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Abstract: In this paper, we investigate Smarandache curves according to type-2 Bishop
frame in Euclidean 3- space and we give some differential geometric properties of Smaran-
dache curves. Also, some characterizations of Smarandache breadth curves in Euclidean 3-

space are presented. Besides, we illustrate examples of our results.
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81. Introduction

A regular curve in Euclidean 3-space, whose position vector is composed by Frenet frame
vectors on another regular curve, is called a Smarandache curve. M. Turgut and S. Yilmaz
have defined a special case of such curves and call it Smarandache TBy curves in the space
E} [10]. Moreover, special Smarandache curves have been investigated by some differential
geometric [6]. A.T.Ali has introduced some special Smarandache curves in the Euclidean space
[2]. Special Smarandache curves according to Sabban frame have been studied by [5]. Besides, It
has been determined some special Smarandache curves E3 by [12]. Curves of constant breadth
were introduced by L.Euler [3].

We investigate position vector of curves and some characterizations case of constant breadth

according to type-2 Bishop frame in E3.

82. Preliminaries

The Euclidean 3-space E® proved with the standard flat metric given by

<,>=da} + daj + dr}
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where (21, 72, ¥3) is rectangular coordinate system of E3. Recall that, the norm of an arbitrary
vector a € E3 given by |la|| = /< a,a >. ¢ is called a unit speed curve if velocity vector v of
¢ satisfied |Jv]| =1

The Bishop frame or parallel transport frame is alternative approach to defining a moving
frame that is well defined even when the curve has vanishing second derivative. Omne can
express parallel transport of orthonormal frame along a curve simply by parallel transporting
each component of the frame [8]. The type-2 Bishop frame is expressed as

& 0 0 —& &1
S 1 =10 0 —e || & (2.1)
B €1 €2 0 B

In order to investigate type-2 Bishop frame relation with Serret-Frenet frame, first we
B'=—7N = 5151 + 6252 (22)

Taking the norm of both sides, we have

Moreover, we may express
e1(s) = —7cosb(s), €a(s) = —7sinb(s) (2.4)

By this way, we conclude 0(s) = Arctan i—2 The frame {&;,&, B} is properly oriented,
1

and 7 and 6(s) = [ k(s)ds are polar coordinates for the curve a(s).

C—un

We write the tangent vector according to frame {&1, &2, B} as
T =sinf(s)& — cosb(s)&2
and differentiate with respect to s

T'=kN = 0'(s)(cosf(s)& + sinf(s)&2) (2.5)
+sin0(s)&; — cosB(s)&, '
Substituting & = —e1B and £, = —e3B in equation (2.5) we have
kN = 6'(s)(cos 0(s)&1 + sinf(s)&2)

In the above equation let us take 0'(s) = k(s). So we immediately arrive at

N = cosf(s)&1 + sinf(s)éa
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Considering the obtained equations, the relation matrix between Serret-Frenet and the type-2

Bishop frame can be expressed

T sinf(s) —cosf(s) 0 &
N | = | cosf(s) sinf(s) 0 | .| & (2.6)
B 0 0 1 B

§3. Smarandache Curves According to Type-2 Bishop Frame in E?

Let a = a(s) be a unit speed regular curve in E% and denote by {£§, &5, B} the moving Bishop

frame along the curve a. The following Bishop formulae is given by

€ = —e7B7, €8 = —e§B%, B = efey + 368

3.1 &16-Smarandache Curves

Definition 3.1 Let o = a(s) be a unit speed reqular curve in E® and {£5, €S, B} be its moving

Bishop frame. £&1&3-Smarandache curves can be defined by
Bs™) = (65 +65) (3.1)
\/5 1 2 :

Now, we can investigate Bishop invariants of &;&;-Smarandache curves according to o =
a(s). Differentiating (3.1.1) with respect to s, we get

: d ds* -1
=B e vep)Be

= ds* ds 2
(3.2)
ds* -1
where Is* .
S « «
gzﬁ(fl +52) (33)
The tangent vector of curve 3 can be written as follow;
Tp = —B" = —(e7¢7 +6563) (3.4)
Differentiating (3.4) with respect to s, we obtain
dly ds*
.2 (3.5)

