International J.Math. Combin. Vol.1(2015), 1-18

N*C*— Smarandache Curves of Mannheim Curve Couple

According to Frenet Frame

Siileyman SENYURT and Abdussamet CALISKAN
(Faculty of Arts and Sciences, Department of Mathematics, Ordu University, 52100, Ordu/Turkey)

E-mail: senyurtsuleyman@hotmail.com

Abstract: In this paper, when the unit Darboux vector of the partner curve of Mannheim
curve are taken as the position vectors, the curvature and the torsion of Smarandache curve
are calculated. These values are expressed depending upon the Mannheim curve. Besides,

we illustrate example of our main results.
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§1. Introduction

A regular curve in Minkowski space-time, whose position vector is composed by Frenet frame
vectors on another regular curve, is called a Smarandache curve ([12]). Special Smarandache

curves have been studied by some authors .

Melih Turgut and Sitha Yilmaz studied a special case of such curves and called it Smaran-
dache T By curves in the space E{ ([12]). Ahmad T.Ali studied some special Smarandache curves
in the Euclidean space. He studied Frenet-Serret invariants of a special case ([1]). Muhammed
Cetin , Yilmaz Tuncer and Kemal Karacan investigated special Smarandache curves according
to Bishop frame in Euclidean 3-Space and they gave some differential goematric properties of
Smarandache curves, also they found the centers of the osculating spheres and curvature spheres
of Smarandache curves ([5]). Senyurt and Caligkan investigated special Smarandache curves in
terms of Sabban frame of spherical indicatrix curves and they gave some characterization of
Smarandache curves ([4]). Ozcan Bektag and Salim Yiice studied some special Smarandache
curves according to Darboux Frame in E? ([2]). Nurten Bayrak, Ozcan Bektag and Salim Yiice
studied some special Smarandache curves in E3 [3]. Kemal Taskoprii, Murat Tosun studied

special Smarandache curves according to Sabban frame on S? ([11]).

In this paper, special Smarandache curve belonging to a* Mannheim partner curve such

as N*C* drawn by Frenet frame are defined and some related results are given.
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§2. Preliminaries

The Euclidean 3-space E® be inner product given by
() =af + a3+ a3

where (z1,72,23) € E3. Let o : I — E3 be a unit speed curve denote by {7, N, B} the
moving Frenet frame . For an arbitrary curve o € E3, with first and second curvature, £ and

7 respectively, the Frenet formulae is given by ([6], [9])

T = kN
N' = —xkT+7B (2.1)
B’ = —7N.

For any unit speed o : I — E3, the vector W is called Darboux vector defined by
W =71(s)T(s) + k(s) + B(s).

If consider the normalization of the Darboux C' = WW, we have

7(s)
W

cos p = @, sin p =
Wl

C = sin pT'(s) 4 cos pB(s) (2.2)

where Z(W,B) = ¢. Let a : I — E3 and o* : I — E? be the C?— class differentiable unit
speed two curves and let {T'(s), N(s), B(s)} and {T*(s), N*(s), B*(s)} be the Frenet frames of
the curves o and «o*, respectively. If the principal normal vector N of the curve « is linearly
dependent on the binormal vector B of the curve o*, then («) is called a Mannheim curve and
(o*) a Mannheim partner curve of («). The pair (o, a*) is said to be Mannheim pair ([7], [8]).
The relations between the Frenet frames {T'(s), N(s), B(s)} and {T*(s), N*(s), B*(s)} are as

follows:
T* = cos0T —sinfB

N* =sin 0T + cos B (2.3)
B*=N
cosf = @
. y ds* (2.4)
sin@ = \r7* —
ds

where Z(T,T*) = 6 ([8]).

