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The purpose of this paper is to study Smarandache curves in the 4-dimensional Euclidean space E4, and
to obtain the Frenet-Serret and Bishop invariants for the Smarandache curves in E4. The first, the second
and the third curvatures of Smarandache curves are calculated. These values depending upon the first,
the second and the third curvature of the given curve.
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1. Introduction

It is well known that, if a curve is differentiable in an open in-
terval, at each point, a set of mutually orthogonal unit vectors can
be constructed, and these vectors are called Frenet frame or mov-
ing frame vectors. The rates of these frame vectors along the curve
define curvatures of the curve. The set, whose elements are frame
vectors and curvatures of a curve is called Frenet apparatus of
the curves. In recent years, the theory of degenerate submanifolds
has been treated by researchers and some classical differential ge-
ometry topics have been extended to Minkowski space [1-3] and
Galilean space [4]. For instance in [1,2] the authors extended and
studied Smarandache curves in Minkowski space-time. A regular
curve in Euclidean space E4, whose position vectors is composed
by Frenet frame vectors on another regular curve is called Smaran-
dache curve. Special Smarandache curves in three dimensional Eu-
clidean space studied in [5].

The Bishop frame [6] or parallel transport frame is an alter-
native approach to defining a moving frame that is well defined
even when the curve has vanishing second derivative. We can par-
allel transport an othonormal frame along a curve simply by par-
allel transporting each component of the frame in Euclidean 4-
space. The parallel transport frame is based on the observation
that while T(s) for the given curve model is unique, we may chose
any convenient arbitrary basis which consists of relatively paral-
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lel vector fields {M(s), My(s), M3(s)} of the frame, such that they
are perpendicular to T(s) at each point[7,8]. The parallel trans-
port frame in four dimensional Euclidean space is studied in [9].
Smarandache curves were studied from deferent researchers in
three dimensional Euclidean space [10-14]. Smarandache curves in
4-dimensional Galilean space are presented in [15]. In this paper
we study Smarandache curves in 4-dimensional space according to
the Frenet frame and parallel transport frame.

2. Preliminaries

Let a: R — E4 be an arbitrary curve in the Euclidean space F%.
Let _a) = (al, ap, as, 04), —b) = (bl’ bz, b3, b4) and _C> = (C], Cy, C3, C4)
be three vectors in E4, equipped with the standard inner product
given by < @, _b) >= aiby + ayby + asbs + agby. The norm of a vec-
tor a e E* is given by | @ || =+/<@.d >. The curve « is said
to be of a unit speed or parametrized by arc length function s if
<&’ o' >=1. The vector product of @, b, and € is defined by
the determinant

€1 (5] [5%] €4

- 7 = a a a a
d xbx¢ 1 2 4 4

“|bi by by ba
C1 Cy C3 Cyq

where €1 X €y X 83 =04,6) X3 X€4=0€1,63 Xy X1 =202,64 X
€1 X ey =e€3,63 X €) X e =ey.
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The vectors t(s), n(s), by(s), by(s) are the moving Frenet frame
along the unit speed curve «. Then the Frenet formulas are given
by

t/ 0 kq 0 0 t
n _ —k1 0 k2 0 n
b:l ~ 10 —k, 0 ks || b1
b2 0 0 —k3 0 bz

t, n, by, and b, are called, respectively, the tangent, the principal
normal, the first binormal and the second binormal vector fields of
the curves. The functions kq(s), kp(s) and ks(s) are called respec-
tively, the first, the second and the third curvature of the curve «.
The curve is called W — curve if it has constant curvatures kq, k;
and ks.

Let o = e (t) be an arbitrary curve in E*. The Frenet apparatus
of the curve o can be calculated by the following equations.

I

= %
fle’|l
. lo/|Pa”— <o’ o > o
e Pe— <o’ a” > o
by =nby xtxn
by = 1 txnxa”
It x n x a™||
H ||oe’||2a”— <a,a” > o
- o]
b lexnxa”yje]
H o/ P’ - <o/, a” > ||
ks — <a™ by >

[t x> e[|’

where 7 is taken + 1 such that determinant of matrix [t,n,b1,b2] is
equal to one.

