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PREFACE

In lattice theory the two well known equational class of lattices
are the distributive lattices and the modular lattices. All
distributive lattices are modular however a modular lattice in
general is not distributive.

In this book, new classes of lattices called supermodular
lattices and semi-supermodular lattices are introduced and
characterized as follows:

A subdirectly irreducible supermodular lattice is isomorphic
to the two element chain lattice C, or the five element modular
lattice M.

A lattice L is supermodular if and only if L is a subdirect
union of a two element chain C, and the five element modular
lattice M.

A modular lattice L is n-semi-supermodular if and only if
there does not exist a set of (n + 1) elements a;, a,, ..., a, in L
such thata + a; =a + a, = ... =a + a, > a with a > aja; (i not
equalj);i,j=1,2,...,n.

A modular lattice L is n-semi-supermodular if and only if it
does not contain a sublattice whose homomorphic images is

L,or M withi; +i,+ ... +

i 4+2,i5 42,0,

isomorphic to M

42,15 +2,...,1,+2

r=n—-1;1,j>1.



We define the concept of Smarandache lattices and GB-
algebraic structures are characterized in chapters six and seven
respectively.

This book has seven chapters. Chapter one is introductory in
nature. A simple modular lattice of finite length is introduced
and characterized in chapter three. In chapter four the notion of
supermodular lattices is introduced and characterized and
chapter five introduces the notion of n-semi-supermodular
lattices and characterizes them.

It is pertinent to keep on record part of this book is the
second authors Ph.D thesis done under the able guidance of the
first author Late Professor Igbalunnisa. Infact the last two
authors where planning for a lattice theory book a year back but
due to other constraints we could not achieve it. Now we with a
heavy heart have made this possible.

We thank Dr. K.Kandasamy for proof reading and being

extremely supportive.

IQBAL UNNISA
W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

PRELIMINARIES

In this chapter we recall some definitions and results which are
made use of throughout this book. The symbols <, >, +, . will
denote inclusion, noninclusion, sum (least upper bound) and
product (greater lower bound) in any lattice L; while the
symbols, <, U, N, €, ¢ will refer to set inclusion, union (set
sum), intersection (set product), membership, and non-
membership respectively. Small letters a, b, ... will denote
elements of the lattice and greek letters, 0, ¢, ... will stand for
congruences on the lattice.

A binary relation 6 on L is said to be an equivalence
relation if it satisfies.

(1) x=x(0) (reflexive)

(i) x =y (0) = y = x (0) symmetric

(i) x =y (0); y =x (0) = x = z (0) (transitive)
If it further satisfies the substitution property.

(iv)x=x"0);y=y 0 =>x+y=x"+y (0) then it is
called an additive congruence. An equivalence relation
which has the substitution property.

V) x=x"(0);, y=y (0) = xy =Xy (0) is called a
multiplicative congruence. If a binary relation satisfies
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the conditions (1) to (v) then it is said to be a lattice
congruence or merely a congruence on L.

Result 1.1: If a=Db (0) in a lattice L then x =y (0) for all x, y
in L such that ab <x,y <a+b [2].

Let a, b in L such that a > b. Then the set of all elements x
in L such that a > x > b is called the interval (a, b). Ifa="b(a, b)
is called a prime interval. If a = b (a, b) is called a trivial
interval.

Ifa=b(®)(a,binL;a>b)thenx=y (0) forall x,yin L
such that a > x, y > b (by result 1.1) and 0 is said to annul the
interval (a, b).

Intervals of the form (x, x+y) and (xy, y) are said to be
perspective intervals. We say

(xy,y) /" (x, x+y) or equivalently (x, x+y) \ (Xy, y).

If I = (a, b) is an interval of L then the interval (a+x, b+x)
for any x in L is called an additive translate of the interval I and
is written as I+x; and the interval (ax, bx) for any x in L is
called a multiplicative translate of the interval I and is written as

Ix.

An interval J is the lattice translate of an interval I of L if
elements X, X, ..., X, can be found such that

J = ((((T+x1)x2) +X3)...) Xy OF
J = ((((Lx)) +X2) X3)...) Xp,
where n in finite and +, . occur alternatively.

Result 1.2: Lattice translation is a transitive relation.
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Result 1.3: Any lattice translate of an interval I of a distributive
lattice L can be written as (I + y)x or (I.x) +y for some X, y in L
[10].

Result 1.4: Any subinterval J of an interval I is a lattice
translate of 1 [10].

Result 1.5: Any conqruence 6 on L which annuls I annuls all
lattice translates of 1 [10].

Result 1.6: Any non-null set S in L is a congruence class under
some congruence relation on L if any only if

(1) Sisa convex sublattice and
(i) Lattice translate of intervals in S lie wholly within S or
outside S [10].

DEFINITION 1.1:  The smallest congruence which annuls a set
S of a lattice L is called the congruence generated by the set S.

Result 1.7: Let I be an interval of a lattice L. 6; the congruence
generated by [ in L. x =y (6)) if and only if there exists a finite
set of elements x+y = x¢ > X; > X, ... . X, = Xy such that (X;, Xj+1)
is a lattice translate of the interval I [10].

Result 1.8: The lattice translate of a prime interval in a
modular lattice can only be a prime interval [10].

Result 1.9: Let L be a modular lattice. I and J intervals of L
such that I is a lattice translate of J then I is projective with a
subinterval of J [10].

DEFINITION 1.2: The modular lattice consisting of n+2
elements (n 23), a, x, ..., X, bsatisfyingx; + x; =a (i #j, 1, =
1,2, ..,n),x;x;=>bforalli,j=1 2, .., n i #nis denoted by
M,. The modular lattice consisting of the elements a, x;, x, ...,
Xn b, Y1y ooy Yioi, € Satisfying

x;txi=aforallizjij=12 ..n
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xxj=bforalli,n=jij=12 ..n
b+y;=x,foralli=1,2, ..., m—I
vityi=x.forallizjij=1 2, .. m-I
by;=cforalli=1, 2, ..., m—I
yy,=cforalli,j=1,2, .. m—Iis denoted by M, ,,

We denote M, , . (ng=3) in a similar fashion.

We define M

elements a, x;, ..., X0, b, Vi, woo, Y1, C Z1, Z2, wvr, Zrg, d, cd such
that a, x;, ..., x,, b form a lattice isomorphic to M,.. x;, b, y;, ...,
Vm_1, C form a lattice isomorphic to M,,; x5, b, z,, ..., z,_;, d form

to be the modular lattice consisting of the

m,n,r

a lattice isomorphic to M,. We extend definition to M in

n,m,r,s

wo ways.

First M is got by taking elements a, x;, x,, ..., b, y;, ...,

Vm-1, b], Zly, eesy Zpp, bg, Uup ..., Ugy, b3, b] bg, b1b3, b3b1, b1b2b3
such that a, x;, X,, ..., X, b form a lattice isomorphic to M,; x;,
b, Y1, .., Ym1, by form a lattice isomorphic to M,, x,, b, z;, ...,
z,1, by form a lattice isomorphic to M,; x3, b, uy, ..., us;, b;
form a lattice isomorphic to M.

In the second; we define M by taking the elements

m,n,r,s
a, X1, woy X b, Y1, ooy Yo, b1, 21, 22, oy Zieg, by uy, o, U,
b; b;b,, byb; such that a, x;, .., x, b form a sublattice
isomorphic to M,,
X5, b, i, ooy Y1, by, form a sublattice isomorphic to M,

X2, b, 21, 23, ..., Zr_1, by, form a sublattice isomorphic to M,,

v, by, uy, ..., ug g, bs form a sublattice isomorphic to M.

M ... is defined dually.

m,n,r,s
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bib, b;
Figure 1.3

These are illustrated in figures 1.1, 1.2 and 1.3.

DEFINITION 1.3: Let 6 be a congruence on a lattice L. 0 is

called separable if and only if for every pair of comparable

elements a < b there exist a finite sequence of elements.
a=xp<x;<..<x,=b

such that either (x;;, x;) is annulled by 6 or (x;;, x;) consist of

single point congruence classes under 6.

THEOREM [4]: Let L be a modular lattice and let Cy and C; be
chains in L. The sublattice of L generated by Cy and C; is
distributive.

THEOREM [6, 7, 13]: Any subdirectly irreducible modular
lattice of length n > 3 has a sublattice whose homomorphic
image is isomorphic to M; ;.



Chapter Two

SIMPLE MODULAR LATTICES
OF FINITE LENGTH

In the first chapter we defined the notions of additive translate,
multiplicative translate and lattice translate of an interval. We
introduce in this chapter, the notion of a distributive translate of
an interval and study the properties of distributive translates of
prime intervals in a modular lattice. This study leads us to a
characterization of simple modular lattices of finite length.

Throughout this chapter L will denote a modular Iattice,
unless otherwise stated.

DEFINITION 2.1: A prime interval I of L is said to be
distributive if for all nontrivial intervals J = (I+x)y there exist p,
q € L with J = Ip + q for all the nontrivial intervals J;, = Ix; +
y; there exist p;, q; in L withJ; = (1 + pj)q,.

Lemma 2.1: Any prime interval of a distributive lattice is
distributive.
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Proof: Follows as J = (I+x) y implies J = Iy + xy and J, = Ix; +
yy implies J; = (I+y)) (x; + y1).

Lemma 2.2: In a distributive lattice if a nontrivial interval J =
(I+x)y, then ly is nontrivial.

Proof: Now J =1y + xy and if Iy were trivial, so would be J.

DEFINITION 2.2: If ] = (a, b) and J = (c, d) then the intervals
(a + ¢, b + d) and (ac, bd) are denoted by I + J and 1J
respectively.

Lemma 2.3: If a nontrivial interval J = (I + x)y then [ + ]
cannot be trivial.

Proof: LetI=(a, b)andJ=(c, d) then
c=(a+x)y;d=(b+x)y.

Also a+c =a + (atx)y = (a+x) (aty) and
b+d = b+(b+x)y = (b+x) (b+y).

Now if [ + J is trivial then a + ¢ = b + d that is
(atx) (aty) = (b+x) (b+y) which means

atx =(a+x)+(@a+x)(aty)
=(a+x)+(b+x)(b+y)
=b+x)(a+x+b+y)
=b+x.

So (a + x)y = (b+x)y that is J is trivial; a contradiction.
Dually we have

Lemma 2.4: If any nontrivial J = Ix + y then 1J cannot be
trivial.

Lemma 2.5: If I = (a, b) is a prime interval and J = (c, d) =
(I + x)y then I is distributive if and only if Iy is nontrivial and
J=1y +c. (Equivalently J =1Id + c).
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Proof: Under the hypothesis of the lemma let I = (a, b) be
distributive then J = Ip + q for some p, q in L, then by Lemma
2.4 1J cannot be trivial.

Now 1J =(a (a+x)y, b(b+x)y)
= (ay, by)
=ly.
Hence ly is nontrivial.

Conversely let Iy be nontrivial, then as the lattice L is
modular and ly is a lattice translate of a prime interval, it can

only be a prime interval as shown in figure 2.1.

b+c=b+d

ac=bc=ad
Figure 2.1

Iy = (ay,by)
(a(atx)y, b(b+x)y)
(ac, ad).

Hence ac is covered by bd (ly is a prime interval). Now L
is a modular lattice of finite length hence we can define a
dimension function d which satisfies d(a+b) + d(ab) = d(a) +
d(b). Thus we have

d(atc) + d(ac)

d(b+d) + d(bd)

d(a) + d(c)
d(b) + d(d).

Subtracting the former from the latter we get
[d(b+d) — d(a+c) + [d(bd) — d(ac)]
= [d(b) —d(a)] + [d(d) — d(c)]
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=141 (asbcovers aand d covers c).
=2.

Now d(bd) — d(ac) = 1, implies d(b+d) — d(atc) = 1 that is b
+dcovers a+c. Nowa+tc<b+c<c<b+danda-+cis
covered by b +d.

Eitherb+c=a+corb+c=b+d.

Ifatc=b+cthenatc>Db

at(a+x)y>b

(atx)(aty)>b

(@atx)>(@+x)(aty)>b

at+tx>b+x

atx=b+x

(a+x)y=(b+x)y

Jis trivial. A contradiction. Thusb+c=b +d.

Udududiu

Now ac < bc < bd and ac is covered by bd. So bc = ac or
bc=bd. bc #bd. Forifb+c=b+d, as ¢ <d and the lattice is
modular, we have bc = ac.

Next ad =a (b + x)y =ay = ac. That is ad = ac.

Now,
abd =bad=bac=Dbbc=bc=ac
ac=ad =abd =bc

that is abd = bed.

So ac = bcd which can be written as a ¢ ¢ = b d ¢. Now
ac <bd. Soac+c=bd+ c (L is modular) thatis c = c + bd. So
c<bd+c<d Alsociscovered by dsobd+c=dthatis]=
Id+c=Iy+ec.

Dually we have
Lemma 2.6: If 1= (a,c)is a prime interval and J = (c, d) = Ix

+ y then J is a distributive lattice translate of I if and only if
[ +y is nontrivial and J = (I + y)d. Equivalently J = (I + c)d.
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Lemma 2.7: If ais covered by b and c is covered by d with
b<cthen(c,d) #((a+x)y, (b+x)y)foranyx,y e L.

Proof: 1If (c,d) =((a +x)y, (b +x)y) and a is covered by b
and b < c and c is covered by d then c = (a + x)y.

c+x (a+x)y+x

(a+x)(x+y)
(ctx)y = (a+x)y=c.

But (b + x)y lies between (a + x)y and (c+x)y as a <b < ¢, so
equals c, a contradiction, a c # d and (b + x)y = d.

Lemma 2.8: Let ais covered by b and c is covered by d with
d <athen (c, d) # ((a + x)y, (b + x)y) for any x, y in L.

Proof: Ifd=(b+x)ythend+x=(b+x)y+x
=(b+x) (x +y) implies
(d+x)y =(b+x)y=d.
Thus d = (d + x)y < (a + x)y < (b + X)y = d implies
(a+ x)y =d =c; a contradiction.

Corollary 2.1: If there exists intervals = (a, b), J = (c, d) with
a < b < ¢ < d then neither can be a distributive translate of the
other in any general lattice.

Corollary 2.2: Ifa<b <c¢ <d in a distributive lattice then
neither J = (a, b) nor J = (c, d) can be a lattice translate of the
other.

DEFINITION 2.3: A prime interval J = (¢, d) of a modular
lattice L is called a distributive lattice translate of a prime
interval I = (a, b) if and only if J can be expressed as (I + c)d or
equivalently J can be expressed as Id + c.

Lemma 2.9: If I+ x)y =J with IJ = Iy trivial then I +J
contains a five element modular sublattice and is of length 2.
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Proof: Length (I +J) + Length (IJ) = 2. As Length IJ = 0
(given); Length (I +1J) = 2.

Let I =(a, b) and J = (¢, d), IJ =0 implies ac = bd. Also
ac <bc <bd and ac £ ad < bd. So ac =bc and ad =bd. Now L
is modular. Thereforea+c#b+canda+d=b+d. Also
ac = ad and bc = bd. Again as L is modular a + ¢ # a + d and
b+c=#b+d.

Nextb+c#a+d. Forifb+c=a+dthenb+c+a+d=
a+dthenisb+d=a+d;a contradiction.

Buta+c is covered by b+ c and b + ¢ is covered by b + d
and a + c is covered by a+d and a+ d is covered by b + d.

Alsoa+c=(a+x)(aty)andb+c=(b+x)(b+y). Let
p=(@+x)(bty)asb+d=(b+x)(b+y) either (p,b+d)is
trivial or p is covered by b +d. If p=b + d, then (a +x) (b +y)
=(b+x)(b+ty). So(@a+x)(b+yy=0>b+x)(b+yy wil
imply (a + x)y = (b + x)y that is ¢ = d; a contradiction.

So (p, b + d) is nontrivial. Thus p is covered by b + d. Now
b+ dcoversb +canda+d. We assert neitherb+c=pnora+
d=p. Forifb+c=pthen(b+c,b+d)=1+x)(b+d) anda
is covered by b < b + c and b + ¢ is covered by b + d; a
contradiction in view of Lemma 2.7.

Ifa+d=p then(a+d, b+d)=[J+a+x)](b+d)and
cis covered by d < a+ dand a + d is covered by b + d; a
contradiction in view of Lemma 2.8.

Thusa+c,b+c, p,a+d, b+ disisomorphic to the five
element modular lattice of length 2 contained in I + J (cf. figure
2.2)
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Figure 2.2

Dually we have

Lemma 2.10: IfIx +y =17 with [ +J =1+ y trivial then 1J
contains a five element modular sublattice and is of length 2.

Lemma 2.11: Let L be a modular lattice of finite length. Let
C:0=x%x¢<x; <X <...<X, =1 be amaximal chain connecting
0 and 1. LetI = (a, b) (ais covered by b) be an arbitrary
prime interval of L then I is a distributive lattice translate of a
unique prime interval of C.

Proof: Now [ =((0,1)+a)b as(xo+a)b=aand (x, +a)b=
b. Nexta < (x; +a)b <b for all x;. Given a is covered by b;

either (x; +a) b =a or b; for all x;.

Let k be the largest i for which (x, + a)b = a; then
(x¢+1 +a)b=h.

Sol= ((Xk, Xk+1) + a)b

Now as L is modular and a is covered by b we have I = ((x,
Xx+1) b) + a also.

Thus I = (a, b) is a distributive lattice translate of (xy, Xy+1).
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Further this (xx, Xx+) is unique. For if I is a distributive
lattice translate of another (x;, Xj+1) of C then
I=(a, b) = ((xj, Xj+1) + a) b by Lemmas 2.5 and 2.6.

