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§1. Introduction

It is well known that there are three kinds of Lorentzian space. Minkowski space is a flat
Lorentzian space and de Sitter space is a Lorentzian space with positive constant curvature.
Lorentzian space with negative constant curvature is called Anti de Sitter space which is quite
different from those of Minkowski space and de Sitter space according to causality. The Anti de
Sitter space is a vacuum solution of the Einstein’s field equation with an attractive cosmological
constant in the theory of relativity. The Anti de Sitter space is also important in the string
theory and the brane world scenario. Due to this situation, it is a very significant space from
the viewpoint of the astrophysics and geometry (Bousso and Randall, 2002; Maldacena, 1998;
Witten, 1998).

Smarandache geometry is a geometry which has at least one Smarandachely denied axiom.
An axiom is said to be Smarandachely denied, if it behaves in at least two different ways
within the same space (Ashbacher, 1997). Smarandache curves are the objects of Smarandache
geometry. A regular curve in Minkowski space-time, whose position vector is composed by
Frenet frame vectors on another regular curve, is called a Smarandache curve (Turgut and
Yilmaz, 2008). Special Smarandache curves are studied in different ambient spaces by some
authors (Bektag and Yiice, 2013; Koc Ozturk et al., 2013; Tagkoprii and Tosun, 2014; Turgut
and Yimaz, 2008; Yakut et al., 2014).

1Received December 03, 2015, Accepted August 2, 2016.



2 Mahmut Mak and Hasan Altinbas

This paper is organized as follows. In section 2, we give local diferential geometry of non-
dejenerate regular curves in Anti de Sitter 3-space which is denoted by H$. We call that a curve
is AdS curve in H3 if the curve is immersed unit speed non-dejenerate curve in H. In section 3,
we consider that any spacelike AdS curve 3 whose position vector is composed by Frenet frame
vectors on another timelike AdS curve a in H3. The AdS curve 3 is called AdS Smarandache
curve of a in H3. We define eleven different types of AdS Smarandache curve 3 of a according
to Sabban frame in H3. Also, we give some relations between Sabban apparatus of a and 3 for
all of possible cases. Moreover, we obtain some corollaries for the spacelike AdS Smarandache
curve 3 of AdS timelike curve e which is a planar curve, horocycle or helix, respectively. In
subsection 3.1, we define AdS stereographic projection, that is, the stereographic projection from
H3 to R$. Then, we give an example for base AdS curve and its AdS Smarandache curve, which
are helices in H3. Finally, we draw the pictures of some AdS curves by using AdS stereographic

projection in Minkowski 3-space.

82. Preliminary

In this section, we give the basic theory of local differential geometry of non-degenerate curves
in Anti de Sitter 3-space which is denoted by H3. For more detail and background about Anti
de Sitter space, see (Chen et al., 2014; O’Neill, 1983)..

Let R% denote the four-dimensional semi Euclidean space with index two, that is, the real
vector space R* endowed with the scalar product

(,y) = =211 — Toyo + T3Y3 + TaYs

for all ® = (21, 72,3, 24), ¥y = (y1,Y2,Y3,y1) € R:. Let {ey, e, €3, €4} be pseudo-orthonormal
basis for R%. Then 6;; is Kronecker-delta function such that (e;, e;) = d;;6; for e1 = €9 =
—1,e3=¢e4=1.

A vector & € R} is called spacelike, timelike and lightlike (null) if (x,x) > 0 (or & = 0),
(x,z) < 0and (x,z) = 0, respectively. The norm of a vector € R} is defined by ||| =
\/W . The signature of a vector x is denoted by

1, =« is spacelike
sign(¢) =< 0, =« isnull

—1, x is timelike
The sets

$3 = {zeR;|(x,x)=1}
Hy {zeR; | (z,z)=-1}

are called de Sitter 3-space with index 2 (unit pseudosphere with dimension 3 and index 2 in

R3) and Anti de Sitter 3-space (unit pseudohyperbolic space with dimension 3 and index 2 in
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R3), respectively.

The pseudo vector product of vectors ', 2, 23 is given by

—€1 —é2 €3 €4
1 1 1 1
T T Tz X
1 2 3 24
Az Aad = ) ) s (1)
L Ty T3 Ty
3 3 3 .3

xy xy xR Ty

where {ej, ez, e3,e4} is the canonical basis of R and x* = (2%, 24, 2%, 2%), i = 1,2,3. Also, it
is clear that

(x, ' N2? A 2?) = det(z, ', 22, 2°)
for any = € R3. Therefore, ! A 2 A x3 is pseudo-orthogonal to any %, i = 1,2, 3.

