n-FOLD FILTERS IN SMARANDACHE RESIDUATED
LATTICES, PART (II)

SOMAYEH MOTAMED™ AND MAHSA SADEGHI KOSARKHIZI®
() DEPARTMENT OF MATHEMATICS, ISLAMIC AZAD UNIVERSITY, BANDAR
ABBAS BRANCH, BANDAR ABBAS, IRAN
E-MAIL: SOMAYEH.MOTAMED@IAUBA.AC.IR
(2) DEPARTMENT OF MATHEMATICS, SHAHID BAHONAR UNIVERSITY OF
KERMAN, IRAN.
E-MAIL: MSADEGHIKOSAR6789@QGMAIL.COM

ABSTRACT. In this paper we introduce the notions of n-fold Br-Smarandache
n-fold Br-Smarandache fantastic filter and n-fold Bj-Smarandache easy
filter in Smarandache residuated lattices and study the relations among
them. And we also introduce the notions of n-fold Smarandache n-fold
Smarandache fantastic Bp-residuated lattice and m-fold Smarandache
easy By -residuated lattice and investigate its properties.

AMS Subject Classification 2010 : 03B47, 03G25, 06D99.

Keywords: Smarandache residuated lattice, n-fold Smarandache easy
filter, n-fold Smarandache fantastic filter, n-fold Smarandache easy residu-
ated lattice, n-fold Smarandache fantastic residuated lattice.

1. Introduction

BL-algebras (basic logic algebras) are the algebraic structures for Hajek
basic logic [4], in order to investigate many valued logic by algebraic means.
Residuated lattices play an important role in the study of fuzzy logic and fil-
ters are basic concepts in residuated lattices and other algebraic structures.
A Smarandache structure on a set L means a weak structure W on L such
that there exists a proper subset B of L which is embedded with a strong
structure S. In [11], Vasantha Kandasamy studied the concept of Smaran-
dache groupoids, subgroupoids, ideal of groupoids and strong Bol groupoids
and obtained many interesting results about them. It will be very interesting
to study the Smarandache structure in these algebraic structures. A BL-
algebra is a weaker structure than residuated lattice, then we can consider
in any residuated lattice a weaker structure as B L-algebra.

The concept of Smarandache residuated lattice, Smarandache (positive)
implicative filters and Smarandache fantastic filters defined in [1]. In [5, 9]
the authors defined the notion of n-fold (positive) implicative filters, n-
fold fantastic filters, n-fold obstinate filters in BL-algebras and studied the
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relation among many type of n-fold filters in BL-algebra. The aim of this
paper is to extend this research to Smarandache residuated lattices.

2. Preliminaries

[3] A residuated lattice is an algebra L = (L,A,V,®,—,0,1) of type
(2,2,2,2,0,0) equipped with an order < satisfying the following:

(LRy) (L,A,V,0,1) is a bounded lattice,

(LR2) (L,®,1) is a commutative ordered monoid,

(LR3) ® and — form an adjoint pair i.e, ¢ < a — bif and only if a®c < b
for all a,b,c € L.

A BL-algebra is a residuated lattice L if satisfying the following identity,
for all a,b € L:

(BL1) (a —=b)V (b—a)=1,

(BL2) anb=a® (a — D).

Theorem 2.1. [3, 6, 7, 8] Let L be a residuated lattice. Then the following
properties hold, for all x,y,z € L:
(ri)l—z=2,x—x=1,
(r))z—y<(z—z)— -y <z—(z—y),
(rs)z—>y<(y—z2)—(@—2) and(@—y) o0y —z) <z—2
(ry) r<ysx—y=1z<y—uzx,
(Irs)z = (y—2)=y—(r—2)=(z0y) — z
(rs) 2o (x —y) <y,z<y—(z0y) andy < (y - 7) — 7,
(Ir7) If x <y, theny —» z<x — 2z, z—>z<z—yandy* <zx*,
(Irg) <y and z <w thenx ® 2z <y Ow,
(Irwo) z* ©y* < (x O y)* (so, (z*)" < (a")" for everyn > 1),
(Irn) 2 0 y™* < (x @ y)*™ (so, (z™)" < (2™)** for everyn > 1).

