Some Aggregation Operators For
Bipolar-Valued Hesitant Fuzzy
Information

Tahir Mahmood

Department of Mathematics, International Islamic University Islamabad, Pakistan

Florenztin Smarandache
Department of Mathematics, University of New Mexico, 705 Gurley Avenue, Gallup, NM 87301, USA

Kifayat Ullah

Department of Mathematics, International Islamic University Islamabad, Pakistan

Qaisar Khan
Department of Mathematics, International Islamic University Islamabad, Pakistan

< IEEE

Celebrating 125 Years
of Engineering the Future




Abstract

In this article we define some aggregation
operators for bipolar-valued hesitant fuzzy
sets. These operations includes bipolar-valued
hesitant fuzzy ordered weighted averaging
(BPVHFOWA) operator along with bipolar-
valued hesitant fuzzy ordered weighted
geometric (BPVHFOWG) operator and their
generalized forms. We also define hybrid
aggregation operators and their generalized
forms and solved a decision making problem on
these operation.
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o ad
Introduction

At any level of our life decision making plays an essential
role. It is a very famous research field now days. Everyone needs to
take decision about the selection of best choice at any stage of his
life. Using ordinary mathematical techniques we are unable to solve
DM problems.

To deal with problems related to different kind of
uncertainties, L. A. Zadeh [37] in 1965 initiated the concept of
fuzzy sets (FSs). After his idea of FSs, researchers started to think
about different extensions of FSs and some advanced forms of FSs
have been established. Some of these extensions are interval-
valued fuzzy set (IVFS) [5], intuitionistic fuzzy set (IFS) [1],
hesitant fuzzy set (HFS) [22] and bipolar-valued fuzzy set (BVFS)
[15] are some well known sets. Later on these new extensions of
FSs have been extensively used in decision making [5], [16].
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As different advanced forms of FSs came one after another,
scientist started to merge two kinds of fuzzy information in a single
set. The idea was quite useful and some very interesting extensions
of FSs have been defined. These extensions include intuitionistic
hesitant fuzzy sets (IHFSs), inter-valued hesitant fuzzy sets (IVHFSSs)
and bipolar-valued hesitant fuzzy sets (BVHFSs).The idea of merging
different kind of fuzzy sets was quite useful and very shortly some
new advanced forms of FSs have been established which are inter-
valued intuitionistic hesitant fuzzy sets (IVIHFSs), cubic hesitant
fuzzy sets (CHFSs) and bipolar-valued hesitant fuzzy sets (BPVHFSSs).

Tahir M [25] introduced BPVHFSs, a new extension of FSs and
a combination of HFSs and BVFSs. BPVHFSs have affiliation functions
(membership function) in terms of set of some values. The positive
affiliation function is a set having values in the interval [0,1] which
conveys the satisfaction extent of an element belong to the given set.
While the negative affiliation function is a set of some values in [—1,0]
which conveys the negative or counter satisfaction degree of an
element belong to given set. O IEEE
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Tahir M [25] defines some basic operations for BPVHFSs and proved
some interesting results. He also defines aggregation operators for
BPVHFSs and then used these operators in DM.

In our article we apply some order on previously defined
bipolar-valued hesitant fuzzy weighted averaging and weighted
geometric operators by defining bipolar-valued hesitant fuzzy ordered
weighted averaging and bipolar-valued hesitant fuzzy ordered
weighted geometric operators along with their generalized operators.
We also defined some hybrid aggregation operators on BPVHFSs
along with their generalized forms. Finally we did solve a DM problem

using these newly defined aggregation operators and get very useful
results.

This article consists of 4 sections with section one as
introduction. In section two we recall the definition of BPVHFSs, their
properties and some aggregation operators of BPVHFSs. Section
three contain BPVHFOWA operators, BPVHFOWG operators, BPVHFHA
operators and BPVHFHG operators.
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We also solve some examples on these defined operations. In the last
section we solve a DM problem using the defined operations in
section three. Finally we finish our article by adding a conclusion to it.

