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NON-GEOMETRY 

It's a lot easier to deny the Euclid's five postulates than Hilbert's twenty thorough axioms. 

1. It is not always possible to draw a line from an arbitrary point to another arbitrary 

point. 

For example: this axiom can be denied only if the model's space has at least a 

discontinuity point; (in our bellow model ~D, one takes an isolated point I in between 

f, and 12, the only one which will not verify the axiom). 

2. It is not always possible to extend by continuity a finite line to an infinite line. 

For example: consider the bellow ~odel, and the segment AB, the both A and B 

lie on f" A in between P and N, while B on the left side of N; one can not at 

a2l extend AB either beyond A or beyond B, because the resulted curve, noted say 

.4' - A - B - B', would not be a geodesic (i.e. line in our :\fodel) anymore. 

If A and B lie in 01 - flo both of them closer to ft, A in the left side of P, while 

B in the right side of P, then the segment AB, which is in fact A - P - B, can "be 

extended beyond A and also beyond B only up to j, (therefore one gets a finite line 

too, A~ - P - B - B'), where A', B' are the intersections of P A, P B respectively with 

h). 

If A, B lie in .51 - ft, far enough from fl and P, such that AB is parallel to fl, then 

AB verifies this postulate. 

3. It is not always possible to draw a circle from an arbitrary point and of an arbitrary 

interval. 

For example: same as for the first axiom; the isolated point I, and a very small interval 

not reaching ft neither 12, will deny this axiom. 

4. Not all the right angles are congruent. (See example of the Anti-Geometry, explained 

bellow.) 

5. If a line, cutting two other lines, forms the interior angles of the same side of it strictly 

less than two right angles, then not always the two lines extended towards infinite cut 

each other in the side where the angles are strictly less than two right angles. 

For example: let hI, hz, I be three lines in 01 - oz, where hI intersects fl in A, and 

hz intersects j, in B, with A, B, P different each other, such that hI and h2 do not 

intersect, but I cuts hI and h2 and forms the interior angles of one of its side (towards 

fl) strictly less than two right angles: 
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the assumption of the fifth postulate is ful:filled, but the consequence does not hold, 

because h, and hz do not cut each other (they may not be extended beyond A and B 

respectively, because the lines would not be geodesics anymore). 

Question 29 

Find a more convincing midel for tbis non-geometry. 

COUNTER-PROJECTIVE GEOMETRY 

Let P, L be two sets, and r a relation included in P x 1. The elements of P are called 

points, and those of L lines. When (p, I) belongs to r, we say that the line l contains the point 

p. For these, one imposes the following COl:NTER-AXIOMS: 

(I) There exist: either at least two lines, or no line, that contains two given distinct 

points. 

(II) Let p"P"P3 be three non-collinear points, and qJ,qz two distinct points. Supoose 

that {PI, q,;P3} and {P2, q"P3} are collinear triples. Then the line containing P}'Pz, 

and the Dne containing ql, q2 do not intersect. 

(III) Every line contains at most two distinct points. 

Questions 30-31: 

Find a model for the Counter-(General Projective) Geometry (the previous I and II counter

axioms hold), and a model for the Counter-Projective Geometry (the previous I, II, and III 

counter-axioms hold). [They are called COl:NTER-MODELS for the general projective, and 

projective geometry, respectively.] 

Questions 32-33: 

Find geometric modis for each of the following two cases: 

- There are points/lines that verify all the previous counter-axioms, and other 

points/lines in the same COUNTER-PROJECTIVE SPACE that do not verify any 

of them; 

- Some of the counter-axioms I, II, III are verified, while the others are not (there are 

particular cases already known). 

Question 34: 

The study of these counter-models may be extended to Infinite-Dimensional Real (or Com

plex) Projective Spaces, denying the IV-th axioms, i.e.: 
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