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81. Introduction

In [5] and [6], W.B.Kandasamy defined new classes of Smarandache groupoids using Z,. In
this paper we define and prove some theorems for construction of Smarandache seminormal

subgroupoids according as n is even or odd.

Definition 1.1 A non-empty set of elements G is said to form a groupoid if in G is defined
a binary operation called the product, denoted by x such that axb € G Ya,b € G. We denote
groupoids by (G, *).

Definition 1.2 Let (G, x) be a groupoid. A proper subset H C G is a subgroupoid if (H,x) is
itself a groupoid.
Definition 1.3 Let S be a non-empty set. S is said to be a semigroup if on S is defined a

binary operation * such that

(1) for all a, b € S we have axb e S;
(2) for all a, b, c € S we have a* (bxc) = (axb) *c.

(S, %) is a semi-group.

Definition 1.4 A Smarandache groupoid G is a groupoid which has a proper subset S such

that S under the operation of G is a semigroup.

Definition 1.5 Let (G, %) be a Smarandache groupoid. A non-empty subgroupoid H of G is said
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to be a Smarandache subgroupoid if H contains a proper subset K such that K is a semigroup

under the operation *.

Definition 1.6 Let G be a Smarandache groupoid. V' be a Smarandache subgroupoid of G. We
say V is a Smarandache seminormal subgroupoid if aV =V for alla € G orVa =V for all a €

G.

For example, let (G, *) be groupoid given by the following table:

*lao | ar | ax|as | as | as

ao ao as ao as ao as

aip | G2 | as | a2 | as | G2 | 45

az | G4 | G1 | Qg | Q1 | G4 | 01

as ao as ao as ao as

aq | G2 | G5 | Q2 | G5 | G2 | A5

as | G4 | A1 | A4 | A1 | A4 | A1

It is a Smarandache groupoid as {ag} is a semigroup. V = {a1,as3,as} is a Smarandache

subgroupoid,also aV' = V. Therefore V' is Smarandache seminormal subgroupoid in G.

Definition 1.7 Let Z,, = {0,1,--- ,n—1}, n > 3 and a,b € Z,\{0}. Define a binary operation

x on Zy as follows:

axb = ta+ ub (mod n), where t,u are two distinct elements in Z,\{0} and (t,u) = 1.
Here '+’ is the usual addition of two integers and 'ta’ means the product of the two integers t

and a.

Elements of Z,, form a groupoid with respect to the binary operation *. We denote these
groupoid by {Z,(t,u),*} or Z,(t,u) for fixed integer n and varying ¢t,u € Z,\{0} such that
(t,u) = 1. Thus we define a collection of groupoids Z(n) as follows
Z(n) = {{Z,(t,u),*}| for integers ¢,u € Z,\{0} such that (¢,u) = 1}.

§2. Smarandache Seminormal Subgroupoids When n = 0(mod2)

When n is even we are interested in finding Smarandache seminormal subgroupoid in Z, (¢, t+1).

Theorem 2.1 Let Z,(t,t+1) € Z(n), nis even,n >3 andt=1,--- ,n—2. Then Z,(t,t+1)

is Smarandache groupoid.

Proof Let x = g Then

T*T at+z(t+1)=2xt+x

= (2t+1)z=2xzmodn
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Consequently, {z} is a semigroup in Z,(t,t +1). Thus Z,(¢,t + 1) is a Smarandache groupoid

when n is even. O

Remark In the above theorem we can also show that beside {n/2} the other semigroup is
{0,n/2} in Z,(t,t + 1) € Z(n).

Proof If tis even, 0xt+ 5 x(t+1) = g mod n, g*t—l—()*(t—kl) = 0 mod n, g*t—l—g*(t—H) =

g modn and 0%t 4+ 0* (¢t +1) = 0 mod n. So {0, g} is semigroup in Z,(¢,t + 1). If ¢ is odd,

O*t—|—g*(t+1)50modn, g*t—l—O*(t—Fl)Egmodn, g*t—kg*(t—l—l)z mod n and

o3

O0xt+0x(t+1)=0modn. So {0,;} is a semigroup in Z, (¢, t + 1). O

Theorem 2.2 Letn > 3 be even andt=1,--- ,n — 2,
™ s even then Ao ={0,2,--- ,n—2} C Z, is Smarandache subgroupoid in Z,(t,t+
1) I 5 g

1) € Z(n).
(2) Ifg is odd then Ay = {1,3,--- ,n—1} C Z,, is Smarandache subgroupoid in Z,(t,t+1) €
Z(n).

Proof (1) Let P s even.= g € Ap. We will show that Ag is subgroupoid.

