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Abstract. In this paper, we acquaint a special timelike Smarandache curves Z reference the
Darboux frame of a timelike curve y in Minkowski 3-space 3. We investigate the Frenet
invariants of Z and also give some properties when the curve y is a geodesic, an asymptotic

and a principal curve. Finally, we give an example to illustrate these curves.
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1 Introduction

In Smarandache geometry, a regular non-null curve in Minkowski 3-space, whose position
vector is collected by the Frenet frame vectors of other regular non-null curve, is said to be
Smarandache curve [1]. Recently in Euclidean and Minkowski space-times, special Smarandache
curves according to different types of frames have been studied by some authors [2, 3, 8, 10].

In this paper, we introduce a special timelike Smarandache curves recording to the Darboux
frame of a curve x on timelike surface M in Minkowski 3-space 23. In Section 2, we give the
basic concepts of Minkowski 3-space and Darboux frame that will be used throughout the
paper. Section 3 is devoted to the study of special four timelike Smarandache curves T'n, T'g,
gn, and T'gn-Smarandache curves by considering the relationship with invariants s, (o), x4(o)
and 7,(c) of x in Minkowski 3-space 3. From that point, we give some properties of these
curves when Y is a geodesic, an asymptotic, or a principal curve. Finally, we illustrate these

curves with an example.
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2 Preliminaries

The Minkowski 3-space is three-dimensional Euclidean space provided with the Lorentzian
inner product

T = —(dur)* + (dug)* + (dus)?,

where u = (uy,ug,u3) is a rectangular coordinate system of 3. Any vector v in R} can be
characterized as follows: the vector v is called spacelike, lightlike or timelike if §(v,v) > 0
and v = 0, F(v,v) = 0 and v # 0 or F(v,v) < 0 respectively. The norm of a vector v € R?
is given by ||v| = /[§(v,v)|. Similarly, any arbitrary curve x = x(o) : I — R} where o
is pseudo-arclength parameter, is called a spacelike curve if F(x'(¢),x' (o)) > 0, lightlike if
S(X'(0),x'(¢)) =0 and x'(s) # 0 and timelike if §F(x'(0),x'(¢)) < 0 and for all o € I.

For any unit speed timelike curve y with Frenet-Serret frame {7', N, B}, Frenet-Serret for-

mulas of the curve x can be given as [4, 5, 6]:

T'(o) 0 k(o) O T(o)
N'(o) | =| &le) 0 () |]| N(o) |: (1)
B'(0) 0 —7(o) O B(o)

where —§(T,T) = F(N,N) = F(B,B) = 1 and (T, N) = §(T, B) = (N, B) = 0.

Definition 2.1. A spacelike (timelike) surface in the Minkowski 3-space is a surface M in R}
whose the induced metric is a positive definite Riemannian metric (Lorentz metric). In other

words, the normal vector on the spacelike (timelike) surface is a timelike (spacelike) vector [6].

Let U:V CR? - R, U(V)=Mand 3:1 CR — V be a timelike embedding and a
regular curve, respectively. Then we define a curve x(o) = ¥(5(0)) on the surface M, and since

¥ is a timelike embedding, we have a unit spacelike normal vector field n along the surface M

defined by [7]
v, x V¥,
n=——*“_ (2)

[P, x U,

Hence we have a pseudo-orthonormal frame {7, g, n} which is called the Darboux frame along

the curve y where g(o) = T(0) x n(o) is a unit vector. The corresponding Frenet-Serret

2



formulae of x read

T' (o) 0 Ky(o) k(o) T(o)
gla) [ = [ relo) 0 —75(0) | | &lo) | (3)
n'(o) fin(0) Ty(0) 0O n(o)

where k4(0) = F(1'(0),8(0)), k(o) = F(I'(0),n(0)) and 14(0) = F(g'(o),n(0)) are the
geodesic curvature, the asymptotic curvature, and the principal curvature of x on the surface
M in B3, respectively, and o is arc-length parameter of y.
The pseudosphere with center at the origin and of radius » = 1 in the Minkowski 3-space
M3 is a quadric defined by
S? ={ue R} F(u,u) =1}

3 Special timelike Smrandache curves in R}

In this section, we define a special timelike Smarandache curves reference to the Darboux frame
in Minkowski 3-space R?. Additionally, we obtain the Frenet invariants of these curves and
give some properties when the curve y is a geodesic curve or an asymptotic curve or a principal

curve.