<IEEE

Celebrating 125 Years
of Engineering the Future



o
Preliminaries

This section consists of the definition of BPVHFS and some
aggregation operators on BPVHFSs. We also add some properties of
BPVHFSs to this section and we recall the concept of score function for
BPVHFSs.

Definition 1: [25]

For any set X, the BPVHFS 8 on some domain of X is denoted and

defined by:

B = {(x, (b (x), b7 (x))): x € X}
Where ib*: X - [0,1] is a finite set of few distinct values in the interval [0, 1].
It conveys the satisfaction extent of “»"” corresponding to BPVHFS 8 and
Bb™:X - [-1,0] is a finite set of few distinct values in the interval [-1, 0]. It

\N\_ 717/

conveys the implicit counter or negative property of “»” corresponding to
BPVHFS 3.

Here ib = {Ib*(x), b~ (x)} is @ BPVHFE. The set of all BPVHFEs is denoted by
d.
Consider two BPVHFSs:
ﬁ = {(]Sr (H)+~(]S); (H)_“'(‘S))) K € X}
i i ¢ IEEE

B = {(lg, (H)+§B(K_',), (I'b_%(]@',))) K € X} Celebrating 125 Years

of Engineering the Future
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The set operations for BPVHFSs are defined as:
- AUB = {1 € byg(k) Ubbg(x): (tb*5U bt g)(x), (b~ 53U b)) }.
© ANV = {7 € bbyg(k) Ubg(k): (53N b*g)(k), (b~ 4N Bb~5)(K)}.
(W) = {('S (I_b-l_ﬁi(K.u))C» (HD"@[(K))C) K € K}-
(H)+51(1g))c = {1-mne bty (H)_gl(lg))c = {-1-mneb gk
(ﬁ@%)(lﬁ) = {2 + 1 —11'12: 1y € bTg(K), 7, € BT g(K), —(a11,): &1 €
b g(K), 72 € b g(K)}.
(QE@%)(‘S) = {315+ 11 €T g(K), 72 € B g(k), —(=41 — 12 — 1113): 11 €

b~ 5(x), 72 € b7 g(k)}.
Forany p "> 0

- pAK) ={1 -1 -2)P: 7€ B g(K), —(=7"):7 € b g(K)}.
W) = mebrg(),—1- (—(-(-1-9)"): 1€ B g}
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Definition 2: [25]

Let b;(j = 1,2,3,4...n) be a set of BPVHFEs and let v’ =
(W1, W5 w30y, ..07)" be the WV of B(j = 1,2,3,4...n) with o’; € [0,1]
and Y-, w’; =1, then
1. BPVHFWA Operator is a function ¥"* - ¥ such that

n
BPVHFWA(lby, tb,, .. tb,) = @ (w'jib)
i=1
n ) n )
={{1— 1_[(1 —5)" n e Wi, —1_[(—’71)0)1: h; € by
i=1 j=1
2. BPVHFWG Operator is a function ¥"* - ¥ such that
n ’,
BPVHFWG (tby, by, ... 1) = ® (Hb;)"!
=1

n

n ,
— 1_[ (’71)0)1 : "11 € H);I_ , —1 — (— (_(—1 — 1_11))(‘)1): ’-11 € H)1_
i=1

i=1

<IEEE
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3. A GBPVHFWA Operator is a function ¥" - ¥ such that

1
n . p
GBPVHFW A, (tby, tb,, ... tby,) = (EB (wEHDf ))

( . N 1 )
_ 9 <1 _ Lll[ (1- af')w'i>p bbb (,)—1 - (1_11[ - (— (—1 (— ((—ai)p')w&))))p b € b ([
k withp >0 J

4. A GBPVHFWG Operator is a function ¥"* - ¥ such that

n ‘.
GBPVHFWG’D(I-I)]_; I—bZI -"I—bn) = l(® (p.l—bl)wl)
=1

N Ta—.

p

SA

_ {1 _ <1 ~T, (1 (1- ai)p')w'i)
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Definition 3: [25]
Let b =< b, lb~ > be a BPVHFE, then the Score function
(Accuracy Function) of b is denoted and defined by:

S(tb) = - (& + &)

Where & is the sum of elements of tb*and & is the sum of
elements of b, ¢y is the length of b and §(tb) € [-1, 1].
Remark 1: [25]

Length of Bbb*and b~ are not necessarily equal.
For two BPVHFES b, and b, if
S(Hb,) < S(lb,), then b, is said to be minor than b, i.e. tb; < Ib,.
S(Hb,) > S(b,), then b, is said to bigger than b, i.e. Ib; > b,.

