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1. INTRODUCTION

A ruled surface is a curved surface which can be generated by the continuous motion of
a straight line in space along a space curve called a directrix. This straight line is called a
generator, or ruling, of the surface. The importance of the ruled surface lies in the fact that it
is used in many practical applications in computer aided geometric design. The ruled surface
can be parameterized using the Serret-Frenet frame, however, this frame is undefined wherever
the curvature vanishes, such as at points of inflection or along straight sections of the curve
[8]. Thus, Bishop introduced a new frame along a space curve which is more suitable for
applications [6]. But, it is well known that Bishop frame calculations are not an easy task, see
[23l 24]. Therefore, various alternative methods have been proposed for computing the ruled
surfaces, see [[13}[14]]. Klok defined the sweep surfaces using rotation-minimizing frames [17].
A robust computation of the rotation minimizing frame for sweep surfaces was introduced by
Wang [23]]. Inspired by the work of Coquillart [11], Mustafa introduced a new adapted frame
along a space curve and denoted this the quasi-frame [20]].

This paper is divided into three main parts. The first part is the introduction, which gives a
brief idea about this article. The second part deals with the basic concepts of the theory of the
classical differential geometry of curves in Euclidean 3-space. Also, the concepts of the quasi-
frame and quasi-equations are highlighted. The main results of this paper, which deal with the
study of skew ruled surfaces by using the quasi-frame of Smarandache curves are presented in
third part of this paper. Moreover, some computational examples are illustrated to confirm the
effectiveness of the proposed method.

2. PRELIMINARIES

Let o = () be a unit speed curve in Euclidean 3-space E3; by x(s) and 7(s) we denote the
natural curvature and torsion of & = ax(s), respectively. We assume " (s) # 0 for all s € [0, L],
since this would give us a straight line. Throughout the paper, o' (s) denotes the derivative of
a with respect to arc length parameter s. For each point of «(s), the set {t(s), n(s), b(s)} is
called the Serret-Frenet frame along a(s), where t(s) = a'(s), n(s) = o’ (s)/ Ha”(s)” and
b(s) = t(s) x n(s) are the unit tangent, principal normal, and binormal vectors of the curve at
the point «(s), respectively. The arc-length derivative of the Serret-Frenet frame is governed
by the following:

t//(s) 0 k(s) 0 t(s)
(2.1) n(s) | =1 —k(s) 0 7(s) n(s)
b'(s) 0 —7(s) 0 b(s)

Although the Serret-Frenet frame can easily be computed, its rotation about the tangent of
a general space curve often leads to undesirable twist in motion design or sweeping surface
modeling. Also, the Serret-Frenet frame is not continuously defined for a C'-continuous space
curve, and even for a C2-continuous space curve the Serret-Frenet frame becomes undefined at
an inflection point (i.e., curvature x = 0), this causing unacceptable discontinuity when used for
surface modeling. In order to resolve the above problem of the Serret—Frenet frame, Coquillart
and Mustafa et al. introduced a quasi-frame of a space curve as follows [11, 19, 20]:
Given a unit speed curve a = «(s), the quasi-frame (or simply Q-frame) along «(s) is given
by

t x (¢

(2.2) e1(s)=t(s), ex(s) = Tex ¢l e3(s) =t x e,
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where ( is called the projection vector. The relation between Serret-Frenet frame and quasi-
frame is given as follows [[19]]:

€ 10 0 t(s)
(2.3) e | =1 0 cosp sing n(s)
e3 0 —sing cosy b(s)

By taking the derivative of Eq. (2.3]) with respect to s and using the inverse transformation, we
obtain

’
€, 0 K1 K9 (S5}
/

(24) €, = —K1 0 K3 €9
’
e, —ky —kz 0 es

The triple (k1, k2, k3) is called the Q-curvature functions of a(s) and denoted by

K1 = KcCcosp =< e’l,e2>,
(2.5) Ko = —KSin p =< ell,e3>,
Ky =T+ (,0/ =< 6,2,83>.

