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Abstract
In this paper, by considering dual geodesic trihedron (dual Darboux frame) we define dual

Smarandache curves lying fully on dual unit sphere S? and corresponding to ruled surfaces.
We obtain the relationships between the elements of curvature of dual spherical curve (ruled
surface) &(s) and its dual Smarandache curve (Smarandache ruled surface) & (s) and we

give an example for dual Smarandache curves of a dual spherical curve.
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1. Introduction
In the Euclidean space E°, an oriented line L can be determined by a point pe L and a

normalized direction vector a of L, i.e. ||d|| =1. The components of L are obtained by the
moment vector @’ = pxd with respect to the origin in E°. The two vectors d and a" are not
independent of one another; they satisfy the relationships <ﬁ,ﬁ>:l, <d,ﬁ*>:0. The pair

(d,a’) of the vectors d and a“, which satisfies those relationships, is called dual unit
vector[2]. The most important properties of real vector analysis are valid for the dual vectors.
Since each dual unit vector corresponds to a line of E’, there is a one-to-one correspondence
between the points of a dual unit sphere S* and the oriented lines of E*. This correspondence
is known as E. Study Mapping[2]. As a sequence of that, a differentiable curve lying fully on
dual unit sphere in dual space D’ represents a ruled surface which is a surface generated by

moving of a line L along a curve a(s) in E’ and has the parametrization

F(s,u)=a(s)+ul (s), where @(s) is called generating curve and [(s), the direction of the
line L, is called ruling.

In the study of the fundamental theory and the characterizations of space curves, the
special curves are very interesting and an important problem. The most mathematicians
studied the special curves such as Mannheim curves and Bertrand curves. Recently, a new
special curve which is called Smarandache curve is defined by Turgut and Yilmaz in
Minkowski space-time[6]. Then Ali have studied Smarandache curves in the Euclidean 3-
space E [1].

Moreover, Onder has studied the Bertrand offsets of ruled surface according to the dual
geodesic trihedron(Darboux frame) and given the relationships between the dual and real
curvatures of a ruled surface and its offset surface[5].

In this paper, we give Darboux approximation for dual Smarandache curves on dual unit

sphere S?. Firstly, we define the four types of dual Smarandache curves (Smarandache ruled



surfaces) of a dual spherical curve(ruled surface). Then, we obtain the relationships between
the dual curvatures of dual spherical curve @&(s) and its dual Smarandache curves.

Furthermore, we show that dual Smarandache ég -curve of a dual curve is always its Bertrand
offset. Finally, we give an example for Smarandache curves of an arbitrary curve on dual unit
sphere S°.

2. Dual Numbers and Dual Vectors
Let D=IRXIR ={c_z= (a,a"):a,a" e IR} be the set of the pairs (a,a”). For a =(a,a”),

b =(b,b*)e D the following operations are defined on D :

Equality: a=boa=b, ' =b"
Addition: a+b=(a+b, a'+b")
Multiplication: ab = (ab, ab* +a'b)
The element &£ =(0,1)e D satisfies the relationships
e#0, € =0, ecl=le=¢. (1)

Let consider the element ae D of the form a=(a,0). Then the mapping
f:D— IR, f(a,0)=a is aisomorphism. So, we can write a = (a,0). By the multiplication
rule we have that
a=(a,a")
=(a,0)+(0,a")
=(a,0)+(0,1)(a",0)

=a+é&a

2)

Then @ =a+é&a” is called dual number and £ is called dual unit. Thus the set of all dual
numbers is given by

D={E=a+8a*:a,a*elR, 8220} 3)

The set D forms a commutative group under addition. The associative laws hold for
multiplication. Dual numbers are distributive and form a ring over the real number field[2,4].

Dual function of dual number presents a mapping of a dual numbers space on itself.

