non-empty subset of S, where V' is the range of all
attribute’s values needed by the experts for their application. Each
element x € P is characterized by all attribute’s values in V' = {v,
V2, ..., vu}, forn>1.
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11.2.3. Dominant Attribute Value

Into the attribute’s value set V, in general, there is a dominant
attribute value, which is determined by the experts upon their

application. Dominant attribute value means the most important
attribute value that the experts are interested in.

{However, there are cases when such dominant attribute
value may not be taking into consideration or not exist, or there
may be many dominant (important) attribute values - when

different approach should be employed.}
I1.2.4. Attribute Value Appurtenance Degree Function

Each attributes value v € V' has a corresponding degree of
appurtenance d(x, v) of the element x, to the set P, with respect to
some given criteria.

The degree of appurtenance may be: a fuzzy degree of
appurtenance, or intuitionistic fuzzy degree of appurtenance, or
neutrosophic degree of appurtenance to the plithogenic set.

Therefore, the attribute value appurtenance degree function
is:

Vx € P, d: PxV- ([0, 179, (1)
so d(x, v) is a subset of [0, 1]%, where Z{/0, 1]) is the power set of
the /0, 1]4 where z = I (for fuzzy degree of appurtenance), z = 2
(for intuitionistic fuzzy degree of appurtenance), or z = 3 (for
neutrosophic degree de appurtenance).

I1.2.5. Attribute Value Contradiction (Dissimilarity)

Degree Function

Let the cardinal |V] > 1.
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Let ¢: VXV = [0, 1] be the attribute value contradiction

degree function (that we introduce now for the first time) between

any two attribute values v; and vz, denoted by

c(vi, v2), and satisfying the following axioms:

c(vi, vi) = 0, the contradiction degree between the same
attribute values is zero;

c(vi, v2) = c(v2, vi), commutativity.

For simplicity, we use a fuzzy attribute value contradiction

degree function (c as above, that we may denote by crin order to

distinguish it from the next two), but an intuitionistic attribute

value contradiction function (cir : VXV — [0, 1]°), or more general

a neutrosophic attribute value contradiction function (cv : VXV —

[0, 1]°) may be utilized increasing the complexity of calculation
but the accuracy as well.

We mostly compute the contradiction degree between uni-
dimensional attribute values. For multi-dimensional attribute
values we split them into corresponding uni-dimensional attribute
values.

The attribute value contradiction degree function helps the
plithogenic aggregation operators, and the plithogenic inclusion
(partial order) relationship to obtain a more accurate result.

The attribute value contradiction degree function is designed
in each field where plithogenic set is used in accordance with the
application to solve. If it is ignored, the aggregations still work, but
the result may lose accuracy.

Several examples will be provided into this book.

Then (P,a,V,d, c) is called a plithogenic set:

e where “P” is a set, “a” is a (multi-dimensional in general)

attribute, “J”’ is the range of the attribute’s values, “d” is the degree
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of appurtenance of each element x’s attribute value to the set P with
respect to some given criteria (x € P), and “d” stands for “dz” or
“d;r” or “dy”, when dealing with fuzzy degree of appurtenance,
intuitionistic fuzzy degree of appurtenance, or neutrosophic degree
of appurtenance respectively of an element x to the plithogenic set
P;
e and “c” stands for “cr” or “ciF” or “cn”, when dealing with fuzzy
degree of contradiction, intuitionistic fuzzy degree of
contradiction, or neutrosophic degree of contradiction between
attribute values respectively.

The functions d(:,) and c(+,-) are defined in accordance
with the applications the experts need to solve.

One uses the notation:

x (d (x,V) ) ,
where d(x,V) = {d(x,v),forallv € V},Vx € P.

I1.2.6. About the Plithogenic Aggregation Set Operators

The attribute value contradiction degree is calculated
between each attribute value with respect to the dominant attribute
value (denoted vp) in special, and with respect to other attribute
values as well.

The attribute value contradiction degree function ¢ between
the attribute’s values is used into the definition of plithogenic
aggregation operators {[ntersection (AND), Union (OR),

Implication ( =), Equivalence ( <), Inclusion Relationship
(Partial Order), and other plithogenic aggregation operators that
combine two or more attribute value degrees - that fuorm and teonorm

act upon}.
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Most of the plithogenic aggregation operators are linear
combinations of the fuzzy twm (denoted Ar ), and fuzzy tconorm
(denoted V r), but non-linear combinations may as well be
constructed.

If one applies the fnorm on dominant attribute value denoted
by vp, and the contradiction between vp and v: is ¢(vp, v2), then
onto attribute value v2 one applies:

[1 = ¢(vD, v2)]-thorm(VD, V2) + c(VD, V2) teconorm(VD, v2), (2)

Or, by using symbols:

[1 — c(vp, v2)]-(vDAFV2) + c(VD, v2)-(VDVFV2). 3)

Similarly, if one applies the fconorm on dominant attribute
value denoted by vp, and the contradiction between vp and v is
c(vp, v2), then onto attribute value vz one applies:

[1 — ¢(vD, v2)]-tconorm(VD, v2) + c(VD, V2)-thorm(VD, Vv2), (4)

Or, by using symbols:

[1 —c(vp, v2)]-(VvDVFV2) + c(vD, v2):(VDAFV2). (5)

I1.3. Plithogenic Set as Generalization of other Sets

The plithogenic set is an extension of all: crisp set, fuzzy set,
intuitionistic fuzzy set, and neutrosophic set.
For examples:
Let U be a universe of discourse, and a non-empty set P C
U. Let x € P be a generic element.

I1.3.1. Crisp (Classical) Set (CCS)

The attribute is o = “appurtenance’;
the set of attribute values V = {membership,
nonmembership}, with cardinal |V] = 2;

the dominant attribute value = membership;

28



the attribute value appurtenance degree function:
d: PxV—={0, 1}, (6)
d(x, membership) = 1, d(x, nonmembership) =0,
and the attribute value contradiction degree function:
c: VXV—{0, 1}, (7
c(membership, membership) = c(nonmembership,
nonmembership) = 0,

c(membership, nonmembership) = 1.

11.3.1.1. Crisp (Classical) Intersection

a/\be{0,1} (8)
11.3.1.2. Crisp (Classical) Union

aV/be{0,1} 9
11.3.1.3. Crisp (Classical) Complement (Negation)

—a€ {0, 1}. (10)

I1.3.2. Single-Valued Fuzzy Set (SVFS)

The attribute is a. = “appurtenance’;
the set of attribute values V = {membership/}, whose
cardinal |[V] = 1;
the dominant attribute value = membership,
the appurtenance attribute value degree function:
d: PxV-|0, 1], (11)
with d(x, membership) € [0, 1];
and the attribute value contradiction degree function:
c: VxV-[0, 1], (12)
c(membership, membership) = 0.
11.3.2.1. Fuzzy Intersection
a/\rbel0,1] (13)
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11.3.2.2. Fuzzy Union

aVrbel0,1] (14)
11.3.2.3. Fuzzy Complement (Negation)
—ra=1-a€]0,1]. (15)

I1.3.3. Single-Valued Intuitionistic Fuzzy Set (SVIFS)

The attribute is o = “appurtenance’;
the set of attribute values V = {membership,
nonmembership/}, whose cardinal |V] = 2;
the dominant attribute value = membership,
the appurtenance attribute value degree function:
d: PxV-l0, 1], (16)
d(x, membership) € [0, 1], d(x, nonmembership) € [0, 1],
with d(x, membership) + d(x, nonmembership) < 1,
and the attribute value contradiction degree function:
c: VXV-|0, 1], (17)
c(membership, membership) = c(nonmembership,
nonmembership) = 0,
c(membership, nonmembership) = 1,
which means that for SVIFS aggregation operators’ intersection
(AND) and union (OR), if one applies the tuorm on membership
degree, then one has to apply the Zconorm 0n nonmembership degree
— and reciprocally.

Therefore:

11.3.3.1. Intuitionistic Fuzzy Intersection

(a1, az) \rs (by, by) = (&1 7 Di@a Vi by) (18)
11.3.3.2. Intuitionistic Fuzzy Union

(a1, az) Vies (by, by) = (@ Vr bty 7 by) , (19)
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and

11.3.3.3. Intuitionistic Fuzzy Complement (Negation)

—1rs (a1, a2) = (a2, ai). (20)
where Arand Vr are the fuzzy tnorm and fuzzy tconorm respectively.
11.3.3.4. Intuitionistic Fuzzy Inclusions (Partial Orders)
11.3.3.4.1. Simple Intuitionistic Fuzzy Inclusion (the most used by
the intuitionistic fuzzy community):

(a1, az) <irs (by, by) 21)

iff a; <b;and a2 > bo.
11.3.3.4.2. Plithogenic (Complete) Intuitionistic Fuzzy Inclusion
(that we now introduce for the first time):

(ai, az) <p (b1, by) (22)

iff a, <(1-c))-b,a,>2(1~-c))-b,,
where ¢y € [0, 0.5) is the contradiction degree between the attribute
dominant value and the attribute value v { the last one whose
degree of appurtenance with respect to Expert A is (ai, az), while
with respect to Expert B is (b, b2) }. If ¢v does not exist, we take
it by default as equal to zero.

I1.3.4. Single-Valued Neutrosophic Set (SVNS)

The attribute is o = “appurtenance’;

the set of attribute values V = {membership, indeterminacy,
nonmembership}, whose cardinal |V] = 3;

the dominant attribute value = membership;

the attribute value appurtenance degree function:

d: PxV-/[0, 1], (23)

d(x, membership) € [0, 1], d(x, indeterminacy) € [0, 1],

d(x, nonmembership) € [0, 1],
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with 0 < d(x, membership) + d(x, indeterminacy) + d(x,
nonmembership) < 3;
and the attribute value contradiction degree function:
c: VxV-[0, 1], (24)
c(membership, membership) = c(indeterminacy, indeterminacy)
= c(nonmembership, nonmembership) =0,
c(membership, nonmembership) =1,
c(membership, indeterminacy) = c(nonmembership,
indeterminacy) = 0.5,
which means that for the SVNS aggregation operators
(Intersection, Union, Complement etc.), if one applies the #uorm on
membership, then one has to apply the #conorm 0n nonmembership
{and reciprocally), while on indeterminacy one applies the average

of thorm and tconorm, @S follows:
11.3.4.1. Neutrosophic Intersection:
11.3.4.1.1. Simple Neutrosophic Intersection (the most used by the

neutrosophic community):
(a1, a2, a3) Axs (by, by, b3) =(a, A, b,a, vy bya; v, b)) (25)

11.3.4.1.2. Plithogenic Neutrosophic Intersection
(a1, a2, a3) Ap (by, by, b3) =
(al A bl,%[(a2 A 192)+(cl2 Vi bz)],a3 Vi b3j
(26)
11.3.4.2. Neutrosophic Union:
11.3.4.2.1. Simple Neutrosophic Union (the most used by the

neutrosophic community):
(a1, a2, a3) Vns (by, by, b3) =
(a, vy b,a, Apbyas A by) (27)
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11.3.4.2.2. Plithogenic Neutrosophic Union
(al, az, a3) Vp (bl' bz, b3)

1
= (al Vi bl,z[(a2 Aeby)+(a, v, b,) | ay A, b3). (28)

In other way, with respect to what one applies on the
membership, one applies the opposite on non-membership, while
on indeterminacy one applies the average between them.
11.3.4.3. Neutrosophic Complement (Negation):

—ys (@1, a3, a3) = (az, az, ay). (29)
11.3.4.4. Neutrosophic Inclusions (Partial-Orders)
11.3.4.4.1. Simple Neutrosophic Inclusion (the most used by the
neutrosophic community):

(a1, a2 as3) <ns (b1, by, b3) (30)
iff a; <bsand a2 > b2, a3 > bs.
11.3.4.4.2. Plithogenic Neutrosophic Inclusion (defined now for
the first time):

Since the degrees of contradiction are

c(ai, az) = c(az, a3) = c(b1, b2) = c(bz, b3) =0.5, (31
one applies: a2 > [1- c(ai, az)]b2 or a>>(1-0.5)b2 or a>>0.5-bz
while

c(ai, az) = c(bi, b3) =1 (32)

{having a; < b; one does the opposite for az > b3},
whence

(a1, az a3) <p (by, by, b3) (33)

iffar <bsand a2>0.5-b2, a3 > bs.
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I1.3.5. Single-Valued Refined Fuzzy Set (SVRFS)

For the first time the fuzzy set was refined by Smarandache
[2] in 2016 as follows:

A SVRFS number has the form:

(T1, T, ..., Tp),
where p > 2 is an integer, and all 7 € [0, 1], forj € {1, 2, ..., p}.

The attribute o = “appurtenance”;

the set of attribute values V = {mi, mo, ..., mp}, where “m”

means submembership;
the dominant attribute values = mi, mo, ..., mp;,

the attribute value appurtenance degree function:

d: PxV-l0, 1], (34)
d(x, my) € [0, 1], for all j,

and Y0_, d,(m;) < 1; (35)
and the attribute value contradiction degree function:
c(m;,m;,) =0, (36)

forallj, j2 € {1,2, ..., p}.

Aggregation operators on SVRFS:

Let (aj, 1<) < p), with all a; € /0, 1], be a SVRFS number,
which means that the sub-truths 7; =g; forall 1 < j < p.
11.3.5.1. Refined Fuzzy Intersection:

(aj,1<j<p)nees (b, 1<j<p)

= (a,Apb1<j<p). (37)
11.3.5.2. Refined Fuzzy Union:

(aj,l <j Sp) VRFS (bj,l <j Sp)

= (aj vaj,léjSp). (38)
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11.3.5.3. Refined Fuzzy Complement (Negation):
—ws(Tj=a,1<j<p)=(FF=a,1<j<p), (39

where Fj are the sub-falsehoods, forall 1 < j < p.

11.3.5.4. Refined Fuzzy Inclusion (Partial-Order)
(a;,1<j<p) <wes (b;,1 <j<p) (40)
iffaj< bjforall1 <j <p.

I1.3.6. Single-Valued Refined Intuitionistic Fuzzy Set
(SVRIFS)

For the first time, the intuitionistic fuzzy set was refined by
Smarandache [2] in 2016, as follows:
A SVRIFS number has the form:
(T, T, ..., Tp; F1, F>, ..., Fy),
where p, » > 1 are integers, and p + » = 3, and all 7}, F1 €/0, 1], for
JE{,2,...,ptand [ €{1, 2, ..., s}.
The attribute o = “appurtenance”;
the set of attribute values V = {mi, mz, ..., mp; nmi, nmz, ...,
nmp/}, where “m” means submembership, and “nm”
subnonmembership;
the dominant attribute values = mi, mo, ..., mp;,

the attribute value appurtenance degree function:

d: PxV—-[0, 1], (41)
d(x, mj) € [0, 1], for all j, and d(x, nmy) € [0, 1], for all /,
where

?:1 dx(mj) + Yo dx(nmy) < 1; (42)

and the attribute value contradiction degree function:
C(mh'mfz) = C(nml1'nmlz) =0, (43)
forall j;,j, € {1,2,...,p},and l;, [, € {1,2, ..., s},
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while c(m;,nm;) =1 for all j and /.
Aggregation operators on SVRIFS:
11.3.6.1. Refined Intuitionistic Set Intersection:
(2,1 <j<p;b, 1 SIS S) Agyps
(c1<j<p;d,1<I<s)=
(¢, npcpl<j<pibyv,d,1<I<5s). (44)
11.3.6.2. Refined Intuitionistic Set Union
(a,1<j<p;b, 1 S U< S) Vi
(c,1<j<p;d,1<l<s)=
(aijcj,ISjSp;b,/\FdI,ISlSS). (45)
11.3.6.3. Refined Intuitionistic Complement (Negation)
—rs (T1=a,1<j<p;F=b,1<I<5)=
(Ti=b,1<l<s F=a,1<j<p) (46)
11.3.6.4. Refined Intuitionistic Inclusions (Partial Orders)
11.3.6.4.1. Simple Refined Intuitionistic Inclusion
(a1 <j<p;b, 1 SI<s) g
(u1<j<p;w,1<1<5s) 47)
iff
agj<ujforalll <j<pandw >d foralll1 <[<s.
11.3.6.4.2. Plithogenic Refined Intuitionistic Inclusion
(a,.1<j<pib.1<i<s)<,
(43)
(uj,l <j<p;w,l Slés)
iff a, <(1-c,)-u;, forall 1<j<pand b 2(1-c)-w

foralll1 <[ <s,
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where similarly ¢y € [0, 0.5) is the contradiction degree between
the attribute dominant value and the attribute value v. If ¢v does not

exist, we take it by default as equal to zero.

I1.3.7. Single-Valued Finitely Refined Neutrosophic Set
(SVFRNYS)

The Single-Valued Refined Neutrosophic Set and Logic
were first defined by Smarandache [3] in 2013.
A SVFRNS number has the form:
(T, T, ..., Tp, 11, L2, ..., Ir; F1, F2, ..., Fy),
where p, r, s >1 are integers, withp +r + s > 4,
and all Tj, Ix, F1 €[0, 1], forj€ {1, 2, ..., p}, k€ {1, 2, ...,
r},andl € {1,2, ..., s}.
The attribute o. = “appurtenance’;
the set of attribute values V = {mi1, mz, ..., mp, i1, iz, ..., ir;
11, f2, ..., fs}, where “m” means submembership, “i”
subindeterminacy, and “f” sub-nonmembership;
the dominant attribute values = mi, mo, ..., mp,
the attribute value appurtenance degree function:
d: PxV—-[0, 1], (49)
d(x, my) €10, 11, d(x, ir) € [0, 11, d(x, £) € [0, 1], for all j, &, 1,
with
0¥ de(my) + Xior die(it) + Zim1 de(f) Sp +7 + 55
(50)
and the attribute value contradiction degree function:
c(mjl,mjz) = c(ikl,ikz) = c(fll,flz) =0, (51)
forall ji,j2€ {1,2,....,p}, k1, ko, € {1,2, ..., 1}, and [,
LLe{l,2,...,s};

c(my,f) =1, (52)
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c(m;, ix) = c(fy, i) = 0.5, (53)
forallj, &, L.
Aggregation operators on SVFRNS:

11.3.7.1. Refined Neutrosophic Set Intersection:

(a1 <j<pib1<k<7; g, 1 <1< )Apy
(up1<j<piopl<k<rw,1<I<s)=

. 1
a, A, 1< SPQE[(bk A0 )+ (B vie0,) g vie W |

b

1</<s
(34)
and
11.3.7.2. Refined Neutrosophic Set Union:
(a1 <j<pib,1<k<7; g, 1<I<5)Vpy
(up1<j<piopl<k<rw,1<I<s)=
aVvyu,l<j Sp;l[(bk Ap ok)+(bk Vi ok):I,

1<k<rig A, w,I<I[<s
11.3.7.3. Refined Neutrosophic Complement (Negation):
( Tj=aj,1SjSp;Ik=bk, )—
M \1<k<rF=g,1<I<s

:<Tj=gl,1SlSs;Ik=bk,1SkSr;>

gu1<I<s F=a,1<j<p O

where all 7; = sub-truths, all /x = sub-indeterminacies, and all F; =
sub-falsehoods.
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11.3.7.4. Refined Neutrosophic Inclusions (Partial-Orders):

11.3.7.4.1. Simple Refined Neutrosophic Inclusion

(aj,l <j<pb,1<k<rm5 9,151 SS)SRNS
(up1<j<popl1<k<r;w,1<I<s) (57)
iff all a; <w, all bx >0k and all g1 > w.

