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Abstract: Let G = (V(G), E(G)) be a graph and let f : V(G) — {0,1} be a mapping
from the set of vertices to {0,1} and for each edge uv € E assign the label |f(u) — f(v)|.
If the number of vertices labeled with 0 and the number of vertices labeled with 1 differ by
at most 1 and the number of edges labled with 0 and the number of edges labeled with 1
differ by at most 1, then f is called a cordial labeling. We discuss cordial labeling of graphs

obtained from duplication of certain graph elements in web and armed helm.
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§1. Introduction

We begin with simple, finite, undirected graph G = (V(G), E(G)) where V(G) and E(G)
denotes the vertex set and the edge set respectively. For all other terminology we follow West

[1]. We will give the brief summary of definitions which are useful for the present work.

Definition 1.1 The graph labeling is an assignment of numbers to the vertices or edges or both

subject to certain condition(s).

A detailed survey of various graph labeling is explained in Gallian [3].

Definition 1.2 For a graph G = (V(G), E(G)), a mapping f : V(G) — {0,1} is called a
binary vertex labeling of G and f(v) is called the label of the vertex v of G under f. For an
edge e = uv, the induced edge labeling f* : E(G) — {0,1} defined as f*(uv) = |f(u) — f(v)].

Let v£(0),v¢(1) be the number of vertices of G having labels 0 and 1 respectively under f
and let ef(0), er(1) be the number of edges having labels 0 and 1 respectively under f*.

Definition 1.3 Duplication of a vertex v of a graph G produces a new graph G' by adding a
new vertex v such that N(v') = N(v). In other words a vertex v' is said to be duplication of v

if all the vertices which are adjacent to v in G are also adjacent to v’ in G'.

Definition 1.4 Duplication of an edge e = uv of a graph G produces a new graph G' by adding
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an edge e = u'v' such that N(u') = N(u) U{v'} — {v} and N(v') = N(v) U {u'} — {u}.

Definition 1.5 The wheel W, is join of the graphs C, and K1. i.e W,, = C,, + K1. Here
vertices corresponding to Cy, are called rim vertices and C, is called rim of W, while, the vertex
corresponding to K1 is called the apex vertex, edges joining the apex vertex and a rim vertex is

called spoke.

Definition 1.6([3]) The helm H,, is the graph obtained from the wheel W,, by adding a pendant

edge at each rim vertex.

Definition 1.7([3]) The web Wb, is the graph obtained by joining the pendent points of a helm
to form a cycle and then adding a single pendent edge to each vertex of this outer cycle, here
vertices corresponding to this outer cycle are called outer rim vertices and vertices corresponding

to wheel except the apex vertex are called inner rim vertices.

We define one new graph family as follows:

Definition 1.8 An armed helm is a graph in which path Py is attached at each vertex of wheel
W, by an edge. It is denoted by AH,, where n is the number of vertices in cycle Cy,.

Definition 1.9 A binary vertex labeling f of a graph G is called a cordial labeling if |vs(1) —
vr(0)] < 1 and lef(1) — ef(0)] < 1, and a binary vertex labeling f of a graph G is called a
Smarandachely cordial labeling if |vr(1) —vr(0)| > 1 or |es(1) — es(0)] > 1.

A graph G is said to be cordial if it admits cordial labeling, and Smarandachely cordial if

it admits Smarandachely cordial labeling.

The concept of cordial labeling was introduced by Cahit [2] in which he proved that the
wheel W, is cordial if and only if n # 3(mod4). Vaidya and Dani [4] proved that the graphs
obtained by duplication of an arbitrary edge of a cycle and a wheel admit a cordial labeling.
Prajapati and Gajjar [5] proved that complement of wheel graph and complement of cycle
graph are cordial if n # 4(mod8) or n # 7(mod8). Prajapati and Gajjar [6] proved that cordial
labeling in the context of duplication of cycle graph and path graph.

§82. Main Results

Theorem 2.1 The graph obtained by duplicating all the vertices of the web Wb, is cordial.

Proof Let V(Whb,,) = {t} U{ws, vi,w;, /1 < i < n} and E(Wb,) = {tu;, wvs, viw; /1 < i <
n} U{unur, vpv1 } U{uittis1, vvi401/1 < i <n—1}. Let G be the graph obtained by duplicating
all the vertices in Wh,,. Let t/,uj, ub, - ,ul, v],vh, - v, wi,wh, -, w, be the new vertices
of G by duplicating t,uy,ug, - ,Up, V1, V2, - , Up, W1, Wa, - , Wy respectively. Then V(G) =
{t, ' YU{ui, v, wi, ul, vl wi /1 < i < n}and E(G) = {tug, uivg, viw;, wvl, wivl, ubv;, tul, viws, t'u;
/1 <i < n} U{unur, vavr, v),v1, 007, wpu, unth US4, Vivigr, Vivie, 0] W1, Ui
/1 <i<n—1}. Therefore |V(G)| = 6n + 2 and |E(G)| = 15. Using parity of n, we have the

following cases:

