SOME SPECIAL CURVES BELONGING TO MANNHEIM CURVES PAIR
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In this paper, we investigate special Smarandache curves with regard to
Sabban frame for Mannheim partner curve spherical indicatrix. We created
Sabban frame belonging to this curves. It was explained Smarandache curves
position vector is consisted by Sabban vectors belonging to this curves. Then,
we calculated geodesic curvatures of this Smarandache curves. Found results
were expressed depending on the Mannheim curve.

Key Words: Mannheim curve pair, Smarandache curve, Sabban frame,
Geodesic curvature.

1. Introduction

In differential geometry, special curves have an important role. One of these curves Mannheim
curves. Mannheim curve was firstly defined by A. Mannheim in 1878. Any curve can be a Mannheim
e ’i 7z A is anonzere constant, where curvature of curve is ¥ and curvature
of torsion is 7. After a time, Mannheim curve was redefined by Liu and Wang. According to this new
definition, when first curves principal normal vector and second curves binormal vector are linearly
dependent, first curve was named as Mannheim curve, and second curve was named as Mannheim
partner curve [8]. We can found many studies in literature related to Mannheim curves [4, 9]. A regular
curve in Minkowski space-time, whose position vector is composed by Frenet frame vectors regular
curve is called a Smarandache curve [15]. Special Smarandache curves have been studied by some
authors [1, 2, 5, 10, 11]. K. Taskoprii, M. Tosun studied special Smarandache curves according to
Sabban frame on S? [14]. S. Senyurt and A. Caliskan investigated special Smarandache curves in terms
of Sabban frame of spherical indicatrix curves and they gave some characterization of Smarandache
curves [3]. We investigated special Smarandache curves belonging to Sabban frame drawn on the
surface of the sphere by Darboux vector of involute and Bertrand partner curves [12, 13]. Let
a1 — E? be a unit speed curve, we defined the quantities of the Frenet frame and Frenet formulae,
respectively [7],

curve ifand only if 4 =

T(s) = &'(5), N(s) = “:(S) JB(s) =T(5) AN(S), (1.1)
e ()|
T'(s) = x(S)N(s), N'(s) = —«(S)T(s) +7(s)B(s), B'(S) = —z(S)N(S). (1.2)

Let a,a” be Mannheim pair curve and Frenet apparatus {T(s),N(s),B(s),x(s),z(s)} and
{T7(s),N"(s),B"(s),x"(s),7"(s)} are respectively. The relation between the Frenet apparatus are as
follows, [9],

T"=cosdT —sindB, N* =sindT +cosdB,B* =N, " = K0 "

y T =
AW

K
e (1.3)
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Let y:1 —> S? be a unit speed spherical curve. We denote s as the arc-length parameter of 7 . Let us
denote by

7(8)=y(s), t(s)=7'(s), d(s)=y(s)At(s) (1.4)
{7(s),t(s),d(s)} frame is called the Sabban frame of  on S?. Then we have the following
spherical Frenet formulae of y

7'(8) =1(s), t'(s)=—y(s)+x,(s)d(s), d'(s)=—«,(s)t(s) (15)
where « is called the geodesic curvature of the curve y on S? which is
K, (8) =(t'(s),d(s))- (1.6)

2. Main Results

In this section, we investigated special Smarandache curves such as created by Sabban frame,
{T*,TT* T /\TT*}, {N*,TN*, N* /\TN*} and {B*,TB*, B” /\TB*}. We will find some results. These
results will be expressed depending on the Mannheim curve. Let’s find results on this Smarandache

curves. o (ST*):T*(S*), a (SN*):N*(S*) and «a (SB*)=B*(S*) be a regular spherical

curves on S?The Sabban frames of spherical indicatrix belonging to Mannheim partner curve are as
follows:

T'=T.T.=N"T'AT =B 2.1)
N*=N", TN* =—cos¢’ T +sing’B*, N* /\TN* =sing T +cos¢'B”, (2.2)
B'=B", T, =-N", B'AT =T" (2.3)
From the equation (1.5), the spherical Frenet formulae of (T*), (N*) and (B") are, respectively,
1 | - * T* * * r — T*
TUETL TS TATL, AT =T (2.4)
N*“=T T, '=-N° ¢ N AT (N*/\T*)’:——¢ T (2.5)
NN ”\N H N | N
B*|=T*’T*|=_B*+K_*B*/\T*1(B* K* .. (2_6)
B B T B B

Using the equation (1. 6) the geodesic curvatures of (T"), (N*) and (B") are,

B* K.*

=—, K'g andr, =—. 2.7
© \NV H ’

Definition 2.1. Let (T™) curve be of &”, T* and T_. be unit vector of (T™). Inthis case f, -

Smarandache curve can be defined by
Bi(s) = \/— T +T.). (2.8)

Theorem 2.1. The K 1 geodesic curvature belonging to /3, -Smarandache curve of the Mannheim

. 1
curve is /(51

W, ”W”/I +”\g” A2 +243), where
@+C0 ) )2



Zl - _2_(”\2/'”)2 +(|[\gl’||)'(|[\2{||)’ Zz - _2_3("\;\/’”)2 _(”\N”)4 _(”\2/'||)f(”\2/’||)

9!

Y.

o=ah e
Proof:. ﬂl(sT*) = %(I'* +TT*) and from the equation (2.1), we can write

A= +NY). @9)
Differentiating (2.9), Tﬂl (s7) is

* 1 * * : *
T, (s") = ————(-T"+N"+-B"). (2.10)
1 * K

2+(5)?
K

Considering the equations (2.9) and (2.10), with ease seen that

*

1 T*T*_T

(B ATy = e (T
Ja+2(5)?
K

Differentiating (2.10) equation, Tﬂl' vector is

1{63:——4£;——MJ*+%N*+%33, (2.12)

2+ ()%
K
where coefficients are

Jy= -2

N*+2B"). (2.11)

" A
)2+ (=)' (=),

K K K

fp =230 = () - () (), (2.19)

A =2(

From the equation (1.6), (2.11) and (2.12), Kfl geodesic curvature of f,(S") is

" - -
)+ (=) +H (=)
K K K

B _ 1 T
o T s (=

@+ "
Substituting the equations (1.3) into equation (2.9), (2.10), (2.11) and (2.12), Sabban apparatus of the
S, -Smarandache curve for Mannheim curve are

K

ﬂ1+r—i/12+223). (2.14)

p.(s) = %((sin9+cose)T +(cosé —sin)B),

T (3)249(sin6?—cose)_|_+ Wl N O (cosO+sing) o

W 207 (WFr20? (W] 207

_ |[\N||(c0549+sm49)_|_ 20' . +||\/v||(cose—sm9) B

2 2 + 2 2 2 12
W +a0e oW ese? 2w 40

(B AT, )



@) «/_(Zlc059+/_125in¢9)_|_+ (0")*\2 2 N @) “J2(A2cos6 - /hsme)B

(W[ +20° (W[ +20)° (W[ +20°

and K' ! geodesic curvature is

T,'(s) =

K

ey

S 1P 1P
o'

Definition 2.2. Let (T™) curve be of o, TT* and T* AT, be unit vector of (T"). Inthis case f3, -
Smarandache curve can be defined by

Bo(s) = \/— LATIATL). (2.15)
Theorem 2.2. The K'gﬂz geodesic curvature belonging to £, -Smarandache curve of the Mannheim
curve is zcgﬂz |;N|| =(2 ”W” L —&2+¢3), Where

(1+ 2( %)

- _ W] INvllg Iy W= W W WL
81—(9,)+2( 9,) +2( 9,)(9, ), &2=-1-3( 9,) 2( 9,) (49’)
= W o W W
6‘3—(0,) 2(9,)+(9,)'

Proof: From the equations (1.3), (2.1) and (2.15), we can write

Bo(s) = %(SinHT +N +coséB).