11.3.7.4.2. Plithogenic Refined Neutrosophic Inclusion

(aj,lﬁjSp;bk,lékﬁr;g,,lﬁlﬁs) 55)
< (upl<j< pio I <k<rw,1<I<s)
iff all aj < (1-cv)-uj, all bk > (1-cv)-ok and all g1 > (1-cv)-wi,

where ¢y € [0, 0.5) is the contradiction degree between the attribute

dominant value and the attribute value v. If ¢v does not exist, we

take it by default as equal to zero.

I1.4. One-Attribute-Value Plithogenic Single-Valued
Set Operators

If onto the dominant attribute value v, one applies the
plithogenic tnorm, then on an attribute value v; whose contradiction
degree with respect to vp is 1, one applies the opposite, i.e. the
plithogenic tconorm.

While onto an attribute value v, whose contradiction degree
with respect to vp belongs to (0, 1), one applies a linear
combination of the tnorm and tconorm:

@ thorm[da(v2), dg(V2)] + B * teonorm[da(v2), dp (v2)], (59)

witha,f € (0,1),anda + f = 1.
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When doing a plithogenic intersection: the closer is
c(vp, vy) to 0, the larger is the percentage of tnorm added and the
smaller is the percentage of tconorm added.

And reciprocally, when doing a plithogenic union: the closer
is c(vp, v,) to 0, the smaller is the percentage of tnorm added and
the bigger is the percentage of tconorm added.

If c(vp,vy) = %, then the plithogenic intersection coincides
with the plithogenic union:
ds(v) Ay dp(vy) =
[da(z) Ap d ()] +5 - [da(w2) Ve dp ()], (60)

N |-

while
dy(vz) Vp dp(vy) =

= [da(02) Vi d(2)] +5 - [da(v2) Ar dp ()], (61)

If onto vp, one applies A, then on all v’s with c(vp, v) <
0.5 one also applies A,, while on those v’s with c(vp,v) = 0.5
one applies the opposite (V).

And reciprocally: if on vj, one applies V,, then on all v’s
with ¢(vp, v) < 0.5 one also applies V,,, while on those v’s with

c(vp,v) = 0.5 one applies the opposite (A).
I1.4.1. One-Attribute-Value Plithogenic Single-Valued
Fuzzy Set Operators

Let U be a universe of discourse, and a subset of it P be a
plithogenic set, and x € P an element. Let a be a uni-dimensional
attribute that characterize x, and v an attribute value, v € V, where

V' is set of all attribute’s a values used into solving an application.
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The degree of contradiction c(vp, v) = ¢, € [0, 1] between
the dominant attribute value v and the attribute value v.

Let’s consider two experts, A and B, each evaluating the
single-valued fuzzy degree of appurtenance of attribute value v of
x to the set P with respect to some given criteria:

di(v) = a € [0,1], and

d5(v) = b € [0,1].

Let A and Vi be a fuzzy tnorm and respectively fuzzy teonorm.

I1.4.2. One-Attribute-Value Plithogenic Single-Valued

Fuzzy Set Intersection

afNyb=(1-co) [angb]+cy-[aVEpb]. (62)

If c(vp, v) = ¢y € [0, 0.5) then more weight is assigned onto
the tnorm(a, b)= a Ag b than onto tconorm(a,b) = a Vg b; this is a
proper plithogenic intersection.

If c(vp, v) = ¢y € (0.5, 1] then less weight is assigned onto
the thorm(a, b)= a A b than onto teconorm(a,b) = a V b; this becomes
(rather) an improper plithogenic union.

If c(vp, v) = ¢,y € 0.5 then the same weight {0.5} is assigned
onto the

tnorm(@, b)= a Ap b and on tconorm(a,b) = a Vg b.

I1.4.3. One-Attribute-Value Plithogenic Single-Valued
Fuzzy Set Union
aVyb=(1-c)[aVEpb]+cy-[anrb]. (63)
If c(vp, v) = ¢y € [0, 0.5) then more weight is assigned onto

the tconorm(a, b)= a Vg b than onto tnorm(a,b) = a A b; this is a
proper plithogenic union.
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If c(vp, v) = ¢y € (0.5, 1] then less weight is assigned onto
the teconorm(a, b)= a Vp b than onto tnorm(a,b) = a Ap b; this is
(rather) an improper plithogenic intersection.

If c(vp, v) = ¢y € 0.5 then the same weight {0.5} is assigned
onto the

teonorm(@, b)= a Ag b and on tnorm(a,b) = a Vg b.

I1.4.4. One-Attribute-Value Plithogenic Single-Valued
Fuzzy Set Complements (Negations)

11.4.4.1. Denying the Attribute Value
-, (V) = anti(v), (64)
i.e. the opposite of v, where anti(v) € V or anti(v) €
RefinedV (refined set of V).

So, we get:

di(anti(v)) = a. (65)
11.4.4.2. Denying the Attribute Value Degree

—p(@) =1—a,or ~,dj(v) =1—a. (66)

(@)= () or (1 20) (67)

IL.5. One-Attribute-Value Plithogenic Single-Valued
Intuitionistic Fuzzy Set Operators
Let’s consider the single-valued intuitionistic fuzzy degree

of appurtenance of attribute value v of x to the set P with respect

to some given criteria:

dif (v) = (a1, a,) € [0,1]2, (68)
and
di (v) = (by, by) € [0,1]%. (69)
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I1.5.1. One-Attribute-Value Plithogenic Single-Valued
Intuitionistic Fuzzy Set Intersection

(al, az) /\p (bli bz) = (al /\p ap, bl Vp bz ) (70)
I1.5.2. One-Attribute-Value Plithogenic Single-Valued
Intuitionistic Fuzzy Set Union

(a1, az) Vp (by,by) = (al Vp @z, b1 Ay by ) (71)
I1.5.3. One-Attribute-Value Plithogenic Single-Valued

Intuitionistic Complements Set (Negations)

ﬁp(all aZ) = (‘12: al) (72)
ﬁp(all aZ) = (1 —ayq, 1- aZ) (73)
Etc.

I1.5.4. One-Attribute-Value Plithogenic Single-Valued
Intuitionistic Fuzzy Set Inclusions (Partial Orders)
(a1,a3) <p (b1, by) ifar <(I-cy)-b1, az>(1-cy)b2, (74)

where ¢y € [0, 0.5) is the contradiction degree between the attribute
dominant value and the attribute value v.

IL.5.5. One-Attribute-Value Plithogenic Single-Valued
Intuitionistic Fuzzy Set Equality

(all aZ) =p (blrbz) lf(al'az) Sp (b1ub2) (75)
and
(blsz) Sp (a1'a2)- (76)
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I1.6. One-Attribute Value Plithogenic Single-Valued
Neutrosophic Set Operators
Let’s consider the single-valued neutrosophic degree of

appurtenance of attribute value v of x to the set P with respect to

some given criteria:

dzl‘lv(v) = (all aZ! a3) € [0! 1]3a (77)
and
dg (v) = (by, by, b3) € [0,1]3. (78)

I1.6.1. One-Attribute-Value Plithogenic Single-Valued
Neutrosophic Set Intersection

(a1, az, as) Ap (by, by, b3) =

= (a1 Ap bl,% (az Ap by + ay Ap by),a3 Vv, b3). (79)
I1.6.2. One-Attribute-Value Plithogenic Single-Valued
Neutrosophic Set Union

(a1, az,a3) Vy (by, by, b3) =

(a1 Vy bl,%(az Ap by +a; Vi by),az Ay bs ) (80)
I1.6.3. One-Attribute-Value Plithogenic Single-Valued

Neutrosophic Set Complements (Negations)

ﬂp(ay a, az) = (az, az a,) (1)
—lp(ap az az) = (as, 1 —az, ay) (82)
—lp(ap az az) = (1—aq,a;1—as) (33)
Etc.
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I1.6.4. One-Attribute-Value Plithogenic Single-Valued

Neutrosophic Inclusions Set (Partial Orders)

11.6.4.1. Simple Neutrosophic Inclusion

(ay,az,a3) <y (by, by, b3) (84)
ifar <bi, a2> b2, a3 > bs.

11.6.4.2. Complete Neutrosophic Inclusion
(al, az,a3) Sp (blleJbS) (85)
ifar <b1, a2>0.5-bs, a3 > bs.

I1.6.5. One-Attribute-Value Plithogenic Single-Valued
Neutrosophic Set Equality

(ay,az,a3) =y (by, by, b3) (86)
if (ay, az, az) <y (by, by, b3)
and (b, by, b3) <y (a4, a,, as).
And similarly:
(a1, a,,a3) =p (b, by, bs) (87)
if (a4, ay, az) <p (b1, by, bs)
and (by, by, b3) <, (a4, ay, az).

I1.7. n-Attribute-Values Plithogenic Single-Valued
Set Operators

The easiest way to apply the plithogenic operators on a
multi-attribute plithogenic set is to split back the m-dimensional
attribute, m > 1, into m uni-dimensional attributes, and separately
apply the plithogenic operators on the set of all values (needed by
the application to solve) of each given attribute.
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Therefore, let o be a given attribute, characterizing each
element x € P, whose set of values are:

V ={v, vy ..,0} ={vp, vy, ..., 0 },n =1, (88)
where v, = dominant attribute value, and c(vp,v;) = ¢; € [0,1]
the contradiction degrees. Without restricting the generality, we
consider the values arranged in an increasing order with respect to
their contradiction degrees, i.e.:

1
c(vD,vD)=0S61SczS-~Sci0<§S

<cm << <1 (89)

I1.7.1. n-Attribute-Values Plithogenic Single-Valued
Fuzzy Set Operators

Let’s consider two experts, A and B, which evaluate an
element x, with respect to the fuzzy degree of the values vy, ..., v,
of appurtenance to the set P, upon some given criteria:

di:PxV - [0,1], df (x,v;) = a; € [0,1], (90)

d5:P xV - [0,1], d5(x,v;) = b; € [0,1], (C2))

foralli € {1,2,...,n}.

I1.7.2. n-Attribute-Values Plithogenic Single-Valued
Fuzzy Set Intersection

(a1, az, .., @i, Aigy1s ooer @n) Ay (b1, by, oo, by, B 11, ey by) =

<a1 /\p bl,az /\p bz, ...,aio /\p bio’)

(92)
ai0+1 /\p bi0+1, ey an /\p bn

The first i intersections are proper plithogenic intersections
(the weights onto the tuorm’s are bigger than onto fconorm’s):
ay Ap by, az Ay by, ..., a;) Ay by (93)

46



whereas the next n - i, intersections
ai0+1 /\p bi0+1, ey an /\p bn (94)
are improper plithogenic unions (since the weights onto the

thorm’s are less than onto feconorm’s):

I1.7.3. n-Attribute-Values Plithogenic Single-Valued
Fuzzy Set Union

(al, Ay ey Qi A 415 ...,an) Vy (bl, b,, ...,bio, bi0+1, . bn)
= (a1 Vp by, a; Vp by, @y Vi by, @11 Vo by g1, e, G Vp by )
95)
The first iy unions are proper plithogenic unions (the weights
onto the fconorm’s are bigger than onto thorm’s):
ay Vp by, ap Vo by, .., a; ) Vy by (96)
whereas the next n - i unions
Aiy+1 Vp Dig41 o Qn Vp by 97
are improper plithogenic intersections (since the weights
onto the tconorm’s are less than onto fnorm’s):

I1.7.4. n-Attribute-Values Plithogenic Single-Valued
Fuzzy Set Complements (Negations)

In general, for a generic x € P, characterized by the uni-
dimensional attribute o, whose values are V = (vp, vy, ..., V), n =
2, whose attribute value contradiction degrees (with respect to the
dominant attribute value v, ) are respectively: 0 < ¢, < -+ <
Cn_1 < ¢, < 1, and their attribute value degrees of appurtenance
to the set P are respectively ap, a,, ..., @,—1, @, € [0, 1], then the
plithogenic fuzzy complement (negation) of x is:
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0 C2 Cn-1 Cn
—p[x| Vp, V2, ..., Vn-1,Vn |] =

ap az An-1 An
1—¢, 1—-cu4 1—¢c, 1-¢p
X (anti(vn) anti(vy,—1) ...anti(v,) anti(vD)). (98)
an An-1 a ap
Some anti(V;) may coincide with some V;, whereas other
anti(V;) may fall in between two consecutive [V, Vi41] or we
may say that they belong to the Refined set V;

or

VUp Upeq e oon U

lar a0} (99)

{This version gives an exact result when the contradiction
degrees are equi-distant (for example: 0, 0.25, 0.50, 0.75, I) or
symmetric with respect to the center 0.5 (for example: 0, 0.4, 0.6,
1), and an approximate result when they are not equi-distant and
not symmetric to the center (for example: 0, 0.3, 0.8, 0.9, 1);}

or

12 Vy e Vi Viiq e Up

{1 —a, 1-ay..1— aoio 1 —Oai0+1 1= an} (100)

where anti(v;) € V or anti(v;) € RefinedV, for all i €
{1,2,...,n}.

I1.7.5. n-Attribute-Values Plithogenic Single-Valued
Fuzzy Set Inclusions (Partial Orders)
11.7.5.1. Simple Inclusion (Partial Order)
(al, Azy oos Ajgyy Ay 415 ...,an) <v
(by, by, ..., by, b1, e s by) (101)
if
a, < bl,az < bz, very
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a;, < bj,a; 41 = bj11,.,an = by. (102)
11.7.5.2. Plithogenic Inclusion (Partial Order)

(al, Ay, ey Ajy, Ajg 41 ...,an) <p

(by, by, ..., by, b 11, e s by) (103)
if
a1 < (1-c1) by,
a2 < (1-c2)" b,,...,
a, <(I-¢)-b,,
a; . 2 (I_Ci0+1)'bi

NRPI
a,2(l-c,)-b,

I1.7.6. n-Attribute-Values Plithogenic Single-Valued

Fuzzy Set Equality
(al, Az, oes Qi Qi1 ...,an) =p
(by, by, oo, iy, b1, e s by) (104)
if
(al, Ay, ey Ay Ajy 415 ...,an) <p
(b1, by, ..., big, big 1, s by) (105)
and
(by, by, vy big, b 41 s bn) <y
(a1,az, .., a1, Ay 41, o0 G- (106)

Similarly for “=~".

I1.8. n-Attribute-Values Plithogenic Single-Valued

Intuitionistic Fuzzy Set Operators

Let the intuitionistic fuzzy degree functions be:
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dif: P xV - [0,112, dif (x,v;) = (a;,, a;,) € [0,1]%, (107)
dif:P xV - [0,112, dif (x,v;) = (b;,, b;,) € [0,1]%, (108)
foralli € {1,2,..,n}.

I1.8.1. n-Attribute-Values Plithogenic Single-Valued

Intuitionistic Fuzzy Set Intersection

((‘111' as2), (Az1,a32), -.n, (aiop aioz); (ai0+1,1: aio+1,2): v (Ang, anz)) Np
((B11,b12), (b33, b22), -, (Bigs, biyz), (Big10 Bigs1.2)s -+ (bt bz) ) =

(@11 Ap bi1, @12 Vp b12), (@21 Ap ba1, Gz2 Vi b32), o,
(aiol Ap big1, Qig2 Vyp bioz): (ai0+1,1 Ap big+1,1, Q1,2 Vp bi01,2): T
(@n1 Ap bu1, anz Vp bry)
(109)
Similarly, the first i, intersections (of first duplet
components) are proper plithogenic intuitionistic fuzzy

intersections
(a11 Ap by1, a2 Vy b12), (a21 Ap bz1, 022 Vy bzz)' -

since for each duplet, for the first component, the weights
onto the tqorm’s are bigger than onto feconorm’s, while for the second
component the weights onto the t.om’s are smaller than onto
fconorm’S,

And the next n - i, intersections (of first duplet components)
are rather plithogenic intuitionistic fuzzy unions:
(ai0+1,1 Ap big+1,1, Qig12 Vp biol,Z)J ey (@n1 Ap Bui, Gz Vi by)

(111)

since for each duplet, for the first component, the weights

onto the tqom’s are smaller than onto fconorm’s, While for the second
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component the weights onto the fuom’s are bigger than onto

b
fconorm 'S,

I1.8.2. Attribute-Values Plithogenic Single-Valued

Intuitionistic Fuzzy Set Union

Let’s use simpler notations of the elements:
((ain,ai), 1 <i<n) Vv, ((big,bix), 1 <i<n) =

(@i vy bis @iz Ay biz) 1< i < ). (112)

Analogously, the first i, unions are proper plithogenic
intuitionistic fuzzy unions, since for each duplet, for the first duplet
component, the weights onto the fconorm’s are bigger than onto
trorm’s, While for the second duplet component the weights onto the
teonorm’s are smaller than onto fnorm’s,

And the next n - i, unions are improper plithogenic
intuitionistic fuzzy intersections, since for each duplet, for the first
duplet component, the weights onto the fconorm’s are smaller than
onto fnorm’s, While for the second duplet component the weights
onto the fconorm’s are bigger than onto fnorm’s,

I1.8.3. n-Attribute-Values Plithogenic Single-Valued

Intuitionistic Fuzzy Set Complements (Negations)

v ) _ [anti(vy)|.
—p {(ail:aiz) i€{1,2, ...,n}} = {(am.aiz) ie{1,2, ...,n}}
(113)
or{(a.zvia Sliet, ...,n}} (114)
or{(1 B al-:i1 _aplie 2, n}} (115)
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I1.8.4. n-Attribute-Values Plithogenic Single-Valued

Intuitionistic Fuzzy Set Inclusions (Partial Orders)

Let
a11,012), (A1, a55), ..., (A;.1,a; 5),
A=<( 11, @12), (Az1, z2) ( igl 102)> (116)
(ai0+1,1' ai0+1,2)» s (An1, An2)
and
B = <(b11' b12), (b21' b22): ey (bioll bioZ)’) (1 17)
(bi0+1,1' bi0+1,2)r T (bnlf an)

11.8.4.1. Simple Intuitionistic Fuzzy Inclusion
A< B (118)
iff (a;q, ajz) <tk (b;q, bjy) for 1 < i <o,
and (bjl, bjz) <ir (ajl,ajz) forio+1<j<n.

