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Abstract: In this paper, we consider the notion of the Smarandache curves by considering
the asymptotic orthonormal frames of curves lying fully on lightlike cone in Minkowski 3-
space R}. We give the relationships between Smarandache curves and curves lying on lightlike

cone in R3.
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81. Introduction

In the study of the fundamental theory and the characterizations of space curves, the related
curves for which there exist corresponding relations between the curves are very interesting and
an important problem. The most fascinating examples of such curves are associated curves
and special curves. Recently, a new special curve is called Smarandache curve is defined by
Turgut and Yilmaz in Minkowski space-time [9]. These curves are called Smarandache curves:
If a regular curve in Euclidean 3-space, whose position vector is composed by Frenet vectors on
another regular curve, then the curve is called a Smarandache Curve. Then, Ali have studied
Smarandache curves in the Euclidean 3-space E[1]. Kahraman and Ugurlu have studied dual
Smarandache curves of curves lying on unit dual sphere S ? in dual space D? [3] and they have
studied dual Smarandache curves of curves lying on unit dual hyperbolic sphere HZ in D3
[4]. Also, Kahraman, Onder and Ugurlu have studied Blaschke approach to dual Smarandache
curves [2]

In this paper, we consider the notion of the Smarandache curves by means of the asymptotic
orthonormal frames of curves lying fully on Lightlike cone in Minkowski 3-space R3. We show
the relationships between frames and curvatures of Smarandache curves and curves lying on

lightlike cone in RS.

82. Preliminaries

The Minkowski 3-space R$ is the real vector space R? provided with the standart flat metric
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given by
(,) = —da? + dx3 + dz?

where (21, T2, z3) is a rectangular coordinate system of IR3. An arbitrary vector ¥ = (v1, v2, v3)
in R can have one of three Lorentzian causal characters; it can be spacelike if (7,7) > 0 or
¥ = 0, timelike if (7, %) < 0 and null (lightlike) if (7,¥) = 0 and ¢ # 0. Similarly, an arbitrary
curve ¥ = Z(s) can locally be spacelike, timelike or null (lightlike), if all of its velocity vectors
2’ (s) are respectively spacelike, timelike or null (lightlike) [6, 7]. We say that a timelike vector
is future pointing or past pointing if the first compound of the vector is positive or negative,
respectively. For any vectors @ = (a1, ag, as) and b= (b1, ba, b3) in R}, in the meaning of Lorentz
vector product of @ and b is defined by

€1 —€y —€3
axb= a1 as as = (agbg — agbg, a1b3 — agbl, a2b1 — albg).
by by by

Denote by {f, N , B } the moving Frenet along the curve z(s) in the Minkowski space R3.

For an arbitrary spacelike curve z(s) in the space R$, the following Frenet formulae are given

([8));

T 0 k 0 T
1\7’ = —ex 0 7 ]\7
B 0 er 0 B

where <f,f> =1, <J\7,J\7> =¢e=+1, <§,§> = —¢, <T,J\7> = <f,§ = ]\7,[? =0and k
and 7 are curvature and torsion of the spacelike curve z(s) respectively [10]. Here, € determines
the kind of spacelike curve z(s). If ¢ = 1, then z(s) is a spacelike curve with spacelike first
principal normal N and timelike binormal B. If ¢ = —1, then x(s) is a spacelike curve with
timelike principal normal N and spacelike binormal B [8]. Furthermore, for a timelike curve

x(s) in the space R}, the following Frenet formulae are given in as follows,

T 0 k 0 T
]\7’ = x 0 T N
B 0 —7 0 B

where <f,f> = -1, <N,N> = <§,§> =1, <f,ﬁ> = <f,§> = <N,§> =0 and xk and T
are curvature and torsion of the timelike curve z(s) respectively [10].