In terms of these quantities, the Q-geodesics, Q-line of curvatures, and Q-asymptotic lines on
a smooth surface may be characterized as loci along which x; = 0, k3 = 0, and Ky = 0,
respectively. The Q-frame have many advantages over Serret-Frenet and Bishop frames. For
instance, the Q-frame can be defined even along a line (i.e., curvature x = 0). However, the
Q-frame is singular in all cases where t and ¢ are parallel. Thus, in these cases, where t and ¢
are parallel, the projection vector ¢ can be chosen as = (0,1,0) or { =(0, 0, 1) (for details, see
(19D).

Remark 1. If k3 = 0, then the Q-frame {e;(s), e2(s), e3(s)} turn out to the Bishop frame. In
this case, one can show that:

K2

K1 = KCOSp, Ko = Ksin g, ¢ = tan™* <,T1) i k1 # 0
(2.6) s
© — o = —[7ds.

S0
3. DIRECTIONAL RULED SURFACES

The parameterized surface
3.1) M :P(s,v) = a(s) + vL(s), v € R,

is called a ruled surface; a(s) is called the base curve, and the line passing through a(s) which
is parallel to L(s) is called the ruling of the surface at c(s). The surface P (s, v) is regular, if
P, x P, # 0 for all points, where P and P, are the partial derivatives of P (s, v) with respect
to s and v, respectively (see [2, 12} 15,16, [18]).

3.1. Directional Smarandache curves . It is known that Smarandache geometry is a geome-
try which has at least one Smarandache denied axiom [1l]. An axiom is said to be Smarandache
denied, if it behaves in at least two different ways within the same space. Smarandache geome-
tries are connected with the theory of relativity and the parallel universes. Smarandache curves
are the objects of Smarandache geometry.

Consider a curve @ = a(s) in E? and let {e;(s), ex(s), e3(s)} be a quasi-frame of o and k4,
ks, and k3 the curvature functions in arc length parameter s of a. So, we have the following
definition (for more details, see [3 4} 15,16, [7, 8. 19, (10} (13} 21} 22])).

Definition 3.1. A regular curve o(s) in E?, whose position vector is obtained by quasi-frame
vectors of another regular curve r(s) is called Smarandache curve.
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In the following examples, we investigate some special Smarandache curves of a given curve
according to its quasi-frame called e;e;—, e;e3—, eses—Smarandache curves and then obtain
some of their differential geometric properties which represent the main results.

3.1.1. ejey-Smarandache curves . Let r = r(s) be a space curve in E3with Q- frame {e;(s),
es(s), e3(s)}. Then the e;eo— Smarandache curves of r are defined by

(3.2) a(s) = % (e1+e2).

The curvature functions x, and 7, of o can be computed as follows:

D=

1 KT (267 + (K2 + K3) ?) 2
o = | F (K31 + Kokt — Ky (K2 + Kg) — K2 (267 + (K2 + K3) %)) ® |
U\ + (k51 + Khry — Ky (Ko + K3) + K3 (267 + (Ko + K3) 2)) 2

1
(33) A\ = 2<n§+§(@+m3)2> 32,

(—rhKy — Kokt + K (Ko + K3) + Ko (263 + (K2 + K3) ?))
(Khko + (3K% + 2kh) k3 + K1 (3K) + K3 + K3 + K3) — K])
Q — (Khk1 + Khky — K (K2 + K3) + K3 (267 + (Ko + K3) 2)) .
o ((2K5 + 3Kh) ke + Khkg — k1 (—3K) + K2 + K3 + K2) + KY) ’
—k1 (263 + (Ko + K3) 2)
(—rj4k1 + Khky + 2K (Ko — K3) + (Ko + K3) (K3 + K2 + K3) — K — K5)
K2 (263 + (Ko + K3) 2) 2
(B4) A= | +(kyr1+ KhRy — Ky (K2 4 K3) — Ko (267 + (K + h3) %))
+ (kb1 + KRy — K (Ko + K3) + K3 (263 + (ko + K3) %)) 2

3.1.2. ejez-Smarandache curves . Letr = r(s) be a space curve in E3with Q- frame {e;(s),
es(s), e3(s)}. Then the e;e3— Smarandache curves of r are defined by

(3.5) B(s) = % (e1+e3)

The curvature functions xg and 75 of 3 can be computed as follows:

N[

1 (=K + Ky)Ko + K1 (263 + (k1 — K3) 2) + Ky (k1 — K3)) 2
B 2 2 1 3 )
Fu\ o (k) + k) kg + KD (k1 — K3) 4 (262 4 (k1 — k3) %) kg) 2
1
(3.6) p; = 2 (n% + 5 (k1 = 53>2> 92,

