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Abgtract. In this paper, we define two new type of operatfrizzy matrices denoted by
the symbol O and 0 .Using these operators of fuzzy matrices we defimg-max-
average norm, column-max-average norm. Here ingibaddition of fuzzy matrices we
use the operatof] and instead of multiplication of fuzzy matrices wee the
operatof] .We also define Pseudo norm of fuzzy matrices andmia norm.
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1. Introduction

The study of linear algebra has become more an& mpaopular in the last few decades.
People are attracted to this subject because dfedsity and its connection with many
other pure and applied areas. In theoretical dpwedémt of the subject as well as in many
application, one often needs to measure the leofjtrectors. For this purpose, norm
functions are consider on a vector space.

A norm on a real vector space Vis a functiHJIH 'V - R séyitig
1. ||u|| >0 for any nonzerau[JV.
2. |ru=|r [||u] foranyr OR anduOV.

3. ||u +V|| < ||u|| +||v|| for anyu,vV.

The norm is a measure of the size of the vedtavhere condition (1) requires the size to
be positive, condition (2) requires the size todsaled as the vector is scaled, and
condition (3) is known as the triangle inequalitydahas its origin in the notion of

distance inR®. The condition (2) is called homogeneous conditimd this condition
ensure that the norm of the zero vector in V i$h@ condition is often included in the
definition of a norm.

Common example of norms &' are thel 0 norms,wherdl< p < o , defined by
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n 1
N () ={Z|uj I’}? iflsp<e and | (u)=max.|u, | if p=c
j=1

for any u = (u,,U,,....,u.)' OR". Note that if one define ahj function onR" as define

above with0 < p <1, then it does not satisfy the triangle inequalignce is not a norm.

Given a norm on a real vector space V, one can aoenghe norms of vectors, discuss
convergence of sequence of vectors, study limits amtinuity of transformations, and
consider approximation problems such as findingrtbarest element in a subset or a
subspace of V to a given vector. These problense araturally in analysis, numerical
analysis, differential equations, Markov chains, et

The norm of a matrix is a measure of howgdaits elements are. It is a way of
determining the "size" of a matrix that is necedsaelated to how many rows or
columns the matrix has. The norm of a square métris a non negative real number

denoted by||A|. There are several different ways of defining drinaorm but they all
share the following properties:
1. ||Aﬂ >0 for any square matriR.

2. ||A“ =0 iff the matrix A=0.

3. |KA| =| K ||| Al for any scaleK .
4.|A+B|<|A|+|B| for any square matris, B.
5. |AB| < A8

Different types of matrix norm:

Thel-norm

|Al =maxQ_1a; 1)
<jsn 3

Theinfinity norm

|A=max(} 13 )
I<isn =1

The infinity norm of a square matrix is the maximafithe absolute row sum. Simply we
sum the absolute values along each row and therthakbiggest answer.

e =33 @)

The Euclidean norm of a square matrix is the squ@otof the sum of all the squares of
the elements. This is similar to ordinary "Pythagor’ length where the size of a vector
is found by taking the square root of the sum efdfuares of all the elements.

Any definition you can define of which saiésf the five condition mentioned at the
beginning of this section is a definition of a noffinere are many many possibilities, but

Euclidean norm
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the three given above are among the most commaelg. u
Like vector norm and matrix norm, norm of a fuzzyatnx is also a function

|| M,(F) - [0,1] which satisfies the following properties
l||A“ >0 for any fuzzy matrixA.
2. ||A“ =0 iff the fuzzy matrixA =0.
3. |KA|=|IK[|A|]  for any scale O[0,1].
4. |A+B|<|A+|B|  forany two fuzzy matrixA and B.

5.|AB|<|A||B|  for any two fuzzy matrixA and B.
In this project paper we will define different typénorm on fuzzy matrices.

2. Fuzzy matrix

We know that matrices play an important role inidas areas such as mathematics,
physics, statistics, engineering, social scienced many others. Several works on
classical matrices are available in different jalsneven in books also. But in our real
life problems in social science, medical scienewjrenment etc. do not always involve
crisp data. Consequently, we can not successfudly taditional classical matrices
because of various types of uncertainties preseotr daily life problems. Nowa days
probability, fuzzy sets, intuitionistic fuzzy setgague sets, rough sets are used as
mathematical tools for dealing uncertainties. Fuamtrices arise in many application,
one of which is as adjacency matrices of fuzzyti@ia and fuzzy relational equations
have important applications in pattern classifmatiand in handing fuzziness in
knowledge based systems.