We give the basic theory of non-degenerate curves in H3. Let a : I — H3 be regular curve
(i.e., an immersed curve) for open subset I C R. The regular curve « is said to be spacelike or
timelike if ¢ is a spacelike or timelike vector at any ¢ € I where &(t) = dae/dt. The such curves
are called non-degenerate curve. Since « is a non-degenerate curve, it admits an arc length
parametrization s = s(¢). Thus, we can assume that a(s) is a unit speed curve. Then the unit
tangent vector of v is given by £(s) = a@/(s). Since {a(s), a(s)) = —1, we have (a(s),t'(s)) =
—d1 where 6; = sign(t(s)). The vector t'(s) — d1ax(s) is pseudo-orthogonal to a(s) and &(s).
In the case when (a’(s),a”(s)) # —1 and t'(s) — d1cx(s) # 0, the pirinciple normal vector
and the binormal vector of a is given by n(s) = Hi:gg:% and b(s) = a(s) At(s) An(s),
respectively. Also, geodesic curvature of a are defined by r4(s) = ||t'(s) — d1a(s)]||. Hence, we
have pseudo-orthonormal frame field {a(s),t(s), n(s),b(s)} of R3 along a. The frame is also

called the Sabban frame of non-dejenerate curve o on H} such that

t(s) An(s) Ab(s) = d3a(s), n(s) Ab(s)Aa(s) = d163t(s)
b(s) Na(s) At(s) = —d203n(s), a(s) At(s) An(s)= b(s).

where sign(t(s)) = d1, sign(n(s)) = o2, sign(b(s)) = 03 and det(ex, t,n,b) = —J3.

Now, if the assumption is < a”(s),a”(s) ># —1, we can give two different Frenet-Serret
formulas of a according to the causal character. It means that if 6; = 1 (6; = —1), then a is
spacelike (timelike) curve in H3. In that case, the Frenet-Serret formulas are

o/ (s) 0 1 0 0 a(s)
t'(s) _ & 0 Kg($) 0 t(s) @)
n'(s) 0 —01d2k4(s) 0 —019374(s) n(s

)
b'(s) 0 0 316274(s) 0 b(s)

_ det(a(s),a'(s),a”(s),am(s))'

(rg(s))?

where the geodesic torsion of ¢ is given by 74(s)

Remark 2.1 The condition < a”(s),a”(s) ># —1 is equivalent to k,4(s) # 0. Moreover, we
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can show that r4(s) = 0 and #'(s) — d1a(s) = 0 if and only if the non-degenerate curve a is a

. . 3
geodesic in Hj.

We can give the following definitions by (Barros et al., 2001; Chen et al., 2014).

Definition 2.2 Let a: I C R — H3 is an immersed spacelike (timelike) curve according to the

Sabban frame {a, t,n, b} with geodesic curvature k, and geodesic torsion 4. Then,
(1) If 1y =0 , e is called a planar curve in HS;
(2) If iy =1 and 7, =0 , o is called a horocycle in H};

(3) If T, and k4 are both non-zero constant, « is called a heliz in H3.

Remark 2.3 From now on, we call that « is a spacelike (timelike) AdS curve if & : I C R — H3

is an immersed spacelike (timelike) unit speed curve in H.

§3. Spacelike Smarandache Curves of Timelike Curves in H3

In this section, we consider any timelike AdS curve a = «(s) and define its spacelike AdS
Smarandache curve 8 = B(s*) according to the Sabban frame {a(s),t(s),n(s),b(s)} of a in

H3 where s and s* is arc length parameter of a and 3, respectively.