The following definitions and theorems are stated from [1].

A Smarandache By -residuated lattice is a residuated lattice L in which
there exists a proper subset B of L such that:

(1) 0,1 € B and |B| > 2,

(2) B is a BL- algebra under the operations of L.

From now on Lp = (L,A,V,®,—,0,1) is a Smarandache Bp-residuated
lattice and B = (B, A,V,®,—,0,1) is a BL- algebra unless otherwise sep-
cified. A nonempty subset F' of Lp is called a Bp-Smarandache deductive
system of Lpifl € Fandifx € F,ye B,z -y € Fimply y € F. A
nonempty subset I’ of Lp is called a Br-Smarandache filter of Lg if x,y € F
imply x @y € Fandifx € F,y€ B and z <y imply y € F.

Theorem 2.2. (i) Let F' be a Br-Smarandache filter of Lp, then F is a
Bp-Smarandache deductive system of Lp.

(ii) Let F' be a Br-Smarandache deductive system of Lg. If F C B, then
F is a Bp-Smarandache filter of Lp.
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A filter F of a residuated lattice L is called an easy filter if 2™ — (y —
z) € F and 2™ — y € F imply ™ — z € F, for all z,y,z € L, [2].

Definition 2.3. [10] Let F' be a subset of Smarandache By -residuated lat-
tice Lgp and 1 € F.
(1) F is called an n-fold Br-Smarandache positive implicative filter of Lp
ifz" — (y - z) € Fand 2" — y € F, then 2" — z € F, for all z,y,z € B.
(2) F is called an n-fold Br-Smarandache positive implicative filter of Lp
ifre Fandx — ((y* — 2) —y) € F theny € F, for all y, 2z € B.

Definition 2.4. [10] Let Lp be a Smarandache By -residuated lattice.

(1) Lp is called n-fold Smarandache positive implicative Bp-residuated
lattice if 2"t = 2™ for all x € B.

(2) Lp is called n-fold Smarandache implicative Bp-residuated lattice if
(z™)* — & = z, for each = € B.

Theorem 2.5. Let F' be a By-Smarandache deductive system of Lp. Then
for all x,y,z € B, the following conditions are equivalent:

(i) F is an n-fold Br-Smarandache positive implicative filter of Lp,

(ii) 2™ — a*™ € F, for alln € N.

Theorem 2.6. Let F' be a Br-Smarandache deductive system of Lg. The
following conditions are equivalent:
(i) L is an n-fold Smarandache positive implicative By -residuated lattice,
(ii) every Br-Smarandache deductive system of Lp is an n-fold Brp-
Smarandache positive implicative filter of Lp.

Theorem 2.7. The following conditions are equivalent for Br-Smarandache
deductive system F of Lp.

(i) F is an n-fold Br,-Smarandache implicative filter,

(ii) for all z,y € B, (2" — y) — x € F implies x € F.

Proposition 2.8. The following conditions are equivalent:

(i) Lp is an n-fold Smarandache implicative By -residuated lattice.

(ii) Every n-fold Br-Smarandache deductive system F of Lp is an n-fold
By -Smarandache implicative filter of Lp.

Theorem 2.9. Let every Smarandache deductive system be a Smarandache
filter. Then every n-fold Smarandache implicative filter is n-fold Smaran-
dache positive implicative filter.

Now, unless mentioned otherwise, n > 1 will be an integer.

3. n-Fold Bj-Smarandache Fantastic Filters

Definition 3.1. A subset I of Lp is called an n-fold Smarandache fantastic
filter of Lp related to B (or briefly n-fold Br-Smarandache fantastic filter
of Lp) if it satisfies in the following conditions:

(i)1leF
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(ii) for all z,y € B, 2z — (y — x) € F and z € F imply ((z" — y) —
y) —z e F.

Example 3.2. Let L = {0,a,b,¢,d,1} be a residuated lattice such that
0<a<c<d<land0<b<c<d<1l We define
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We can see that L = (L,A,V,®,—,0,1) is a residuated lattice, in which
B = {0,a,c,1} is a BL-algebra which properly contained in L. Then
L is a Smarandache Bp-residuated lattice. F = {d,1} is an n-fold Bp-
Smarandache fantastic filter of Lpg, for n > 2, while it is not 1-fold By-
Smarandache fantastic filter. Since a,0 € B and d,d — (0 - a) =1 € F
but ((a - 0) - 0) ma=c¢F.