S(Hb,) =S§(b,), then Wb, is indifferent (similar) to b, denoted
by I'bl""l'bz.

<IEEE
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Ordered Weighted And Hybrid Operators For
BPVHFSS

In this section we define BPVHFOWA operators, BPVHFOWG
operators, BPVHFHA operators and BPVHFHG operators. We also explain
these operations with the help of examples.

Definition 4:
Let Hb;(i = 1,2,3,4..n) be a set of BPVHFEs and b, the i*" largest

among them. Let w” = (w'y, w5, w3, 0y, ... w";,)T be the aggregation associated
weight vector of tb(j = 1,2,3,4..n) with w’; € [0,1] and XL, »’; = 1. Then

1. A BPVHFOWA operator is a function BPVHFOWA: Y™ - ¥, such that
n

BPVHFOWA(lby, Iby, ...1by) = @ ('jtbyp)
i=1

2. A BPVHFOWG operator is a function BPVHFOWG: Y™ - ¥, such that

n ‘.
BPVHFWG (b, bb,, ...1b,) = _®1(Hva(1))wl
1:

<IEEE
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Theorem 1:
Let Bb;(i = 1,2,3,4...n) be a set of BPVHFEs. Then their

aggregated value determined by using BPVHFOWA operator or
BPVHFOWG operator is a BPVHFE and

BPVHFOWA(tby, tb,, ... 1b,)

n n

_ W'y + W —

= {1 - 1_[(1 — ) ' () € gy }{— H(—HG@) 0 € o) }
i=1 i=1

BPVHFWG (tby, tb,, ... 1by,)

n n w'i
= { | (o)™ 5o € B3 },{—1 - <— | |(-(-1-50)) ) o) € Ha;@}
i=1 j=1

<IEEE
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Definition 2:
Let B;(i = 1,2,3,4..n) be a set of BPVHFEs and b, the i*" largest

among them. Let w’ = (0}, w5, w'3, 0y, ... ,)T be the aggregation associated
weight vector of tb;(j = 1,2,3,4..n) with ’; € [0,1] and ¥iL; »’; = 1. Then

A GBPVHFOWA operator is a function GBPVHFOWA: Y™ - ¥, such that

1
n . p
_ ) . .
GBPVHFOWA,; (tby, by, ... thy,) = (f:'i (a) iHDU(D)> with p" > 0

( 1
n A\r
= — _or )0 +
=19( 1 ‘ ‘(1 00) | ¢ e € Bl (.
i=1
\
Celt.abrating 125 Years
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2. A GBPVHFOWG operator is a function GBPVHFOWG: Y™ - ¥, such that

1 . .
GBPVHFOW G ; (thy, by, ... Bo,) = ;(ea (0 Wgpy)” ) with p’ > 0
(

1
n N p
=1)1- 1—1_[(1—(1—50@)”) L e € i ()
\

A

=1

<IEEE
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S(tbs) = i (&, + &) = %(0.9 + 0.8+ (—0.2) + (-0.1)) = 0.7
Clearly as
S(tby) < S(tb3) < S(tby)
So
bby(1) = tby= {{0.5,0.6},{—0.2,—0.1}}, b, () = Ib3= {{0.9,0.8},{—0.2,—0.1}} and
tby(z) = by = {{0.1,0.2},{—0.3,-0.2}}
Now

3
GBPVHFOW A1 (thy, tby, B3 ) = @ (w'jHby;))
=1

{{0.748499, 0.754354,0.644324,0.652605,0.764784,0.77026,0.667355,0.675099} {—0.21689,—0.2,