=18l +e38y

ds* ds
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Substituting (3.3) in (3.5), we get

I \/5 [eWale}? (e ale?
Ts= M(Elgl +e5¢5)

Then, the curvature and principal normal vector field of curve g are respectively,

V2

« «
el +¢&5

(€)% + (e3)°

7 = s =

1
Np = ———— (167 +555)

(e9)% + (¢%)

On the other hand, we express

1 P oBe
a)2 a)2
(51) + (52) E(ft Eg 0

So, the binormal vector of curve [ is

1
By = ———— (367 — £763)
(9)” + (&5)

We differentiate (3.2); with respect to s in order to calculate the torsion of curve 3

B= {5 +eqegler

+ 6968 + (9)]€g + [£9 + 3]} B

and similarly
-1
p= E(alf? + 0265 + 65 B)

where
«

o1= 3efef+efes+2eTes- (1) - (e7)" €3
. . ' 2 3

do= 2efef+efe§+3e5ed-ef (€3)° - (€9)

03= ef +¢€5

The torsion of curve 3 is

= ey T T e (ERes + (65))01 — (65 +e5)(e1)” + =fe8)]62)

3.2 &1 B-Smarandache Curves

Definition 3.2 Let o = a(s) be a unit speed reqular curve in E® and {£5, €S, B} be its moving
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Bishop frame. & B-Smarandache curves can be defined by

B(s") = —= (& + BY) (3.6)

7

Now, we can investigate Bishop invariants of £; B-Smarandache curves according to a =

a(s). Differentiating (3.6) with respect to s, we get

Looapg odst -1, . o
f= I ds \/5(513 + ef&T +e5¢5)
(3.7)
ds* -1
Ts oo = E(—E?Ba +eTET +e565)
where
* a2 )2
ds 2
The tangent vector of curve 3 can be written as follow;
1 [eFale’? (e ale? (0% (0%
Ts = 5 5 (eT€r +e585 — e BY) (3.9)
2(e7)” + (¢3)
Differentiating (3.9) with respect to s, we obtain
dlgs ds* 1 o o o
F—= 7 (& +a +3 B”) (3.10)
ds* ds an2 an2] 2
[2(e8)° +(5)°]

where _ .
m= efeges+ey (e3)”
po=2(e%)" eg-2eTetes+2 (ef)" e3-2 (e7)” e5-€f (£9)

pz= efeses —2(ef) + (e9)% (e5)” — ef (9)°

Substituting (3.8) in (3.10), we have

| ﬁ (o3 (o3 (o7
Tﬁ = 2(#151 + p2és + usBY)

[2(e8) + ()]

Then, the first curvature and principal normal vector field of curve  are respectively
V2 \/ﬁ
=Kg=T— % 32 + ps +
H H 8= E‘f‘)2+(5§‘)2]2 M 125) M3
1

———— (&1 + p2&y + psBY)
Vit ps 4 s

Ng =
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On the other hand, we get
1 (o7 (o7 «
Bg= (126§ +p3ed )€

2 2
Vi tp3+p3/2(€9)” 4 (€9)

— (&7 +pslT) €5+ (noef-pey) BY]

We differentiate (3.7) with respect to s in order to calculate the torsion of curve g8

B= SH{[2(e5) +e5)ep
+[—efes +ef — (e9)°)68 _51 “}

and similarly

-1
(1€ +Toéy +T'3B%)

G

where
Ti= -6efed+ed+2(9)
I'y= —25.‘1"52 -£9 53‘4—52 2e§eg+ef (53‘)2—53‘83‘4—(53‘)3
T3= -

The torsion of curve 3 is

)2 a\214 )
A= T Eiﬁ;l(i%igié) {[(-e5e5-5+ (€5)")T

-2((e9)% — )Tt (-eeg-e5 + (e3)°)T3)e
[(ef — 2(e9)*)Ts + e§T1]eg )

3.3 & B-Smarandache Curves

Definition 3.3 Let a = a(s) be a unit speed reqular curve in E3 and {£§, £S5, B} be its moving
Bishop frame. & B-Smarandache curves can be defined by