Theorem 3.3. Every n-fold Br-Smarandache fantastic filter of Lp is a
Br-Smarandache deductive system of Lp.

Proof. Let F be an n-fold Br-Smarandache fantastic filter and y,y — x« € F.
We have y — z = y — (1 — x) € F. Then by Definition 3.1 we get
(" = 1) —1) -z € F,ie. xe€F. O

Theorem 3.4. Let I’ be a By-Smarandache deductive system of Lp. Then
the following conditions are equivalent:

(i) F is an n-fold Br-Smarandache fantastic filter.

(ii) If y — x € F implies (2" — y) — y) —x € F, for all z,y € B.

Proof. The proof by the Definition 3.1, is clear. O

Proposition 3.5. Any n-fold Br-Smarandache fantastic filter is an (n+1)-
fold Br-Smarandache fantastic filter.

Proof. Let F be an n-fold Br-Smarandache fantastic filte and y — = € F.
Hence ((z" — y) — y) — x € F. By Theorem 2.1 we have 2"*! < 2. Then
((@" —y) = y) =z < ((&" —y) —y) — 2 Therefore ("' — y) —
y) — x € F ie. Fisan (n+ 1)-fold Br-Smarandache fantastic filter. [

Proposition 3.6. n-fold Smarandache implicative filters are n-fold Smaran-
dache fantastice filters.

Proof. Assume that F' is an n-fold Br-Smarandache implicative filter. Let
y — x € F, where z,y € B. By Theorem 2.1, we have z < (((z" — y) —
y) — x). Then 2" < (((z"™ — y) — y) — x)". Hence (z" — y) > (((z" —
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y) = y) = o)" =y, (I). By (Irz) we have y — 2 < ((a" —y) —y) —
((z"™ — y) — x), (II). We also have

((@" = y) = y) = (@" = y) =) = (@" = y) = ((&" = y) = y) — @)
So, by (II) we get y — x < (2" — y) — (2" —y) —y) — z). ()

Then by (I) we get ((«" — y) — (2" —y) = y) = z)) < (=" —y) —

y) — )" —y) — (" - y) — y) — x)). Hence by (III) we obtain
y =z < (" =y =y =) =y — (" = y) = y) — 1))
Since y — x € F, we get ((((2" — y) = y) — )" —y) — (((z" —y) —
y) — x)) € F. Then by Theorem 2.7, we obtain ((z" —y) — y) — z € F.

Therefore F' is an n-fold Br-Smarandache fantastic filter.
O

In the following example, we show that the converse of Propositon 3.6 is
not true in general.

Example 3.7. Let L = {0,a,b,1}, where 0 < a < b < 1. Define * and —
as follows:
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Then (L, A,V,*,—,0,1) is a residuated lattice and B = {0,a,1} is a
B L-algebra, which properly contained in L. Then L is a Smarandache
By -residuated lattice. F' = {b,1} is an n-fold Br-Smarandache fantastic
filter of Lp, while it is not 1-fold Br-Smarandache implicative filter. Since
(a—0)—acFbuta¢gkF.

Theorem 3.8. Let every By -Smarandache deductive system of L be a By, -
Smarandache filter of Lp and F' be a Br-Smarandache deductive system of
Lp. Then The following statements are equivalent:

(i) F is an n-fold Br-Smarandache fantastic filter and n-fold By -Smarandache
positive implicative filter of Lp.

(i) F is an n-fold Br-Smarandache implicative filter of Lp.