Curves lying on lightlike cone are examined using moving asymptotic frame which is de-
noted by {Z, &, ¢} along the curve z(s) lying fully on lightlike cone in the Minkowski space
RS,

For an arbitrary curve z(s) lying on lightlike cone in R, the following asymptotic frame
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formulae are given by

i 0 1 o0 z

a|l=|rx 0 -1 a

7 0 -k O 7
where (Z,Z) = (7,9) = (,a) = (¢,d) =0, (&, §) = (a&,a) =1 and k is curvature function of
curve a(s) [5].

83. Smarandache Curves of Curves lying on Lightlike Cone in

Minkowski 3-Space R}

In this section, we first define the four different type of the Smarandache curves of curves lying
fully on lightlike cone in R$. Then, by the aid of asymptotic frame, we give the characterizations

between reference curve and its Smarandache curves.

3.1 Smarandache Fd-curves of curves lying on lightlike cone in R}

Definition 3.1 Let © = z(s) be a unit speed regular curve lying fully on lightlike cone and

{Z,a,y} be its moving asymptotic frame. The curve ay defined by
a1(s) = Z(s) + a(s) (3.1)
is called the Smarandache F&-curve of x and oy fully lies on Lorentzian sphere S7.

Now, we can give the relationships between = and its Smarandache Fa-curve a; as follows.

Theorem 3.1 Let x = xz(s) be a unit speed reqular curve lying on Lightlike cone in R3. Then
the relationships between the asymptotic frame of x and Frenet of its Smarandache Za-curve

aq are given by

K 1 —1

T Vi Vi i z
o k' +r(=K —2K+1) K +2r—4r°2 2k—r'—1
N | = (1—2r)2VA (1-2r)2VA (1—2k)2VA a (3.2)
— —1 K’ n’+l~e72l~e2 5
By VI-2rVA ]

3 3
(1—2x) 2VA  (1-2r) 2VA
where Kk is curvature function of x(s) and A is

(26 — 1)(K')2 + (8k — 8K2 — 2)K’ — 16K* — 24K + 4Kk? — 2k

A= (1—2r)*

Proof Let the Frenet of Smarandache Z&-curve be {fl, Ny, él} Since @1 (s) = Z(s)+a(s)
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and Ty = @,/ ||@, |, we have

K 1
T 7(s) & o
! \/1—2AI(S) \/1—2,%&

; 0 (3.3)

(s)

where
ds 1 and 5 <
e — k< =.
dsy V1—2k . 2
Since N, = f{/ Hfl' , we get
—» K — kK + Kk — 252 K + 2k — 4K? 2k — Kk — 1
Ny = Z(s) + a(s) + (s 34
' (1—2x)2VA (#) (1—2x)2VA (#) (1 —2/-;)2\/Zy( ) (34
where
(26 — 1)(K')2 + (8k — 8K2 — 2)K’ — 16K* — 24K + 4Kk? — 2k
A= (1—2r)" '
Then from El = fl X ]\71, we have
- -1 K K —2K%2+ K
Bl =—— %)+ ———————a(s) + ———19(s). (3.5)
3 3
VI=26VA (1—20)2 VA (1—25)RVA
From (3.3)-(3.5) we have (3.2). O

Theorem 3.2 The curvature function k1 of Smarandache Za-curve ay according to curvature

function of curve x is given by
VA

R1 =

Proof Since k1 = Hfl' . Using the equation (3.3), we get the desired equality (3.6). |

Corollary 3.1 If curve x is a line. Then Smarandache Za-curve ay is line.

Theorem 3.3 Torsion 71 of Smarandache Ta-curve avy according to curvature function of curve

x s as follows

A—A +2A —kr'A— KA — 26Kk’ A" + 4r%2A — Ak’ — 2AK + 2kK" A

1 =

(1—2k)* A2
WA= AR 4 WA = R~ G — =
(1—2k)* A2

dB;

dSl
equation. O

Proof Since 1y = < , N1 > Using derivation of the equation (3.5), we obtain the wanted
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Corollary 3.2 If Smarandache Za-curve oy is a plane curve. Then, we obtain

(A— A" +2kA" — k' A — KA — 2kK' A" + 452 A — Ak’ — 24K + 2f<u<a”A)

3A 2
+(1—2r)+ K A— Ark? + 1'K"A - K? A —6AkK — . —KQ,% =0

3.2 Smarandache Fj-curves of curves lying on Lightlike cone in R}

In this section, we define the second type of Smarandache curves that is called Smarandache
Zy-curve. Then, we give the relationships between the curve lying on lightlike cone and its

Smarandache Ty-curve.