Theorem 2.1([7]) The distance between corresponding points of the Mannheim partner curves

in B3 is constant.
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Theorem 2.2 Let (o, *) be a Mannheim pair curves in E3. For the curvatures and the torsions

of the Mannheim curve pair (a, a*) we have,

dsx
k= T"sinf—
(2.5)
S%
= — * 9—
T 7" cosf—-
and
., do , K
R = — = —
ds* ATV E2 4+ 72
(2.6)
dsx
* = inf — 0)—
7 = (ksind — 7 cos )ds

Theorem 2.3 Let (a,a*) be a Mannheim pair curves in E3. For the torsions T of the

Mannheim partner curve o we have

Theorem 2.4([10]) Let (o, *) be a Mannheim pair curves in E3. For the vector C* is the
direction of the Mannheim partner curve o we have
9/

1
o 1L

\/1+(”97I”)2 \/1+(”97I”)2

where the vector C is the direction of the Darboux vector W of the Mannheim curve .

N (2.7)

83. N*(C*— Smarandache Curves of Mannheim Curve Couple According to

Frenet Frame

Let (a,a*) be a Mannheim pair curves in E® and {T*N*B*} be the Frenet frame of the
Mannheim partner curve a* at o*(s). In this case, N*C* - Smarandache curve can be defined

by
_ L

V2

Solving the above equation by substitution of N* and C* from (2.3) and (2.7), we obtain

(cosO||W || +sindy/0% + |W|2)T + 0'N + (cos01/6"% + |[W||2 — sind||W|) B

0% + |||

B1(s) (N*+C). (3.1)

Bi(s) =

(3.2)
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The derivative of this equation with respect to s is as follows,

wl Y  0'kcosd w _ W "I
[( e/2+uw||2) cosf ATIIW]TJF{M ( e/2+||wu2) 7 }N

2
[( |w] )’\/f’”ﬂlwz} +f<<0’2+nw2>[ " (ol )%

Tp,(s) =

-2
NERTE o AT[WI AW NN AE

_

i
0 ksin 6 Wl 1
- sinf| B
[ATW” (Wunww

_|_

2
( W )’\/e/2+||vv\2 4 ROCHIWIR) | g _2( W] )/i (3.3)
VORHIW v MW | XrTTW] VorRHwir ) 7 '

In order to determine the first curvature and the principal normal of the curve (3 (s), we

formalize
\/5[(7“‘1 cos @ + 12 sin0)T + 73N + (—r7 sin 6 + 73 cos G)B}
Tll(s) = 2 2
( 4] )’\/e'unwuz L RECHW) | e 2( Lwi )/L
\/9/2+HW”2 07 AT||[W| AT|[W| \/9/2+HW”2 07
where

) 2(£)2<[( W )/\/9’2+|IW||2]’>( o )
_( o'k )[( W] )/\/9'2+|W|2H( W] )/\/9’2+|IW||2]’
MW oo s e 0 NrZRaTTE 1
(——2 )2_(£)l( 1wl )'W“IWIQM( Wiy
\/9'2+”W”2}’>( W] )( 0 )_[( W] )’
2

/
f VO IW2 e 4 w2 0 + W]

S ) - G ) - G ()
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X\/9’2+|W|2]2( W] )+2( o'k )[( W] )/\/H’QJrIIWIIT3
0 Jor e N e e 0
(\/9/2’|TI|IW||2)(\/9’2 i/IWIQ)H(%)[( 9/2H1V|HW|2)I - ;’”WHQ}

( W] )2_( 0'x )2{( W] )’\/9'2+|W|2]2( W] )
e o) (G ome) o G
2 i) () o | ) 2
G ) o) ) 7 )
{( W] )\/m]( v )+( 0'r )[( W] )
N A W o A L Y
0% + W2 0 LI W] /0% + [[W]|272
PR ) (o) [y T
+<%>l[<¢%)/ H/QZ’HWHT(WJ+W||w|2)(¢e/2j|w|2)

(9’5 )[( W] )/\/9'2+|W|2]<[( W] )/\/9’2+|IWIIT’>
D N e e 0 N o
i) )G - (i) (=) )