Now as k and j are comparable without loss in generality we
can assume k > j, then we see that (xj + a) b= (xj;; +a)b=a; a
contradiction. Thus k = j and so the uniqueness of the interval
is established.

Remark: The modularity of the lattice is a necessary condition
in Lemma 2.11.

Proof: Consider the lattice of figure 2.3

X2:1
b
X1
a
X():O
Figure 2.3

and the chain C : 0 =xo <x; <x,=1. LetI=(a, b) be the prime
interval. Now I is not a distributive lattice translate of any
interval in C.

For ((xo, X)) ta)b = (a,b)# (X¢, X;)b+a
((x1, x2)b)+a (a, b) # [(x1, x2) + a]b.

Let L be a modular lattice of length n and C : 0 = xo < x; <
... <x, =1 be a maximal chain connecting 0 to 1. Let P denote
the totality of all prime intervals of L. Partition P with respect
to C into n classes Py, Py, ..., P, by the following procedure.
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P; = the set of all intervals P which are distributive lattice
translates of (x;_, X;).

Now it follows as a consequence of Lemma 2.11 above that
any prime interval of L belongs to one and only one class P;.

Lemma 2.12: If L is a distributive lattice then for each interval
Ji = (Xii1, X)) of C, E)Ji annuls just those prime intervals of L

which belong to P; and no more.

Proof: Follows as any lattice translate of any prime interval J;
of L is a distributive lattice translate of J;.

Lemma 2.13: If J; is a distributive interval of a modular lattice
L then 6, annuls just those prime intervals of L which belong

to P; and no more.
Proof: Follows as in the case of Lemma 2.12.

Lemma 2.14: If a prime interval [ = (a, b) of L is a distributive
lattice translate of some interval J; = (xi_1, X;) of C then I is a
lattice translate of J; considered as intervals in the distributive
sublattice generated by I and C.

Proof: As in this case

I =((xi1, xi) +a)b
= ((xi_1, xj)b) + a

and all the elements involved belong to the sublattice generated
by [ and C.

Lemma 2.15: If [ =(a, b), I; = (a;, b)) are prime intervals of L
such that a is covered by b and b < a, is covered by b; then the
classes to which I and I, belong in the partition of P with respect
to any arbitrary chain C are distinct.
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Proof: Let D denote the chain of L consisting of the intervals I
and [;; and let S be the distributive sublattice generated by C
and D. Let Py, P,, ..., P, be the classes corresponding to the
partitioning of the prime intervals of L with respect to the chain
C; and P,P,,..,P/ be the classes corresponding to the

partitioning of the prime intervals of S with respect to the
chain C.

In view of Lemma 2.14 observe that the interval I belongs
to P; (i.e., the class containing (x;_1, X;)) if and only if I belongs
to P/ (i.e., the class (xii, X;)).

Now as S is a distributive lattice, I and I; cannot be lattice
translates of each other in S; hence will belong to different
classes under the partitioning of S with respect to C which in
turn gives the required result.

Lemma 2.16: If C, is any other maximal chain connecting 0 to
1 of L then C, has exactly n prime intervals each of them belong
to the classes Py, P», ..., P,, taken in some order.

Proof: Follows from Lemma 2.15.

Lemma 2.17: If a lattice translate K = (J; + x)y or (Jix +y) of J;
is non-distributive then K belongs to a class P; different from P;.
Further the prime intervals of the five element sublattice K + J;
(KJ;) belong either P; or to P;.

Proof: Lemma 2.9 and Lemma 2.10 assert the existence of the
five element sublattice K + J; (and KlJ;) respectively consider
any maximal chain C; of L connecting 0 and 1 which passes
through the end points of K + J; (or KJ;). From the previous
lemma it follows that the prime intervals of C except those
within K+J; (or KJ;) belong to (n—2) classes of the partitioning
of L with respect to C. Let the two classes which are omitted be
P; and P;. These are the classes to which the prime intervals in
K + J; (or KJ)) belong irrespective of the element of K + J; (or
KJ;) occurring in the chain C;.
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Lemma 2.18: If the lattice translates of (x;_;, X;) and (Xj_1, X;) of
the previous lemma are contained completely within the classes
Piand Pj then 6, ) annuals just the prime intervals belonging

to these two classes.

Proof:  Follows as 6 being the smallest congruence

i-1Xi)
annulling (x;.;, x;) annuls just those intervals which can be
written as a finite sum of lattice translates of (x;_;, X;).

Let K, be a non-distributive lattice translate of (x;_j, x;) or
(xj-1, Xj) lying outside the classes P; and P;, then the classes P;
and P, (or P; and P,) meet in a five element modular lattice
(where P, denotes the class to which K, belongs). Thus to pass
from one of the classes P; to another class Py one has to pass
through a five element modular lattice.

Hence we have

THEOREM 2.1: A modular lattice L of finite length n is simple
if and only if the partition of L with respect to some arbitrary
chain C satisfies property (o).

“Any two of the classes P;, P, ..., P, in the partitioning can
be linked to one another by a sequence such that any two
consecutive classes of the sequence meet at a five element
modular lattice”.

Proof: LetC:0=y,<y; <...<y,=1 be the chain. IfL is
simple then every prime interval of L is a lattice translate of any
other prime interval. Now the prime interval J = (y;, y,) of L is
a lattice translate of I = (yo, y1). Let

J= (I + Xl)Xz) + X3...) + Xor

be a representation of J as a lattice translate of I. Let this
representation be one of those which cannot be further reduced;
that is (I + X)X, is a nondistributive translate of I, (I + X)X, + X3
is a nondistributive translate of
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I+ X1 ... ((I + Xl)Xz +...+ XZi—Z) + X2i-1
1s a nondistributive translate of
I+ X]) Xp T X3 ) + X5i3 ... €tC.

Letl, I+x; € POll =P,

((1 +X1) X2, (1+X1) X + X3 € Paz

(1 +x1) XoFx3)x4, (Ix)X2 + X3)X4 T X5 € P

JeP, =P,
leP = Pal, P[12 ) e Pu,: P,; J € P, is the sequence by

which these are linked. Similarly any P; and P; would be linked.

Conversely if a modular lattice L satisfies property (o) then
any two of the prime intervals of L are lattice translates of each
other and hence L is simple.

Remark: Start with any class P;. Now this class P; should be
linked to some class P, so we should pass through a five

element modular lattice. If those two are not further linked we
would set a congruence on L just annulling these two classes
and hence L will not be simple. So in the class of a simple
lattice, atleast one of Py or P, should be linked to another class

P and this will give another five element modular lattice etc.

This process will continue until all the classes are exhausted and
so, we would atleast have (n—1) such five element modular
lattices existing in L.

Conversely if we have a modular lattice L containing (n—1)
such five element modular lattice in such a way that these link
any two of the classes P; with respect to some chain C then L is
simple.
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Corollary 2.3: L is a modular lattice containing a maximal
chain C such that any two of the classes of the partition of P
with respect to C satisfy property (o) then the classes of the
partition of P with respect to any other chain C; also satisfy

property (o).

Proof: This follows as the first condition implies the simplicity
of the lattice and the second is obtained as the choice of the
chain C in the previous theorem is arbitrary.

Corollary 2.4: If L is a simple modular lattice then every class
P; has atleast one direct link with some other class P;.

Corollary 2.5: Let L is a simple modular lattice of length n
with n > 3, then there exists atleast one class P; which has direct
links with two or more classes.

THEOREM 2.2: A simple modular lattice of length n > 3

contains a sublattice isomorphic to the lattice of figure 2.4
(M;3) or figure 2.5.

Figure 2.4 M;;

having a homomorphic image isomorphic to M, ;.
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Figure 2.5 M;;

Proof: Let Py be the class mentioned in corollary 2.5 which has
direct links with two or more classes then the two terms which
the class Py takes would give sublattices isomorphic to Ms3 or
to figure 2.5, that is a sublattice with a homomorphic image
isomorphic to the lattice M 3.

Corollary 2.6: L is a simple modular lattice of length n, with n
> 4 then either there are (n—2) different sublattices of the type
mentioned in the above lemma or there exists a sublattice in L
isomorphic to the lattice of figure 2.6, figure 2.7, figure 2.8 or
figure 2.9, that is a sublattice with a homomorphic image
isomorphic to the lattice M; 3 5.

Figure 2.6 M3,3,3
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Figure 2.7 M3,3,3

Figure 2.8 M3’3’3
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Figure 2.9 M3,3,3



Chapter Three

SUPERMODULAR LATTICES

Distributive lattices and modular lattices are the two well
known equational classes of lattices. In this chapter we
introduce another equational class of lattices - called the
supermodular lattices. This equational class lies between the
equational class of modular lattices and the equational class of
distributive lattices.

It is well known that a modular lattice is nondistributive if
and only if it contains a sublattice isomorphic to M;. In a similar
fashion, we prove that a modular lattice is nonsupermodular if
and only if it contains a sublattice whose homomorphic image is
isomorphic to My or M3 5.

Further we obtain (cf. Theorem 3.6). A super modular
lattice is isomorphic to a subdirect union of copies of C, and
M;.

DEFINITION 3.1: A4 lattice L is said to be supermodular if it
satisfies the following identity

(a+tb)(a+c)(a+d =a+bc(a+d +cd(a+b) +
bd (a +c) foralla, b, ¢, din L.
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Lemma 3.1: Every supermodular lattice is modular.

Proof: Putc=d
(atb)(a+c) =at+tbctc(atb)+bc
=a+tc(atb)

is true for all a, b, ¢ in L, which can easily be recognized as the
modular law.

Lemma 3.2: Every modular lattice is not necessarily
supermodular.

Proof: By an example.

Consider the elements a, b, ¢, d as marked in the lattice M,
of figure 3.1 then
1

0
Figure 3.1 M,

(atb)(atc)(atd)=1
atbc(at+td)+cd(a+b)+db(a+c)=a.

Hence it is not supermodular.
Lemma 3.3: Every distributive lattice is supermodular.

Proof: 1f L is distributive then
L.H.S. =R.H.S. =a+bcd.

Lemma 3.4: In a modular lattice L if a, b, ¢, d are 4 elements
such that any two are comparable then this set of 4 elements
satisfies the supermodular law.
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Proof: Leta>b.
(atb)(atc)(atd)y=a=a+bc(a+d)+bd(a+c)+

cd(a+b)=>a.
So the law holds.
Leta<b
LHS. =b(atc)(a+d)=b(atc(atd)
=a+bc(at+d).

Soa+bc(a+d)>R.H.S.>a+bc(a+d).
So L.H.S. =R.H.S.

Letb>c
(atb)(atc)(@atdy=(+c)(atd
=at+c(atd)
=a+bc(at+d).

So
LH.S.=a+bc(a+d)>RH.S.
>a+bc(a+d).
So the law is satisfied.

Lemma 3.5: Every supermodular lattice is not necessarily
distributive.

Proof: By an example.
The lattice of figure 3.2 is supermodular but not distributive.

Figure 3.2

Supermodularity of L can easily be checked as L is a
modular lattice and does not contain elements a, b, ¢, d such that
any two of these are mutually incomparable (cf. Lemma 3.4).
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Lemma 3.6: The lattices My and M3 3 are non-supermodular.

Proof: M, is already shown to be non supermodular in
Lemma 3.2.

M3 3 is not supermodular. For consider the elements a, b, c,
d as shown in M;; of figure 3.3 then (a+b) (a+c)(a+d)=1
whilea+bc(atd)+tcd(a+b)+db(atc)=a.

1

0
Figure 3.3 M3,3

Lemma 3.7: Direct sum of supermodular lattices is
supermodular.

Proof: Straight forward.

Lemma 3.8: Any sublattice of a supermodular lattice is
supermodular.

Proof: Obvious.

Lemma 3.9: Any homorphic image of a supermodular lattice is
supermodular.

Proof: Follows as the supermodular identity is a finite identity.
THEOREM 3.1: The class of supermodular lattices is an

equational class of lattices lying between the equational class of
modular lattices and the equational class of distributive lattices.
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Proof: Follows from Lemma 3.1, Lemma 3.3, Lemma 3.7,
Lemma 3.8 and Lemma 3.9.

Lemma 3.10: If L is a supermodular lattice then no
homomorphic image of L is isomorphic to My and M; 3.

Lemma 3.11: If L is a lattice which is not supermodular then L
contains a set of 4 elements a, by, c¢;, d; such that
(a+ b)) (@a+c) (a+d)>awhilea>b;c (a+ d),
Cldl (a + bl), d1b1 (a + C]) holds.

(by, ¢y, dy) being distinct b; # ¢; otherwise b; = bjc; and
a + b, = a + bjcy, a contradiction as it will imply equality of
(atb)(atcy)(atd)=a.
Proof: Let L be a modular lattice which is not supermodular.

As L is not supermodular there exist elements p, x, y, z such
that

P+ @ty Ptz >prxy(p+z)+yz(p+x)+ zx(pty).

Puta=p+xy(p+z)+yz(p+x)+xz(p+y)

b1:X

=Yy

d]ZZ.
Thena+b=p+txy(ptz)tyz(p+x)+xz(pty)+x

=p+x+yz(p+x)

=p+x

Similarlya+c¢;=p+yanda+d,=p+z
So(at+by)(atcy)(at+d) > a

Lemma 3.12: If L is a modular lattice which is not
supermodular then L contains a set of 4 distinct elements a, b, c,
d such that

atb=at+c=a+d i a.

Further a > be, cd, db holds.
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Proof: As L is not supermodular, by Lemma 3.11 we can assert
the existence of a set of 4 elements a;, by, ¢;, d; in L such that
(at+tb)(ate)(at+d)>a

and
a> b101 (a + d])
cid; (a+dy)
and
bid; (a+c¢y)

Put
b=b;(a+c)(a+dy)
c=ci(atb)(atd)
d=d;(a+by)(atcy)

then
atb=a+b;(atcy)(atd)
=(atby)(atcy)(atdy)

as (a+cy)(a+d)) >aandL is modular.

Similarly
atc=(atb)(atc)(atd)

and
atd=(atby)(atc)(a+d).

Therefore
atb=at+c+a+d >a.
#*

Now as
bc=b;(atcy)(at+d)ci(at+by)(atd)
=bic; (a+dy).

We get a>bc. Similarly a > cd and db.

Lemma 3.13: If L is a modular lattice which is non
supermodular then for the set of 4 elements a, b, ¢, d of Lemma
3.12, all the three lattices generated by (a, b, ¢), (a, ¢, d) and
(a, d, b) are non-distributive.
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Proof: Let if possible the lattice generated by (a, b, ¢) be a
distributive lattice; thena+b=(a+b)(a+c)=a+bc=a
(as a > bc); a contradiction. Similarly we can prove the
nondistributive nature of the other two lattices.

Lemma 3.14: If L is a modular lattice which is non
supermodular then for the set of 4 elements a, b, ¢, d of Lemma
3.13, the sublattices as shown in figures 3.4, 3.5, and 3.6 have
homomorphic images isomorphic to the lattice M;; of figure
3.3.

bt+c+d

a(b+ct+d)+d(b+tc)

c+ab+(b+ac)d,

(b+ac)d;+(ct+ab)d,
Figure 3.4

Proof: Asa+b=a+c=a+dwehave
b+tc+d<a+b
[a+c+ad]+[d+ta(b+c)[=b+c+d
[b+c+ad]+[a(b+c+d)+d(b+c¢)]
=[[b+c+ad]ta(b+tc+d)]+d((+c)
=(+c+d)[a+tb+c+ad]+d(b+c)(Lismodular)
=(Mb+c+d)+d(b+c)(asa+tb>b+c+d)
=b+c+d
[dta(+c)]+[a(b+c+d)+d(b+c)]
=d+a(b+c+d)

=(d+a)(b+c+d) (Lismodular)
=b+c+d(asat+d>b+c+d).
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So much for the unions for the first diamond. Next
[b+c+ad][d+a(b+c)]
=ad+(b+c)[d+a(+c)]
(L is modular and ad < d +a (b + ¢)).
=ad+d(+c)ta(b+c)
(L is modular and b + ¢ >a (b + ¢)).

[b+c+ad][a(b+c+d)+d(b+c)]
=d(+c)t[b+c+ad][a(b+c+d)]

(L is modular,d (b +¢) <b +c +ad)
=d (b+c)+(b+c+d)(a(b+c)+ad)

(L is modular and a > ad)
=d(+c)ta(b+c)+ad

(as(b+c+d)>a(b+c)+ad).

[dta(+c)[a(b+c+d)+d(b+c)]
=d(+c)+[d+a(b+c)][a(b+c+d)]

(L is modular and d(b+c) , d + a(b+c)
=d (b+c) + [ad + a (btc)] [b+ ¢ +d]

(L is modular and a > a (b + ¢))
=d(+c)tad+a(b+c)(asad+a(b+c)<(b+c+d)).

Thus the vertification for the upper diamond is complete.
As for the middle square
(b+tc)+[ad+ta(b+c)+d(b+c)]
=b+c+ad
(b+c)[ad+a(b+c)+d(b+c)]
=a(b+c)+d(b+c)+ad(b+c)

(as L modularand (b +c)>a(b+c)+d(b+c))
=a(b+c)+d(b+tc).

Next we come to the lower diamond.
[(b + ac) + (C + ab)dl] + d]
=(b+ac)+d,
=(+ac)+a(b+c)+d(b+c)
=(Mb+c)(atb+ac)+d(b+c)

(L is modular and (b + c) > b + ac).
=(b+c)+d(b+c)

[asa+b>b+cby Lemma 3.12]
=b+ec.
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[(c +ab) +(b+ac)di] +di
=(c+ab)+d,
=(c+ab)+a(b+c)+d(btc)
=(b+c)(atc+ab)+d(b+c)
(L is modular and (b + ¢) > ¢ + ab]

=b+c+d(b+c)

(asa+c>b+cbyLemma3.12)
=b+c

[(b+ac)+ (c +ab)d] +[(c+ab)+ (b+ac)d]
=b+ec.