Definition 3.1 Let @ = a(s) be a timelike AdS curve with Sabban frame ¢ = {a,t,n,b}
and geodesic curvature kg and geodesic torsion 14. Then the spacelike viv;—Smarandache AdS

curve B = B(s*) of a is defined by

* *Lav-s vi(s
B(s (S))—ﬁ( i(s) + buj(s)), (3)

where vi,v; € @ for i # j and a,b € R such that

r Condition
j

at a2 412 =2

an | a®> - =2
ab | a?-b2=2
tn a?—v* =2
tb a’? -b2 =2
nb | a®>+b%=-2
(Undefined)

Theorem 3.2 Let o = a(s) be a timelike AdS curve with Sabban frame ¢ = {a, t,n,b} and
geodesic curvature kg and geodesic torsion T4. If B = B(s*) is spacelike v;v;—Smarandache AdS
curve with Sabban frame {B,tg,ng,bg} and geodesic curvature kg, geodesic torsion T, where

v;,v; € @ fori # j, then the Sabban apparatus of B can be constructed by the Sabban apparatus
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of a such that

ViV Condition

at b2hg(s)> —2>0

an b27,(s)% — (brg(s) +a)* >0

ab b21,(s)> —a2 >0 : (5)
tn | 2(ky(s)® —1) + b (Tg(s)2 - 1) >0

th (akg(s) — bry(s))* —a® >0

nb (Undefined)

Proof We suppose that v;v; = at. Now, let 8 = B3(s*) be spacelike at—Smarandache
AdS curve of timelike AdS curve a@ = a(s). Then, 3 is defined by

* -t ao(s s
B(s*(s)) = \/5( (s) +bt(s)) (6)

such that a? + b? = 2, a,b € R from the Definition 3.1. Differentiating both sides of (6) with

respect to s, we get
dp ds* 1
1/ * _ _ ’ ’
B (65) = g gy = 5 (00 (9) + (5))

and by using (2),

tols" () G- = 75 (0t(5) +b(=a() + ry (),

where

ds* b2 kg(s)? —2

i "

with condition b%k4(s)* — 2 > 0.

(From now on, unless otherwise stated, we won’t use the parameters ”s” and ”s*” in the

following calculations for the sake of brevity).

Hence, the tangent vector of spacelike at—Smarandache AdS curve 3 is to be

1
tg = NG (—ba + at + brgn), (8)

where o = b?ky? — 2.

Differentiating both sides of (8) with respect to s, we have

2
tgl = U_\/z— ()\10( + )\Qt + )\3’!?, + )\41)) (9)
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by using again (2) and (7), where

Al = brgky' — ao
Ao = —abPrgky’ +b (kg% — 1
2 ab’kgkg (/qg ) o (10)
A3 = —2bky + ak4o
Ay = brgTgo .
Now, we can compute
1
tg' — B=—== ((2\ — ao?) a + (2Xz — bo”) t + 2XA3n+2)\4b) (11)
V202
and .
Its’ — Bl = ;\/—04 +2(ad +bX2) 02 +2 (=A% — X + A% + AdP). (12)
From the equations (11) and (12), the principal normal vector of 3 is
1
ng = —— ((2A1 — ac?) o+ (2X2 — bo®) t + 2X3n + 2\4b 13
and the geodesic curvature of 3 is
BN
L (14)
where
p=—0t+2(ar +bX2) 0% +2 (=M% = A® + A3+ 7). (15)

Also, from the equations (6), (8) and (13), the binormal vector of 3 as pseudo vector
product of 3,tg and ng is given by

bﬂ - \/T_M ((_bzﬂg)ul) o+ (ablig/\4) t+ 2)\47?/ + (—bzﬂg)\l + ablig/\g - 2)\3) b) . (16)

Finally, differentiating both sides of (9) with respect to s, we get

-9 (2)\10I — ()\1/ — )\2)0') o+ (2)\20I - (M + Ao’ + Iig)\g)o) t

B == (17)
o + (2)\30’ — (KgAa + A3’ — Tg/\4)0') n+ (2)\40’ — (TgAs + /\4/)0) b

by using again (2) and (7). Hence, from the equations (6), (8), (9), (14) and (17), the geodesic
torsion of 3 is

_ 2 Kg(b)\l - a/\g)(ng)\g +aXg + b)\4/) — bﬁg(b)\l/ - a/\g/))\4

Tg = 9 9 (18)
op +2Tg()\3 + )\4 ) + abm92A3)\4 — 2()\3/)\4 — )\3)\4/)

under the condition a? 4+ b?> = 2. Thus, we obtain the Sabban aparatus of 3 for the choice
v;v; = adt.