Herein, if Sabban apparatus calculate

:—0'cose—|[\N||sin6?T W] N @'sin6— |[\/V||cosé?B

(
i
T Wfeer oMot W)l
T (CAN \/_(82$In9+81C03(9) (@) 32 N (0)*2(g2cos0— slslnH)B
5y (s)= 12 T+ 2 1232 ’2
2" +6%) @wi"+e%) @W[ +o?)
_ 2|W|coso- g'sing_ o' \ 2|[\/\l||sm<9+49’cos¢9B

(B, AT, )(8) = -
U aF ot a2t w2

Kgﬂz geodesic curvature is

AU S
ooy

£1—E2+&3).

K

Definition 2.3. Let (T") curve be of o™, T", T_. and T" AT be unit vector of (T™). In this case

S, -Smarandache curve can be defined by

Bs(s) = \/—(F +T . +T7ATL). (2.16)



Theorem 2.3 The K§3 geodesic curvature belonging to /3, -Smarandache curve of the Mannheim

g 1 —
curveis = 7 5((2 1), —(1+--)p, +(2——)p,), where
: Y W R

il
N | N ] N ] O L1 W 7
@1 = —2+4( 0') 4( 0,) +2( 9,) +(9,)(2 7 1)

PP L PP S L ISP L P L N L
0, ==2+2( D) -4C ) + (0 -2 - (R 0
o= oM g We g W o W, VI, W]
0, =20 ) =4C 5 +4C 7 =200+ C -0,

Proof: From the equations (1.3),(2.1) and (2.16), we can write
Bs(s) = %((sim%cos@)T + N +(cos@ —sind)B).

Then if Sabban apparatus calculate
6’ cos 6 — (W] - 0)sm49_|_ W N_e'sin9+(|[\/\/||—9’)coseB

J2W[ -l +e?) 20w -w]e ey 2w ~[w]e+e?)

_(e)f(qozsmewlcose) 1. ()30,

T, (s)=

Tﬁa'(s) L > P
4w -|we +6%) AW[" - |wle+o7)
(9) \3(p, cos6 - (P13'n9)
4w -Iwle +67y
(BonT, )(S)_(2|[\N|| 6’)cos€ (|[\N||+¢9)S|n0 T4 20" ||| \

6 +60"

o+60° o[ -
_(2|[\N|| d")sin6+ (|W|+6") cos @ B

6w ~6[w/ o' +60"

Kgﬂ3 geodesic curvature is

" S [N L e U

’ 4\/_(1_’_ |[VV||+(”\N") )2

Definition 2.4. Let (N™) curve be of &, N* and TN* be unit vector of (N") . In this case £, -

)(/73

K )P,

Smarandache curve can be defined by

B.(s) = \/_(N +T L) (2.17)
Theorem 2.4. The K'gﬂ4 geodesic curvature belonging to £, -Smarandache curve of the Mannheim
curve is K§4 = ! B (77;_(1—77;_(2+2;_(3), where 7 = (———— ”W” ) AT —-cscd and

(2+1?)? @ + Wl

2i=-2-n*+n'n x,=-2-3n*-n*-n'n, y;=2n+n*+n.



Proof: From the equations (1.3), (2.2) and (2.17), we can say

5.(9) = JO2 W] sin 0—9'c0349 W] e'sin 0 +10" +|W|’ cos o 8
J207% 2w 1/ 20" + 2|W| J202 + 2]

If Sabban apparatus calculate
.

T (S)_(UH\NH_QI)COS@— |[\N||2+9’25in¢9 no' +
- (9)=
“ W[+ 02277 C W otein
0')sin @ 240" coso
s )sing W 07 woso
JWIF 07277
ey G200 20050+ AW +20"ising - Gror g WINE
’ @y W +o° @y W +0°

(2,0~ 2:|W|)V2sin 9+\/2|[\/V||2 +26" y,c0s0 5
+ L

(2_'_772)2 ”\N||2 +0r2

(B AT )(S) = @2|W||-16) cos @ —ny|W | + 6 sin ¢9_I_ 0'—n|W| N
h a2 W +o° M W +6r
(776?' 2|w ||)sm 0 - 771/|[\/V|| +6" cos@ 5

K§4 geodesic curvature is

R P
Kyt = s(Mxi—nx,+2x,).

