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Introduction. The Smara.ndache function S : N· - N· is defined [5] by the 
condition that. 5(n) is the smallest. integer m such tha.t m! is divisible by n.So,we 
have 5(1) = 1,5(212) = 16. 

Considering on the set N· two laticeal structures N = (N°, /\, v) and Nd = 
(N·, /\, ~),where /\ = min, V = max, /\= the grea.tLcst comlllon divuJOr, ~= th(~ 

d d 
smallest. common multiple,it results that 5 halt the followings properties: 

d 
("1) 5('1\ V '11) = S('1l) V.5'('11) 
(~1) 1'11 ~ci n1 ~ S(nd ~ S(71'J) 

where ~ iat the order in the lattice N and ~ci iH the order in t.he lattice N •. 1t lH 
said tbat 

. nl ~d n2 <==> nl dividE!!! n:z 

From these propertie1! we deduce that in fact on must c:olllli<i<>r 

S:Nd.-N 

Methods for the calculus of s. If 

is the decomposition of 11 inLO prilllell,froDl ("1) it relluilli 

S(n) = VS(pr') 

eo the calculus of S('1) is reduced to the calculutl of S(p"'). 

( I ) 

If e,.(n) is the exponent of the prime p ill the decol1lpol'litioll into prilll(,H of .t!: 
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, " (n) n! = II p' 
}=l ) 

by Legendre's formula i~ is said ~haL 

e,(n) = L: [~] 
I~l p' 

Also we have 

( ) 
_ n - C1(p)(n) 

e, n -
p-l 

(2) 

where [:r] is the integer pa.rt of x and C1(p){n) ill the Hum of digit.s of n ill the 
numerical scale 

(P) : 1 , P I p'l , ... , p' ... 

For ~he calculus of S(p") we need to consider in ILdditiuu a gt!llcraliaed lIuuu!r
ical scale (P] given by: 

(P]: tll(P) , tl:l(p) , ... , rl,(p) I ••• 

where Cli(P) = (pi. - I)/(P - 1).Then in [3] it is showed that 

S(pQl) = p(Ct{pj)(p) (3) 

that is the value of S(pLl) i:J obta.iued multiplyillg p by the number obtain~d writing 
the exponent Ct in the genera.li8ed lica.le (P] and "rea.ding" iL in the U8Ua.!IiCa.!C (p). 

Let us observe that the calculus in the gencra..l.iHed "calc (P] ill C8HCutially dif
ferent. from t.he calculus in t.he ecale (p).That. is becaulJe if we DoLe 

then for t.he usua.! 8ca.!e (P) it reaultll the rcclJ relll'C reiatiull 

b,,+l(P) = P . b,,(P) 

and for the generalised acale [P] we have 

~+l(P) = P . Clo&(P) + 1 

For Lhis,to add some numbers in the dcale (P] we do as follows: 
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1) We sian \0 add from the digits of "decimals" ,that is from the column 
corresponding to Cl'l (P). 

2) If adding some digit8 it is obtained Pfl'l(p),then we utilise an unit from the 
daslfe of "units" (the column correHpondillg Lo CLI (p» Lo ohLain p' r.J(p) + 1 = 
a3(p).Contiuuing to add,if aga.iuH it is obt.ained p. tl-l(p),thclI a new unit UJUHL 1)(' 
ueed from the claaae of uniLal,eLc. 

Ezampie. If 

then 
m+n+r = 442 + 

412 
44 

dcba 
To find the digits el, b, c, d we sta.rt to add from the column corresponciing to 

Cl'l(S ): 

4Cl'l(5) + ~(S) + 4~(5) = 5Cl'l(5) + 4Cl'l(5) 
Now,iI we ta.ke a.n unit from the first column we get: 

10 b = 4. 
CODiiDumg the addit.ion we have: 

4a3(5) + 4a3(5) + a3(5) = 5a3(5) + 4a3(5) 
and using a. Dew unit (from the first column) it results: 

4a3(5) + 4a3(5) + a3(S) + 1 = a.(5) + 4a3(5) 
10 c = 4 and d = 1. 

Finaly,adding the remained units: 

4al(6) + 2"1(5) = 5al(5) + "1(6) = 5al(6) + 1 = (VJ(5) 
it result. that the digit b = 4 must be cha.nged in b = 5 II.nd Il = O. 

So 
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m{6j + n{Sj + r{6) = 1450{s) = ~(5) + 4G3(5) + 5a2(5) 

Remarque. As it is showed in [5],writing a positive integer a in the scale (PJ 
we may find the first non-zero digit on the right equal8 to p.or course,that ill no 
possible in the standard scale (p). 