B(s™) = (62 +B%) (3.11)

%\

Now, we can investigate Bishop invariants of & B-Smarandache curves according to o =

a(s). Differentiating (3.11) with respect to s, we get

- dB ds*
B=—m oo = (e B e +e56)

gs: ds (3.12)
Tp - s (e7€Y + €585 —e5BY)
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where
ds* _ [(e0)’ +2(e5)”
= 3.13
ds 2 ( )
The tangent vector of curve 3 can be written as follow;
a2 a2
2(ef)” + (%)
Differentiating (3.14) with respect to s, we obtain
dlgs ds* 1 o o o
e 7 (€T +mgs +135%) (3.15)
s* ds o2 2] 2
()" +2(5)°]

where .
m= 2(ef (€§)-e5es)

m= (e3)7es + (67)” ef-efefes
a2 L« a3 o4 a4 a2 [ a2
m= () eg+ 2(e5)" - (e7) -2(ef) -3 (1) (¢9)
Substituting (3.13) in (3.15), we have

| \/5 « « «
Ty = 5 (m&T +m285 +n3B?)

[2(e8) + (7]

Then, the first curvature and principal normal vector field of curve § are respectively

V2V s+

(e +2(5)]

1
—————= (&} + S +n3B*)
n +1n3 + 3

Ns =

On the other hand, we express

1
Bs= [(m2e5 +n3e5)ET

2 2
Vit (€9)” +2(€%)

— (m&5+msst) &5+ (n2e7-mes) B

We differentiate (3.12); with respect to s in order to calculate the torsion of curve 3

B= L{lever+es — () ler

+[e5 — 2(c9)%)és — e B}
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and similarly

B = %(mé? + 1285 +n3BY)

where
m= -efed —befef+et+ (e7) €8 + (ef)
M= -4e5e5 + €5 + 2e5
n3= -€5

The torsion of curve g is

o 2 e 214 . . 2
- [i Vli)(njfngiiy 2]) {572 + (5 — 2(c5)*)ms)es
1 2 3

+[2(e8)? m+(efes-e8+ (9)")me

+(-efes+ef)nsles }
3.4 &€& B-Smarandache Curves

Definition 3.4 Let a = a(s) be a unit speed reqular curve in E® and {£5, €S, B} be its moving

Bishop frame. £{&2B-Smarandache curves can be defined by

B(s") = (€8 +65 + BY) (3.10)

Now, we can investigate Bishop invariants of £{*¢; B-Smarandache curves according to

a = «(s). Differentiating (3.16) with respect to s, we get

b dﬁ dS* «a a e} oo aco
= ds* ds %[(51 +£9)BY — ef &y — €583
(3.17)
dS* 1 a o o [e X afe] (e ¥aod
Tp - ds _3[(51 +e9)B — ef €y — €565))]
where
ds* _ [2[(e9)” + efeg + (c3)°) (3.18)
ds 3 |

The tangent vector of curve 3 can be written as follow;

7, - NGB (o 5B 3.19)

V2 +eves + (69)7)
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Differentiating (3.19) with respect to s, we get

dlp ds* (A&PH+A288 +A3B%)
ds* ds
2v2 [(3)° +5eg + (65)°]

(3.20)

e

where

A= [5%{‘—2 (a‘f‘)2 -e§edu(s)-ey [QE?E?+E?E%+E?ES‘+253‘ES‘]
do= [e5-2(e9)” -efesu(s)-egles + efes + 2e5e5]
As=  [e9-eSu(s)+ed (2600 +3e0eg +ePed+265¢S]
aflo ( a)2 )2
+e[ef (65)” +2(e9)7]
Substituting (3.18) in (3.20), we have

VB(AMEL+A2E5+ A3 BY)

T, =
a o2 4 o o (2]’
4[(51) +5152+(52)}

Then, the first curvature and principal normal vector field of curve  are respectively

3VAT + A3+ N2
e

2
4[(e5)” +eteg + ()]

(3.21)

