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ABSTRACT. In this paper we introduced Smarandache - 2 - algebraic structure of R~
Module namely Smarandache - R - Module. A Smarandache - 2 - algebraic structure
on a set N means a weak algebraic structure Ag on N such that there exist a proper
subset M of N, which is embedded with a stronger algebraic structure A;, stronger
algebraic structure means satisfying more axioms, by proper subset one understands
a subset from the empty set, from the unit element if any , from the whole set. We
define Smarandache - R - Module and obtain some of its characterization through
S - algebra and Morita context. For basic concept we refer to Raul Padilla.

1. PRELIMINARIES

Definition 1.1. Let S be any field. An S-algebra A is an (R,R) - bimodule together
with module morphisms : ©: A A®r A — A and n: R — A called multiplication
and unit linear maps respectively , such that

Ap Aoy A LZAAM A gr A A with po (p®14) = po (14 ® p) and

R A @p AL Awith pro (n@14) = po (14 @)

Definition 1.2. Let A and B be S - algebras. Then f : A — B is an S - algebra
homomorphism if pg(f ® f)f oua and fons =np
Definition 1.3. Let S be a commutative field 1z and A an S - algebra M is said to

be a left A - module.
If for a natural map 7: A®r M = M, we have To (14, ®@7) =7mo (L ® 1y)

Definition 1.4. Let S be a commutative field . An S coalgebra is an (R,R) - bimodule
C, with R - linear maps

A:C—C®gC and ¢ : C = R, called comultiplication and counit respectively
such that

CBCopCiE2288 0 gLC o C

with (1c ® A)o A = (A® 1¢) o A and

C B Cop0 222 B yith (Ic®@e)oA=1c = (A®1c)o A

Definition 1.5. Let C and D be S - coalgebras . A coalgebra morphism f: C — D
is a module morphism satisfies Apo f = (f ® f) o A¢ and ep X f =e¢
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Definition 1.6. Let A be an S - algebra and C an S - coalgebra . Then the convolution
product is defined by

fxg=po(f®g)oA with 1yomrc,a) =noe(lg) for all f,g € Homp(C, A) with
for all

Definition 1.7. For a commutative field S an S - bialgebra B is an R - module
which is an algebra (B, u,n) and a coalgebra (B, A, ¢) such that A and ¢ are algebra
morphisms, or equivalently , © and 7 are coalgebra morphism

Definition 1.8. Let R, S be fields M an (R,S) - bimodule.Then M* = Homg(M, R)
is an(S, R) bimodule and for every left R - module L, There is a canonical module
morphism.

a¥: M* ®p L — Homg(M, L)

defined by o : (m* @ I)(m) = m*(m)l for all m € M,m* € M* and | € L. If o/
is an isomorphism for each left R-module L. Then #Mj is called a Cauchy module.

Definition 1.9. Let R,S be fields with multiplicative identities , M an ( S,R)-
bimodule and N an (R,S) - bimodule.

Then the six-tuple datum. K = [R,S,M,N,{,)r,(,)s] is said to be a Morita
context if the maps (,)r : N ®s M — R and (,)s : M ®g N — S are bimodule
morphisms satisfying the following associativity conditions :

m (n,m)gr = (m',n)sm and (n,m)gn’ = n{m,n’)s,{,)r and (,)s are called the
Morita maps.

2. CHARACTERISATION

Definition 2.1. The Smarandache R - module is defined to be an R - module R
such that if there exist a proper subset A is an S - algebra with respect to the same
induced operations on R.

Theorem 2.1. Let A be S-coalgebra and Cauchy R-module iff A* is an S-algebra

Proof. Let us assume A* is an S-algebra. Now to prove that A is an S-coalgebra .

we first check the counit conditions as follows. ¢ : A = A®QrS EELUN ARgrA* RENy

Next , We check comultiplication conditions as follows
A: A ARr S®r S

1A®77E1’LdS(A) A ®R (A* ®R A) ®R A*

1A®A®A’k *

1a%nd, (A®rA) ®r (A®R A)*

RELEN (ARrA) ®g A*

— (A®p A) @ A

— ARp A

=4
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= Ais an S - coalgebra.

Conversely , Let us assume A is an S - coalgebra. Now to prove that A* is an S -
algebra . Now we first check the unit conditions as follows

77 : R 1A®77E’I’LdS(A) A®R A* N 1A ®A i> A

we check the multiplication conditions as follows A is a Cauchy module, We have

A Xpr A— R

A= A®pr ARz R Dy A@p @pA* — Rop A* 5 A*

AR A 4 @y A Sy Reop AY =5 AF

= A* is an S - algebra. O

1a®@nEndss(

Theorem 2.2. Let R be a R - module , if there exist a proper subset Endg(M)*
of R Where S is a commutative field and M a Cauchy R - module. Then R is a
smarandache R - module.