11.8.4.2. Plithogenic Intuitionistic Fuzzy Inclusion
A<y B (119)
iff (a;1, a;z) <p (b1, b;y) for 1 < i <o,
and (bj1,b;;) <, (aj1,aj,) forio+1 <j<n.

I1.8.5. n-Attribute-Values Plithogenic Single-Valued
Intuitionistic Fuzzy Set Equality

11.8.5.1. Simple Intuitionistic Fuzzy Equality
A= Biff A <;r Band B < A. (120)

11.8.5.2. Plithogenic-mple Intuitionistic Fuzzy Equality
A=pBiff A<p Band B <p A. (121)
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I1.9. n-Attribute-Values Plithogenic Single-Valued
Neutrosophic Set Operators

Let the neutrosophic degree functions be:

dy:P xV - [0,113, dY (x,v) = (a;,, a;,, a;,) € [0,1]3, (122)
dy:P xV - [0,113, d§ (x,v;) = (by,, by, by,) € [0,1]3,(123)
foralli € {1,2,...,n}.

I1.9.1. n-Attribute-Values Plithogenic Single-Valued

Neutrosophic Set Intersection

((a“,alz,a13),(a21,azz,a23),...,(a,01,aioZ,a,.03),(al.wu,aw)z,a,.oﬂ,s),...,(anl,a"z,ans)) Ap
((B11B10sB13)s (B By by Yoo (By 153 By 0o (By 1158y 1008y 13 )s s (BrisByas By) ) =
(a),,a,5,a3) Ap (By1, D15, D13),(ay,G,005) A (bZI,bzz,b23),...,(ain],ainz,aiﬂ3) Ap (binl,binz,bin3),
[(ai"u,lsai0+1‘2’ai0+1,3) Ap (B 15D, 41250 013)s0 (@185 @,5) Ap (By15b,,0,5) ]
(124)
With simpler notations:
((aiy, aiz,ai3), 1 < i <n) Ay ((Bi1, biz, bi3), 1 < i<n)

— ((au Np bip%(aiz Ar bip) + % (aiz VE biz), a;3 Vy bi3) '>_
1<i<n

(125)
Analogously, the first i, intersections are proper plithogenic
intersections, since for each triplet, for the first triplet component,
the weights onto the #.0m’s are bigger than onto fconorm’s, while for
the third triplet component the weights onto the tuorm’s are smaller

than onto Zconorm’s.

And the next n - i, intersections are improper plithogenic
unions, since for each triplet, for the first triplet component, the
weights onto the tuorm’s are smaller than onto fconorm’s, While for the
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third triplet component the weights onto the #.0mm’s are bigger than
onto tconorm’S,

I1.9.2. n-Attribute-Values Plithogenic Single-Valued

Neutrosophic Set Union

((a“,alz,a]3),(a21,azz,a23),...,(aigl,aiuz,am),(awﬁl,an.z,a,wl’}),...,(a”],a”z,a”}))vP
((B11B10sB13): (Bay by b )evces(By 1By by o (B 5By 03By 13 )seon(Byis Do By) ) =
(a,,,815,a3) Vp (b1, D15, 05),(ay,00,05,) V) (b21,bzz,bzz),...,(aiol,aioz,alb}) Vp (bl.“],biﬂz,bm),
[(%n.l RWEY ain+1,3) Vp (b[0+1,1 > b[,,n,z’b[uﬂ,s)a oo (@15 8,050,5) Vi (B,1,D,5,0,5) J
(126)
With simpler notations:

((@ain, a2, ai3), 1 < i < 1) vy, ((byy, bz, biz), 1 < i < )

— ((au Vp bil)%(aiz Ar biz) + % (aiz Vr biz), aiz Np bi3) »)_
1<i<n
(127)

Analogously, the first i, unions are proper plithogenic
unions, since for each triplet, for the first triplet component, the
weights onto the zconorm’s are bigger than onto fnorm’s, while for the
third triplet component the weights onto the fconorm’s are smaller
than onto fmorm’s.

And the next n - i, unions are rather plithogenic
intersections, since for each triplet, for the first triplet component,
the weights onto the fconorm’s are smaller than onto #norm’s, while for
the third triplet component the weights onto the tconorm’s are bigger
than onto #norm’s,
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I1.9.3. n-Attribute-Values Plithogenic Single-Valued
Neutrosophic Set Complements (Negations)

. anti(v;) |.
_'p{(aillaiZ:aB); 1<i<n}= {(an;aiz;;m) ie€{1,,2, ...,n}}
(128)
or
Vi .
(ai3’ aiZIail) l E {1II21 ""n} (129)
or
Vi .
(a3, 1 = agy, ag)|t € 1020l (130)

Etc.
11.9.4. n-Attribute-Values Plithogenic Single-Valued

Neutrosophic Set Inclusions (Partial Orders)

11.9.4.1. Simple Neutrosophic Inclusion
((an,alz,au), (ay, ,an,a23),...,(a,.01 ,aioz,ail)}),(aw.] ,al.w’z,a,.um),..., (a, ,anz,an3)) <y
(BB By )s (Boys By By )svoes (5B 25,5 (B 5By 105Dy 15 on (B By 5 )
(131)
iff
(ay,a,,a,) <, (b,,D,,b,3),(ay,ay,0,) <y (bZI,bzz,b23),...,(aiol,aioz,am}) <y (biul,biuz,bios),
(@05 1258013) Zx By 11500025803) 00 (000,805 0,3) 2y (B,1,0,5,D,5).
(132)
11.9.4.2. Plithogenic Neutrosophic Inclusion
((a,],alz,aw),(aZI,azz,aB),...,(a[O],a,oz,ai03),(al.w,al.oﬂqz,al.ow),...,(a“],anz,an3)) <p
(Br1sBi0sB13)s By Bigs B )svces (B 5By s By ) (B 115Dy 128y 1) (B Bins )

(133)
iff
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(all’an’a]}) SP (bl]’b125b13)5(a217a22’a23) SP (bzl’b22’b23)"“’(aiol5ai02’ai03) SP (b 1 b bio3)’

i1 7022
(ai‘,+l,1’ai0+1,2’ai0+1,3) 2p (bi0+1,1’bin+142’biﬂ+l,3)""’(anl’anz’anS) 2, (b,1,b,25b,5)

(134)
I1.9.5. n-Attribute-Values Plithogenic Single-Valued
Neutrosophic Set Equality

((all’aIZ’aB)’(aZI’a22’a23)""’(aiol’a102’ai03)7(ai0+l,1’ai0+1,2’ai0+1,3)’""(anl’anZ’an})) =p

((bll’bIZ’bl3)’(b21’b22’b23)""7(biol7bi02’bio3)7(bi0+l,l7bi0+l,2’b10+1,3)5""(b b bn3))

nl>~n2>

(135)
if
((au’alz’an)ﬂ(azla yysln3)semes (az},l’ a;02’ains)v(aiou,l’aiou,z’ aio+1,3)’---’(anla anZ’an3)) <p
((BuisB10s513)s(BaysBgs B )scs(By By By 0o (By 1By 128y 1302 (Byis By ) )

nl>~n2>

(136)
and
(511351253, (BygsBys By s (By 15y By s (B 115D, 2By 15D (s By B,0) ) <,
((a”,alz,aw),(aﬂ,azz,aB),...,(aiol,al.oz,al.o3),(a,.DHJ,al.OH,z,al.oﬂj),...,(anl,anz,an3))
(137)
And similarly for ”=n".

I1.10. Theorems Related to One-Attribute-Value
Plithogenic Single-Valued Fuzzy Set Intersections

and Unions

Let vp be an attribute dominant value, and v any attribute
value.
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I1.10.1. Theorem 1.
If c(vp, v) = 0, then:
1.1. if on vy one applies the t,,,,n, On vV one also applies the

thorms
1.2. if on vj, one applies the t.,norm, ON V One also applies

the tconorm .

I1.10.2. Theorem 2.
If c(vp,v) = 1, then:
2.1. if on vy one applies the t,,-m, On v one applies the

tconorm;

2.2. if on vp one applies the t.pn0rm,» ON vV One applies the

tnorm .

11.10.3. Theorem 3.

If 0<c(vp,v)<1, then on v one applies a linear

combination of ¢,y and t.onorm-
11.10.4. Theorem 4.

Let a, b be the fuzzy degrees of appurtenance of the attribute
value v with respect to Experts A and B. Then:
alh,b+aVy,b=aAgb+aVgb. (138)
Proof.
Let ¢, = c(vp,v) € [0,1]. Then
aNpb+avy,b
= (1-¢,)-[an; b]+c,-[av, b]
+ (1—¢y)-[a v, b]+¢, [an, b]
=aApb+aVghb. (139)
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11.10.5. Theorem 5.

Let a, b be the fuzzy degrees of appurtenance of the attribute
value v with respect to Experts A and B.

If the degree of contradiction of a and b, with respect to their
corresponding dominant attribute values is equal to 0.5, then

alp,b=avyb. (140)
Proof:

Since ¢y = 0.5, then 1 - ¢y = ¢, = 0.5 and therefore the
definitions of a A, b and a V,, b become the same.

11.10.6. Theorem 6.

Let a, b be the fuzzy degrees of appurtenance of the attribute
value v with respect to Experts A and B respectively, and the
contradiction degree of attribute value v with the attribute
dominant value vp by c,.

Let a',b’ be the fuzzy degrees of appurtenance of the
attribute value v’ with respect to Experts A and B respectively,
where a’ = a and b’ = b, and the contradiction degree of attribute
value v’ with the attribute dominant value vb be 1 — ¢,.

Then:

ah,b=a'v,b" (141)
Proof:

ar, b = (=cp)-[angbl+c,-[av,b] _

co-[avF b]+(l—co)-[a/\F b]:
[1_(1_c0)]'[aVF b]"’(l_co)'[a/\F b]:
[l—(l—co)]-[a'vF b']+(1—co)'[a'/\Fb'] =

{sincea=a’andb=Db"}
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=a' v, b’ (142)

{ since the contradiction degree between v’ and vpis - co }.
I1.10.7. Theorem 7.

Let’s consider a plithogenic neutrosophic set P, and x an
element from P. The neutrosophic degrees of appurtenance of the
element x’s attribute values v with respect to Experts A and B are
respectively (Ty, 1, Fy) and (T, I,, F,). The interior degrees of
contradiction between the neutrosophic components T,1,F, or
truth, indeterminacy, and falsehood respectively, are:

c(T,1) =~ c(I,F) = and (T, F) = 1,
where T is considered the dominant neutrosophic component.

If one applies the t,,,-n, on T; and T,, then one has to apply
the opposite, i.e. the t onorm On F; and F, - since T and F are
100% opposite. Similarly, if one applies the t.,porm on Ty and T,
then one has to apply the opposite, i.e. the t,,,,-,m, On F; and F,.

But [ is only half (50%) opposite to both T and F, therefore
no matter if fnorm OF teonorm Were applied on 77 and 72, on I; and I,

one applies:

1 1 1

5(11 A L) + 5(11 vy Ip) = 5(11 Vo L+ A, L) =

(3 Ap I+ 1y Vi ). (143)

If the exterior degree of contradiction between v and its
corresponding dominant attribute value vy, is c(vp, v) = ¢, then
again one applies it on the above A, and V,, plithogenic operators.
But, according to Theorem 4 (where it was proved that: for
any c(vp,v) one has aA,b+aV,b=aAgb+aVpb), no

matter the exterior contradiction degree, we always get:
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(T, 11, F) Ay (Ty, I, Fy) =
1
(Tl /\p Tz,E([l AF 12 +Il VF 12),F1 Vp F2 ), (144)

and respectively
(T, I, F) Vp (T, I, F) =

1
(ToVp T3 Uy A Ly + L Vi 1), Fy Ay Fy ). (145)

I1.11. First Classification of the Plithogenic Set

I1I.11.1. Refined Plithogenic Set

If at least one of the attribute’s values vk € V is split (refined)
into two or more attribute sub-values: vii, viz, ... € V, with the
attribute sub-value appurtenance degree function: d(x, vi;) € 7(/0,
1]), for i = 1, 2, ..., then (P, a, V, d, ¢) is called a Refined
Plithogenic Set, where “r”" stands for “refined”.

I1.11.2. Plithogenic Overset / Underset / Offset

If for at least one of the attribute’s values vk € V, of at least
one element

x € P, has the attribute value appurtenance degree function
d(x, vi) exceeding 1, then (Po, a, V, d, c) is called a Plithogenic
Overset, where “o” stands for “overset”; but if d(x, vk) is below 0,
then (Pu, a, V, d, c) is called a Plithogenic Underset, where “u”
stands for “underset”; while if d(x, vk) exceeds I, and d(y, s)) is
below 0 for the attribute values vk, v; € V' that may be the same or
different attribute values corresponding to the same element or to
two different elements x, y € P, then
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(Po o, V, d, c) is called a Plithogenic Offset, where “off”
stands for “offset” (or plithogenic set that is both overset and
underset).

I1.11.3. Plithogenic Multiset

A plithogenic set P that has at least an element x € P, which
repeats into the set P with the same plithogenic components

x(ay, ay, ..., ay), x(ay, as, ..., ay) (146)
or with different plithogenic components
x(aqy, ay, ..., ay), x(by, by, ..., byy), (147)

then (Pm, a, V, d, c) is called a Plithogenic Multiset, where
“m” stands for “multiset”.

I1.11.4. Plithogenic Bipolar Set

IfVx € P, d: PxV— /7[-1, 0]) x A[0, 1])}, then (Ps, o, V,
d, c) is called a Plithogenic Bipolar Set, since d(x, v), for vE V,
associates an appurtenance negative degree (as a subset of /-7, 0])
and a positive degree (as a subset of /0, /]) to the value v; where z
= [ for fuzzy degree, z = 2 for intuitionistic fuzzy degree, and z =
3 for neutrosophic fuzzy degree.

I1.11.5-6. Plithogenic Tripolar Set & Plitogenic
Multipolar Set

Similar definitions for Plithogenic Tripolar Set and
Plitogenic Multipolar Set (extension from Neutrosophic Tripolar
Set and respectively Neutrosophic Multipolar Set {[4], 123-125}.
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I1.11.7. Plithogenic Complex Set
If, for any x € P, d: PxV— /7{/0, 1]) x [0, 1])¥, and for

any v € V, d(x, v) is a complex value, i.e. d(x, v) = M- e/M2, where
M € [0, 1] is called amplitude, and M2 € [0, 1] is called phase,
and the appurtenance degree may be fuzzy (z = ), intuitionistic
fuzzy (z = 2), or neutrosophic (z = 3), then (Pcom, @, V, d, ) is
called a Plithogenic Complex Set.

I1.12. Second Classification of Multi-Attribute
Plithogenic Fuzzy Sets

Upon the values of the appurtenance degree function, one
has:

I1.12.1. Single-Valued Plithogenic Fuzzy Set, if

Vx € P, d: PxV—]0, 1], (148)
and Vv € V, d(x, v) 1s a single number in [0, 1].

11.12.2. Hesitant Plithogenic Fuzzy Set, if
Vx € P, d: PxV- [0, 1]), (149)
and Vv € V, d(x, v) is a discrete finite set of the form {n,, n,

..., Np}, where
1< p < oo, included in [0, 1].

11.12.3. Interval-Valued Plithogenic Fuzzy Set, if
Vx € P, d: PxV— P([0, 1]), (150)

and Vv € V, d(x, v) is an (open, semi-open, closed) interval
included in /0, 1].
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I1.13. Applications of Uni-Dimensional Attribute
Plithogenic Single-Valued Fuzzy Set

Let U be a universe of discourse, and a non-empty
plithogenic set P € U. Let x € P be a generic element.
For simplicity, we consider the uni-dimensional attribute and

the single-valued fuzzy degree function.
I1.13.1. Small Discrete-Set of Attribute-Values

If the attribute is “color”, and we consider only a discrete set
of attribute values V, formed by the following six pure colors:

V = Wviolet, blue, green, yellow, orange, red),

the attribute value appurtenance degree function:

d: PxV—[0, 1], (151)

d(x, violet) = v € [0, 1], d(x, blue) = b € [0, 1], d(x, green)
=g€/0, 1],

d(x, yellow) =y € [0, 1], d(x, orange) = o0 € [0, 1], d(x, red)
=re/o, 1],

then one has:

x(v, b, g v, 0,7),

where v, b, g, y, o, r are fuzzy degrees of violet, blue, green, yellow,
orange, and red, respectively, of the object x with respect to the set
of objects P, where

v, b, gy 0 rel0,l].

The cardinal of the set of attribute values V' is 6.

The other colors are blends of these pure colors.
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I1.13.2. Large Discrete-Set of Attribute-Values

If the attribute is still “color” and we choose a more refined
representation of the color values as:

x{d390, d391, ..., de99, d700},

measured in nanometers, then we have a discrete finite set of
attribute values, whose cardinal is: 700 — 390 + 1 = 311.

Where for each j € V = {390, 391, ..., 699, 700}, d;
represents the degree to which the object x’s color, with respect to
the set of objects P, is of “/” nanometers per wavelength, with
di €/0, 1]. A nanometer (nm) is a billionth part of a meter.

I1.13.3. Infinitely-Uncountable-Set of Attribute-Values

But if the attribute is again “color”, then one may choose a
continuous representation:

x(d([390,700])),
having V = [390,700] a closed real interval, hence an infinitely
uncountable (continuum) set of attribute values. The cardinal of
the V'is oo.

For eachj € [390,700], d; represents the degree to which
the object x’s color, with respect to the set of objects P, is of *j”
nanometers per wavelength, with di €/0, 1]. And d([390,700]) =
{dj,j €[390,700]}.

The light, ranging from 390 (violet color) to 700 (red color)
nanometers per wavelengths is visible to the eye of the human. The
cardinal of the set of attribute values V' is continuum infinity.

64



I1.14. Multi-Attribute Plithogenic General Set

I1.14.1. Definition of Multi-Attribute Plithogenic General
Set

The Multi-Attribute Plithogenic Set is obviously a
generalization of the One-Attribute Plithogenic Set.

While the one-attribute plithogenic set has each element x €
P characterized by a single attribute o € #Z in a more general form
we extend it to the multi-attribute plithogenic set, defined as
follows.

Let U be a universe of discourse, and a non-empty
plithogenic set P € U.