Properties of dual functions were thoroughly investigated by Dimentberg[3]. He derived the
general expression for dual analytic (differentiable) function as follows

f@)=fx+ex)=f)+ex’ f(x), 4
where f’(x) is derivative of f(x) and x,x" € IR.
Let D’ =DxDxD be the set of all triples of dual numbers, i.e.,
D’ ={a=(a, a,.a,):a,eD,i=1,273}, (5)
Then the set D* is module together with addition and multiplication operations on the ring D
and called dual space. The elements of D’ are called dual vectors. Similar to the dual
numbers, a dual vector @ may be expressed in the form a=da+¢&a” =(a,a”), where a and

a* are the vectors of IR’. Then for any vectors a=d+&a  and b=b+eb" of D , the scalar
product and the cross product are defined by

(a.b)=(ab)+e((a.b")+(a"b)), 6)

dxézax5+g(ax5*+a*xz§), (7)

and



respectively, where <d,l;> and axb are the inner product and the cross product of the

vectors d and @ in IR’, respectively.
The norm of a dual vector a is given by

. kad)
|| =]\ + £ E (@#0). (8)
A dual vector a with norm 1+&0 is called unit dual vector. The set of all dual unit
vectors is given by
§*={a=(a,a,,a,)e D*: (a, a)=1+¢0}, ©)
and called dual unit sphere[2,4].
E. Study used dual numbers and dual vectors in his research on the geometry of lines and
kinematics. He devoted special attention to the representation of directed lines by dual unit
vectors and defined the mapping that is known by his name:

Theorem2.1.(E. Study Mapping): There exists one-to-one correspondence between the
vectors of dual unit sphere S? and the directed lines of space of lines R*[2,4].

By the aid of this correspondence, the properties of the spatial motion of a line can be
derived. Hence, the geometry of the ruled surface is represented by the geometry of dual

curves lying fully on the dual unit sphere in D’.
The angle 0 =60+e0 between two dual unit vectors d, b is called dual angle and
defined by
<d,l;> =cos@ =cosO—e6 sinf.
By considering The E. Study Mapping, the geometric interpretation of dual angle is that € is
the real angle between lines L,, L, corresponding to the dual unit vectors 4, b respectively,

and @ is the shortest distance between those lines[2,4].

3. Dual Representation of Ruled Surfaces
In this section, we introduce dual representation of a ruled surface which is given by
Veldkamp in [7] as follows:

Let k be a dual curve represented by X=é(u) or x+&x =é(u)+&é (u). The real
curve x=e(u) on the real unit sphere is called the (real) indicatrix of k; we suppose

throughout that it does not exist of a single point. We take as the parameter u the arc-length
s on the real indicatrix and we denote differentiation with respect to s by primes. Then

i=2&(s) and (¢,&)=1. The vector & =7 is the unit vector parallel to the tangent at the
indicatrix. It is well known that given dual curve k£ may be represented by
X=eée(s)=e+&ecxe, (10)
where
(e,e)=1,(¢,¢)=1,(¢".&)=0.
We observe that ¢ is unambiguously determined by & . It follows from (10) that
& =1+e(cxi+'%e). (11)

Hence by means of |i]=|%|+&—= (¥#0):

b
1%



|e]=1+edet(c,e.7)=1+€A (12)
where A =det(c’,é,7). Since ¢’ as well as ¢ is perpendicular to 7 we may write &'Xé = u1 ;
then we obtain A = <E'>< é ,f> = u . Therefore ¢’ xé = At and we obtain in view of (11):

& =T+€e(CXT +AT). (13)
Let 7 be dual unit vector with the same sense as ¢ ; then we find as a consequence of (12):
¢ =(+&A)r . This leads in view of (13) to:

[ =1+€ECXTI. (14)

Guided by elementary differential geometry of real curves we introduce the dual arc-length s
of the dual curve k by

5= j|é’(a)|da = j(1+8A)d6 = s+ngdo~.
0 0

0

~ ~7 ~

Then 5 =1+&A . We define furthermore: de = e: : hence de =¢ + A and therefore

ds s ds
d—é:f. (15)
ds
Introducing the dual unit vector éx7 =g =g +£g" we observe éXt = g ; hence by means of
(10) and (14):
g=g+€cxg. (16)

Then the dual frame {é,f , g} is called dual geodesic trihedron( or dual Darboux frame) of the

ruled surface corresponding to dual curve e. Thus, the derivative formulae of this frame are
given as follows,

de . df _. . dg _.

_:[’ —_— —-e, —=— t 17

e 5o 86 =TT a7
where ¥ is called dual spherical curvature and given by

7=y+e(6-yA); (18)

and §=(¢,¢), y= —<§',f> . From (17) introducing the dual Darboux vector d =7 é+§ we
have

ﬁz(ixé,ﬂz(ixf,d—zc?xg. (19)

ds ds ds
(See [8]).