It can be easily seen that the other types of v;v;—Smarandache curves 8 of a by using
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same method as the above. The proof is complete. O

Corollary 3.3 Let o = o(s) be a timelike AdS curve and B = B(s*) be spacelike v;v;—Smarandache
AdS curve of a, then the following table holds for the special cases of o under the conditions

(4) and (5):

vv; | o is planar curve | o is horocycle | o is helix
at planar curve undefined heliz
an undefined undefined heliz
ab undefined undefined heliz
tn planar curve undefined heliz
tb planar curve undefined heliz

Definition 3.4 Let o = a(s) be a timelike AdS curve with Sabban frame ¢ = {a, t,n,b} and
geodesic curvature kg and geodesic torsion T,. Then the spacelike v;v;v,—Smarandache AdS
curve B = B(s*) of a is defined by

* *Lav-s v;i(8) + cur(s
B(s (S))—\/g( i(8) +buj(s) + cur(s)), (19)

where vy, v;, v € @ fori# j#k and a,b,c € R such that

V;V; Vg Condition

atn a2+ —-c2=3
atb a2+ —-c2=3|. (20)
anb | a? =2 —-c*=3

tnb a?—b—-c2=3

Theorem 3.5 Let o = a(s) be a timelike AdS curve with Sabban frame ¢ = {a, t,n,b} and
geodesic curvature kg and geodesic torsion 14. If B = B(s*) is spacelike v;v;vr,—Smarandache
AdS curve with Sabban frame {B,tg,ng,bg} and geodesic curvature kg, geodesic torsion T,
where v;,vj, v, € @ fori # j # k, then the Sabban apparatus of B can be constructed by the
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Sabban apparatus of v such that

ViV Vg Condition

atn | (b2 — )ry(s)? — 2acky(s ) A(1y(5)> =1) =3>0

atb (brg(s) — cmy(s))” — (2 +3) >0 . (21)
anb (b + ?) 79(s)? — (a+ brg(s))> >0

tnb | (ay(s) = ry(9)° + 1 (6 — g (5)°) = > 0

Proof We suppose that v;v;u;, = atb. Now, let 3 = 3(s*) be spacelike atb—Smarandache
AdS curve of timelike AdS curve a = «x(s). Then, 3 is defined by

1
B(s™(s)) = —=(ac(s) + bt(s) + cb(s)) (22)
V3
such that a? +b% —c? = 3, a,b,c € R from the Definition 3.4. Differentiating both sides of (22)
with respect to s, we get
dg ds* 1

B((5)) = G gy = 5 (a0 () +(5) + /()

and by using (2),

tols" () G- = 7= (0t(s) + b(=ax(s) + 5 (5)n(s)) + (= (s)m(s)

where

ds* _ [(bry(s) = c7y(5))” = (> +3)
ds _\/ 3 (23)

with the condition (brgy(s) — c7,(s))* — (c* +3) >0.

From now on, unless otherwise stated, we won’t use the parameters “s” and “s*” in the
) ) p

following calculations for the sake of brevity).

Hence, the tangent vector of spacelike atb—Smarandache AdS curve 3 is to be
1
tg = NG (—=ba+ at + (bry — cTy) M), (24)
where 0 = (brg — crg)2 — (2 +3).

Differentiating both sides of (24) with respect to s, we have

3
tg = U_‘/; (M + Aot + A3n + \sb) (25)
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by using again (2) and (23), where

A1 o= b(bkg — c1g) (bry' — c14') — ao
Ae = —a(brg —crg) (bry’ —c1g’) + (b (=1 + Kg?) — chgrg) O (26)
As = — (34 ¢%) (bry' — c1g) + akrgo
Ae = Tq (bkg — cTg) O
Now, we can compute
1
- B = ((3\1 —ac®) a+ (3X2 — bo®) t + 3A3n + (3\s — co®) b) (27)
V302

and

1
Its’ — Bl = ﬁ\/—a‘l +2(ad +bAa —ehg) 02 +3 (=M 7 = X7+ A7+ A5). (28)

From the equations (27) and (28), the principal normal vector of 3 is

ne = ((3\1 —ac®) a+ (3X2 — bo®) t + 3A3n + (3A\s — co®) b) (29)

and the geodesic curvature of 3 is

where

p=—0"+2(ar +bra — cha) o? +3 (=A% — X%+ A3% + M%) (31)

Also, from the equations (22), (24) and (29), the binormal vector of 3 as pseudo vector
product of 3,tg and ng is given by