1
Np = ———=—= (M&]" + Ma&§ + A3B?)

VA2 4+ A3+ )3

On the other hand, we express

. & & B
Bj= det | ef e (e +e5)
(6% 2 [ePNe} (07 2
\/2[(51) +51 52+ (52) ] "V )‘%—F)‘%—"Ag )\1 )\2 )\3

So, the binormal vector field of curve 3 is

1

\/2[(51) +efes+(e5)7] - v )‘%‘H‘%‘H‘%

Bs =

{l(e7 +e5)M

— e AgJET [T Aa- (e + €3) 165 +[eT Ao-e5 M | B}

We differentiate (3.20) with respect to s in order to calculate the torsion of curve (3
B= -Js{[2(ef)" +efep-efles

+[2 (69)" +efed-e5165+ [e7+ €] B}
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and similarly

5 = -%(015? + 028y + 03B”)

where
m= Adefef+3efes-ef-2(ef)” - (e7)" €8

ma= befegtefes+etes-e5-2(e9) -ef (€%)
ns= e5+eg
The torsion of curve 3 is

o 16[(e%)24+e%eS +(5)?)? 2 y p 2
mim MDD (0 (o) tefeg oo +He5-2 () <Fe8)on

+(2(e9) +efeg-e)osled+[-e9-265+2 (63)° +e5e3 )

2

+(-2(e9)? -efeg +ef)o2 + (2 (€9)? +efeg-e9)os)es )

§4. Smarandache Breadth Curves According to Type-2 Bishop Frame in E?

A regular curve with more than 2 breadths in Euclidean 3-space is called Smarandache breadth

curve.

Let o = a(s) be a Smarandache breadth curve. Moreover, let us suppose o = «(s) simple
closed space-like curve in the space E3. These curves will be denoted by (C). The normal plane

at every point P on the curve meets the curve at a single point ) other than P.

We call the point @ the opposite point P. We consider a curve in the class I' as in having

parallel tangents &; and & opposite directions at opposite points o and a*of the curves.

A simple closed curve having parallel tangents in opposite directions at opposite points

can be represented with respect to type-2 Bishop frame by the equation
a’(s) = a(s)+ A+l +nB (4.1)

where A(s), ¢(s) and n(s) are arbitrary functions also o and o* are opposite points.

Differentiating both sides of (4.1) and considering type-2 Bishop equations, we have

do*  ds*  dA dy
d—s—fl ds (d_s +ne1+ D&+ (-

ds 27752)52 (4.2)

+ (—Ae1 — pea + d—Z)B
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Since & = —&; rewriting (4.2) we have

X ds*

>z 11—
ds e ds

d
d—w = —@52 (4'3)
S

d
ST = et + pes
ds

If we call 6§ as the angle between the tangent of the curve (C) at point a(s) with a given

do
direction and consider g5 = we have (4.3) as follow:
s

d\ €1
s 0
7 n——f(0)
do . _ 22 (4.4)
do K
d’l] €1 135}
il AL -2
do K
1
where f(0) =0+ 6", d = —, 0* = — denote the radius of curvature at o and o* respectively.
K K
And using system (4.4), we have the following differential equation with respect to A as
RS k d e d’\N €2 e d, k. d, e
W_[E@(Z)]doﬁ[@ K de(sl)do( )
Kk d? dA g1 d &1 8%
A
51d92( )]dﬁ [/qu( )- 52/@] +
(4.5)

d?f K k d ,e1..df
tn e 50w

6% €1 d k.d e Kk d?

e S w )+51d92( )]f(0) =0

Equation (4.5) is characterization for o*. If the distance between opposite points of (C)
and (C*) is constant, then we can write that

la* — ol = A? 4+ ¢? +1? = I? = constant (4.6)

Hence, we write

dA dp dn
)\@ @—i— 0 =0 (4.7)

Considering system (4.4) we obtain

A-f(0) =0 (4.8)
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We write A = 0 or f(#) = 0. Thus, we shall study in the following subcases.

Case 1. )\ = 0. Then we obtain

0 i 060 o 9
= — [ = f(0)ds, = —dh)=do
7 g&f() ¢ JQHH )— (4.9)
and
df df L T,sin’l 7

W_@_[(H) p— —Ecosﬂ]f:() (4.10)

General solution of (4.10) depends on character of T Due to this, we distinguish following
K
subcases.