( W] )_[( W] )/VG/QJF”W”T(E)I( 0'x )( W )
e ) W) ) (s

3
AN w2 o Ok \3
2= (m;q){( 9,2+”W”2) z ] ( /79,2+”W”2)+3()\T||;V||)
[( W ’\/9/2+|W|2} o IEYILAT 0’k
/9’2+||W||2) 0’ ( /9’2—|—|W|2) AT ()\T||W||)
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W]

Vo + 1wy

(o)

9/
LAY W]

__/\T

() (=) ()
et ewt O eyt ATV

( W] f\/9’2+|W|“( 0 2 Ok \?
L /6"2+||W||2) 0 | /6"2+||W||2) (/\THWH)

2
W]

Vor+iwie

W]

K 2

e

0/

y

=°(

+3(
W

li
Yo

VT

0/

)+ (=)

AT

Vor+iwye

W] LAY W]

O+ W2
9/

(Sl
e

0/

1wl
Vo +iwe

W]

(
) -

) {(\/m)

W] )’

0k
)67 {(\/9'2 e
9/

K

VT

v Nk

K 0k \2, K

)(

W]

)’

AT|[W|
Ok 4 o
\/9,2+|W|2)_( 7T) ”(muﬁzu

Wi

&+ 3() GO [(

0% + |W|

W]
)’\/9'2+|W|2}( )
DO 0%+ W2

0’k

RV (A L4 Y
2(57) {(\/m) o

T

/
il )2()\_/:')/ B 2()\7'0”;[/”)

oAy T Ly (e

Vor+iwe

2
e~ o)

(L )/W“/HWHQ]’( Py () (A=)
Vo + I f Jor+wp’ AT o2 e
0’2+||W||2H( W )/\/9’2+|W|2]'( W] )( %

G N 0 VR + IR N Jor w2
+(i)[( |wi )fWHWlQH( ] )’\/9’2+IIW||2}’

AL Jo s w o Vo IwP o
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9/

9/

Vor+iwe

W]

Vor+iwe
Vor +iwe

Nl ) )

o) () o ] () -6
ATIWIZL fo w2 o Jorewip’ T
[( W )/vo’%nwnzr( W )2_(1)2[( W y
Vo +Iwe o Jorewip’ AT e e
9'2+|W|2]2( o ) o o' )[( W )'v9’2+llWllT
o Jorewp’  SAIWIIL for o
() 2| (L )/W’QHlWllT( i)
VO + (w2 AT Jor g w2 o VO + (w2
(——2 )_1){( | )fWHWI?H( Wiy
02 4wz AT Jor? w2 v VO + (w2
0 + Wy 0 0 0 W
o - (A_F;) (/\TH;/H)(/\TH;/H)/ + (A%)(mn,vivn) {(m)
0% + W2y’ 0 Ok \' Wi\
. (m)*(wnfvﬁvn) (A_i)[(\/m)
0% + [|W|27 o o 0k ' W] /
0 _(\/W)Jr(mgm)(mgm) {( 92+”W”2)
VO W12 Wl _( 0'x {( Wi\ 92+|W|2]2
0 (\/m) /\THWH) \/m) 7
(A ()
VO Iw2 o2 4 w2
The first curvature is
o VAT ) |
1 9 ) , 2
([(\/G'ZZVI%P)/W} + o [”KW” - Q(Je/!ivuwz)%b
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The principal normal vector field and the binormal vector field are respectively given by

(r1cosf + 72 8in )T + 73N + (—77 sin 0 + 72 cos 0) B

Ng, = :

” VZ 4% 4

&1 &2 &3

Bg,(s) = =T+ 2N + 2B,
61( ) 54 54 54
where

€1 =rmcosf WL\ IWIL o cogps | —n (VLY 1wl
1 2 024+ ||W||2 [ 2 AT 157 1 02 +||W||2 [

/
= 1wl = 0’k :
=T ——— T Sln9
3( 02+ |W|2 +73 AW

b2 =11 {(V@/ﬂmvv?) B ATelafll}

/ /

= i Wi W K - K - Wl W]