Next for the intersections in the lower diamond we have

d; [(b +ac) + (¢ +ac)d]
=(b+ac)d; + (c+ab)d; (L is modular)
d; [(c +ab) + (b +ac)d]
=(c+ab)d; + (b +ac)d; (L is modular).
[(b+ac)+ (c+ab)di] [(c+ab)+(b+ac)d]
=(c+ab)d; + (b +ac) [(c + ab) + (b + ac)d,]

[L is modular and (¢ + ab)d; <c + ab + (b + ac)d;]
= (c+ab)d; + (b +ac)d; + b(a+ac) (c + ab)

[L is modular and (b + ac)d; < (b + ac)]
=(c+ab)d; + (b+ac)d; +ac + b (c + ab)

[L is modular and ac < ¢ + ab]
=(c+ab)d; + (b +ac)d; +ac+bc+ab

[L is modular and b > ab]
= (c + ab)d; + (b +ac)d; + ab + ac

[as a > bc implies ab > bc]
=(c +ab)d; + (b + ac)d,

[(b+ac)d; > ac, (c +ab)d, > ab].

Thus the proof is complete for figure 3.4. The proof in the
case of figures 3.5 and 3.6 follows from symmetry in the figures
and as there exists perfect symmetry in the elements b, c, d.
Now the homomorphism which annuls (b + ¢, b + ¢ + ad),
(dy, d; + ad) gives the homomorphic image isomorphic to the
lattice M3 5 of figure 3.3.

Lemma 3.15: If L is a modular lattice which is non
supermodular then for the four elements a, b, ¢, d of Lemma
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3.14inthecaseb+c+d=b+c+ad=c+d+ab=d+b +ac;
there exists either a sublattice isomorphic to the lattice My as
shown in figure 3.7.

b+c+d
a(b+ct+d)
+b101d1 dl
b1C1d1
Figure 3.7

or a sublattice isomorphic to Ms; as shown in figures 3.8 and
3.9.

(b+d) (b+c)

(bt+ad)(b+c) a(b+d) (b+c)
(b+ad)(c+ab) ¥ (ab+ad) (b+c) =
a(b+ad)(b+c)
(b+ad)(ab+ac) =
a(b+ad) (b+ac)
Figure 3.8

Proof: Givenb+c+ad=b+c+d=c+d+ab=d+b+ac.

Consider

by=b+ac+ad
c;=c+ab+ad
d;=d+ab+ac

then b;+¢;=c¢;+dj=d;+b;=b+c+d. Alsoa+b;=a+b
=a+tc =a+d,.
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Let aj =a(b1 +C1)
then
aj+by=a(b;+¢)+b
=(a+by)(bs+ecy)
:(b1+01) [asa+b1=a+b>b1+c1].

Similarly
ajtci=bi+c
ajtdi=a(c+d)+d
=(a+d)(c;+dy)
=C + d]
= b1 + Ci.

Hence the sum of any two of a;, by, ¢y, d; equals b+ ¢ +d.
Next

aib; =a (b; +¢)by

= ab1

=a(b+bc+ad)

=ab + ac + ad.

Similarly,
ajc;=a;d; =ab+ac+ad
bic; =(b+ac+ad) (c+ab+ad)
=actad+Db(c+ab+ad)
(L is modular and ac + ad < (¢ + ab + ad))
=ab+ac+ad+b(c+ad).
Therefore
bic; > ab +ac + ad.
Similarly
c¢id; >ab+ac+ad
and
d;b, >ab + ac + ad.
Now two cases arise
(1) Either b1C1 = Cldl = d1b1 = b101d1 Oor one 0fb1C1 z blcldl.
In the first case we have the lattice as shown in figure 3.7
isomorphic to the lattice M, consisting of b + ¢ + d,
a = (a1 + blcldl), bl, Ci, d1 and blcldl.
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b+c+d

a(b+c+d)+b;c,d; d
1

b1C1d1
Figure 3.7

If further the elements b + ac + ad, ¢ +ab +ad, ab+ac+d, b+
¢ + d coincide, then the sublattice isomorphic to My collapses.

In this situation the elements (b + d) (b + ¢), a (b+d) (b+c),
(d+ab) (b+c), (b + ad) (b+c), (abtad) (b+c), (b+ad) (b+ac),
(b+ad) (ct+ab) (ct+ab) and (b+ad) (ab+ac) form a sublattice
isomorphic to Mj ; of the lattice as shown in figure 3.8.

(b+d)(bic)

a(b+d)(b+c)
(ab+ad)(b+c)
=a(b+ad)(b+c)
(b+ad)(ab+ac)=
a(b+ad)(b+ac)
Figure 3.8

For a (b+d) (b+c) + (d+ab) (b+c)
= (b+d) (b + ¢) [a(b+c) + d + ab]
(bt+ctd >a (b+c) +d + ab
>abtac+d=b+c+d)
=b+d)(b+c)(b+c+d)
=(+d)(b+ec).
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a(b+d) (b+c) + (b+ad) (b+c)
= (b+c) (b+d) (a(b+c) + b + ad)
= (b+c) (b+d) (b+ctd)
= (b+c) (b+d).

(b+c) (d+ab) + (b+c) (b+ad)
= (b+c) (d+ab+(b+c) (b+ad))
(as ab < (b+c) (b+ad))
= (b+c) (d+b+c (b+ad))
(as c(btad) < (b+ad) b+d)
= (b+c) (b+d).
(b+c) (b+ad) a(b+c) (b+d)
= (b+c) a(b+ad) = (b+c) (ab+ad).

Next (b+c) (d+ab) a(b+c) (b+d) = (b+c) a(d+ab)
= (b+c) (ab+ad).

Also (b+c) (b+ad) (b+c) (d+ab)
= (b+c) (ab+(b+ad)d)
= (b+c) (ab+bd+ad)
= (b+c) (ab+bd+ad) (a>bd so ad > bad)
= (b+c) (ab+ad).

Now for the lower diamond
(b+c) (abtad) + (b+ac) (b+ad)
=ab + ad (b+c) + b + ad(b+ac)
=b + ad(b+c) = (b+ad) (b+c).

(b+c) (abtad) + (b+ad) (ct+ab)
= ab + ad (b+c) + ab + c(b+ad)
=ab + ad (b+c) + ab + ¢ (b+ad)
=ab + (b+ad) (ad (b+c) + ¢)
= ab + (b+ad) (ad +c) (b+c)
=(+ad)(b+c)(ab+ad+c)
= (b + ad) (btc) (b+c+d)
(asc+ab+ad=b+c+d)
=(b+ad) (b+c).
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(b+ac) (b + ad) + (b+ad) (ctab)
=b + ad (b+ac) + ab + c(b+ad)
=b + (b+ad) (ctad (b+ac))

= (b+ad) (b+c).

As for intersections
(b+c) (ab+ad) (b+ac) (b+ad)
= (b+ac) (ab+ad) = a (b+ad) (b+ac)
(bt+c) (ab+ad) (b+ad) (ctab)
= a (b+ad) (c+ab) = a(b+ad) (b+ac).

(b+ad) (b+ac) (b+ad) (ct+ab)

= (b+ad) (b+ac) (ct+ab)

= (b+ad) (ab+c(b+ac))

= (b+ad) (ab+cbtac)

= (b+ad) (ab+ac) (as a>bc, ab > bc)
= a (b+ad) (b+ac).

Further M;; cannot collapse, as this will mean
a(b+d) (b+c) = (b+d) (b+c)

implies

a(b+d) (b+c) + a(b+d) = (b+d) (b+c) + a(b+d)
that is

a(b+d) = (b+d) (btcta(b+d))

= (b+d) (btctd)

as b+ct+d = b+ctad < b+c+a (b+d) < (b+c+d)

that is a(b+d) = (b+d);
a contradiction as (a, b, d) generates a non-distributive lattice,
which means the sublattice of the figure 3.9 exists.

b+d

d+ab a(b+d)

ab+ad

Figure 3.9
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(2) Next let us consider the alternate possibility. That is among
bici, ¢1d;, db; atleast one is different from b,c;d;. Without loss
in generality let it be b,cy, that is bjc; > b;cd;.

Then the elements (b;+dy) (ci+dy) ci(by+dy), bi(ci+dy),
(artbicy) (ditbicy) = dy, (ai+bicidy) (ditbicy), di (ai+bicy), bicy
and b;c,d; form a sublattice isomorphic to the lattice of figure
3.10 For

bic; [(a1 + bieidy) (ditbicy)]
=bicy (a; +bicidy)

= a1b101 + b]C]d] (L is rnodular)
= b101d1 (as b1C1d1 > alblcl).

Also b]C] [d] (31+b101)] = b]C]d].
Next
[d: (aitbici)] [(ar+bicidy) (ditbicy)]
=d, (a;+bcidy)
= a1d1 + b]C]d] (L is rnodular)
= b101d1 (as aldl < blcldl).

Now for unions for the lower diamond
bici + [(di + bicy) (artbicidy)]
= (d1 + b1C1) [b101 +a; + blcldl] (L 1S modular)
= (di +bycy) (a1 +bicy)
= dz.

bici + [di (a1 +bicy)]
= (b]C] + d]) (31 + b]C]) (L is modular)
= dz.

[(31 + b]C]d]) (d] + b]C])] + [d] (3.1 + b]C])]
=(d; + bicy) [a; + bicid; +ds (a; + bicy)]
(L is modular)
=(d; +bicy) [a; +d; (a; + bicy)]
=(di + bicy) [(a1 + dy) (a1 + biey)]
=(d; +bicy) (a; +bicy) (asaj+d; =a; +by).

For the intersections in the upper diamond
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[bi (c1+d2)] [c1 (bitdy)] = bicy
[by (¢1 +dy)] d2 =bidy
= b1 (a1 + blcl) (d1 + b1C1)
= (aiby + biey) (di +bycy)
= b]C] (d] + b]C]) (as albl < b]C])
=b101.

Similarly
C]dz = b]C].

As regard unions
by (ci+dy) + dy = (b; + dy) (c; + dy).

Similarly
¢ (by+dy) +dr=(ci +dy) (b +dy).

Also
by (¢i+dy) + ¢ (b +dy)
=(b; +dy) [bi (c; +dy) +ci]
=(by +dy) [(by +¢1) (c1 +do)]
=(by+dy) (ci +dy) (asb+c;>b;+dy).

Thus the sublattice of figure 3.10

(bit+dy)(ci+dy)

(artbicidy)

Figure 3.10

exist. No two elements of this lattice can equal as this will
imply the equality of bic; and b,c;d; - a contradiction. Thus the
proof of Lemma 3.15 is complete.
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Combining these lemmas we obtain.

THEOREM 3.2: [If L is a modular lattice having a set of 4
elements a, b, c, d satisfying the following
(1) atb=a+c=a+d >a

(2) a> bc, cd, db.

Then either L has a sublattice isomorphic to My or contains
a sublattice whose homomorphic image is isomorphic to M3 ;.

Theorem 3.2 with Lemma 3.12 gives.

THEOREM 3.3: 4 modular lattice L is supermodular if and only
if L has no sublattice whose homomorphic image is isomorphic
to M4 and M3,3-

Corollary 3.1: A lattice is supermodular if and only if L does
not contain a pertagon or sublattice whose homomorphic images
are isomorphic to My and Mj; ;.

Lemma 3.16: The dual of a lattice L is supermodular if and
only if there exists a set of four elements a, b, c, d in L such that
ab=ac=ad<ajanda<b-+c,c+d,d+b.

Proof: Easy verification

As the dual of a modular lattice is modular and the lattices
M, and M3 ; are self dual.

By duality, we obtain

THEOREM 3.4: A modular lattice L is dually supermodular if
and only if L has no sublattice isomorphic to M, and has no
sublattice whose homomphic image is isomorphic to Mj ;.

As an immediate corollary we get.
THEOREM 3.5 A lattice L satisfies

(a+b)(a+c)(a+d =a+bc(a+d +cd(@a+b+
db (a +c¢) forall a, b, ¢, din L if and only if it satisfies ab + ac
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tad=a(b+c+ad)(ctd+ab)(a+b+ac)foralla b, c d
in L.

Proof: The proof follows as any supermodular or dually
supermodular lattice is modular.

Next we obtain a characterization of the subdirectly
irreducible supermodular lattices using a result due to B.
Johnson [1968] [cf. Theorem of preliminaries) combined with a
result due to G. Gratzer (1966).

“A subdirectly irreducible modular lattice of length n > 3
contains a sublattice whose homomorphic image is isomorphic
to M3,3.

THEOREM 3.6: A subdirectly irreducible supermodular lattice
is isomorphic to the two element chain C, or the five element
modular lattice M.

Proof: Let L be a subdirectly irreducible lattice. If length of L
is 1 then L is isomorphic to C,. If length of L is 2 then as L is
subdirectly irreducible it can either be M; or has a sublattice
isomorphic to the lattice My.

But L is supermodular and hence the other possibilities
cease to exist. Hence L is isomorphic to M;.

If length of L > 3 then as L is subdirectly irreducible and
modular (being supermodular), we can apply B. Johnson’s
result [ ] and obtain the sublattice isomorphic to M;; which in
turn gives rise to a contradiction as then L ceases to be
supermodular. Thus the proof of the theorem.

Combining this with the famous Birkhoff’s theorem we
obtain.

Theorem 3.7: A lattice L is supermodular if and only if L is a
subdirect union of two element chain and the five element
modular lattice Ms;.



Supermodular Lattices | 49

Proof: If L is supermodular, then by Birkhoff’s theorem it is a
subdirect union of subdirectly irreducible supermodular lattices.
Using the above we see that any subdirectly irreducible
supermodular lattice is either C, or M.

Hence L is a subdirect union of copies of C, and M;.

For the converse it will suffice to see that both C, and M;
are supermodular. Also by lemma 3.7 and 3.8 direct union of
supermodular lattices is supermodular and sublattice of a
supermodular lattice is supermodular. Hence subdirect unon of
supermodular lattices is supermodular. So a subdirect union of
copies of C, and M; is supermodular.

Corollary 3.1: If a lattice L is supermodular then every
element of L has atmost two relative complements in any
interval.

Proof: Follows from Theorem 3.7.
Note: The converse of Corollary 3.2 is not necessarily true.
Proof: By an example.

The lattice M;; satisfies the requirements that every
element of L has atmost two relative complements in any
interval but L is obviously not supermodular.

Corollary 3.2: Let L be a supermodular lattice and let I = (x,
X,) be a prime interval in L. Let I; = (yi, y2) and I, = (z;, z,) be
any two intervals of L such that I, I; and I, belong to a chain of
L. IfI; and I, are annulled by 0; (the congruence generated by
I) then atleast one of I, I, is a trivial interval.

Proof: ltis a direct consequence of Theorem 3.6.
Remark 3: The primeness of the interval I = (xi, y;) is

absolutely essential in the above corollary. Otherwise 0; can be
written as a nontrivial sum of two other congruence and hence I
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may have more than an interval as its lattice translate belonging
to a chain of L.

(For example the interval I of the supermodular lattice L of
the adjoining figure 3.11).

X1
I=(x1,y1)
X2=Y1
Y=z,
Z
Figure 3.11

Remark 3.2: The converse of Corollary 3.3 is not necessarily
true.

Proof: By an example

Consider M, which satisfies the hypothesis for the converse
of Corollary 3.3. Nevertheless it is not supermodular.

Corollary 3.4: The congruence generated by a prime interval is
separable in any supermodular lattice.

Proof: ltis a direct consequence of Corollary 3.3.



Chapter Four

SEMI-SUPERMODULAR LATTICES

In the last chapter we studied supermodular lattices. An
equational class of modular lattices generated by the finite
modular lattice M;. In this chapter, we initiate a study into a
series of equational classes of modular lattices termed n-semi-
supermodular lattices, for each finite integer n. The classes of
distributive and supermodular lattices correspond to the integers
n = 2,3 respectively. Forn >4, we observe that these equational
classes are no longer generated by their finite members. Further
we show that a lattice L is n-semi-supermodular if and only if it
does not contain any sublattice whose homomorphic image is

and M.

i 42,5+ 2,0y +2 such that 1y, 1z,

isomorphic to M

i +2,, 42,0 +2

..., I are integers > 1 with i; +1i, + ... + i, = (n—1).

To avoid cumber some calculations we give rigorous proof
in the case of n = 4 and indicate that the method of proof
adopted for n = 4 can be extended for any general n (finite).
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We start with the definition of 4-semi-supermodularity in
lattices, which we choose to call semi-supermodular leaving the
integer 4 for convenience.

DEFINITION 4.1: A lattice L is said to be semi-supermodular if
it satisfies the following identity.

(a+X1) (a+X2) (a+x3) (a+x4) =a-+ X1X2 (a + X3) (a + X4) +
X1X3 (@ 1 X2) (8 + X4) + X1X4 (2 + X7) (a+x3) + X0X3 (at+x) (atxy) +
XoX4 (atX) (atx3) + x3X4 (atx) (atxy) for all a, X, Xz, X3, X4
in L.

Lemma 4.1 Any semi-supermodular lattice is modular.
Proof: Put x; = x5 = x4 we get the modular law.

THEOREM 4.1: A modular lattice L is not semi-supermodular if
and only if L contains elements a, x;, X5, X3, X4 such that a + x; =
atx, =a +x3=a +x;>aand a > XX XX3, X1X4, X2X3, X2Xy4
and x3xy.

Proof: If L contains elements a, X;, X,, X3, X4 as specified in the
lemma then for this set of 5 elements of L the left hand side
equals a + x; while the right hand side equals a and the two are
distinct.