Fuzzy matrices were introduce for thiestftime by Thomason [42], who
discussed the convergence of powers of fuzzy matRagab et al. [33,34] presented
some properties of the min-max composition of furmgtrices. Hashimoto [18,19]
studied the canonical form of a transitive fuzzytnmaHemashina et al. [20] Investigated
iterates of fuzzy circulant matrices. Powers ardatént conditions of matrices over a
distributive lattice are consider by Tan [41]. Afthat Pal, Bhowmik, Adak, Shyamal,
Mondal have done lot of works on fuzzy, intuitidiisfuzzy, interval-valued fuzzy, etc.
matrices [1-12,25-32,35-39].

The elements of a fuzzy matrix having values & tfosed interval [0,1]. We
can still see that all fuzzy matrices are matrimaisevery matrix in general is not a fuzzy
matrix. We see the fuzzy interval, i.e. the unteimal is a subset of reals. Thus a matrix
in general is not a fuzzy matrix since the uniemal [0,1] is contained in the set of reals.
The big question is can we add two fuzzy matricemA B and get the sum of them to be
fuzzy matrix. The answer in general is not possfblethe sum of two fuzzy matrices
may turn out to be a matrix which is not a fuzzytnma If we add above two fuzzy
matrix A and B then all entries in A+B will not lie [0,1], hence A+B is only just a
matrix and not a fuzzy matrix.

So only in case of fuzzy matrices the max or mierapon are defined. Clearly
under the max or min operation the resultant magragain a fuzzy matrix. In general to
add two matrix we use max operation.

We see the product of two fuzzy matrices underlusadrix multiplication is not
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a fuzzy matrix. So we need to define a compatipleration analogous to product so that
the product again happens to be a fuzzy matrix. éd@weven for this new operation if
the product XY is to be defined we need the nundferolumns of X is equal to the
number of rows of Y. The two types of operation ethiwe can have are max-min
operation and min-max operation.

In [23], we introduced max-norm armgpliare-max norm of fuzzy matrices and
some properties of this two norm.

In this paper, we we have introdu¢ed new operators on fuzzu matrices
denoted by the symbdll and O . Using these operators we define different types o
norm of fuzzy matrices.

Definition 1. [41] A fuzzy matrix (FM) of order $mitimes n$ is defined as 4 =<
a;j,a;j, > Wherea;;, isthe membership value of theij-th element a;;in A.

An nxn fuzzy matrix R is called reflexive iff r; =1 for all i=1,2,...,n. It is called a -
reflexive iff r, 2a for all i=1,2,...,n where a J[0,1]. It is called weakly reflexive iff
r; =r; for alij=12..,n. An nxn fuzzy matrix Ris called irreflexive iff r; = 0 for all
i=1,2,...,n.

Definition 2. An Nxn fuzzy matrix Sis called symmetriciff 5; = s; for all i,j=1,2,....,n.
Itis called antisymmetriciff SOS < |, where |, isthe usual unit matrix.
Note that the conditiorS S < |, means thats; Us; =0 for all i # j and

=1,

s <1 foralli. Soif §; =1 thens; =0, which the crisp case.

Definition 3. An nxn fuzzy matrix N is called nilpotent iff N" =0 (the zero matrix). If
N™=0 and N™ #0; 1<m<n then N is called nilpotent of degree m. An Nxn
fuzzy matrix E is called idempotent iff E* = E. It is called transitive iff E*<E. It is
called compact iff E> > E.

3. New opertors of fuzzy matrices
We already discussed addition and multiplicatiofuaizy matrices in introduction. We
used max operation to add fuzzy matrices and mix-peration to multiply fuzzy
matrices till now. But here we will define new typé operators of fuzzy matrices
denoted by the symbdll and [I. Instead of addition of fuzzy matrices we will uke

operator [1 and instead of multiplication we will use the agter [1. This two new

operators are define by the following way.

ay, 8, ... a, b, b, ... by, |

Ay Ay e a,, b,, b, ... b,,
If A=| : : : |andB=| : ; .

aﬂl an2 """ ann bnl bn2 """ bnn
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(A thy a,th, 3, +h, |
2 2 2
a21+b21 a22 +b22 .... a2n +b2n
then AOB=| 2 2 2
a"ll + bnl a"lz + bnz ..... ann + bnn
2 2 2

[Kabd Hagby ... by} ]
Hapnby} [Hayb} .. {2y, by}
andAB= : : :

{ay,byt Cf{ag.bg} . H{an,, byt

Must be remember that in this type of multiplicatiduzzy matrices will be of same
order.