Definition 3.2 Let © = xz(s) be a unit speed regular curve lying fully on lightlike cone and

{Z,a, g} be its moving asymptotic frame. The curve ag defined by

Gials) = % (#(s) + #(5))

is called the Smarandache Zy-curve of x and fully lies on Lorentzian sphere S7.
Now, we can give the relationships between = and its Smarandache Zy-curve as as follows.

Theorem 3.4 Let x = x(s) be a unit speed reqular curve lying on lightlike cone in R3. Then
the relationships between the asymptotic frame of x and Frenet of its Smarandache Ty-curve as

are given by

T 0 1 0 T
' K -1 -
N2 VvV —2K 0 VvV —2K @
5 1 —K —
By = 0 /=

where k is curvature function of x(s).

Theorem 3.5 The curvature function ko of Smarandache Zy-curve as according to curvature
function of curve x is given

Ko =V —2K.

Corollary 3.3 Curve x is a line if and only if Smarandache Zy-curve as is line.

Theorem 3.6 Torsion 12 of Smarandache Zy-curve as according to curvature function of curve
x 15 as follows
—2/2x'
Ty = —5—.
4K2 — 4K3
Corollary 3.4 If Smarandache Zy-curve as is a plane curve. Then, curvature K of curve x is

constant.
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3.3 Smarandache dj-curves of curves lying on lightlike cone in R}

In this section, we define the third type of Smarandache curves that is called Smarandache
ay-curve. Then, we give the relationships between the curve lying on lightlike cone and its

Smarandache dy-curve.

Definition 3.3 Let © = xz(s) be a unit speed regular curve lying fully on lightlike cone and

{Z,a, g} be its moving asymptotic frame. The curve as defined by

—

az(s) = a(s) + 4(s)

is called the Smarandache ai-curve of x and fully lies on Lorentzian sphere S7.

Now we can give the relationships between z and its Smarandache dy-curve ag as follows.

Theorem 3.7 Let x = x(s) be a unit speed regular curve lying on lightlike cone in R3. Then
the relationships between the asymptotic frame of x and Frenet of its Smarandache Qy-curve ag
are given by

- K —K —1 N
T3 K22k K22k V K22k z
]\73 — 71@4+2/€3 72/€2ﬁ/+4/€1€/+2/€374ﬁ2 ml@/fﬁl+/€372ﬁ2 &

VA VA VA
ES 73K2N/+5NN/71€4+4N374I€2 w2 — kK m574ﬁ4+4ﬁ3+2ﬁ3ﬁ/74/€2ﬁ/ ?j
\/Z\/n272n \/X\/ K2 -2k \/Z\/n2f2n

where Kk is curvature function of x(s) and A is

A= (4" — 165> + 165°) (k') + K’ (105" 4 38k" — 36K°) — 257 + 12k° — 24K° + 16"

Theorem 3.8 The curvature function k3 of Smarandache dy-curve as according to curvature

function of curve x is given

V/(4k% — 16K3 + 162) (k)2 + K/ (—10K5 + 38K% — 36K3) — 2K7 + 12k6 — 24k5 + 16k4

e = (k? — 2kK)?

Corollary 3.5 If curve x is a line. Then, Smarandache Qy-curve ag is line.