Case 1. n is even.
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Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ifx=t

1 ifx=w),i€{2,4,...,n—2,n};

1 fe=w;, ie{l,3,...,n—3,n—1}
1 ifze{u,v}, i€{l,2,....,n—1,n};
0 ifz=t

0 ifxe{v,u}, ie{l,2,...,n—1,n};
0

0

ifx=w;, i €{2,4,...,n—2,n};

ife=w}, i€{1,3,...,n—3,n—1}.

Thus vs(1) = 3n+1 and v¢(0) = 3n + 1. The induced edge labeling f* : E(G) — {0,1} is
f*(uww) = |f(u) — f(v)], for every edge e = uv € E. Therefore

1 if ee {tu;,uv;}, 1 €{1,2,...,n—1,n}k
0 if e€ {uuit1,viviz1}, 1€{1,2,...,n—2,n—1};
L if e e {u) w1, viv,vvie ), i€ {1,2,...,n —2,n—1};
0 if ee {tu;,tul, uiv,uvi}, i€ {1,2,....,n—1,n};
ey )0 i ee{vwiwivi}, i€{1,3,...,n—3,n—1}

fi(e) = 1 if e {vawl,wvl}, i €{2,4,...,n—2,n};
1 if e=wvuw, i€{1,3,...,n—3,n—1}
0 if e=wvw;, i €{2,4,....,n—2,n};
0 if e€ {upur,vav1};
1 if e € {u,ur, upul, vlvr, vv]}.

1 1
Thus ef(1) = % and ef(0) = ﬁ

Case 2 n is odd.

Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ifx=t,;
1 ifz=wie{2,4,...,n—3,n—1}

1 fex=w;,ie{1,3,...,n—2,n};

1 ifz e {u,v},ie{l,2,....,n—1,n};
0 ifx=t

0 ifxe{v,u}, ie{l,2,...,n—1,n};
0 ife=w, i€{2,4,...,n—3,n—1};
0 ifex=w, i€{1,3,....n—2,n}.




Cordiality in the Context of Duplication in Web and Armed Helm 93

Thus v;(1) =3n+ 1 and v7(0) = 3n+ 1. The induced edge labeling f* : E(G) — {0,1} is
f*(uww) = |f(u) — f(v)], for every edge e = uv € E. Therefore

if ee {tu;,uv;}, i€{1,2,...,n—1,n};

if ee {uuit1,v041}, 1 €4{1,2,...,n—2,n—1};

if e e {umjy, ujuir1, vivi 1, vivi}, 1 €{1,2,...,n—2,n—1};
if e e {t'u;, tul, ulv;,wivl}, i€ {1,2,...,n—1,n};

e € {vwi,wvi}, i €{1,3,...,n—2,n};

= O O = = O O = O
—
—

fi(e) = , .

if ee {vwl,wvi}, ie{2,4,....,n—3,n—1}
if e=wvw;, 1€{1,3,...,n—2,nk
if e=wvw;, i€{2,4,...,n—3,n—1};
if ee {upur,vpvr};
if e e {ulu1,upul,vv1,v01}.

Thus ef(1) = 15n2— 1 and ef(0) = 15n2—|— 1.

From both the cases we can conclude |v;(1) — vs(0)] < 1 and |es(1) — ef(0)] < 1. So, f
admits cordial labeling on G. Hence G is cordial. O

Theorem 2.2 The graph obtained by duplicating all the pendent vertices of the web Wb, is

cordial.

Proof Let V(Wb,) = {t} H{wi,vi,w;/1 < i < n} and E(Wb,) = {tu;, uvs, viw; /1 <
i < n} U {upui,vpvr } U{uittig1,vivip1/1 < i < m—1}. Let G be the graph obtained by
duplicating all the pendent vertices in Wb,,. Let w},w}, - ,w] be the new vertices of G by
duplicating wy,ws, - -+ ,wy respectively. Then V(G) = {t} U {us, v, w;, w/1 < i < n} and
E(G) = {tu;, uv;, vyw;,v;wi /1 < i < n} U {ugur, vpvr } U{wiwipr, vivigr /1 < i < n — 1}
Therefore |V(G)| = 4n + 1 and |E(G)| = 6n. Define a vertex labeling f : V(G) — {0,1} as
follows:
0 ifz=t
fl®) =<1 ifxe{w,u}, i€{l,2,...,n—1,n};
0 ifxe{v,w}, ie{l,2,....,n—1,n}.
Thus vs(1) = 2n and v;(0) = 2n + 1. The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

1 if e e {tu;, uv;,v;w;}, 1 € {1,2,...,n—1,nk
. 0 if e=ww}, i€{1,2,...,n—1,n};
fr(e) = , .
0 if e€ {uuitr,viviz1}, 1€{1,2,....,n—2,n—1};

0 if e€ {upur,vyvr}.