Definition 3.1. [9] Let x = x(o) be a timelike curve lying completely on the timelike surface
M in R? with the moving Darboux frame {7, g,n}. Then T'g-timelike Smarandache curves of

X is defined by

2(0(0)) = 5 (T(0) +4(0)) (4)

Theorem 3.1. Let x = x(0) be a timelike curve lying completely on the timelike surface M
in R} with the moving Darboux frame {7, g,n}. If x(o) is a geodesic curve with 7, > &,

then the natural curvature functions of T'g- timelike Smarandache curves satisfied the following



equations,

J B 2(7'92 — K2)
HZ( (U)) - (K:n . Tg) 9
r2(9(0)) = V2 (i — T )Ty — K Tg) — KnTy(ky, — Ty)

(K3 +73) (Fn = 7)*

(5)

Proof. Let Z = Z(9) be a T'g- timelike Smarandache curves reference to the timelike curve

X = x(o) in Minkowski 3-space R}. From Eqns. (3) and (5), we get

Z'(9) = %% = %(/ﬁg T(o)+ kyg(0) + (kn — Tg)n(a)>,
and
1
Tz(v¥) = m (/-cg T(o)+ Kkyg(o) + (kn — Tg)n(0)> ,
where
ﬁ _ Kp— Ty
do 2
Now
T fﬁ) ()T (0) + 2a(o)s(0) + 2s(o)n(o)).
where )
e1(0) = (kp — 7y) [ch + Ky + K (Kn — Tg)] — tig(ky, —7,),
e2(0) = (kn — 7y) [’{52; + K;fq + Tg(Kin — Tg)} — fig(hy, — 7}/;)7
\53(0) = Kg(kn — 74)%
Then
2(e2 +e3 — &2
Kz (V) = \/ E/{ _7_)3 ) )
and
Nx(d) =~ (21(0)T(0) + £2(0)g(0) + £3(0)n(0) ).
Then, we have
1
B2l0) =t (LOT(0) + f(0)e(0) + ta(on(c).



where

From Eqn. (6), we get

Z"(9) = Ii; + Foy A o (Ko — )] T(o) + [FL; + Fy + Ty (Fin — 7,)]g(0)

7l

+ [ =+ Ryl = )]n(o)].

and
1
2"(0) = —= | (0)T(0) + ma(0)g(e) + s(o)n(o)|.
V2
where
)
p1(0) = K3+ Kl 4 3kghl + (Kn — Tg) (K, 4 2697y + Kinky) + 3kn (K], — 7)),
pe(o) = Iig + Ky + 3kighy + (Kn — Tg)(T) + Knkg + KgTg) + 27, (K;, — 7,),
\,ug(a) =K — 7';' + (Kp — 74) (K2 — Tg2 + kg + 2/{;) + Kry(K], — 7’;).
Then
() = V2 {(,u1 ) |:/€g</£;7, - Tg;) —Tg } /ﬁ2’fn NngN?)’ig)}
2 2
[’ig(’fln - T;) — (kn — 7, )(’i + Tg(’{n Tg)) } [("f Tg) (’f/g + Kn(kn — Tg))
2
— Ky(kl, — 7';)] + ko (Kn — 7g)*
So if x(o) is a geodesic curve (k, = 0), then Eqn. (5) holds and the proof is complete. O

Definition 3.2. [9] Let y = x(o) be a timelike curve lying completely on the timelike surface
M in R} with the moving Darboux frame {7, g,n}. Then Tn-timelike Smarandache curves of

X is defined by

2(9(0)) = —(T(a) + n(a)). (10)

Theorem 3.2. Let x = x(o) be a timelike curve lying completely on the timelike surface M

in R} with the moving Darboux frame {7, g,n}. If x(0) is a an asymptotic line with 7, > x,,
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then the natural curvature functions of T'n- timelike Smarandache curves satisfied the following

equation
2(12 — K2)
kz(¥) = +———,
(kg + 7g) (11)
) r
o) = 2o~ KTy)

(g + 79) (55 +75)
Proof. Let Z = Z(¥) be a T'n- timelike Smarandache curves reference to the timelike curve

X = x(o) in Minkowski 3-space SR3. Then from Eqn. (10), we get

Z'(9) = % (Rn T(o)+ (kg +74) 8(0) + /fnn(a)), (12)
and
T2(0) = (e T(0) + (5 4 7) 8(0) + wan(2)) (13)
where

@_mg—i-Tg

o= (14)

Also, one can see that

dT s V2
W (kg +7,)° <71<")T(“) +2(0)glo) + 73(“)”(">>’

where

(o) = (’fg + Tg) ["{721 + K/;’L + ’{g(“g + Tg)] - ”{n(ﬁlg + 7_5;)7

Yo (0) = Kn(kg + 79)27

Y3(0) = (kg + 74) [KJZ + Ky, — Ty(Kg + Tg)} — Fn(ky +7,).
Then,

i) — V2053 + 3 - V) |
(kg + Tg)
and
Nx(0) =~ (1(0)T(0) + 1:(0)8(0) + 15(0)n(0)).