2+n°)?
Definition 2.5. Let (N*) curve be of ", T . and N™ AT . be unit vector of (N7) . In this case f;

-Smarandache curve can be defined by

1 .
ﬂS(s):T(r LANTAT ). (2.18)
Theorem 2.5. The K‘ > geodesic curvature belonging to /3 -Smarandache curve of the Mannheim
curve is Kgﬁf’ = ! 5 (27751—52 +353), where
2+n*)?

81 = n+2n°+2n'n, 52 = —1-37*-2n" -1, 53 = -n*=2n* +n'
Proof: From the equations (1.3),(2.2) and (2.18), we can write

(w|-6) COSHT . (0’ W |)sin 0

J207 12w 207+ 2w \/29'2 2wl

Bs(8) =



Here, if Sabban apparatus calculate
. (S):77(|[\N||+¢9’)c056’—1/|[\/\/||2+9'2 sing____ n@-wph
" N R T (T
6')sin @ * 16 coso
Wl osing s JWF 0 coso
J1+27° 1/|[\/V||2 +6"
(53|W |- 5202 cos @ + 514 2|W | + 267 sin HT N (630 + 52 |W|)v2 N
(1+2n°)? 9’2+|[vv||2 (1+2n°%)? 6?'2+|[\/\l||2
(820"~ 55|W)2sin 6+ 51f2W|[ +20 cos o o
+ )
(1+2n°%)? 6?'2+|[\/V||2
(B AT, () = (|[\I\/||+0’)cos49+2771/|[\/V||2+6?'2 Sin6T+ o' —|W|| \
SR 2+ ar W] +o 2w W+
2nJWI + 67 cos6— 6')sin @
L2 W+ 6" cos@— (W |+ ¢)sin 5
w/2+4772\/|[\N||2+49'2

T, '(s)=

K'gﬂS geodesic curvature is

g9 5

(2+n%)?

K5 = (2761 — 52 +53).

Definition 2.6 Let (N*) curve be of o, N”, T . and N* AT . be unit vector of (N¥) . In this

case [, -Smarandache curve can be defined by

Ar(S)= (N 4T, 4N AT, ), 2.19)
Theorem 2.6 The K‘gﬂ6 geodesic curvature belonging to /3 -Smarandache curve of the Mannheim
s _ (2n=D)p —(L+m)p, +(2-1)p,
g W2
P = 2+4n—4n* +2n° +20'(2n 1), p, =—2+2n—4n*+2n° - 2n* —n'(1+7),
ps = 2n—4n" +4i° = 27" +7'(2-7).

curveis K , Where

Proof: From the equations (1.3), (2.2) and (2.19), we can write

ﬂe(s):(|[\/\/||—0’)cost9+1/9’ +|W|| Sin0T+ o' +|W|| N

30 + 3|W| 30 +3|W|

N0+, +|W| cos@
W{)sin 6+ +|W|" cos 5
30 +3|W|
Herein, if Sabban apparatus calculate

(0"
+




(77|[\N||—(1—n)0’)cose—Wsin0 n0'+1-m)|W|
NN T RN T N T e
((1 )0 —n|W|)sing—|w|’ +6* cosé’B
J2(-7+n*){ W[ +07 |
(/_330'—,02|[\N||)\/§c050+pl\/?Wsin9T+ (PalW]+p0NE
A1-n+n*) 0 +|W| 41—+ 07 + W[
N (0, W] - p:0)W3sin 0+ p,\[3W| +36 coso 5
AL-n+n?)2 O +|W|
(@)W ||+ @+ 7)0) cos 6+ (2 ~1)\ W + 67 sin 0.
. 2-mo' -A+n)|W|
J6-61+607 W[} +6”
+(277—1) |[\N|| +6'% cosO—((2—n)|W|- (1+77)¢9)S|n¢9 5

\/6 617 +6n° .”\N” +0"?

