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Abstract: Let G = (V, E) be a connected graph. The distance eccentricity neighborhood
of u € V(G) denoted by Np.(u) is defined as Npe(u) = {v € V(G) : d(u,v) = e(u)}, where
e(u) is the eccentricity of u. The cardinality of Npe(u) is called the distance eccentricity
degree of the vertex u in G and denoted by deg®®(u). In this paper, we introduce the first
and second distance eccentricity Zagreb indices of a connected graph G as the sum of the
squares of the distance eccentricity degrees of the vertices, and the sum of the products of
the distance eccentricity degrees of pairs of adjacent vertices, respectively. Exact values for

some families of graphs and graph operations are obtained.
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§1. Introduction

In this research work, we concerned about connected, simple graphs which are finite, undirected
with no loops and multiple edges. Throughout this paper, for a graph G = (V, E), we denote
p = |V(G)| and ¢ = |E(G)|. The complement of G, denoted by G, is a simple graph on the
same set of vertices V(@) in which two vertices v and v are adjacent if and only if they are not
adjacent in G. The open neighborhood and the closed neighborhood of u are denoted by N(u) =
{veV :uve E}and Nu] = N(u)U{u}, respectively. The degree of a vertex u in G, is denoted
by deg(u), and is defined to be the number of edges incident with u, shortly deg(u) = |N(u)|.
The maximum and minimum degrees of G are defined by A(G) = max{deg(u) : v € V(G)}
and 0(G) = min{deg(u) : u € V(G)}, respectively. If 6 = A = k for any graph G, we say G
is a regular graph of degree k. The distance between any two vertices u and v in G denoted
by d(u,v) is the number of edges of the shortest path joining u and v. The eccentricity e(u)
of a vertex u in G is the maximum distance between u and any other vertex v in G, that is
e(u) = max{d(u,v),v € V(G)}.

The path, wheel, cycle, star and complete graphs with p vertices are denoted by P,, W,
Cp, Sp and K, respectively, and K, p, is the complete bipartite graph on r + m vertices. All

the definitions and terminologies about graph in this paper available in [6].
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The Zagreb indices have been introduced by Gutman and Trinajestic [5].

M (G) = Z [deg(u)]2: Z Z deg(v) = Z [deg(u) + deg(v)].

uweV(G) ueV (G) vEN (u) weEE(Q)

Ms(G) = Z deg(u)deg(v) = % Z deg(u) Z deg(v).
wEE(Q) wev (@) vEN (u)
Here, M;(G) and M2(G) denote the first and the second Zagreb indices, respectively. For more
details about Zagreb indices, we refer to [2, 4, 9, 13, 11, 12, 7, 10, 8].

Let u € V(G). The distance eccentricity neighborhood of u denoted by Np.(u) is defined
as Npe(u) = {v € V(G) : d(u,v) = e(u)}. The cardinality of Np.(u) is called the distance
eccentricity degree of the vertex u in G and denoted by deg”¢(u), and Np.[u] = Np.(u) U {u},
note that if u has a full degree in G, then deg(u) = deg”®(u). And generally, a Smarandachely
distance eccentricity neighborhood N3 _(u) of u on subset S C V(G) is defined to be N3 _(u) =
{v e V(G)\S : de\s(u,v) = e(u)} with Smarandachely distance eccentricity | N3, (u)|. Clearly,
’N%e(u)’ = degP®(u). The maximum and minimum distance eccentricity degree of a vertex
in G are denoted respectively by AP¢(G) and §P¢(G), that is AP¢(G) = max,cy |Npe(u)|,
§P¢(G) = min,ey |[Npe(u)|. Also, we denote to the set of vertices of G which have eccentricity
equal to a by V*(G) C V(G), where a = 1,2,--- ,diam(G). In this paper, we introduce the
distance eccentricity Zagreb indices of graphs. Exact values for some families of graphs and

some graph operations are obtained.