AJMAA, Vol. 17 (2020), No. 1, Art. 11, 16 pp. AJMAA


https://ajmaa.org

RULED SURFACES ACCORDING TO QUASI-FRAME 5

k2 (265 + (K1 — K3) )

(K} + K5 ko + 2k, (k1 + K3) + (k1 — K3) (K + K3 + K3) — K + K5)

— (=K} + Ky ko + K1 (263 + (k1 — K3) %) + Kb (K1 — K3)) _
L (—r% (k1 — 3K3) — 2K K3 + Ko (3K + KT + K3 + K3) — KY) ’

— ((—F) + Ky ) kg + K (K1 — K3) + (263 + (k1 — K3) ) K3)
(—2r%k1 + K (31 — K3) — ko (—3Kh + K2 + K3 + K3) + KY)
(=) 4 K3k + w1 (265 + (K1 — K3) %) + kY (k1 — K3)) 2
(37) Ho = +I€% (2/%% + (/‘il — Hg) 2) 2
+ ((—KY + Ky ko + Kb (k1 — K3) + (263 + (k1 — K3) 2) K3) 2

S

3.1.3. eses-Smarandache curves . Let r = r(s) be a space curve in E? with Q- frame {e;(s),
es(s), e3(s)}. Then the e;e3— Smarandache curves of r are defined by

(3.8) v(s) = % (e +e3).

The curvature functions x, and 7., of v can be computed as follows:

ol

1 ((Iil —+ Hz) 21'13 -+ 2/'4533) 2
— |+ (855 (k1 + K2) — (K] + 85)ks + ki (K1 + K2) ? + 263)) 2
YU\ A+ (—rh (k1 + ko) + (K + Kh) ks + K (k1 + ko) 2+ 263)) 2

1
2 <§ (K1 + ko) 2 + f£§) 32,

=N
3
Il

39 1y

— (K5 (k1 + ko) — (K} + K5)ks + k1 (k1 + K2) 2 + 2K3))

(2K Ko + Kb (K1 + 3ka) + k3 (3K + K2 + K3 + K3) — Kj
V2 + (=5 (K1 + ko) + (K] + Kh)ks + Ko (K1 + K2) ® + 2K3)) .
Vs (264 k1 + K (3K + ko) — K3 (—3K5 + K2 + K3 + K3) + KY) '

—|—/€3 ((Hl + Hz) 2 + 2%%)
(2K5 (K1 — ko) + (K] — Kh)K3 + (K1 + K2) (K3 + K3 + K3) — K] — KY)
((lil + KJQ) 2/13 —|— 2/133) 2

(3u49) = + (K (k1 + K2) — (K) 4 Kh)ks + Ry (k1 + K2) ® + 263)) 2

+ (—/ié (/-61 + /12) + (Klll + K/Q)Ifg + ) ((/411 + /fg) 2 + 2%%)) 2

Ty =

3.1.4. ejeses-Smarandache curves. Letr = r(s) be a space curve in E? with Q-frame {e(s),
es(s), e3(s)}. Then the e;eae3— Smarandache curves of r are defined by

(311) 5(§> = %(61+62+63).

The curvature functions x5 and 745 of 6 can be computed as follows:
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—Iié (Iil + Iig) + l€/2 (—lil + Iig) + H&HQ + K3 2
+2/§J2 (H% + Iig + K1 (Iig — lig) -+ RoK3 + Iﬂg)

! ! ! 2
Ky (K1 + Ka) + Kb (k1 — K3) — K] (Ko + K3)
+ 2 2 2
+2k3 (K] + K3 + K1 (K2 — K3) + Kaks + K3)

/ / / 2
L ks (K1 + ko) + kY (k1 — K3) — K] (K2 + K3)
+2k1 (K2 + K1k + K2 + (=K1 + ko) K3 + K3)