Let &7 be a set of m > 2 attributes: a1, 02, ..., am, whose
corresponding spectra of values are the non-empty sets S;, S, ...,
Sm respectively.

Let Vi€ S;, V2€ 82 ..., Vm © Sm be subsets of attribute
values of the attributes a1, oo, ..., amrespectively needed by experts
in their given application.

For each j €{1,2,..,m}, the set of attribute values
Vi means the range of attribute o;’s values, needed by the experts
in a specific application or in a specific problem to solve.

Each element x € P is characterized by all m attributes’
values.

Let the m-dimensional attribute value degree function be:

dimp: (P, V) X Vy X X V) = 9X[0,1D™. (152)

For any x € P, and any vj € V; with j € {1,2,...,m}, one
has:

dim) (x(v1, v, ..., v)) < [0, 1™ (153)
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11.14.2. m-Dimensional Attribute

Instead of working with m wuni-dimensional distinct
attributes, we may use only a single m-dimensional attribute,
employing the following notations:

U] = (0, Agy eer, O), Vi) = Vi X Vo Xl XV,

and vim) = (vq, Vg, ..., V), (154)
whence:

dim: (P, Vi) = [0, 1™ (155)
with dpmi(x(vim)) < 9X[0,1D™ (156)

and the set of values of the attribute «;, for / <j < m, being

V= {vfk}kewj’ where W; is the (finite, or countably, or

unaccountably infinite) set of indexes corresponding to V.

In other words, each V; may be finite, or countably or
unaccountably infinite set of values of the attribute a; needed by
the experts in a specific application or in a specific problem to
solve.

On each attribute value set V;, I < j < m, there may exists
a dominant attribute value vj, € V;, determined by the experts
upon the application or problem to solve.

{However, there are cases when such dominant attribute
value may not be taking into consideration or may not exist, or
there may be many dominant attribute values. In such cases, either
one discards the contradiction degree function, or a different
procedure (or multi-contradictory degree function) may be
designed.}
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The attribute value degrees of contradiction are afterwards
calculated between the dominant attribute value and the other
attribute values in special, but also among any attribute values.

For example, in the neutrosophic set, the attribute
“appurtenance” has three values: membership, indeterminacy, and
nonmembership. The dominant attribute value is membership,
because it is the most important in all neutrosophic applications.

The degrees of contradictions are:

c(nonmembership, membership) = 1, and

c(indeterminacy, membership) =

c(indeterminacy, nonmembership) = 0.5.

In order to fusion (or combine) the results from multiple
sources of information, we apply aggregation operators.

On each attribute value v;; € V;, j € W;, one applies some
aggregation operators.

We start with the dominant attribute value.

An aggregation operator O: (P, V[m]) X (P, V[m]) - [0, 1]
can be extended for the case when working with oversets,
undersets, or offsets {see [4]} to

O: (P, Vim1) X (P, Vimy) = [, 0], (157)
where ) <0 and ¢ > 1.

Let’s consider two opposite aggregation operators O; and O2
(for example the tworm and fconorm respectively). If onto the dominant
attribute value we apply O; and the degree of contradiction
between another attribute value v;; and the attribute dominant

value is ¢; < [0, 1], then:
(1 - Cj)Ol(vij) + CjOz(vij). (158)
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I1.14.3. Classification of Multi-Attribute Plithogenic
General Sets

Let x be a generic element, x € P, and all

(V1j,V2js s Umj) € Vi X Vy X o X V. (159)
11.14.3.1. Multi-Attribute Plithogenic Single-Valued Set

If djpm (xl(vlj, Vyj, ...,vmj)) is a Cartesian product of m

single numbers belonging to [0,1]™, we have a Single-Valued
Multi-Attribute Plithogenic Set.

11.14.3.2. Multi-Attribute Plithogenic Interval-Valued Set
If djpm (xl(vlj, Vyj, ...,vmj)) is a Cartesian product of m

intervals included in [0,1]™, then we have an Interval-Valued
Multi-Attribute Plithogenic Set.

11.14.3.3. Multi-Attribute Plithogenic Hesitant Set
If dppm (x1 (vlj, Vgjy wes vm]-)) is a Cartesian product of m
hesitant sets, each of the form { Ny, Ny, ..., n, } with u; > 2 for each

1 <j < m, included in [0, 1]™, then we have a Hesitant Multi-

Attribute Plithogenic Set.
11.14.3.4. Multi-Attribute Plithogenic Linguistic Set

If dpm) (x1 (vlj, Vs wen vmj)) € L™, where

L={l,1,, .., 1} is a set of h > 2 labels, then we have a
Linguistic Multi-Attribute Plithogenic Set.

11.14.3.5. Multi-Attribute Plithogenic Linguistic-Interval Set
If dppm (xl(vlj, Vyj, ...,vm]-)) is a Cartesian product of m

linguistic-intervals, each linguistic interval of the form [ljl, ljz],
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with 1 < j; <j, < h, then we have a Linguistic-Interval Multi-
Attribute Plithogenic Set.

I1.14.4. Multi-Attribute Plithogenic General Number

It is a vector of dimension { = card(V[m]) , l.e.

(pl, D2y s p(), where all p, may be:

- crisp (single-valued) numbers in /0, 1]™;

- or intervals included in /0, 1]™;

- or hesitant subsets of the form {ny,n,, ...,n,} < [0, 1]™;

- or general subsets included in /0, 1]™

- or labels included in label set L = {l;, [,, ..., [, }™;

- or label intervals of the form [ljl, ljz]m, withl<j; <j, <
h, where the labels 4, [;; € L;

etc.

Therefore, we may have: Multi-Attribute Plithogenic Single-
Valued / Interval-Valued / Hesitant / General / Linguistic /
Interval-Linguistic etc. Numbers.

I1.14.5. Bipolar Multi-Attribute Plithogenic General Set

If dp (xl(vlj,vzj, ...,vmj)) e P([-1,0] x [0,1])™ .
where P([—1,0] x [0,1]) is the power set of [—1, 0] X [0,1], then
we have a Bipolar Multi-Attribute Plithogenic General Set, which
further may be sub-classified as Bipolar Multi-Attribute
Plithogenic Single-Valued / Interval-Valued / Hesitant / Linguistic
/ Linguistic-Interval Set.
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I1.15. Example of Uni-Attribute (of 4-Attribute-
Values) Plithogenic Single-Valued Fuzzy Set
Complement (Negation)

Let’s consider that the attribute “size” that has the following
values: small (the dominant one), medium, big, very big.

Degrees of 0 0.50 0.75 1
contradiction
Attribute values small medium big very big
Degrees of 0.8 0.1 0.3 0.2
appurtenance

Table 1.

I1.16. Example of Refinement and Negation of a Uni-
Attribute (of 4-Attribute-Values) Plithogenic Single-
Valued Fuzzy Set

As a refinement of the above table, let’s add the attribute
“bigger” as in the below table.

The opposite (negation) of the attribute value “big”, which is
75% in contradiction with “small”, will be an attribute value which
is 1 —0.75 = 0.25 = 25% in contradiction with “small”, so it

will be equal to %["Small" + "medium"]. Let’s call it “less

medium”, whose degree of appurtenance is 1 — 0.3 = 0.7.
If the attribute “size” has other values, small being dominant
value:
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Degrees of 0 0.14 0.25 0.50 0.75 | 0.86 1
contradiction
Attribute small | above | less medium | big | bigger | very
values small medium big

(anti- (anti-

bigger) | big)
Degrees of 0.8 0.6 0.7 0.1 03 |04 0.2
appurtenance

Table 2.

The opposite (negation) of “bigger” is 1 - 0.86 = 0.14 = 14%
in contradiction degree with the dominant attribute value

(“small”), so it is in between “small” and “medium”, we may say

it is included into the attribute-value interval [small, medium],

much closer to “small” than to “medium”. Let’s call is “above

small”, whose degree of appurtenance is 1 — 0.4 = 0.6.
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I1.17. Example of Multi-Attribute (of 24 Attribute-
Values) Plithogenic Fuzzy Set Intersection, Union,

and Complement

Let P be a plithogenic set, representing the students from a
college. Let x € P be a generic student that is characterized by
three attributes:

- altitude, whose values are {tall, short}% {a,, a,};

- weight, whose values are

{obese, fat, medium, thin} % {w;, w,, w3, w, };

and

- hair color, whose values are

{blond, reddish, brown}% {h,, h,, hs}.

The multi-attribute of dimension 3 is

Vs ={(a;,wj,hy)foralll1 <i<2,1<j<41<k<3}

The cardinal of V5 is [V3| = 2 X 4 X 3 = 24.

The uni-dimensional attribute contradiction degrees are:

clay,a;) =15

c(wy, wy) = 5 c(wy, w3) = 2, c(wy,wy) = 1

c(hy, hy) = 0.5, c(hy, hy) = 1.

Dominant attribute values are: a,, w;, and h; respectively
for each corresponding uni-dimensional attribute.

Let’s use the fuzzy t,,p,m = a Arb =ab, and
fuzzy teonorm = aVeb =a +b—ab.

I1.17.1. Tri-Dimensional Plithogenic Single-Valued
Fuzzy Set Intersection and Union

Let
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and

X, (a,.,w/.,hk)/\P X (a‘.,wf,hk ) =

X, (al.,wj,hk)vp Xy (ai,wj,hk) =

and

X, = dA(x al,wj,hk) (160)
forall1<i<2,1<j<41<k<3

Xp = dp (x, ai, W), hi) (161)
forall1<l<21<]<41<k<3

Then:

(1-c(ap.a))-[d,(x.a,)Apd,(x.a,)]

+c(ay.a,)-[d,(x.a,) v, dy(xa)]1<i<2;

(=c(wpow, D[ d, (xwp) Ar dy (5., )]

e (oo, ) [ (xwp) v dy (xw,) | 1< j < 4

(A=c(hph))-[d,(xhy) A dy (x.1,) ]

+c(hyahy)-[d, (x.hy) vy dy (x,h)] 1<k <3.
(162)

and

(1-c(apa)-[d,(xa,) v, d, (x.a,)]

+c(ay.a,) [d (x,ap) Apd,y (x,ai)],lSiSZ;

(= (wpw, ) -[ ds (xw5) vy dy (x.,) ]

e (wpow, ) [d, (xwp) Ap dy (xw)) ] 1< < 4;

(=c(hp.h ) -[d,(xhy) vy dy(x.h)]

+c(hphy)-[d, (x.hy) Apdy (x.h) ] 1<k <3
(163)

Let’s have x,(d4(a;) = 0.8,dy(w,) = 0.6,d,(h;) = 0.5)

xB(dB(al) = 0.4, dB(WZ) = 0.1, dB(h3) = 0.7).
We take only one 3-attribute value: (a;, w,, h3), for the other

23 3-attribute values it will be analougsly.
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For x4 Ap xg we calculate for each uni-dimensional attribute
separately:
[1—c(ap,a,)] - [0.8 A, 0.4] + c(ap, ay) - [O.BVF 0.4]
= (1-0)-[0.8(0.4)] +0- [0.8vF 0.4] = 0.32;

1= c[wp, w,] - [0.6 A, 0.1] + c(wp, wz) - [06v, 0.1”

(1 _ —) [0.6(0.1)] + % [0.6 + 0.1 — 0.6(0.1)]
2 1 0.7
§ [0.06] + 3 —[0.64] = T ~ 0.25;

[1— c(hp, h)] - [0.5 A, 0.7] + c(hp, h) - [0.5 v, 0.7]
=[1-1]-[0.50(0.7)] +1
-[0.5 + 0.7 — 0.5(0.7)] = 0 [0.35] + 0.85
= 0.85.
Whence x4 A, xg(a;, w,, h3) = (0.32,0.25,0.85).
For x4 V,, xg we do similarly:
[1—c(ap,ay)]- [0.8 Vi 0.4] + c(ap,ay) - [0.8 Ap 0.4]
=(1-0)-[0.8+0.4—0.8(04)]+0
-[0.8(0.4)] = 1-[0.88] + 0 = 0.88;

1— c[wp, w,] - [0.6 v, 0.1] + c(wp, wy) - [0.6/\F 0.1”

_ (1 - %) [0.6 + 0.1 — 0.6(0.1)] + % [0.6(0.1)]
_2 0.64 1 0.06] = 1'34~044-
—5[ . ]+§[ . ]—T~ A4;
[1= c(hp, h)] - [0.5v, 0.7] + c(hp, hs) - |05, 0.7]
=[1-1]-[0.5+ 0.7 — 0.5(0.7)] + 1
-[0.5(0.7)] = 0 + 0.35 = 0.35.
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Whence x, V,, xg(as, ws, h3) =~ (0.88,0.44,0.35).

For —|pr((11, Wo, h3) = (dA(az) = 08, dA(W3) =
0.6,d,(h,) = 0.5), since the opposite of a, is a,, the opposite of
w, is ws, and the opposite of h; is h,.

I1.18. Another Example of Multi-Attribute (of 5
Attribute-Values) Plithogenic Fuzzy Set
Complement and Refined Attribute-Value Set

The 5-attribute values plithogenic fuzzy complement
(negation) of
0 0.50 0.75 0.86 1
x (small, medium, big, bigger, very big)
0.8 01 03 04 0.2
is

1-1 1-086 1-0.75 1-0.50 1-0
—1pX | anti — very big, anti — bigger, anti — big, anti — medium, anti — small)
0.2 0.4 0.3 0.1 0.8

0 0.14 0.25 0.50 1
= —,x | small, anti — bigger, anti — big, medium, very big
0.2 0.4 0.3 0.1 0.8

0 0.14 0.25 0.50 1
IpX (small, above small, below medium, medium, very big).
0.2 0.4 0.3 0.1 0.8
Therefore, the original attribute-value set
V = {small, medium, big, bigger, very big}
has been partially refined into:
RefinedV = {small, above small, below medium, medium,

very big},
where
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above small, below medium € [small, medium].

I1.19. Multi-Dimensional Plithogenic Aggregation
Set Operators

Let U be a universal set, and A, B € U be two plithogenic
sets.

Let apm =a; Xay X..Xa, be an m-dimensional
attribute, for m > 1, and each attribute a;, 1 < i < m, has

r; > 1 values:

(164)
An element (object) x € P is characterized by

X1y X ... X1, ¥ rvalues:
n
V = H{vil’vﬂ""’vil;} = {vll’vl2""’v1r1}x {VZI’V22""’V2}’Z} KXo X{vml’va’“"vml;n}
i=l

={W VoV WIS iSRSy S10 1S <

(165)

Let c(v;p, Vi) = ¢y € [0, 1]” be the degree of contradiction
between the attribute a; dominant value (denoted by v;p) and
other attribute o; value (denoted by v;), for1 <i<mand1 <
k < r;. Where z = I (for fuzzy degree of contradiction), z = 2 (for
intuitionistic fuzzy degree of contradiction), or z = 3 (for
neutrosophic degree of contradiction). And ci, as part of the unit
interval [0, 1], may be a subset, or an interval, or a hesitant set, or
a single number etc.

We split back the m-dimensional attribute into m uni-
dimensional attributes. And, when applying the plithogenic
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aggregation operators onto an m-uple (v,,,v,,,...,v,, ), We
separately apply the t,orm> tconorm» OF @ linear combination of

these separately on each of its m-components: Vy; >V, 55V, .
Let dy:P X V; > JAJ0, 1])* for each 1 <i <m, be the
appurtenance fuzzy degree (for z = 1), appurtenance intuitionistic

fuzzy degree (for z = 2), or appurtenance neutrosophic degree (for
z = 3) function, whereas [0, 1]) is the power set of the unit

interval [0, 1], i.e. all subsets of [0, 1].
Upon the attribute value degree function, the t,,4rm» tconorms
and their linear combinations are adjusted to the fuzzy sets,

intuitionistic fuzzy sets, or neutrosophic sets respectively.
And similarly dg: P X V; =3[0, 1])* foreach 1 < i < m.

I1.19.1. Multi-Attribute Plithogenic Aggregation Set

Operations

Let’s use easier notations for two m-uple plithogenic

numbers:
x4 = {ds(x,uq), .., dy(x, 1), oo, dy(x, u)} (166)
and
xg = {dg(x,uy), ..., dg(x,u;), ..., dg (x, u,,) }. (167)

I1.19.2. Multi-Atribute Plithogenic Set Intersection

Let u;p be the attribute a; dominant value, and u; be any of
the attribute a; value, i € {1, 2, ..., m}.

Xy N, Xg = (l—c(uiD,ui))-[dA (x,uiD)/\F d, (x,ul.)]
+c(uiD,ul.)-[dA (01, ) Vo dy (x,ul.)],Vi e{l,2,...,m}}.
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(168)
I1.19.3. Multi-Atribute Plithogenic Set Union

x, v, X =(=c(upu)[d, (xu,) vy dy ()]
+c(uiD,ul.)-[dA (X011, ) Ap dy (X014 )],Vi e{l,2,..,m}}.
(169)
I1.19.4. Multi-Atribute Plithogenic Set Complement
(Negation)

Without losing generality, we assume the attribute value
contradiction degrees are:

c(Uip,Uqp), oo, €(Uip, Ui), vor s C(Uimpy Upn)- (170)
The plithogenic element attributes’ values:
{ug, o uy, o, U} (171)
The attribute values’ appurtenance degree:
{da(x,uy), e, dy (o, 1), o, dg (6, up) - (172)

Then, the plithogenic complement (negation) is:

1—c(uip,uyq), oo, 1 — cuip, 1), oo, 1 — c(Upp, Upy)

anti(uy), ..., anti(w;), ..., anti(u,,)
(173)
or
dA(x, anti(ul)) =d,(x,uq), ...,
Tp¥a = {dA(x, anti(ui)) =d,(x,u;), ...,dA(x, anti(um)) = d,(x, um)}'
(174)

where anti(u;),1 <i<m, is the attribute «; opposite
value of u;, or
C(uiD' antl(ul)) = [1 - C(uiDlui)]- (175)
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I1.19.5. Multi-Atribute Plithogenic Set Inclusion (Partial
Order)

Assuming a relation of partial order has been defined on
A0, 1)), for each z= 1, 2, 3. Then:

x4 <, xp if and only if:

=p

dA(x' ui) = (1 - C(uiD'ui)) ) dB(x' ui)s (176)
for 0 < c(u;p,u;) < 0.5, and

da(x,uy) = (1= c(up, uy)) - dp(x, uy), (177)

for c(u;p,u;) € [0.5, 1] forall1 < i <m.
I1.19.6. Multi-Atribute Plithogenic Set Equality

Similarly, assuming a relation of total order has been defined
on A0, 1])%, for each z=1, 2, 3. Then:

x4 =p xg ifand only if x4 <), xp and x5 <, x4.
I1.20. Uni-Attribute Plithogenic Single-Value
Number Operations

Let A= (ay,a,,..,a,) and B = (by,b,,...,b,) be two

single-valued  uni-attribute  plithogenic = numbers, where
aq, ay, ..., Ay, bll bz, ey le € [0, 1],n = 1, and

0<Yr,a;<n (178)
and
0<Xi b <n (179)

Let a be the attribute that has » values:
V ={v,, v, .., 0,},
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where the attribute dominant value v, = v;, the single-
valued contradiction fuzzy degree c(vp,v,) =¢; € [0,1] fori €
{1,2,...,n},suchthat0 =¢; < ¢, <+ <¢, < 1.