82. Distance Eccentricity Zagreb Indices of Graphs

In this section, we define the first and second distance eccentricity Zagreb indices of connected

graphs and study some standard graphs.
U1

U2

V3 ™ V4

Fig.1

Definition 2.1 Let G = (V,E) be a connected graph. Then the first and second distance
eccentricity Zagreb indices of G are defined by

MPeG) = Y [degPe(w)?,
ueV(G)

Z degP®(u)degP® (v).

weEE(G)

M3(G)
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Example 2.2 Let G be a graph as in Fig.1. Then

4
(i) MPG) = > [deg” ()]’ = (deg”(vi))*
ueV(G) i=1
(degP(v1))” + (degP*(v2))” + (deg” (v3))” + (deg™* (v4))”
(2)*+ (3)* + (1)° + (1)* = 15.
(i) My(G) = > deg”*(u)deg”*(v)

weEE(G)

=degP?(v1)degP?(va) + degP®(vs)degP® (vs) + degP(ve)deg® (vs)
+ degP(v3)degP®(vy) = 13.

Calculation immediately shows results following.

+3, 1s odd,
Proposition 2.3 (i) For any path P, with p > 2, MP¢(P,) = P b

D, p 18 even;

4 s odd.

(i) Forp>3, MPe(C,y=4{ 0 PP
p, D 1S even;

2

(i) MP(Kp) = Mi(EKp) = p(p—1)°;

(iv) Forr,m > 2, MP¢(Ky ) =r(r — 1)2 +m(m — 1)2;

2 2
(v) Forp=3, MP(S)) = (p—1)(p—2) ;L(p—l) ;
(vi) Forp>5, MP¢(W,) = (p— 1)(p—4) + (p— 1) .

+1, is odd,
Proposition 2.4 (i) Forp > 2, MP¢(P,) = P P

p—1, p is even;

4 s odd
(ii) Forp >3, MP¢(C,) = b b ot
p, D 1S even;
- 2
(1) MPe(K,) = My(K,) = 282 (p—1)°;
(iv) Forr,m >2, MP*(K, ) =rm(r—1)(m—1);
2
(v) Forp=>3, MY*(S,) = (p—1)"(p—2);
(vi) Forp > 5, My*(Wy) = (p = 1)(p — 4)(2p — 5).

Proposition 2.5 For any graph G with e(v) =2, Vv € V(G),
(i) MP<(G) = M(G);
(i1) Mp*(G) = q(p — 1)* = (p = DM1(G) + Ma(G).
Proof Since e(v) =2, Vv € V(G), then deg2¢(v) = degz(v). Hence the result.

Corollary 2.6 For any k-regular (p,q)-graph G with diameter two,

(i) MP(G)=p(p—k—1)%

(i1) MP*(G) = 3pk(p — k — 1)%.
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§3. Distance Eccentricity Zagreb Indices for Some Graph Operations

In this section, we compute the first and second distance eccentricity Zagreb indices for some

graph operations.

Cartesian Product. The Cartesian product of two graphs G and Gz, where |V (G1)| =
p1, |[V(G2)| = p2 and |E(G1)| = q1, |F(G2)| = ¢2 is denoted by G100 G has the vertex set
V(G1) x V(G2) and two vertices (u, ') and (v, v") are connected by an edge if and only if either
([u = v and v'v' € E(G2)]) or ([u' =" and wv € E(G1)]). By other words, |E(G10G2)| =
q1p2 + g2p1. The degree of a vertex (u,u’) of G10 G5 is as follows:

dega,n0a,(u, ') = dege, (uv) + dege, (W)

The Cartesian product of more than two graphs is denoted by [[;; G; (ITiL; Gi =
G.0G.0O...0G, = (G10G.0...0G,-1)0 Gn), in which any two vertices u = (u1,uz, ..., un,)
and v = (v1,v2,...,0,) are adjacent in [}, G; if and only if u; = v;, Vi # j and ujv; € E(G),
where i,j =1,2,...,n. f Gy = Gy = --- = G,, = G, we have the n-th Cartesian power of G,
which is denoted by G".