Hence L is not semi-supermodular.
Conversely if L is not semi-supermodular then there exist a

set of 5 elements a, X;, X», X3, X4 In L such that semi-
supermodular identity is not satisfied in L.

Let
X1 = Xi (a + Xz) (a+x3) (a+x4)
Xy =(atx)X;(atx;) (atxq)

x; =(at+x))(at+x)x;(atxy)
X4 = (atxp) (atxy) (atx3) Xa.
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A = R.H.S. of the semi-supermodular identity when a, X,
X,, X3, X4 are substituted in it. The set of 5 elements A, X;, X5, X3
and x4 satisfy the requirements of the lemma.

As a corollary we get.
Corollary 4.1: Any supermodular lattice is semi-supermodular.

Proof: Equivalently we can prove if a lattice is not semi-
supermodular then it is not supermodular. This follows as a
consequence of the last lemma and lemma of Chapter 2 which
states a lattice is not supermodular if and only if it contains a set
of 4 elements a, X;, X, X3 suchthata+x;=a+x,=a+x3>a
and a > X;X,, X1X3 and X,X3.

Lemma 4.2: Any semi-supermodular lattice is not necessarily
supermodular.

Proof: By examples.

These lattices My and Ms; are semi-supermodular but not
supermodular.

Thus the equational class of semi-supermodular lattice lies
between the equational class of modular lattices and the
equational class of supermodular lattices.

Lemma 4.3: If a lattice L contains a sublattice whose

homomorphic image is isomorphic to the lattices of the figures
4.1 then L is not semi-supermodular.

<
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P L

My M,

y 5

A

M3,3,3

Figure 4.1

Proof: The set of 5 elements as marked in the figures satisfy
the requirements of theorem 4.1 and hence these cannot be got
as homomorphic images of sublattices of semi-supermodular
lattices.

Now let L be a modular, non semi-supermodular lattice,
then by Theorem 4.1, L contains a set of 5 elements a, x;, X,, X3,
X4 such that

a+tx; matxx=atxg=at+tx4>a
witha>x;x;(1#jforalli,j=1,2,3,4)

Consider the set T of elements given by
X1+X2+X3+aX4
X;+Xp taxs + X4
X;tax, + X3+ Xy
ax; + X, + X3 + Xy.
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Two cases may arise;

I. At least one of the elements in T is different from
X1 +X2+X3+X4.

II. Every member of T equals x; + X + X3 + X4.

If case I occurs, let us without loss in generality assume that
one of the elements different from x; + X, + X3 + X4 1S X; + X5 +
X3 + axy.

Now as x; + Xo + X3+ axy <X; + X, + X3 + X4. We have a
sublattice isomorphic to M; consisting of elements.

X; + X, + X3+ Xy, U=a(x; + X+ X3+ Xxy)

X4 (X) + X3 +X3) V=ax +x+x3) +x4

W =x,+x,+x3+axs and

X; = a(x; + X3 + X3) + axy4 + x4 (X; + X, + X3) as shown in
figure 4.2.

X1+X2+X3+X4

X

Figure 4.2 $  Figure 4.3

Now the set a, X, X,, X3 satisfies all the properties required
for theorem 4.1. In case it has a sublattice isomorphic to M;; of
figures 3.4, 3.5, 3.6 of chapter III then let S be renamed as
shown in the figures 4.3 then p < x; + X, + X3 + ax4 and not less
than or equal toa (Xl + X, + X3) +axy + Xy (Xl + X, + X3) = Xl-
Put X; + x = K then K; lies between X; and x; + X, + X3 + axy
and X =Kp lies between x and p. Let Y =y + X, and Z = z+X,
then p, X, Y, Z, X + X, is isomorphic to M;. Also I, =r (X, +
X,) lies between 1 and r. Let m; =1jn + m and n; = [ym + n then
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r, I;, m, ny, jm + 1ym is isomorphic to M3. Also the elements
Ky +U) (K; +V), (K; +U), (KitV), W+ (K; + U) (K; + V),
(x; + x; + x5 + x4) form a sublattice isomorphic to M;. These
three sublattices M; combine to give us to required M; ;3 (cf.
figure 4.4)

X1 +X2+X3+X4

Figure 4.4

The only difficulty we may face is when K; = x; + x, + x5 +
ax4. But this could be avoided by choosing a > x5 (X; + X;) in
which case K; will coincide with x;; thus avoiding the
difficulty.

Next if a, x;, X», X3 satisfy the condition x; + x, + ax3 = x; +
ax, + X3 = ax; + Xp + X3 = X; + Xy + X3; then let by = x; + ax, +



Semi Supermodular Lattices | 57

axs; ¢; = ax; + x, + axs; dy =ax; + axp + x; and a; = a(x; + X, +
X3).

In case (1) bic; = ¢;d; = dib; = bicid; then by taking a, =
a;t+bc;d; the elements x;+x,+x3, a,, b, ¢id;, b;dic; form a
sublattice isomorphic to My as shown in figure 4.5.

X1 +X2+X3 +X4

Figure 4.5
In this case, consider F = X; + b;c;d; and
F (X1+X2+X3) = + X4 (Xl + X2 + X3)
= G

Let

B1 = b1 + Gd1

C1 = ¢+ Gd1

Dl = d].
These satisfy

G+Bl :G+C1:G+D1:B1+D1:C1+D1
D]G:D1B1 :DICI :le.
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We have two possibilities

(1) If GB1 = GC] = B1C1 = GB1C1 then D2 = D1 + GB1C1
together with G, B, C, x; + x; + x3 and GB;C, gives a
sublattice isomorphic to My. Also as F lies between X; and W.

F+U) (F+V), (F+U),F+V),
W+ F+U)(F+V)and x; + X, + X3 + X4

form a sublattice isomorphic to Mjz. These two sublattices
combine to give us the sublattice isomorphic to M; 4 as shown in
figure 4.5.

(2) In case one of GB,, GC,, B,C, is different from GB,C;; let it
be GB, # GB;C,. Then as shown in lemma of the earlier
chapter we obtain a sublattice S; isomorphic to Mj; consisting
of GB,C;, GB;, Ci(GB;+D;), (GB,C,+D)(GB+C;), D, =
(GB+C)) (GB+Dy) G(B1+Dy), (GtD;)By, (G+D») (B1+D»).

Consider the interval 1 = (G, G+D,); this interval is
projective to (G(B;+D,), (G+D,) (B;+D,)) and so is nontrivial,
as otherwise GB; = GB,C,. Now the interval I+F = (F, F+D,) is
a nontrivial subinterval of J = (F, W) as J is projective to (G,
x1tx,+x3). Let I+F = (p, q) (say) then the elements (U+p)
(V+p), qH(Utp) (V+p), (V+q), (Utq) (V+p), (Utq), (V+q)
form a sublattice isomorphic to Ms. This together with the
sublattice S; (mentioned above) gives us the required sublattice
with a homomorphic image isomorphic to M;;; as shown in
figure 4.6.

If on the other hand one of bic;, ¢;d;, dib; is other than

bicid; then without loss in generality, let us assume (2) b;c,d; #
b]C].

Let a; = a (x;+x,+X3) then
a1+b1 = atc = a1+d1 = b1+C1 = b1+d1 = C1+d1 and a1b1 =
aic; = aid,
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X1 +X2+X3+X4

Figure 4.6

Consider the elements a; + b;d; + ¢;d;, by + ¢;d;, ¢;+d;b;, d; call
them a,, by, ¢,, d, respectively (say).

Those four elements satisfy the following conditions.

(1) the sum of any 2 of the four equals a single element p
and

(2) the product of d; with any one of the other three equals
a single element q.

Let G = ay+xy4 (X;+x5+X3)

B1 = b2 + Gd2
C1 = C+ Gdz
Dl = d29
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then we have a situation exactly similar to what we had in the
earlier case. A similar reasoning gives us to required result.
Thus we have exhausted all the possibilities under case 1.

Next we take up the possibilities under case II. Let us recall
that under this case every element of the set T equals x; + x, +
X3 + X4.

Let T, be the set of elements
X, +X, +ax, +ax,;ax, +ax, + X, + X,

T, <X, +ax, + X, +ax,;ax, +x, +ax, +x, .

ax, + X, + X, +ax,;X, +ax, +ax, +x,
Again two cases may arise.

(A) Each element of T, equals x;+x,+x3+Xy.

(B) At least one element of T, is different from
X1+X2+X3+X4.
If (A) is satisfied then set

7\,1 = xjtaxptaxz+axy

)\,2 = axy+xptaxz+axy

A o= ax;taxpt+x3t+axy

M = ax;taxptaxg+xy
and a = a(X1+X2+X3+X4).

The sum of any two of the above equal x;+x,+x3+x4. The
product of a; with any one of A, A,, A3, A4 equal
axi + axp + axs + axy.

IF)MA=A A3 hgforalli=j, 1,j=1, 2,3, 4 then the
elements s (=a1 + 7\,1 7\,2 }\,3 7\,4), 7\,1, 7\,2, 7\,3, 7\,4, (Xl + X2 + X3 + X4)
and Ay A, A; A4 form a sublattice isomorphic to Ms as shown in
figure 4.7.
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X1 +X2+X3+X4

AiroAshg

Figure 4.7

If(2) 7\,1 7\.j = >\,j 7\.1( = 7\.1( 7\‘1 = }Li 7\.j 7uk for some 1 ij * k, (i,j, k)
€ (1, 2,3,4) and A Aj A # Ay Ay A3 A4 then by a suitable
permutation we can assume

7\,1 7\.2:7\.27\.3:7\.3 }\,4:7\.1 7\.2}\,3311(1
7\.1 7\.2 )\,3 z 7\.1 }\,2 ;\.3 7\.4.

Now )\,1 ;\.2 7\.3 7\.4, (.':11 + 7\.1 7\.2 )\,3 ?\,4) (7\.1 }\,2 7\.3‘1' 7\.4), 7\.4 ()\,1 7\.2 7\.3
+a)) M Ay A3, (A Ay Azt ay) (A Ay A3 + Ay) form a sublattice
isomorphic to M;, while the elements x;+x,+X3+x4, 3, = (=a; +
M A A3), A, Ao, A3, A Ay A5 form a sublattice isomorphic to My.

Now the side (7\,1 }\42 7\,3, (7\,1 }\,2 7\,3 + al). (7\,1 7\,2 7\,3 + 7\,4)) of M3
above is a subinterval of (A; A, A3, a,) of M.

LetG = (7\,1 }\,2 7\,3+ al) (7\,1 7\,2 ?\,34‘ 7\,4)

Consider G; (G+A3) Ay, (GtA3) Ay, As; the product of any
two of the above four elements equal A; A, A;. The sum of A;
with any one of the other three equal G+A;.

Now let H= (G+A3)A; and K = (G+A\3) A,.

Incase G+H=G+K=H+K=G+H + K then G+H+K,
G, H, K, A3 (G+tH+K), A; A, A; form a sublattice isomorphic to
My; this combines with the M3 formed by elements A; A, A3 A4,
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Ao (M Ao Azt ap), (a1 + A Ag Az Ag) (Mg Ao Az + Ag), Ay Ay A3, G to
give a sublattice isomorphic to M43 as shown in figure 4.8.

X1+X2+X3+X4

Figure 4.8

In case one of them say G+H < G+H+K then Gt+H+K,
(G+H+K) A3 + (G+H)K, A3(G+H)+K, G+H, A3(G+H)+ K(G+H)
= D,, G+HD,, H+GD,, HD,+GD, form a sublattice isomorphic
to M3’3.

Now GD, lies between G and A; A, As.
LetM =As (M Ay A3+a))
N = A Ashgta) (M Ay Azt Ag).
Then G, GD,, M+NGD,, N+MGD,, MGD, + NGD, form a
sublattice isomorphic to M;. This sublattice combines with the

above mentioned M;; to give us a sublattice with a
homomorphic image isomorphic to M; ;3 as shown in figure 4.9.
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G+H+K

Figure 4.9

Lastly if (111) 7\,17\,2 * 7\,1 }\42 }\,3 * 7\,1 }\42 7\,3 7\,4 then }\,1 7\,2 7\,3 }\,4,
M, N, A; A, A3, G form a sublattice isomorphic to M.

Let

M; =25 (A 22 +ay)

Ny =M A Azt ap) (A Ay + A)
Gi=(1 A t+a) (A A+ A3)

then A; A, A3, My, Ny, A; Ay, G form a sublattice isomorphic to
Ms;.

Further 7\‘1 7\.2, }\.1, 7\‘2, a; + >L1 7\.2, XX +X31+Xy form a
sublattice isomorphic to Mj.

From these three sublattices we extract a sublattice which
has a homomorphic image isomorphic to M; ;3. This consists of
the elements A; A, A3 Ay, MN|, MNy, A1 Ay A3 (MN; + NN)),
MN; + NNy; Ay A2 A3, GNy, My (GNy + Ay &), M Ay = (GN; +
M), Q =(GN; +A; &) (GN; + M),
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A A, (GNy + A1 Ap), My = A, (GN; + &), No =4 (GN; +
M), My + N,. Figure 4.10

X1 +X2+X3+X4

Figure 4.10

So far the case (A). Next we take up case (B).

Recall that in this every element of T equals x;+x,+X3tX4.
In particular x;+ x, + X3 + ax4 = X; + X + X3 + X4.

This implies

a(X1+X2+X3+X4)+X4(X1+X2+X3):X1 +X2+X3+X4(Cf,
figure 4.2).

Similarly x; + x; + ax; + X4 = X; + X + X3 + X4 implies
a(X1+X2+X3+X4)+X3 (X1+X2+X4) =X1+X, X3+ X4
and the other two equalities yield
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axX + X+ X3+ X))+ XX X3+ X)) =X+ X+ X3+ Xy
and
a(X+ X2 T X3 T Xg) X1 (X2 X3+ Xg) = X+ X+ X3+ Xq

Put
A=a(x;+ X, + X3+ Xy)
Xl = X1 (X2+X3+X4)
X5 =Xy (X1+X3+X4)
X5 = X3 (X1+X21Xy)
X4 = X4 (X1+X2+X3)

thenA+X1=A+X2=A+X3=x1+x2+x3+x4. SOA‘|‘X1>
Aforalli=1,2,3,4.

Now Xin = XiXj henceA>Xi Xj (1 75_]) Also X; +Xj + Xk
= (X1 + X +X3) (X1 + X+ X4) (X1 + X3+ X4) (X2 + X3 + Xy)
:X1+X2+X3+X4

forall (i, j, k) (i#j % k) e (1,2, 3, 4)

If for this set of elements A, X;, X, Xj;, X4 the
corresponding set T; of elements are all equal, then we proceed
as in the case (A). If not then without loss in generality let the
element of T1 other than Xl + X2 + X3 + X4 be X1 + Xz + AX3 +
AXy.

Either (1) A (X1 + X)) + X3+ Xy # X + Xy + X5+ Xy or
QAX +X) + X3+ Xy =X + X5 + X5+ X,

In case (1) occurs

X+ X+ AKX # X + X0 + X3 + X,
for otherwise the upper diamond of figure 4.11 collapses forcing
Xi+X+ X5+ Xy =A (X; +Xp) + X5 + X4 a contradiction.
Thus in this case of elements X; + X, + X3, X; + Xp + A (X5 +
X4), A (X]+X2) + X3+ Xy,

AX+X+X3)+ X +Xy) (X3 +Xy), A X +Xp) +
AKX +X)+ (X +Xy) (X + Xy Xy + X, [AX +Xp) +
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(Xl + Xz) (X3 + X4)] = P, P (X1 + AXz) + (X2 + AXl), (Xz +
AX)P + (X, + A Xy),

R= [P (X1+AX2) +P (Xz + AX])], X3 + X4.

[A (X5 + X))+ (X1 +X0) (X5 +X0)]=Q,

(X5 + AXy) +Q (Xy + AX5), (Xa + AXz) + Q(X5 + AXy),
S=[Q (X4 +AX3) +Q (X5 + AXy)];

PQ, PS, QR and RS form a sublattice with a homomorphic
image isomorphic to 1\7[3,3,3 as shown in figure 4.11.

X1+X2+X3: X1+X2+X4

A}%(flAXﬁ

P(X,+AX))

R:P(X 1 +AX2)
+P(X,+AX)

RS

Figure 4.11

In the other case that is in (2) we have
A(Xl+X2)+X3+X4:X1+X2+X3+X4.

Set
Al :A(X1+X2+X3+X4)
B] :A(X1+X2)+AX3+X4
C1 :A(X1+X2)+X3+AX4
Dl :X1+X2+AX3+AX4.
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then the sum of any two of the above four elements equals X; +
X, + X5 + X4; and the product of A; with any one of the other
three equals A (X; + X;) + AX; + AX,.

If B; C, = C, D, = D;B; we obtain M43 as shown in figure

4.12.
X+ X+ X5+ X,

+X,+AX, Q=B,CDi(X;+X>)

QX +AX )+
QX +AXy)

Figure 4.12

This consists of the elements X; + X, + X3 + X4, Ay, =
A, +B,C\Dy, By, Cj, Dy, X;+X,, Q=B; C, D; (X + X3), (X; +
AX,) + Q(X; + AX)), QX + AXy) + (X, + AX)), Q (X + AX)y)
+Q(X;, + AX)).

If B,C; # B;C,D; then we obtain M35 as shown in figure
4.13. This consists of the elements B,C,D,, D{(A;+B,C,),
(A+B,C,D)) (D+B;C)), B,C,, D, = (D, + B,C))(A; + B,C,Dy),
C, (Bi+D»), By (Ci+Dy), (B1+Dy) (Ci+D»).