We define for the first time the following plithogenic number
operations:

I1.20.1. Plithogenic Single-Value Number Summation:

(1-c¢)-la;+b;—a;- b +}_ (180)

AGBB:{ Ci-[ai-bi],iE{l,Z,...,n}

I1.20.2. Plithogenic Single-Value Number Multiplication:

(1 —c)lai-bi] +¢-
A ® B = [al-+bl- —a;- bi], . (181)
i€{1,2,..,n}

I1.20.3. Plithogenic Single-Value Number Scalar
Multiplication:

pan(m I rad)
ief{1,2,..,n} '
where the real number A > 0.

11.20.4. Plithogenic Single-Value Number Power:
AA={(1-c¢)-al+c¢ [1-1Q-a)*} (183)

i€e{1,2,..,n}
where the real number A > 0.
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I1.20.5. Properties of Uni-Attribute Plithogenic Single-

Value Number Operations

These plithogenic number operations are extensions of the
fuzzy, intuitionistic fuzzy, and neutrosophic number operations. In
addition, the plithogenic number operations use the linear
combination of these fuzzy, intuitionistic fuzzy, and neutrosophic
operations.

The plithogenic single-value number operations can be
extended to interval-valued, hesitant-value, or in general subset-

value number operations.

I1.21. Distance and Similarity Measures for Single-

Valued Uni-Attribute Plithogenic Numbers

I1.21.1. Plithogenic Distance Measure Axioms

Let U be a universe of discourse, and A, B, C three
plithogenic sets included in U.

The plithogenic distance measure is defined in the classical
way:

D:UxU—-[0,1] (184)
such that, for any 4, B, C in U:

.0<D(,B)<1;

ii. D(A,B) = D(B, A);

iii. D(A,B) =0

ifand only if A = B (i.e. a; = b; forall 1 < i < n);

iiii.Ac Bc C = D(A, C) 2 max{ D(A, B), D(B, C)}.
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I1.21.2. Plithogenic Similarity Measure Axioms

The similarity measure is defined as:

S:PxP—-]0,1] (185)
such that, for any A4, B, C in P:

.0<S(4,B)<1;

ii. S(A,B) = S(B,A);

iii. S(A,B) =1

ifandonly if A = B (i.e. a; = b; forall 1 < i < n);

iiii. Ac B c C = S(A, C) < min{S(A, B), S(B, C)}.

There are many neutrosophic measure functions defined in
the literature. We extend for the first time several of them from
neutrosophic to the plithogenic environment.

11.21.2.1. Dice Similarity Plithogenic Number Measure
(extended from Ye, 2014)

D(4,B) = ==l

ri(af+b?)

(186)
11.21.2.2. Cosine Similarity Plithogenic Number Measure
(extended from Broumi & Smarandache, 2014)

cos(4, B) = ——2iz1%bi (187)

n 2. |yn 52
i=1 3"\ Zi=1bi

11.21.2.3. Hamming Plithogenic Number Distance

1
HD(4,B) = >31,la; — byl (188)
11.21.2.3.1. Hamming Similarity Plithogenic Number Measure
HS(A,B) =1—HD(A,B). (189)
11.21.2.4. Euclidean Plithogenic Number Distance
1
ED(A, B) = \/;Z?ﬂ(ai - bi)z. (190)
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11.21.2.4.1. Euclidean Similarity Plithogenic Number Measure

ES(A,B) =1—ED(A,B). (191)
11.21.2.5. Jaccard Similarity Plithogenic Number Measure
J(A,B) = —2iz1dibi (192)

YR, (af+bf-aib;)’

I1.22. Application of Bi-Attribute Plithogenic Single-
Valued Set

Let U be a universe of discourse, and P € U a plithogenic
set.

In a plithogenic set P, each element (object) x € P is
characterized by m > 1 attributes a4, a,,...,a,, , and each
attribute a;, 1 < i < m, has r; > 1 values:

V=0 Visees vy b

Therefore, the element x is characterized by r = r; X 1, X
... X Iy, attributes’ values.

For example, if the attributes are “color” and “height”, and
their values (required by the application the experts want to do)
are:

Color = {green, yellow, red}

and

Height = {tall, medium},

then the object x € P is characterized by the Cartesian
product

Color X Height =

{(green, tall), (green, medium), (yellow, tall),}
(yellow, medium), (red, tall), (red, medium) )’
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Let’s consider the dominant (i.e. the most important, or
reference) value of attribute “color” be “green”, and of attribute
“height” be “tall”.

The attribute value contradiction fuzzy degrees are:

c(green, green) = 0,
1

c(green,yellow) = .

c(green,red) = z

3

c(tall, tall) = 0,

c(tall, medium) = %

Suppose we have two experts A and B.

Further on, we consider (fuzzy, intuitionistic fuzzy, or
neutrosophic) degrees of appurtenance of each attribute value to
the set P with respect to experts’ criteria.

We consider the single value number fuzzy degrees, for
simplicity of the example.

Let v; be a uni-attribute value and its degree of contradiction
with respect to the dominant uni-attribute value v, be c(vp, v;) &
Ci-

Let dy(x,v;) be the appurtenance degree of the attribute
value v; of the element x with respect to the set A. And similarly
for dg(x,v;) . Then, we recall the plithogenic aggregation
operators with respect to this attribute value v; that will be
employed:
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I1.22.1. One-Attribute Value Plithogenic Single-Valued
Fuzzy Set Intersection

da(x,vi) Ap dp(x, 1) =
(1 —cp) - [da(x, vy) Ap dp(x, V)]
+ei [da(x,v) Vi dp(x, vy)] (193)
I1.22.2. One-Attribute Value Plithogenic Single-Valued
Fuzzy Set Union

dys(x,v;) Vp dp(x,v) =1 —¢)"
[daCx,v) VE dp(x, v)] + ¢; - [da(x,v;) Ap dp(x,v)]  (193)

I1.22.3. One Attribute Value Plithogenic Single-Valued
Fuzzy Set Complement (Negation)

v = anti(v;) = (1 —¢) v, (195)
“pda(x, (1 = c)v;) = da(x,vy) (196)

I1.23. Singe-Valued Fuzzy Set Degrees of

Appurtenance

According to Expert A:

da:{green, yellow,red; tall, medium} — [0, 1]
One has:

da(green) = 0.6,

da(yellow) = 0.2,

da(red) = 0.7,

da(tall) = 0.8,

d(medium) = 0.5.

We summarize as follows:
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According to Expert A:

Contradiction 0 1 2 0 1
Degrees 3 2
Attributes’ Values | green | yellow | red tall medium
Fuzzy Degrees 0.6 0.2 0.7 0.8 0.5
Table 3.
According to Expert B:

Contradiction 0 1 2 0 1
Degrees 3 2
Attributes’ Values | green | yellow | red tall medium
Fuzzy Degrees 0.7 0.4 0.6 0.6 0.4

Table 4.

The element

x{ (green, tall), (green, medium), (yellow, tall),
(vellow, medium), (red, tall), (red, medium) } € P
with respect to the two experts as above is represented as:
x,{(0.6,0.8), (0.6,0.5), (0.2,0.8),(0.2,0.5),(0.7,0.8), (0.7,0.5)}

and

x5{(0.7,0.6), (0.7,0.4), (0.4, 0.6), (0.4, 0.4), (0.6, 0.6), (0.6, 0.4)}.

In order to find the optimal representation of x, we need to

intersect x4, and xg, each having six duplets. Actually, we

separately intersect the corresponding duplets.

In this example, we take the fuzzy t,,,,-m: @ Ap b = ab and

the fuzzy t.pnorm: @ Ve b = a+ b — ab.
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I1.23.1. Application of Uni-Attribute Value Plithogenic

Single-Valued Fuzzy Set Intersection

Let’s compute x4 Ap X5.
0 o0 0 0 {degrees of contradictions}
(0.6,0.8) A, (0.7,0.6) = (0.6 Ap 0.7,0.8 A, 0.6)
= (0.6-0.7,0.8-0.6) = (0.42,0.48),
where above each duplet we wrote the degrees of contradictions of
each attribute value with respect to their correspondent dominant

attribute value. Since they were zero, A, coincided with Ag.

{the first raw below 0 " and again 0 " represents the
contradiction degrees}

o 1 o 1
<O.6’ 2 )Ap (0_7, 2 ) =(0.6,0.7,0.5A, 0.4)

0.5 0.4

=(0.6-0.7,(1 — 0.5) - [0.5 Ap 0.4] + 0.5
-[0.5 Vg 0.4])
= (0.42,0.5[0.2] + 0.5[0.5 + 0.4 — 0.5 - 0.4])
= (0.42,0.45).

. Lo

< 3 ,0_8) Ay ( 3 ,0_6) =(0.2A,04,08A, 0.6)
0.2 0.4

1 1
= ({ 1- 5} -[0.2 A 0.4] + {5} -[0.2v£ 0.4],0.8
-0.6) ~ (0.23,0.48).
11 1 1
<§, E)A,,(g, 2 ) =(0.27,04,0.5A,0.4)

0.2 0.5 0.4 0.4
(they were computed above)
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~ (0.23,0.45).

2 0 2 0
(§,O8>/\p<§,06>=(0.7Ap0.8,0.8/\p0.6)
0.7 0.6

_ ({1 - %} [0.7 Ay 0.6] + {%}

- [0.7 V& 0.6], 0.48)

(the second component was computed above)

1 2
= (§ [0.7-06] +5[0.7 + 0.6~ 0.7 - 0.6], 0.48) ~ (0.73,0.48).

And the last duplet:

2 1 2 1
<§, §>/\p<§, §>=(0.7/\p0.6,0.5/\p0.4)

0.7 0.5 0.6 0.4
~ (0.73,0.45)

(they were computed above).
Finally:
X4 Np Xp
_ {(0.42, 0.48),(0.42,0.45), (0.23,0.48), (0.23, 0.45),}
- (0.73,0.48), (0.73,0.45) ’
or, after the intersection of the experts’ opinions 4/\pB, we

summarize the result as:
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Contradiction 0 1 2 0 1
Degrees 3 3 2
Attributes’ Values | green | yellow | red tall medium
Fuzzy Degrees of | 0.6 0.2 0.7 0.8 0.5
Expert A for x
Fuzzy Degrees of | 0.7 0.4 0.6 0.6 0.4
Expert B for x
Fuzzy Degrees of | 0.42 0.23 0.73 0.48 0.45
X4 Np Xp
Fuzzy Degrees of | 0.88 0.37 0.57 0.92 0.45
X4V p*B

Table 5.

I1.23.2. Application of Uni-Attribute Value Plithogenic

Single-Valued Fuzzy Set Union

We separately compute for each single attribute value:
dj (x, green) v, dg(x, green) = 0.6 v,, 0.7
= (1-10)[0.6 Vs 0.7] + 0 [0.6 A 0.7]
=1-[06+0.7—-0.6-0.7] + 0 = 0.88.
dy (x, yellow) v, dg(x, yellow) = 0.2 v, 0.4

S wlin —/—~

Q

37.
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di (x,red) v, df(x,red) = 0.7V, 0.6

2 2
_ {1 - 5} 107V 0.6] + 5+ [0.7 A, 0.6]

= % (0.74+ 0.6 —0.7-0.6) + g (0.7-0.6)
~ 0.57.
df (x, tall) v, dE(x, tall) = 0.8V, 0.6
=(1-0) (0.8+0.6—08-0.6)+0
-(0.8-0.6) = 0.92.
dy (x, medium) v, dg(x, medium) = 0.5v,, 0.4

1 1
=3 (0.54+04—-0.5-04) + > (0.5-0.4)
= 0.45.

I1.23.3. Properties of Plithogenic Single-Valued Set

Operators in Applications

1) When the attribute value contradiction degree with respect
to the corresponding dominant attribute value is 0 (zero), one
simply use the fuzzy intersection:

dan,B (x,green) = dy(x, green) Ap dg(x, green) = 0.6 -
0.7 =0.42,

and

dA,\pB(x, tall) = d,(x, tall) Ap dg(x,tall) = 0.8-0.6 =
0.48.

2) But, if the attribute value contradiction degree with
respect to the corresponding dominant attribute value is different
from 0 and from 1, the result of the plithogenic intersection is

between the results of fuzzy t,,,,m and fuzzy t.ynorm. Examples:
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d,(x,yellow) Ap dg(x,yellow) = 0.2 A 0.4 = 0.2-0.4
= 0.08 (tnorm)'
dy(x, yellow) Vg dg(x, yellow) = 0.2 Vi 0.4

=024 0.4 —0.2-0.4 = 0.52 (teonorm);
while

dy(x, yellow) A, dg(x, yellow) = 0.23 € [0.08,0.52]

{or 0.23 = 0.2266... = (2/3)x0.08 + (1/3)x0.52, i.e. a linear
combination of ¢,y and teonorm |-

Similarly:
dy(x,red) A, dg(x,red) = 0.7 Ap 0.6 = 0.7+ 0.6
= 0.42 (tnhorm),
dy(x,red) v, dg(x,7ed) = 0.7V 0.6 = 0.7+ 0.6 — 0.7 -

0.6 =0.88 (tconorm);
while

ds(x,red) A, dg(x,7ed) = 0.57 € [0.42,0.88]

{linear combination of t,,4, and tonorm}-
And

d,(x, medium) Ap dg(x, medium) = 0.5 A 0.4 = 0.5-0.4
= 0.20,

d,(x, medium) Vg dg(x, medium) = 0.5 Vp 0.4

=054+04-05-0.4=0.70,
while

ds(x, medium) A, dg(x, medium) = 0.45, which is just in

the middle (because “medium” contradiction degree is %) of the
interval [0.20,0.70].

91



I1.24. Single-Valued Intuitionistic Fuzzy Set Degree

of Appurtenance

Contradiction 0 1 2 0 1
Degrees 3 3 2
Attributes’ green | yellow | red tall medium
Values

Expert | (0.4, 0.1, (0,0.3) 0.8, 0.4,

A 0.5) 0.2) 0.2) 0.5)
Intuitionistic Expert | (0.6, 0.4, (0.2,0.5) (0.6, (0.5,
Fuzzy B 0.3) 0.3) 0.1) 0.3)
Degrees

Experts | (0.24, | (0.18, | (0.13,0.32) (048, | (0.45,

AN, B | 065) |031) 0.28) | 0.40)

Experts | (0.76, | (0.32, | (0.07, 0.48) 0.92, | (0.45,

AV, B |0.15) |0.19) 0.02) | 0.40)
Table 6.
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I1.24.1. One-Attribute Value Plithogenic Single-Valued

Intuitionistic Fuzzy Set Intersection

{degrees of contradictions}

0 0
dy (x, green) A, dif (x, green) = (0.4,0.5) A, (0.6,0.3)
= (0.4,0.6,05Vv,03) =
= (1-[0.4-0.6] +0-[0.4+ 0.6 — 0.4+ 0.6],0
.[0.5-0.3] + 1-[0.5 + 0.3 — 0.5 - 0.3])
= (0.24,0.65).

1/3 1/3
dy (x, yellow) A, dif (x, yellow) = (0.1,0.2) A, (0.4,0.3)
=(0.1A,0.4,0.2Vv, 0.3)

= ({1 - %} 0.1 Ap 0.4] + {%}

[0.1 v 0.4],{ 1- %} [0.2 Vg 0.3]) + {1}

3
- [0.2 AF 0.3]
2 1
= (5- [0.1-0.4] +5[0.1 + 0.4~ 0.1-04],
2 1
57 [02+03-02: 0.3]) +5-[02-03]
~ (0.18,0.31).
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2/3 2/3
dyf (x,red) A, dif (x,red) = (0,0.3) A, (0.2,0.5)
=(0A,0.2,03V,0.5)

= ({1 - %} [0 AF 0.2] + g} [0V 0.2],{1 - g}

—(1[oozy+2[o+oz 0-0.2], 2
~\3 ' 3 ' =3

2
-m3+a5—a&am+§{ayoﬂ)
~ (0.13,0.32).

0 0
dy (x, tall) A, dif (x,tall) = (0.8,0.2) A, (0.6,0.1)
=(0.81,0.6,0.2V, 0.1)
= ({1 - 0}-[0.8 Ar 0.6] + {0}
-[0.8 Vg 0.6],{1—0}-[0.2 vy 0.1] + {0}
-[0.2 AF 0.1])
= (1-[0.8-0.6] +0-[0.8+ 0.6 —0.8-0.6],1
-[02+0.1-0.2-0.1]+0-[0.2-0.1])
= (0.48,0.28).
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Yo )
dy’ (x, medium) A, dif (x, medium) = (0.4,0.5) A, (0.5,0.3)
= (041, 05,05V, 0.3)

_ ({1 - %} [04 A 0.5] + {%}

- [0.4 vp 0.5],{ 1-— %} [0.5 vy 0.3] + g}

-[0.5 A, 0.3])

1 1 1
= (E' (0405 +5+[0.4+0.5— 0.4+ 05,

1
[05+0.3-05-03]+5-[05- 0.3])
= (0.45,0.40).
I1.24.2. One-Attribute Value Plithogenic Single-Valued

Intuitionistic Fuzzy Set Union

0 0
dy (x, green) v, dif (x, green) = (0.4,0.5) v, (0.6,0.3)
=(0.4v, 0.6,0.5A,0.3)
= ({1 = 0} [0.4 Vg 0.6] + {0}
. [0.4 Ag 0.6],{1 — 0} - [0.5 Az 0.3] + {0}
.10.5 V4 0.3])
= (1-[04+0.6—04-06]+0-[0.4-0.6],0
.[0.5-0.3] +1-[0.5+0.3 —0.5 - 0.3])
= (0.76,0.15).
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1/3 1/3
IF (x, yellow) Vp dF (x, yellow) = (0.1,0.2) Vv, (0.4,0.3)
=(0.1v,04,0.2,0.3)

= ({ 1- %} -[0.1Vvp 0.4] + {%}

(0.1 A 0.4],{ 1- 1} [0.2 A 0.3] + {;}
0.2 Vy 0.3])

= (g [0.1+0.4—0.1-0.4] + % [0.1-0.4)%
.[0.2-0.3] + % [0.2+ 0.3 — 0.2 0.3])

~ (0.32,0.19).

