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In this paper, we study Smarandache curves in the 4-dimensional Galilean space G,. We obtain Frenet-
Serret invariants for the Smarandache curve in G4. The first, second and third curvature of Smarandache
curve are calculated. These values depending upon the first, second and third curvature of the given
curve. Examples will be illustrated.
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1. Introduction

Galilean space is the space of the Galilean Relativity. For more
about Galilean space and pseudo Galilean space may be found
in [1-3]

The geometry of the Galilean Relativity acts like a bridge from
Euclidean geometry to special Relativity. The geometry of curves
in Euclidean space have been developed a long time ago [4]. In
recent years, mathematicians have begun to investigate curves and
surfaces in Galilean space [5].

Galilean space is one of the Cayley-Klein spaces. Smarandache
curves have been investigated by some differential geometers
such as H.S. Abdelaziz, M. Khalifa and Ahmad T. Ali [6]. In this
paper, we study Smarandache curve in 4-dimensional Galilean
space G4 and characterize such curves in terms of their curvature
functions.

2. Preliminaries

The three-dimensional Galilean space Gz, is the Cayley-Klein
space equipped with the projective metric of signature (0, 0, +, +).
The absolute of the Galilean geometry is an ordered triple
(w, f, I) where w is the ideal (absolute) plane, f is a line in w
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(absolute line) and I is elliptic involution point (0,0, x,,x3) —
(0, 0, X3, —Xz).

A plane is called Euclidean if it contains f, otherwise it is called
isotropic or, i.e. planes x = const. are Euclidean, and so is the plane
w . A vector u = (uq,us,u3) is said to be non-isotropic vector if
u; # 0. all unit non-isotropic vectors are of the form u=
(1, uy, u3). For isotropic vectors 1y = 0 holds.

In the Galilean space G3 there are four classes of lines [7]:

1. The (proper) isotropic lines that don’t belong to the plane w
but meet the absolute line f.

2. The (proper) non-isotropic lines they don’t meet the absolute
line f.

3. a proper non-isotropic lines all lines of w but f.

4. The absolute line f.

Let X = (X1.X2,X3,X4) and ¥ = (¥1.¥2.¥3.V4) be two vectors
in G4. The Galilean scalar product in G4 can be written as

(7 —>> | xin ifx;£0and y; #0
VTG TN oys +X3ys +xays ifx; =0 o0ry; =0
The norm of the vector X = (X1, X, X3, X4) is defined by

17\64 =/(X. %),

1110-256X/Copyright 2016, Egyptian Mathematical Society. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license.

(http://creativecommons.org/licenses/by-nc-nd/4.0/)

Society (2016), http://dx.doi.org/10.1016/j.joems.2016.04.008

Please cite this article as: M. Elzawy, S. Mosa, Smarandache curves in the Galilean 4-space G4, Journal of the Egyptian Mathematical



http://dx.doi.org/10.1016/j.joems.2016.04.008
http://www.ScienceDirect.com
http://www.elsevier.com/locate/joems
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:mervatelzawy@science.tanta.edu.eg
mailto:saffamosa@yahoo.com
http://dx.doi.org/10.1016/j.joems.2016.04.008
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://dx.doi.org/10.1016/j.joems.2016.04.008

JID: JOEMS

[m5G;July 6, 2016;1:48]

2 M. Elzawy, S. Mosa/Journal of the Egyptian Mathematical Society 000 (2016) 1-4

The Galilean cross product of the vectors x, y, z on G4 is defined
by
- - d
X xy x Z
0 ey €3 €4
X1 X2 X3 X4
Yi Y2 Y3 Ya
21 V4 23 Z4
€1 (59) €3 €4
X1 X2 X3 X4
Yi Y2 Y3 Vs
21 Zp 73 4

ifx; #0o0ry; #0o0rz; #0

if X1=Y1=24 =0

where e; = (1,0,0,0), e; =(0,1,0,0), e3=(0,0,1,0), and e4 =
(0,0,0,1)

The Galilean G4 studies all properties invariant under motions
of objects in space is even more complex. In addition, it stated
this geometry can described more precisely as the study of those
properties of 4D space with coordinate which are invariant under
general Galilean transformation as follows [8].

X' = (cos B cosa — cos y sin B sina)x
+ (sin B cosa — cos y cos B sina)y
+ (siny sina)z+ (vcos &)t +a

y' = —(cos B sinw + cos y sin § cos @)X
+ (—sin B sina + cosy cos S cosa)y
+ (siny cosa)z + (vcos )t + b

Z = (siny sin B)x — (siny cos B)y
+(cosy)z+ (vcosds)t + ¢

t'=t+d

with cos? §; + cos? 8, + cos2 83 = 1.

