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ABSTRACT. Given ®,¥ € {€,q,€ Vgq}, the notion of (¥, V)-
neutrosophic subalgebras of a BCK/BCI-algebra are introduced, and
related properties are investigated.  Characterizations of an (€, €)-

neutrosophic subalgebra and an (€, € V ¢)-neutrosophic subalgebra are pro-
vided. Given special sets, so called neutrosophic €-subsets, neutrosophic
g-subsets and neutrosophic € V g-subsets, conditions for the neutrosophic
€-subsets, neutrosophic g-subsets and neutrosophic € V g-subsets to be
subalgebras are discussed. Conditions for a neutrosophic set to be a (q,
€V g)-neutrosophic subalgebra are considered.
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1. INTRODUCTION

The concept of neutrosophic set (NS) developed by Smarandache [5, 6, 7] is a
more general platform which extends the concepts of the classic set and fuzzy set,
intuitionistic fuzzy set and interval valued intuitionistic fuzzy set. Neutrosophic set
theory is applied to various part. For further particulars I refer readers to the site
http://fs.gallup.unm.edu/neutrosophy.htm. Agboola et al. [1] studied neutrosophic
ideals of neutrosophic BCI-algebras. Agboola et al. [2] also introduced the con-
cept of neutrosophic BCI/BCK-algebras, and presented elementary properties of
neutrosophic BCI/BCK-algebras.

In this paper, we introduce the notion of (®, ¥)-neutrosophic subalgebra of a
BCK/BCI-algebra X for &, ¥ € {€,q,€ Vq}, and investigate related properties.
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We provide characterizations of an (€, €)-neutrosophic subalgebra and an (€, €V q)-
neutrosophic subalgebra. Given special sets, so called neutrosophic €-subsets, neu-
trosophic g-subsets and neutrosophic € V g-subsets, we provide conditions for the
neutrosophic €-subsets, neutrosophic g-subsets and neutrosophic € V g-subsets to
be subalgebras. We consider conditions for a neutrosophic set to be a (g, € V q)-
neutrosophic subalgebra.

2. PRELIMINARIES

By a BC'I-algebra we mean an algebra (X, ,0) of type (2, 0) satisfying the axioms:

(al) ((zxy)x(z*x2))*(z2xy) =0,

(a2) (z* (zxy))*xy =0,

(a3) xxx =0,

(ad) zxy=yxzx=0 = x =y,

for all z,y,z € X. If a BCI-algebra X satisfies the axiom
(a5) 0%z =0 for all z € X,

then we say that X is a BCK -algebra. A nonempty subset S of a BCK/BCI-algebra
X is called a subalgebra of X if xxy € S for all x,y € S.

We refer the reader to the books [3] and [41] for further information regarding
BCK/BCI-algebras.

Let X be a non-empty set. A neutrosophic set (NS) in X (see [0]) is a structure
of the form:

A= {{z; Ar(x), Ar(x), Ap(x)) |z € X}

where Ar : X — [0,1] is a truth membership function, A; : X — [0,1] is an
indeterminate membership function, and Ar : X — [0,1] is a false membership
function. For the sake of simplicity, we shall use the symbol A = (A, A;, Ap) for
the neutrosophic set

A= {{z; Ar(x), Ar(x), Ap(x)) |z € X }.

3. NEUTROSOPHIC SUBALGEBRAS OF SEVERAL TYPES

Given a neutrosophic set A = (Ar, Ar, Ap) inaset X, o, 8 € (0,1] and v € [0, 1),

we consider the following sets:
Te(4;0) :={r e X | Ar(z) > a},
Ie(A;8) = {x € X [ As(x) = B},
Fe(4;7) i={x e X [ Ap(x) <7},
Ty(A;a) ={z € X | Ar(z) + o > 1},
I,(A;B) ={x e X | Ar(z) + B > 1},
Fo(Aiy) ={z € X[ Ap(z) +~ <1},
Tevq(A;0) ={z € X | Ar(z) > a or Ap(z) + a > 1},
Ieyq(A;B) :={z e X |Ai(z) > B or Ar(z)+ 8 > 1},
Feyg(A;y) i={z e X | Ap(z) <~y or Ap(z) +~v < 1}.
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We say Tec(A; o), Ic(A; B) and Fe(A; ) are neutrosophic €-subsets; T (A; «), I(A; B)
and Fy(A; ) are neutrosophic q-subsets; and Tey 4(A; @), Iev 4(4; 8) and Fey 4(4;7)
are neutrosophic €V g-subsets. For ® € {€,q, €V ¢}, the element of Ty (A; ) (resp.,
I3(A; 5) and Fg(A;7)) is called a neutrosophic Te-point (resp., neutrosophic Ig-
point and neutrosophic Fg-point) with value « (resp., 8 and ). It is clear that

(3.1) Tevq(A;0) =Te(A;0) UTH(A;5 ),
(3.2) Tey ¢(A; B) = Ic(A; B) U I, (A; B),
(3.3) Fevq(A;7y) = Fe(A;y) U Fy(A;7).