Thus ef(1) = 3n and e;(0) = 3n. Therefore f satisfies the conditions |v;(1) —v(0)] < 1 and
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lef(1) —ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. O

Theorem 2.3 The graph obtained by duplicating the outer rim vertices and the apex of the web
Wb, is cordial.

Proof Let V(Whby,) = {t} U{wi, vi,w;, /1 < i < n} and E(Wb,) = {tu;, wvg, viw; /1 <4 <
n} U{wiwir1, vivig1 /1 < i <n—1} J{unui,v,v1}. Let G be the graph obtained by duplicating
the outer rim vertices and the apex in Wb,. Let t/,v{,v5, -+ v}, be the new vertices of G
by duplicating ¢,v1,ve, - ,v, respectively. Then V(G) = {t,¢'} U{ui, vi, w;,vi/1 < i < n}
and E(G) = {tui, uvg, viw;, wivg, uvy, tuy /1 < 0 < np(H{uiwigr, vivigr, vjvigr, vivj /1 <@ <
n—1} J{unu1,vpv1, 0,01, 0,01 }. Therefore |[V(G)| = 4n+2 and |E(G)| = 10n. Define a vertex
labeling f : V(G) — {0,1} as follows:

0 ifz=t
1 if z € {us,w;}, i €{1,2,...,n—1,n};
0 ifxe{v,v}, ie{l,2,...,n—1,n};
1 ifx=t.

Thus vs(1) =2n+1 and v¢(0) = 2n + 1. The induced edge labeling f* : E(G) — {0,1} is
f*(uww) = |f(u) = f(v)], for every edge e = uv € E. Therefore

1 if e e {tu;, wv;, viw;, w;vl,uvi}, i € {1,2,...,n—1,n};

0 if e€ {utiy1,vivit1,Vjvip1, vvj 1}, 1€ {1,2,...,n—2,n —1};
0 if e=tu;, i€{1,2,...,n—1,n};
0

if e € {upuy,vyvr.v,v1, 0,01}

Thus ef(1) = 5n and e;(0) = 5n. Therefore f satisfies the conditions |vs(1) —v¢(0)] < 1 and
lef(1) —ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. O

Theorem 2.4 The graph obtained by duplicating all the vertices except the apex vertex of the

web Wb, is cordial.

Proof Let V(Wby,) = {t} U{us, vi,w;/1 < i < n} and E(Whb,) = {tu;, wvs, viw; /1 <@ <
n} U{unu1, vav1 } J{uittig1, v0:41/1 <i <n—1}. Let G be the graph obtained by duplicating

/

all the vertices except the apex vertex in Wb,,. Let uf, ub, -+ ,ul, v}, vh, - v, wi,wh, - wl,

) n? rVno

be the new vertices of G by duplicating wy,usg, -« ,Up, V1,02, ,Up, W1, W, -+ , Wy, TESPEC-
tively. Then V(G) = {t} U{wi, v, wi, v, v, wi/1 < i < n}and E(G) = {tu;, uv;, viw;, wivl, uvl,
li

! ! - ! ! ! ! ! !
wivg, viwg, tug /1 < i < n} (J{unu, vpvr, v),01, va0], up s, untl F U U1, ViV, Vi1, Vi)

wiuig 1, wiug, /1 <1 < n—1}. Therefore |V(G)| = 6n + 1 and |E(G)| = 14n. Define a vertex
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labeling f : V(G) — {0,1} as follows:

0 ifz=t
fx) =91 ifxe{w,u,u}, i€{1,2,....n—1,n};
0 ifxe{v,w,v}, i€{l,2,....,n—1,n}.

(2

Thus vs(1) = 3n and v;(0) = 3n + 1. The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

: ! ! li li . .
if e e {tu;, uv;, viw;, wvl, wvh, wvg, tust, i€ {1,2,...,n—1,n};
if e=wvwl, i€{1,2,...,n—1,nk

79

: / / / / - .
if e € {utip1, vivipr, Vivig1, ViV Wiipr, wiug o} 1€ {1,2,0.0,m —2,n — 1};

o o o

: / / / /
if e € {upur,vyv1.0)v1, V0], whur, upul

Thus ef(1) = Tn and e;(0) = Tn. Therefore f satisfies the conditions |v;(1) —v(0)] < 1 and
lef(1) —ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. m

Theorem 2.5 The graph obtained by duplicating all the inner rim vertices and the apex vertex
of the web Wb, is cordial.

