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§1. Definition and the mean value properties of the Smarandache multiplicative
function

For any positive integer n, f(n) is called a Smarandache multiplicative function if f(ab) =
max(f(a), f(b)), (a,b) =1, and if n = p"' p5? - - - pi* is the prime powers factorization of n, then

f(n) = max {f(p;")}, (L.1)

1<i<k

for any prime p and any positive integer «, f(n) is a new Smarandache multiplicative function
if f(p*) = ap. That is

f(n) = max {f(p;")} = max {a;p;}.

1<i<k 1<i<k

J. Ma [11]. For any real number x > 2, we have the asymptotic formula
2 2

Zf(n)zg-lfm—s—O( : )

2
ot In” x

Y. Liu, P. Gao [10]. A new arithmetical function Pi(n) is defined as

d(n)

Pd(n):Hdzn T,
d|n

where d(n) = Zd\n 1 is the Dirichlet divisor function. For any real number x > 2, we have the
asymptotic formula

7t z? x? x?
E P - .z L
n<zf( a(n)) 72 Inx +c In2z +0 (1113:6) ’

_ 5n* | 1y oo d(n)lnn
where C' = 555 + 5> -1 — 2 15 a constant.
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X. Zhang [24]. For any integer n € N, n is named as a simple number if the product
of all proper divisors of n is mo more than n. Now let A be a simple number set, that is
A=1{2,3,4,5,6,7,8,9,10,11,13,14,15,17,19,21,...}. For any real number x > 2 we have the
asymptotic formula

x? x2 2x 9g:2/3 z2
n%f("):Dlm+D2m%;+m+2lm+O(m3x>’
neA
where Dy, Dy are computable constants.

W. Xiong [19]. Let OF(N) denotes the number of all integers 1 < k < n such that f(n)

is odd, EF(n) denotes the number of all integer 1 < k < n such that f(n) is even. For any

positive integer n > 1, we have the asymptotic formula

o7t = (w)

From the formula above, it can be immediately deduced the following
|
00 OF(n)

J. Li [6]. For any real number x > 1, we have the asymptotic formula

2
NP z(lnl2n:l:)
Z —o nz In® 2 7

neN
f(n)<z
=1 1
where ¢ = Z M 1S a constant.
— n(n+1)

Z. Feng [1]. A natural number n is of the k-full number if for any prime p, p | n implies
pF | n. Let Ay be a simple number set, for any real number x > 2 we have the asymptotic
formula

z? z? 20 9x2/3 z?
—ol po 2T
T;f(n) Iz T 21n2x+lnx+21nx+ <1n3x)’

neAy

where C1,Cs are computable constants.

Y. Men [12]. Let Smd(n) = Zd|n ﬁd), for any real number x > 1, when n # 1,24, we
have

(D). Ifn = p"py® - pdep, pi" < ps* < - < pge < p, and p, pi(i = 1,2,...,s) are
primes, then Smd(n) is not a positive integer;

(2). If n = p1pa -+ ps,p1 < P2 < -+ < ps, pi(i =1,2,...,8) are primes, then Smd(n) is
not a positive integer.

R. Guo and X. Zhao [2]. 1. For any real number x > 1 and any fized positive integer

k > 2, we have the asymptotic formula

3 A f(0) = lenx Lo ().

k
e In" x
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where A(n) is the Mangoldt function, ¢;(i = 1,2,...,k) are computable constants and ¢; = %
2. For any real number x > 1 and any fized positive integer k > 2, we have the asymptotic

formula

oa x?
A(n)S(n) = 2* —— +0 ( ) ,
nz;m ()S(n) glnz_lz In*

where S(n) is the famous Smarandache function, S(n) = min{m : m € Nyn | m!}, ¢;(i =
1

§.

For any positive integers m and n, an arithmetical function h(n) is defined as follows

1,2,...,k) are computable constants and ¢y =

(m,n) = 1= h(mn) = max{h(m), h(n)}.