Proof. (i) = (ii) Let x,y € B such that (z" — y) — x € F. Since F'is an
n-fold Br-Smarandache fantastic filter, by the fact that (2" — y) -z € F,
we have ((z" — (2" — y)) — (2™ — y)) — x € F. By Theorem 2.1 we get

(2™ —y) = (2" — y)
= (@"o2") —y)— (@" —y)
(z" (w —y)) — (" —y).
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Hence (2" — z?") — z > ((a2" — (@" — y)) — (2" — y)) — =
Since F is a Bp-Smarandache filter, by the fact that ((2" — (2" — y)) —
(2" — y)) — = € F, we have (2" — 2?") — z € F. Since F is an n-fold
Br-Smarandache positive implicative filter, by Theorem 2.5, we get ™ —
2?" € F and so ¢ € F. By Theorem 2.7 F is an n-fold Bz-Smarandache
implicative filter.

(73) = (i) By Theorem 2.9 and Propositon 3.6, the proof is clear. O

Definition 3.9. L is said to be n-fold Smarandache fantastic By -residuated
lattice if for all z,y € B,y — =z = ((a" — y) — y) — x.

Example 3.10. (i) Let L = {0,a,b,c,d, 1} be a residuated lattice such that
O<b<a<land 0<d<a,c<1. We define
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Then (L,A,V,®,—,0,1) is a residuated lattice, in which B = {0,b,¢, 1}
is a BL-algebra which properly contained in L. Then L is a Smarandache
By -residuated lattice. Lpg is an n-fold Smarandache fantastic B -residuated
lattice.

(i) In Example 3.2, Lp is not a 1-fold Smarandache fantastic B -residuated
lattice. Since ((a — 0) — 0) — a # 0 — a.

Proposition 3.11. The following statements are equivalent:
(i) Lp is an n-fold Smarandache fantastic By,-residuated lattice;
(ii) The inequality (2" — y) — y < (y — x) — x holds for all x,y € B.

Proof. (i) = (i1) Assume that Lp is an n-fold Smarandache fantastic Bp-
residuated lattice. Let z,y € B. We have
(" —=y)—y) = (y—2)—2)=HY—2)— (@"—y) —y) — ).
By hypothesis y — = = ((z" — y) — y) — x. Hence (y — z) — (((z" —
y) —y) — ) = L. Then we get ((z" —y) - y) = ((y »2) - z)=1or
equivalently ((z" —y) = y) < ((y = z) — x).

(ii) = (i) Suppose that the inequality (2" — y) -y < (y — x) — =
holds. Then
(y— 7) = (" — 3) = 5) = 2) = (@" — ) — 1) = (v — 2) — ), (D).
Since (2" —y) -y < (y — =) — x, we get
(@™ = 1) — ) — (@ = ) = ) < (@ = y) = 9) = (4 — 7) — 2),
that is (2" — y) — y) — ((y — ) — ) = 1. Then (y — z) — ((2" —
y) — y) — x) = 1. Its follows that (y — z) < ((z" — y) — y) — =.

e o0 QOlo
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Since y < (z" — y) — y, we also get (y — z) > ((2" — y) — y) — =
Therefore we obtain (y — x) = ((z" — y) — y) — x. Hence Lp is an n-fold
Smarandache fantastic By -residuated lattice.

U

Proposition 3.12. The following conditions are equivalent:

(i) Lp is an n-fold Smarandache fantastic By -residuated lattice.

(ii) Every Br-Smarandache deductive system of Lp is an n-fold Bp-
Smarandache fantastic filter of Lp.

(iii) ((z" — y) = y) — ((y — z) — x) € F, for every Bp-Smarandache
deductive system F of Lp.

(iv) {1} is an n-fold Br-Smarandache fantastic filter of Lp.

Proof. (i) = (it) and (ii) = (iv) The proofs are clear.

(tv) = (i) Assume that {1} is an n-fold Br-Smarandache fantastic filter.
Let z,y € Band t = (y — z) — x. By Theorem 2.1, y < t. Soy —
t = 1 and by the hypothesis, we have ((t" — y) — y) — ¢t = 1, that is
(t" — y) — y < t, (I). On the other hand, z < t implies 2™ < t", hence
(z" - y) -y < (" — y) — y. Then by (I) it follows that (2" — y) —» y <
t = (y — x) — x. Hence by Proposition 3.11, Lp is an n-fold Smarandache
fantastic By -residuated lattice.

(i) = (i7i) By Proposition 3.11, ((z" — y) —y) — ((y = 2) »x) =1 €
F, for every Br-Smarandache deductive system F' of Lp.