<IEEE
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3 g
GBPVHFOWG,(tbq, by, b3 ) = ® (I‘ba(i))w1
=1

= {{0.486197, 0.558494, 0.458391,0.526553,0.513531,0.589892,0.484162,0.556156},{—0.22108,

<IEEE
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Definition 5:

Let Bb;(j = 1,2,3,4...n) be a collection of BPVHFES, w = (w1, wy,, ... w,)" is
their weight vector with w;€ [0,1] and =, w; = 1, 'n’ is the balancing coefficient
and o = (0w, ws 0w, ...0,)" be the aggregation associated weight vector
of Bb;(i =1,2,3,4..n) with o’; € [0,1] and XL, »’; = 1. Then
1. The BPVHFHA operator is a mapping BPVHFHA: ¥™ - ¥ such that

. . . n 3
BPVHFHA(tby, Bby, ... Fhy,) = 1Gjl( Witbs ()

B {{1 - 1_[(1 —56)” " Bow € By }{_ l_[(—i'cr(i))w1 g (3) € thog }}
=1 j=1
where b, is the r" largest of Ib = nw, tby (k = 1,2,3, ..., n)
2. The BPVHFHG operator is @ mapping BPVHFHA: ¥™ - ¥ such that

. . o n o i
BPVHFHG (Fb,, Fb,, ... b, ) = & (Fbopy) "

n n W'
= {{n (Bo) "' o) € P }'{_1 - (‘ (—(-1-14,0)) >=§a(i) € HDZ(D}}
=1 =1

here tb, is the r" largest of Ib = b, "*(k = 1,2,3, ..., n) ¢ IEEE
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3. A GBPVHFA operator is a function GBPVHFHA: Y™ - ¥, such that

b'lH

GBPVHFHA, (Fby, tby, ... Thy) = (é (o H:ﬁ(l))> with p' > 0
l:

e P ensd (G e

here th, ;) is the m" largest of ib = nw b (k = 1,2,3, ..., 1)
4. A GBPVHFHG operator is a function GBPVHFHG: Y™ - ¥, such that

GBPVHFHG , (b, tby, ...1hy,) = (ea(p o) ) with p >0

1
p

(s o L) e

here tb,(; is the m** largest of tb = b, "*(k = 1,2,3, ...,n)

hs)

Note: Examples on these operations can be solved in analogous way.

<IEEE
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Multi-Attribute Decision Making Based On Bipolar Valued
Hesitant Fuzzy Sets:

In this section we describe a brief technique to deal with MADM problems
using BPVHF aggregation operator in which a DM provide information in bipolar valued
hesitant fuzzy decision matrix and every element is characterized by BPVHFE.
Consider that we have n substitutes A;(j = 1,2,3,4,..n) with m attributesx;(j = 1,2,3,..m)

and assume that w = (wy,w,,..,w,) be the weight vector such that w; € [-1,1], j =
1,23.m and ¥7.,w;=1. The decision makers assigned values in the form of
BPVHFEs (Ib;;) for the substitutes A; under the attributes x; in the state of being
anonymous.
The DM method is based on the following steps:
Step 1:

This is the step of decision matrix formation as each alternative A; has
assigned some values in the form of BPVHFEs (Ib;;) under some attributes;.

Step 2:

In this step, BPVHFE a;(j = 1,2,3, ...,n) can be obtained for the
substitutes A;(i = 1,2,3, ...,n) by using bipolar-valued hesitant fuzzy hybrid operators.
Step 3:

By applying score function (accuracy function) we get the accuracy

value S(«;), (i =1,2,3,..,n) of q; (i = 1,23, ..., 4). &
>IEEE
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Step 4:

To get the most suitable alternative A;(j = 1,2,3, ...,n), we established an order
in the score values §(a;), (j = 1,2,3, ...,n).