V3 +73—~f



So

B2(0) = 1 (8:(0)T(0) + 82(0)&(0) + By(on() ).

(kg +T) V73 +73 =3

(

where

01(0) = Yok — ’73(59 + Tg)a

d2(0) = (71 — 73) K,

33(0) = Yakn — (kg + 7).

\

Now, from Eqn. (12) we get

2"(9) :i “/{i + K, + kg(kg + Tg>]T(O') + [Fo’g + Ty + K (kg + Tg)]g(a)

V2
+ [’ii — Tg(kg + Tg)] n(g)} )

and
1
2"(9) = —= ()T (0) + 12(0)g(o) + vy(oIn(o)].
V2

where )

vi(o) = k3 + K + 26,k + Fg(Kg + Tg) + 284 (Ky + 7)),

vy (0) = KTy + Ky + 7)) 4 (kg + Tg) (K, + K — T2) + Kg(KD + K7,),

\Vg(O') = K + 3knky, — Ty(kg + Tg) — 274(K, + 7).

Then

Vakinkl, + (Kg + 7o) (202knky — V3K,) + (V1 + 13)n (], + 7))

— (3kg + 117g) (kg + Tg)Q

[Tg(ﬁg +7g)% + ko (i + T;)}Q + [/inl-f,;L + 2K, k4(Kg + Tg)}z n [/fn(ﬁlg )

[ (kg +7g) (“;z + rg(kg + Tg))2]2 J

So, if x(0) is a an asymptotic line (k,, = 0), then Eqn. (11) holds and the proof is complete. []

Definition 3.3. [9] Let x = x(o) be a timelike curve lying completely on the timelike surface
M in R? with the moving frame {7, g,n}. Then gn-Smarandache curves of x is defined by

2(9(0)) = —(g(a) + n(o)). (15)



Theorem 3.3. Let x = x(0) be a timelike curve lying completely on the timelike surface M in
R} with the moving frame {7, g, n}. If x(o) is a principal line with &,, + £, # 0, then curvature
and torsion of gn-Smarandache curves satisfied the following equations,

2(kp + K3)

liz(ﬁ) =,
fin + Ky (16)

B (3kg — kin) (K, — K, (Kp — K2) + Bintig(kin + Kg) (K], + K1)
r2(0) = V2 { (Kon + Fig) [K2 + K2(Kn + £g)7] } |

Proof. Let Z = Z(¥) be a gn- timelike Smarandache curves reference to the timelike curve

X = x(o) in Minkowski 3-space fR3. Then from Eqn. (15), we get

2/(9) = %Z_i - %((,@n +5) T(0) + 7, 8(0) = 74n(0)), (17)
and
1
Tz(V) = kn + Rg) T(0) +148(0) —T14n(0) ), 18
) ww—mﬁmm« + 1) T(0) + 7, 8(0) = 74n(0)) (18)
where
a9 /275 = (n o+ Ry)?
- = 7% : (19)
Then
T V2 (0(0)T(0) + m(o)glo) + mlon(o) 20
dv (272 — (kn + ,%g))2
where

m(o) = [2Tg2 — (Kn + £g)*] [K}, + Kg = Tg(kn — kig)] = (Kn + ) [27-97; = (Ko + Kg) (K, + “;)]a

m2(0) = [277 = (kn + 5g)?] [1) = 72 + Kg(kn + Kg)] — 74 [27470 — (Kn + Kg) (Kl + K5)],

n3(0) = [27_92 — (kn + “9)2] [’ig(’fn +Rg) = Ty = ng] + 7 [27—97; = (Kn + Kg) (k5 + ’f;)]-

Then

V208 + 13 = n?)