(1ii) = (iv) By (i11), ((z" — y) — y) — ((y — =) — x) € {1}. Hence
((z" = y) = y) < ((y = x) — x). So by Proposition 3.11, Lp is an n-fold
Smarandache fantastic Bp-residuated lattice. Let y — = € {1}. By the fact
that Lp is an n-fold Smarandache fantastic Bp-residuated lattice we get
(" = y) = y) — x € {1}, i.e. {1} is an n-fold Br-Smarandache fantastic
filter of Lp.

O

Corollary 3.13. Let Lg is an n-fold Smarandache fantastic By -residuated
lattice and F' be a Br-Smarandache deductive system of L. Then (z™)** —
x € F, forall z € B.

Proof. In Proposition 3.12, take y = 0. Thus the proof is clear. [l

Corollary 3.14. Let every Bp-Smarandache deductive system of Lp be a
Br.-Smarandache filter of Lp and F' be a Br-Smarandache deductive system
of Lp. Then the following conditions are equivalent:

(i) Lp is an n-fold Smarandache implicative By -residuated lattice.

(ii) Lp is an n-fold Smarandache fantastic By -residuated lattice and n-
fold Smarandache positive implicative By -residuated lattice.

Proof. By Theorem 2.2(i), Propositions 3.12, 2.8, 2.6 and Theorem 3.8, the
proof is easy. O

Corollary 3.15. Let F' be a Br-Smarandache deductive system of Lp. Then
the following statements are equivalent:
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(i) F is an n-fold Br-Smarandache fantastic filter of Lp.
(ii) Lp/F' is an n-fold Smarandache fantastic By, p-residuated lattice.

Proof. (i) = (ii) Assume that F' is an n-fold Br-Smarandache fantastic
filter of Lp. Let x,y € B be such that y/F — z/F € {1/F}, then
(y — z)/F = 1/F or equivalently y — = € F. Since F is an n-fold
Bp-Smarandache fantastic filter, we get ((2" — y) — y) — x € F or
equivalently (((z" — y) — y) — 2)/F = 1/F, so ((((z/F)" — y/F) —
y/F) — z/F) € {1/F}, for all /F € B/F. Hence {1/F} is an n-fold
Bp,/p-Smarandache fantastic filter of Lp/F, therefore by Proposition 3.12,
Lp/F is an n-fold Smarandache fantastic By, p-residuated lattice.

(ii) = (i) Assume that Lp/F' is an n-fold Smarandache fantastic By, p-
residuated lattice. Let x,y € B be such that y — x € F then (y —
xz)/F = 1/F or equivalently y/F — z/F € {1/F}. Since Lg/F is an
n-fold Smarandache fantastic By, /p-residuated lattice, by Proposition 3.12,
{1/F} is an n-fold Brp-Smarandache fantastic filter of Lp/F. From this
and the fact that y/F — x/F € {1/F}, we have ((((z/F)" — y/F) —
y/F) — x/F) € {1/F} or equivalently (((z" —y) —y) — z)/F =1/F, so
((z™ — y) — y) — x € F. Hence F is an n-fold Br-Smarandache fantastic
filter of Lp.

U

Theorem 3.16. Let F' and G be two Bp-Smarandache deductive system of
Lp such that F C G. If F is an n-fold Br-Smarandache fantastic filter,
then so is G.

Proof. Let x,y € B be such that y — = € G. Since F' is an n-fold Bp-
Smarandache fantastic filter, by Corollary 3.15 , Lp/F is an n-fold Smaran-
dache fantastic By p-residuated lattice. So ((((z/F)" — y/F) — y/F) —
z/F) =y/F — z/F, hence (y — z) — (((2" — y) — y) — x) € F, so
(y = z) = (" — y) — y) — =) € G. By the fact that y — =z € G we
get (((z"™ — y) — y) — z) € G. Hence G is an n-fold Br-Smarandache
fantastic filter of Lp. O

4. n-Fold Bj-Smarandache Easy Filters

Definition 4.1. A subset F' of Lp is called an n-fold Smarandache easy
filter of Lp related to B (or briefly n-fold Br-Smarandache easy filter of
Lp) if ()" — (y — 2) € F and (™))" — y € F imply (z™)" — z € F,
for all z,y, 2 € B.