Proposition 3.1. For any neutrosophic set A = (Ap, A;, Ap) in a set X, o, €
(0,1] and v € [0,1), we have

(3.4) a€0,05] = To q(A;a) =Tc(A; ),
(3.5) B 0,05 = Ievq(4;B) = Ie(4;B),
(3.6) 7 €[0.5,1] = Fevq(4;7) = Fe(4;7),
(3.7) a€ (05,1 = Toyq(4A;a) =T,(4;a),
(3.8) B e (05,1 = Ia q4(4;8)=1,(4;8),
(3.9) 7 €[0,0.5) = Feyq(4;v) = Fy(4A;7).

Proof. If & € [0,0.5], then 1 —« € [0.5,1] and o« < 1 — . Tt is clear that Te(4; ) C
Tevq(A;0) by (3.1). If v ¢ Te(A4; ), then Ap(z) < a <1-—aq, ie., z ¢ Ty(4; ).
Hence = ¢ Tey 4(4; ), and so Tey 4(A4; o) € Te(A; ). Thus (3.4) is valid. Similarly,
we have the result (3.5). If v € [0.5,1], then 1 —~ € [0,0.5] and v > 1 —~. It is
clear that Fc(A;v) C Fayq(A;7) by (3.3). Let 2z € Feyq(A4;7). Then z € Fe(4;7)
or z € Fy(A;v). If z ¢ Fe(A;), then Ap(z) >~ >1—7,ie., Ap(z)++ > 1. Thus
z ¢ Fy(A;v), and so z ¢ Fey 4(A;v). This is a contradiction. Hence z € Fe(A4;7),
and therefore Fg, 4(A;y) C Fe(4;7v). Let g € (0.5,1]. Then f > 1 — 3. Note
that I;(A4;8) C Ievq(A4;8) by (3.2). Let y € Ieyq(A4;8). Then y € Ic(A;B) or
y € 1,(A;B). Ity ¢ I,(A;B), then Ar(y) + 8 < 1 and so A;(y) < 1 -5 < B,
ie, y ¢ Ic(A;B8). Thus y ¢ Ia 4(A;B), a contradiction. Hence y € I,(4;0).
Therefore Ie, 4(A4;8) C I,(A; ). This shows that (3.8) is true. The result (3.7) is
proved by the similar way. Let v € [0,0.5) and z € Feyq(A4;7). Then 1 — v > «
and z € Fc(A;v) or z € Fy(A;7). If 2 ¢ Fy(A;7), then Ap(z) +v > 1 and so
Ap(z) > 1—v > ~v,1e., 2 ¢ Fc(A;v). Thus z ¢ Fey 4(A; ), which is a contradiction.
Hence Fe, q(A;y) C Fy(A;~). The reverse inclusion is by (3.3). O

Definition 3.2. Given &, ¥ € {€,¢,€V ¢}, a neutrosophic set A = (Ar, Ar, Ar)
in a BCK/BCT-algebra X is called a (®, U)-neutrosophic subalgebra of X if the
following assertions are valid.

reTo(Aaz), y€To(Asay) = xxy € To(A;an Aay),
(310) xELI’(A;Ba:)v ye]@(A§By) = x*yEI\I/(A;Ba:/\ﬁy)a
T € Fo(Aiv), y € Fo(Aiyy) = xxy € Fu(A;7: V)

for all 2,y € X, az,ay, Bu, B,, € (0,1] and 7z, 7, € [0,1).
77



Y. B. Jun/Ann. Fuzzy Math. Inform. 14 (2017), No. 1, 75-86

Theorem 3.3. A neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra X is
an (€, €)-neutrosophic subalgebra of X if and only if it satisfies:

Ar(z *y) = Ar(z) A A7 (y)
(3.11) (Vo,ye X) | Ar(zxy) > Ar(z) A Ar(y)
Ap(zxy) < Ap(z) V Ar(y)

Proof. Assume that A = (Ar, A7, Ar) is an (€, €)-neutrosophic subalgebra of X.
If there exist z,y € X such that Ar(x *xy) < Ar(z) A Ar(y), then

Arp(zxy) < ar < Ap(x) AN Ar(y)

for some ay € (0,1]. It follows that x,y € Tec(A4;a¢) but z xy ¢ Te(A; o). Hence
Ar(x xy) > Ar(z) A Ar(y) for all z,y € X. Similarly, we show that