The Bishop frame or parallel transport frame is an alternative
approach to define a moving frame that is well defined even when
the curve has vanishing second derivative [9]. One can express par-
allel transport of an orthonormal frame along a curve simply by
parallel transporting each component of the frame. The tangent
vector and the convenient arbitrary basis for the remainder of the
frame are used. The parallel transport equations in E* can be ex-
pressed as

T/ 0 K Kk K[T
M| |-k, 0o o o]|lm
My,|T|-k, 0 0 0]|M
M, K 0 0 0||Ms

where Kj, K5, and K3 are the principal curvature functions accord-
ing to parallel transport frame of the curve «. The set {T, M, Ms,
M3} is called the parallel transport frame of « [6,14].

The expressions of the principal curvatures are given as fol-
lows:

Ky = kq cos6 cos ¥,
K3 =k (—cos¢siny + sing sinf cos ),
K3 = ki (sin¢g sinyr + cos ¢ sin6 cos ) and

. 0’
ky = K2+ K2 +K2, ky = +¢'sinf, ks = Siny’
@' cosf + 6" coty =0

2 _ N2
ks gy + kYO

where 0 = ——,
vk +k3 NN
Je= @2
cosb

Note that kq, ky, k3 are the principal curvature functions accord-
ing to Frenet frame and Kj, K;, K3 are the principal curvature func-
tions according to the parallel transport frame of the curve «.

3. Main results
3.1. tb; Smarandache curves in E* according to the Frenet frame.

In this subsection we define th; Smarandache curves and obtain
their Frenet apparatus.

Definition 1. A regular curve in E*, whose position vector is ob-
tained by Frenet frame vectors on another regular curve, is called
Smarandache curve.

Definition 2. Let o = @ (s) be a unit-speed curve with constant
and nonzero curvatures ki, ky, k3 and {t, n, by, b} be moving frame
on it, thy Smarandache curves are defined by B(sg) = %(t(s) +

b1 (s)).

Theorem 1. Let «(s) be a unit speed curve with constant non zero
curvatures kq, ky, k3 and B(sg) be tb; Smarandache curves in E*
defined by the frame vectors of «(s) . Then the Frenet apparatus of
ﬁ({tﬁ,nﬁ,b1ﬁ,b2ﬂ,lclﬁ,kzﬁ,k3ﬂ}) can be formed by Frenet appara-
tus of a({t, n, by, by, kq, ky, k3}).

Proof. Let B8 = fB(sg) be tb; Smarandache curve of the curve c.
Then

From Definition (2) we have ,B(sﬂ) = %(t(s) +bq(s))

By differentiating B(sg) with respect to s we obtain

dB(sg) dB(sg)dsg 1
ds — dsg ds 2

The tangent vector of the curve 8 is given by

((ky — ko)n + k3by)

tﬁ =An +A2b2

/ — 2402
where dsi — (kl ’(2) +k3 A = (k1—kp) and A, = kif'
V2 M 2 2 2
k)21 ki —ko)2 412

ds
Again differentiating the tangent vector of 8 with respect to sg
we can obtain B’/ as follows

\/j[—k] (k1 — ko)t + (k1ky — k% — k%)b]]
k1 — k)2 1 2

The principal normal of the curve 8 is

(3.1)

IB// —

ng = Ast + Asbq (3.2)
As = —kq(k1—ky)
\/k% (ky—ky)2-+ (ky ky k3 —I2)2
kyko—k3—k3

\/k%(kl )2+ (ky ky kB —k2)?

B" = Asn + Agb,

where and Ay =

2(—k2 (ky —kp)—ky (ky ky —k2—k2)) ks (kyky—k3—k3)
3 3
((kq—kp)2+k%) 2 ((ky—kp)2+k2)2
The second binormal vector of the curve B is given easily as
follows

_ (kika — k5 — k)t + ky (kg — kp)by

where A5 =

and Ag =

= (3.3)
% V(kiky = k3 —k2)2 + K2 (ky — k)2
The first binormal vector of the curve g is
bl _ —k3n + (k] — kz)bz (34)

r VKE+ (ki — ko)?
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The first, second and third curvature of the of the curve g8 are

_ 2[(kika — K3 — K3)? + k3 (k1 — ka)?]

, = 3+ (ki — kp)?) )
o, = V2ks[ky (kiky — k3 — k3) + K3 (ky — k2)] (3.6)
(3 + (ki —k2)2)/ (kika — K3 — k3)% + K3 (k1 — k2)?