R =Q (AX; +X;) + Q (X; + AX,) (where
Q=D; (A +B|C) (X; +X3)),

RA(X; + X3), Q(AX; + X)), Q(Xz + AX)) and AX, + AX,.
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(B1+Dy)(Ci+Dy)

Bi(Ci+Dy)

QAX+X; RAXHX,)

AX+AX,

Figure 4.13

Thus we conclude this analysis by giving the theorem

characterizing semi-supermodular lattices.

THEOREM 4.2: A modular lattice L is semi-supermodular if
and only if it does not contain any sublattice, whose
homomorphic image is isomorphic to Ms 33 My; M;, Ms or

M,,;.

Dually we observe

THEOREM 4.3: The dual of a modular lattice L is semi-super
modular if and only if it does not contain any sublattice whose
homomorphic image is isomorphic to Ms33 Mys; M;4 Ms and

Mﬂj (]\713’33 is the dual of the lattice ]\71333). (cf. figure 4.1).
Hence we have.

THEOREM 4.4: The dual of a semi-supermodular lattice L is

not necessarily semi-supermodular.
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“Figure 4.14

Proof: By an example. Observe that 1\7[3’3’3 is semi

supermodular; while its dual M3,3,3 is not.

Unlike the equational class of supermodular lattices, the
equational class of semisuper modular contains infinite
subdirectly irreducible members.

THEOREM 4.5:  The equational class of semi-supermodular
lattices is not generated by its finite members.

Proof: 1t will suffice to give an example of an infinite
subdirectly irreducible semi-supermodular lattice.
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Consider the lattice L in figure 4.14. L consists of the direct
product of Z (the set of all integers +ve, —ve, 0) with itself with
the usual natural direct product order.

For each integer n, two, extra element a, |, b, | are inserted
in the squares formed by [((n—1), (n—1)), (n, n—1), (n—1, n),
(n, n)] and [(n, n—1), (n+1, n—1), (n, n) (n+1, n)] so as to make
them sublattices isomorphic to M3 (see figure 4.14).

Observe that every prime interval of L is projective to any
other prime interval of L. Thus L is subdirectly irreducible as it
is discrete. Further L has no sublattice with a homomorphic
image isomorphic to Ms33, M3 4, My; or Ms or 1\713’3’3. Hence L

is semi-supermodular. L is obviously infinite. Hence the
statement of the theorem.

Now before we generalize semi-supermodularity for any
integer n, we observe the following facts, which we enunciate in
the form of the following lemma.

Lemma 4.4: Let x4, Xy, ..., X, be a set of n elements (n > 3) of a
modular lattice L satisfying

xitxj=1fori#jforalli,j=1,2,...,n
xixj=0fori#jforalli,j=1,2,...,n.

that is they form a sublattice isomorphic to M,.

(1) Let a; be an element between x; and 1, then there exist
elements a; between x; and 1 for all 1 = 2, 3, ..., n such that the
sublattice of L generated by the set of n elements a,, a,, ..., a,

contains a homomorphic image isomorphic to

.., (wherei +i,+ ... +1i,=(n-1)

i +2,1,+2,...,

and il, iz, ey ir > 1)
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(2) Let by be an element between 0 and x;, then there exist
element b; between 0 and x; for each i =2, 3, ..., n, such that the
sublattice of L generated by the set of n elements by, by, ..., b,
contains a homomorphic image isomorphic to M

(wherei; +i,+ ... +i,=(n-2) and iy, ip, ..., i, > 1).

42,042,042

Further a subinterval of (1, a;) or (0, b;) is projective with
the essential side of M, _i.+» SO obtained.

i +2,i,+2,.

Proposition 4.1: Essential side of M , s the side,

0+2,0+2,. 0.+
whose additive or multiplicative translate meets every one of the
M;’s involved in the figure of M

i +2,i 42,0, +2 °

Proof: By mathematical induction on the integer n. When
n = 3. The elements a;, a, = X, + a;X3; a3 = X3 + a;Xp, 21X + a;X3
and 1 form a sublattice isomorphic to M; with (a;, 1) as a side
with the elements b;, b, = X, (a; + X3), by = X3 (a;+xy),
(a;+x2) (a;+x3), 0 form a sublattice isomorphic to M; with (0, by)
as a side. Thus when n = 3 the result is true.

Assume the result to be true for all n <m-1. To prove it for
n=m. Set

By =aX, X5
a3 =X, + X3

an = Xp

thena; +a;=1foralli,j=1,2, ..., n, aa, = ax, foralli=1, 2,
.., n—1.

()ifajaj=aja, ... ay, foralli,j=1,2,...,n-1 (i#]j) then 1,
aj, a4, ..., an1, ayta;ay ... a1, a1ay, ..., a5 form a sublattice
isomorphic to M,.



72 | Supermodular Lattices

2) Ifaja, ...a,;# ag ., for a permutation (o, o, ...,

[
Guno, O 1) of (1, 2, 3, ..., n—1) then we can rearrange 1, 2, ...,
n—1 and getitas aja, ... a, | #a;ay ... a, 5.

If further ajaj = aja, ... ay, foralli, j=1, 2, ..., (n-2) (1 #))
then we obtain the two sublattices M; formed by

18y ... 8,1, 4@ ... A2, Cy = Ay (13 ... 35 T Ay), dy =
(a1 ... a, tay)(a; ... app +a,), (a13y ... 3,5 + a,) (a2 ...
a,, + a,y) = b, and M, ; formed by 1, a;, a5, ..., ayo,
a,taay ... a0, 8, 7212 ... 4,2, 2125 ... Ay 0.

Now b, lies between (a;a; ... a,» + a,) and 1. By induction
hypothesis applied to b, for this M, ; we get a sublattice
isomorphic to M - with iy > 1 and 1; + 1, + ... + iy

= (n-3).

i +2,i,+2,...,

Further, the essential side of this M.

i 42,15 2,00y +2 is projeCtive
with a subinterval of (a;a, ... a,,, by); which helps us to be an

adjoining M;. Hence we obtain M. 5 with iy > 1 and

42,1 +2,.,0 +2

i; + ... +ig + 1 =(n-2) giving us the required result.

(3)ifaja, ... ayr # aja, ... a3 but a1, ... a, 3 = a;a; for all
,j=1,2,...,n-3. Sete,=(aja, ... a,, + a,) (a ...a, 3 T a,7)
(ajay ... a,» + a, ;) then we obtain a M; consisting of c,e, +
duen, Cn€n, dnCn @1 ... @y (Cq €y + duen), 3125 ... a, 1, another M;
consisting of a;a; ... a,, €, (€, TCp1) 212 ... Ay 3, (€ + 212, ...
an3) Cn 1, (€n T Cuy) (€ntaja; ... a,3) such that the side

CnCn T dun, a1 ... a5 (Che, + dpe,) of the first Mj is
projective with the side (e, a; ... a, 7).

Also the side [(e,tca1) (en + @13y ... ay3), (entcat) @y ...
a, 3] of the lattice Mj is projective with the interval (a;a, ... a, 3,
entap...ans).
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Pute, +a; ... a,3 =f; fis an element between a; ... a, 3 and
aja, ... a,3 + a, and the elements 1, a;, ..., a,3, a, + a; ... a,3,
a1a, ... a, ; form a sublattice isomorphic to M, ,.

Again  the induction hypothesis gives us a,
i 424,42, 2 such that i) + ... +1; = (n—4). These M;’s together

with the M3 ; mentioned above gives us the required M.

Thus we proceed until we exhaust all the a;’s and come to
a,a, alone.

Now we proceed to generalize the notion of semi-
supermodularity.

DEFINITION 4.2: A lattice L is called n-semi supermodular if it
satisfies the identity

(a+ay) ... (a+a,)

n
=a+ Zaiaj(a+a])...(a-T-ai)(a-T-aj)...(a+an)
ij
ij=1

(where (a+a,) means (a+a;) is omitted).

Just as we have proved the results for semi-supermodular
lattices we can obtain the following results for any n-semi
supermodular lattices.

Lemma 4.5: Any n-semi-supermodular lattice is modular.

THEOREM 4.6: A modular lattice L is n-semi-supermodular if
and only if there does not exist a set of (n+1) elements a, a, ...,
a,in L suchthata +a;=a+a,= .. +a+a,>awitha> aa;

(i=j)G,j=1 2 .. n).
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THEOREM 4.7: A modular lattice L is n-semi-supermodular if
and only if it does not contain a sublattice whose homomorphic

images is isomorphic to M, , or M , With

0+2,0,+2,. 0.+

i1+i2+...+i,=n—1,i,j2].

+2,0,+2,. 0.+

Proof: We essentially use lemma and adopt a similar method of
proof as in the case of Theorem 4.2.

Corollary 4.1: The dual of a n-semi supermodular lattice is
not necessarily n-semi-super modular.

Corollary 4.2: Any m-semi-supermodular lattice is n-semi-
supermodular when m < n. Corollary 4.2 combined with
Theorem 4.5 gives;

Corollary 4.3: The equational classes of n-semisupermodular
lattices (for n > 4) are not generated by their finite members.



Chapter Five

SOME INTERESTING EQUATIONAL
CLASSES OF MODULAR LATTICES

In chapter III, we studied supermodular lattices and
characterized them as those modular lattices which do not
contain sublattices isomorphic to M4 or M3 ;. In this chapter we
are interested in characterizing those lattices which do not
contain sublattices isomorphic to My alone (cf. theorem 5.1 and
5.2). Lastly we define modular elements in a general lattice L
and characterize them in theorem 5.3.

We start with the investigation of the following lattice
identity (A).

(atb) (atc) (atd) (abt(atb) ct+d)) (ac+(atc) d+b) x (ad + (atd)
b+c) = ab + ac + ad + (atb) (ab+c)d + (atc) (ac+d)b + (a+d)
(ad+b)c foralla, b, c,din L.

Remark: In any lattice the left hand side of equality (A) is in
general greater than or equal to the right hand side of (A).
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Lemma 5.1: Any lattice L satisfying identity (A) is modular.
Proof: Let L be a lattice satisfying identity (A); put b =c in (A)
we get (a+d) (b+ad) = ad + b(a+d) for all a, b, d in L which can
easily be recognized as the modular law. Hence L is modular.
The converse however is not true.

Thus we prove in the following:

Lemma 5.2: Every modular lattice need not necessarily satisfy
identity (A).

Proof: By an example.

Consider the lattice L of figure 3.1. It does not satisfy the
identity (A) for the set (a, b, ¢, d) of elements as specified in My.
That is, in this case the left hand side of (A) equals 1 and the
right hand side equal 0.

As an immediate corollary, we obtain.

Corollary 5.1: If L is any lattice satisfying identity (A) then it
cannot contain a sublattice isomorphic to M.

Proof is an easy consequence of the fact that any sublattice
S of a lattice L satisfying identity (A) also satisfies (A).

Now arises the natural questions whether every modular
lattice not satisfying identity (A) contains a sublattice
isomorphic to My?

Fortunately for us, we again have a counter example.

Lemma 5.3: A modular lattice L not satisfying identity (A)
need not necessarily contain a sublattice isomorphic to My.

Proof: Consider the lattice of figure 5.1.
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XX

<

0

Figure 5.1

and the elements a, b, ¢, d as marked in the figure 5.1. The left
hand side of identity (A) equals p, while the right hand side
equals gq. Hence L does not satisfy identity (A). One can easily
see from the figure the absence of any sublattice in L,
isomorphic to M.

Next we characterize all modular lattices which satisfy
identity (A) in the following theorem.

THEOREM 5.1: A modular lattice L does not satisfy identity (A)
if and only if it contains a non-distributive triple (b, ¢, d) such
that b, ¢, d are the common relative complements of an element
‘a’ in some interval of L.

[(b, ¢, d) is called a non-distributive triple if the lattice
generated by the triple is not distributive].

Proof: Let L be a modular lattice containing a non-distributive
triple (b, ¢, d) such that b, ¢, d are the common relative
complements of a single element a in L in the interval (y, x).
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That is

atb=atc=atd=x
ab =a.c=ad=yand
(btc) (b+d) (c+d) > beted+db.

Now the set of four elements (a, b, ¢, d) does not satisfy
identity (A) in L. For when these elements are substituted in
identity (A) the left hand side equals

x.X.X (y+xc+d) (y+xd+b) (y+xb+c)
=x(ct+d) (d+b) (b+c) (asx>Db,c,d>Yy)
= (ct+d) (d+b) (b+c) (as x > b+c).

The right hand side equals
ytyty+tx(y+ted+x(y+db+x(y+b)
=y+cd+db+bc (asx>Db,c,d>vy)
=cd+db+bc (as bc>y).

By hypothesis (b, c, d) is a non-distributive triple. Hence the
two sides are not equal. Conversely let L be a modular lattice
not satisfying identity (A). That is there exists a set of four
elements (a, b, ¢, d) in L such that

(atb) (at+c) (a+d) (ab+(at+b)ct+d) (act+(atc)d+b)(ad+(a+d)b+c) #
abtactad+(atb) (abtc)d +
(atc) (ac+d)b + (a+d) (ad+b)c. (1)

Let e, = (atb) (atc) (abtac+d)
= ab+ac+d(atb) (atc)
(L is modular)

e = (atc) (a+d) (actad+b)
= ac+ad + b(atc) (atd)

3 = (atd) (atb) (ad+ab+c)
= ad+ab+c(at+d) (atb).
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Thena+e; =a+e,=a+e;=(atb) (atc) (a+d) and
ae; = ae, = ae; = ab + ac + ad.
e; +e, =ab+ac+ d(atb) (atc) +ac + ad + b(atc) (at+d)

=ab +ac + ad + (a+b) (d(atc) + b(atc) (atd))
(as (atb) = b(atc) (at+d))

= ab+actad + (at+b) (a+c) (d(atc) + b (atd))
(as (atc) > d(atc))

= ab+actad+(a+b) (atc) (atd) (d(atc)+d)
(as (a+d) = d(a+c))

= (a+b) (at+c) (a+d) (ab+ac+ad+b+d (a+c))
(as (atb) (a+c) (a+d) > ab+ac+ad)

= (atb) (at+c) (at+d) (act+d(atc) + b)
(as ab < b and ad < (a+c)d).

Similarly we obtain

e, +e; =(atb) (atc) (a+d) (ad+(a+d) b+c) and
e; +e; =(atb) (at+c) (at+d) (ab + (atb) c+d)

By symmetry of the operations (+) and (.) in this set up,
we have

eie; = ab+ac+ad + (at+c) (act+d)b
€263 =ab + ac + ad + (a+d) (ad+b)c
€31 =ab + ac + ad + (at+b) (ab+tc)d.

Hence, the left hand side of ineuqatity (1) equals
(e1tey) (exte;) (este) and the right hand side equals
€16, T €263 + e3€ey.

Hence, we establish the existence of a non-distributive triple
(€1, €, €3) in L, this is turn impliesno ej =¢j fori=j (1,j=1, 2,
3) as otherwise (e;, €, €3) will cease to be non-distributive.
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Also a # ¢; for any i = 1, 2, 3; otherwise if a = ¢; then a + ¢; = ae;.
This implies (a+b) (atc) (a+d) = ab+ac+ad.

Now (atb) (a+c) (a+d) > ey, e,, €3 > ab + ac + ad. So the
sublattice generated by (e, €, €;) is contained in the convex
sublattice.

S =(ab + ac + ad, (at+b) (a+c) (a+d))

In particular (e; + €;) (e, + €3) (€3 + €;) and e;e; + €263 + e3¢
are elements in S. If the greatest and the least elements of S are
equal then any two of the elements in the convex sublattice S
are equal. Thus the two elements

(e1 + &) (e; t€3) (e3 + e1) and eje, + eye3 + e3¢
are equal.

A contradiction to our hypothesis. Hence we establish the
existence of a non-distributive triple (e, e,, e;) in L such that
they are the common relative complements of the single element
a in the interval (ab + ac + ad, (a+b) (atc) (atd)).

Lastly we come to the characterization of those modular
lattices which contain a sublattice to My in the following.

THEOREM 5.2: A modular lattice L contains a sublattice
isomorphic to My if and only if L contains a subset of four
elements (a, b, ¢, d) such that equality (A) is not satisfied by this
set. However this set of four elements satisfy the following
identity and its dual for every permutation of the element (b, c,
d).

a (ab+(a+b)c+d) (ac+(a+c) d+b)) (ad+(a+d) b+c) +
(a+b) (a+c) (ab+ac+d) (ad+(a+d) b+c)

= (a+b) (a+c) (a+d) (ab+(a+b) c+d) x (ac + (a+c) d+b)
(ad + (a+d) b+c) .. (B)
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Proof: Let L be a lattice containing a sublattice S isomorphic to
M, consisting of 1, a, b, ¢, d, 0. Then the set of four elements of
L corresponding to the four elements (a, b, c, d) of My satisfy
the requirements of the theorem.

Conversely if L contains a set of four elements (a, b, c, d)
not satisfying (A) then from the Theorem 5.1 we see that the
triple (e;, €5, €3) is a non-distributive triple, where ¢, €,, e; are
as defined in the proof of Theorem 5.1. Further we observe that
the equalities mentioned in Theorem 5.2 are precisely the
following equalities.

ap + e;p =p(at+q) (e/+q) =q fori=1, 2, 3 where
p=(e1 te) (extes) (erfes) and g = ere; + €63 + €31

Now (qt+ap, qteip, q+e;p, q+es;p) generate a sublattice
isomorphic to the lattice of figure 5.1. For

qtep=e(exte;)+ee;
qtep=e (e +es)tee;
qtesp = e; (e1tey) + ees.

So the sum of any two of these is p and the product of any
two of these is q. Hence they are not equal as p is not equal
to q.

Also
qtaptqtep =qtap+tep
=qtp=p

and
(q+ap) (g+ep) = p (q+a) (qte;)
=pq=q.