Lemma 3.1([8]) Let G =[], G; and let u = (u1,uz, - ,uy,) be a vertex in V(G). Then
u) = Z e(u;).
i=1
Lemma 3.2 Let G = H?Zl G; and let w = (u1,us,...,u,) be a vertex in G. Then

deg H degG U;).

Proof Since e(u) = Y . e(u;) (Lemma 3.1), then each distance eccentricity neighbor of
w1 in G corresponds deg (ug) vertices in G and each distance eccentricity neighbor of usy in

G4 corresponds degl ae (ug) vertices in Gz and so on. Thus by using the Principle of Account
degg*(u) = deg@y (u1)deggy (uz) - - degge (uy,). O

Theorem 3.3 Let G =[], G;. Then

n

(i) Mpe©) = J[mPeco;

MP(Gi) My (Gy).

H
NgERD
Wi =

(ii) MP=(G
=11

<.
S

ot

Proof Let u = (u1,us, - ,u,) and v = (v, va, -+ ,vy) be any two vertices in V(G). Then
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(i) MPe(G) = > (degBe(w)® = > (degB(ur)degBe(us). .. degB* (un))®

uweV(Q) weV(G)

Z Z e Z (deggle(ul))2 (deggf(uQ))2 e (degg:(un))Q

u1€V(G1)uz€V(G2) UHGV(GTL)
=[] 2mP(Gy).
i=1

(ii) To prove the second distance eccentricity Zagreb index we will use the mathematical
induction. First, if n = 2, then

MPe(G,0G,) = Z degl (ul)alegG1 (vl)degG2 (ug)alegG2 (v2)
(u1,u2)(vi,v2)EE(G1OG2)

= > > (degB¢(ur))” degB¢ (uz)degBe (vs)

ul EV(Gl) (ul,uz)(ul,vg)EE(Glm Gg)

e 2 e e
+ > (degds (u2))”deg&y (ur)degls (v1)
u2€V (G2) (u1,uz2)(vi,u2)EE(G10G2)

:MPG(Gl)MzDe(Gz) + MP4(G2) My (Gy)

:ZHMDB MDe(G )

B 1#]

Now, suppose the claim is true for n — 1. Then

My (05 G,0G,) :M{Je (O Gi) MPE(Gr) + MP(Gr) M (D7 Gy)
—1n—1
12

- H MP(G)MP(Go) + MP(Ga) 3 ] MP#(G)MPe(G)
=
:ZHMlDe(Gl)Mfe(GJ) g
j=11i=1
i#]

Composition. The composition G = G1[G2] of two graphs G and G2 with disjoint vertex
sets V(G1) and V(G2) and edge sets E(G1) and E(G2), where |V(G1)| = p1, |[E(G1)| = ¢1 and
[V(G2)| = p2, |E(G2)| = g2 is the graph with vertex set V(G1) x V(G2) and any two vertices
(u,u’) and (v,v") are adjacent whenever u is adjacent to v in G; or u = v and v’ is adjacent
to v’ in Gy. Thus, |E(G1[G2])| = ¢103 + q2p1. The degree of a vertex (u,u’) of G1[Ga] is as
follows:

dega, (Gy) (u, u') = padega, (u) + dega, (u').
Lemma 3.4([8]) Let G = G1[G2] and e(v) # 1, Vv € V(G1). Then eq((u,u’)) = e, (u).
Lemma 3.5 Let G = G1[Gs] and e(v) # 1, Vv € V(G1). Then

padegde(u) + degg(u'), if u € V(Gh);

degg®(u,u') =
padeglc(u), otherwise.
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Proof From Lemma 3.4, we have eg(u,u') = eq, (u). Therefore, NJ¢(u,u') = {(z,2') €
V(G) : d((u,v), (z,2")) = eq, (u)}. Now, if u ¢ VZ(Gy), then NE¢(u,v’) = {(z,2') € V(G) :
x € NE¢(u)} and hence, degl(u,u') = padegf®(u) and if u € VZ(G1), then degl®(u,u’) =
padeg¢(u) + degg(u') (note that all the vertices of the copy of Ga with the projection u €

