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Abstract.
In this article we propose to determine the triasgclassABC. orthohomological with

a given triangleABC, inscribed n the triangl&BC (A OBC, B OAC, C UAB).

We’ll remind, here, the fact that if the triangl&BC inscribed in ABC is
orthohomologic with it, then the perpendiculars &, B, respectively inC, on BC, CA,
respectivelyAB are concurrent in a poiR® (the orthological center of the given triangles)d
the linesAA, BB, CC, are concurrent in point (the homological centethefgiven triangles).

To find the trianglesABC,, it will be sufficient to solve the following prédm.

Problem.
Let's consider a poin® in the plane of the triangl&BC and ABC, its pedal triangle.

Determine the locus of poirR such that the triangleBBC and ABC. to be homological.

Solution.
Let's consider the triangldBC, A(1,0,0),B (0,1,0)C (0,0,;, and the point

R(a.B.y), a+B+y=0.
The perpendicular vectors on the sides are:
UEC(ZaZ, -a’-b*+c?, —a2+b2—cz)
UCDA(—a2 -b*+c?, 2b?, az—bz—cz)
UEB(—a2 +b%-c? a’-b?-c? 2(:2)
The coordinates of the vect&C are (0,—1,1), and the lineBC has the equatiox =0.
The equation of the perpendicular raised from {p&iron BC is:
X y z
a ﬁ 1% =
2a®> -a’-b*+c® -a’+b’-c
We noteA(x,Y,z), becauseA 1BC we have:
x=0andy+z=1.
The coordinatey and zof A can be found by solving the system of equations



X y z
a ﬂ )4 =
2a’ -a’-b’+c? -a?+b’-c

a y a V:
=z ’
Y 2a’> —a’+b*-c? 232 —a’-b2+¢c

J[a (-a+b—c?)-2ya?] = 7] (~at-b?+c) - 2a7],

y+ye (~a*+b*-c?) -2’
a |

y+z=0
We have:

_1’
_az _b2+C2)_2ﬁa2

a (—az—b2+c2)—2lga2+a (_a2+b2_cz)_2ya2
yQ _
a (—az—b2+c2)-2l[;a2
~2a°(a+f+y)
yDa(_az_bZ_'_Cz)_Z'Baz_ ,

it results
y=2ia2(a2+b2-02)+/;
—_1 —_1_ _ a 2 2_ 2\ _ _ a ) 2_ 5
z=1 y—l ﬂ g(a +b C)—a’+y E(a +b C).
Therefore,
A(O, 222(a2+b2—02)+13,

Similarly we find:

B.(zigz(aZ+b2_02)+a, 0, %(_az_'_bz_i_cz)_'_yj’
na

a
2a2

(az—b2+C2)+yj_

?

Ci(zcz(az—b2+cz)+a, Z(_az"'bz"‘cz)"'ﬁ, Oj-

We have:



B

(az—b2+cz)+y

AB __ 2a? __accosB+ya
AC %(aﬁbz ) abcosC + Ba
. B (2 phe_

BC __ zT)Z(a +b C) _ _pPacosC+ab
BA %( a +b2+c) y pccosA+ b
_ V (2 2,2

C,A__E( & +b +c )+'3__ybcosA+,Bc
CB

Lz(az_bz+cz)+a yacosB+ac

(We took into consideration the cosine’s theorem=b* + c? —2bc cosA).
In conformity with Ceva’s theorem, we have:

ABBC CA_

AC BA CB

(ay+accosB)(ba + Ba co)(cB+yb cod) =

=(aB+abcosC)(by+ Bc coA)(ca +ya coB)

acr (b’y? —c?B7)(cosA- coB co€)+bB(c’a”-a??)( cdB- cds O+
+cy(a® % ~b’a?)(cosC - cosA coB) =

Dividing it by a’b®c?, we obtain that the equation in barycentric cauatés of the locus
£ of the pointP is:

a(yj 'BJ(COSA coB cof)+ ’g(a—j—éJ( cB- cds wO§+

¢ b? a’ ¢

(’32 a ](cosC COA COB) =
b*> a?

We noted,, dg, d. the distances oriented from the poiRt to the sidesBC, CA
respectivelyAB, and we have:

a 2s'b 2'c =
The locus’® equation can be written as follows:
JA(d_(f —d_BZ)(cosA— coB co€)+d, (a,f —ag)( cB- cds WO+

+d, (Jg —d_,f)(cosC — COSA COB) =

Remarks.



1. It is obvious that the triangle’®\BC orthocenter belongs to locug The orthic

triangle and the triangleABC are orthohomologic; a orthological center is the
orthocenterH , which is the center of homology.

2. The center of the inscribed circle in the triamn§BC belongs to the locu§ because
d,=d,=d. =r and thus locus’ equation is quickly verified.

Theorem (Smarandache-Patrascu).
If a point P belongs to locus, then also its isogond belongs to locus.

Proof.
Let P(a,3,y) a point that verifies the locus’ equation, and:"(a",ﬁ',y) its isogonal

in the triangle ABC. It is known that :ﬁ _ﬂ . We'll prove thatP [ £ i.e.

Ziﬂy—j —ﬁJ(cosA— coB cof)=

alc® b?

: 22 _ '2-2
ZELM](COSA— coB cof)=

a b*c?

Zaézcz( b’ - B )(cosA— coB co€)= 6

- 02" {V’BECZ —CZWI'BI](COSA— coB co€)= G-
ab’c y B
aBy(Be _y’ _ —

- abzcz( Y ](cosA coB co€)= G-
apBy|(pc -y’ _ _

- abzcz( 2 j(cosA coB co€)= G-

- Zg(aﬁ'y} letﬂ)zcz('gz 4 ](cosA coB cof)=
al\ aBy )bc b? c¢?

We obtain that:

a,&’yz (::2 'gzj(cosA coB cof)= ,

this is true becausB O £

Remark.

We saw that the triangle ABC orthocenterH belongs to the locus, from the precedent

theorem it results that als®, the center of the circumscribed circle to thartgle ABC
(isogonable toH ), belongs to the locus.

Open problem:
What does it represent from the geometry’s pdinview the equation of locus?
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In the particular case of an equilateral triangéecan formulate the following:

Proposition:
The locus of the poinP from the plane of the equilateral triangM3C with the property

that the pedal triangle d? and the triangleABC are homological, is the union of the triangle’s
heights.

Pr oof:
Let P(a,ﬁ,y) a point that belongs to locits The equation of the locus becomes:
a(y’-5%)+Bla*-y?)+y(B*-a?)=0
Because:
a(y -B)+Bla’~y)+y(B*-a?)=ay*~aB*+ pa*~ By *+ B -y *=
=apy+ay’ —ap’+pa’ -y + B -y ~apfy=
=ap(y-B)+ay(y-B)-a*(v-B)-By(v-B)=
=(v-B)la(B-a)-y(B-a)|=(B-a)(a-y)(y-B).
We obtain thata = or =y or y=a, that shows thaP belongs to the medians
(heights) of the triangleABC..
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