"{‘2(19) = 2 2

(27'g — (kn + /ig)>
and

1

Nz(ﬂ): 5 5 2(771T—|—772g+773n>.
Ny + 105 — 1N
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So
v1(0)T'(0) + v2(0)g(o) + vs3(o)n(o)

\/275 — (kn + Kg)2\/m3 + 13 — 0}

Bz (79) =

where

vi(o) = —(m2 + n3)7,

Ug(0) = =Ty — N3(Kn + Kg),

v3(0) =1k + Kg) — Ty

From Eqn. (17), we have

2(0) == [ [(5, + ) + 5 — 5| T(0) + [yl + 5g) + 77

V2

+ [/in(/in + Ky) — 7'; — T;} n(a)} ’

3

and
1
2"(9) = — |w1()T(0) + ws(0)g(0) + wa(@)n(0)]
V2
where
(
wi(0) = K + Kl + (Kn + Kg) [ + K2 4+ T2] = (K — Kg) (27, + 74),
wa(0) = 1) = 13 = 31,74 + (Kin + Kg) (Kl 4 KinTy) — KgTg(kn — Kg) + 2k4(K], — K1),
wy(0) = (K + ko) (K, — KgTy) = EnTg(Kn — Kg) + 2hn (K], — K) — T — 72
\
Then

(Kn + Kg) [(wz — w3)(/-i2 + 7'2 — K2) + (wp + u)3>(7’; + Hnlig)]

— (w2 + w3) Ty (K], + K) 4 (w2 — w3) T2 (Kn — Kg) + w1 [Ty(kn + Kg)* — 275

]

_ 7—92(,{” — /{g)]Q + [(kn + /fg)(/fz + Fnkig = T,y — Tg)
2

— Ty(K, + Ii;) — T;(Iin — Iig)}

[To(Kn + Kg)? — 275} [(Kn + 1) (T3 + T} — K&y — Knkg) —

Tg("@'; + "‘ffq)

So, if x(o) is a principal line (7, = 0), then Eqn. (16) holds and the proof is complete.

]



Definition 3.4. [9] Let x = x(o) be a timelike curve lying completely on the timelike surface
M in R} with the moving frame {7, g,n}. Then T'gn-Smarandache curves of y is defined by

2(9(0)) = = (T(0) + (o) + (o). (21)

Now, we can investigate the Frenet invariants of the T'gn- timelike Smarandache curves

reference to the timelike curve Y = (o) in Minkowski 3-space R?. From Eqn. (22), we get

2w =28 T (k04 1) T(@) + (5,4 )80 + (5 =) 0(e)). (22
and
~ (BntEg) T(0) + (kg + 74) 8(0) + (Kn — 74) n(0)
1=l = \/(”fg + 7g)? = (Fn + Kg)? + (Kn — 74)? 7 (23)
where
d (kg +Tg)? = (Kn + Kg)? 4 (Kn — 74)?
ds \/ 3 ' (24)
Then
s V3(MOT(0) + 2(0)8(0) + As(o)n(o)) o)
W (g 1) = (b g 4 (= 7)2)
where

(o) = (K, + K’lg) [(“g + 79)2 + (Kn — 79)2} + (kg + Tg){“ [(’{n + ’ig)Q + (kg + Tg)2
+ (kn — 79)°] = (K + Kg) (Kl + K, } + (kn — 74 { n[(Bn 4 Kg)® + (kg + 74)°

+ (ki — 79)%] = (Fn + Kg) (K}, — 7, }

No(0) = (K + 1) [(5g + 79)2 + (Rn = 74)] + (ki + mg){m (K + £g)? + (g + 75)?
+ (kn — 79)°] = (kg + 1) (K}, + K, } + ( { o[ (Fn + Kg)? + (kg + 74)°
(b = 7)) = (g + 1) (s = )},

A3(0) = (ki + 7)) [(Kg + 79)? 4 (K + 5g)?] + (Kn + rg){/@n [(Kn + £g)* + (kg + 74)°

+ (Fn — 79)2] — (Fn — Tg)(’i + K )} (“g + Tg){Tg [(’in + Kg)2 + ('“59 + 79)2

+ (Fn — 79)2] + (Kn — Tg)(’flg + Tg;)}-
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Then

and

So

where

V3032 - N)

kz(V) = 2
((“g +79)% = (K + £g)* + (K — Tg)2>

Na(9) = \/A%:A—H (M(@)T(0) + Xalo)a(0) + Mafo)n() ).
B p1(0)T(c) + pa(0)g ( ) + p3(o)n(o)
Bzld) = \/(’fg +79)? = (Kn + k)% + — T) 2\/)‘ + 23— A%

(

p1(0) = Xa(kn — Tg) - )‘3(59 + Tg)a

pa(0) = M (kn — Tg) — A3(kin + “g>7

\pg(a) = Ao(kn + Kg) — M (kg + 7).