V(G1) which are not adjacent to (u,u’) have distance two from (u,u’)). O
Theorem 3.6 Let G = G1[Gs] and e(v) # 1, Vv € V(G1). Then

MP4(G) = pSMP(Gh) + V2 (G)IMU(G2) + dpas Y, deghl
weV2(Gr)

Proof By definition, we know that

MPe(@) = Z (deg Z Z (degge(u,u’))2

(u,u’)EV(G) ueV(G1) v €V(G2)

S Y (padegBl(u) + dege (u))?

uweV2(G1) v €V (Ga)

+ > " (padegBe(u))’

ueV(G1)—-V2(G1) v €V (G2)

oY (padegBiw)’+ Y. Mi(Ga)

ueV(G1) v €V (G2) ueV2(G1)

+ Z Z 2p2degG—2(u’)deggf(u)

ueV2(G1) u' €V (Ga)

=ps MP4(G1) + |V2(G1)| M (G2) + 4paTa Z degg* (u). O
ueV2(G1)

Theorem 3.7 Let G = G1[Gz] and e(v) #1 or 2, Vv € V(G1). Then
M*(G) = paM5*(G1) + pra2 M (G1).

Proof By deifnition, we know that

MPUG) =5 Y degBi(wu) Y degBt(v,v))
(u,u”)eV(G) (v,v")ENgG (u,u’)
S dau] Y0¥ ) X deo )
ueV(G1)u' €V (Ga) 'L}ENCl(u)'u’EV(G2) ’UIENGQ(U,/)
S Y mil] XY pdedBior 3 pdealio]
uweV(G1)u' €V(Ga) UENCI(’M)UIEV(GQ) v/Ech(u/)

=ps M3 *(G1) + paq2 M7 *(Gh).
This completes the proof. O

Disjunction and Symmetric Difference. The disjunction G; V G of two graphs G
and G2 with |[V(G1)| = p1, |E(G1)| = ¢1 and |V(G2)| = p2, |E(G2)| = g2 is the graph with
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vertex set V(G1) x V(G2) in which (u,u’) is adjacent to (v,v’) whenever u is adjacent to v in
G; or v’ is adjacent to v’ in Ga. So, |[E(G1V G2)| = q1p3 + q2p? — 2¢1g2- The degree of a vertex
(u,u") of Gy V Gy is as follows:

dega,v 6, (u, v') = padega, (u) + prdega, (u') — dega, (u)dega, (u').

Also, the symmetric difference G1 @ G2 of G1 and G5 is the graph with vertex set V(G1) x V(G2)
in which (u,w’) is adjacent to (v,v") whenever u is adjacent to v in Gy or v’ is adjacent to v’ in
G, but not both. From definition one can see that, |E(G1 @ G2)| = qip3 + q2p? — 4q1g2. The

degree of a vertex (u,u’) of G; & G5 is as follows:

degGl@ G2 (’U,, u/) = p2degG1 (u) + pldeng (’U,/) - 2d6901 (u)deng (’U,/)

The distance between any two vertices of a disjunction or a symmetric difference cannot exceed
two. Thus, if e(v) # 1, Vv € V(G1) UV(G2), the eccentricity of all vertices is constant and

equal to two. We know the following lemma.

Lemma 3.8 Let G1 and Gy be two graphs with e(v) # 1, Vv € V(G1) UV (G2). Then

(1) degBty q,(u,u') = degarya, (u,u');

(i) degé’feB Gs (u,u') = degm(u, u').
Theorem 3.9 Let Gy and Gy be two graphs with e(v) # 1, Vv € V(G1) UV (G2). Then

(i) MP*(GyV Ga) = My (C1 V Ga);
(i) M3*(G1V G2) = qayv Ga (P1p2 — 1) = (p1p2 = )M1(G1 V G2) + Ma(G1 V Ga).