A curve a: [ — G4 of C*° , ICR in the Galilean G, is defined
by a(s) = (s,y(s),z(s),w(s)) where the curve « is parameterized
by the Galilean invariant arc-length. The first Frenet-Serret frame ,
that is, the tangent vector of «(s) in Gy, is defined by

t(s) =a'(s) = (1,y'(s),Z/(s), W'(s)) (2.1)
The second vector of the Frenet-Serret frame , that is called, the
principle normal of «(s) is defined by n(s).
1 ” 1
"= hmY VT e

The third vector of the Frenet-Serret frame , that is called, the
first binormal vector of is defined by

_ 1 VY (2 (we)
"O =56 (0’ (lq(s)) ’ <k1 (s)) ’ (lq(s) ) ) 23
Thus the vector by(s) is perpendicular to both t(s) and n(s).

The second binormal vector of «(s) which is the fourth vector
of the Frenet-Serret frame is defined by b,(s).

by(s) =t(s) x n(s) x bi(s) (2.4)

(0.y"(s).2"(s). w"(s)) (2.2)

where kq(s), ky(s) and ks(s) are the first, second and third curvature
functions of the curve «(s) which are defined by

ki) = |7 6], = VOGO + @ (6D + W ()2
ka(s) = [n'(9)], = /(' .m)g,

k3(s) = (b1(s). b2(s))c,

If the curvature kq(s), ko(s) and ks(s) are constants, then the
curve «(s) is called W-curve. The set {t(s), n(s), by(s), by(s), ky(s),
ky(s), k3(s)} is called the Frenet-Serret pparatus of the curve o.

The vectors {t(s), n(s), by(s), by(s)} are mutually orthogonal
vectors
(t(5),t(s))g, = (n(s),n(s))g, = (b1(s), b1(5))c,
= (b2(s), b2(s))¢, = 1

and

(t(s),n(s))g, = (t(s),b1(s))c, = (t(s), b2(s))c,
= (n(s), b1(s))c, = (n(s), b2(s))c,
= (b1(s), b2(s))c, =0
The derivatives of the Frenet-Serret equations are defined as in
[9].
t'(s) = ki(s)n(s)
n'(s) = ka(s)b1(s)
bi(s) = —ka(s)n(s) + ks (s)b1(s)
b5 (s) = —k3(s)b1(s)

3. tb, Smarandache curves in G4

Definition 1. A curve in G4, whose position vector is obtained
by Frenet frame vectors on another curve, is called Smarandache
curve.

Let us define special forms of Smarandache curves.

Definition 2. Let «(s) be a unit speed curve in G4 with constant
curvatures kq, k; and k3 and {t(s), n(s), b1(s), bp(s)} be Frenet frame
on it. The tb, Smarandache curves are defined by

1
V2
Theorem 1. Let o = «x(s) be a unit speed curve with constant cur-

vatures ky(s), ka(s) and ks(s) and B(sg(s)) be tby Smarandache curve
defined by frame vectors of «(s), then

kln — k3b1

B(sp(s)) = —=(t(s) + ba(s))

tg(sp(s)) =
SN
koksn + kikyby — k3b
ng(sp(s)) = — 3k2k2 1 22 12 342
VIGIE +1813 + 1
bys(s4(s)) = (—kqk3n + k3 (k3 + k3)by + k1kzksby)
1p5p(8)) = VK +13./13KS + k3K3 + k3
bas(55(5)) = kiks (KK + K5 — I3K3 )t
VI + 13 /K2 + I3 (K3K3 + K3K3 + ki)
\/j ’(2 k2 + k2k2 + k4
kip(sp(s)) = e Bl B
k3 + k3
V2,/k% + K3
kyp(sg(s)) = ‘/j

k2 + k2
ksg(sg(s)) =0

Proof. Let 8 = B(sg(s)) be a th, Smarandache curve of the curve
«(s). Then

R

B = B(sg(s)) = ﬁ(t(S) + b, (s))
L dBsy(s))  dBGsy) dsg 1
R . T S TGOREAC)
=%<k1n—k3bl>
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kyn — ksb
tp = B(sp) = (3.1)
k% + k% ¢ ﬂ(S ) —kon + kyby + k3b,
B = B) =
e e V/2Kk3 + K3
where = d .
ES p (2/3 ) _ 3 [—kan' + koD, + ksbl] (41)
Be(s5) dtﬂ V2(kin' — ksb)) s V2112
sp) = = S
k2 + k2 hs) = B (sp)  [—k3n — (k3 +k3)b1 + kaksb;] (4.2)
_ «/f(kzk3n+k1kzb1 — k3b,) P B Gp| T TR/ 2Rk '
ki +k3
V2./I2kE 1122 + K4 , V2,/ (K3 + k3)[kan — kaby — k3by]
kip(sp) = |tp(sp)| = e G2 M) = 212 + K
P 12 1 k2 (23 +k3)
Now I, (sp)] = V2 (k5 + 1K)
ni(sy) = B68) _ kakon+ kikob — Gby V(@25 + k)
BB = B =
|86l Vg + RIS+ K (5 (sy) = VG 43)
n (S ) _ \/f(—klkgn + k3 (k% + k%)b] + k] kzk3b2) (33) 28°P - /(zk% + k%) ’
per Je iRk + ki 1 K '
LR A A B From the second Frenet Serret equations we have
\/j,/k% + k% nB (Sﬂ) kon — koby — kb,
kap (sp) = ‘n,s (5,3)| (ng. ), = — (34) bip(sg) = =
VK +12 kog(sg) V(2K +12)
Hence we can find dbig(sp)  kin+ (k3 +k3)by — kyksby
by sy =GR _ Chakdn+ k(8 1 Kby + kikaksba) -, ds V(23 +k3)
185967 = kag(sg) VKE + K3\ /13KE + K3k + K3 ' dbyg(sp) _ V2[k3n + (k3 + k3)n — kaoksb; | (4.4)
dsg (2k% + k%) '
bzﬁ(S}g) = tﬂ(Sﬁ) X Tl}g(Slg) X b]ﬂ(Sﬁ)
~ (k32ks + k kS — ke k213t bap(sp) = tp(sp) x np(sp) x big(sp)
IR/ T IE (I + K2 + k) _ —kan+kaby +ksby  [=K3n — (k3 + k3)by + kaksba]
= ct where ct is constant (3.6) V2k3 + 13 V(K +K3)\/(2Kk3 +k3)