2/3 2/3

dy (x,red) v, di (x,red) = (0,0.3) v, (0.2,0.5)

=(0v,0.2,0.3A,0.5)

({1——} [0V, 02]+{} [0y 0:2],{1 - ;}
-[03A, 05]+{} [0.3 v, 05])
g[o : 0.2],%[0.3 +0.5]
% [0.3+0.5—-03- 05]>z(0.07.0-48)-

1
=(§[0+0.2—0-0.2]+
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0 0
dyf (x, tall) v, dif (x, tall) = (0.8,0.2) v,, (0.6,0.1)
= (0.8Vv, 0.6,0.2A,0.1)
= ({1 — 0}-[0.8 V5 0.6] + {0}
-[0.8 Ap 0.6],{1 — 0} - [0.2 A 0.1] + {0}
-[0.2 V£ 0.1])
=(1-[0.840.6—0.8-0.6]+0-[0.8-0.6],1
-[0.2-0.1]+0-[0.24 0.1 — 0.2 — 0.1])
= (0.92,0.02).

1/2 1/2
d;" (x, medium) v,, dy (x, medium) = (0.4,0.5) v, (0.5,0.3)
=(0.4v, 0.5,0.5 A, 0.3)

= ({1 — %} [0.4 v, 0.5] + {%}

(0.4 A 0.5],{1 _ %} .[0.5 Ay 0.3] + {%}
105 vy 0.3])

= (% [0.4+ 0.5 — 0.4 0.5] + % 0.4 0.5],%

1
[05-0.3]+5-[0.5 +0.3 05— 0.3])
= (0.45, 0.40).
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I1.25. Single Valued Neutrosophic Set Degree of

Appurtenance
Contradiction Degrees | 0 1 2 0 1
3 3 2
Attributes’ Values | green yellow | red tall medium
Expert 0 1 1 (0.3, 0.2, (0.8,
2
A 04,01,05) | *& | 03| (s,
0.2) 0.4) 0.1 102, 03)
Neutrosophic | Expert (0.5,0.2,0.4) | (0.4, (0.3, 0.7, (0.5,
B 0.1, 0.4, 0.1, 0.1,0.3)
0.3) 0.2) 0.6)
Degrees Experts | (0.20, 0.15, 0.27, | (0.31, (0.56, (0.55,
AA,B 0.70) 0.35, 0.25, 0.20, | 0.15,
0.31) 0.23) 0.64) | 0.30)
Experts | (0.70, 0.15, (0.43, | (0.19, (0.94, | (0.55,
Av,B 0.20) 0.35, 0.25, 0.20, | ¢.15,
0.19) 0.37) 0.06) | 0.30)

Table 7.
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I1.25.1. One-Attribute Value Plithogenic Single-Valued

Neutrosophic Set Intersection

dy (x, green) A, dj (x, green)
= (0.4,0.1,0.5) A, (0.5,0.2,0.4)

1 1
= (0.4 Ay 0.5,{1 - E} -(0.17,02) + {5}
-(0.1v,0.2),05v, 0.4)

1 1
= (0.4 Ap 0.5, [0.1,0.2] + >

-[0.1v, 0.2],0.4 v, 0.5)

{ Using first the interior neutrosophic contradiction degrees

(between the neutrosophic components 7, 7, and F):
0 = 1
2 }
T, I, F
1
= ({1 —0}-[0.4 Ar 0.5] +{0}-[0.4 Vg 0.5],5- [0.1A,0.2]
1
+5 [0.1v,0.2],{1 —0}-[0.5 Vv, 0.4] + {0}
. [0.5 AF 0.4]) =
1
= (1 -[0.4-05]4+0-[04+05—04- 0.5],5. [0.1A,0.2]
1
+5- [0.1v,0.2],(1-0)-[05+0.4—0.5-04]

+0-00.5- 0.4])
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1 1
= (0.20,5- (0.1 A 02] +35-[0.1v, 02 0.70)
= (020 1(01 02)+1
- . ,2 . . 2

.[0.1+0.2-0.1-0.2], 0.70)
= (0.20,0.15,0.70).

dy (x,yellow) A, d (x, yellow)

1 1
0.3, 0.6, 0.2 0.4, 0.1, 0.3

1 1
= (034, 04,5+ [0.64,01] +3

-[0.6 v, 0.1],0.2 v,, 0.3)

{one firstly used the interior neutrosophic contradiction degrees: }

1
c(T,I) = E,C(T,F) = 1.

= ({1 - %} - [0.3 Ap 0.4] + g} - [0.3 v 0.4],% - [0.6-0.1] + %

1
[0.6+0.1—0.6-0.1], {1 - 5} -[0.2 v 0.3]

+ %} -[0.2 Ap 0.3])

—(2 03-04] +
S\3 T 3

2
([03+0.4-03-04],035,3

1
[02+03-02-03]+5-[0.2- 0.3])

~ (0.27,0.35,0.31).
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2/3 2/3
dy (x,red) A, dj (x,red) = (0.2,0.1,0.4) A, (0.3,0.4,0.2)
=(0.2A,0.3,0.1Vv, 0.4,0.4 v, 0.2)

—({1 2} [0.2 A 03]+{2} [0.2Vv 03])1
- 3 . F V. 3 . p Y- ) 2
-[I; Ap I, + I, Vg 1], {according to Theorem 5}

{1 - g} (0.4, 0.2] + g} - [0.4 Ay 0.2])

—(1 [0.2 03]+2 [02+03-0.2 03]1
- 3 . . 3 . . . . ,2

1
([0.1:04+0.1+04-01-04] 3

2
-[044+02-04-0.2]+ 3 [0.4 - 0.2])

~ (0.31,0.25,0.23).
{The degree of contradiction is 2/3 > 0.5.}

dy (x, tall) A, df (x, tall) = (0.8,0.3,0.1) A, (0.7,0.1,0.6)
=(0.81,0.7,0.3Vv, 0.1,0.1V, 0.6)

—<08/\ 071
- . F .,2

(0.3 Ap0.14 0.3V, 0.1),0.1V, 0.6)

(since the exterior degree of contradiction is zero)

1
= (0.8 : 0.7,5- (03:014+03+4+0.1-0.3-0.1),0.1+0.6

—0.1- 0.6) = (0.56,0.20,0.64).
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d)Y (x, medium) A, d (x, medium)
= (0.6,0.2,0.3) A, (0.5,0.1,0.3)
= (0.6 A, 0.5,0.2Vv, 0.1,0.3 v, 0.3)

1 1 1
- (5. [06-05] +3+[0.6+ 0.5 0.6 05,
1
[02-0.1402+0.1-02-0.1],7-[03-03]

1
+5-[03+03-03- 0.3])

= (0.55,0.15,0.30).
{Since the degree of contradictionis 1/2.}

I1.25.2. One-Attribute Value Plithogenic Single-Valued

Neutrosophic Set Union

dy (x, green) v,, dj (x, green)

0 0
=04, 01, 05)" (05, 02 04)
= (0.4v, 0.5,0.1 A, 0.2,0.5 A, 0.4)

{since the degree of contradiction is zero}

- (0.4 +05— 04

1
. 0.5,5 (0.1-02+40.1+0.2-0.1-0.2),0.5

: 0.4) = (0.70,0.15,0.20).
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d) (x, yellow) v, dj (x, yellow)

1 1
0.3, 0.6, 0.2 0.4, 0.1, 0.3

=(0.3v, 0.4,0.6 A, 0.1,0.2 A, 0.3)

- (fx 1} [03V 04]+{1} [0.3 Ar 0.4],2

- 3 . F Y- 3 . F Y- ) 2
1

-[0.6 Ap 0.1+ 0.6 0.1],{1 — 5} -[0.2 Ar 03]

+ {l} -[0.2 Vg 0.3])

3
—(2 [0.3+0.4—0.3 04]+1 [0.3 04]1
- 3 . . . . 3 . . ,2
2
[0.6-0.1+0.6+01-06-01],5-[0.2-03]

1
+5-002+03-02- 0.3])

~ (0.43,0.35,0.19).
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dy (x,red) v, dj (x,red)

2 2
0.2, 0.1, 0.4 03, 04, 0.2

=(0.2v, 0.3,0.1A,0.4,04 A, 0.2)

= ({1 2} [0.2v 03]+{2} [0.2 A 03]) !

- 3 . p . 3 . p . ) 2
2

-[0.1 Ap 0.4 + 0.1V, 0.4], {1 — §} - [0.4 Ag 0.2]

+ {E} -10.4 v 0.2]

3
—(1 [0.2 +0.3—0.2 03]+2 [0.2 - 0.3]
- 3 . . . . 3 . . ’2

1
([0.1-0.4+04+0.1-01-04],7-[04:02]

2
+5-004+02-04- 0.2])
~ (0.19,0.25,0.37).

{The degree of contradiction is % > 0.5.}
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dy (x, tall) v, dj (x, tall)

0 0
=08, 03 0% (07, 01, 06)
=(0.8v, 0.7,0.3 A, 0.1,0.1 A, 0.6)

1
= <0.8 VF 0.7,5 (0.3 AF 0.1
+ 0.3 Vp 0.1),0.1 Ag 0.6)
= (0.8 +0.7-0.8
1
: 0.7,5 (0.3-0.1+03+0.1-0.3-0.1),0.1

: 0.6) = (0.94,0.20,0.06).

d) (x, medium) v,, dg (x, medium)

1 1
0.6, 0.2, 0.3 0.5 0.1, 0.3

=(0.6v,0.5,0.2v, 0.1,0.3 Vv, 0.3)

= ({1 — %} -[0.6v, 0.5] + {%} -[0.6 Ap 0.5]),%
-[0.2AF 0.1+ 0.2 v, 0.1],

1 1

{1 _E}' (0.3 A 0.3] + {E} [03v, 03]

—(1 (0.6 + 05— 0.6-0.5] +=- [0.6 - 0.5], =
-_— 2 N . . . 2 . . ,2

1
[02+0.1+02+01-02-0.1]5-[03-03]
1
+5-[03+03-03- 0.3])

= (0.55,0.15,0.30).
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III. PLITHOGENIC LOGIC

We now trace the previous study on plithogenic set and
adjust it to the plithogenic logic. In order for the chapter to be self-
contained, we recopy the previous main plithogenic set formulas
and ideas, but we correlate and adapt them to the logic field.

II1.1. Informal Definition of Plithogenic Logic

A plithogenic logical proposition P is a proposition that is
characterized by many degrees of truth-values with respect to the

corresponding attributes’ values that characterize P.

For each attribute’s value v there is a corresponding degree
of truth-value d(P, v) of P with respect to the attribute value v.

In order to obtain a better accuracy for the plithogenic
aggregation logical operators, a contradiction (dissimilarity)
degree is defined between each attribute value and the dominant
(most important) attribute value.

{However, there are cases when such dominant attribute
value may not be taking into consideration or may not exist [and
then by default the contradiction degree is taken as zero], or there
may be many dominant attribute values. In such cases, either the
contradiction degree function is suppressed, or another
relationship function between attribute values should be
established. }

The plithogenic aggregation logical operators (conjunction,
disjunction, negation, inclusion, equality) are based on

contradiction degrees between attributes’ values, and the first two
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are linear combinations of the fuzzy logical operators tuorm and
Lconorm.

Plithogenic logic is a generalization of the classical logic,
fuzzy logic, intuitionistic fuzzy logic, and neutrosophic logic, since

these four types of logics are characterized by a single attribute
value (truth-value): which has one value (truth) — for the classical
logic and fuzzy logic, two values (truth, and falsehood) — for
intuitionistic fuzzy logic, or three values (truth, falsehood, and
indeterminacy) — for neutrosophic logic.

A plithogenic logic proposition P, in general, may be
characterized by four or more degrees of truth-values resulted from
the number of attribute-values that characterize P. The number of
attribute-values is established by the experts.

II1.2. Formal Definition of Single (Uni-Dimensional)

Attribute Plithogenic Set

Let U be a logical universe of discourse, and P a logical
proposition, P € U.

II1.2.1. Attribute Value Spectrum

Let & be a non-empty set of uni-dimensional attributes € =
{oi, a2, ..., Om/,

m = 1; and a € 7 be a given attribute whose spectrum of all
possible values (or states) is the non-empty set S, where S can be a
finite discrete set, S = {si, s2, ..., si}, 1 <[ <oo, or infinitely
countable set S = {51, s2, ..., S»}, or infinitely uncountable
(continuum) set S = ]a, b[, a < b, where ]...[ is any open, semi-
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open, or closed interval from the set of real numbers or from other
general set.

I11.2.2. Attribute Value Range

Let V' be a non-empty subset of S, where V is the range of
all attribute’s values needed by the experts for their logical
application. Each logical proposition P is characterized by all

attribute’s values in V' = {vi, va, ..., v}, forn > 1.
I11.2.3. Dominant Attribute Value

Into the attribute’s value set V, in general, there is a dominant
attribute value, which is determined by the experts upon their

application. Dominant attribute value means the most important
attribute value that the experts are interested in.

{However, there cases when such dominant attribute value
may not be taking into consideration or not exist [in such case it is
zero by default], or there may be many dominant (important)
attribute values - when different approach should be employed.}

I11.2.4. Attribute Value Truth-Value Degree Function

With respect to each attributes value v € V the proposition P
has a corresponding degree of truth-value: d(P, v).

The degree of truth-value may be: a fuzzy degree of truth-
value, or intuitionistic fuzzy degree of truth-value, or neutrosophic
degree of truth-value of the proposition P with respect to v.

Therefore, the attribute value truth-value degree function is:

VP € U,d: UxV- P ([0, 119, (197)

so d(P, v) is a subset of [0, 1], where
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[0, 1] %) is the power set of the [0, 1] where z = 1 (for
fuzzy degree of truth-value), z = 2 (for intuitionistic fuzzy degree
of truth-value), or z = 3 (for neutrosophic degree de truth-value).

I11.2.5. Attribute Value Contradiction Degree Function

Let the cardinal |V] > 1.
Let ¢: VXV = [0, 1] be the attribute value contradiction
degree function (that we introduce now for the first time) between

any two attribute values v; and vz, denoted by

c(vi, v2), and satisfying the following axioms:

c(vi, vi) = 0, the contradiction degree between the same
attribute values is zero;

c(vi, v2) = ¢(v2, vi), commutativity.

For simplicity, we use a fuzzy attribute value contradiction

degree function (c as above, that we may denote by crin order to

distinguish it from the next two), but an intuitionistic attribute

value contradiction function (cir : VXV — [0, 1]?), or more general

a neutrosophic attribute value contradiction function (cv : VXV —

[0, 1]°) may be utilized increasing the complexity of calculation
but the accuracy as well.

We mostly compute the contradiction degree between uni-
dimensional attribute values. For multi-dimensional attribute
values we split them into corresponding uni-dimensional attribute
values.

The attribute value contradiction degree function helps the
plithogenic aggregation logical operators, and the plithogenic
logical inclusion (partial order) relationship to obtain a more

accurate result.
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The attribute value contradiction degree function is designed
in each field where plithogenic logic is used in accordance with the
application to solve. If it is ignored, the aggregations still work, but
the result may lose accuracy.

Then (U, a,V,d, c) is called a plithogenic logic:

where “U” is a logical universe of discourse of many logical
generic propositions P, “a” is a (multi-dimensional in general)
attribute, “J”’ is the range of the attribute’s values, “d” is the degree
of truth-value of each logical proposition P € U with respect to
each attribute value - and “d” stands for “dz” or “d;z” or “dy”,
when dealing with fuzzy degree of truth-value, intuitionistic fuzzy
degree of truth-value, or neutrosophic degree of truth-value
respectively of a plithogenic logical proposition P; and “c” stands
for “c/” or “ciF” or “cn”, when dealing with fuzzy degree of
contradiction (dissimilarity), intuitionistic fuzzy degree of
contradiction, or neutrosophic degree of contradiction between
attribute values respectively.

The functions d(:,) and c(+,-) are defined in accordance
with the logical applications the experts need to solve.

One uses the notation:

P(d(P,V)),
where d(P,V) = {d(P,v),forallv e V},VP € U.

I11.2.6. About the Plithogenic Aggregation Logical
Operators

The attribute value contradiction degree is calculated
between each attribute value with respect to the dominant attribute
value (denoted vp) in special, and with respect to other attribute

values as well.
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The attribute value contradiction degree function ¢ between
the attribute’s values is used into the definition of plithogenic
aggregation logical operators {conjunction (AND), disjunction

(OR), Negation (—), Implication (=), Equivalence (<), and
other plithogenic aggregation operators that combine two or more
attribute value degrees - that tnorm and fconorm act upon}.

Several of the plithogenic aggregation logical operators are
linear combinations of the fuzzy fwm (denoted Ar), and fuzzy
tconorm (denoted Vr), but non-linear combinations may as well be
constructed.

If one applies the fnorm on dominant attribute value denoted
by vp, and the contradiction between vp and v2 is ¢(vp, v2), then
onto attribute value v2 one applies:

[1 — c¢(vD, v2)] thorm(VD, v2) + c(vD, V2)-teconorm(VD, v2), (198)

Or, by using symbols:

[1 — c¢(vp, v2)]-(VvDAFV2) + c(VD, v2)-(VDVFV2). (199)

Similarly, if one applies the fconorm on dominant attribute
value denoted by vp, and the contradiction between vp and v2 is
c(vp, v2), then onto attribute value vz one applies:

[1 — c(vD, v2)] tconorm(vD, v2) + c(vD, V2)-tnorm(vD, v2), (200)

Or, by using symbols:

[1 — c¢(vp, v2)]-(vDVFV2) + c(vD, v2)-(VDAFV2). (201)

II1.3. Plithogenic Logic as Generalization of other

Logics

The plithogenic set is an extension of all: classical logic,
fuzzy logic, intuitionistic fuzzy logic, and neutrosophic logic.
For examples:

111



Let Ube a logical universe of discourse, and a generic logical
proposition P € U. Then:

II1.3.1. Classical (Crisp) Logic (CCL)

The attribute is o, = “truth-value”;

the set of attribute values V = {truth, falsehood}, with
cardinal |V] =2;

the dominant attribute value = truth;

the attribute value truth-value degree function:

d: UxV-{0, 1}, (202)

d(P, truth) =1, d(P, falsehood) =0,

and the attribute value contradiction degree function:

c: VxV—{0, 1}, (203)

c(truth, truth) = c(falsehood, falsehood) =0,

c(truth, falsehood) = 1.