Example 4.2. In Example 3.2, F = {d,1} is an n-fold Br-Smarandache

easy filter, for n > 2. F'is not a 1-fold Bp-Smarandache easy filter. Since
a* —(c—a)=1€¢Fanda™* —c=1€ Fbuta™ —a=c¢F.

Theorem 4.3. Every n-fold Br-Smarandache easy filter of Lp is a Bp-
Smarandache deductive system of Lp.
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Proof. Let F be an n-fold Bp-Smarandache easy filter of Lp. Suppose z € B,
such that y,y — z € F. We have (1*)" — y, (1**)" — (y — z) € F, these
imply z = (1)" — z € F. Hence F is a Br-Smarandache deductive system
of Lp. O

Theorem 4.4. Every n-fold Br-Smarandache positive implicative filter of
Lp is an n-fold Br-Smarandache easy filter of Lp.

Proof. Let F be an n-fold Br-Smarandache positive implicative filter of Lp
and z,y, z € B such that (z™)" — (y — 2z) € F and (¢™)" — y € F. So by
Definition 2.3(i), (™)™ — z € F. So F' is an n-fold Br-Smarandache easy
filter of Lp. O

Example 4.5. Let L = {0,a,b,¢,1}, where 0 < a < b < ¢ < 1. Define ®
and — as follows:
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We can see that L = (L, A,V,®,—,0,1) is a residuated lattice, in which
B = {0,a,1} is a BL-algebra which properly contained in L. Then L is a
Smarandache Bp-residuated lattice. F' = {1} is an n-fold Br-Smarandache
eagy filter of Lp, while is not 1-fold and 2-fold Br-Smarandache positive
implicative filter. Since ¢! — (¢ = c?)=1€ F,butc! -2 =c¢ F. Also
A—(c—c)=1eFandc® wc=1cF,butc® —-c*=c¢F.

Theorem 4.6. Let F' be a Bp-Smarandache filter of L. The following
conditions are equivalent:

(i) F is an n-fold Br-Smarandache easy filter of Lp;

(it) (z™)" — (y — 2) € F implies ((z™)" — y) — ((™)" — 2) € F, for
all x,y,z € B;

(iii) (™) — ((&**)" — z) € F implies (™))" — z € F, for all x,z € B;

(iv) (z*)* — (z*)2" € F, for all z € B.

Proof. (i) = (ii

*

Let F' be an n-fold Br-Smarandache easy filter and z,y, z €
" — (y — z) € F. By Theorem 2.1 we have (z**)" —
(@) = ()" = y) = 2)) = @) = ()" — y) — (@™)" —
2) = (@) — (y — 2). Hence (z*)" — ((z)" — (((z™)" — y) —
z)) € F. From (z**)" — ()" = 1 € F and the hypothesis we get
()" — (((z*)" - y) — 2z) € F. By Theorem 2.1, we obtain ((z**)" —
y) = (@) — 2) € F.
(79) = (i17) Take y = (2**)", hence the proof is clear.
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(7i1) = (i) Let (2™)" — (y — 2) € F and ()" — y € F. By Theorem
2.1 we have ()" — (y — 2) =y — ((z*)" — 2). So ((z*)" — y) —
((z*)" — (™)™ — 2)) € F. Since (z**)" — y € F and F is an n-fold Br-
Smarandache filter, ((z**)" — ((z**)" — z)) € F. By Theorem 2.1 we have
(") — ((2*)" — 2)) = (2*)?" — z € F. By (i1), (z**)" — (2**)?" € F.
So ((z*)" — (2**)?") ® ((z™*)?*" — 2z) € F. By Theorem 2.1, ((z**)" —
(x*)2") © ((2**)?" — 2) < (2*)" — 2. So (x**)" — z € F. Therefore F is
an n-fold Bp-Smarandache easy filter.

(iii) = (iv) For x € B, we have (2**)" — ((2**)" — (2**)?") = (z**)*" —
(x**)?" =1 € F. So by (iii), (z**)" — (z**)?" € F.