Let z;,2; € Ap and x; # x;. Then

xixx; = mt+xi(t+1)
= (z;i+z)t+2; =2 modn
for some xp, € Ag as (z; + x;)t + x; is even. So z; * x; € Ag. Thus Ap is subgroupoid in
Zn(t, t+1).
Let z = g Then
xxx = zt+az(t+1)
= (2t+ 1)z =2 mod n.

Therefore, {z} is a semigroup in Ag. Thus Ay is a subgroupoid in Z,(¢,t + 1).

(2) Let 2isodd =~ € A;. We show that A; is subgroupoid.
Let z;,2; € Ay and x; # x;. Then

xixx; = mt+xi(t+1)

= (z;+z)t+2; =2 modn

for some xj, € Ay as (z; +x;)t +x; is odd. Therefore, z; * x; € A;. Thus A; is subgroupoid in
Zn(t, t+1).
Let z = g Then
xxx = wzt+a(t+1)
= (2t+ 1)z =2 mod n.

So {z} is a semigroup in A;. Thus A4; is a Smarandache subgroupoid in Z,(t,t + 1). O
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Theorem 2.3 Letn > 3 be even andt=1,--- ,n — 2,

(1) If 2 is even then Ao =1{0,2,--- ,n—2} C Z, is Smarandache seminormal subgroupoid
of Zn(t,t+1) € Z(n).

(2) If 2 is odd then Ay ={1,3,--- ,n—1} C Z, is Smarandache seminormal subgroupoid
of Zn(t,t +1) € Z(n).

Proof By Theorem 2.1, Z,,(t,t + 1) is a Smarandache groupoid.

(1) Let " is even. Then by Theorem 2.2, Ag = {0, 2, - - - ,n—2} is Smarandache subgroupoid
of Z,(t,t+ 1%. Now we show that either aAyg = Ag or Agpa =AgVa€ Z,={0,1,2,--- ,n—1}.

Case 1 tis even.
Let a; € Ag and a € Z,, = {0,1,2,--- ,n— 1}. Then
axa; = at+a;(t+1)
= g;modn

for some a; € Ao as at + a;(t + 1) is even. Therefore, a xa; € Ag V a; € Ay, aldy = Ap. Thus,
Ap is a Smarandache seminormal subgroupoid in Z, (¢, + 1).

Case 2 tis odd.
Let a; € Ag and a € Z,, ={0,1,2,--- ,n — 1}. Then
a;xa = ait+a(t+1)
= a;modn

for some a; € Ag as a;t + a(t + 1) is even. Therefore, a; xa € Ag V a; € Ay, Apa = Ag. Thus
Ay is a Smarandache seminormal subgroupoid in Z,(¢,t + 1).

(2) Let ™ is odd. Then by Theorem 2.2, A; = {1,3,5,---,n — 1} is Smarandache sub-
groupoid of Z,(t,t + 1). Now we show that either aA; = A; or Aja = Ay Va € Z, =
{0,1,2,--- ,n— 1}.

Case 1 tiseven.
Let a; € Ay anda € Z, ={0,1,2,--- ,n— 1}. Then
axa; = at+a;(t+1)
= (a+a)t+a;
= g;modn

for some a; € Ay as (a + a;)t + a; is odd. Therefore, axa; € A1 V a; € A1, . aAy = Ay, Thus
A; is Smarandache seminormal subgroupoid in Z,(¢,t + 1).

Case 2 tis odd.
Let a; € Ay and a € Z,, ={0,1,2,--- ,n— 1}. Then
a;xa = ait+a(t+1)

= g;modn
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for some a; € Ay as a;t + a(t + 1) is odd. Therefore, a; *a € A1 V a; € Ay, Aja = A;.

Thus A; is Smarandache seminormal subgroupoid in Z,(¢,t + 1). O

By the above theorem we can determine the Smarandache seminormal subgroupoid in
Zn(t,t+ 1) of Z(n) when n is even and n > 3.
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§3. Smarandache Seminormal Subgroupoids Depend on t,u when n = 0(mod2)

When n is even we are interested in finding Smarandache seminormal subgroupoid in Z,, (¢, u) €

Z(n) when t is even and v is odd or when ¢t is odd and w is even.

Theorem 3.1 Let Z,(t,u) € Z(n),if n is even,n > 3 and for each t,u € Z,,if one is even and
other is odd then Z,(t,u) is Smarandache groupoid.