Proposition 1. [23] [~ (2, +b,, +b,) < [ (a,,,) + [ (b,b,)

4. Row-max-average Norm

Here we will define a new type of norm called RoveMAverage norm. We will used
new type of operators of fuzzy matrices for thigmoHere, at first we will find
maximum element in each row. Then we will deterntine average of the maximum

element. Row-max-average norm of a fuzzy matribsAlénoted by|A|, . and define
by

1 n n
”A“RMA = EZ(DBH)

i=1 j=1
Lemma 1. All the conditions of norm are satisfied by |A| ., = 1Z:(|:|a”.).
N= =
Proof: Let us consider
all a12 a:Ln b.l.l b.LZ bln
A= 8y 8y ... By, and B = b, b, ... by,
a'nl an2 ann bnl bn2 bnn
1 n n 1 n n
o "A“RMA = _Z(Dall) anC"B”RMA = _Z(Dbu)
N= = NI =1

(i) As all a; =0 so according to the definition of Row-max-averagem obviously

[ Al 2 0-
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1 n n

Now |4, =0 = 3([Ja)=0
i=1 j=1

n
- |:|a1.j =0 for alli=1,2,...,n.
i=1

- a =a,=..a,=0 foralli=1,2,...,n.

= a;=0 foralli,j=1,2,..,n. =« A=0

So, ”A”RMA =0iff A=0.

(ii) Here we define a new type of scaler multiplioa as follows

lal i lals]Al,,
C)’a,-]-: "A“RMA if |a|>||A4|RMA

So,if|a < |A],,, then[aA|,, =|a =la |4,

and it | |> | A, then|aA|,, =[Aq, =10 1[Alqu
Therefore”aA“RNIA =|a | ||A”RMA for all @ OJ[0,1].

(iif)

_a11+b.l.1 a:l.2+b.l.2 a1n+b1n_
2 2 2
a21+b21 a22+b22 a2n+bZn
aoe=| 22 T2
a'r'll-'-bnl an2+bn2 a'nn-'-bnn
2 2 2
O|AD B,
n ) ) n +D.. n +Db.
D(aﬂ;-bl.l)_'_l](aQI; 2|)+ ...... +|:|(an|; nl)
— izl i=1 i=1
n
(Lay +[by) + (e, + [Jo,) +....+ ([Ja, + []by)
i=1 i=1 i=1 i=1 i=1 i=1
B 2n
n n n n 18, 0 18, 0
(Clay) + 2.([Ihy)  — 2. (L&) +— 2. ([1by)
2GR Ow (ZO O e 4,
2n 2 2
= Al OB,

So, ”AD B”RMA s ”’A“RMA 0 ”B”RMA'
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Row and Column-Max-Average Norm and Max-Min NornFoizzy Matrices
(iv)
May, by} Dfap, byl .o Ofa,, b}
Anpe|Hawbd Oawb . Dfag,by)
{ag, by} D{a,.bo} o O{ay, by}
Now [J{a;,b;} < a,andb; foralli, j.

O |£|{ O(a;,by)} < |n:|a1.j and |£|b”. for all i.
j=1 j=1 i=1

O3 T@, b)Y <= Y((a,) and

i=1 j=1 N j=1

= [AT Bl < [Alyn O 1Blas
Hence all the conditions of norm are satisfied loyvRnax-average.

%i(ﬁ%)

i=1 j=1

5. Properties of row-max-average Norm
Properties 1. If A and B aretwo fuzzy matrices then

T T T

H(AD B) HRMA = HA HRMA b HB HRMA'

Proof: Let us consider . ) .
a:l.l a12 """ a:l.n b.l.l b.l.2 """ b.l.n
a21 a22 """ a2n b21 b22 """ b2n

A=l : : P landB=| : : :
Ay Ay, e a,, b, b, ... (o
(a,thy  a,th, 3, +h, |

2 2 2

a21 + b21 a22 + b22 ..... a2n + b2n
ThenAOB=| 2 2 2

anl + bnl anZ + bn2 ..... ann + bnn
2 2 2
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Dlaney],, =30 s

7Z(|:|ajl)+ Z(Dbjl)

< Illl

a11+b.l.1 a21+b21 M_
> > >
a12+b12 azz"'bzz Lan
2 2 2
a,th, a,+b, a, thy,
> > >
Z(Daﬂ Dbj.)
ni= j=1 j
i=1 j=1 — “AT“RMA H THRMA -

2
Properties2. If A and B aretwo fuzzy matricesand A< B then | A

2

Proof: As A<B so,a; <b, foralli, j.