(c(brg — cTg) A2 — (ac)A3 — b(bkg — cTg)A4)

b 1 — (c(bkg — cTg) A1 + (bc) Az — a(brg — cTg)Aa) t (32)
B = =
VIR (a A1+ (be)Aa — ( +3))\4)n
— ((bkg — c1g)(bA1 — aX2) + (¢ +3)As) b
Finally, differentiating both sides of (25) with respect to s, we get
" -3 (2)\10” — ()\1/ — )\2)0’) o+ (2)\20” — ()\1 =+ )\2/ =+ Iig)\g)O') t (33)

ST+ (2007 = (g + A = T A)o) e+ (2007 — (7 hs + Ad)o) b

by using again (2) and (23). Hence, from the equations (22), (24), (25), (30) and (33), the
geodesic torsion of 3 is

; c(ars — A2 (brg — c7g)) (A2 — A1') — ¢ (bAs + A1 (brg — c7g)) (M1 + KgAs + A2')
779 = — + A4 (bl-{g — CTg) (b ()\2 — )\1,) +a ()\1 + Hg)\3 + )\2,)) +c (a)q + b)\z) (Hg)\z — Tg)\4 + )\3/)

op
— (34 %) M (Kgha — TgAa + As") + (B34 %) Az + (bA1 — aX2) (brg — e79)) (TA3 + Ad')

(34)

under the condition a® +b? — ¢ = 3. Thus, we obtain the Sabban aparatus of 3 for the choice



10 Mahmut Mak and Hasan Altinbas

V0V = oeth.
It can be easily seen that the other types of v;v;v;—Smarandache curves 3 of a by using

same method as the above. The proof is complete. O

Corollary 3.6 Let o = a(s) be a timelike AdS curve and B = B(s*) be spacelike v;v;vy—Smarandache
AdS curve of v, then the following table holds for the special cases of av under the conditions
(20) and (21):

VUV | o is planar curve | o is horocycle | o is helix
atn planar curve undefined helizx
atb planar curve undefined helizx
anb undefined undefined heliz
tnb planar undefined heliz

Definition 3.7 Let o = «(s) be a timelike AdS curve with Sabban frame {a,t,m,b} and
geodesic curvature kg and geodesic torsion T,. Then the spacelike atnb—Smarandache AdS

curve B = B(s*) of a is defined by

1
B(s*(s)) = ﬁ(aoa(s) + bot(s) + con(s) + dob(s)), (35)
where ag, by, ¢, dyg € R such that
ao? + b2 — co? — do® = 4. (36)

Theorem 3.8 Let o = «a(s) be a timelike AdS curve with Sabban frame {a,t,m,b} and
geodesic curvature kg and geodesic torsion 1,. If B = B(s*) is spacelike atnb—Smarandache
AdS curve with Sabban frame {B,ts,ng,bg} and geodesic curvature kg, geodesic torsion Ty,
then the Sabban apparatus of 3 can be constructed by the Sabban apparatus of o under the

condition
(bokig(s) — doTg(s))” — (ag + cokig(s))” + co?7y(s)* — by > 0. (37)

Proof Let B = B(s*) be spacelike atnb—Smarandache AdS curve of timelike AdS curve
a = a(s). Then, B is defined by

B(s*(5)) = %@oa(s) + bot(s) + con(s) + dob(s)) (35)

such that ag? + bo? — co? — do? = 4, ag, bo, co, dy € R from the Definition 3.7. Differentiating
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both sides of (38) with respect to s, we get

B(5"(0) = g = 7 (0o (5) + bt () + com’ + ot ()

and by using (2),

tols" () 5 =

(aot(s) +bo (—ax(s) + rg(s)n(s)) + co (rg(5)E(s) + 74(5)b(s)) + do (=7y(s)n(s)))

where

I (39)

ds* [ (borig(s) — dory(s))” = (a0 + corg(s))* + co?74(s)* = bo®
4
with the condition (bokg(s) — doty(s))? — (a0 + cokig(s))? + o274 (s)* — by? > 0.

From now on, unless otherwise stated, we won’t use the parameters “s” and “s*” in the
) ) p

following calculations for the sake of brevity).