(o2

If n = p{'ps?---pp* is the prime powers factorization of n, defining

1
P(1) =1, hin) = éliagxk{ a; +1

I3 (1.2)

then h(n) is also a Smarandache multiplicative function.
J. Zhang and P. Zhang [22]. 1. For any real number x > 1, we have the asymptotic

formula

1
Z h(n) = 5 et O(a;%).
n<x
2. For any real number x > 1, we have the asymptotic formula

1\* 1 ¢3) L
> (h(n)—2) ) v+ O0(x3),

n<z

where ((n) is the Riemann Zeta-function.

The Smarandache multiplicative function g(n) can also be defined as follows

9(1) =0, (m,n) =1 = g(mn) = min{g(m), g(n)}. (1.3)
If n = p? péz -+ plr is the prime powers factorization of n, then
_ : t;
g(n) = min {f(p;')}, (14)

specifically let g(p') = min{¢, p}, then g(n) is a new Smarandache multiplicative function.

Z. Ren [13]. For any real number x > 1, we have the asymptotic formula

o) — 124:1/2 1 1821/3 1 LAx
Y9 =+ H(1+(p—|—1)(p%—l)>+ - H(1+( = >+O( ),

n<z P p p+1) pg_l)

where X is any fized positive number.

L. Li [8]. 1. For any positive integer n, if n = pilpt22~--pff is the prime powers
factorization of n, let A = max {t;},i=1,...,r and
1<i<r
P(1)=1.F(n) = min (=} = — (15)
= n) = min = — .
’ 1<i<r t; + 1 A+17
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then F(n) is a Smarandache multiplicative function. For any real number x > 1, we have the

asymptotic formula

Y F(n) = Ai 1x+0(x%).

n<x
2. For any real number x > 1, we have the asymptotic formula
1\? 12
> <F(n) - ) = VT +0(7).

2 2

n<zx

T. Zhang [23]. Let p be a prime and for any positive real number m, Up,(n) is defined

as follows

U1) = 1,Un(p®) = p* +m, (1.6)

if n = pi"p3?---pp* is the prime powers factorization of n, Uy (n) is defined as Un(n) =

Un(®7") - Un(py*). For any real number x > 1, we have the asymptotic formula

1 m 34
Z Um(n) = 51'21;[ (1 + p(p—l—l)) + O((L’2+ )

n<z

X. Wang [18]. Let I(n) be the multiplicative function such that for any prime p and any

integer o > 1, one has

then we have

where C' is an explicit constant.
L. Wang [16]. Let Ny > 1 be a fized integer and for the multiplicative function I(n), we

have

No
Z I(n) =3 log? x ( Z cilog™ z + O(log Vo™t x)) )

n<z i=1

where ¢;(i > 1) are computable constants.
§2. Some hybrid mean values involving the Smarandache multiplicative func-

tion

Y. Yi [21].  For any prime p and positive integer «, the Smarandache multiplicative

function f(n) is defined as f(p®) = pa. Letn = p'ps? - - - p&r is the prime powers factorization
of m, then from the definition of f(p®) we have

o) = e (00} = e {7 ).

1<i<r 1<i<r
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For any real number x > 3, we have the asymptotic formula

Dot/ 4
St - P = S o),

p)
ot In“ x

where {(n) denotes the Riemann zeta-function and P(n) is the greatest prime divisor of n.
W. Lu and L. Gao [9]. For any real number x > 3 and any real number or complex

number «, we have the asymptotic formula

2 ((a+3)¢(2a + 3)x2at3 "¢ - x2ots x2ot3
3 dalm) (£() — P())* = sy o),

(2a+3)Inz ~ 'z In"*t!

n<x

where ((n) denotes the Riemann zeta-function and all ¢; are computable constants.