(tv) = (iii) Let z,y € B such that )" — ((z*)" — y € F, so
(x*)?" — y € F. By (iv), ()" — (2*)?" € F. By Theorem 2.1,
(z*)" — () < ((@*)?" — y) — ((z*)" — y). Since F is a By-
Smarandache filter, ((z**)*" — y) — ((2*)" — y) € F, so (z**)* — y € F.
Hence F' is an n-fold Br-Smarandache easy filter. ]

Theorem 4.7. Let F and G be By -Smarandache filters of Lp and F C G.
If F is an n-fold By -Smarandache easy filter of Lp, then G is is an n-fold
Br-Smarandache easy filter of Lp.

Proof. Follows from Theorem 4.6 (iv) < (7).

Proposition 4.8. For a Smarandache By -residuated lattice Ly, the follow-
ing conditions are equivalent:

(i) {1} is an n-fold Br-Smarandache easy filter of Lp;

(ii) Every Br-Smarandache filter of Lp is an n-fold Br-Smarandache
easy filter of Lp;

(iii) (z**)" = (x**)?", for all x € B.

Proof. (i) < (it) The proof is clear, by Theorem 4.7.
(i) < (iv) By Theorem 4.6, we have (z**)" — (2**)?" € {1} & (z**)" —
()" =1 & ()" < (2")?" & (") = (2**)?", for all v € B. O

Corollary 4.9. If {1} is an n-fold Br-Smarandache easy filter of Lp, then
(x2)* = z*, for all x € B.

Proof. By Proposition 4.8, (x**)" = (z**)?" for all x € B and n € N. Let
n = 1. Then x** = (z**)%, (I). We know (2**)" < (z")**, for all n € N.
Let n = 2. Then (2**)? < (22)**. Then by (I), we get 2** < (22)**. By
Theorem 2.1, we get (22)* < z*, (II). By Theorem 2.1, we know 2?2 < z, so
x* < (22)*. Therefore by (II), (22)* = x*. O

Definition 4.10. Lpg is said to be n-fold Smarandache easy By -residuated
lattice if for all x € B, (z**)" = (2**)?".

Example 4.11. (i) Consider the Smarandache Bp-residuated lattice L in
Example 3.10(i). Clearly Lp is an n-fold Smarandache easy Bp-residuated
lattice.
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(ii) Consider the Smarandache Bp-residuated lattice L in Example 3.2.
Clearly Lp is not a 1-fold Smarandache easy Bj-residuated lattice, since

c= (a**)l 75 (a**)Q =0.

Corollary 4.12. For a Smarandache By -residuated lattice L, the following
conditions are equivalent:

(i) {1} is an n-fold Br-Smarandache easy filter of Lp;

(ii) Every Br-Smarandache filter of Lp is an n-fold Bp-Smarandache
easy filter of Lp;

(iii) Lp is an n-fold Smarandache easy By -residuated lattice.

Proof. By Proposition 4.8, the proof is clear. O

Corollary 4.13. Let F' be a Br,-Smarandache deductive system of Lp. Then
the following statements are equivalent:

(i) F is an n-fold Br-Smarandache easy filter of Lp (in short n-fold By, -
SEF);

(ii) L/ F is an n-fold Smarandache easy By jp-residuated lattice (in short
n-fold Br,-SERL).

Proof. Let F' be a Bp-Smarandache deductive system of Lp. By Theorem
4.6 we get:

Fis an n-fold Bp-SEF < ()" — (2*)*" € F, V2 € B,

(&™) — (&™)*")/F = 1/F, ¥ «/F € B/F,
(z**/F)* — (z**/F)™ =1/F, ¥ =/F € B/F,
((z/F)*)" < ((«/F)*)*", Y 2/F € B/F,
((z/F)*)" = ((«/F)*)*", Y 2/F € B/F,
Lp/F is an n-fold By p-SERL.

L I

By Corollary 4.12 and 4.9, we have the following corollary.

Corollary 4.14. Let Lp be an n-fold Smarandache easy By -residuated lat-
tice. Then (x2)* = x*, for all x € B.

Proposition 4.15. Every n-fold Smarandache positive implicative B -residuated
lattice is an n-fold Smarandache easy By -residuated lattice.