V2(—k1A4As — kaAsAs + k3AsAg) 3.7)

ks, =
% VI + (ki —ka)2\/(kiky — k3 —k3)2 + k2 (ky — ko)2

This completes the proof. O

3.2. TM; Smarandache curves in E* according to the parallel
transport frame.

In this subsection we define TM; Smarandache curves and ob-
tain their parallel transport frame and the principal curvatures.

Definition 3. Let o = «(s) be a unit speed curve in E* and
{Ta. My,. My, , M3, } be its moving parallel transport frame. TM;
Smarandache curves is defined by ,B(Sﬂ) = %(Ta +M;,).

Theorem 2. Let o = «(s) be a unit speed curve with constant princi-
pal curvatures Ky, K, , K3, and B(sg) be TM; Smarandache curves in
E* defined by the parallel transport frame vectors of o = ot (s). Then
the parallel transport frame of B can be formed by the parallel trans-
port frame of o and the principle curvatures of 8 (1(1/3,K2ﬁ, K3ﬁ)can

be obtained by the principal curvatures of «.

Proof. To investigate the parallel transport frame of TM; Smaran-
dache curve according to «f(s) differentiating B(sg) = %(Ta +
M,,) with respect to s

dSﬁ 1
Tg——=—

ds 2
The tangent vector of the curve S can be written as follows
=K, Ty + K, My, + K5, My, + K3, M3,

(_KlaTa +K1aM1a +K2uM2a -|—K3O(M3u)

Ty (3.8)
[2K7 + K5 + K3
ds
B _ 1 [yp2 2 2
where P 2K1a +K2a +K3a
Differentiating (3.8) with respect to s
dT,

Tf/j = é = )\,oTa + }\.1M1a =+ )\,zMzu + )\.3M3a

V2K +K2 +K2) —V2K?
where Ag = ¢ ¢ - 1= ¢

(2K +K2 +K2) (2K +K2 +K2)
o o o o o o
—v2Kq, Kz, —V2Ky K,

)»2 ’ 3

T QK2 +K2 +K2) T QK2 +K2 +K2)
The first curvature of the curve f according to Frenet frame is

V2 /K2 + K3 +K2
ki, = VAG+ A+ A3+ 23 = (3.9)
[2K? + K2 + K2

The principal normal of the curve 8 is given by the following
formula

_ AoTy + MMy, + 2oMy + AsMs,

g 212402102
VAGHA F A3+ A5

(3.10)

The third derivative of the curve 8 reads

V2

[2K2 + K3 + K3,

\/j[(—)qK]m — )\zl(zm — )\31{3m )Ta —+ )‘0K1uM1a + )\.OI(LXMZD( + )\.OI<3HM3LX ]

[2K2 +KZ + K3

Tﬂ xng x ,BW =C]M1u +C2M201 +C3M3a where

,Bm = ()\.OTH/ =+ A.]M;a + )sz;“ =+ )\.3M§a)

ﬂ/// —

(3.11)

_ ﬁ[)\,g)\.gl(]aKzﬂ 7)\.0}\2K1n1<3a — ()\,1K1u +}\,2K2“ +)\.3K3u )()\,3Kzu — }\.21(3“ )]
VAEH M+ A3+ A302KE + K3 +K2)
_ \/E[)\.O)\,3I<12a — AoA1Kq, K3, — (A,]K]a + )\.21(20( + )\.31(30( )()\31(1a - )\'11(301 )]
1T K3+ 02+ I3+ I3Q2KE + K2 +K2)
_ V2[horaKE — AohiKi, Ko, — (MK, + A2y, + A3Ks, ) (MKa, — XaKa, )]
- SRR AL 3K 1 K2 412
The second binormal of the curve g is given by the following
formula
C1M1,1 + CzMza + C3M3H

VG+CG+C

The first binormal of the curve B is given by the following for-
mula

G

by = (3.12)

big = bog x Tg x ng
= Yolo + 1My, + y2Ma, + Y3Ms, (3.13)
where the constants are given by
_ GAsKy, — G K5, +GAKs, —GA3K, +GAxK, —GAK,,