Proof Let V(Whby,) = {t} U{ws, vi,ws, /1 < i < n} and E(Wb,) = {tu;, uvs, viw; /1 <i <
n}U{upu1, vov1 } U{withiz1, vivig1/1 <i <n—1}. Let G be the graph obtained by duplicating
all the inner rim vertices and the apex vertex in Wb,,. Let t',u},ub, - ,u], be the new vertices
of G by duplicating ¢, uq, ug, - - - , u, respectively. Then V(G) = {¢, ' }U{u;, v, wi, ui/1 < i <n}
and E(G) = {tu;, uivi, viwg, wjvg, tuj, t'ui /1 < i < n} U {uitipr, 0ivipr, Ujtipr, ung /1 <0 <
n — 1} U {upu1, vpv1, ulut, uyuy }. Therefore |[V(G)| = 4n 4+ 2 and |E(G)| = 10n. Define a
vertex labeling f : V(G) — {0, 1} as follows:

ife =t
if v € {w;,w;}, i€ {1,2,...,n—1,n};
if v € {v,u;}, i e {1,2,...,n—1,n};

ifex=t.

= o = O

Thus vs(1) =2n+1 and v¢(0) = 2n + 1. The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

if e € {tu;, uv;,v;w;}, 1 €{1,2,...,n—1,n};

if ee€ {ujuirr,uiui 1}, i€{1,2,...,n—2,n—1};
if ee {uuipr,vvi41}, 1€{1,2,...,n—2,n—1};
if e e {tu},t'u;,ujv;}, i €{1,2,...,n—1,n}

SO O = =
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and
. 0 if e€ {upur,vavr};
f(e) = ,
1 if e e {u,us,upui}.
Thus ef(1) = 5n and e;(0) = 5n. Therefore f satisfies the conditions |v;(1) —v(0)] < 1 and
lef(1) —ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. O

Theorem 2.6 The graph obtained by duplicating all the edges other than spoke edges of the
web Wb, is cordial.

Proof Let V(Wb,,) = {t} U{us, vi,w;/1 <i < n} and E(Wb,,) = {j; = tu;, l; = u;v;,0; =
viw; /1 < i < n}pU{ki = uiuir1,m; = 0041 /1 < i <n— 1} H{kn = upur, mp, = vpv1}. Let G
be the graph obtained by duplicating all the edges other than spoke edges in Wb,,. For each ¢ €
1,2, ,n, let k} = a;b, I = ¢;d;,m} = e; f; and o) = g;h; be the new edges of G by duplicating
ki, l;,m; and o; respectively. Then V(G) = {t} U {us,vi, wi, a4, bi, ¢, dsy eq, fiy giy hi/1 < i < n}
and E(G) = {bjtuit2,v; fira/1 <i <n—2} J{tu;, uivs, a;b;, e, fi, cidi, gihi, teg, thy, giug, tag, a;v;,
e, diw;, viw;, ew; /1 < i < n}U{bivig1, Wittip1, fitligr1, Vi€ip1, Uilliq1, ViVig1, diVig1, Vidiq1,
Cillig1, WiCit1, GiVit1, ViGit1, fiwvip1/1 < i < n — 1} {unur, vav1, dnvi, vndi, crtin, UnCi, g1,
Ung1, bn—1u1, bpa, Vn—1f1, fnv2, bpv1, una1, fru1, vper, frnwr }. Therefore |[V(G)| = 11n+ 1 and

|E(G)| = 30n. Using parity of n, we have the following cases:
Case 1 n is even.

Define a vertex labeling f : V(G) — {0, 1} as follows:

0 ifx=t
0 ifxe{v,adi, fi,0i}, 1€{1,2,...,n—1,nk
fx) =91 ifxe{u,b,cienhi}, i€{1,2,...,n—1,n};
1 fz=w;, i€{l,3,...,n—3,n—1}
0

ife=w;, i€{2,4,....,n—2,n}.

11 11
Thus vy (1) = Tn and v (0) = Tn + 1. The induced edge labeling f*: E(G) — {0,1} is

f*(uww) = |f(u) — f(v)], for every edge e = uv € E. Therefore

1 if e € {tus, usv;, aiby, e fi, cidy, gihi, tei, thy, giug by 1 € {1,2,...,n— 1,n};
0 if e€ {ta;,avi,eu;}, i€ {1,2,...,n—1,n};
Fe) = 0 if e € {uitir1,Vivip1, diVig1, Vidit1, Cillit1, WiCit1, §iVit1, ViGiv1}, 1 < i <n —1;
1 if e € {bjvit1, wiait1, fitiy1,vi€iv1}, 1 € {1,2,...,n—2,n — 1}
0 if e€ {biura,v;fiza}, 1€ {1,2,...,n—3,n—2};
1 if ee{dyw;,viw;}, i €{1,3,....n—3,n—1}
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and

if e€ {diwi,viwi}, 1€ {2,4,...,TL— 2,71};

if ee{ew;, fiwit1}, 1€{1,3,...,n—3,n—1}
. e=ew;, it €{2,4,...,n—2,n};
fr(e) =

if e= fiwiy1, 1€{2,4,...,n—4,n—2};

if e € {upur,vpv1, dnv1, vndr, Crl, UnCl, g1, Ungi, bn—1u1, buts, Vn—1f1, frv2};