=73 sinf (Hi) -S4+ s —n|————
53 2 |: /9/2+HW”2 0’ AT 1Ix7 1 /672 4 ||W||2 6’
/

= Wl ) -0k
T — T COS@

3( /9/2+HW”2 + 3>\THW||

VoW 2 v AW

§a =

e 2 (ther) 7))

In order to calculate the torsion of the curve (31, we differentiate

¢ o feomo([(221 )/W}/ y
_{( W] )/Jmf lhdl _( . ),>+
Vo +we v o I
~ o Wi IR
+s1n0<(/\T|II/{V|){(\/m) o ]\/m+()\_fi)

o MW AT

2
((7’12—1-7’_22—#7"_32)[( W )/\/9/2+IIW1 +(T—lz+7,—22+7,—32)f<(9’2+||WH2)

[( Wil ),,/9/2+|IW||2} W _( o' )2_(,{)2>]T

O+ W2 O+ W2
LA {( W) )'W + IWIQ]’ W]
‘2

o 0%+ W] g 0% + W2
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(o )f\/0'2+||wnzf _ ”JN

!/
02+ |W|? 0 +w

2
o[y ey
02 + W2 o 02 + |2

[ m} w (o,
( 0 + |W|2) v \/m ()\THWH)
—i—cosH(( 0 )[( W )/\/m} 0’ 3

+
MV Jor e qwip” 7 oWz

! 9I2+||W||2 0r 2 K \2
[( = |2) 0’ } a1 |2_()\T||W||) _(F)>

B>.

0 + W] 0 + W]
and thus . )
" _ (t1 cos@ + tosin@ + t3)T + tsN + (tacos O — t1 sin @ + t3)T
1 \/§ )
where

T [( | )fv9’2+llwll2}” 0 _3[( Wiy
Joreiwi’ 0 et By er e
0° + |W|2] [( Iwi )m} Iwi
4 NCGEIIE v Vo + (w2
Wi ORIV 0 \"
- ) | ()
Jerew’ Jorewz I
~( 0'r )2[( W )/\/9’2+IIW|IT o - 0'x )
‘2

)\T”W” 9/2 4 HW| 9/ 9/2 4 ||W||2 )\T”W” AT

[ | /\/9’2+|IWII2} | +( Or_\» (O (2
(\/m) 0 e )\7-||W||) (/\THWH) T

fy — 2( 0'x ){( W] )’\/9I2+|W|T/ o’ _2( 0’k )

B LA e T I T
[ W] f\/9’2+IIWllT Wi _ (o N
( /79,2+”W”2) o o2 1w (/\THWH)(/\THWH)
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+( o' ){( W] 2)/\/9’2+|W|2]’ o K

+(57)
)\T”WH 9,2 + HW| 0’ 9/2 + ||W||2 AT

[( W )/,/9/2+|IW||2} [l +2(£)[( W] ),
Jorewi’ 0 et T o e

\/9’2+|W|2]’ W] +2{( W )/\/9’2+|W|2]2
2 |2

4 02 4+ ||W] 02+ W) o’

0’ K K

\/m o 3(;)(%)

ty = <( olﬁ)i[( W]l )’m}_g[(w),
AT[W /A AT m 0 m
S | (P RGP

WL VIR 1wl /e IRy
() - ) |

0/

o+ W) o+ W2 4
+[( 1w )/W’QHIWHT) WL (0 g
oz’ o2+ w2 ATV AT

KR

3 K \n
—(/\—T) + (;)
The torsion is then given by

det(B}, 87, B")
T = —
ST B ABR

Q
61 = \/iﬂ_;

where

K o\2 Wi gilidl K Wi 17w O'r 2
O = -2t (— t1— -t
! 1()\7-) ( /0’2+|\W|\2) 6’ + A ( /0’2+|\W|\2) 62 1()\THWH>