Example 3:

A cricket board needs a head coach for their cricket team. The cricket board
advertised the post in a newspaper and a number of candidates applied for the post.
Based on their history in the cricket field initially 4 candidates are called for an
interview. The cricket board is going to appoint a coach who possesses the qualities
like hard working, Creative, Committed and skillful. For the better future of cricket in
the country, the cricket board needs to appoint the most suitable head coach.

Let A = {A,,A,, A5, A} be the set of substitutes and X = {x;, k,, k3, K4} be the set of
attributes and let w = (0.25,0.23,0.35,0.17)" be the weight vector of the attributes X;(j =

1
1,2,3,4) and o = (0.3,0.4,0.2,0.1)7 be the aggregation associated weight vector.

<IEEE
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Conclusion

In our treatise we successfully apply aggregation operators of
BPVHFSs in a DM problem. The results clearly indicate that either we
use BPVHF hybrid averaging operators or BPVHF hybrid geometric
operators, we get the same results. Hence these two aggregation
operation can be very useful in DM especially in two-sided DM.
Future research will involve the generalization to bipolar-valued
hesitant neutrosophic information and its aggregation operators.

<IEEE

Celebrating 125 Years
of Engineering the Future

23



References

[1] Atanassov K, intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20 (1986) 87-96.

[2] Atanassov K. and Gargov G, interval —valued intuitionistic fuzzy sets, fuzzy sets and systems,
31 (1989) 343-349.

[3] Chauhan A. and Vaish R, a comparative study on decision making methods with Interval Data,
Hindawi Publishing Corporation Journal of Computational Engineering (2014).

[4] Chen T, A comparative analysis of score functions for multiple criteria decision-making in
intuitionistic fuzzy settings, Information Sciences, 181 (2011) 3652-3676.

[5] Chen N, Xu Z. S, and Xia M, Interval-valued hesitant preference relations and their
applications to group decision making, Knowledge-Based Systems, 37 (2013) 528-540.

[6] Chen N, Xu Z. S, properties of interval-valued hesitant fuzzy sets, journal of intelligent and
fuzzy systems (2014).

[7] De S. K, Biswas R and Roy A.R, Some operations on intuitionistic fuzzy sets, Fuzzy Sets and
Systems (2000) 477-484.

[8] Dubois D, Prade H, Fuzzy sets and systems: theory and applications, Academic Press NewYork
1980.

[9] Dubois D, Prade H, Interval-valued Fuzzy Sets, Possibility Theory and Imprecise Probability,
Institute of research in computer science from Toulouse France.

[10] Farhadinia B, information measures for hesitant fuzzy sets and interval-valued hesitant fuzzy
sets, Information Sciences 2013 129-144,

[11] Herrera-Viedma, Alonso E, Chiclana S, Herrera F, A consensus model for group decision
making with incomplete fuzzy preference relations, IEEE Transactions on Fuzzy Systems 15 2007

863-877. @IEEE

Celebrating 125 Years
24 of Engineering the Future



[12] Hong, D. H. and Choi, Multi-criteria fuzzy decision making problems based on vague set
theory, Fuzzy Sets and Systems, 21, 2000 1-17.

[13] Hwang C.L, and Yoon K, Multiple Attribute Decision Making Methods and Application Springer
New York 1981.

[14] Klutho S, Mathematical Decision Making an Overview of the Analytic Hierarchy Process 2013.

[15] Lee K. M, Bipolar-Valued Fuzzy sets and their operations, Proc. Int. Conf. on intelligent
Technologies, Bangkok, Thailand, 2000, 307-312.

[16] Li D, Multiattribute decision making models and methods using intuitionistic fuzzy sets,
Journal of Computer and System Sciences, 70, 2005 73-85.

[17] Liu, H.W and Wang G.J, multi-criteria decision making methods based on intuitionistic fuzzy
sets, European journal of operational research 2007 220-233.

[18] Muhammad A, Saleem A and Kifayat U. Bipolar Fuzzy Soft Sets and its application in decision
making problem, Journal of intelligent and fuzzy system, 27 (2014) 729-742.