Hence, the tangent vector of spacelike atnb—Smarandache AdS curve 3 is to be

1
tg = —= (—boax + (ao + cokg) t + (bokg — doTy) n + coTgh) , (40)

Vo
where o = (bory — dng)2 — (ap + Colig)2 + co?1y% — bo2.

Differentiating both sides of (40) with respect to s, we have
, 2
tg = F ()\10é + /\Qt + )\3n + /\4b) (41)

by using again (2) and (39) where

A = —bo (aoco + g — bo (bokg — doTg)) Kg' + bo (caTg — do (bokg — doTy)) 74" — (a0 + corg) o
N = (—b?) (co + aokyg) + bodo (ap — corig) T4 + co (002 + d02) 7'92) Kg'
+ (bodokg (a0 + cokg) — (c§ + dg) (a0 + corg) 79) 74" + (bo (K5 — 1) — dokgTg) &
N = — (aoco (bokg + dotg) + cf (dorigTg — bo (T4 — 1)) + bo (4 +d3)) Ky’
+ (2aocodofig + 0(2) (do (1 + /{3) — bonng) + do (4 + d?))) Tg' + (ao/{g + ¢o (/{3 — 7'92)) o
M = co (o (ao + cokg) — bo (bokg — doTg)) Tgkig'+

co (Tg (bgd(mg — (cg + d(z)) Tg) + 0) 74 + (bokg — doTy) T40
(42)

Now, we can compute
tﬁl — ﬁ = Tiz ((4)\1 — a002) o+ (4)\2 — b00'2) t+ (4)\3 — 0002) n+ (4)\4 — d00'2) b) (43)

and

1
Htlgl — ﬁH = ;\/—04 +2 (ao)\l + bgAa — coA3z — do)\4) 02 +4 (—)\12 - )\22 + )\32 + )\42).
(44)
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From the equations (43) and (44), the principal normal vector of 3 is

1
ne =5 ((4M\ — ago®) a+ (4X2 — boo®) t + (43 — coo®) n + (4Ag —doo®) b)  (45)
and the geodesic curvature of 3 is
— _ VK
Rg = ?, (46)
where
= —0*+2(ao 1 + boda — cods — doAa) 02 +4 (=M% = N + X3 + \?) (47)

Also, from the equations (38),(40) and (45), the binormal vector of 3 as pseudo vector
product of 3,tg and ng is given by

1
bﬂ = \/ﬁ ((—bgﬂg)ul + CQ(—doﬂg/\g + CLQ/\4) — C%(Tg/\z — Hg)\4> — do(dng)\z + ao)\g)

+bo(coTgAz + do(kgha + TgAa)))a + (bo(—do(rgA1 + A3) + (co + aokg)Aa)

(M — agcors + do(dors — aoha))Ty)t + (a2ha — bo(doha — boAs)

—coAi(dokg — boTy) — ag(doM + co(Tgha — KgAa)))m + (chrght — ad s

—b3(KgA1 + A3) + bo(coda + domg A1) + ao(co(A1 — KgA3) + (bokg — doTy)Aat))b)  (48)

Finally, differentiating both sides of (41) with respect to s, we get

g 4 (2/\10’ — ()\1/ — )\2) a) a+ (2/\20’ — (A X+ Iig/\g)O') t

T 57/2 / / (49)
o + (2)\30/ — (Fag)\g + A3’ — 7'9)\4)0) n + (2)\40/ — (Tg)\g + M\ )0’) b

by using again (2) and (49). Hence, from the equations (38), (40), (41), (46) and (49), the
geodesic torsion of 3 is

T, = % ((b3kgAa + (a0 + corg)(doAs — cors) + (c§ + dg) Ty Az

—bo(cotyAs + do(kgha + T4A1))) (A2 — A))

+(bo(—do(kgA1 + A3) + (co + aokg)Aa) + (G — aocos

+doTy(doA1 — apAa))) (A1 + KAz + A5) + (do((ao + cokg) M

+boa) — (ao(ag + coky) + b3) A — coTy(boAr — agA2))(Kgha — ATy + Af)
+(—=cGrgA1 + agAs + b5 (kg A1 + Az) — bo(cora + doAiTy) + ao(co(—A1 + KgA3)
+X2(=borg + doty)))(AsTg + X)) (50)

under the condition (36). The proof is complete. m

Corollary 3.9 Let a = «(s) be a timelike AdS curve and 8 = B(s*) be spacelike atnb— Smarandache
AdS curve of v, then the following table holds for the special cases of av under the conditions
(36) and (37):
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a is planar curve | o is horocycle | o is helix

atnb planar curve undefined helizx

Consequently, we can give the following corollaries by Corollary 3.3, Corollary 3.6, Corol-
lary 3.9.