Ky (K1 + K2) + K5 (K1 — k) — kY (K2 + K3)
—2ky (K? + K3 + K1 (Ko — K3) + KoKz + K3)
( /<L/1 (3/11 + /€2) + 2/'{,2 (Kjl + :‘i3) + Ké (/iQ + 3/'{3) )
+ (k1 — k3) (K + K3 + K3) — K + KY
Ky (K1 4 K2) 4 Ky (K1 — K3) — K (K2 + K3)
+2k3 (K2 + K3 + K1 (Ko — K3) + KoKz + K3) ) '
2K (K1 — ko) + K (=3k1 + K3) — K (3K + K3) ’
+ (k1 + ko) (K3 + K3 + K3) — K — K
- Ky (K1 + RKa) + Kb (k1 — K3) — K (Ko + K3)
( +2k1 (K2 + Ki1ko + K3 + (—F1 + Ko) K3 + K2) )
kY (K1 + 3ka) — Kb (k1 — 3K3) + 2K (K2 — K3)
+ (Ko + K3) (K] + K3 + K3) — K4 — K}

— K4 (K1 + K2) + Kb (=K1 + K3) + K] (K2 + K3) 2
+2k9 (K2 + K3 + K1 (K2 — K3) + Kaks + /{%)

VT
(3.12) &1 = (2 (K] + K3 + K1 (K2 — K3) + Kok + K3 )3/2)
Lo VBT
T g
(3.13) §y =

3.2. Examples .

/ / / 2
Ky (K1 + Ka) + kY (k1 — K3) — K] (K2 + K3)
+ 2 .2 p)
+2k3 (K] + K3 + K1 (K2 — K3) + Kaks + K3)
2

Ky (K1 + Ka) + K (k1 — K3) — K] (K2 + K3)

+ 2 2 2

+2k1 (K] + K1k + K3 + (=K1 + K2) K3 + K3)

Example 3.1. Assume that the curve r(s) is given by

= (sin (e%) ,sin (e®) , €%).

It is verify that the Serret—Frenet curvature and torsion of this curve are obtained by

respectively.

Hence 7 = 0, the angle between the rotation minimizing frame (Bishop frame) and the Serret-
Frenet frame is constant, therefore the Bishop frame is also not suitable for this example. The

V/2sin (e?)

N (2 + cos (2e#))*/*

and T =0,

quasi-frame can be calculated by

1 cos (e*)
e = O )
\/1 +cos?(es)  \/1+ cos? (e%)

N

o — 1 0 cos (e*)
° \/1+(:os2 "1+ cos?(ef) )

AJMAA, Vol. 17 (2020), No. 1, Art. 11, 16 pp.
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cos® (e*) 1 cos (€%)
2 s s 2 s s
/14 cos? (e2)/2 + cos (2¢2) \/2 3+COS = " /T4 cos? (e5)4/2 + cos (2¢°)
Also, the quasi-curvature functions are obtained as follows
e® (sin (e®) + cos (e*) sin (2¢*))
1+ cos? (e%) (2 + cos (2¢9))*/*’

B e® cos? (e*) sin (e*) e’ sin (e*)
P VTR (@) 2o ) (24 cos (20)2 o g2
e® cos (€°) sin (2¢°)
1+ cos? (&%) (2 + cos (2¢5))*

e’ sin (2¢°)
2 4 cos (2¢%) (3 4 cos (2¢2))

Ry = —

Now, we can construct the following Smarandache curves according to quasi-frame vectors
as follows:

1. e;e;—Smarandache curve
The e;e;—Smarandache curve « is given by

e + ey

v

and can be calculated as follows

1 1 + cos(e®)
V2 \/1+c082(es) \/2+COS(2€S)
cos(e®)

Q= V/24/24+cos(2e%)
1 cos(e®) + 1
V2 \/l—l—cosz(es) \/2+cos(2es)
Using Eqgs. (3.3) and (3.4), the curvatures of « are computed as follows

€5 (12 + 9 cos (2¢°*) + cos (4e*))
€2 sin® (%)
(645 cos(2e®)+cos?(2e3))°

Kk = )
4 e2s (37+28 cos(2e5)—4v/2 COS(@S)\/2+COS(2€S)\/3+COS(2€S)+3 cos(4es)) sin?(e*) 3/2
(13410 cos(2e3)+cos(4es))?
o — 37 + 28 cos (2€°) — 4v/2 cos (e*) \/2 + cos (2¢5)1/3 + cos (2¢)
b +3 cos (4e?) ’

T=0.