Analogous to common differential geometry the dual radius of curvature R of the dual
curve X =eé(s) is given by
3

de
R=_ldsl
de d’e
7X7
ds ds’
Then from (15) and (17),
R=(1+72)". (20)

The unit vector c?o with the same sense as the Darboux vector d = yé+ g is given by

~ v " 1 »
d, = 7_2 G ——12. Q1)
Ji+7? ey




The dual angle p between L?O and e satisfies therefore:

_ 4 . 1
Ccos p = , SInp= .
1+7 J1+7
Hence:
R=sinp, 7=cotp. (22)

The point M on the dual unit sphere indicated by Lfo is called the dual spherical centre of

curvature of k at the point Q given by the parameter value s, whereas p is the dual
spherical radius of curvature[7].

5. Dual Smarandache curves and Smarandache Ruled Surfaces
From E. Study Mapping, it is well-known that dual curves lying on dual unit sphere

correspond to ruled surfaces of the line space IR’. Thus, by defining the dual smarandache
curves lying fully on dual unit sphere, we also define the smarandache ruled surfaces. Then,
the differential geometry of smarandache ruled surfaces can be investigated by considering
the corresponding dual smarandache curves on dual unit sphere.

In this section, we first define the four different types of the dual smarandache curves on
dual unit sphere. Then by the aid of dual geodesic trihedron(Dual Darboux frame), we give
the characterizations of these dual curves(or ruled surfaces).

5.1. Dual Smarandache é7 -curve of a unit dual spherical curve(ruled surface)
In this section, we define the first type of dual Smarandache curves as dual Smarandache
et -curve. Then, we give the relationships between the dual curve and its dual Smarandache

et -curve. Using the found results and relationships we study the developable of the
corresponding ruled surface and its Smaranadache ruled surface.

Definition 5.1. Let &=a(s) be a unit speed regular dual curve lying fully on dual unit
sphere S* and {é,f , g} be its moving dual Darboux frame. The dual curve ¢&, defined by

G, = (¢+7) (23)

V2
is called the dual Smarandache éf -curve of @ and fully lies on S?. Then the ruled surface
corresponding to &, is called the Smarandache é7 -ruled surface of the surface corresponding

to dual curve & .
Now we can give the relationships between & and its dual Smarandache éf -curve &, as
follows.

Theorem 5.1. Let & = @&(5) be a unit speed regular dual curve lying on dual unit sphere S*.

Then the relationships between the dual Darboux frames of & and its dual Smarandache et -
curve &, are given by



1 1

— — 0
‘ \/? 12 7 ¢
P l=| - 7 24
; \/2+72 \/2+}72 \/2+}72 ; &4
1

A § V2

Ja+27? 4127t 247

where 7 is as given in (18).
Proof. Let us investigate the dual Darboux frame fields of dual Smarandache éf -curve
according to & = d(s). Since &, =¢,, we have

(25)

~ | R
61:$(€+l‘)
Differentiating (25) with respect to 5, we get
de, de ds, - ds, 1, . - _._
L —==f = (-e+7+78)

ds ds ds ' ds 2
and hence
t~l:(—e+t+7g) 26)
2+ 77
where
ds, _ [2+7°
das \ 2
Thus, since g, = &, X1,, we have
5 AR SR Z. 27)
J2+7

g = -
b a2yt a2y
From (25)-(27) we have (24).
If we represent the dual Darboux frames of & and &, by the dual matrixes E and E

respectively, then (24) can be written as follows

= AE,
where
1 1 0
2 2
A=| -1 ! Yy | (28)
247 27 27
7 7 V2
JA+27° 4427t 247

It is easily seen that det(A)=1 and AA" = A"A=1 where I is the 3x3 unitary matrix. It

means that A is a dual orthogonal matrix. Then we can give the following corollary.



Corollary 5.1. The relationship between Darboux frames of the dual curves(ruled surfaces)
& and @, is given by a dual orthogonal matrix defined in (28).

Theorem 5.2. The relationship between the dual Darboux formulae of dual Smarandache éf -
curve &, and dual Darboux frame of & is as follows

5 -1 1 v
ile J2+7° J2+77 J2+7°
di, |_| 27 =27 =22 27 20+ 7)2+7) 27+ 12+ 7)) -V27
ds, (2+772)2 (2+772)2 (2+772)2
Bl peapery A 727 25
" (2+7) (2+7) (2+7)
(29)

Proof. Differentiating (25), (26) and (27) with respect to 5, we have the desired equation
(29).