Proof The proof is straightforward by Proposition 2.5. O

Theorem 3.10 Let Gy and Gy be any two graphs with e(v) # 1, Vv € V(G1) UV (G2). Then

(i) MP(G1& G2)=Mi(G1® Ga);
(ii) MP¢(G1 & G2) = qc,0 c» (p1p2 — 1)2 — (p1p2 — V)M (G1 ® G2) + M2(G1 & G2).

Proof The proof is straightforward by Proposition 2.5. |

Join. The join G; + G2 of two graphs G and G2 with disjoint vertex sets |V (G1)| =
p1, |V(G2)| = p2 and edge sets |E(G1)| = q1, |[E(G2)| = g2 is the graph on the vertex set
V(G1) UV (G2) and the edge set E(G1) U E(G2) U {uiuz : u1 € V(G1);u2 € V(G2)}. Hence,
the join of two graphs is obtained by connecting each vertex of one graph to each vertex of the
other graph, while keeping all edges of both graphs. The degree of any vertex u € G; + G3 is
given by
dega, (u) + pa, if u e V(Gy);
dega, ya,(u) = ,

degg,(u) +p1, if ue V(Gs).

By using the definition of the join graph G = Z G, we get the following lemma.
i=1
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Lemma 3.11 Let G = Z G; and u € V(G). Then
i=1

— YAy
degge(u) _ |V(G)| 17 u € ‘/e (Gl)z
pi — 1 —degg,(u), ueV(G;)—VNG;), fori=1,2,...,n

Theorem 3.12 Let G = Z G;. Then
=1

MP(G) = (V(G)] - 1)* Y V(G |+Z[M1 )t pi(pr— 1) — dgi(pi — 1))
=1

Proof By definition,

MPG) = N [degBw)] =" ST [degB(w))”

uev(G) i=1 eV (Gy)
= Z Z [degge(uﬂ2 + Z Z [pi — 1 — dega, (u)]2
i=1 ueV2(Gy) i=1 weV(Gy)—V1(G:)
= (V&) -1)" Y VHGHI+ Y Mi(Gr).
i=1 i=1
This completes the proof. O

Theorem 3.13 Let G = Z G;. Then

=1

G)|-1) Z|V1 [ Q) -1) —1+Z|V

+2Z —pj —2%)] +Z [gi(pi = 1)% = (pi = DM1(Gy) + Ma(G5)]

My (G) =

N)I)—l

i=1
n
+ Z (0F —pi—2a) D (0 —pi —205)-
i=1 j=i+1
Proof By definition, we get that
e 1 € e
MY (G) = Y degd®(u)degg“(v) =5 D degd®(u) Y degd®(v)

uweE(G) ueV(QG) vENgG(u)



118 Akram Algesmah, Anwar Alwardi and R. Rangarajan

l\DI)—A

Z deg&® u{ Z degge(v)—i—z Z degge(v)}
V(G;

) veNg, (u) J=1veVv(G;)
FE

(V@) 1) [(|V<G>| SD(VAGH -1+ S degar(v)

veV(G;)—=VH(Gy)

ue

N =

M: :\IMS HMS

L

uEVel(GZ)

v@-m@ 3 dem )|

veV(G,;)-VI(Gy)

+

.S
Il

n

+
N —

3 degc—iw)[uwan—1>|VJ<G1->|+ S dega(v)

i
=l ueV(G;) -V} (Gi) vENG, (w)=VJ (Gy)

(V@I =DV @+ 3 deas(o)]

veV(G;)-VAG;)

..
M :

M
LN

|—1Z|V |{ Q)| -1) —1+Z|V
zn: - pi — 2qi) {(IV |—1i

i=1

l\DI»—l

N)IH

+
hE

(p5 — p;i — 2q;) } +

<.
Il
-

3

1

(P} —psi — 2qj)} + ai(ps = 1)° = (ps = D)Mi(Gs) + Ma(Gs)]