The ruled surface generated by the base curve r and generator « is given by

Ml : ‘I’l(S,t) :B—i—tOé;tGR,
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Figure 1: The quasi-spherical curve .

which is calculated as follows

t cos(e®) o t
\/5\/2+cos(265) \/3+cos(2es)
t cos(e®) . s
\Ill(s,t) = \/EW E"‘Sln(e )
s t t cos(e®)
e \/5\/2—&—003(2@5) \/3+cos(2es)

+ sin (e*)

The ruled surfaces according to Serret-Frenet and quasi frames are shown in Figures [2a] and [2b]
respectively.

Figure 2: (A) Wy with Frenet vectors. (B) W1 with quasi-normal vectors.

2. e;e3—Smarandache curves
The e;e3—Smarandache curve [ is given by

_el—i—e3

ﬁ - \/5 )

AJMAA, Vol. 17 (2020), No. 1, Art. 11, 16 pp. AJMAA
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and can be calculated as follows
cos(es)(cos(es)—I— 1+COS2(€5))
\/2+COS(2€S)\/3+COS(2€S)

B: 1 cos(e®) o 1
V2 \ \/2+cos(2¢%) \/2—3++(253)

cos(e®)+4/ 1+cos?(e®)
\/2+COS(263)\/3+COS(265)

From Egs. and (3.7), the curvatures of 3 are computed as

6s 2

(81 + 79 cos (2¢*) + 15 cos (4e®) + cos (6e*)) sin® (e?)
(2+cos(2e5))8 (3+cos(2e5))”

(625 (15+10 cos(2e%)+v/24/34cos(2e5) (5 COS(e‘S)+COS(365))+COS(465)) sin?(e®) ) 3/27

(645 cos(2e®)+cos?(2e°))?

€ = (15 + 10 cos (2€°) + V/2+/3 + cos (2e*) (5 cos (e°) + cos (3€*)) + cos (465)) ,

Figure 3: The quasi-spherical curve 5.

The ruled surface generated by the base curve r and generator [ is given by
My : Wy(s,t)=r+tp;t eR,

which is calculated as follows

tcos(e®) <cos(es)+\/1+T2(eS))

2+cos(2€s)\/3+cos(2es) tsin (6 )
\/icos e%)—+/3+cos(2es
Wy, t) = | 2 VBreol)

2\/2+cos(2es)
t (cos(es)+ 1+cos? (es))

\/2+COS(2€S ) \/3+COS(263)

The ruled surfaces according to Serret—Frenet and quasi frames are shown in Figures[@a)and 4b]
respectively.

S
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Figure 4: (A) W with Frenet vectors. (B) Wy with quasi-normal vectors.

3. eses—Smarandache curves
The e;es—Smarandache curve -y is given by

e2+e3

7

and can be calculated as follows

cos?(e%)—~/2+4cos(2e%)
\/2+COS(285)\/3+COS(263)

= - 2+cos(2e%)
,}/ 2 3+4cos(2e9)

cos(e®) (1—&-\ / 2+cos(265))

\/2+COS(2€S) \/3+cos(263)

According to Egs. (3.9) and (3.10), the curvatures of y are computed as

\/_ €65 (1249 cos(2e5)+cos(4e)) eg sin®(e?)
(13410 cos(2€5 ) +cos(4e5))®

<623 (29—&-12\ /2+cos(2e®)+4 cos(2e9) <6+ 2+COS(263)) +3 cos(4es)) sin?(e®) ) 3/2

(13410 cos(2e3)+cos(4es))?

2971 + 1584+/2 + cos (2e°) + 8 cos (2¢)
<453 + 2054/2 + cos (268))

@ = +4 (263 +844/2 1 cos (268)) cos (4¢*) ’
8 (19 +34/2 + cos (2es)> cos (6e®) + 9 cos (8¢*)

T=0.

The ruled surface generated by the base curve r and generator + is given by

M; : Ws(s, t) =r+tyteR,

AJMAA, Vol. 17 (2020), No. 1, Art. 11, 16 pp.
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Figure 5: The quasi-spherical curve 7.

which is calculated as follows

t(cosz(es)f\ /2+cos(2es))

\/2+COS(2€S)\/3+COS(2€S)
-t i s

‘1’3(37t) = 2‘“’% +sin (e )

t cos(e®) <1+\ / 2+cos(2es))

\/2+COS(263)\/3+C0S(265)

+ sin (e*)

S

The ruled surfaces according to Serret-Frenet and quasi frames are shown in Figures [6a and [6b]
respectively.