Theorem 5.3. Let & =0a(s) be a unit speed regular curve on dual unit sphere. Then the
relationship between the dual curvatures of & and its dual Smarandache et -curve &, is

given by
_ 72742y
g =L T (30)
(2+7°)
Proof. Since %, =-71,, from (26) and (28), we get dual curvature of the curve &(5,) as
S
follows
_ 72y +2y
n= 3
(2+7)

Corollary 5.2. If the dual curvature ¥ of & is zero, then the dual curvature 7, of dual

Smarandache et -curve @, is zero.

Corollary 5.3. The Darboux instantaneous vector of dual Smarandache ét -curve is given by

c?l=;3[(273+27+47)é+27t~+(272+4)§}. (31)
V2(2+7)
Proof: It is known that the dual Darboux instantaneous vector of dual Smarandache éf -curve
is c?l =7,é, + &, . Then, from (24) and (30) we have (31).

Theorem 5.4. Let 0((s)= & be a unit speed regular dual curve on dual unit sphere and &, be

its dual Smarandache ét -curve. If the ruled surface corresponding to dual curve @ is
developable then the ruled surface corresponding to dual curve @, is also developable if and

only if

S TR SEE Y



367 +28+28 360y +2) +2y)
- 3 - 5
(2+77) (2+77)

Proof. From (18) we have
7=y+e(d-yA)

ni=n+e(6-rA)
Then substituting these equalities into to equation (30), we have
S—yA = By +2)(0-1)+28" -2yA-2)A" 36— 1Ay +27 +27)
1 1= = °

(24 7) (24 7)

Since the ruled surface corresponding to dual curve & is developable, A=0. Hence,

5 By +2)d+ 25’+ 300(7 +27 +2p)
3 5
() n(2+7)

Thus, the ruled surface corresponding to dual curve ¢, is developable if and only if

30y +20+28" 30y(y +27 +2y)
(24 7): (247)

0,

1

A =

1

51:

Theorem 5.5. The relationship between the radius of dual curvature of dual Smarandache
et -curve @, and the dual curvature of & is given by
3

(2+7°)

R = . (32)
270 147 +127° + 477 + 877 + 47
Proof. From (20), El = ;2 . Then from (30), the radius of dual curvature is
(1+77)
3
_ 1 ~ (2+7°)
1 (7 +27 +27) J27° 147 +127° + 477 + 877 +47°

3
(2+77)

Theorem 5.6. The relationship between the radius of dual spherical curvature of dual
Smarandache et -curve &, and the elements of dual curvature of @ is,

3
(2+7°)
(270 +147" +127 +47°7 + 877 + 47

p, = arcsin 33)
Proof. Let p, be the radius of dual spherical curvature and R, be the radius of dual curvature
of &, . From equation (22) we have

sin g, = El
Thus, we get radius of dual spherical curvature



(2477

P, = arcsin
27 +147* +127 +47°F + 877 +47°

In the following sections we define dual Smarandache ég, g and éfg curves. The

proofs of the theorems and corollaries of these sections can be given by using the similar way
used in previous section.

5.2. Dual Smarandache ég -curve of a unit dual spherical curve(ruled surface)
In this section, we define the second type of dual Smarandache curves as dual
Smarandache eg -curve. Then, we give the relationships between the dual curve and its dual

Smarandache eg -curve. Using obtained results and relationships we study the developable of
the corresponding ruled surface and its Smarandache ruled surface.

Definition 5.2. Let &(s)=a& be a unit speed regular dual curve lying fully on dual unit
sphere and {é,f , g} be its moving Darboux frame. The dual curve &, defined by
1
a,=—(é+g). (34)
2 \/E ( 8 )
is called the dual Smarandache &3 -curve of & and fully lies on S. Then the ruled surface
corresponding to ¢, is called the Smarandache ég -ruled surface of the surface corresponding

to dual curve & .
Now we can give the relationships between & and its dual smarandache eg -curve &, as
follows.

Theorem 5.7. Let &(3) =& be a unit speed regular dual curve lying on dual unit sphere S*.
Then the relationships between the dual Darboux frames of & and its dual Smarandache eg -
curve &, are given by
1y L
&) V2 2
L= 0 1 0
&) |-, L
V22

From (35) we have 7, =7 , i.e, &, is a Bertrand offset of & [5].