= O = = O O
—
jrid

if e € {byv1,unar, fnur,vner, frnws}.
Thus ef(1) = 15n and ef(0) = 15n.
Case 2 n is odd.
Define a vertex labeling f : V(G) — {0, 1} as follows:
if x =t
if v € {w;,a4,ds, fi,9:}, 1 €{1,2,...,n—1,n};

0
0
flx) =<1 ifxe {u,b,cienhi}, i €{1,2,...,n—1,n};
1 ife=w;, 1€{1,3,...,n—2,n};

0

ife=w;, i€{2,4,....,n—3,n—1}.

11 1 11 1
Thus vy (1) = nt and v (0) = nt . The induced edge labeling f* : E(G) — {0,1}

is f*(uwv) = |f(u) — f(%)|, for every edge e = uv € E. Therefore

if e € {tu;, wivg, a;by, eifi, cidi, gihg, teq, thy, giui b, i € {1,2,...,n—1,n};

if e e {ta;,av;,eu;}, i€ {1,2,...,n—1,n};

if e € {uitit1, vivig1, divig1, Vidig1, Cilig1, WiCig1, Gilig1, ViGip1 1 <@ <m—1;
if e€{bvirr,uiait1, fiviy1,vieip1}, 1 €{1,2,...,n—2,n—1};

if e€ {buira,vifira}, 1€ {1,2,...,n—3,n—2};

if e e {dw;,vw;}, i€{l1,3,...,n—2n};

e € {dyw;,v;w; }, 1 € {2,4,...,n—3,n—1};

if e=e;w;, 1€{1,3,...,n—2,n};

if ee€{ew;, fiwit1}, 1€{2,4,...,n—3,n—1};

if e= fiwiy1, 1€{1,3,...,n—4,n—2};

_ o O = O O = O = o o =
—
=

if e € {byv1,unar, fnur,vper}.

Thus ef(1) = 15n and ef(0) = 15n.

Therefore f satisfies the conditions |vs(1) — vr(0)| < 1 and |ef(1) —ef(0)] < 1. So, f
admits cordial labeling on G. Hence G is cordial. O

if e € {u"u17 UnV1, dnvl ) vndlu CpUl, UnCl, gnV1,Ungi, bn—lulu bnu2u ’Un—lfla fnU27 fnwl};
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Theorem 2.7 The graph obtained by duplicating all the vertices of the armed helm AH, is
cordial.

Proof Let V(AH,) = {t} U{ui,vi,w;/1 < i < n} and E(AH,) = {tu;, uv;,v;w; /1 <
i < npU{uiuir1; 1 < i <n—1}J{upur}. Let G be the graph obtained by duplicating all

the vertices in AH,. Let t/,uf,ub, - ul, v}, 05, -+ vl wi,wh, - wl, be the new vertices

of G by duplicating t,uy,ug,  ,Up, V1, V2, - , Up, W1, Wa, - , Wy respectively. Then V(G) =
/ / / / - _ / / / / / /.

{t, "} U{ws, vi, wi, ul, vf,wi /1 < i < n} and E(GQ) = {tu;, uiv;, viw;, wiv;, wvl, uvl, ¢ ug, whv;, tul;

1 < < n} U{usipr vjuipr, w3 1 < i <n— 1} U{unur, upur, upu b Therefore [V(G)| =
6n + 2 and |E(G)| = 12n. Define a vertex labeling f : V(G) — {0,1} as follows:

1 ifz=t
L if z € {ug,ul,wi}, i€{1,2,....,n—1,n};
fle) = 1 if z € {vj,w;, v}, i € {1,2,...,n—1,n};
0 ifz=t.

Thus vs(1) = 3n+1 and v¢(0) = 3n + 1. The induced edge labeling f* : E(G) — {0,1} is
f*(uww) = |f(u) = f(v)], for every edge e = uv € E. Therefore

if e e {tu;, uv;, uvl, viw, wvg, tul}, i€ {1,2,...,n—1,n};
it ee{vw;, t'u,wvl}, i€ {l,2,...,n—1,nk

: / li . .
if e e {uswirr, ujuipr, wiug, ), i€ {1,2,...,n—2,n—1};

o O O =

: I !
if e € {upur,ulur, unul}.