111.3.1.2. Crisp (Classical) Intersection

a/\be{0,1} (204)
111.3.1.3. Crisp (Classical) Union

al/be{0,1} (205)
111.3.1.4. Crisp (Classical) Complement (Negation)

—a€{0,1}. (2006)

II1.3.2. Single-Valued Fuzzy Logic (SVFL)

The attribute is o, = “truth-value”;

set of attribute values V = {truth}, whose cardinal |V] = 1;
the dominant attribute value = truth;

the attribute value truth-value degree function:

d: UxV-[0, 1], (207)
with d(P, truth) € [0, 1];
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and the attribute value contradiction degree function:
c: VxV-[0, 1], (208)
c(truth, truth) = 0.
II1.3.2.1. Fuzzy Intersection
a/\rbel0,1]
111.3.2.2. Fuzzy Union
aV/rbel0,1]
111.3.2.3. Fuzzy Complement (Negation)
—ra=1-ae€]0,1]. (209)

I11.3.3. Single-Valued Intuitionistic Fuzzy Logic (SVIFL)

The attribute is o, = “truth-value”;

the set of attribute values V = {truth, falsehood}, whose
cardinal |V] = 2;

the dominant attribute value = truth;

the attribute-value truth-value degree function:

d: UxV-]0, 1], (210)

d(P, truth) € [0, 1], d(P, falsehood) € [0, 1],

with d(P, truth) + d(P, falsehood) < 1,

and the attribute value contradiction degree function:

c: VxV—-[0, 1], (211)

c(truth, truth) = c(falsehood, falsehood) =0,

c(truth, falsehood) = 1,

which means that for SVIFL aggregation operators’
conjunction (AND) and disjunction (OR), if one applies the #uorm
on truth degree, then one has to apply the fconorm on falsehood
degree — and reciprocally.

Therefore:
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111.3.3. 1. Intuitionistic Fuzzy Intersection

(a1, az) \ies (by, by) = (a, A, by,a, v b)) (212)
111.3.3.2. Intuitionistic Fuzzy Union

(a1, az) \Virs (by, by) = (a, v, b,a, A b,), (213)

and

111.3.3.3. Intuitionistic Fuzzy Complement (Negation)
—IFs (a1, az) = (a2, ai). (214)
where Ar and V¢ are the fuzzy twrm and fuzzy teonorm
respectively.

I11.3.4. Single-Valued Neutrosophic Set (SVNS)

The attribute is o = “truth-value”;

the set of attribute values V = {truth, indeterminacy,
falsehood}, whose cardinal |V| = 3;

the dominant attribute value = truth,;

the attribute-value truth-value degree function:

d: UxV-]0, 1], (215)

d(P, truth) € [0, 1], d(P, indeterminacy) € [0, 1],

d(P, falsehood) € [0, 1],

with
0 < d(P, truth) + d(P, indeterminacy) + d(P, falsehood) < 3;

and the attribute-value contradiction degree function:

c: VxV-[0, 1], (216)

c(truth, truth) = c(indeterminacy, indeterminacy) =
c(falsehood, falsehood) = 0, c(truth, falsehood) =1,

c(truth, indeterminacy) = c(falsehood, indeterminacy) = 0.5,

which means that for the SVNL aggregation operators

(conjunction, disjunction, negation etc.), if one applies the tuorm on
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truth, then one has to apply the fconorm on falsehood {and
reciprocally), while on indeterminacy one applies the average of

thorm and tconorm, as follows:
111.3.4.1. Neutrosophic Conjunction
111.3.4.1.1. Simple Neutrosophic conjunction (the most used by

the neutrosophic community):
(a1, az, az) Ane (by, by, b3) =(a, Ap b,a, vy by,a;, v, by)
(217)

111.3.4.1.2. Plithogenic Neutrosophic Conjunction
(a1, a2, as) Ap (bq, by, b3)

1
= (al Np bpg[(az g b2)+(a2 Vi bz)]a% Vr b3)a (213)

111.3.4.2. Neutrosophic Disjunction
111.3.4.2.1. Simple Neutrosophic Disjunction (the most used by

the neutrosophic community):

(a1, az, a3) VL (by, by, b3) =(a, v, b,a, Ap by,a;, Ay by)

(219)
111.3.4.2.2. Plithogenic Neutrosophic Disjunction
(ai, a2, a3) Ve (by, by, b3) =
1
a, Vv, bl,E[(az Ar b))+ (ay v bz)],az3 Ap by
(220)

In other way, with respect to what one applies on the truth,
one applies the opposite on falsehood, while on indeterminacy one

applies the average between them.
111.3.4.3. Neutrosophic Negation:

NS (al, ap, a3) = (a3, ap, al). (221)
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II1.4. One-Attribute-Value Plithogenic Single-Valued
Fuzzy Logic Operators

We consider the single-value number degrees, for simplicity
of the example.

Let v; be a uni-attribute value and its degree of contradiction
with respect to the dominant uni-attribute value v be

c(vp,v;) ¥ .

Let d4 (P, v;) be the truth-value degree of the attribute-value
v; of the logical proposition P with respect to the Expert A. And
similarly for dg(P,v;). Then, we recall the plithogenic
aggregation logical operators with respect to this attribute value v;
that will be employed:

I11.4.1. One-Attribute-Value Plithogenic Single-Valued
Fuzzy Logic Conjunction
da(P,vi) Ay dp(P,v;)
=1 —¢) - [da(P,v)) Ap dp(P,v))] + ¢

“[da(P,v) Vp dg(P,v)]
(222)

I11.4.2. One-Attribute Value Plithogenic Single-Valued
Fuzzy Logic Disjunction
da(P,vi) Vp dp(P,v;) =
= (1 - Ci) ’ [dA(Prvi) VF dB(Prvi)] + Ci

[da(P,v;) A dp(P,v;)]
(223)
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I11.4.3. One Attribute Value Plithogenic Single-Valued

Fuzzy Logic Negation
-V = anti(v) = (1 —¢) v (224)
—pda(P, (1 — c)v;) = dy(P,vy) (225)

IIL.5. n-Attribute-Values Plithogenic Single-Valued
Logic Operators

The easiest way to apply the plithogenic logic operators on a
multi-attribute plithogenic logic is to split back the m-dimensional
attribute, m = 1, into m uni-dimensional attributes, and separately
apply the plithogenic logic operators on the set of all values
(needed by the application to solve) of each given attribute.

Therefore, let a be a given attribute, characterizing each
element x € P, whose set of values are:

V ={v, vy ..., 0} ={vp, vy, ..., },n =1, (226)

where v, = dominant attribute value, and c(vp,v;) = ¢; €
[0, 1] the contradiction degrees. Without restricting the generality,
we consider the values arranged in an increasing order with respect
to their contradiction degrees, i.e.:

c(vp,vp) =0<c; <c; < =g

<2< G S < <1 (227)
IIL.5.1. n-Attribute-Values Plithogenic Single-Valued
Fuzzy Logic Operators

Let’s consider two experts, A and B, which evaluate a logical

proposition P, with respect to the fuzzy degrees of the values
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vy, ..., Uy, of truth-values of the logical proposition P, upon some
given criteria:
di:PxV - [0,1], df (x,v;) = a; € [0,1], (228)
d5:P xV - [0,1], d5(x,v;) = b; € [0,1], (229)
foralli € {1,2,...,n}.

I1L.5.2. n-Attribute-Values Plithogenic Single-Valued

Fuzzy Logic Conjunction

(al, Az ey Ay Aig 415 ...,an) Ap (bl, by, ..., bi, by 41, ...,bn)
= (a1 Ap by, a3 Ny by, .y ay Ay by, @11 Ap biyq) e A Ap by )
(230)
The first i, conjunctions are proper plithogenic conjunctions
(the weights onto the tuorm’s are bigger than onto fconorm’s):
ay Ap by, az Ay by, ... a; Ay by (231)
whereas the next n - i, conjunctions
Aig+1 Np Dig41) e On Ap by (232)
are improper plithogenic disjunctions (since the weights onto

the tnorm’s are less than onto zeconorm’s):

II1.5.3. n-Attribute-Values Plithogenic Single-Valued

Fuzzy Logic Disjunction

(a1, az, .., @iy, @ig41s s @n) Vi (b1, by, oo, by, b 4q, o by)  (233)
= (a1 Vp by, a; Vy by, .y ay Vp by, @11 Vp by g1, e, A Vp by )
The first i disjunctions are proper plithogenic disjunctions
(the weights onto the tconorm’s are bigger than onto fmorm’s):
ay Vp by, ay Vi by, ..., a;) Vy by (234)
whereas the next n - i disjunctions
Aiy+1 Vp big41) oy An Vp by (235)
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are improper plithogenic conjunctions (since the weights
onto the fconorm’s are less than onto tnorm’s):

I11.5.4. n-Attribute-Values Plithogenic Single-Valued
Fuzzy Logic Negations

In general, for a generic logical proposition P, characterized
by the uni-dimensional attribute o, whose attribute values are V =
(vp, Vg, e, V), m =2, and with attribute value contradiction
degrees (with respect to the dominant attribute value v ) are
respectively: 0 < ¢, <+ < ¢, < ¢, <1, and their attribute
value degrees of truth-values with respect to the set P are
respectively ap, a,, ...,a,_1,a, € [0,1] , then the plithogenic
fuzzy logic negation of P is:

0 ¢ Cn-1 Cn
_'p[ P|vp,V2,..,Vn-1,Vn ] =

ap 4 An-1 QAn
l—-c¢, 1-—c¢y_ 1—¢c, 1-¢p
-, P (anti(vn) anti(v,_,) ...anti(v,) anti(vD)>. (236)
an an—1 a; ap

Some anti(V;) may coincide with some V;, whereas other

anti(V;) may fall in between two consecutive [vy, Vy41] or we
may say that they belong to the Refined set V,
or

Up Upeq «e oo U
- {a:, az, .1..,, ) a,ll} (237)
{This version gives an exact result when the contradiction
degrees are equi-distant (for example: 0, 0.25, 0.50, 0.75, 1) or
symmetric with respect to the center 0.5 (for example: 0, 0.4, 0.6,
1), and an approximate result when they are not equi-distant and

not symmetric to the center (for example: 0, 0.3, 0.8, 0.9, 1);}

119



or
V1 (%) Ul'o Ui0+1 Un
{1 -—a 1—a,..1—a;; 1—a;49 .. 1— an} (238)
where anti(v;) € V or anti(v;) € RefinedV, for all i €
{1,2,...,n}.

II1.6. Multi-Attribute Plithogenic General Logic

I11.6.1. Definition of Multi-Attribute Plithogenic General
Logic

Let U be a logical universe of discourse, and a plithogenic
logical proposition P € U.

Let 5# be a set of m > 2 attributes: a1, o2, ..., am, whose
corresponding spectra of values are the non-empty sets S1, Sy, ...,
Sm respectively.

Let Vi€ S1, V2€ 82, ..., Vm © Sm be subsets of attribute
values of the attributes a1, az, ..., amrespectively needed by experts
in their given application.

Foreachj € {1, 2, ..., m}, the set of attribute values V; means
the range of attribute o;’s values, needed by the experts in a
specific application or in a specific problem to solve.

Each logical proposition P € U is characterized by all m
attributes.

Let the m-dimensional attribute value degree function be:

Aimp: (U, Vg X Vo X o X V) = 9([0,1])™. (239)

For any P € U, and any vj € V; with j € {1,2,...,m}, one
has:

dm)(P (01, v, ..., ) < FX[0, 1™ (240)
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I11.6.2. Example of Plithogenic Logic
Let

P = “John is a knowledgeable person”

be a logical proposition.

The three attributes under which this proposition has to be
evaluated about - according to the experts - are:

Science (whose attribute values are: mathematics, physics,
anatomy), Literature (whose attribute values are: poetry, novel),

and Arts (whose only attribute value is: sculpture).

Assume that one has: fuzzy truth-value degrees, and fuzzy
contradiction (dissimilarity) degrees — for simpler calculation.

The experts consider that the attributes’ values contradiction
(dissimilarity) degrees, determined by the experts that study this
problem, are:

0 0.3 0.8 0 0.9 0
mathematics, physics, anatomy, poetry, novels; sculpture

Let’s assume that mathematics, poetry, sculpture are

dominant [most important] attribute values for the attributes

Science, Literature, and Arts respectively.

The degree of contradiction (dissimilarity) between physics
and mathematics 1s 0.3, between anatomy and mathematics is 0.8;

while the degree of contradiction (dissimilarity) between
novels and poetry is 0.9;

there is no degree of contradiction (dissimilarity) between
attribute values from different attribute classes (for example
between sculpture and anatomy, etc.).

According to Expert A(lexander), the truth-values of
plithogenic proposition P are:

P4(0.7,0.6, 0.4; 0.9,0.2;0.5),
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which means that John’s degree of truth (knowledge) in
mathematics is 0.7, degree of truth (knowledge) in physics is 0.6,
degree of truth (knowledge) in anatomy is 0.4; degree of truth
(knowledge) in poetry is 0.9, degree of truth (knowledge) in novels
is 0.2; degree of truth (knowledge) in sculpture is 0.5.

But, according to Expert B(arbara), the truth-values of
plithogenic proposition P are:

P5(0.9, 0.6, 0.2; 0.8,0.7;0.3).

We use the 6-attribute-values plithogenic single-valued
logical intersection, taken as before

tnorm(a, b) =a/\Fb =a'b (241)

and tconorm(a, b) =avVvg b=a+b-ab

(242)

whence we get:
Pa(0.7, 0.6, 0.4; 0.9,0.2; 0.5) A, Ps(0.9,0.6,0.2; 0.8,0.7; 0.3)
=Pan,B(0.74,0.9,0.61,0.6,0.41,02; 09A,0.8,0.2A4,0.7;
0.57,0.3) =Pan,B(0.7~,0.9,0.61,0.6,0.41,02; 09A,0.8,
0.2A,0.7;0.5A,0.3)=Pan,8(0.7:0.9, (1-0.3)-0.6 A, 0.6+0.3- 0.6
v, 0.6, (1-0.8)- 0.4 A, 0.2+0.8- 0.4 v, 0.2; 0.9-0.8, (1-0.9)- 0.2 A,
0.7+0.9- 0.2v, 0.7, 0.5-0.3) =

Pan,8(0.630,0.504, 0.432; 0.720, 0.698; 0.150).
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IV. PLITHOGENIC PROBABILITY

We again trace both previous studies on plithogenic set and
plithogenic logic respectively, and adjust them to the plithogenic
probability. In order for the chapter to be self-contained, we recopy
as well the previous plithogenic set and plithogenic logic main
formulas and ideas, but we correlate and adapt them to the
probabilistic field.

IV.1. Informal Definition of Plithogenic Probability

In the plithogenic probability each event E from a probability
space U is characterized by many chances of the event to occur

[not only one chance of the event to occur: as in classical

probability, imprecise probability, and neutrosophic probability],
chances of occurrence calculated with respect to the corresponding
attributes’ values that characterize the event E. The attributes’
values that characterize the event are established by experts with
respect to the application or problem they need to solve.

A discrete finite n-attribute-values plithogenic probability
space Unk, of k events, each event together with its n chances of
occurring, is displayed below:

Unk = {Ei(d11, d21, ..., dni1), Ex(d12, d22, ..., dn2), ...,

Ew(dir, dz, ..., dnk)}. (243)

With respect to each attribute’s value vj, j €{1, 2, ..., n},

n > 1, there is a corresponding degree of chance d(E;, v;) = djjof
the event Eito occur, fori €{1, 2, ..., k}, k> 1.
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A discrete infinite n-attribute-values plithogenic probability
space Unw, of infinitely many events, each event together with its
n chances of occurring, is displayed below:

Unw = {Ei(d11, d21, ..., dni1), E2(d12, d22, ..., dn2), ...,

Ecw(diw, d2e, ..., dnwo)). (244)

While a continuous n-attribute-values  plithogenic
probability space U is:

Un = {Ei(d1i, d2i, ..., dni), i €1 (245)
where / is a continuous set of indices}.

And a continuous infinite-attribute-values plithogenic

probability space U, , , is:
U, . ={Ei(dn, doi, ..., di), i €11, ] € I2, (246)

where /; and /> are continuous sets of indices}.

In order to obtain a better accuracy for the plithogenic
aggregation probabilistic operators, a contradiction (dissimilarity)
degree is defined between each attribute value and the dominant
(most important) attribute value.

{However, there are cases when such dominant attribute
value may not be taking into consideration or may not exist [and
then by default the contradiction degree is taken as zero], or there
may be many dominant attribute values. In such cases, either the
contradiction degree function is suppressed, or another
relationship function between attribute values should be
established. }

The plithogenic aggregation probabilistic operators
(conjunction, disjunction, negation, inclusion, equality) are based
on contradiction degrees between attributes’ values, and the first
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two are linear combinations of the fuzzy logical operators’ tnorm

and tconorm.

IV.2. Plithogenic Probability as Generalization of
other Probabilities
Plithogenic probability is a generalization of the classical

probability [ since a single event may have more crisp-probabilities

of occurrence |, imprecise probability [ since a single event may

have more subunitary subset-probabilities of occurrence |, and
neutrosophic probability [ since a single event may have more

triplets of:  subunitary subset-probabilities of occurrence,
subunitary subset-probabilities of indeterminacy (not clear if
occurring or not occurring), and subunitary subset-probabilities of

nonoccurring |.

IV.3. Formal Definition of Single (Uni-Dimensional)

Attribute Plithogenic Probability

Let U be a probability space, and an event £ € U.
IV.3.1. Attribute Value Spectrum

Let & be a non-empty set of uni-dimensional attributes

A = {a1, a, ..., om}, m = 1; and o € £ be a given attribute
whose spectrum of all possible values (or states) is the non-empty
set S, where S can be a finite discrete set, S = {s1, 52, ..., s}, [ <
[ <o, or infinitely countable set S = {51, 52, ..., Sx}, or infinitely
uncountable (continuum) set S = ]a, b[, a < b, where ]...[ is any
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open, semi-open, or closed interval from the set of real numbers or
from other general set.

I1V.3.2. Attribute Value Range

Let V' be a non-empty subset of S, where V is the range of
all attribute’s values needed by the experts for their probabilistic
application. Each probabilistic event E is characterized by all
attribute’s values in V' = {vi, v2, ..., v}, forn > 1.

1V.3.3. Dominant Attribute Value

Into the attribute’s value set V, in general, there is a dominant

attribute value, which is determined by the experts upon their

application. Dominant attribute value means the most important
attribute value that the experts are interested in.

{However, there cases when such dominant attribute value
may not be taking into consideration or not exist [in such case it is
zero by default], or there may be many dominant (important)

attribute values - when different approach should be employed.}

IV.3.4. Attribute-Value Chance-of-Occurrence Degree-

Function

With respect to each attributes value v € V the event E has a
corresponding degree of occurring: d(E, v).