= [ay <[ by
=1 =1

for alli.

[ e

<[g]

RMA

RMA *

= ¥([a) < X000 =+ X ([8) 5 2110 = [Aays =Bl

"l =1

i=1 j=1

i=1 j=1

"1 j=1

Properties 3. If A and B aretwo fuzzy matricesand A< B then

”AD C”RMA < ”B N C”RMA hold.
Proo[: Let us consider ) )
&y 8p e Qun b, b,
Q1 8y e &n by, b,
A - . . . —
a'nl an2 """ ann bnl bn2
O{a, ¢t O{a, ol
D{ a21’ CZJ} D{ a22’ C22}
Then AOC = : :
D{ anl’ Cnl} D{ a'n21 an}

32

b, Cuy
b2n G
: landC =] :
bnn Cnl
O{ay,, Cu} |
D{ a2n ’ C2n}
B{ann: Cont




Row and Column-Max-Average Norm and Max-Min NornFoizzy Matrices

[Ofby,c O{bycy} oo O{by,,Cn} |
D{ b21’ CZ]} D{ b22’ C22} """ D{ b2n’C2n}

andBOC= . ; .

0{b,y,cut  Ofb,,Clt - 0{b,, Con}

U "AD C”RMA - _Z[D{ D(au ’CIJ )}] and ”B 0 C”RMA __Z[D{D( U )}]

i=1 j=1 "l j=1

Now A<B= a; <h, for all i, j.
:>D{a”, } b » .,} for all i, j.

3ﬁ{D(aj,qj)}SD{D(lqj,qj)} for all i.

= — Z[D{D(éh,, D == Z[D{D( by, ¢ )]

|1J1 |lJl

= |ADC,. <[BOC]

RMA RMA

6. Column-max-average norm

Like Row-max-average norm we will define Column-reserage norm. Here we will
find maximum element in each column and then awecdghe maximum elements. Here
we will also use the new type of operators of furztrices. The Column max-average

and define byiA|,,, = Z(qu

"1 j=1

norm of a fuzzy matrixA is denoted b)HA“CMA

Lemma 2. All the conditions of norm are satisfied by| A, = —Z:(|:|a1J :

i=1 j=1
Proof: Let us consider
all a:LZ a:l.n b.l.l b.LZ b.l.n
A= a:21 a:22 afn and B = b‘21 b?2 b?n
aTll a"lz e ann bnl an " bnn
"AHCMA —Z(Da”) ancﬂB”CMA _Zl(|:1|
]— i=1 =1 I=
() Asall a; 2 0 so according to the definition of Column-max-ageraorm obviously
”A"(:MA 20.
Now [ Alg,,, =
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= li(lrjaij) =0 - nDa,»j =0 forallj=1,2,...,n.
N im =
= =;=..=3, =0 forallj=1,2,...,n.
= & =0 foralli, j=1,2,...n.
- A=0. So,|A|,,, =0 iff A=0.

(i) Here we will use the same type of scaler nulitation which we used in Row-max-
average norm and that is

lal it kA,
aa; =1|Al,, it la Al

Soif|a < ”AHCMA then ”aA”CMA =lal=la |||A”CMA

and if | [>|A],,, then[[aA|,,,, = [Aq, =l 1|4
Therefore|aA|, , =la||A|,,,  forall a0[0,1].

_a11+b11 a12+bl2 ..... a1n+bln
2 2 2
a21+b21 a22+b22 ..... a2n +b2n
(i) AOB=| 2 2 2
aﬂl-'-bnl an2+bn2 ..... ann+bnn
2 2 2
D "AD B”CMA
ﬁ(%;hl)ﬂm(az;th ______ N "D(an;hn)
—i=1 i=1 i=1
n
((as + [by) + (&, + [1b,) +....+ ([Ja, + []b,)
< izl i=1 i=1 i=1 i=1 i=1
2n
n n n n 1 n n 1 n n
(ap)+ 2 (k) = (Oay) += 2 (k)
B D L A N Py =
2n 2 2
= A OBl
SO' ”AD B”CMA < ”A”(:MA O ”B”(:MA'
(iv)
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ey, byt Ha, byt o D@y, by}
ALB= D{azzl,bzﬁ D{aztzbzz} ----- D{az,:,bZn}
D{ anl’ bnl} D{ an2’ bnz} """ D{ a'nn ' bnn}
Now [{a;,h;} <a; andb; foralli,j.