Thus ef(1) = 6n and ef(0) = 6n. Therefore, f satisfies the conditions |vs(1) — v(0)| < 1 and
lef(1) —ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. m

Theorem 2.8 The graph obtained by duplicating all the vertices other than the rim vertices of
the armed helm AH,, is cordial.

Proof Let V(AH,) = {t} U{us,vi,w;/1 < i < n} and E(AH,) = {tu;, u;v;, v;w; /1 <
i < n} U {upur} U{uiniz1/1 < i < n—1}. Let G be the graph obtained by duplicating all
the vertices other than the rim vertices in AH,. Let t/,v], v}, -+ vl wi,wh,--- ,w) be the
new vertices of G by duplicating ¢, v1,ve, -+ , Uy, w1, W, - ,wy, respectively. Then V(G) =
{t, ¢y U{ws, vi, wi, vj,wl/1 < i < n} and E(G) = {tui, uvi, vyw;, wivg, wvh, wivl, t'u /1 < i <
n} U{wuir1/1 <i <n—1} U {uyui}. Therefore |[V(G)| = 5n + 2 and |E(G)| = 8n. Using
parity of n, we have the following cases:

Case 1 n is even.

Define a vertex labeling f : V(G) — {0, 1} as follows:

0 ifxz=t

fla) = , "o
0 ifxe{u,w}, 1€{1,2,...,n—1,n}
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and
1 ifxe{v,w}, i€{l,2,...,n—1,n};
1 ifx=t;
flx) = , o
1 ifz=v],i€{l1,3,...,n—3,n—1};
0 ifx=v),i€{2,4,...,n—2,n}.
5 2 5 2
Thus vy(1) = nt and v (0) = n2—i— . The induced edge labeling f*: E(G) — {0,1}
is f*(uv) = |f(u) —f(%})|, for every edge e = uv € E.
Therefore
1 if e e {ww,vwl, thu;}, i€ {1,2,...,n—1,nk
1 if e=wul, i€{1,3,...,n—3,n—1}
1 if e=wivl, i1€{2,4,...,n—2,n};
. 0 if ee {tu;,vyw;}, i €{1,2,....,n—1,n};
fr(e) = , .
0 if e=wuit1, i€{1,2,...,n—2,n—1};
0 if e=wuv}, 1€{2,4,...,n—2,n};
0 if e=wvl, ie{l,3,....n—3,n—1}
0 if ee {uyui}.

Thus e;(1) = 4n and e;(0) = 4n.

Case 2 n is odd.

Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ifx=t;

1 ifz e{v,w}, i €{1,2,...,n—1,n};

1 ifz=v},ie{l,3,...,n—2,n};

f(z) = ,

0 ifx=t

0 ifxe{u,w}, ief{l,2,....,n—1,n};

0 ifzx=v,i€{2,4,....,.n—3,n—1}.
on + 3 _on+1

Thus vy(1) = and v (0) = 5 The induced edge labeling f* : E(G) — {0,1}
is f*(uwv) = |f(u) — f(%))|, for every edge e = uv € E. Therefore

it e e {uv;,vw), thu;}, i€ {1,2,...,n—1,n}k
if e=wl, 1€{1,3,...,n—2,n};
if e=wv, i€{2,4,...,n—3,n—1}

if ee {tu,viw;}, i €{1,2,....,n—1,n};

~
*
—~
®
S—
I
S O ==

if e=wuip1, 1€{1,2,...,n—2,n—1}
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and
0 if e=wuivj, 1€{2,4,...,n—3,n—1};
[ e) =150 if e=w}, i€{1,3,....,n—2,n};

79

0 if ee {uyui}.
Thus ef(1) = 4n and ef(0) = 4n.

From both the cases we can conclude |vs(1) — vy(0)] < 1 and |ef(1) — ef(0)] < 1. So, f
admits cordial labeling on G. Hence G is cordial. |

Theorem 2.9 The graph obtained by duplicating all the rim vertices of the armed helm AH,
is cordial.

Proof Let V(AH,) = {t} H{ui,vi,w;/1 < i < n} and E(AH,) = {tu;, wv;, v,w;//1 <
i < n}H{upur} U{uiviz1/1 < i < n—1}. Let G be the graph obtained by duplicat-
ing all the rim vertices in AH,. Let uf,u), -+ ul, be the new vertices of G by duplicat-
ing w1, ug,- - ,u, respectively. Then V(G) = {t} U {u;,v;, w;,u/1 < i < n} and E(G) =
{tw, uivi, viws, wjvg, tu) /1 <0 < npU{uuig1, v, wig /1 <0 < n=110{upur, upuy, upuh ).
Therefore |V(G)| = 4n + 1 and |E(G)| = 8n. Define a vertex labeling f : V(G) — {0,1} as
follows:
1 ifz=t
f) =150 ifze{u,u}, ie{l,2,....,n—1,n};
1 ifze{v,w}, 1€{1,2,...,n—1,n}.
Thus vs(1) = 2n + 1 and v;(0) = 2n. The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

if e e {tu;, uvg, tul, ufv}, 1€ {1,2,...,n—1,n}
if e=wvw;, i€{1,2,...,n—1,n};

if e€ {umirr, wiug ujua}, 1€ {1,2,...,n—2,n—1};

[ e

if e e {upur,ulus, upul}.