The degree of occuring may be: a fuzzy degree of occuring,
or intuitionistic fuzzy degree of occurring-nonoccurring, or
neutrosophic degree of occurring- indeterminacy-nonoccuring.

Therefore, the attribute-value chance-of-occurrence degree-

function is:
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VE € U, d: UXV- P ([0, 179,
(247)
so d(P, v) is a subset of [0, 1]*, where
J7/0, 1]7) is the power set of /0, 1] % where z = I (for fuzzy
degree of occurrence), z = 2 (for intuitionistic fuzzy degree of
occurrence-nonoccurrence), or z = 3 (for neutrosophic degree de

occurrence-indeterminacy-nonoccurence).

IV.3.5. Attribute-Value Contradiction (Dissimilarity)

Degree Function

Let the cardinal |V] > 1.
Let c¢: VXV = [0, 1] be the attribute value contradiction

degree function (that we introduce now for the first time) between

any two attribute values v; and vz, denoted by

c(vi, v2), and satisfying the following axioms:

c(vi, vi) = 0, the contradiction degree between the same
attribute values is zero;

c(vi, v2) = ¢(v2, vi), commutativity.

For simplicity, we use a fuzzy attribute value contradiction
degree function (c as above, that we may denote by crin order to

distinguish it from the next two), but an intuitionistic attribute

value contradiction function (cir : VXV — [0, 1]?), or more general

a neutrosophic attribute value contradiction function (cv : VXV —

[0, 1]%) may be utilized increasing the complexity of calculation
but the accuracy as well.

We mostly compute the contradiction degree between uni-
dimensional attribute values. For multi-dimensional attribute
values we split them back into corresponding uni-dimensional

attribute values.
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The attribute value contradiction degree function helps the
plithogenic aggregation probability operators, and the plithogenic
probability inclusion (partial order) relationship to obtain a more
accurate result.

The attribute value contradiction degree function is designed
in each field where plithogenic probability is used in accordance
with the application to solve. If it is ignored, the aggregations still
work, but the result may lose accuracy.

Then (U,a,V,d, c) is called a plithogenic probability:

where “U” is the probability space of all events E, “a” is a
(multi-dimensional in general) attribute with respect to which the
chances of occurrences of E are calculated, “}V” is the range of the
attribute’s values, “d” is the degree of chance-of-occurrence of
each event £ € U with respect to each attribute value - and “d”
stands for “dg” or “d;r” or “dy”’, when dealing with fuzzy degree
of occurrence, intuitionistic fuzzy degree of occurrence-
nonoccurrence, or neutrosophic degree of occurrence-
indeterminacy-nonoccurence respectively of a plithogenic
probabilistic event E; and “c” stands for “cF” or “ciF” or “cn”,
when dealing with fuzzy degree of contradiction (dissimilarity),
intuitionistic fuzzy degree of contradiction (dissimilarity), or
neutrosophic degree of contradiction (dissimilarity) between
attribute values respectively.

The functions d(-,) and c(:,) are defined in accordance
with the probabilistic applications the experts need to solve.

One uses the notation:

E(d(E,V)),
where d(E,V) = {d(E,v),forallv € V},VE € U.
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IV.3.6. About the Plithogenic Aggregation Probabilistic

Operators

The attribute value contradiction degree is calculated
between each attribute value with respect to the dominant attribute
value (denoted vp) in special, and with respect to other attribute
values as well.

The attribute value contradiction degree function ¢ between
the attribute’s values is used into the definition of plithogenic
aggregation  probabilistic operators  {comjunction  (AND),

disjunction (OR), Negation (=), Implication (=), Equivalence (
<), and other plithogenic aggregation probabilistic operators that
combine two or more attribute value degrees - that fuorm and teonorm
act upon}.

Several plithogenic aggregation probabilistic operators are
linear combinations of the fuzzy fwrm (denoted Ar), and fuzzy
teonorm (denoted Vr), but non-linear combinations may as well be
constructed.

If one applies the fxorm on dominant attribute value denoted
by vp, and the contradiction between vp and v is ¢(vp, v2), then
onto attribute value v2 one applies:

[1 — c(vD, v2)]-tnorm(VD, v2) + c(VD, V2)-tconorm(vD, v2), (248)

Or, by using symbols:

[1 = c(vp, v2)]-(VDAFV2) + c(VD, v2)-(VDVFV2). (249)

Similarly, if one applies the tconorm on dominant attribute
value denoted by vp, and the contradiction between vp and v> is
c(vp, v2), then onto attribute value v one applies:

[1 — c¢(vp, v2)]-teconorm(vD, v2) + c(VD, V2) tnorm(VD, v2), (250)

Or, by using symbols:
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[1 — c(vD, v2)]-(vDVFV2) + c(vD, v2):(VDAFV2). (251)

IV.4. One-Attribute-Value Plithogenic Single-Valued
Fuzzy Probabilistic Operators

We consider the single-value number degrees of chances of
occurrence, for simplicity of the example.

Let v; be a uni-attribute value and its degree of contradiction
with respect to the dominant uni-attribute value vy be

c(vp,v;) ¥ ¢.

Let d4(E,v;) be the degree of occurrence of event E with
respect to the attribute-value v; given by Expert 4. And similarly
for dg(E,v;). Then, we recall the plithogenic aggregation
probabilistic operators with respect to this attribute value v; that
will be employed:

IV.4.1. One-Attribute-Value Plithogenic Single-Valued
Fuzzy Probabilistic Conjunction
d4(E,v;) Ny dg(E,v;)
= (1 —¢)  [da(E,v) Ap dp(E, v)] + ¢

’ [dA(E! vi) Vr dB (E, vi)]
(252)

IV.4.2. One-Attribute Value Plithogenic Single-Valued
Fuzzy Probabilistic Disjunction

dy(E,v;) Vp dg(E,v) == (1—¢;)"
[da(E,v)) Vi dg(E,v)] + ¢; - [da(E,v)) Ap dg(E, v)]  (253)
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IV.4.3. One Attribute Value Plithogenic Single-Valued

Fuzzy Probabilistic Negations

pda(E,v;) = dy(E, anti(vy)) = dy(E, (1 — c)vy) (254)
or
—|pdA(E, Ul') =1- dA(E, Ui)' (255)

IV.5. n-Attribute-Values Plithogenic Single-Valued

Probabilistic Operators

The easiest way to apply the plithogenic probabilistic
operators on a multi-attribute plithogenic probability is to split
back the m-dimensional attribute, m > 1, into m uni-dimensional
attributes, and separately apply the plithogenic probabilistic
operators on the set of all attribute values (needed by the
application to solve) of each uni-dimensional attribute.

Therefore, let o be a given uni-dimensional attribute,
characterizing each event E' € U, whose set of values are:

V ={vy, vy ..,0} ={vp, vy ..., vy, n = 1, (256)

where v, = dominant attribute value, and

c(vp,v;) = ¢; € [0,1] the contradiction degrees. Without
restricting the generality, we consider the uni-dimensional
attribute values arranged in an increasing order with respect to their
contradiction degrees, i.e.:

c(wp,vp) =0<c; < c; < =g

<ISCp <SS (257)
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IV.5.1. n-Attribute-Values Plithogenic Single-Valued
Fuzzy Probabilistic Operators

Let’s consider two experts, A and B, which evaluate a
probabilistic event E, with respect to the fuzzy degrees of the
values v;, ..., v, representing the chances of occurrence of event £,
upon some given criteria:

di:UxV - [0,1],d{(x,v;) = a; € [0,1], (258)

d5:U xV - [0,1], d5(x,v;) = b; € [0,1], (259)

foralli € {1,2,...,n}.

IV.5.2. n-Attribute-Values Plithogenic Single-Valued

Fuzzy Probabilistic Conjunction

(al,az, ey iy Qi 11, ...,an) Ap (bl,bz, s bigy by, ...,bn) =

ay Ap by, a; Ap by, ..a A,
(260)
biO' ai0+1 /\p bi0+1' ey Ay /\p le
The first i probabilistic conjunctions are proper plithogenic
probabilistic conjunctions (the weights onto the fu0rm’s are bigger
than onto fconorm’s):

aq /\p bl,az /\p bz, ...,aio /\p biO

(261)
whereas the next n - i probabilistic conjunctions
alo+1 /\p bl0+11 ey an /\p bn (262)

are improper plithogenic probabilistic disjunctions (since the
weights onto the #uom’s are less than onto feconorm’s):
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IV.5.3. n-Attribute-Values Plithogenic Single-Valued

Fuzzy Probabilistic Disjunction

(al, az, ey aio, ai0+1, ey an) Vp (bl, bz, . bi()' bi0+1l ey le) =

< a; Vp by, a; Vp by, .., a; Vs ) (263)
bi,, aiy41 Vp biy41) -+, An Vp by

The first iy probabilistic disjunctions are proper plithogenic
probabilistic disjunctions (the weights onto the zconorm’s are bigger
than onto fnorm’s):

ay Vp by, ap Vo by, .., a; ) Vy by (264)

whereas the next n - i probabilistic disjunctions

Aiy+1 Vp big41) ey Qn Vp by (265)

are improper plithogenic probabilistic conjunctionss (since
the weights onto the fconorm’s are less than onto tnorm’s):

IV.5.4. n-Attribute-Values Plithogenic Single-Valued

Fuzzy Probabilistic Negations

In general, for a generic probabilistic event E, characterized
by the uni-dimensional attribute o, whose attribute values are V =
(vp, vy, ...,vy),n = 2, and whose attribute value contradiction
degrees (with respect to the dominant attribute value vj) are
respectively: 0 < ¢, < -+ <c¢,_1 <¢, <1, and their attribute
value degrees of occurrence of the event E are respectively
ap,dy, .., dp_1,a, €[0,1] , then the plithogenic fuzzy

probabilistic negation of E is:

133



0 C2 Cn-1 Cn
—lp[E UD,UZ,...,vn—l,vn ]=

ap az An-1 An
1—c¢, 1—-cu4 1—¢c; 1-¢p
—pE (anti(vn) anti(vy,—1) ...anti(v,) anti(vD)). (266)
an an-1 a; ap
Some anti(V;) may coincide with some V;, whereas other
anti(V;) may fall in between two consecutive [V, Vy41] or we
may say that they belong to the Refined set V;

or

VUp Upeq e oon U

- {a?, az, .1..,, . a:l} (267)

{this version gives an exact result when the contradiction
degrees are equi-distant (for example: 0, 0.25, 0.50, 0.75, I) or
symmetric with respect to the center 0.5 (for example: 0, 0.4, 0.6,
1), and an approximate result when they are not equi-distant and
not symmetric to the center (for example: 0, 0.3, 0.8, 0.9, 1);}

or

12 Vy e Vi Viiq e Up

{1 —a, 1-ay..1— aoio 1 —Oai0+1 1= an} (268)

where anti(v;) € V or anti(v;) € RefinedV, for all i €
{1,2,...,n}.

IV.6. Multi-Attribute Plithogenic General

Probability

IV.6.1. Definition of Multi-Attribute Plithogenic General
Probabilistic

Let U be a probability space, and a plithogenic probabilistic
event £ € U.
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Let &7 be a set of m > 2 attributes: a1, 02, ..., am, whose

corresponding spectra of values are the non-empty sets S;, S, ...,
Sm respectively.

Let Vi€ 81, V2C 82 ..., Vim © Sm be subsets of attribute
values of the attributes a1, a2, ..., amrespectively needed by experts
in their given probabilistic application.

Foreachj € {1, 2, ..., m}, the set of attribute values V; means
the range of attribute o;’s values, needed by the experts in a
specific application or in a specific problem to solve.

Each probabilistic event £ € U is characterized by all m
attributes.

Let the m-dimensional attribute value degree of chance of
occurrence function be:

dimy: (U VL X Vo X o X V) = 9A[0, 1D™. (269)

For any E € U, and any vj € V; with j € {1, 2, ..., m}, one
has:

dim)(E (1,2, ..., ) < [0, 1™ (270)

1V.6.2. Example of Plithogenic Probabilistic

What is the plithogenic probability that Jenifer will graduate
at the end of this semester in her program of electrical engineer,
given that she is enrolled in and has to pass two courses of
Mathematics  (Second-Order  Differential ~Equations, and
Stochastic Analysis), and two courses of Mechanics (Fluid
Mechanics, and Solid Mechanics) ?

We have a 4-attribute values plithogenic probability.

1V.6.2.1. Plithogenic Fuzzy Probability
According to her adviser, Jenifer’s plithogenic single-valued
fuzzy probability of graduating at the end of this semester is:
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J(0.5,0.6; 0.8,0.4),

which means 50% chance of passing the Second-Order
Differential Equations class, 60% chance of passing the Stochastic
Analysis class (as part of Mathematics), and 80% of passing the
Fluid Mechanics class and 40% of passing the Solid Mechanics
class (as part of Physics).

Using a larger approximation (less accuracy), the adviser
predicts that Jenifer’s plithogenic interval-valued fuzzy probability
of graduating at the end of this semester is:

J([0.4,0.6],[0.3,0.7]; [0.8,0.9],[0.2,0.5]),

which means that between 40%-50% are Jenifer’s chances to
pass the class of Second-Order Differential Equations; and
similarly for the other three classes.

1V.6.2.2. Plithogenic Intuitionistic Fuzzy Probability
Jenifer’s plithogenic single-valued intuitionistic fuzzy

probability of graduating at the end of this semester is:

J((0.5,0.2),(0.6,0.4); (0.8,0.1),(0.4,0.5)),

which mean that 50% is chance that Jenifer passes the
Second-Order Differential Equations class and 20% chance that
she fails this class; and similarly for the other three classes.

Jenifer’s plithogenic interval-valued intuitionistic fuzzy
probability of graduating at the end of this semester is:

J( ([0.5, 0.6], [0.1, 0.2]), ([0.6, 0.8], [0.2,0.4]); ([0.8, 0.9],
[0.0, 0.1]), ([0.3, 0.6], [0.3, 0.5]) ),

which mean that between 50% - 60% is chance that Jenifer
passes the Second-Order Differential Equations class and between
10% - 20% is the chance that she fails this class; and similarly for
the other three classes.
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1V.6.2.3. Plithogenic Neutrosophic Probability

Jenifer’s plithogenic single-valued neutrosophic probability
of graduating at the end of this semester is:

J((0.5,0.1,0.2),(0.6,0.2,0.4); (0.8,0.0,0.1),(0.4,0.3,0.5)),

which mean that there is 50% chance, 10% indeterminate-
chance, and 20% nonchance that Jenifer passes the class of
Second-Order Differential Equation; and similarly for the other
three classes.

Jenifer’s  plithogenic  interval-valued  neutrosophic
probability of graduating at the end of this semester is:

J( ([0.5, 0.6], [0.0, 0.1], [0.2., 0.4]), ([0.6, 0.8], [0.1, 0.2],
[0.3, 0.5]); ([0.8,0.9],[0.0,0.2],[0.1, 0.3]), (0.4, 0.3, 0.5) ),

which mean that there is between 50% - 60% chance,
between 0% - 10% indeterminate-chance, and between 20% - 405
nonchance that Jenifer passes the class of Second-Order
Differential Equation; and similarly for the other three classes.

IV.6.3. Plithogenic Probability as Probability of

Probabilities
Plithogenic probability is a probability of (classical,
imprecise, intuitionistic fuzzy, or neutrosophic) probabilities —

depending on the choice of the chance function. Or plithogenic
probability is a refined probability.
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V. PLITHOGENIC STATISTICS

As a generalization of classical statistics and neutrosophic
statistics, the Plithogenic Statistics is the analysis of events
described by the plithogenic probability.

Since in plithogenic probability each event E from a
probability space U is characterized by many chances of the event
to occur [not only one chance of the event £ to occur: as in classical

probability, imprecise probability, and neutrosophic probability],

a plithogenic probability distribution function, PP(x),
of a random variable x, is described by many plithogenic
probability distribution sub-functions, where each sub-function
represents the chance (with respect to a given attribute value) that
value x occurs, and these chances of occurrence can be represented
by classical, imprecise, or neutrosophic probabilities (depending
on the type of degree of a chance).

[More study is to be done in this subject...]
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Future Research

As generalization of dialectics and neutrosophy, plithogeny
will find more use in blending diverse philosophical, ideological,
religious, political and social ideas.

After the extension of fuzzy set, intuitionistic fuzzy set, and
neutrosophic set to the plithogenic set;

the extension of classical logic, fuzzy logic, intuitionistic
fuzzy logic and neutrosophic logic to plithogenic logic;

and the extension of classical probability, imprecise
probability, and neutrosophic probability to plithogenic probability
— more applications of the plithogenic
set/logic/probability/statistics in various fields should follow.

The classes of plithogenic implication operators and their
corresponding sets of plithogenic rules are to be constructed in this
direction.

Also, exploration of non-linear combinations of fuorm and

tconorm, or of other norms and conorms, in constructing of more
sophisticated plithogenic set, logic and probabilistic aggregation
operators, for a better modeling of real life applications.

More study, development, and utilizations should be done
and proved into the field of plithogenic statistics.
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In this book we introduce for the first time, as generalization of
dialectics and neutrosophy, the philosophical concept called plithogeny.
And as its derivatives: the plithogenic set (as generalization of crisp,
fuzzy, intuitionistic fuzzy, and neutrosophic sets), plithogenic logic (as
generalization of classical, fuzzy, intuitionistic fuzzy, and neutrosophic
logics), plithogenic probability (as generalization of classical, imprecise,
and neutrosophic probabilities), and plithogenic statistics (as
generalization of classical, and neutrosophic statistics).

Plithogeny is the genesis or origination, creation, formation,
development, and evolution of new entities from dynamics and organic
fusions of contradictory and/or neutrals and/or non-contradictory

multiple old entities.

Plithogenic Set is a set whose elements are characterized by one
or more attributes, and each attribute may have many values.

An attribute’s value v has a corresponding (fuzzy, intuitionistic

fuzzy, or neutrosophic) degree of appurtenance d(x, v) of the element x,
to the set P, with respect to some given criteria.

In order to obtain a better accuracy for the plithogenic aggregation
operators in the plithogenic set/logic/probability and for a more exact
inclusion (partial order), a (fuzzy, intuitionistic fuzzy, or neutrosophic)
contradiction (dissimilarity) degree is defined between each attribute
value and the dominant (most important) attribute value.

The plithogenic intersection and union are linear combinations of
the fuzzy operators tworm and feconorm, While the plithogenic
complement/inclusion/equality are influenced by the attribute values’
contradiction (dissimilarity) degrees.

Formal definitions of plithogenic set/logic/probability/statistics
are presented into the book, followed by plithogenic aggregation
operators, various theorems related to them, and afterwards examples and
applications of these new concepts in our everyday life.
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