Proof. Let us assume that R be a R - module.

Now to prove that Endg(M)* is an S - coalgebra which satisfies multiplication and
unit conditions as follows.

w: Ends(M) @r Ends(M) — Endg(M) and

n: R — Endg(M), We first check the comultiplication as follows.

A BEnds(M) = Ends(M)@g 229N poag(M) @5 Bnds(M)

Next , we check the counit conditions as follows.

e: Ends(M) = Ends(M) ®g R

00D Brdg(M) g Ends(M)

=25, Homp(M, M) @ g Homp(M, M)

=5 (M ®@r M) @ (M* @5 M)

e Rop R

— R

= Endg(M) is an S - coalgebra. By theorem 2.1, Endg(M)* is an S - algebra .

.. By definition R is an smarandacha - R - module.

O

Theorem 2.3. Let R be a R - module , if there exist a proper subset M @r M* of R
Where M is a Cauchy R - module. Then R is a smarandache R-module.

Proof. Now to prove that M ®pz M* is an S - algebra . we check the multiplication
and unit conditions as follows. N

Iy @1

— 5 M R RQr M*
1y ®@¥ar R M*

As M is a Cauchy module , we have
n:R— Ends(M) — M @ M*
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= M ®gr M* is an S - algebra.
.. By definition , R is an smarandache R - module. 0

Theorem 2.4. Let R be a R - module, if there exist a proper subset the datum
[R, M, N, (.)gr] a morita context (M @rN) of R is a S - algebra let S be a commutative
field and M, N are Cauchy R - modules. Then R is a smarandache - R- module.

Proof. Let us assume that R be a R-module. Now to prove that M ®r N is an
S-algebra.

We have,u : (M@RN) KRR (M@RN) —>M®R (N@RM) ®RN

1v®()®1Nn M®pR&p N

— M ®rN

Which shows that the multiplication condition is satisfied. Also, since M and N
are Cauchy R - modules, there exist maps

nd, nd

n: R~ Rgy s ODEESID, (v re 0 M) @5 (N* @5 N)

M) (M*®r N*) @r (M ®@g N)

M) (M ®@r N)*®r (M ®@g N)

ER1pmgN R* Qr (M DR N)

— R®xg (M ®@g N)

— (M ®gr N)

= M ®g N is an S - algebra.

.. By definition , R is an smarandache R - module.

O

Theorem 2.5. Let R be a R - module , if there exist a proper subset datum [R, M, N, (.)g]
a morita context M @r N of R is a S - coalgebra let S be a commutative field, M, N
are Cauchy R - modules. Then R is a smarandache R - module.

Proof. Let us assume that R be a R - module .
Now to prove that (M ®r N) is an S - coalgebra.
We have
A:M®@pN=(M®rN)®r(R®gR)

Lyuen@nEnds(M)@nEnds(N) (M* O M) n (N* g N)
1M®—M®§> (M ®rN)®@r (M &g N)®@p (M*®r N¥)
RICLACEN (M®rN)®r (M ®rN)®r (M @r N)*
M (M ®rN)®r (M &®r N)®grR

— (M ®r N)®g (M ®r N)
Also we have the counit condition as follogvs.

1 Endg(M
€IM®RN§(M®RN)®RR M@NX®N s(M)

(Y R®Lp*@ar Rep M*@p M

» (M @r N) ®g (M*®@r M)
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= M* g M

RN

= M ®g N is an S - coalgebra.

By theorem M ®pz N is an S - algebra

.. By definition , R is a smarandache R - module.

Hence the proof.
O

Theorem 2.6. Let R be a R - module, Let S be a commutative field and M, N Cauchy
R - Modules then the datum [R, M, N, (.)gr] a morita context iff R is a smarandache
R - module where M @r N is a S - bialgebra, a proper subset of R.

Proof. Part I : We assume that M ®r N is a S - bialgebra, a proper subset of R.

To prove that R is a smarandache R-module.

By theorem, M ®g N is a S - algebra and M ®g N is a S- coalgebra.

Hence M ®g N is a S - bialgebra. By definition, R is a smarandache R - module.

Part IT : We assume that R is a smarandache R - module. To prove that M @z N
is a S - bialgebra. By known theorem assume that M ®g N is an S - bialgebra. Then
we have the map.

€:<.>RZM®RN—)R

Associativity of the map € = (.)g holds because the diagram

M ®g N) ®RMi>M®R(N®RM)

is commutative. Hence the datum [R, M, N, (.)g] is a Morita context.

Hence the proof.
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