Thus e;(1) = 4n and e;(0) = 4n. Therefore, f satisfies the conditions |vs(1) — v;(0)] <1 and
lef(1) —ef(0)] < 1. So, f admits cordial labeling on G. Hence G is cordial. O

Theorem 2.10 The graph obtained by duplicating all the vertices except the apex vertex of the

armed helm AH,, is cordial.

Proof Let V(AH,) = {t} U{us,vi,w;/1 < i < n} and E(AH,) = {tu;, u;v;, v;w; /1 <
i < n}U{unur} U{usuir1/1 <i<n—1}. Let G be the graph obtained by duplicating all the
vertices except the apex vertex in AH,,. Let uf,ub, - ,ul,vi,vh, -+ vl wi,wh, - w) be the
new vertices of G by duplicating uy, ug, - -+ , Up, V1, V2, , Uy, W1, Wa, - - , Wy, respectively. Then
V(GQ) = {t} U{wi, v, wi, ul, vf, wi /1 < i < n} and E(G) = {tu;, uvs, viw;, wivg, wivl, wvl, ubv,,

tuj /1 < i < n}U{uivipr, v, wiug /1 < 0 < no— 1} J{unur, ujur, upul }. Therefore
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[V(G)] = 6n+1 and |E(G)| = 11n. Using parity of n, we have the following cases:

Case 1. n is even.

Define a vertex labeling f : V(G) — {0, 1} as follows:

ife =t

if v € {v;,ui}, i €{1,2,....,n—1,n};
ifx=w;, i €{2,4,...,n—2,n};
ife=w}, i€{1,3,...,n—3,n—1};
if v € {u;,v)}, i€{1,2,....,n—1,n};
ife=w;,ie{l,3,...,n—3,n—1};
if e =wl,ie€{2,4,...,n—2,n}.

O O O = =

Thus vf(1) = 3n + 1 and v;(0) = 3n. The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

1 if e e {tu;,uw;}, 1 €{1,2,...,n—1,n}k

1 if e=wvw;, i€{1,3,...,n—3,n—1};
1 if ee{wpw),vwi}, i€{2,4,...,n—2,n};
1 if ee {ujuir,wuj ), i€{1,2,...,n—=2,n—1}
0 if e=wvw;, i€{2,4,...,n—2,n};
[7(e) =20 if e=wuiyq, i €{1,2,...,n—2,n—1};
0 if e=wuvj, 1€{1,2,...,n—1,n};
0 if ee{wv,vw}, i€{1,3,....,n—=3,n—1};
0 if ee{ulv,tui}, i€{1,2,...,n—1,n};
0 if e=wunuy;
1 if e e {u,ui,upui}.
11n 11n

Thus ef(l) = T and ej(()) = T

Case 2. n is odd.

Define a vertex labeling f : V(G) — {0, 1} as follows:

ife =t
ifx=w;, i €{2,4,...,n—3,n—1};
if v € {uj,v;}, i€{1,2,....,n—1,n};

ife=wl, i€{1,3,....,n—2,n}
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and
0 ifxe{u,vi}, ie{l,2,...,n—1,n};
fx) =40 ifx=w;, i€{l,3,...,n—2,n};
0 ifx=w, i€{2,4,....,n—3,n—1}.
Thus vf(1) = 3n + 1 and v;(0) = 3n. The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

1 if e e {tu;,uw;}, 1 €{1,2,...,n—1,n}k
if e=wvw;, i€{1,3,...,n—2n};
if e e {wl,vw}, i€{2,4,...,n—3,n—1}
if e e {ujuirr,uuj ), i€{1,2,...,n—2,n—1};

if e=wvw;, i€9{2,4,...,n—3,n—1}

1
1
1
0
0
0 if e=wuwl, i€{1,2,....,n—1,n};
0
0
0
1

f*(e): if e:uiu’i+17i€{1527"'7n_27n_1};
if e e {w,vwi}, ie{l,3,...,n—2,n};
if e e {ulv;,tui}, i €{1,2,...,n—1,n};
if e =wunu1;
if e e {u,uy,upui}.

11n—1 11 1

Thus ef(1) = n2 and ef(0) = n2—|— .