Yo
VG +G/AE+03+13+23 2K +K3 + K2

Cz)u3K1u + Cz)uoK3a — C3)»2K1a — C3)»0K1a

V=
VE+G+G A2+ + 23 +23 2K + K2 + K2

G )\.3I<1a +G )\.01{3‘1 - C3)\.]K]a - Cg)\.oK]a

V2=
VE+CG+C /A 403+ A3 +23 2K + K2 + K2

Cl)\'ZKlm + Cl)\.osz — Cz)\qK]a — Cz)\.()K](X

V3=
VEG+G+G/AE+03+ 13+ 23 2K + K3 + K2

The parallel transport frame for the curve 8 has the form

v ( Ao €0s O cos Yrg
15 =
VA AT+ A3+ 22
+< A1 cos g cos Yrg

VAGHA + A3+ 23

C; sinfg ) ( A2 €050 cos Yrg
- Mg +

VG+G+C VA A+ A3+ A3

Cz sinﬁﬁ
7 1 (2 1. (2 Moo
VG +G+G
< A3 cos6p cos g
VA A2+ A%+ 23

C3 sin9ﬁ )M
B e 3

VG+G+CG

+ Yo cos 6 sin 1/;,;) T,

+ y1cos g sinyrg

+ > COS Qﬁ sin 1//,3 —

+ Y3 cos g sinyrg

(3.14)
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Y [Ao(— cos g sin g + sin g sinfg cos Yg)
2, =

VAEH A+ A3+ A3

+ ¥0(Cos ¢g COS Yg + sin Pg sin Oy sin I/fﬂ)] Ty

. |:A1(— oS g sin Yz + sin g sin6g cos Yg)
VAG+H AT+ AL+ 23

+ y1(cos ¢g oS g + sin g sin g sin g )

C; singpg cos 6
N (12‘%25)} M,
Jae+ag+a
N |:kz(— €os g sin g + sin g sinfg cos Yrg)
A+ AT+ A%+ A3

+ y2(cos ¢pg oS Yg + sin g sinOg sin g )

G singg cosO
+< > ! ¢ﬂ2 f)}Mza
NEETeEe
N [A3 (—cos g sinyrg + sin g sinOg cos Yg)
VA AT+ AL+ 23

+ y3(Cos ¢g Os Yg + sin g sinbg sin g )

C 0
+ (3 5in ¢p os O )}Mga (3.15)
VG+G+¢
Ve — [Ao(sin ¢p sinYrg + cos g sinfg sinrg)
’ VAZ+ AT+ A3+ A2

+ Yo (—sin¢pg cos Vg 4 cos ¢g sin g sin wﬂ)i| T

N |:)\,1 (singg sin g + cos ¢g sinfg sinyrg)
VAGHAM + A3+ 23
+ y1(—singpg cos g + cos ¢g sinfg sinrg)
C; cos ¢pg cos O
+ 2 ﬂz 2ﬁi|M1°‘
VG +G+G
N |:A2 (singg sin g + cos ¢g sin g sinyrg)
VAG A+ A3+ A3
+ y2(—sin g cos Yrg + €os gy sinOg sin Yrg)
C, cos ¢pg cosH
. 22‘/’1311} My,
VG+G+CG
N |:X3(sin ¢p sin g + cos g sin g sinrg)
VAZHAM + A3+ A3
+ y3(—sin g cos Yrg + €oS g sinOg sin Yrg)
Cs cos ¢pg cos O
+= 2 ¢ﬁ2 fi|M3“
VG +G+G

Note that

(3.16)

The second curvature of the curve 8 according to Frenet frame
is given by

G+CG+C
ky, = 12 3 (3.17)
’ A2+ A2+ A2+ A2

The third curvature of the curve 8 according to Frenet frame is
given by

—(C] K]a =+ C2K2ﬂ =+ C3K3a ) ()\,1K1H =+ )\,sza =+ )\,3I<3a)
VG+G+C

The first curvature of the curve 8 according to parallel transport
frame reads

Ki, = /A2 + 22 + A2 + A% cos O cos g (3.19)

The second curvature of the curve 8 according to parallel trans-
port frame reads

ks, = (3.18)

Ko, = /A% + A% 4+ A3 + A3[— cos ¢g sin g + sin ¢y sin O cos Yg]
(3.20)

The third curvature of the curve B according to parallel trans-
port frame reads

K3, = /A3 + A2 + A3 + A3[sin¢g sin g + cos ¢ sin O cos Yg]
(3.21)

The proof is complete. O

Acknowledgement

I am grateful to the referee for his/her valuable comments and
suggestions.