(YW (O 4 [( Ly I o

to
VOZ W/ AW/ T 0% + WP 0 02 + W2
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W T 0's W]l ' 0’ \? W]l LAY
() | ¢ -2 t: - ta(—
{( /0’2+|\W|\2) 3()n'HWH) <\/9’2+||W||2> 3()n'HWH) <\/912+HWH2> 3()\7)
_ W Loy (O Wl VORHIWIRY w0
( 9’2+||W||2) t2()\7') (ATHWH)tQ ( /9’2+||W||2> 0 /072 + W2 ()\T||W||)
Wl ’\/9’2+||W||2}2 v K { W ’\/9’2+HW|\2}/ v
t —_—— +to—
2{<¢9'2+|W|2> g T WIE AT ( 9'2+HWH2> o 0= +IWI
72 272 2 ’
i{( Il )/\/9 + W] } W] n {( 4 )’} ol || n 2<A79”;V”)’

I O e S I AV T s
W w0k K W] W] K W] '
( /0’2+|\W|\2) 0 (ATHWH)t ( /0’2+|\W|\2) 0 —h AT(ATHW”)( 0’2+|\W\2>
K W] } ’ 0's 2 { W] VO + IIWIIT WP
tHi—|(———) | +t
IAT{( 9’2+||W||2) <ATIIWII) <\/9’2+HW|\2> 0’ 07 + W2
0k \', kK 'k K 2
—t2<AT|\W|\> () + <AT|\W|\)t3(F) ()\ HWH) ’
12 T W] ’ 2
QO — i{( 2IIWII )} +i{( 2HWH ) 0 +,HWH} 2HWH _< 0 )
R VRN TS B NV T Z VEZEIWEE AW

Wi VT W K \2 W W 4 2k ks
K\/W) 0’ }_ (E) <W) 0’ +<)\THW|\> (E)J“(E) )
+<i{( [ )f\/e' +|\W|\1 _(i)’{( [ )w +|W|2H<¢ Wiy

AT LNV 1 [WP2 v AT LNV W2 v 07 + W]
¢a'2+|W|T_< AL ——— )’{( W] )w'unwuﬁ
o’ AW o2+ wz - \Aar[W| VO + W2 ¢’
_iK W )’\/9’2+IIW||2r_< 0'x ){( W )’\/9’2+HWH2}' Wl
N TW v W LN WP v NGEEk
. 2
BN ALY [IW]| VoW R)? 0'k Ky 0’k
<)\T||W||) + {( /79’2+HWH2) o +<)\THW|\>( )|+ <)\T||W||)
{( (14l ) \/19’2+||W||2}2 4 + (5 { W ) \/9’2+|W|2}2 W
VET WP o N T AV v VET WP
(< )2{( vy 0'2+HW\2} { Wiy 0'2+|\W|\2}
AT([W| VO + W2 ¢’ NEETER ¢’
0’ 0’k \3 0"k K\2 K\ Kk (W ’
[ R (A I (N | B | B, . 0
Wu”w”z*(ATHWH) +</\T||W||)()\T) (57) 37 ( /79/2+|‘WH2)

Example 3.1 Let us consider the unit speed Mannheim curve and Mannheim partner curve:

a(s) = —=(—coss,—sins, s), a*(s) = —=(—2coss,—2sins, s)-

V2 V2

The Frenet invariants of the partner curve, a*(s) are given as following

1
T*(s) = E(?sins,—?coss,l),
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1

N*(s) = ﬁ(sins,coss,—Q)
B*(s) = (coss,sins,0)
2 2 2 2
C*(s) = (=sins+ —=coss,——coss+ ——=sins, —
\ 2v2
K (S) = T
) V2
T (S) = ?

In terms of definitions, we obtain special Smarandache curve, see Figure 1.

1
Figure 1 5 = W ((5+2V5)sins + 10 cos s, (5 — 2v/5) cos s + 10sin s, —9v/5)
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