(35)

OQr “Mi ™

In [5], Onder has given the relationship between the geodesic frames of Bertrand surface
offsets as follows

e, cos@ 0 —sinf\(é
L= 0 1 0 ‘
g, sin@ 0 cosf |\ g

where 8 =0+£6°, (0<O<r, 6 €R) is the dual angle between the generators é and e, of
Bertrand ruled surface ¢, and ¢, . The angle 6 is called the offset angle and 6" is called the

offset distance[5]. Then from (35) we have that offset angle is € =z /4 and offset distance is
6" =0. Then we have the following corollary.



Corollary 5.4. The dual Smarandache ég -curve of a dual curve & is always its Bertrand
offset with dual offset angle 0 =x/4+&£0.

Theorem 5.8. Let A(s)= & be a unit speed regular dual curve on dual unit sphere S?. Then
according to dual Darboux frame of &, the dual Darboux formulae of dual Smarandache
eg -curve @, are as follows

ds, 0 1 0 B
- (e
d, = i 0 \/_LZ 7 (36)
dS2 1_7 1_7 ~
- — 8
& 0 _1+}/ 0
ds, 1-7

Theorem 5.9. Let a(s)=0a be a unit speed regular curve on dual unit sphere. Then the
relationship between the dual curvatures of & and its dual Smarandache ég -curve @, is
given by

Corollary 5.5. The dual curvature 7 of & is zero if and only if the dual curvature 7, of dual

Smarandache éf -curve @&, is 1.

Corollary 5.6. The Darboux instantaneous vector of dual Smarandache eg -curve is given by
V27 . N2
- e+ T g .

d, =

<
I

Theorem 5.10. Let a/(s)= & be a unit speed regular curve on dual unit sphere and ¢, be the
dual Smarandache ég -curve of &. If the ruled surface corresponding to the dual curve & is
developable then the ruled surface corresponding to dual curve @, is developable if and only
if

(1-7*)8,-25=0.

Theorem 5.11. Let &(s)=¢a& be a unit speed regular curve on dual unit sphere. Then the
relationship between the radius of dual curvature of dual Smarandache ég -curve &, and the
dual curvature of &(s) =& is,

R-——2V
V277 +2
Theorem 5.12. Let O(s) =& be a unit speed regular curve on dual unit sphere. Then the

relationship between the radius of dual spherical curvature of dual Smarandache eg -curve

Q, and the elements of dual curvature of & is,

10



1-y Y+

,Bzzarcsin(\/2 2}/2}—8 .
" %cos arcsin =y
) ( S B

5.3. Dual Smarandache 73 -curve of a unit dual spherical curve(ruled surface)
In this section, we define the second type of dual Smarandache curves as dual
Smarandache 7g -curve. Then, we give the relationships between the dual curve and its dual

smarandache 7g -curve. Using the found results and relationships we study the developable of
the corresponding ruled surface and its Smaranadache ruled surface.

Definition 5.3. Let &(5)=a& be a unit speed regular dual curve lying fully on dual unit
sphere and {é,f , g} be its moving Darboux frame. The dual curve &, defined by
~ I~ .
a,=—(f+
N (f+2)
is called the dual Smarandache 7§ -curve of @& and fully lies on S2. Then the ruled surface
corresponding to &, is called the Smarandache 7g -ruled surface of the surface corresponding

to dual curve & .
Now we can give the relationships between & and its dual Smarandache 7g -curve &,

as follows.

Theorem 5.13. Let &(5) =& be a unit speed regular dual curve lying on dual unit sphere S2.
Then the relationships between the dual Darboux frames of & and its dual Smarandache g -

curve &, are given by

0 1 1
2 2 g
o 7 Y 7 (37)
N J1+27° 14277 1427 :

27 -1 1

J2+47  2+47>  \2+47

If we represent the dual darboux frames of & and &, by the dual matrixes E and E,,
respectively, then (37) can be written as follows
E=AE
where

11



0 1 1
2 NG
- -7 7
A= 38
J1+270 J1e277 14277 G
27 -1 1
J2+47° 24477 2+47

It is easily seen that det(A)=1 and AA" =A"A=1 where I is the 3x3 unitary matrix. It

means that A is a dual orthogonal matrix. Then we can give the following corollary.

Corollary 5.7. The relationship between the Darboux frames of the dual curves(ruled
surfaces) & and @, is given by a dual orthogonal matrix defined by (38).