T, ()=

T, '(s) =

(Bs ATﬁG )(s) =

K‘§ ® geodesic curvature is
_(2n-1)p, - (1+r7)p2+(2 n)ps
4\/_(1 n+n )2

Definition 2.7. Let (B”) curve be of ", T_. and B* AT.. be unit vector of (BY) . Inthis case S, -

Smarandache curve can be defined by

1
(s):—(T *+T*/\T L) (2.20)
B 7
Theorem 2.7. The K‘ ’ geodesic curvature belonging to /3, -Smarandache curve of the Mannheim
curve is K§7 = L R (2 w,—y,+y,), Where
(1+ 2(”\/\/”) )E "W”
Oy (ool v, =1-3c0y 2yt - (Ly
2
INVII W IIWII IIWII N INVII W
9!
‘—(—) —2(=—)" +
T IIWII

Proof: From the equations (1.3), (2.3) and (2.20), we can write
1 .
S) = —=(—sindl + N —cosé&B).
£(5)= = ( )

If Sabban apparatus calculate



T (9= 0’cos¢9—|[\N||sin6?T W] \ ¢'sin 0 +|W | coso B
A L 2 - 2 o 2 a2
V2W[+6 V2W[+6 V2[W[+o
(5) = W[ V2 (@s cos 9 - w25|n9) |[W|| 2o |[\N|| \/_(wzcos¢9+a)35|n0)
k @WF oy eWe ) W +0%y

2 cos@+0'sin@ o' 0'cos@ -2 sin@
(5, AT, (5) = 2] T N+ Wjsing

\/4|[vv||2+29'2 \/4|[vv||2+249'2 \/4|[vv|| +207

K'gﬂ " geodesic curvature is

1
=

1)
. : wNn W]
(2( ))
W]

Definition 2.8. Let (B™) curve be of «”, B", TB* and B’ AT_. be unit vector of (B") . In this case

> +2;)3).

B, -Smarandache curve can be defined by

B,(3) = %(B* +T_ 4B AT). 2.21)
Theorem 2.8. The K'gﬂa geodesic curvature belonging to /3 -Smarandache curve of the Mannheim
. 1 0 —
curveis s = pT— E,~ (L oZ, +(2-0),), where
sl Oy @ T
] w]
l, = 2440 42 9y 2( i o
IIWII IIWII IIVVII IIWII IIVVII IIWII
¢, =2+2. 2 )= ( )* —(
IIWII IIWII IIWII IIWII IIWII IIWII
) - (
IIWII IIWII IIWII IIWII IIWII IIWII
Proof: From the equatlons (1.3), (2.3) and (2.21), we can write
Ss(S) = \/_((cose sin@)T + N —(cos@+sind)B).
Here if Sabban apparatus calculate
@' cos6+(0'—|W|)sine Wl ¢'sin@— (' —|W|)) cos &
T, () T- - 5 N — - 5 B,
VW -wlo+o%) 2wl -l o) 2w -w]o+o%)
T, = W V3(£, cos - gzsme) T4 W3¢, |[\N|| J_(§20030+§3sm9)
W[’ ~wer+e%y’ 4(|IW||2—|M/II6”+9'2 4w’ -wler+e%y’
(ﬂBATﬁa)(S)_(ZH\/\/” 0)00549+(|[\N||+6?)sm<9 T4 20'—|W| \

JoW[ —spwlo+60" 6| e[| +60"
(|[\N||+0)cos€ @w|- 9)smgB

Jow[ —sjw]o’+60”

ng geodesic curvature is




P 1
. = ~1)¢, -1+ )§2+(2
: |wvn |wvn

|wvn |wvn

97,
W]

3. Conclusion

In this study, we studied Mannheim Partner Curves and Smarandache curves, which are
well known in Differential Geometry. The Sabban frames of the differential curves drawn by
the Frenet vectors of the Mannheim Partner Curve on the unit sphere surface were calculated.
Then Smarandache curves were defined with the help of these frames. Finally, geodesic
curvatures of these curves were calculated according to Sabban frames.
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