[19] Pohekar S. D and Ramachandran M, Application of multi- criteria decision making to
sustainable energy planning a review, Renewable and Sustainable Energy Reviews 2004 365-381.

[20] Rui D. S. N. and Pierre L, Bipolarity in human reasoning and effective decision making,
international journal of Intelligent Systems, 23 (2008) 898-922.

[21] Shabir M, Khan I. A, Interval-valued fuzzy ideals generated by an interval valued fuzzy subset
in ordered semigroups, Mathware and soft computing 15 2008 263-272.

[22] Torra V, Narukawa Y, On hesitant fuzzy sets and decision, In The 18th IEEE International
Conference on Fuzzy Systems, Jeju Island, Korea 2009 1378-1382.

[23] Torra V, Hesitant fuzzy sets, International Journal of Intelligent Systems 25 2010 529-539.

[24] Tahir M, Muhammad M, On bipolar-valued fuzzy subgroups, World Applied Sciences Journal

Celebrating 125 Years
25 of Engineering the Future



[25] Tahir M, Kifayat U, Qaiser K, bipolar-valued hesitant fuzzy sets and their applications in multi-
attribute decision making, international journal of algebra and statistics, Submitted.

[26] Wang W and Xin X, Distance measure between intuitionistic fuzzy sets, Pattern Recognition
Letters, 26 (13) 2005 2063-2069.

[27] Wu D, Mendel J. M, A comparative study of ranking methods, similarity measures and
uncertainty measures for interval type-2 fuzzy sets, Information Sciences 179 2009 1169-1192.
[28] Xia M, Xu Z.S, Hesitant fuzzy information aggregation in decision making, international
journal of approximate reasoning 2011 395-407.

[29] Xia M. M, Xu Z. S, Chen, N, Some hesitant fuzzy aggregation operators with their application
in group decision making, Group Decision and Negotiation 22 2013 259-279.

[30] Xia M. M, Xu Z. S, Managing hesitant information in GDM problems under fuzzy and
multiplicative preference relations, International Journal of Uncertainty, Fuzziness and Knowledge-
based Systems 21 2013 865-897.

[31] Xu Z. S, A method based on linguistic aggregation operators for group decision making with
linguistic preference relations, Information Sciences 166 2004 19-30.

[32] Xu Z. S, Yager R. R, Some geometric aggregation operators based on intuitionistic fuzzy sets,
International Journal of General Systems 35, 2006 417-433.

[33] Xu Z. S, Intuitionistic fuzzy aggregation operators, IEEE Transactions on Fuzzy Systems 15
20071179-1187.

[34] Xu Z and Chen ], an approach to group decision making based on interval-valued
intuitionistic fuzzy judgment matrices, System Engineer-Theory and Practice 2007.

[35] Ye ], Improved method of multicriteria fuzzy decision-making based on vague sets,
Computer-Aided Design 39 (2) 2007 164-169.

[36] Ye ], Multicriteria fuzzy decision-making method based on a novel accuracy function under
interval-valued intuitionistic fuzzy environment, Expert Systems with Applications vol. 36 no. 3

2009 6899-6902. < IEEE

[37] Zadeh L, Fuzzy sets, Information and Control 8 (3) 1965 338.353. Cetebrating 125 Years

26 of Engineering the Future



[38] Zadeh L, The concept of a linguistic variable and its application to approximate reasoning-I,
Information Sciences vol. 8 (3) 1975 199-249.

[39] Zhang X, Liu P. D, Method for multiple attribute decision-making under risk with interval
numbers, International Journal of Fuzzy Systems 12 2010 237-242.

[40] Zhang Z, interval-valued intuitionistic hesitant fuzzy aggregation operators and their
application in group decision-making, journal of applied mathematics 2013.

[41] Zheng P, A note on operations of hesitant fuzzy sets, International Journal of Computational
Intelligence Systems, 8(2) 2015 226-239.

[42] Zhu B, Xu Z. S and Xia M. M, Hesitant fuzzy geometric Bonferroni means, Information
Sciences 2012 72-85.

<IEEE

Celebrating 125 Years
27 of Engineering the Future