Let UI! ret.urn now 1.0 t.he prcllcnt.at.io/1 of t.he forlllUliU! for 1.11(' calculuH of Lill' 

Smarandache (unct.ioll. For t.hil! we (·xpreI!Ht· t.he expollellt. cr ill bot.h t.lw ItCjLlc~H (T') 

and (p): 

and 

" _ " + ,,-1 + + _" • a(p) - C.P C,,-lP ... + CIP CO - L c,p 
i:O 

" aCFl = k"Gv(P) + k,,-lGv-l(P) + ... + k1G1(P) = E kjaj(p) = 
1=1 

• 
=" k·E!..=l '- J p-l 

1-1 

" " 
(p - l)a =2: kjpJ- L kj 

" . 
8o,becau8e r: kjpJ = p(t~{P)(,), we get: . ,-1 

From (4) we deduce 

• v 

pa =2: C.(P,+l - 1)+ 2: c, 
;:0 ,=0 

and 

Coneequently 
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(5) 

(6) 
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Replacing this expression of a in (6) we get.: 

(p- 1)' p - 1 
S(pa) = (C<(p»(pJ + -O'(p)(Ct') + O'(pJ(ct) 

p p 
(8) 

Example.To find S(3&9) we shall utilise ~he equali~y (3).For t.his we have: 

(3) : 1 I 3 I 9 , 27 , 81 , ... 
(3] : 1, 4 , 13 , 40, 121 , ... 

and 89(3\ = 2021,80 S(3S!)) = 3(2021)c3) = 183.1'hat is 183! is divi.olible by 3S!) and 
it is the smallest factoria.l with thi~ property. 

We shall use now Lhe equalit.y (6) t.o calculat.e ~he same value S(38!).For thil! 
we observe .. hat. 0'[3](89) = 5 and, 110 S(319 ) = 2 . 89 + 5 = 183. 

Using (8) we get 89{~) = 10022 and : 

4 2 
S(389) = 3(10022)rJJ + 3 . 5 + 5 = 183 

Ii. is p088ible to expresse S(pQ) by mins of the exponent e,(Q!) in t.he following 

way: from (2) and (7) it results 

e,(a) = {Ct'(p»(pJ - a 

and then from (8) and (9) it results 

(9) 

(p - 1)2 P - 1 
S(pa) = (e,(OI) + a) + -O'(p)(OI) + 0'(P1(0-) (10) 

P P 
Remarque.From (3) and (8) w(' deduce a connect.ion bciwt"en til(' int,(!g('r , ... 

writen in the scale (PJ i\.IIO rCl\(ico in the Hcal,· (f!) ;"'Iel til(' "alII I' int,rJ!.,·r writ.rd ill 

t.he scale (p) iLlld rea.ded ill t.he IiCall! [Pl. N'Llndy 

p2(a(pj)(p) - (p - 1)2(0I(p»(pj = PO'(pj(OI) + (p - 1)0'(1')(01) (11) 

The function i,(OI). In the followings let. we not.e S(pa) = S,(OI).Theu from 
Legendre's formula it. result.s: 

(p - 1)a < Sp(a) =s pc< 

thai. is S(pQ) = (p - 1)01 + :z: = pa - y. 
From (6) it reault.a that :z: = 0'(p1(0I) and to find y let us write S,(OI) under the 

forme 



S,(cr) = p(cr - i,(cr» ( 12) 

Aa il ia abowed in [4] we have 0 ~ i,(O') ~ [0.;1 J. 
Then it result.s that for each function S, there exiHLH a function i, 1.10 that WI: 

have the linear combination 

In [I} it is proved that 

~S,(cr) + i,(cr) = 0' 
P 

( 13) 

(14) 

and 10 it is an evident analogy between the expression of e,( 0') given by tht
equality (2) and the expression of ip(o-) in (14). 

In [1] it is also showed that 

0( = (0([,1)(,) + [~] _ (W(O')] = (O'[,J)(,) + 0' - 0'[,1(0') 
P P P 

and 10 

(15 ) 

Finaly,let us obeerve that from the definition of Smarandache fUllction it results 
tha.t 

0-
(S, 0 e,)(o-) = p[-] = 0- - a, 

p 

where o-p is the remainder of cr modulus p.Alao we have 

(<<,0 S,)(O() ~ 0( and «,(5,(0') - 1) < 0' 

BO using (2) it results 

S,(a) - O'(p)(S,(<.~» > .1 S,(<.~) - 1 - t1(p)(S',,(lY) - J) 
-- (~ allu - < ~~ 

p-l - p-l 

Using (6) we obtains that S(p'-) is the unique solution of the aYlltcm 
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O'(P}(Z) :£ O'lP!(a) :£ O'(p){X - 1) + 1 

The calculus of card(S-l (n) ).Let. qll qll "'1 qlt. be all t.he prime it.egera IIma.ll
es1. 1.hen n a.nd non dividing n. LeI. also denoLe shortly e"/(n) = IrA soluLion Xo 

of 1.he equaUon 

S(x) = n 

has the property that. Xo divides n! a.nd non divides (n - l)!.Now, if d(n) is the 
number of p08it.ive divisors of n,from t.he inclusion 

{m / m divides (n - I)!} C {m / m divides n!} 

a.nd using t.he definit.ion of Smara.ndache function it. results t.ha! 

card(S-l(n)) = d(n!) - d«n - I)!) ( 16) 

Ezample. In [6] A. St.upuu a.nd D. W. Sharpe hu proved t.haL it p ia a given 
prime,t.be equauon 

S(=) = p 

has just d(P -I)!) solutiolls (all of t.hem in bet.ween p aud p!) . Lt,t. us observe t.hat 
e,(p!) = 1 and e,«p - I)!) = 0,80 because 

d(P!) = (e,.(p!) + 1)(11 + 1)(f2 + 1) ... (/h + 1) = 2(f1 + l)(h + 1) ... (f1t. + 1) 
d((p -1)!) = (f1 + l)(h + 1) ... (f~ + 1) 

it results 

card(S-l(P!» = d(P!) - d«P - 1)! = d«p - 1)!) 
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