Proof Let x = g Then

T *xT xt + xTu

(t 4+ u)x =z mod n.
So {z} is a semigroup in Z,(¢t,u). Thus Z, (¢, u) is a Smarandache groupoid when n is even. O

Remark In the above theorem we can also show that beside {n/2} the other semigroup is
{0,n/2} in Z,(t,u) € Z(n).

Proof 1If t is even and u is odd, O*t—i-g*u = gmodn, g*t—l—()*u = 0 mod n,
g*t—i-g*uzgmodnandO*t—i—O*uEOmodn. So {O,g}issemigroupinZn(t,u). If ¢ is
i n n n n n n
oddandulseven,O*t+§*u50modn,§*t+0*uz§modn,§*t+§*u55modn
and 0%t 4+ 0 u = 0 mod n. So {0, g} is semigroup in Z, (¢, u). |

Theorem 3.2 Let n > 3 be even and t,u € Z,.

(1) ]fg is even then Ao = {0,2,--- ,n—2} C Z,, is Smarandache subgroupoid of Z,(t,u) €
Z(n) when one of t and u is odd and other is even.
(2) ]fg is odd then Ay = {1,3,--- ,n—1} C Z,, is Smarandache subgroupoid of Z,(t,u) €

Z(n) when one of t and u is odd and other is even.

Proof (1) Let g be even. = § € Ag. We show that Ag is subgroupoid.
Let x;,2; € Ag and x; # x;. Then

rixr; = it +zju=x, modn

for some zy, € Ag as x;t + xju is even. So x; *x x; € Ag. Thus Ay is a subgroupoid in Z, (¢, u).
n
Let z = 35 Then

T*xT xt + xTu

= z(t+u) =z mod n.

Whence, {z} is a semigroup in Ag. Thus, Ay is a Smarandache subgroupoid in Z, (¢, u).

(2) Let ™ be odd. = 5 € A1. We show that A; is subgroupoid.
Let x;,2; € A1 and x; # x;. Then

rixr; = it +zju=x, modn
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for some z, € Ay as x; + xju is odd. So z; * x; € A;. Consequently, A; is subgroupoid in
Zn(t, ).
Let z = g Then
rxx = xt+xu

= z(t+u) =z mod n.

So {z} is a semigroup in A;. Thus A; is a Smarandache subgroupoid in Z, (¢, u). O
Theorem 3.3 Letn > 3 be even andt=1,--- ,n — 2.
(1) ]f% is even then Ag = {0,2,--- ,n—2} C Z, is Smarandache seminormal subgroupoid

of Zy(t,u) € Z(n) when one of t and u is odd and other is even;
(2) If 2 is odd then Ay ={1,3,--- ,n—1} C Z, is Smarandache seminormal subgroupoid
of Zy(t,u) € Z(n) when one of t and w is odd and other is even.

Proof By Theorem 3.1, Z,(t,u) is a Smarandache groupoid.

(1) Let " is even. Then by Theorem 3.2, Ag = {0,2,---,n — 2} is Smarandache sub-
groupoid of Z,(t,u). Now we show that either a4y = Ay or Apa = A9 V a € Z, =
{0,1,2,-- ,n—1}.

Case 1 tis even and u is odd.
Let a; € Ag and a € Z,, = {0,1,2,--- ,n— 1}. Then
a*xa; = at+au
= q;modn
for some a; € A as at + a;u is even. Whence, a xa; € Ay V a; € Ag, aAdg = Ap. Thus,
Ay is a Smarandache seminormal subgroupoid in Z,(t, u).
Case 2 tis odd and u is even.
Let a; € Agand a € Z,, ={0,1,2,--- ,n — 1}. Then
a;xa = ait+au
= qg;modn
for some a; € Ao as a;t + au is even. Therefore, a; xa € Ay V a; € Ag, Apa = Ay. Thus,
Ay is Smarandache seminormal subgroupoid in Z, (¢, u).

(2) Let % is 0dd then by Theorem 3.2 is A; = {1,3,5,---,n — 1} is Smarandache sub-
groupoid of Z,, (¢, u). We show that either ad; = A; or Aya= A, Va€ Z,=40,1,2,--- ;n—1}.

Case 1 tis even and u is odd.