Subcase 1.1  f(6) = 0. then we obtain

€1
A= —db
s
0 e,
o=—[n—=df (4.11)
0 K
0 o 0 &,
= [ A\—df —=db
7 { — +gwﬁ

Case 2. Let us suppose that A # 0, ¢ # 0 ,n # 0 and A, ¢,  constant. Thus the equation
(4.4) we obtain L _0and 22 =o0.
K K
) A3\ . ) 02
Moreover, the equation (4.5) has the form —= = 0 The solution (4.12) is A = L1%5 +
Ls6 + L3 where L1, Ly and L3 real numbers. And therefore we write the position vector ant

the curvature
@ =a+ A& + A6 + A3B
where A; = A\, A; = p and A3 = 7 real numbers. And the distance between the opposite points
of (C) and (C*) is
|a* — al = A3 + A2 + A2 = constant

85. Examples

In this section, we show two examples of Smarandache curves according to Bishop frame in E3.

Example 5.1 First, let us consider a unit speed curve of E3 by

B(s)= (% sin(9s) — 8_£5)O sin(25s),

15
_ 2 7 cos(258). —2 &i
306 cos(95)—|—850 cos(25s), 136 sin(8s))
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Fig.1 The curve 8 = (3(s)

See the curve 3(s) in Fig.1. One can calculate its Serret-Frenet apparatus as the following

T = (% cos9s + 394 cos 25s, :2,)2 sin 9s — % sin 25s, i‘; cos 8s)

N = (32 csc8s(sin9s — sin 25s), — 2 csc 8s(cos9s — cos 25s), %)

B = (3 (25sin9s — 9sin 25s), — (25 cos 9s + 9 cos 25s), —12 sin 8s)
Kk = —15sin8s and 7 = 15 cos 8s

In order to compare our main results with Smarandache curves according to Serret-Frenet
frame, we first plot classical Smarandache curve of 3 Fig.1.

Now we focus on the type-2 Bishop trihedral. In order to form the transformation matrix
(2.6), let us express

S

15
0(s) = —/15 sin(8s)ds = 5 cos(8s)
0
Since, we can write the transformation matrix

T sin(£2 cos8s) — cos(%2 cos8s) 0 &
N cos(22 cos8s)  sin(22 cos8s) 0 |- &2
B

0 0 1 B

13
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=
m -
L ial

!:.':I
b Ew  CFI
lissaly

0

]
=

Fig.2 £1& Smarandache curve

By the method of Cramer, one can obtain type-2 Bishop frame of 3 as follows

&= (sinB(22 cos9s — 2 cos25s) + 55 cos f csc8s(sin 9s — sin 25s),

15

37 cos 0 csc 8s(cos 9s — cos 25s),

sin 0(2 sin 9s — 2 sin 25s) —

15 8
12 sinf cos 8s + 1= cos 6)

fo= (—cosf(22 cos9s — 2 cos25s) + 12 sin f csc 8s(sin9s — sin 25s),
15
-cos (32 sin9s — 2 sin 25s) — 35 sin 0 csc 85(cos 9s — cos 25s),

— 12 cos B cos8s + == sin6)

B = (3(25sin9s — 9sin25s), — 3 (25 cos 9s + 9 cos 25s), —12 sin 8s)

where 0 = COS(SS) So, we have Smarandache curves according to type-2 Bishop frame of the
unit speed curve 8 = a(s), see Fig.2-4 and Fig.5.

o
0.8
0.5 \
e R
I.I'
0.2 A\
b \
E i 5 W lI,II;. II?I
0.2 VAR T k|

i 05 0 05 -1 0

Fig.3 & B Smarandache curve
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W ?g_!r'__
.-.. '.-‘li'
- % - f

< ST

"'h“..ﬁ'_h'_

=
e
PEE B E N W A A

o
= &
1

Y e
1 11 ns 0 -035 -1

Fig.4 & B Smarandache curve Fig.5 £1& B Smarandache curve
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