So ap + q does not equal q +ep fori=1, 2, 3.

DEFINITION 5.1:  An element a of a lattice L is called modular
if and only if the sublattice by (a, b, ¢) for all b, ¢ in L is
modular.



82 | Supermodular Lattices

THEOREM 5.3: An element a of a lattice L is modular if and

only if

()
)
(3)

4
(3)

(a+b) (a+c) = a+tb (atc) forall b, cin L.

ab + ac = a (b+ac) for all b, cin L.

atb = a+c; ab = ac; b >c implies b = ¢ for all
b, cinlL.

(b+a) (b+c) = b+c (a+b) for all b, cin L.

ba + bc = b (c+ab) for all b, cin L.

Proof: Let a be a modular element in a lattice L and let b, ¢ be
two arbitrary elements of L. The sublattice S generated by
{a, b, c} is modular (by definition). Further all the elements in
equalities (1) to (5) belong to S. These equalities are satisfied;

as S is modular.

Conversely, let a be an element of a lattice L satisfying
equalities (1) to (5) and b, ¢ two arbitrary elements in L.
Consider the sublattice generated by S = {a, b, c} in L.

First we observe
if x <y in S then (a+x)y = ay+x (6)

For if p = (at+x)y < ay + x = q then
atp=atq=atx
ap =atq=atx

ap = aq = ay foreing p = q by 3)

As particular cases of (6) we obtain
(b+a) (btc) =b+a (b+c) )
ba + bc =b (atbc) (5"

Next (at+b) (a+c) (b+c) = (atb (atc)) (b+c) (by (1))

=a(b+c) + b(atc) (by (6)).
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Similarly

(at+b)(a+c)(b+c)=a(b+c)+c(a+b).
Next p = (b+ac) (at+c) > (a+c)b +ac=q

atp = a+t (btac) (atc)
= (atbtac) (atc) (by (1))
= (at+b) (atc).

atq=a+ (atc)b

= (atb) (atc) (by (1))
ap =a(btac)=ab +ac
aq = a((atc)b+ac) =a(atc)b + ac

= (abtac) (by (2))

Therefore a+p = a+q and ap = aq forcing p=q (by (3)).

That is

(bt+ac) (at+c) = (atc)b + ac @)
Similarly

(ctab) (at+b) = (atb)c+ ab ®)

Also (a+bc) (b+c) = a(b+c) + be (by (6))

Finally adding (7) and (8) we get
(b+ac) (atc) + (ct+ab) (atb)

= (atc)b + (atb)c

L.H.S. (at+c) (b+act+(ctab) (atb)) (by (4))

(atc) (b+(ctab) (at+b)) (ac <(ct+ab) (atb))
(atc) (btc (atb) +ab) (by (8))

(atc) (b+c (ath))

(atc) (btc) (ath) (by (4)).

So (atc) (b+c) (at+b) = b(atc) + c(at+b) )

| 83



84 | Supermodular Lattices

The equalities due to (6) - (9) are got dually. Hence the
sublattice generated by {a, b, ¢} in L is a homomorphic image
of the free modular lattice generated by (a, b, ¢); and hence is
modular.

As in the case of neutral elements we can show.

THEOREM 5.4: The set of modular elements of a lattice L is the
intersection of the maximal modular sublattice of L.

Proof: On the same lines as Birkhoft. 1948.

Corollary 5.2: The modular elements of any lattice L form a
modular sublattice of L.



Chapter Six

SMARANDACHE LATTICES

In this chapter we for the first time introduce the notion of
Smarandache lattices and give a few of its properties. For more
about lattices please refer [2].

DEFINITION 6.1: Let L be a lattices; if L has atleast one
sublattice whose homomorphic image is isomorphic to the
Boolean algebra of order four (i.e., isomorphic to

1

0

then we call L to be a Smarandache lattice (Smar lattice).

We first illustrate this by some examples.
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Example 6.1: Let L be a diamond lattice.

1

L is a Smar lattice. For the sets {0, 1, a, b}, {0, 1, a, ¢} and {1,
0, b, c} are sublattices whose homomorphic image is
isomorphic to the Boolean algebra of order four.

Example 6.2: Let L be the pentagon lattice given by

L is a Smar Lattice for the subsets {0, 1, a, ¢} and {0, 1, b, ¢}
are sublattices of L whose homorphic image is isomorphic to
the Boolean algebra of order four.

We see the pentagon lattice has also a sublattice of order
four given by the set {1, a, b, 0} whose homomorphic image is
not isomorphic with the Boolean algebra of order four.

Further both the diamond lattice and pentagon lattice have
only three sublattice of order four, but in case of diamond lattice
we see all sublattices of order four are isomorphic with the
Boolean algebra of order four, however in case of pentagon
lattice we see only two of the sublattices are such that their
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homomorphic image is isomorphic to the Boolean algebra of
order four but one sublattice is just a chain lattice of order four.

It is also interesting to note both the pentagon lattice and the
diamond lattice are not distributive but both are Smar-lattice.

We see not all lattices are Smar-lattices. Infact we have a
class of lattices which are not Smar-lattices.

THEOREM 6.1: Let L denote the class of all chain lattices; no
lattice in L is a Smar lattice.

Proof: If M in L has to be a Smar-lattice we need a proper
subset S in M of order four such that S is a sublattice of M and
S is isomorphic with the Boolean algebra of order four.

This is turn implies S in L should be such that, S has two
distinct elements a, b other than 0 and 1 such a + b =1 and
ab=0.

In a chain lattice L we know there does not exists distinct
elements a, b (a#b)a, b € L\ {1, 0} such that atb =1 and a.b
= 0. So S cannot be a sublattice whose homomorphic image is
isomorphic with the Boolean algebra of order four.

We give some examples before we proceed onto define or
discuss more properties about Smar lattices.

Example 6.3: Let L be a chain lattice of order six. L is not a
Smar lattice.
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Example 6.4: Let L be a chain lattice of order n. L is not a
Smar lattice.

01

%a

Example 6.5: Let L be a Boolean algebra of order eight given
by the following Hasse diagram.



Smarandache Lattices | 89

We see this has six sublattices of order four which are such
that they are isomorphic with the Boolean algebra of order four.
These sublattices are {a, b, 0, ab}, {0, b, ¢, bc}, {ac, bc, c, 1},
{1, ab, ac, a}, {0, a, c, ac} and {1, ac, bc, b}.

In fact L has also sublattices of order four which are chain
lattices.

1 1 1 1
and
be ab ac ab
c a C b
0 0 0 0
Example 6.6:
1
b a
d
c
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Let L be a lattice given by the Hasse diagram. L is a Smar
Lattice for some of the subsets S; = {b, c, d, 0}, S, = {1, b, a,
c}, S;=1{1,d, a, 0}, Sy = {1, d, c, 0} are sublattices of L whose
homomorphic image is isomorphic with a Boolean algebra of
order four.

Take P, = {1, a, ¢, 0} and P, = {1, b, d, 0} subsets of L.

These are also sublattices of L of order four but are not
isomorphic with chain lattices or order four.

We now proceed onto prove the following interesting result.

THEOREM 6.2: If L is a modular lattice then L is a Smar
Lattice.

Proof: Given L is a modular lattice, so in L we have triples, a,
b, ¢ such that the modular law is satisfied. Thus L has
sublattices of order five which are isomorphic with the diamond
lattice say we have S = {a;, by, ¢;, dj, ¢;} < L such that S has
Hasse diagram,

a

b, 4

€1

Now clearly {a, by, ¢c1, e} {a;, c1, d;, e} and {a;, by, dy, e;}
are subsets of S whose homomorphic image is isomorphic to the
Boolean algebra of order four. Thus every modular lattice is a
Smar lattice.

Now a natural question would be “Is every distributive
lattice a Smar lattice?” This question is partially answered by
the following Theorem.
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THEOREM 6.3:  Every distributive in general is not a Smar
lattice.

Proof: We see all chain lattices are distributive. But none of
the chain lattice is a Smar lattice. Hence the claim.

Next we have a class of distributive lattices which are
Boolean algebras.

THEOREM 6.4: Every Boolean algebra of order greater than or
equal to four is a Smar lattice.

Proof: Proof follows from the fact every Boolean algebra B is
isomorphic with {0, 1} x {0, 1} and in this product if we take T
= {0, 1} x {0, 1} then T is isomorphic with B the Boolean
algebra of order four.

Hence every Boolean algebra is a Smar lattice.

Example 6.7: Let L be a lattice given by the following figure.
L is a Smar lattice.



92 | Supermodular Lattices

Now we proceed onto define the new notion of
Smarandache sublattices and their generalization.

DEFINITION 6.2: Let L be a lattice. If L has a proper
sublattice P and if P is a Smar lattice then we say P is a
Smarandache sublattice or Smar sublattice. That is P is not the
Boolean algebra of order 4 but contains a Boolean algebra of
order four as a sublattice.

Example 6.8: Let L be lattice given by the following figure.

Take P =

a sublattice of L. P is a Smar lattice. Thus P is a Smar
sublattice of L.

THEOREM 6.5: Let L be a lattice. If L has a proper Smar
sublattice P then L is a Smar lattice.

Proof: Given L is a lattice such that P — L, P is a proper subset
of L and P is a Smar sublattice of L. Let B be a Boolean algebra
of order four contained in P, then B is also a subset of L as B <
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P < L so L contains a proper subset which is a Boolean algebra
of order 4. So L is a Smar lattice.

A natural question would be if L is a Smar lattice will L
always contains a Smar sublattice. The answer is not true in
general we prove this by the following theorem.

THEOREM 6.6: Let L be Smar lattice. L in general need not
contain a Smar sublattice.

Proof: To prove the theorem we have to give a Smar lattice
which has sublattices but which has no Smar sublattices.
Consider the Smar lattice which is a diamond lattice.

Clearly L is Smar lattice as L contains 3 sublattices of order

four all of them are isomorphic with the Boolean algebra of
order 4.

Clearly

1 1 and 1

a & >»b b > c a > c
0 0 0

are Boolean algebras of order four. But L has no sublattice

which is a Smar sublattice as L has no sublattice of order greater
than four.
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So the diamond lattice is a Smar lattice which has no Smar
sublattice but has sublattices.

Likewise consider the pentagon lattice P.

1

0

P is a Smar lattice as the sublattices {1, a, b, 0} and {1, a, c,
0} are such that their homomorphic image is isomorphic to the
Boolean algebra of order four.

But clearly the pentagon lattice L has no sublattice which is
a Smar sublattice of P.

Hence the claim.

If a pertinent to show by some examples that we can have
Smar lattices which has Smar sublattices also.

THEOREM 6.7: Let L be a lattice of the form M,, n > 5. Then
L is a Smar lattice which Smar sublattices.

Proof: Given M, is a modular lattice of the form

1
a
0

Givenn > 5. So M, is a Smar lattice for every proper subset
P=1{0,1, a, ay} < My, 1 <1 < n-2 is a sublattice whose
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homomorphic image is isomorphic with the Boolean algebra B
of order 4.
Thus M, is a Smar lattice.
Now consider the sublattices P; of the form P; = {0, 1, a;
ai+1, ai+2}. Each P; is a Smar sublattice 1 <i < m, m a suitable

number.

Thus this Smar lattice has Smar sublattices. Thus this class
of lattices are Smar lattices which has Smar-sublattices.

Example 6.9: Let Mg be a lattice given by the following figure.

L is a Smar lattice and L has Smar-sublattices.

Now we define those Smar lattices which has no Smar
sublattices as simple Smarandache lattices.

DEFINITION 6.3: Let L be a lattice which is a Smar lattice if L
has sublattices but no Smar sublattices then we call L to be a
Smarandache simple lattice (Smar simple lattice) or (Simple
Smar lattice).

Example 6.10: The diamond lattice.
1

is a simple Smar lattice. 0
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Example 6.11: Let L be the lattice given by the following
diagram. L is a simple Smar lattice.

|

L is a Smar-Lattice which is a simple Smar lattice.

Example 6.12: LetL =

1
a g > b
°0

be a lattice given by the figure.

L is a simple Smar lattice.

Next we proceed onto define Smar strong lattices.
DEFINITION 6.4: Let L be a lattice if L has a sublattice whose
homomorphic image is isomorphic to a Boolean algebra of
order at least eight then we call L to be a Smarandache strong

lattice (S-Smar lattice).

We now proceed onto give a few examples of it.
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Example 6.13: Let L be a lattice given by the following figure.

Clearly L is a S-Smar lattice. L is not distributive. L is not
modular. L is also a Smar lattice.

Example 6.14: Let L be a lattice given by the following figure.
{a,b,c}

We see L is a S- Smar lattice (Smar strong lattice).
We have the following interesting.

THEOREM 6.8: Every S-Smar lattice is a Smar lattice but a
Smar-Lattice is not in general a S-Smar lattice.
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Proof: Suppose L is a S-Smar lattice (Smar strong lattice) then
clearly L has a sublattice. P whose homomorphic image is
isomorphic to a Boolean algebra of order 8.

Now every Boolean algebra of order eight has a sub
Boolean algebra of order four. Hence L has a sublattice of order
four, whose homomphic image is isomorphic with a Boolean
algebra of order four. Thus L is a Smar lattice.

Now to show a Smar lattice in general is not a Smar strong
lattice we give a example.

Consider a Smar lattice L given by the following figure.

0

L is a Smar lattice, which is clearly not a Smar strong lattice.
Since order of L is itself seven.



Chapter Seven

GB-ALGEBRAIC STRUCTURES

In this chapter we for the first time introduce a new
algebraic structure which is not a field or a ring or a near ring or
a group ring or a semigroup ring or a lattice or a Boolean
algebra or a semiring or a semifield or a vector space or a linear
algebra.

This is like a linear algebra having two separate algebraic
structures combined in a nice mathematical way.

For constructing this algebraic structure we need a group G
and a Boolean algebra B. Just as group ring are defined we
define group Boolean algebra and this new algebraic structure is
known as GB-algebraic structures.

DEFINITION 7.1: Let G be a group and B = (B, +, ¢ 0, 1) be a
Boolean algebra. The group Boolean algebra of the group G
over the Boolean algebra B consists of all finite formal sums of

the form Zbigi (i- runs over a finite number) where b; € B and

g: € G satisfies the following conditions.
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i Zbl.g,. = Zc,.gi ifand only if b;=c;fori=1, 2, ..., n,
i=1

i=1

g €G.

ii. Z]:bl.gl. +Z]:cl.gi :Z,:(bi +c )g ;g €G.

i, (Zb,.g,} x [;B/g, j = ;Ykmk

where y, = 2b; f, gigj = my € G where gi, gj € G and
b; B, ¥k €B.

iv. bigi=gb; forallb; e Band g; € G.

V. be,.gi = Z(bb,.)g,.for bb; € B and 2b,g; € BG.
i=1

BG is a new special algebraic structure defined as the GB
algebraic structure. 0 € B acts as the additive identity of GB.
Since 1 € B we have G=1.G < BG and B.e = B < BG where e
is in identity element of G.

We denote 1.e = 1.1 = 1 which is the multiplicative identity
of BG.

Remark 7.1: We see BG is not any of the known algebraic
structures. It is not a Boolean algebra as G < BG. BG is not a
group as BG is not a ring as we do not have inverse elements
under addition. So BG is the special GB-algebraic structure.

We give some examples before we proceed on to define
more properties about the GB-algebraic structures.

Example 7.1: Let B = {0, 1} be the Boolean algebra of order
two. G =(g| g’ = 1) be the cyclic group of order three. BG be
the GB-algebraic structure.
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BG = {0,1,g ¢, 1+g 1+g, ..., l+g+g’).
Wesee (g+g°) +(g+g’)=g+g’asl +1=1inB.

(I+g+g) +(g+g) = 1+@Eg+g)+(g+e)

= 1+g+g2.

gtg'tg = g'tg

(asgt+g=g)

(I+g+g)(l+g) = l+g+rgrgtg+1
= 1+g+g2

g (1+g) = g’+1 andso on.

We see BG has eight elements and every element x in BG is
such that x + x = x.

But every element x in BG need not in general be such that
X.X=X

(g+g)(g+e)
g2+1+1+g
l+g+ g = g+g

For take x =g + g*; x.x

Hence the claim.
Thus BG is not a Boolean algebra.

Furtheras (1+g+g%) (1 +g+ g%
=1+ g+ g” we see BG is not a group.

Also 0 € BG so BG is not a group.

Example 7.2: Let B = {0, 1} be a Boolean algebra of order
two and G = (g | g = 1). Then BG = {0, 1, g, 1 + g} be the
group Boolean algebra. Here (1 +g) (1 +g)=1+gso BGis
not a group. As g.g =1, BG is not a Boolean algebra. But B ¢
BG and G < BG.
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Example 7.3: Let B = {0, 1} be the Boolean algebra of order
two and G = S; be the symmetric group of degree three. Then
BG is a GB-algebraic structure where BG = {0, 1, pi, p2, P3» P4
Ps, 1+p1, ceey 1+p5, .ees P4 + Ps, ---» 1+ D1 + P2 + p3 + jot + p5}
Clearly BG has 2° elements. We see their exists x, y € BG such
that xy # yx. For ps. p> # pa. ps Wwhere p,. ps € BG.

In view of this we make the following definition.

DEFINITION 7.2: Let BG be a GB-structure where B is a
Boolean algebra and G is a group. If in BG for every x, y € BG
we have xy = yx then we call the GB-algebraic structure to be
commutative. If BG has atleast one pair of elements x, y such
that xy # yx then we say the GB-algebraic structure is non
commutative.

The examples 7.1 and 7.2 are commutative GB-algebraic
structures where as example 7.3 is a non commutative GB-
algebraic structure.

We give the following interesting theorem.