Proof. Let L be an n-fold Smarandache positive implicative B -residuated
lattice. By Theorem 2.6, every Bjy-Smarandache deductive system of Lp
is an n-fold By-Smarandache positive implicative filter of Lg. Hence by
Theorem 4.4, every Bp-Smarandache deductive system of Lp is an n-fold
Bji-Smarandache easy filter of Lp. Since every Br-Smarandache filter is a
Bjp-Smarandache deductive system, then every Bj-Smarandache filter is an
n-fold Bp-Smarandache easy filter of Lpg.Therefore by Corollary 4.12, Lg is
an n-fold Smarandache easy Bp-residuated lattice. O
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Theorem 4.16. For a Smarandache By -residuated lattice L, the following
conditions are equivalent:
(i) Lp is an n-fold Smarandache easy B -residuated lattice;
(ii) (x**)" <y — z implies (x™*)" — y < (™)" — z, for all x,y,z € B;
(iii) (z**)" < ()" — z implies (z**)" < z, for all x,z € B.

Proof. (i) = (ii) Let Lp be an n-fold Smarandache easy Bp-residuated
lattice. By Corollary 4.12, {1} is an n-fold Br-Smarandache easy filter of
Lp. Let ()" <y — z, for all z,y,2 € B. So (z*)" — (y — 2) €
{1}.Then by Theorem 4.6, we get ((z**)" — y) — ((*)" — z) € {1}. And
S0 (x**)n —y< (:L,**)n 2.

(7i) = (ii7) Take y = (™)™, hence the proof is clear.

(191) = (i) Let (™) — ((«**)" — 2) € {1}. So ()" < (z™)" — 2.
Hence by (iii), (z**)" < z, for all ,z € B. Then (™)" — 2z € {1},
for all z,z € B. By Theorem 4.6, {1} is an n-fold Br-Smarandache easy
filter of Lp. Therefore by Corollary 4.12, Lp is an n-fold Smarandache easy
By -residuated lattice. ]

REFERENCES

[1] A. Ahadpanah, L. Torkzadeh, A. Borumand Saeid, Filters Theorey of Smarandache
Residuated lattice, U.P.B. Sci. Bull.,, Series A, Vol. 76, Iss. 1, (2014), 87-98.

[2] Busneag D and Piciu D. Some Types Of Filters In Residuated Lattice. Soft Comput
(2013), Doi: 10.1007/s00500-013-1184-6.

[3] N. Galatos, P. Jipsen, T. Kowalski, H. Ono, Residuated lattices, An Algebraic Glimpes
at Submstractural Logic, Vol 151 studies in Logics and the Foudations of Mathemat-
ics, Elsevier, (2007).

[4] P. Hajek, Metamathematics of Fuzzy Logic, Trends in Logic, Studia Logica Library
Vol 4. Kluwer Academic Publishers, Dordrecht (1998).

[5] M. Haveshki and E. Eslami, n-Fold Filters in BL-algebra, Math. Log. Quart. 54,
(2008), 176-186.

[6] L. Lianzhen and L. Kaitai, Boolean Filters and Positive Implicative Filters of Residu-
ated lattices, Information Sciences and International Journal, 177 (2007), 5725-5738.

[7] M. Kondo, Classification of Residuated Lattices by Filters, School of Information
Environment (2011), 33-38.

[8] M. Kondo and E. Turunen, Prime Filters on Residuated Lattices, IEEE 42nd Inter-
national Symposium on multiple-value logic (2012), 89-91.

[9] S. Motamed and A. Borumand, n-Fold Obstinate Filters in BL-algebras, Neural Com-
puting and Applications 20, (2011), 461-472.

[10] S. Motamed and M S. KosarKhizi, n-Fold Filters in Smarandache Residuated Lattices,
submitted.

[11] W. B. Vasantha Kandasamy, Smarandache Groupiods,
http://WWW.gallup.umn,edu/smarandache/groupiods.pdf.

Corresponding authors: Somayeh Motamed
fax number: 4987616670242

telephone number: +989131405183

email: s.motamed63@yahoo.com;
somayeh.motamed@gmail.com;
somayeh.motamed@iauba.ac.ir.