+
hE

7
%IV |—1Z|V |{ @l-1 —HZIV
+QZ (p?—pj —2%)} +Z [qz( i 1) (p i—l)Ml(Gi)+M2(Gi)]

+> 0 (0F —pi—2a) Y (9 -5 —2q5)-

1 j=i+1

7

Note that, the equality

% Z (p12 - 2%)

=1

M:

(0 =i —24;) = > (0 —pi —24:) D (0] —pi —245),

L.

w1
S
s
Il
—
<.
|
s
+
=

is applied in the previous calculation.

Corollary 3.14 IfG; (i =1,2,---,n) has no vertices of full degree (V}(G;) = ¢), then

(i) MPe(DGi) =) Mi(G);
=1 =1
(i) M (3 Ge) =D [ai(pi = 1)* = (i = DM(Gi) + Ms(G)]
n—1 n
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Corona Product. The corona product G1o G2 of two graphs G and G, where |V (G1)| =
p1, [V(G2)| = p2 and |E(G1)| = ¢1, |E(G2)| = g2 is the graph obtained by taking |V(G1)|
copies of G2 and joining each vertex of the i-th copy with vertex u € V(G;1). Obviously,
[V(G10 G2)| = p1(p2 + 1) and |E(Gy o G2)| = 1 + p1(g2 + p2). It follows from the definition
of the corona product G; o G2, the degree of each vertex u € G; o (G2 is given by

degg, (u) + p2, ifue V(Gy);

dega,o s (’U,) = .
dega,(u) +1, if u e V(Ga).

We therefore know the next lemma.
Lemma 3.15 Let G = Gy o G2 be a connected graph and let v € V(G). Then

pgdeggf(u), u € V(Gh);

De _
degg®(u) = D . )
padeggf(v), u € V(G)—V(G1), where v € V(G1) is adjacent to u.

Theorem 3.16 Let G = G o Gy be a connected graph. Then

(i) MP(G)=p3(p2 + 1)MP(Gh);
(i) MP(G) = piMPe(G1) + p3 (g2 + p2) MP(Gy).

Proof By definition, calculation shows that

(i) MP(G) = Y [degBe(u)]”

ueV(G)
= Z [deg Z Z deg
uGV(Gl) 'UGV(Gl)’U.GV(Gz)
2
= Z [pgdeg Z Z pgdeg )}
UEV(G1) ’UEV(Gl)UEV(Gg)
—p2M1De(G1) +p3M{P(Gh).
(ii) M3*(G Z deg”(u) > deg”?(v)
uEV G) vEN (u)
2 Z deg [ Z deg Z deg }
ueV(G1) vENG, (u) veV(Ga)
I D IR U1 deg£€<w>+deg£€<v>}
veV(G1) ueV(Ga) weNG, ()
1 e
5 3 e X padeal0) + pideats (o)
uGV(Gl) vENG, (u)

+— ST padegBi(v [pzdegcl( )degcz(U)eradegé’f(v)}
v€V(G1)u€V(G2)

=p3 My (Gh) + p3 (g2 + p2) M (Gh).
This completes the proof. O
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Example 3.17 For any cycle C},, and any path P,,,
dp1p3(p2 +1), p1is odd;

(Z) MlDe(Cpl o sz) = ) ]
pips(p2 +1), pi is even.

iy 8p1p3, p1 is odd;
(i) M2D€(Cp1 o Py,) = . .
2p1p5, p1 is even.

Example 3.18 For any two cycles Cp, and C),,

(i) MP<(C,, o C,,) = Ap1p3(pe + 1), p1 is odd;
1 P p2) —

pip3(p2 +1), p1is even.

4p1p3(2p2 + 1), p1 is odd;

(i) MPe(Cp, 0 Cp,) =
" " p1p3(2p2 + 1),  pi is even.
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