THEOREM 7.1: Let B be any Boolean algebra. BG the GB-
algebraic structure is commutative if and only if G is a
commutative group.

Proof: Given BG is the GB-algebraic structure so B  BG and
G < BG where B is the Boolean algebra and G is a group.
Suppose BG is commutative then we know G < BG so G is a
commutative group.

Now if G is a commutative group then we see from the very
definition of the GB-algebraic structure. GB is a commutative
algebraic structure.

Corollary 7.1: GB is a non commutative algebraic structure if
and only if G is a non commutative group.
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Proof: Similar to the theorem 7.1.

Example 7.4: Let B = {0, a, b, 1} be the Boolean algebra of
four elements.

atb=1 ab=0 aa=a b.b =b.

Let G = (g | g = 1) be the cyclic group of order two.
BG=1{0,1,a,b,g ag bg, 1 +g,a+g b+g | +ag 1+bg,
b +ag,bg+a,a+ag, b+bg}.

The GB-algebraic structure is commutative and has 16
elements.

b.ag = 0 and (atag) (btbg) = 0. Thus we see the algebraic
structure has zero divisors.

Also (at+bg) (ag+b) = a.ag+bgag+ab+b.bg
ag+0+0+bg
= (atb)g=1lg=g.

Thus it is interesting to see that the group element g in G is
got as a product of two distinct elements from BG \ G.

DEFINITION 7.3: Let BG be the group Boolean algebra (GB-
algebraic structure) of the group G over the Boolean algebra B.

We say x # 0 is a zero divisor in BG if there exists a y € BG |
{0} such that x.y = 0.

Example 7.5: Let B={0,a,b,c,d,e,f 1} be the Boolean
algebra of order 8 given by the following figure.
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Let G = (g | g = 1) be the cyclic group of order two.
BG={0,1,a,b,c,d,e,f g ag bg, cg, dg, eg, fg, ..., I+g,
l+ag, 1+bg, ..., 1+fg,a+ g, b+g,...,f+g a+ag, b+bg, ...,
f+fg,atbg,atcg,..,at+tfgb+ag b+cg, .. b+fg
ctag,c+bg,..,c+fg,d+ag, d+bg,.. d+fg e+ag,
e+bg,...,e+fg f+ag f+bg, ..., f+fgl, o(BG)=064=8.

We see BG has zero divisors and idempotents.
We prove the following interesting theorem.

THEOREM 7.2: Let G be any finite group. B = {0, 1} be the
Boolean algebra of order two. BG has no zero divisors but has
non trivial idempotents.

Proof: Since B = {0, 1} has no elements x, y such that x.y =0,
X,y € B\ {0} we see in BG no element x # 0 in BG has a y in
BG\ {0} such that x.y = 0.

Further 1 + g+ g* + ... + g"' € BG where t / o(G) and is
such that g' = 1 is an idempotent in BG for (1 + g+ ... + g"")
(l+g+...+g)=1+g+...+¢g'asl+1=1inB.

Hence the claim.

Example 7.6: Let B = {0, 1} be the Boolean algebra of order
two and G = (g | g’ = 1) be cyclic group of order nine. Now BG
be the GB-algebraic structure. Take x =1+ g+ ... + g* in BG
X=(1+g+.. . +gY=0+g+.. +g".
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Further x.y # 0 for any x, y € BG\ {0}

Also that (1 + x> +x% (1 +x* +x%
=1+ T+ X
=1+x>+x°%

Hence the claim.
A+x+x)(1+x+x9)

=l +x+XC+x+ X+ + X+ +x
=1+x+x2+x+x%

THEOREM 7.3: Let G be a group of finite order. B = {0, 1} be
the Boolean algebra of order two. BG has non trivial
idempotents.

Proof: Leto(G)=nand G = {1, g1, 2, ..., 81) Where each g;
is distinct (i.e., g = gj and only if i =j, 1 <1, j <n-1). Take
x=1+g +..+g,inBG We seex2=(1 +g+ ... +gn,1)2=
1+g +...+g.1e,x is an idempotent in BG hence the claim.

Example 7.7: Let G = S; be the symmetric group of degree
three group and B = {0, 1} be the Boolean algebra of order 2.
BG be the GB-algebraic structure.

x=1+p +...+ps in BG is such that x> = x.

Example 7.8: Let G=D,c={ab|a’=b"=1,bab=a} = {1, a,
b, b% ..., b°, ab, ab®, ab’, ab*, ab’ } be the dihedral group of order
six. B = {0, 1} be the Boolean algebra of order two. BG be the
GB-algebraic structure.

Takex=1+b+b2+...~l—b5EBG;X2=x;y=1+abze

BG is such that y* = (1+ab?)’

=1 + ab® + ab” + ab’ab’
= l+ab’ +ab® + 1
=1+ab’
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BG has atleast 8 idempotents. However it can be easily
verified that BG has no zero divisors.

Example 7.9: Let G = S; be the symmetric group of degree
three i.e., G=S; = {1, p1, P2, ..., ps} and B= {0, a, b, 1} be the
Boolean algebra of order four. BG the GB-algebraic structure.
BG has both non trivial zero divisors and nontrivial
idempotents.

Take (ap; + ap,) (bp; + bp,)
=ab p; +abpp, +abp’ + abpap;
=0+0+0+0.

Thus ap; + ap,, bp; + bb, € BG is a zero divisor in BG.

Also (1 +ps+ps) (1 +ps+ps)

(a+bp; +cp2) (b+cpi +apy)
=0+bp; +0.p, + 0.p;+ 0.p; + cpa p1 +ap, + 0 pip2+ 0 p3

=bp, +ap, + cps € BG.

We see every product in BG does not in general lead to zero
divisor in BG.

Now we proceed onto define GB-sub algebraic structures.

DEFINITION 7.4: Let G be a group and B be a Boolean
algebra. We say BG the group Boolean algebra has a GB-sub
algebraic structure S if S contains a proper subset H such that
H is a subgroup of G and a proper subset T in S such that T = B
or T'is a subBoolean algebra of B or if S contains G as a proper
subset but B < S only a proper subset T of S which is a sub
Boolean algebra of B; i.e., T c B and T #B.

We illustrate this by the following examples.

Example 7.10: Let B = {0, 1} be the Boolean algebra of order
two. G = D, be the dihedral group of order 12. BG be the GB-
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algebraic structure. Take S = {0, 1, b, b*, b, b*, b°, 1+b, 1+b%,
1+b°, 1+b*, 14b°, b+b’, bt+b’, b+b’, b+b’, b*+b’, b*+b?, b*+b’,
b+bY, bHb’, b+b°, 1+b+b, ..., 1+b+b™+b’+b*+b’} < BG is a
sub GB-algebraic structure as B = {0, 1} = Sand H = {1, b, b’,
...,b’} = S. Infact BG has several GB-sub algebraic structures,
like T; = {0, 1, ab, 1+ab}, T, = {0, 1, a, 1+a} and T; = {1, ab;, 0,
I+ab; 1 <i<5};i=1,2,...,5.

THEOREM 7.4: Let G = (g | g’ = 1) be a cyclic group of prime
order and B = {0, 1} be the Boolean algebra of order two.
Then BG the GB-algebraic structure has no proper GB
algebraic sub structures.

Proof: Given G is a cyclic group of prime power order, so G
has no proper subgroup. Further B = {0, 1} is a Boolean
algebra of order two so B has no proper subalgebra.

So the GB-algebraic structure BG has no proper GB-sub
algebraic structures. Thus we have a large class of GB-
algebraic structures which has no GB-algebraic sub structures,
given by BG where B = {0, 1} and G a cyclic group of prime
order.

We illustrate this situation by the following examples.

Example 7.11: Let G=(g|g = 1) be a cyclic group of order 7
and B = {0, 1} be a Boolean algebra of order two. BG = {0, 1,
g ..., g% 1+g 14g% ..., 1+gtg® + g + g* + g + g°) be the
group Boolean algebra of B over G. BG has no proper GB-
algebraic sub structure.

Another natural question would be can we characterize BG-
algebraic structures which has proper sub GB-algebraic
structure. The answer is yes which is given in the form of the
following theorem.

THEOREM 7.5: Let G be a group having proper subgroups and
B be any Boolean algebra. Then BG the GB-algebraic
structure has proper GB-algebraic substructure.
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Proof: Given G has proper subgroups. BG be the GB-algebraic
structure. Let H # {e} be proper subgroup of G. BH is a GB-
algebraic structure and clearly BH < BG.

Hence the claim.

THEOREM 7.6: Let G be any group. B a Boolean algebra of
order greater than or equal to four. Then BG the GB-algebraic
structure has proper GB-algebraic substructures.

Proof: Given G is any group and B a Boolean algebra of order
greater than or equal to four, so B contains T = {0, 1} as a
proper Boolean subalgebra.

Now TG is a GB-algebraic substructure which is properly
contained in BG; hence the claim.

Example 7.12: Let B= {0, a, b, 1} be a Boolean algebra, G =
Ay, the alternating subgroup of the symmetric group S4. BG is
the GB-algebraic structure. Now take T = {0, 1}, TA4 is a GB-
algebraic structure contained in BG. So BG has GB-algebraic
substructure.

Example 7.13: Let G=(g|g' = 1) be the group of order 17. B
= {0, a, b, 1} be the Boolean algebra of order four. BG be the
GB-algebraic structure. Take T = {0, 1}, TB is a GB-algebraic
structure such that TB < GB so BG has GB-algebraic
substructures.

Now we define a new notion.

DEFINITION 7.5: Let B be a Boolean algebra and G be any
group. BG be the GB-algebraic structure. If BG has no GB-
algebraic substructure then we call BG to be a simple GB-
algebraic structure.

We have a class of simple GB algebraic structures. Take
B = {0, 1} to be the Boolean algebra of order two and
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G =(g| g’ =1); p a prime; BG the group Boolean algebra is a
simple GB-algebraic structure.

We also have a class of GB-algebraic structure which are
not simple GB-algebraic structure. Take G be a group of any
finite order n, n a composite number. B be any Boolean algebra
then BG the GB-algebraic structure is not a simple GB-
algebraic structure.

Now we give some more illustrations.

Example 7.14: Let G = (g | g’ = 1) and B = {0, 1} be the
group of order 31 and the Boolean algebra of order two
respectively. Then BG the GB-algebraic structure is simple.
Further BG has no zero divisors. o(BG) =2"".

Also(1+g+...+g")Y¥=(1+g+...+¢g"ie., BG hasno
trivial idempotents. Now take (1+g) . (g" + g =g’ +g'+ g +
g’ where 1 + g, g° + g* € BG.

Take g + g” and g* + g’ in BG. Consider (1 + g°) (g*+ g') =
gtgi+g’+el

Suppose 1 +g+g’+g' +g', g’ +¢’ +g+g' € BG
Consider their product

(l+grg+g+reg)(g@+g+greg)=g+g+g'+g+
g9+g5+g6+g7+g8+g12+g+g2+g3+g4+g8+g11+g12+
gl3+g14+g18:g+g2+g3+g4+g5+g6+g7+g8+g9+gll+
g12+g13+g14+g18‘

Now we define one more new concept.

DEFINITION 7.6: Let BG = {Zbig[ b; € Band g; € G} be the

GB-algebraic structure of the group G over the Boolean
algebra B.
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Let a = 23 b,g € BG we define content of o denoted by
conta = {g € G| by #0}. Clearly conta is a finite subset of G.

If we have o in BG to be central in BG and if x € cont a. If
y e Gthenx’=y'xy € conty ' xy € conty ' oy = conto..

Since cont a is finite we have only a finite number of
distinct x” with y € G.

It is interesting to study the set of elements x € G with this
property.

We see for o p € BG where oo =2 b,g and =2 cyh, h, g
€ G and by, ¢, € B the cardinality of cont o and cont B is such
that |cont af| <|cont a. | | cont P.

We first illustrate this by some simple examples.
Example 7.15: Let G = S; = {1, p1, P2, P3» P4, P5s} be the
symmetric group of degree three and B = {0, 1} be the Boolean
algebra of order two. BG the GB-algebraic structure.

Leto = {p; +p,+ps;} and B=1+ psbein BG.

We see content of o = {p, p2, p3} and
content of B = {1, p4}.

Now af  =(pi+p2+p3) (1+ps)
=pitp2tpstpstpitp:
=p1+p2+tps

Thus content of o = {pi, p2, p3} and |cont aff | = 3 but
|cont a | |cont B| = 3.2 =6.

Hence we see |cont af| < |cont o [cont 3.
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Example 7.16: Let G = (g | g' = 1) be the cyclic group of order
10 and B = {0, 1} be the Boolean algebra of order two BG be
the GB-algebraic structure.

BG=1{0,1, g, gz, . g9, I+g, ..., 1+g9, g+g2, e g8+g9, oo
l+g+ ... g"}.

Takea={l +g+g+g +g'tandB={g+g +g"+g +
g*} in BG.

Now cont o= {1, g, &* ¢, g}
lcont a| = 5. cont B = {g, g’, g°, g, g"}: cont B| = 5

af = (I+g+rg+g+e)(grg+e"+e +g)
= g+g2+g3+g4+g5+g6+g7+g8+g9+g6+
g7—i-g8+g9-l-1-i-g7+g8~l—zc:§9-i-1-i—g+g8~|—tc:§9
+1+g+g’
= l+g+g+g+gt+d+gt+g +f+¢
Contap= {l,g g, ...,g"} and |cont ap| = 10.
Thus |cont af| < |cont o [cont ).
Example 7.17:  Let G = {g | g° = 1} be the cyclic group of
order 6 and B = {0, a, b, 1} be the Boolean algebra of order
four. BG=1{0,a,b, 1, g, gz, e gs, ag, agz, e ags, bg, bgz, .
b, .., 1+g+g+g +g'+¢°,a+tag+ag’+ag’ +ag'+ag’,

b+ bg + bg’ + bg* + ag’} be the GB-algebraic structure.

Takeao =a+ag+..+ag and B=b+bg+..+bg in
BG.

Conta = {1, g, g ¢, g g} =G and [cont 0| = |G| = 6.
ContB={1,g ¢, ..., g} =G and |cont B| = |G| = 6.

We find af.
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afp = (@a+ag+..+ag)b+bg+ .. +bg)=a(+
gt +g)b(l+g+..+g)=ab(l+g+..+g)=ab(l+g+
g’ +..4+g”)=0 asa.b=0inB.

Thus o3 = ¢, |cont af| = 0.

We see |cont ofj| < [cont a |cont B).

Letoo=(1+ g’ +g") and B = (b + bg” + bg*) in BG we see
Cont a.= {1, g, g*} and |cont o = 3.

Cont = {1, g°, g*} and |cont B| = 3.

ap = (1+g’+g") (b'+bg’ +bg)

b +bg’ +bg' +bg’ +bg* + bg’ +bg® +bg’ (g°=1)
b+ bg’ + bg*

Cont ap = {1, g, g} and |cont ap| =3
Thus |cont af}| < |cont | [cont B).

We see afp = B in this case. We cannot say o = f can be
simplified as af — p = 0 or (a—1)B = 0 as in GB-algebraic
structure the notion of —a for any o € BG does not have any
meaning as B is a Boolean algebra.

Now before we prove | cont afj| < |cont a| |cont B we first
prove in case of finite groups G we have |cont o |cont B <
|G| |G| and |cont | can be 0.

Thus we have 0 <|cont af| < |cont o |cont B| < |G |G].
THEOREM 7.7: Let G be any finite group. B = {0, 1} be the
Boolean algebra of order two. BG the GB-algebraic structure.

Let a, B € BG be such that cont a # ¢ and cont 3 # ¢ then
cont aff # ¢,

i.e., if |cont a # ¢ and |cont B| # ¢ then |cont aff| # ¢.



GB Algebraic Structures | 113

Proof : Given B = {0, 1} is a Boolean algebra of order two and
G a finite group with o, f € BG such that |cont a| # ¢ and
|cont B| # ¢. Now in cont a3 we see no term can vanish as 0, as
B has no zero divisor coefficient terms in o and 3 (i.e., cont a
and cont 3 remain as non zero). So cont aff # {0}.

Hence |cont af}| # ¢ in case B is a boolean algebra of order
two.

Now we cannot assert in this way in case of Boolean
algebras of order greater than two for these Boolean algebras B
always have complements of elements in B such that their

product is always zero.

We first illustrate this by an example before we prove any
result in this direction.

Example 7.18: Let G = (g | g® = 1) be the cyclic group of order
eight and B = {0, a, b, ¢, d, e, f, 1} be a Boolean algebra of
order eight.

Let BG be the GB-algebraic structure. We can have o, B €
BG with |cont a| # 0 and |cont B] = 0 but [cont a§| = 0.

For take B to be the Boolean algebra given by the figure.

We haveab=0=b.c=a.c=d.c =eb="fa.

Let oo = ag + a and p = bg” + bg + bg’ + fg’ + f be in BG.
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Clearly cont a = {1, g}, [cont o] =2, cont B = {1, g, &°, &,
g’} and |cont B| = 5.

Now afy = (ag + a) (bg2 + bg + bg3 + fg5 +f) = abg4 + abg2
+ bag” + abg + abg’ + abg’ + afg® + afg’ + afg + af = 0 as ab =
fa=0.

Cont aff = ¢ so |cont aff| = 0.

Thus in the case of Boolean algebras of order greater than

two we can have |cont aff| = 0 without |cont a| = 0 and |cont [3]
=0.

We see some more interesting properties about cont o, o €
BG.

Let a, B € G where BG is a GB-algebraic structure
|cont a| + |cont B| > |cont (a+P)|.

We first illustrate this by the following examples.

Example 7.19: Let G be the finite dihedral group D, and
B = {0, 1} be the Boolean algebra of order two. BG be the GB-
algebraic structure.