Then from Eqn. (22), we get

Z//(ﬁ) —

and

where

¢

£1(0) = K+ Kl 4 (Kn + Kg) (K2 4 K2) + (g + 79) (K,

£5(0) = s — 74/ + (

Al

7y = 1) 8(0) + [ = 75+ K+ 155) = 7y +7,)]n(0)].

29 = % [gl(a)T(a) + &2(0)g(o) + 53(0)n(0)},

+26, Ky, — 7,) + 264Ky, +7,),

g

+2h4 (K, + Ky) + 27 (K;, +77),

g

+2h0 (K, + Ky) — 274(K, + 7,).

11

Kn — Tg)(’f% - 7'2) + (kin + “g)(’i ’ngg) + (’ig + Tg)<ﬂn”g -

Ko + /i; + Kg(kg + 79) + Kn(kn — Tg)}T(a) + [/{; + 7'; + Kg(Kn + Kg)

T

;)

— KnTg) + (Kn — Tg) (K}, + KgTy)

§a(0) = “g + 7_;/ + (kg + Tg)("{2 - Tg2) + (Fn — Tg)(Té + Knkg) + (Fn + “g)(“fq + KnTg)



Then

\

& (ko

— 7g) (K, + Ky) —

+ (ky + 7)) [E3 (Ko + Kg) —
)

(

(Fon + rg) (A,
&i(

Ty) + Kn (fl(fin + Ky) —

— T;)] + (Kn + Kg) (Kp —

Tg)(§37g — E1kg)
Kn — Tg)] + ('%g + Tg) [51 (/{:;L - Tg;) - 53(’43;1 + “;)}
E3(Fin — Tg))} + (kn + ’{9)2(53’?(1

- (’ig + Tg>2(£17'g + 53/‘09)

+ (kg + 74 [“g(“n

- 52%%) + (Kn — Tg) ( 2/€n - ngg>

[+ 1) o1, = 70) = (1l + 7)o — ) + (i + ) [on (i + g) = Figin = 7))
g 0 )+ (= 7)) = [0 = 7)o - )

— (K, = 7)) (Kin + Kg) + (Fn + Kg) [Fg(Kn — Tg) + Ty(kn + Ky)]
= 73)” = (5] |

Kn (kg + Tg)] + Ky [(/—in + /-ag)2 —

[+ g+ 70) = (1 + 1) g+ 75)

(“g + 79)2]] i

+ K [(

+ (K — 7g) [Tg(Fn + Kg) —

Example 3.1. Let the timelike surface (see Figure 1) in the Minkowski 3-space R? is defined

as

where t € (—1,1).

follows:

V.Y C R — R
= x(0) +te(o),

(o,tsino,tcoso),

(o,t) = V(o,t) (26)
U(o,t) =

Then we get the moving Darboux frame {T,g,n} along the curve x as

T(o) =
glo) =
n(o)

(1,0,0),
(0, —sin o, — cos a),
1

V1—t?

(27)

<—t,—cosa,sina>,

where g(o) and n(o) are a unit spacelike vectors. Moreover, the geodesic curvature ky4(o), the

asymptotic curvature x, (o), and the principal curvature 7,(o) of the curve x have the form

1 (28)

7



Figure 1: The timelike surface ¥(o,t).

Then, the T'g-timelike Smarandache curves Z of the curve y is given by (see Figure 2)

Z(0(0)) = % (1, —sino, — cos a) : (29)

The T'n-timelike Smarandache curves Z of the curve x is given by (see Figure 3)

1 t cos o sin o
2(0(0) = 55 (1~ s ). (30)

The gn-timelike Smarandache curves Z of the curve y is given by (see Figure 4)

1 t coso . sino
Z(ﬁ(o-)):_<_\/1—t27_\/1—t2_Sln07\/1—Tt2_COSO->' (31)

The T'gn-timelike Smarandache curves Z of the curve x is given by (see Figure 5)

1 t cos o ) sin o
Z(ﬁ(a)):—(1—\/1_t2,—\/1_t2—sma,ﬁ—cosa> (32)
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Figure 2: The Tg-timelike Smarandache curves Z on S?.

Figure 3: The T'n-timelike Smarandache curves Z on S}.
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Figure 4: The gn-timelike Smarandache curves Z on S%.

Figure 5: The Tgn-timelike Smarandache curves Z on S%.
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