From both the cases we can conclude |vs(1) — vs(0)] < 1 and |es(1) — ef(0)] < 1. So, f
admits cordial labeling on G. Hence G is cordial. O

Theorem 2.11 The graph obtained by duplicating all the edges other than spoke edges of of the

armed helm AH,, is cordial.

Proof Let V(AH,) = {t} U{wi,vi,wi/1 < i < n} and E(AH,) = {ji = tu,l; =
wvs,m; = ww; /1 < i < n}U{ki = wiuip1/1 < i < n— 1} U{kn = upui}. Let G be the
graph obtained by duplicating all the edges other than spoke edges in AH,. For each i €
1,2, ,n, let k = a;b;,l} = ¢;d; and m} = e; f; be the new edges of G by duplicating k;,[;and
m,; respectively. Then V(G) = {t} U{ui, vi,ws,ai,b;,¢i,di,e4, fi/1 < i < n} and E(G) =
{bivir2/1 < i < n — 2} U{tus, uivi, viw;, cidy, a;bs, a;vg, tag, thy, te, e fiy eug, diw; /1 < i <
n} U{wittigr, bivig1, wiait1, citbipr, uiciv1/1 < i <n—1} H{unu1, byvr, unas, cpur, upcr, by_qus,
bpus}. Therefore |[V(G)| = 9n + 1 and |E(G)| = 18n. Using parity of n, we have the following

cases:

Case 1. n is even.
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Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ifz=t;
0 ifze {uyv,c,di}, i€{1,2,....,n—1,n}

and
1 ifz e{w,aibi, fi}, i€{1,2,...,n—1,n};

f@)=30 ifz=e, ie{l,3,....n—3,n—1};
1 fx=e¢, 1€{2,4,...,n—2,n}.

9 9
Thus vp(1) = ; + 1 and vs(0) = 771 The induced edge labeling f* : E(G) — {0,1} is
f*(wv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

1 if e € {tu;, viw;, a;v;, te, diw; b, i € {1,2,...,n— 1,n};
if e e {u;v;,,ta;, thy, a;b;,cid;}, i €{1,2,...,n—1,n};

if ee {bvirr,wiair1}, 1€{1,2,...,n—2,n—1};

if e=bjusye, 1€{1,2,...,n—3,n—2};

if e € {uuit1,ciuipr,uiciv1}, 1€{1,2,...,n—2,n—1}%
if e=wue;, 1€{1,3,...,n—3,n—1};

if e=we;, 1€{2,4,...,n—2,n};

if e=e;f;, 1€4{1,3,....n—3,n—1}

if e=e;f;, 1€{2,4,....,n—2,n};

if e € {upur,cpur,unc};

s
*
—
)
N
_ 0 O = = O O = = O

if e € {byv1,unar, by, — lug,byus}.

Thus e;(1) = 9n and e;(0) = 9n.

Case 2. n is odd.

Define a vertex labeling f : V(G) — {0, 1} as follows:

1 ifz=¢t
0 ifze{uv,c,di}, i€{1,2,...,n—1,n};
f®) =<1 ifze{w,ab;, fi}, i€{1,2,....,n—1,n};
0 ife=e; i€{1,3,...,n—2,n};
1 ife=e,i€{2,4,...,n—3,n—1}.
Thus vy (1) = on+1 and v (0) = 9n+1. The induced edge labeling f* : E(G) — {0,1}
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is f*(uv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

if e e {tu;,viw;, a;v;, te;, dyw;}, i € {1,2,...,n—1,n};
if e e {ww,,ta;,th;,ab;,cd;}, i €{1,2,...,n—1,n};
if ee {bivi+1,uiai+1}, 1€ {1,2, .,n—2,n— 1};

= = O =

if e=0buyo, 1€4{1,2,...,n—3,n—2}

and
if ee {uuitr,cittipr,uicip1}, 1€ {1,2,...,n—2,n—1};

if e=we;, 1€{1,3,...,n—2,n};
if e=wue;, 1€{2,4,...,n—3,n—1};
if e=e;f;, 1€{1,3,....,n—2,n};
if e=e;fi, 1€{2,4,....,n—3,n—1}

if e € {upur,cpur,unc};

s
*
—~
)
N
= o O = = O O

if e € {b,v1,unar,by_1u1,byust.
Thus ef(1) = 9n and ef(0) = 9n.

From both the cases we can conclude |vs(1) — vy(0)] < 1 and |ef(1) — ef(0)] < 1. So, f
admits cordial labeling on G. Hence G is cordial. |

§3. Conclusion

we have derived eleven new results by investigating cordial labeling in the context of duplication
in Web and Armed Helm. More exploration is possible for other graph families and in the
context of different graph labeling problems.
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