Theorem 3.9 Torsion 13 of Smarandache dy-curve as according to curvature function of curve

x 15 as follows
by (kK — K + K3 — 2k?) N 2by (k = K) b3 k2
A(K? — 2K) A A

T3 =
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where by, by and bs are

by = —6r(K)? 4+ 962K +5(k)% 4 5kk" — 4k3K — 8kK

+(3k%K — bRk + Kk — 4K + 4K?) (% + %)
b = (R 2nm D) (2 = ) (o S
by = (5r* — 16K+ 12)K%K + (26 — 8)k(K')? + 2K3K"

— (213K — 4K%K 4+ K® — 4K1 4 453) (% + %) :

Corollary 3.6 If Smarandache ay-curve as is a plane curve. Then, we obtain

by (kK" — & + K* — 26%) + (K% — 2k) (2b2 (k — K') — bgk?) = 0.

3.4 Smarandache Fdj-curves of curves lying on lightlike cone in R}

In this section, we define the fourth type of Smarandache curves that is called Smarandache
Zagy-curve. Then, we give the relationships between the curve lying on lightlike cone and its
Smarandache Fay-curve.

Definition 3.4 Let x = x(s) be a unit speed reqular curve lying fully on Lightlike cone and

{Z,d,y} be its moving asymptotic frame. The curves ay and s defined by

-,

(i) da(s) = 5 (Z(s) + a(s) +5(5));

are called the Smarandache Zay-curves of x and fully lies on Lorentzian sphere S7 and hyper-

bolic sphere HJ.

Now, we can give the relationships between z and its Smarandache Zdy-curve a4 on
Lorentzian sphere S7 as follows.

Theorem 3.10 Let x = x(s) be a unit speed reqular curve lying on lightlike cone in R3. Then
the relationships between the asymptotic frame of x and Frenet of its Smarandache Zay-curve

ay are given by

11—k —1

oY —
T4 VK2—4r+1 VK2—4r+1 VK2—4k+1 T
= - __a b __ca .
N4 - \/Qalcler% \/Qalcler% \/Qalcler% &
53 1— b —-1)—b -
B, c1(1—=r)+by c1rta; a1(k—1)—bik 7

\/ﬁ2—4n+1\/2a101+b? \/ﬁ2—4n+1\/2a101+b? \/ﬁ2—4n+1\/2a101+b?
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where k is curvature function of x(s) and ay,by,c1 are

V3(K' — 2Kk — bK% + 5Kk — K + k)
ay =

(k2 —4r +1)2
b, — V3(2k + K — 8K% 4 2Kk’ + 2K3)
(k2 — 4k +1)2
_ VB(=2K' + kK 45k — BK? + K% — 1)
“a= (k%2 — 4k +1)2 '

Theorem 3.11 The curvature function k4 of Smarandache Zay-curve ay according to curvature

function of curve x is given
Rg = 4/ 20,101 + b%

Corollary 3.7 If curve x is a line. Then, Smarandache Zay-curve ay is line.

Theorem 3.12 Torsion 14 of Smarandache Zay-curve ay according to curvature function of
curve  is as follows
azcr +biby + aico

V2aic1 + b3

T4 =

where as, by and cy are

’ ’ ’
2 wr! =2k ajcitare;+b1by
3(c) —cik —cik + b +cik aik) —V3(c1 —cik+b
V3, — ¢, 16"+ b] +c1s® + a1x) — V3(c1 — c1k + b1) W2 i1 2ayer 102

(k2 — 4k + 1)\/2(1101 + b?

, , ’ _ _ 2 2y rr! =2k’ ajertaje] +b1b)
\ \/g(clﬁ-i-cln +al+c1—cik+bi +ark —aik” +bik”) \/§(cln+a1)<,€274~+1 Zager 457
P

(k2 — 4k + 1)\/2a1c1 +b%

’ ’ A / /
ok afcqtagc) +b1b)
3(atk —al + a1k’ — bk —bir’ —c1k —a1) — V3(a1k — a1 — b1k Er
V3(a) 1 1 1 1 1 1) = V3(a 1 1K) wZ—dr+1 2a1c1+b7

Cc2 =

(k2 — 4k + 1)\/2a1c1 +b%

Corollary 3.8 If Smarandache Zaiy-curve ay is a plane curve. Then, we obtain

asci + bibs +ajca = 0.
Results of statement (i¢) can be given by using the similar ways used for the statement ().
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