Let a; € Ay anda € Z, ={0,1,2,--- ,n — 1}. Then

axa; = at+a;u

= q;modn
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for some a; € A; as at + a;u is odd. So, a*a; € A1 V a; € Ay, . aA; = A;. Thus,

A is a Smarandache seminormal subgroupoid in Z, (¢, u).
Case 2 tis odd and u is even.
Let a; € Ay anda € Z, ={0,1,2,--- ;n—1}.

a; xa = a;t+au

= ajmodn

for some a; € Ay as a;t + au is odd. Therefore, a; ¥a € A1 V a; € A1, Aja = Ay. Thus,

A; is a Smarandache seminormal subgroupoid in Z, (¢, u). O

By the above theorem we can determine Smarandache seminormal subgroupoid in Z,, (¢, u) €

Z(n) for n > 3, when n is even and when one of ¢ and u is odd and other is even.

n|n/2|t Zn(t,u) Smarandache seminormal subgroupoid
2 |1 Z4(1,2) {0,2}
2 Z4(2,3)
1 Z6(1,2), Zs(1,4)
6| 3 |2 Zs(2,1),Z6(2,3), Zs(2,5) {1,3,5}
3 Zs(3,2), Zs(3,4)
4| Zs(4,1),Zs(4,3), Zs(4,5)
5 Z6(5,2), Zs(5,4)
1| Zs(1,2),Zs(1,4), Zs(1,6)
2| Zs(2,1),Z5(2,3), Zs(2,5),
Zg(2,7)
8|1 4 |3 Z5(3,2), Zs(3,4) {0,2,4,6}
4| Zs(4,1), Zs(4,3), Zs(4,5),
Zg(4,7)
5| Zg(5,2), Zs(5,4), Zs(5,6
6 | Zs(6,1), Zs(6,5), Zs(6,7
T Zs(7,2),Zs(7,4), Zs(7,6),
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n|n/2|t Zn(t,u) Smarandache seminormal subgroupoid
1 Z10(1,2), Z10(1,4), Z10(1, 6),
Z10(1,8)
2 | Ziw0(2,1), Z10(2,3), Z10(2,5),
Z10(2,7), Z10(2,9)
3 Z10(3,2), Z10(3,4), Z10(3,8),
10| 5 | 4| Zi(4,1),Z10(4,3), Z10(4,5),
Z10(4,7), Z10(4,9) {1,3,5,7,9}
) Z10(5,2), Z10(5,4), Z10(5,6),
Z10(5,8)
6 Z10(6,1), Z10(6,5), Z10(6,7),
7 Z10(7,2), Z10(7,4), Z10(7,6),
Z10(7,8)
8 Z10(8,1), Z10(8,3), Z10(8,5),
Z10(8,7), Z10(8,9)
9 Z10(9,2), Z10(9,4), Z10(9, 8)
1 Z12(1,2), Z12(1,4), Z12(1, 6),
Z12(1,8), Z12(1,10)
2 Z12(2,1), Z12(2,3), Z12(2,5),
Z12(2,7), Z12(2,9), Z12(2,11)
3| Z12(3,2), Z12(3,4), Z12(3,8),
Z12(3,10)
4 Z12(4,1), Z12(4,3), Z12(4,5),
Z12(4,7), Z12(4,9), Z12(4,11)
12| 6 5 Z12(5,2), Z12(5,4), Z12(5,6),
Z12(5,8) {0,2,4,6,8,10}
6 Z12(6,1), Z12(6,3), Z12(6,5),
Z12(6,7), Z12(6,11)
7 Z12(7,2), Z12(7,4), Z12(7,6),
Z12(7,8), Z12(7,10)
8 Z12(8,1), Z12(8,3), Z12(8, 5),
Z12(8,7), Z12(8,9), Z12(8,11)
9 Z12(9,2), Z12(9,4), Z12(9. 8),
Z12(9,10)
10 | Z12(10,1), Z12(10,3), Z12(10,7),
Z12(10,9), Z12(10,11)
11| Z12(11,2), Z12(11,4), Z12(11, 6),
(11,8), Z1o(

Z12(11,8), Z12(11,10)
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§4. Smarandache Seminormal Subgroupoids When n = 1(mod2)

When n is odd we are interested in finding Smarandache seminormal subgroupoid in Z, (¢, u) €
Z(n).We have proved the similiar result in [4].

Theorem 4.1 Let Z,(t,u) € Z(n). If n is odd, n > 4 and for each t = 2,--- 771;1 and
u=n—(t—1)(t,u) =1, then Z,(t,u) is a Smarandache groupoid.
Proof Let z € {0,---,n—1}. Then
zxz=at+zu=(n+ 1)z =z modn.
So {z} is semigroup in Z,,. Thus Z,(¢,u) is a Smarandache groupoid in Z(n). O
Remark We note that all {z} where z € {1,---,n—1} are proper subsets which are semigroups

in Z,(t,u).