O |nj{D(a1j 0;)} < nDaﬁ and |njbIj forall j.
i=1 i=1

030K N < S (A ana 3 (e,

=1 i=1 N= i= Nz im

= AT Bloys < Alcua O l1Blcws
Hence all the conditions of norm are satisfied loju@in-max-average norm.

Note 1. Relation between Row-max-average norm and Column-max-average horm

is ”A”RMA = HAT ”CMA'
Note 2. If A issymmetrici.e A= AT then |A| . =||A|

CMA *

7. Pseudo norm on fuzzy matrix

Pseudo norm on fuzzy matrices is a one type of nautrthere is a difference between
norm on fuzzy matrix and pseudo norm on fuzzy mafseudo norm of a fuzzy matrix
fulfill the following conditions

1. ||N| >0  for any fuzzy matrixA .

2.if A=0 then"A“ =0.

3. |[kA|=|k||A|]  forany scalekO[0,1].

4. |A+B|<|A+|B|  forany two fuzzy matrixA andB.

5.|AB|<|A||B|  forany two fuzzy matrixA and B.

Clearly except condition-2 all the condition of moon fuzzy matrix and pseudo norm on
fuzzy matrix are same.

8. Max-min Norm

Max-min norm is an example of pseudo norm on fuzmtrix. Here, first we will find
the maximum element in each row and then minimurihefmaximum elements. In this
norm, we will use the new type of addition and mplittation of fuzzy matrices which
already we use in case of Row-Max-Average norm.-Max norm of a fuzzy matrix A

is denoted by A| ~ and define bylA| = |n:|(|n]aij ).

i=1 j=1
Lemma 3. All the conditions of pseudo norm of fuzzy matrix are satisfied b
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A = D0
Proof: Let us consider
[T P &, | by b, .. by, |
1 8y e &n by by, ... b,
A= : |andB=
Ay Ay e a,, b, b, ... (o

04y = m@a,)andnsnw C(Ohy)

i=1 j=1 i=1 j=1
(i) Clearly|A|,,, 20 andif A=0 then|[A| = =
(i) According to the definition of max-min norm jir |>|A| ., then

Al = 1Al =l 1A, and ifla |<|[A],, tenlor],, =lal=|a||A,,
Therefore”a'A“MNI :|a’|||A{|MM for all o OJ[0,1].

(i) Now ) .
a11+b.l.l a12+b.|.2 _____ a1n+bln
2 2 2
a, + b21 Ay, + b22 _____ A, + b2n
AOB=| 2 2 2
anl + bnl an2 + bn2 .... ann + bnn
2 2 2

n_ n b n a. n T n
ojAC 8], = LI Dl )<CRCH, Q?} % |::1|(|:|a11)+ D(DQ,)}

i=1 j=1
1
=S U A + 1Bl 1= A s BBl

Therctorel AT B, < 4], OBl

(iv) Now
D{ay,by O{a,by} ... O{a,,b,} |
D{ 321, b21} D{ a221 b22} """ D{ a2n ’ bZn}
AlOB= : : :
e byt {agbot .. O{ &y, b}
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If we denote{a;,b;} asa;b; then|ADB|,,, = [J((Ja;by)-
=1 j=1

Now a;b; < a; andh; for alli].

= [Jayly < [Ja; and [b; foralli.
j=1 j=1 j=1

= [([Jab) < [1([Ja,) and [1([Th,)

i=1 j=1 i=1 j=1 i=1 j=1

= |AD B, <Al BB,

9. Conclusion

In this paper, we define two new types of operatmmsfuzzy matrices. Using this
operators we define different types of norm suchraag-max-average norm, column-
max-average norm. Using these norm we can defor@ittonal number to check
whether a system of linear equation is ill posedvell posed. Norm of fuzzy matrices
can take a effective contribution to solve a fugggtem of linear equation.
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