Theorem 5.14. The relationship between the dual Darboux formulae of dual Smarandache
1g -curve @, and dual Darboux frame of & is given by

. -1 -7 7
g% J1+27° J1+27° J1+27° )
di, W27 27 (1427%) 2277 -2 (77 +1)(1+277) 2277 +N2 (7 -7 (1+277) f
ds; (1+27°) (1+27°) (1+27°) :
% -167°7 +(47 +2)(2+47?) 877 +27(2+47°) -877 -27(2+477)

3 (1+27°) (1+27°) (1+27°)

(39)

Theorem 5.15. Let &(s)=¢a be a unit speed regular curve on dual unit sphere. Then the
relationship between the dual curvatures of & and its dual Smarandache g -curve &, is
given by
- 4277 + 427 + 242

3 .

3

(2+47%)

Corollary 5.8. If the dual curvature y of & is zero, the dual curvature 7Y, of dual

Smarandache et -curve @ is 1.

Corollary 5.9. The Darboux instantaneous vector of dual Smarandache tg -curve is given by

— —_— —_— —2
i = 2y ot 4yy f+4W+87+4g.

V2+47° (2+472)% (2+472)%

Theorem 5.16. Let &(s)= & be a unit speed regular curve on dual unit sphere and @&, be the
dual Smarandache tg -curve of @. If the ruled surface corresponding to the dual curve & is

developable then the ruled surface corresponding to dual curve @, is developable if and only

if

12



=4J§df+4v3%Y+8J§@/+}2&ﬂ4¢5n‘+4¢5?+2J§)

0, 3 5
(2+7°)? (2+7°)?

1

Theorem 5.17. Let Q(s)=a be a unit speed regular curve on dual unit sphere. Then the
relationship between the radius of dual curvature of dual Smarandache g -curve &, and the
dual curvature of &(s) =« is,
3
= (2+47°)
3= .
JQ+477) + (@277 + 427" + 242

Theorem 5.18. Let &(s)=a be a unit speed regular curve on dual unit sphere. Then the
relationship between the radius of dual spherical curvature of dual Smarandache tg -curve
a., and the elements of dual curvature of & is,

(2+47°)
JQ+477) + (@277 + 427 + 242

P, = arcsin

5.4. Dual Smarandache é7g -curve of a unit dual spherical curve(ruled surface)
In this section, we define the second type of dual Smarandache curves as dual
Smarandache éfg -curve. Then, we give the relationships between the dual curve and its dual

smarandache é7g -curve. Using the found results and relationships we study the developable
of the corresponding ruled surface and its Smaranadache ruled surface.

Definition 5.4. Let &(s)=a& be a unit speed regular dual curve lying fully on dual unit
sphere and {&,7, g} be its moving Darboux frame. The dual curve &, defined by
&, ==
3

is called the dual Smarandache é7g -curve of @& and fully lies on S?. Then the ruled surface

e+i+g)

corresponding to @&, is called the Smarandache érg-ruled surface of the surface
corresponding to dual curve & .

Now we can give the relationships between @& and its dual smarandache e7g -curve &,
as follows.

Theorem 5.19. Let &(s) =& be a unit speed regular dual curve lying on dual unit sphere S2.

Then the relationships between the dual Darboux frames of & and its dual Smarandache
etg -curve &, are given by

13



&l

€ €
5 Vg V3
-1 %

e, . e
P, |=| —— 17 a— (40)
;. V27 =27+2 272 -27+2 277 —27+2 ;

2y -1 —(7+1) 2-y

o7 -7+1 o7 -7+1 o7 -7+1

If we represent the dual darboux frames of @& and @&, by the dual matrixes E and E,,
respectively, then (40) can be written as follows

F-AE
where
1 1 1
V3 V3 NE]
A= ! =7 Y . (41)

27 =27+2 272 -27+2 277 —27+2
2y-1 -(7+1) 2-y

V67 -7+1 67 -7+1 o7 -7+1

It is easily seen that det(A)=1 and AA" = ATA=1 where I is the 3x3 unitary matrix. It

means that A is a dual orthogonal matrix. Then we can give the following corollary.

Corollary 5.10. The relationship between the Darboux frames of the dual curves(ruled
surfaces) & and @, is given by a dual orthogonal matrix defined by (41).