References

[1] M. Turgut, Smarandache breadth pseudo null curves in Minkowski space-time,
Int. J.Math. Combin. Vol. 1 (2009) 46-49.

[2] M. Turgut, S. Yilmaz, Smarandache curves in Minkowski space-time, Int.
J.Math. Combin. Vol. 3 (2008) 51-55.

[3] U. Ozturkab, E.B.K. Ozturkab, K. ilarslanc, E. NeSovi¢cd, On Smarandache curves
lying in lightcone in Minkowski 3-space, J. Dyn. Syst. Geom. Theor. Vol. 12
(Number 1) (2014) 81-91.

[4] A. Magden, S. Yilmaz, On the curves of constant breadth in four dimensional
Galilean space, Int. Math. Forum Vol. 9 (no. 25) (2014) 1229-1236.

[5] A.T. Ali, Special Smarandache curves in the Euclidean space, Int. .Math. Com-
bin. Vol. 2 (2010) 30-36.

[6] R. Bishop, There is more than one way to frame a curve, in: The American
Mathematical Monthly March, 1975, pp. 246-252.

[7] S. Buyukkutuk, G. Ozturk, Constant ratio curves according to parallel transport
frame in Euclidean 4-space E4, New Trends Math. Sci. NTMSCI 3 (No. 4) (2015)
171-178.

[8] T. Krpinar, E. Turhan, Biharmonic curves according to parallel transport frame
in E4, Bol. Soc. Paran. Mat. (3s.) v. 31 (2) (2013) 213-217.

[9] E celik, Z. Bozkurt, I. Gok, EN. Ekmekci, Y. Yayl, Parallel transport frame in
4-dimensional euclidean space E*, Caspian J. Math. Sci. (CJMS) 3 (1) (2014)
91-103.

[10] A.T. Yakut, M. SavaG, T. Tamirci, The Smarandache curves on S% and its dual-
ity on Hg, J. Appl. Math. Volume (2014) 12. Hindawi Publishing Corporation,
Article ID 193586.

[11] M. Cetin, H. Kocayigit, On the quaternionic Smarandache curves in Euclidean
3-space, Int. ]J. Contemp. Math. Sciences Vol. 8 (no. 3) (2013) 139-150.

[12] M. Cetin, Y. Tuncer, M.K. Karacan, Smarandache curves according to Bishop
frame in Euclidean 3-space, Gen. Math. Notes Vol. 20 (No. 2) (February 2014)
50-66.

[13] S. SENYURT, A. CALISKAN, N C- Smarandache curves of Mannheim curve cou-
ple according to Frenet frame, Int. ].Math. Combin. Vol.1 (2015) 1-13.

[14] S. Senyurt, A. Calskan, An application according to spatial quaternionic
Smarandache curve, Appl. Math. Sci. Vol. 9 (no. 5) (2015) 219-228.

[15] M. Elzawy, S. Mosa, Smarandache curves in the Galilean 4-space Gy, J. Egypt.
Math. Soc. 25 (2017) 53-56.

Please cite this article as: M. Elzawy, Smarandache curves in Euclidean 4- space E*, Journal of the Egyptian Mathematical Society (2017),

http://dx.doi.org/10.1016/j.joems.2017.03.003



http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0001
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0001
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0002
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0002
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0002
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0003
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0003
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0003
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0003
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0003
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0004
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0004
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0004
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0005
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0005
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0006
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0006
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0007
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0007
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0007
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0008
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0008
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0008
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0009
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0009
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0009
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0009
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0009
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0009
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0010
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0010
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0010
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0010
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0010
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0011
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0011
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0011
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0012
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0012
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0012
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0012
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0013
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0013
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0013
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0014
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0014
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0014
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0015
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0015
http://refhub.elsevier.com/S1110-256X(17)30016-0/sbref0015
http://dx.doi.org/10.1016/j.joems.2017.03.003

	Smarandache curves in Euclidean 4- space E4
	1 Introduction
	2 Preliminaries
	3 Main results
	3.1 tb1 Smarandache curves in E4 according to the Frenet frame.
	3.2 TM1 Smarandache curves in E4 according to the parallel transport frame.

	 Acknowledgement
	 References