-1
Theorem 4.2 Letn >4 be odd andt =2,--- ,n and uw =n — (t — 1) such that (t,u) =1
if s = (n,t) or s = (n,u) then Ay = {k,k+s,--- ,k+ (r —1)s} for k=0,1,--- ;s — 1 where
n

r = — is a Smarandache subgroupoid in Z,(t,u) € Z(n).
s

Proof Let x,,x4 € Ai. Then

r, =k + ps
:17203£:17(1:> ? P paqe{ovla"'aT_l}'
zq=k+gs
Also,
Tp*Ty = Tpt+xqu
= (k+ps)t+(k+gs)(n—(t—1))
= k(n+1)+(p-qt+qn+1))s
= (k+1Is)modn
= zymodn
x; € A as x;y =k + s for some | € {0,1,--- ,r — 1}. Whence, z, * 24 € A,. Consequently, Ay

is a subgroupoid in Z,(t,u). By the above remark all singleton sets are semigroup. Thus, Ay, is

a Smarandache subgroupoid. a

-1
Theorem 4.3 Letn >4 be odd andt =2, -- ,n and uw =n — (t — 1) such that (t,u) =1
if s = (n,t) or s = (n,u) then A, = {k,k+s,--- ,k+ (r —1)s} for k=10,1,--- ,s — 1 where
n

r = — is a Smarandache seminormal subgroupoid in Z,(t,u) € Z(n).
s

Proof By Theorem 4.1, Z,(t,u) is a Smarandache groupoid. Also by Theorem 4.2, A} =
{k,k+s,--- ,k+ (r—1)s} for k=0,1,---,s — 1 is Smarandache subgroupoid of Z, (¢, u).
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If s=(n,t),let z, € Ay and a € Z,, = {0,1,2,--- ,n — 1}. Then

a*Tp

= at+ xpu

at+ (k+ps)(n—t+1)

k(n+1) + [(a — k)v1 4+ (pn — pt + p)]s where t = vy s
k +1s mod n

x; € A as ¢y = k + Is for some [ € {0,1,--- ,r —1}. So, a*xx, € A, ax Ay = Ay, Thus, Ay

is a Smarandache seminormal subgroupoid in Z, (¢, u).

If s=(n,u),let z, € Ay and a € Z,, ={0,1,2,--- ,n — 1}. Then

Tp*ka = xpt+au
= (k+ps)(n—u+1)+au
= k(n+1)+4[(a —k)ve + (pn — pu+ p)|s where t = vas
= (k+1Is)modn
x; € Ay as ¢ = k +Is for some | € {0,1,--- ,r — 1}. Therefore, a * z, € Ay, a * Ay = Ay.
Thus Ay is a Smarandache seminormal subgroupoid in Z, (¢, u). O

By the above theorem we can determine Smarandache seminormal subgroupoid in Z, (t, u)

when n is odd and n > 4.

Zn(t,u) s=(n,u) | r=mn/s | Smarandache seminormal

or s = (n,t) subgroupoid in Z, (¢, u)

AO = {Oa 37 6}
Zo(3,7) | 3=(9.3) 3 Ay ={1,4,7}
Ay = {2,5,8}

15

13

Ay = {0,3,6,9,12}
Z15(3,13) | 3 = (15,3) 5 Ay ={1,4,7,10,13}
Ay ={2,5,8,11,14}

11

Ap ={0,5,10}
Ay ={1,6,11}
Z15(5,11) | 5= (15,5) 3 Ay ={2,7,12}
As ={3,8,13}
Ay ={4,9,14}

Ay = {0,3,6,9,12}
Z15(7,9) | 3= (15,9) 5 Ay ={1,4,7,10,13}
Ay = {2,5,8,11, 14}
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n|t|u | Zn(tu) s=(n,u) | r=mn/s | Smarandache seminormal
or s = (n,t) subgroupoid in Z, (¢, u)
Ao ={0,3,6,9,12,15,18}
3019 | Z51(3,19) | 3= (21,3) 7 Ay ={1,4,7,10,13,16,19}
Ay = {2,5,8,11,14, 17, 20}
Ao = {0,7,14}
A ={1,8,15}
21 Ay = {2,9,16)
7= (21,7) 3 As = {3,10,17}
7115 | Z91(7,15) Ay ={4,11,18}
As = {5,12,19}
Ag = {6,13,14}
Ao = {0,3,6,9,12,15, 18}
3 = (21,15) 7 Ay ={1,4,7,10,13,16,19}
Ay = {2,5,8,11, 14,17, 20}
Ao = {0,3,6,9,12, 15,18}
9|13 | Zx1(9,13) | 3= (21,9) 7 Ay = {1,4,7,10,13,16,19}
Ay = {2,5,8,11, 14,17, 20}
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