Figure 6: (A) W3 with Frenet vectors. (B) W3 with quasi-normal vectors.

4. e;eye3— Smarandache curves
The e;e;e3—Smarandache curve d is given by

_e1+e2+eg

0= :
V3

AJMAA, Vol. 17 (2020), No. 1, Art. 11, 16 pp. AJMAA
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and can be calculated as follows

cos? (eS)+cos(eS)\/l+cos2 (es)— \/2+COS(2€S)
\/5\/1+0052(es) \/2+cos(2es)

cos(e®) 1

— 1 —
0= V3 /2+cos(2e?) \/Q—W>
A/ 1+cos?(es)+cos(e®) (l+ 2+COS(268))

\/g\/lJrcos2 (e?) \/2+cos(2es)

In the light of Egs. (3.12)) and (3.13) The curvature and torsion of § are computed as

\/E\/e65(12+9 cos(2e5)+cos(4es)) €2 sin®(e?)
- 2 (645 cos(2e®)+cos?(2¢e3))° .
B €25 €5 sin?(e’) 3/2 ’
< (645 cos(2e5)+cos? (2e5))? )
12 + 3+/2 4 cos (2€5) + /2 cos (e°) 1/3 + cos (2¢%)
€ = (2 + cos (2€®) — /2 + cos (265))
+ cos (2¢*) (9 + /2 + cos (265)> + cos (4e®)
12 4 34/2 + cos (2¢%)
€5 = +v/2cos (e°) /3 + cos (2¢%) <2 + cos (2€®) — /2 + cos (265)> 7

+ cos (2¢*) (9 + W) + cos (4e®)

Figure 7: The quasi-spherical curve 6.

The ruled surface generated by the base curve r and generator J is given by

My - @4(8,15) =r+4+td;teR,
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which is calculated as follows

t(cos(es) (cos(es)+\/l+c052(es)) 7\/2+cos(2es))
\/g\/1+cos2 (65)\/2+COS(2€S)
o t cos(e®) . 1 . s
\I’4<S7 t) - \/g (\/2+COS(2€S) \/2—43+C0§(253) ) + St (e )
sy t(« / 1+cos?(es)+cos(e®) (1+ 2+cos(2es)>>

\/g\/lJrcos2 (es)\/2+cos(2es)

+ sin (e)

(&

The ruled surfaces according to Serret-Frenet and quasi frames are shown in Figures [8a and [8b]
respectively.

Figure 8: (A) W4 with Frenet vectors. (B) W4 with quasi-normal vectors.

Since the Serret-Frenet frame vectors (normal and binormal vectors) are not defined at points
where the curvature of the curve is zero. Hence, the analytical expression of the ruled surface
around a straight line is not obtainable. Therefore, in the following example, we obtain the
analytical expression of the ruled surface generated by a line with a quasi-frame vectors.

Example 3.2. Consider the curve r(s), given by
r= (e’ e*0).

It is easy to see that this curve is a straight line and Serret-Frenet curvature vanishes.
The quasi-frame vectors can be calculated by

1 1
€ = _7_70 )
1 (\/5 V2 )
e2:(07071>7

Smarandache curves of r are constructed as follows
11 1 1 1 1
(X (2 ) 2 bl \/5) ) /8 < ) b ) bl fy (2 ) 2 ) \/§>
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The ruled surfaces generated by the line with the quasi-frame vectors are, respectively given by
t t t
W, (s,t) = et o, —
1(87 ) (6 +276 +2a\/§)7
Wy(s,t) = (e’ +t,e0),

t t t
\Ilg(S,t) = (€S+§,€s—§,—2) .

These ruled surfaces are shown in Figure 9]

Figure 9: Ruled surfaces generated by straight lines with quasi-frame vectors.

4. CONCLUSION

In this study, ruled surfaces constructed by Smarandache curves according to quasi-frame are
discussed. Also, some special Smarandache curves and their differential geometric properties
are investigated. Finally, computational examples to confirm our main results are given and
plotted. All calculations and figures in this paper have been done by using Wolfram Mathemat-
ica 7.0.
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