H. Shen [14].  For any positive integer n, if n = p{'ps? ---p¥r is the prime powers

factorization of n, the Smarandache multiplicative function V(n) is defined as follows
V(l) = ]_,V(TL) = 1rga<x {a1p1u~~~7a7‘pr}' (21)

For any real number x > 1 and any fized positive integer r, we have the asymptotic formula

Z(V(n)—p(n>)g=$%i ; +O(1nflx>,

%
n<lz i=1 Iz

where p(n) is the least prime divisor of n and all ¢; are computable constants.
H. Liu and W. Cui [3]. Letn > 1 is a positive integer, we have the asymptotic formula

- 373&‘ .'173
Vn)p(n) = 4+ O —— |,
S Voot =37 ()

where all a;(i = 1,...,r) are computable constants.

§3. Mean values involving the Smarandache-type multiplicative function

The Smarandache-type multiplicative function Cp,(n) is defined as the m-th root of the
largest m-th power dividing n, J,(n) is denoted as m-th root of the smallest m-th power
divisible by n.

H. Liu and J. Gao [5]. 1. For any integer m > 3 and real number x > 1, we have

D Crnln) = C(?(LT;)”QC + o<x%+€>.

n<x
2. For any integer m > 1 and real number x > 1, we have

2

1 1 1 1
T 2m + 3~ 2mH1 T 2mt2 3
E Jm — I I 1 p p p p O 5te .
) 20(2) 4 [ T (- 5)(1 - 2&1)] T

p

n<lx

H. Liu and J. Gao [4]. 1. For any integer m > 3 and real number x > 1, we have

ST AM)Cn(n) =2+ 0(10236),

n<lx
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where A(n) is the Mangoldent function.
2. For any integer m > 2 and real number x > 1, we have

> A0)Tm(n) =2® + 0(15;5)’

n<x

The Smarandache-type multiplicative function K,,(n) is the largest m-th power-free num-
ber dividing n, L,,(n) is denoted as: n divided by the largest m-th power-free number dividing
n. That is, if n = p{*p3? - - - pi* is the prime powers factorization of n, it follows that

Kp(n) = pi'ps? - pp,

L?n (’I’L) = piylp;/Q t 'pzky
where 8; = min(a;, m — 1), 7, = max(0,; — m + 1)

C. Yang and C. Li [20]. 1. Let m > 2 is a given integer, then for any real number

r > 1, we have

5 i = g I (14 Grigry) +0 ()

n<x p

2. Let m > 2 is a given integer, then for any real number x > 1, we have

> o = (1 y (pm11><p+1>> y O(ﬁ%)’

n<x p

where ((s) is the Riemann Zeta-function.
J. Wang [15]. The asymptotic formula

> Kn(n) = 25;) 1;[ (1 + (p”’ll)(p+1)> + O(x“ie—%é(-@)).

n<z

holds, where co is an absolute positive constant and §(z) = (logx)3/°(loglog z)~1/5.

For any fixed positive integer n with the normal factorization pi" p5? ---pp*, (1 < i < k),
the Smarandache-type multiplicative function Fy,,(n), Gy, (n) are denoted as

o 1, if a; =mk,
Fm (pz l) - .
pi*, otherwise .
and
o 1, if «a; =mk,
Gm(p;') =

p;, otherwise .

J. Li and D. Liu [7]. 1. For any integer m > 2 and real number x > 1, we have

3 F(n) = S mm + DR(m + D™, 0<xm+%+e>,

w2
n<lz
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where € be any fized positive integer,and

1 1
R(m—|—1)=||<1— - )
m-+1 m m2 m2—1
s D +p P +p

2. For any integer m > 2 and real number x > 1, we have

Y~ Gmln) = ¢(2m)R(2)a” + O(2™),

n<z

where

1 )
= H ( P2 om—1 4 2m—2 )
» +p p +p

M. Wang [17]. 1. For any integer m > 2, A be a set without m-th power factor number,
we have

6¢(m + 1)am*? ( 1 1 ) ( ol )
F.n)=—2"T 0% TT(1— I +O(amti—e),
Z <n) T2 H pmfl +pm pmz _'_pm?fl z

n<z p
neA

where € be any fized positive number.

2. For any positive integer m > 2, A be a set without m-th power factor number, we have

1 i,
ZGm —.’E2H< p +p p2m—1 +p2m—2) +O<.’E2 )

n<x
neA
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