Corollary 3.10 Let « be a timelike horocycle in H3. Then, there exist no spacelike Smaran-
dache AdS curve of o in H3.

Corollary 3.11 Let « be a timelike AdS curve and 3 be any spacelike Smarandache AdS curve
of a. Then, « is heliz if and only if B is heliz.

84. Examples and AdS Stereographic Projection

Let R} denote Minkowski 3-space (three-dimensional semi Euclidean space with index one),

that is, the real vector space R endowed with the scalar product
(Z.Y). = T+ T2+ T30

for all T = (77,72,73), ¥ = (Y1, 72, ¥3) € R3. The set

is called de Sitter plane (unit pseudosphere with dimension 2 and index 1 in R$). Then, the

stereographic projection ® from H$ to R} and its inverse is given by

o HAT — RI\S?, d(z) = [ —2 3 T
1\ - 1\17 (.’1}) 1+(E1,1+JJ1,1+£L’1

and
_ 1 1+(z,x) 271 275 273
o1 RNST - HI\L, &' (z) = —
1\ r 1\ , (w) 1_<§7E>*,1_<Evi>*71_<57§>*71_<Evi>*
according to set I' = {cc EH} | 21 =—1 }, respectively. It is easily seen that @ is conformal

map.
Hence, the stereographic projection ® of H3 is called AdS stereographic projection. Now,

we can give the following important proposition about projection regions of any AdS curve.

Proposition 4.1 Let ® be AdS stereographic projection. Then the following statements are
satisfied for all x € H3:

(a) 11 > -1 (D (x),P(x)), <1;

) x1 < -1 (P(x),d(x)) >1.

*
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Now, we give an example for timelike AdS curve as helix and some spacelike Smarandache

AdS curves of the base curve. Besides, we draw pictures of these curves by using Mathematica.

Example 4.2 Let AdS curve « be

a(s) = (ﬁcosh(ﬁs), 214 cosh(v/5s) + 1/ 1 + V2sinh(v/5s),
V2sinh(v2s),1/1 + V2 cosh(v/5s) + 2/4 sinh \/gs) .

Then the tangent vector of « is given by

<2 sinh(v/2s), /5 (1 + \/5) cosh V55 4 21/4y/5 sinh(v/5s),

t(s) =
2 cosh(v/2s), 22/4V/5 cosh(v/5s) + 1/5 (1 + \/5) Sinh(\/5$)> ,

and since
(t(s), t(s)) = —1,

« is timelike AdS curve. By direct calculations, we get easily the following rest of Sabban

frame’s elements of a:

n(s) =

<cosh(\/§s), 23/4 cosh(V/5s) + /2 (1 + \/5) sinh(v/5s),
sinh(v/2s), /2 (1 + \/5) cosh(v/5s) + 23/4 sinh(\/53)> ,

b(s) = <\/gsinh(\/§s), 21/1 + V2 cosh(v/5s) + 2°/4sinh(v/5s),
V5 cosh(v/2s), 2% cosh(v/5s) + 24/ 1 + \/isinh(\/gs)) .

and the geodesic curvatures of « are obtained by

11923\/5, Tg:—\/ﬁ.

Thus, « is a helix in H$. Now, we can define some spacelike Smarandache AdS curves of a as

the following:

% (V6a(s) — vV2n(s) + b(s))

(La(s) - $t(s) + nls) + 1b(s))

anfB(s*(s))
anb/G(S*(S))

atnbﬁ(S*(S)) =

N[
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and theirs geodesic curvatures are obtained by

ankig = 1.9647 | an7y = —0.0619
anblig = 19773, anp7y = —0.0126
atnblig = 2.0067, anp7y = —0.0044

in numeric form, respectively. Hence, the above spacelike Smarandache AdS curves of a are

also helix in H$, seeing Figure 1.

Figure 1
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where, (a) is the timelike AdS helix e, (b) the spacelike an-Smarandache AdS helix of a, (c)
the spacelike anb-Smarandache AdS helix of a and (d) the spacelike atnb-Smarandache AdS
helix of o
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