Do = {1, a, b, b’, ..., b, ab, ab’, ..., ab’} be the given
Dihedral group.

BG = {3 aig; a; € B and g; € Dy} be the GB-algebraic
structure.

Letao=a+b+ab’+ab’+b*and p=a+ab’ +ab’ +b> +
b’ + b’ be elements of BG.

Now conta. = {a, b, ab’, b’ ab5} so |conta| = 5 and
contP = {a, ab’, ab’, b>, b’, b>, b} so that |contp| = 7.
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Now o+ = (a + b+ ab’ + ab’ + b> + a + ab> + ab’ + b* +
b’ +b’+b
=a+b+ab’+ab’+b>+b’+ab’.

cont (0+p) = {a, b, ab’, ab’, b>, b, b°, ab’} and
|cont (a+f)| = 8.

|cont (a+f)| < |cont a + |cont .
Example 7.20: Let G = (g | g'" = 1) be the group of order 11

and B = {0, a, b, 1} be the Boolean algebra of order four. BG
be the GB-algebraic structure.

Leta=(1+g+g°+g®+bg’+g'+ag’ +bg’+g +g° +
bg”) and

B=(a+bg+g’+ag +bg'+g +ag’+bg +g®+bg’ +
ag'®) be take from BG. Now conto. = {1, g, g"°, &, &, &', &, &°,
g g, g eontp={l,¢g,¢ ¢, ¢, ..., ¢

We see |cont o = |cont B| =11 =|G].

Nowa+[3=(l+g+g2+bg3+g4+ag5+bg6+g7+g8+
bg’ +ag")

(a+bg+g’+ag’+bg'+ g +ag’ +bg +g°+bg’ +ag'’) =
(I+a) + (atb)g + (1+1)g” + (b+a)g’ + (1+b)g* + (atl)g’ +
(b+a)g’ + (1+b)g’ + (at+1)g’ + (b+b)g’ + (ata)g'”)

=1 +g+g2+g3+g4+g5+g6+g7+g8+bg9+aglo,

ContotB=1{l,g g, ¢, ....g"}

Thus |cont a+f| < |cont o] + |cont P.

Now it is interesting to see |cont a+f| # 0 if |cont a| # 0 (or)
|cont B| # 0; for in a Boolean algebra B if a, b € B \ {0};
atb=0.
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We further see |cont (a+f)| is always less than or equal to
order of G.

Thus o(G) < |cont (a+f)| < |cont o + |cont B| < 2 o(G) =
2|Gl.

The proof of the above inequality is left as an exercise for
the reader.

Now we proceed onto define the notion of invariant and
universally invariant elements of the GB-algebraic structure.

DEFINITION 7.7: Let G be any group of B be any Boolean BG
the GB-algebraic structure. a € BG is said to be invariant in
BG if there exists a f € BG\ {0} such that a.f = .

If o € BG is such that o..p = o for all B € BG\ {0} then we
say o is an universally invariant element of BG.

It is interesting to see 0 € BG is an universally invariant
element of BG.

THEOREM 7.8: Let BG be a GB-algebraic structure where
B =1{0, 1} is a Boolean algebra of order two and G any group.

If a € BG is universally invariant element of BG, then « is
an invariant element of BG. Further an invariant element of
BG in general is not an universally invariant element of BG.

Proof: From the very definition of the universally invariant and
invariant element of BG we see every universally invariant
element of BG is an invariant element of BG.

To prove that converse we give an example.
Take G = D9 = {1, a, b | a’=b"=1, bab = a} to be the

dihedral group of order 18 and B = {0, 1} the Boolean algebra
of order two. BG be the GB-algebraic structure.
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Takea=1+b+b*+ ... +b®in BG. Now thereisa p=1
+b*+b® € BG such that af = a.

Take y=a+ b in BG.
Nowoy=(1+b+b*+b’+ ... +b*) (a+Db)

= a+ba+bla+bla+.. . +bla+b+b2+b+b*+... +
b+ 1.

Clearly aff # a. Thus o is not a universally invariant
element of BG.

Take o= {l +a+b+ ... +ab®+ab+ab>+ ... +ab’}in
BG. We see aff = o for every B = BG \ {0}. This a is a
universally invariant element of BG. 0 € BG is also universally
invariant element of BG as 0.a = 0 for every o € BG.

It is pertinent to mention here that when B is any other
Boolean algebra of higher order say (|B| > 4) then we cannot say
BG will contain universally invariant elements other than zero.
However we may have invariant elements.

Example 7.21: Let G = (g| g = 1) be the cyclic group of order
four. B = {0, a, b, 1} be the Boolean algebra of order four. Let
BG be the GB-algebraic structure. Leta=1+g+g>+g’. ais
an invariant element of BG but o is not an universally invariant
element of BG for it we take p = ag + bg’.

We see oy #a. But
o (g+g) = a

o(l+g) = o and
a(l+g+g®) = o and so on.

The following problems are left open for an innovative
reader to solve.
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Problem 1: If o € B is an universally invariant element of BG
(where B = {0, 1}) and G is a finite group does it imply cont o
is order of G. (G a finite group).

Problem 2: s it possible for BG to have a universally
invariant elements if |B| > 4?

THEOREM 7.9: Let G be an abelian group such that H is a
proper finite subgroup of G.

B =1{0, 1} be a Boolean algebra of order 2. Let BG be the
GB-algebraic structure. Then a € BG such that conta = H is a
invariant element of BG.

Proof: Let H be the finite subgroup of G, say H = {1, hy, ...,
h} < G. Take a = (1 + h; + ... + h) € BG is an invariant
element of G as o.p = a for every B € BG \ {0}) with cont
BcH.

Hence the claim.

Now we are interested in studying whether the GB-
algebraic structure BG contains any other universally invariant
elements other than oo =1 + g, + ... + g, where G = {1, g, ...,
g, and B = {0, 1}. (0 € BG is trivially universally invariant
element of BG as 0. a = 0 for all a € BG).

Example 7.22: Let G=D,,={a,b|a’=b"=1;bab=a} be
the dihedral group of order 14. B = {0, 1} be the Boolean
algebra of order two BG the GB algebraic structure BG has
atleast one universally invariant element and atleast eight
invariant elements.

Let x = Zgl. € BG with cont &« = G. Then o is a

universally invariant element of BG. Let S; =1+ a, S, = 1+ab,
S;=1+ab’ S;=1+ab’, Ss=1+ab*, Sg=1+ab’,S; =1+ ab°
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and Sg=1+b+b’>+b>+b*+b>+b® we see (1+a)a=1+a =S,
SO 1s invariant.

(1+ab) (ab) = 1 + ab so S, is invariant. Likewise we can
show these eight element in BG are invariant elements of BG.
It is left for the reader to find other invariant elements of BG.

DEFINITION 7.8: Let G be a non commutative group and B any
Boolean algebra. Let BG be the GB-algebraic structure. We
define center of BG denoted by C(BG) = {x e BG/x o= ax
forall @ € BG}.

Example 7.23: Let G = S; be the symmetric group of degree
three and B = {0, 1} be the Boolean algebra of order two.

C(BG)={0, 1, I4+p; +py +ps + ps+ ps, | +ps+ps, p1 +p2
+p3, 1 +pr+patps, prtp2tp3tpatps, patpst

We see o(BG) = 2° where as o(C(BG)) = 2°. Further C(BG
is a GB-subalgebraic structure of BG.

Let G be a commutative group B any Boolean algebra BG
be the GB-algebraic structure. Clearly C(BG) = BG we know if
G is a non commutative group then C(BG) < BG.

Now we find out whether C(BG) has any nice algebraic
structure. To be more precise. Can C(BG) be a GB-algebraic
substructure of BG?

In view of this we define the following new notion.

DEFINITION 7.9: Let G be any group and B a Boolean algebra.
BG the GB-algebraic structure. Let P be a proper subset of the
BG. We say P is a GB-algebraic pseudo substructure if the
following condition are true.

(1) 0,1 €P,
(2) forevery o, peP; a+ P,
(3) for every a, B € P; aff and pa € P.
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THEOREM 7.10: Let G be a group. B a Boolean algebra. BG
be the GB-algebraic structure. C(BG) be the center of BG.
C(BG) is a GB-algebraic pseudo substructure of BG.

Proof: Let C(BG) = {a € BG/x o = a x for all x € BG} be the
center of BG. To prove C(BG) is a GB-algebraic pseudo
substructure. Clearly 0, 1 € C(BG).

Take a, p € C(BG); to show a + € C(BG). Given a x =
xaand fx=x B for all x € BG.

(atp)x=ax+Px=xa+xf
=x(a+p). Soa +p € C(BG)

Let a, B € C(BG) to show afp € C(BG).

Now to show (af)x = x (afp) for all x € BG.
(ap)x = o(Px) = o(xP)

= (ax)B = (xa)B = x (ap)
Thus aff € C(BG).

Thus C(BG) is a GB-algebraic pseudo substructure of BG.
Example 7.24: Let B = {0, 1} be the Boolean algebra of order

two. A4 be the alternating subgroup of S,. BA, be the GB-
algebraic structure. To find C(BAy). Clearly 0, 1 € C (BAy).

1 2 3 4 1 2 3 4
Takea =1+ + +
21 4 3 341 2

1 2 3 4
S BA4
4 3 2 1

We see o € CB(Ay).



GB Algebraic Structures | 121
LetpB= Z g, € BAysuch that cont B = Ay, then € (BA,).
8&i

Thus C(BAy) = {0, 1, a, B} we see C(BA,) is a GB-
algebraic pseudo substructure of BA,.

Thus we have proved C(BG) is only a GB-algebraic pseudo
substructure of BG.

It is pertinent to mention here that we have no relation
between the GB-algebraic substructure and GB-algebraic
pseudo substructure. For we see in case of GB-algebraic pseudo
substructure P, we do not have a subgroup of G to be a subset of
P. We have of course the two element Boolean algebra to be
always a subset of P. Of course we may have a GB-algebraic
substructure to be a proper subset of a GB-algebraic pseudo
substructure and vice versa. To this end we give some
examples.

Example 7.25: Let G=D,5= {a,b|a>=b"=1; bab=a} be
the dihedral group. B = {0, 1} be the Boolean algebra. BG is
the GB-algebraic structure. Now C(BD,g) = {0, 1, b", a =Y g,
(cont o = Dag), p = 1 + b*} is a GB-algebraic pseudo
substructure of BG.

Clearly C(BD,g) is a GB-algebraic substructure for as it
contains GB-algebraic substructure namely T = {0,1, b*, 1 + b*}
< C(BDy), B= {0, 1} and H = {1, b*}.

So study of conditions for a GB-algebraic pseudo
substructure to be also a GB-algebraic substructure is an
interesting problem.

Example 7.26: Let G=S; x D,;be a group and B= {0, 1} be a
Boolean algebra. We see H = {(1, p;) x Dy7; < G be the
subgroup of G. BH is a GB-algebraic substructure of BG but
BH is not a GB-algebraic pseudo substructure of BG.
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Example 7.27: Let G = S; x Ay x D, be the group and B = {0,
1} be the Boolean algebra of order two. Let BG be the GB-
algebraic structure.

Let H=S; x {e} x {l} < G; then BH is the GB-algebraic
substructure of BG. For H < G is a subgroup and B = {0, 1} is
the Boolean algebra. If we take K = S; x {e} x D, the
subgroup of G then BK < BG is the GB algebraic substructure
of BG.

We can take T = {e} x {e} x D,7; < G then BT is the GB-
algebraic substructure of BG.

Now having seen substructures of BG we now proceed onto
define the notion of the BG normalized subalgebraic structure.

DEFINITION 7.10: Let G be any group and B any Boolean
algebra. BG the GB-algebraic structure. Suppose T < BG be a
proper GB-algebraic substructure of BG such that

gTe! cTforevery g e G then we call T to be a normalized
GB-algebraic substructure of BG or T is called the normal GB-
algebraic substructure of BG.

We illustrate this by some examples.
Example 7.28: Let G = A4 be the alternating subgroup of S,. B

= {0, 1} be the Boolean algebra. BG be the GB-algebraic
structure.

1 2 3 4\(1 2 3 4
Take H = , >
1 2 3 412 1 4 3

1 2 3 4)\(1 2 3 4 AL
) c Ag
341 2)\4 3 21
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B < BH is a GB-algebraic normal substructure of BG.
Clearly g(BH)g ' < BH for every g € A,

We prove the following important and interesting theorems.

THEOREM 7.11: Let G be a group having normal subgroups.
B any Boolean algebra, BG the GB-algebraic structure. If H is
a normal subgroup of G then BH is a GB-algebraic normal
substructure of BG.

Proof: Given G is a group and B any Boolean algebra. BG the
GB-algebraic structure. Let H be a nontrivial normal subgroup
of H. BH is clearly a GB-algebraic substructure of BG. We see
for every g € G, gBHg ' < BH as gHg ' = H. Hence BH is a
GB-algebraic normal substructure of BG.

THEOREM 7.12: Let G be a simple group (i.e., G has no
nontrivial normal subgroups. B the Boolean algebra of order
two then BG has no GB- normal algebraic substructure.

Proof: 1f G is a simple group it clearly implies G has no normal
subgroups. We see it T is any GB-algebraic substructure then T
should contain a proper subset H which is a subgroup of G and
or a proper subset B; < T where B, is a Boolean subalgebra of
G. Since B is a Boolean algebra of order two we cannot find
B, < B. So the only condition for T to be a GB-algebraic
substructure is we need T to contain a proper subset H which is
a subgroup of G.

Thus if T is to be a GB-algebraic normal substructure we
need gTg ' < T this would be possible only if the subgroup H of
G is normal in G.

Example 7.29: Let G = S; x Ay be a group B = {0, 1} be a
Boolean algebra. BG be the GB-algebraic structure.
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1 2 3 4\(1 2 3 4\(1 2 3 4
LetH= , , cG
1 2 3 4)(1 3 4 2){1 4 2 3

be a subgroup of G. We see BH is a GB-algebraic substructure
of BG but BH is not a GB-algebraic normal substructure of BG.

However it view of this we give the following results.

THEOREM 7.13: Let G be a simple group. B a Boolean
algebra of order two. BG the GB-algebraic structure. BG has
GB-algebraic substructure which is not a GB-algebraic normal
substructure.

Proof: Without loss of generally we can assume BG is the GB-
algebraic structure in which the group G has subgroups which
are not normal in G. Let H be a subgroup of G which is not a
normal subgroup of G. We see BH is a GB-algebraic
substructure which is clearly not a (GB-algebraic normal
substructure.

THEOREM 7.14: Let G = (g | & = 1) where G is a cyclic group
of order p, p a prime B = {0, 1} be a Boolean algebra of order
two we see BG, the GB-algebraic structure has no proper GB-
algebraic substructures and no proper GB-algebraic normal
substructures.

Proof: Given G is a cyclic group of order p, p a prime and
B = {0, 1} be the Boolean algebra of order two. BG is a GB-
algebraic structure. If H is to be any proper GB-algebraic
substructure of BG we must have in H a proper subset P in H
such that P is a proper subgroup of G. But G has no proper
subgroups, hence H cannot be a GB-algebraic substructure of
BG.

Hence the claim.
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THEOREM 7.15: Let G be a simple group. B be a Boolean
algebra of order greater than or equal to four. Then the GB-
algebraic structure has GB-algebraic normal substructures.

Proof: Given B is a Boolean algebra of order greater than or
equal to four. So B has B; = {0, 1} to be sub Boolean algebra
of B. Take B G, B,G is a GB-algebraic substructure of BG and
B,G is such that gB,Gg ' = B,G for every g € G.

Hence the claim.

Now having seen some of the properties of GB-algebraic
substructure we illustrate them by some examples.

Example 7.30: Let G =(g| g’ = 1) be a cyclic group of prime
order p and B; = {0, 1, a, b} be a Boolean algebra of order four.
B,G is a GB-algebraic structure. Take B = {0, 1} < B, clearly
BG is a GB-algebraic normal substructure of BG.

Hence the claim.

Example 7.31: Let G=D,,=(a, b/ a’=Db" = 1, bab = a) be the
dihedral group of order 2p where p is a prime. B = {0, 1} be the
Boolean algebra of order two. BG the GB-algebraic structure
has GB-algebraic normal substructures.

H={1,b, by, ..., by} be normal subgroup of G = D5, so
BH is a GB algebraic normal substructure of BG.

Example 7.32: Let S, be a symmetric group of degree n,
B = {0, 1} be the Boolean algebra of order two. BS, be the GB-
algebraic structure. BS, has GB-algebraic normal substructure.
Take in BA,, A, the normal subgroup of S,. BA, is a GB-
algebraic substructure of BS,. Hence BA, is a GB algebraic
normal substructures of BS,.

THEOREM 7.16:  Let A, be a alternating group (n > 5 or
n =3). Let B = {0, 1} be a Boolean algebra of order two.
BA, has no GB-algebraic normal substructures.
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Proof: The result follows from the fact that A, is simple n > 5
or n = 3. Hence BA, has no GB-algebraic normal substructures.

Corollary: Let A4 be the alternating group. B = {0, 1} be the
Boolean algebra of order four. Then BA, has GB-algebraic

normal subsubstructures.

Proof: Since A, has H =

1 2 3 4\(1 2 3 4)Y(1 2 3 4)(1 2 3 4
1 23 4)0l2 1 4 3)°\3 41243 21
to be normal subgroup of A; we have BH to be GB-algebraic

normal substructures of BA,.

1 2 3 4\(1 2 3 4
Further take K = , ,
1 2 3 4){1 3 4 2

1 2 3 4
c Ay
(1 4 2 3]}

BK is only GB-algebraic substructure of BA4 and is not a
GB-algebraic normal substructure of BA,.
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