So we can deduce that
ksp(sg) = (by5(sp). bag(sp))c, =0 (3.7)

and the proof is complete. O

4. nb;Smarandache curves in G4

Definition 3. Let «(s) be a unit speed curve in G4 with constant
curvatures kq(s), ky(s), k3(s) and {t(s), n(s), b1(s), by(s)} be Frenet
frame on it. The nb;Smarandache curves in G4 are defined by

B(sp(s) = J5(n(s) + b1 (5))

Theorem 2. Let o = «(s) be a unit speed curve in G4 with constant
curvatures kq(s), ko(s) and ks(s). Then the Smarandache nby curves of
a(s) has byg(sg) = 0.

Proof. Let 8 = B(sg(s)) be a nbySmarandache curve of a(s). Then

B = Blss(s)) = %(n(s) L bi(s))
d
,3/(5[5) — ﬂ;‘:ﬂ) — %(n/(s) +b/1 (5)
_ é(kzbl 4 (“kon + ksby))
ds 1
(Tf = ﬁ,/zkg + 12
tﬂ dﬂ(sﬂ) _ /3 (s ) _ kzn+k2b] +k3b2

V/ 2k3 + K2

y [kzn — kzb] — k3b2]

N )

= 0t 4 0n + 0b; + Ob, (4.5)

and the proof is complete. 0O

Definition 4. Let @ = «(s) be a curve in Galilean space G4 and
{t(s), n(s), by(s), bo(s)} be its moving Frenet frame . The tnbb,
Smarandache curves are defined as

B(sp(s)) = % (€(s) +n(s) + b1 (s) + ba(s)) (4.6)

Remark 1. The Frenet- Serret invariants of tnb;b, Smarandache
curves can easily obtained by the apparatus of the curve o = «(s).

Remark 2. There are another types of Smarandache curves in Gy4
such as
tb], tn, nbz, b] bz, tnb1, tnbz, tble, nblbz.

Example 1. Let us consider the following curve ICc Rc G4

o =o(s) = (s,sins, V2 coss, sins) (4.7)
Differentiating (4.7) we have

a'(s) =

The Galilean inner product follows that (&', @), =1 . So the
curve is parameterized by arc length and the tangent vector is
(4.8). In order to calculate the first curvature let us express

t'(s) = (0,
Taking the norm of both sides, we have k;(s) = /2.

(1, coss, —v/2sins, coss) (4.8)

—sins, —v/2 coss, —sins)
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inci 1 . )
The principal normal n(s) becomes by = 3(0’ Sins, 2 coss. sins) 416)
1 . .
n(s) = — (0, —sins, —v/2 coss, — sins) (4.9)
72
One more differentiating of (4.9), we have bop = (0,0,0,0) (4.17)
1
n'(s) = — (0, — coss, v/2sins, — cos s
e : ksp =0 (4.18)

By using n’(s) we have the second curvature k,(s) = 1 and the
first binormal vector

1
bi(s) = — (0, — coss, V2 sins, — cos s 410
1(5) ﬁ( ) (4.10)
The second binormal vector b, (s) = t(s) x n(s)x by(s)
1
by(s) = —(0,-1,0,1 411
2(S) ﬁ( ) (411)

We can obtain easily the third curvature of the curve k3(s) = 0.
The th, Smarandache curve of the curve «(s) is the curve

Blsp(s))

1 1 . 1
B(sp(s)) = E(1 coss — . —V/2sins, coss + ﬁ)

By using Theorem (1) above we can obtain easily the Frenet-
Serret apparatus of the curve B(sg(s)).

tg = %(0, —sins, —v/2coss, —sins) (412)
ng = %(0, —c0ss, v/2sins, —coss) (413)
kip = 1 (4.14)
kyp = 1 (415)

In the same way we can obtain the nb;Smarandache curve
and its Frenet-Serret apparatus by using (4.1),(4.2).(4.3),(4.4),(4.5)
of Theorem 2.
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