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§1. Introduction

It is well known that many studies related to the differential geometry of curves have been
made. Especially, by establishing relations between the Frenet Frames in mutual points of two
curves several theories have been obtained. The best known of the Bertrand curves discovered
by J. Bertrand in 1850 are one of the important and interesting topics of classical special curve
theory. A Bertrand curve is defined as a special curve which shares its principal normals with
another special curve, called Bertrand mate or Bertrand curve Partner. If o* = a + AN,
A = const., then (a,a*) are called Bertrand curves pair. If o and o* Bertrand curves pair,
then (T, T*) = cosf = constant, [9], [10]. The definition of n-dimensional Bertrand curves in
Lorentzian space is given by comparing a well-known Bertrand pair of curves in n- dimensional
Euclidean space. It shown that the distance between corresponding of Bertrand pair of curves
and the angle between the tangent vector fields of these points are constant. Moreover Schell
and Mannheim theorems are given in the Lorentzian space, [7]. The Bertrand curves are the
Inclined curve pairs. On the other hand, it gave the notion of Bertrand Representation and
found that the Bertrand Representation is spherical, [8]. Some characterizations for general
helices in space forms were given, [11].

A regular curve in Minkowski space-time, whose position vector is composed by Frenet
frame vectors on another regular curve, is called a Smarandache curve [14]. Special Smarandache
curves have been studied by some authors. Melih Turgut and Sitha Yilmaz studied a special
case of such curves and called it Smarandache T By curves in the space Ef ([14]). Ahmad T.Ali
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studied some special Smarandache curves in the Euclidean space. He studied Frenet-Serret
invariants of a special case, [1]. Senyurt and Caligkan investigated special Smarandache curves
in terms of Sabban frame of spherical indicatrix curves and they gave some characterization
of Smarandache curves, [4]Ozcan Bektas and Salim Yiice studied some special Smarandache
curves according to Darboux Frame in E?, [3]. Kemal Taskdprii and Murat Tosun studied special
Smarandache curves according to Sabban frame on S? ([2]). They defined NC-Smarandache
curve, then they calculated the curvature and torsion of NB and T'N B- Smarandache curves
together with NC-Smarandache curve, [12]. It studied that the special Smarandache curve in
terms of Sabban frame of Fixed Pole curve and they gave some characterization of Smarandache
curves, [12]. When the unit Darboux vector of the partner curve of Mannheim curve were taken
as the position vectors, the curvature and the torsion of Smarandache curve were calculated.
These values were expressed depending upon the Mannheim curve, [6].

In this paper, special Smarandache curve belonging to « curve such as N*C* drawn by
Frenet frame are defined and some related results are given.

§2. Preliminaries

The Euclidean 3-space E3 be inner product given by
() )=al+a;+a3

where (x1,72,73) € E3. Let a : I — [E? be a unit speed curve denote by {T, N, B} the
moving Frenet frame . For an arbitrary curve a € E3, with first and second curvature, x and 7

respectively, the Frenet formulae is given by [9], [10].

T = kN
N' = kT + B (2.1)
B’ = —7N.

Figure 1 Darboux vector

For any unit speed curve o : I — E3, the vector W is called Darboux vector defined by

W = 7T + kB. (2.2)
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If we consider the normalization of the Darboux, we have

and
C = sin T + cos B, (2.4)

where Z(W, B) = ¢.

Definition 2.1([9]) Let a : I — E3 and o* : I — E3 be the C*— class differentiable unit
speed two curves and let {T(s), N(s), B(s)} and {T*(s), N*(s), B*(s)} be the Frenet frames of
the curves o and o, respectively. If the principal normal vector N of the curve a is linearly
dependent on the principal vector N* of the curve o*, then the pair («, &) is said to be Bertrand

curves pair.

The relations between the Frenet frames {T'(s), N(s), B(s)} and {T*(s), N*(s), B*(s)} are
as follows:
T* = cos0T +sinB

N*=N (2.5)
B* = —sinfT + cos0B.
where Z(T,T*) =6

Theorem 2.2([9], [10]) The distance between corresponding points of the Bertrand curves pair

in B3 is constant.

Theorem 2.3([10]) Let (o, a*) be a Bertrand curves pair in E3. For the curvatures and the

torsions of the Bertrand curves pair (o, o) we have

e Ae—sin’0
A1 = Xg) 7
(2.6)
. sinZ 6
=

Theorem 2.4([9]) Let (a,a*) be a Bertrand curves pair in E3. For the curvatures and the

torsions of the Bertrand curves pair (o, a*) we have

m*% = Kcosf — 7sinb,
S

*Cfiis = ksinf + 7 cos 6.

By using equation (2.2), we can write Darboux vector belonging to Bertrand mate a*.