Theorem 5.20. The relationship between the dual Darboux formulae of dual Smarandache
etg -curve @, and dual Darboux frame of & is given by

-1 1-7 7

% 2727 +2 N 277 =27 +2
4 2 2 — - — -— - -2 - — - —
di, || 7er-)+Br-ner-2r)  NB(Fe7)(27-27+2) -0 -7) B(F7-7) (27 -27+2) V37 (27 -7)
ds, (27%-27+2) (27%-27+2) (277 -27+2)
dg e = _ SN o ama P _ SN T s = _ N
Sl @7 r2p+2)(7-7+1)-27-0)27-7)  (27+27-2) (7 -7+ )+ (7+)27-7) (2727 -2)(F -7 +1)+(7-2) (277 - 7)
ds
o4 2 2 — 2 - —

47 -7+1) 47 -7+1) 4(7-7+1)

Theorem 5.21. Let Q(s)=a be a unit speed regular curve on dual unit sphere. Then the
relationship between the dual curvatures of & and its dual Smarandache étg -curve @, is
given by
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Corollary 5.11. If the dual curvature ¥ of & is zero, then the dual curvature 7y, of dual
- 1
Smarandache étg -curve &, is —.
P2
Corollary 5.12. The Darboux instantaneous vector of dual Smarandache étg -curve is given
by

J4:3}7’+6;73—6}72+?}7 - 37 : t~+37’+672—67+36g

w6(7-7+1)7  246(7-7+1)F  2J6(7 -7 +1)
Theorem 5.22. Let 0/(s)= & be a unit speed regular curve on dual unit sphere and ¢, be the
dual Smarandache étg -curve of & . If the ruled surface corresponding to the dual curve & is
developable then the ruled surface corresponding to dual curve @, is developable if and only
if
6°5+35  36(2y-1)(37+27 +2)

0, = 3 5
W2(pP-y+1)? a2 (P -y+1)?

Theorem 5.23. Let &(s)=a& be a unit speed regular curve on dual unit sphere. Then the
relationship between the radius of dual curvature of dual Smarandache étg -curve @, and the
dual curvature of a(s) =« is,

_ 2&(72—7“)%

\/8(72—7+1)3+(377'+2773+2)2 .

4

Theorem 5.24. Let &(s)=a& be a unit speed regular curve on dual unit sphere. Then the
relationship between the radius of dual spherical curvature of dual Smarandache étg -curve

&, and the elements of dual curvature of & is,

3

N2(72-7+1)

Example 1. Let consider the dual spherical curve &(s) given by the parametrization
a(5) =(coss,sins,0)+&(—ssin s, scos s,0).

The curve &(s) represents the ruled surface
r(s,v)=(vcoss,vsins,s)

which is a helicoids surface rendered in Fig. 1. Then the dual Darboux frame of & is obtained
as follows,

é(s)=(coss,sins,0)+&(—ssins, scoss,0)
7(5)=(-sins,coss,0)+&(—scoss,—ssins,0)
§()=(0,0,1)

The Smarandache éf , ég , g , and éfg curves of the dual curve @& are given by
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a,(s) =%[(coss—sin 5,€08 5 +sin 5,0)+ £(—scos s — s sin 5, s COs s — s sin s,O)]

a,(s)= %[(cos s,sin s,1)+&(—ssin s, s cos s,O)]

a,(5) = %[(—sin 5,08 5,1)+ & (—scos s,— ssin s,O)]

a,(s) z%[(coss—sins,coss+sin 5.1)+&(—scoss—ssins,scoss—ssins,0) |

respectively. From E. Study mapping, these dual spherical curves correspond to the following
ruled surfaces

1 1 1 1
r(s,v)=(0,0,5)+v| ——=cos s ——=sin §,—=cos s + —sin 5,0
(502009 2{ Jeoms = prsins o psins.)

rz(s,v):(0,0,s)+v ! L lj

——CO0S §,——Sins,—
V2 V22

r,(s,v)=(0,0,5)+v

I . 1
—=sin§,—=Ccos §,—=
V2o 2 \Ej

r,(s,v) =(0,0,5)+v %coss—%sin S,Lcoss+Lsin s,

1
3 3 ﬁj

respectively. These surfaces are rendered in Fig.2, Fig. 3, Fig. 4 and Fig. 5, respectively.

Figure 1. Helicoid surface corresponding to dual curve &
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Figure 4. Smarandache 7¢ ruled surface Figure 5. Smarandache é7g ruled surface
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