W* = 7*T* + k*B". (2.8)
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If we consider the normalization of the Darboux vector, we have
C* =sinp™T™" + cos p* B*. (2.9)

From the equation (2.3) and (2.7), we can write

T Kksinf + 7 cosf
inp* = = = si 0 2.10
W= et o (210)
cos o — K* _IiCOS@—TSine_COS( +)
L 177 T 177 I A
where |[W*|| = V&*2 + 72 = |[W| and L(W*, B*) = ¢*. By the using (2.5) and (2.10),

the final version of the equation (2.9) is as follows:

C™* = sin¢T + cos pB. (2.11)

83. N*C*— Smarandache Curve of Bertrand Curves Pair According to Frenet Frame

Let (a, @*) be a Bertrand curves pair in E3 and {T*, N*, B*} be the Frenet frame of the curve
a* at a*(s). In this case, N*C* - Smarandache curve can be defined by

_ L

P(s) NG

(N*+C). (3.1)

Solving the above equation by substitution of N* and C* from (2.5) and (2.11), we obtain

w(s):singoT—i—\]j;—cosgoB. (3.2)

The derivative of this equation with respect to s is as follows,

dsy (—k+ ¢ cosp)T + (1 —¢'sinyp)B
=Ty = (3-3)
s V2

and by substitution, we get

'l/]l

T, — (—k+ ¢ cosp)T + (T — ¢’ sin <p)B7 (3.4)

VIW[2 = 2] + 2

where

dsy _ [IWI2 =20 |W| + ¢
ds 2

In order to determine the first curvature and the principal normal of the curve ¥ (s), we
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formalize

T (s) = V2[(w1 cosf + wssin )T + waN + (—w; s21n6‘ + ws cos 6) B , (3.6)
(W12 = 2¢'[ W] + ']

where

wy = (—Kcosh+ 7sinb + ¢’ cos(p + 9))/(||VV||2 =20 |W| + cp'2) — (—Kcosf
+7sin0 + ¢’ cos(p + 0)) ((IW[[W]" = " [W| = ' |[W' + &' ¢")

wp = (= W2+ ¢/ [W]) (IWI[2 = 2¢'|W]| + ¢'*)

ws = (ksinf + 7 cosf — ¢ sin(p + 9))/(HW|\2 =20 |W| + ga’z) — (ksing
+rcosd— ¢/ sinfip + 0)) (IWIIWI = " [W = ZIWI + /")

The first curvature is

\/2((4112 + wo? + w32)
-
(W2 = 20" [W]| + ¢'?]

ko = [Tyll, oy =

The principal normal vector field and the binormal vector field are respectively given by

[(wl cosf 4+ w3 sin0)T + wa N + (—w1 sin 0 + w3 cos H)B}
Ny = —— : (3.7)
w1 —|— wo —|— w3

wa[ — 2ksin6 cosd + 7(sin® @ — cos? §) + ¢’ sin | T
4w [ksind + 7cos0 — ¢’ sin(p + 0)| N + wa[27sin 6 cos 6

B +£(sin® @ — cos? ) + ¢’ cos | B (38)
% = .
VAW =20 IW ] + 02 @ + w? + wy?)

The torsion is then given by

__ det(@/ )
CT T AR

V2(9n + o) + pp)
192 + 92 +/L2

where

n= (¢ cos(p+0) — ficosﬁ—i—TsinG)H + (K cosf — Tsin @) ||W|?
—(kcos@ — Tsin @)’ |W||

A= (kcosf — 7sinb) (¢’ cos(p + 0) — K cos +Tsin9)/ + (=W ?
+¢'||W]]) — (ksin + 7 cos ) (ksin @ + 7 cos § — go’sin(cp—i—ﬁ))l

p = (—rsind — 7cos0)|W|* + (ksinf + 7 cos 0)¢' | W] + (ksin6

"
3

+7cosf — ¢ sin(yp + 6))
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9 =—(—[W|*+ W) (ksinf + 7cosf — ¢’ sin(p + 6))

0= —{(cp'cos(go—i—@) — kcosf + 7sinb) (ksind + 7cos 0 — ¢ sin(gp—i—@))l
+(¢ cos(p + 0) — kcosf + Tsinb) (rksin + 7cosd — ¢ sin(p + 0))}

= (¢ cos(p +0) — kcosd + 7sinb) (— W]+ ¢'[|[W]).

Example 3.1 Let us consider the unit speed « curve and o* curve:
a(s) = —=( —cos s, —sins, s) and o*(s) = i(cos s,sin s, s)-
V2 V2

The Frenet invariants of the curve, a*(s) are given as following:

T*(s) = %(— sins,cos s, 1), N*(s) = (— cos s, —sin s, 0)
1

B*(s) = E(sin s,—coss,1),C*(s) = (0,0,1)
1 1

In terms of definitions, we obtain special Smarandache curve, see Figure 1.

LAY a“s

Figure 2 N*C*-Smarandache Curve
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