Ar(z xy) > Ar(z) A Ar(y)

for all z,y € X. Suppose that there exist a,b € X and vy € [0,1] be such that
Ap(axb) >~v; > Ap(a)VAp(b). Then a,b € Fc(A;vs) and axb ¢ Fe(A;vy), which
is a contradiction. Therefore Ap(x xy) < Ap(z) V Ap(y) for all z,y € X.
Conversely, let A = (A, A;, Ar) be a neutrosophic set in X which satisfies the
condition (3.11). Let &,y € X be such that © € Tc(4; ;) and y € Te(A; o). Then
Ar(z) > agy and Ar(y) > oy, which imply that Ap(zxy) > Ap(z)AA7T(y) > az Ay,
that is, z xy € Te(A; oz A o). Similarly, if z € Ic(4;8,) and y € Ic(4; 3,) then
xxy € Ic(A;Bs A By). Now, let x € Fe(A;v,) and y € Fe(A;y,) for z,y € X.
Then Ap(z) < v, and Ap(y) <7y, and so Ap(x*xy) < Ap(z) V Ar(y) < 72 V vy
Hence zxy € Fc(A;7v; V). Therefore A= (Ar, A;, Ar) is an (€, €)-neutrosophic
subalgebra of X. O

Theorem 3.4. If A = (Ap, A, Ar) is an (€, €)-neutrosophic subalgebra of a
BCK/BCI-algebra X, then neutrosophic g-subsets Ty(A; ), I,(A; B) and Fy(A;7)
are subalgebras of X for all a, B € (0,1] and v € [0,1) whenever they are nonempty.

Proof. Let z,y € T,(A; ). Then Ap(z)+a > 1 and Ar(y) +a > 1. It follows that
Ap(z*y) +a > (Ar(z) AN Ar(y) + «
= (Ar(x) + ) A (Ar(y) + @) > 1

and so that x xy € T,(A;a). Hence T,(A;a) is a subalgebra of X. Similarly,
we can prove that I,(A; ) is a subalgebra of X. Now let x,y € F,(A;v). Then
Ap(x)+v<1and Ar(y) +v < 1, which imply that

Ap(z*y) +v < (Ar(z) V Ar(y)) +
= (Ar(z) +a)V (4Ap(y) +a) <L
Hence z xy € Fy(A;v) and Fy(A;~) is a subalgebra of X. O

Theorem 3.5. If A = (Ar,A;, Ar) is a (q, € V q)-neutrosophic subalgebra of a
BCK/BCI-algebra X, then neutrosophic g-subsets Ty(A; ), I5(A; B) and Fy(A;7)
are subalgebras of X for all o, € (0.5,1] and v € [0,0,5) whenever they are
nonempty.
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Proof. Let z,y € Ty(A;). Then zxy € Teyq(A;a), and so x xy € Te(A4; ) or
zxy € Ty(A;a). fzxy € Te(4; o), then Ap(z+y) > a > 1—a since o > 0.5. Hence
x xy € Ty(A; ). Therefore T,(A; ) is a subalgebra of X. Similarly, we prove that
I,(A; B) is a subalgebra of X. Let z,y € F,(A;7). Then x xy € Fe, 4(A;7), and so
xxy € Fe(A;y) orxxy € Fy(A;7). If xxy € Fe(A;y), then Ap(zxy) <y <1l—v
since v € [0,0,5). Hence x *xy € Fy(A;~), and therefore F,;(A;~) is a subalgebra of
X. O

We provide characterizations of an (€, €V g)-neutrosophic subalgebra.

Theorem 3.6. A neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra X is
an (€, €V q)-neutrosophic subalgebra of X if and only if it satisfies:

Ar(z xy) > N{Ar(2), Ar(y),0.5}
(3.12) (Vo,ye X) | Ar(z*y) > A{Ar(z), Ar(y).0.5}
Ap(zxy) < V{Ar(z), Ar(y),0.5}

Proof. Suppose that A = (Ap, A;, Ap) is an (€, € V ¢)-neutrosophic subalgebra of
X and let z,y € X. If Ap(z) A Ar(y) < 0.5, then Ap(z*y) > Ap(z) A Ar(y). For,
assume that Arp(z *y) < Ar(z) A Ar(y) and choose oy such that

AT(SL‘ * y) <oy < AT(I) A AT(y)

Then z € Te(A;aq) and y € Te(A; o) but x xy & Te(A4; o). Also Ap(z*xy) + ap <
1, ie, zxy ¢ Ty(A;04). Thus 2 xy ¢ Teyq(A4;04), a contradiction. Therefore
Ar(z xy) > N{Ar(z), Ar(y),0.5} whenever Ar(z) A Ar(y) < 0.5. Now suppose
that Ap(z)AAr(y) > 0.5. Then x € Tc(A;0.5) and y € Te(A;0.5), which imply that
x*y € Tey ¢(A;0.5). Hence Ap(x*y) > 0.5. Otherwise, Ap(z+y)+0.5 < 0.5+0.5 =1,
a contradiction. Consequently, Ar(x *y) > A{Ar(z), Ar(y),0.5} for all z,y € X.
Similarly, we know that Aj(x xy) > A{Ar(x), Ar(y),0.5} for all z,y € X. Suppose
that Ap(2)VARr(y) > 0.5. If Ap(axy) > Ap(z)VAr(y) := vy, then z,y € Fe(A;7¢),
xxy & Fe(A;yy) and Ap(z*y) +vf > 2y > 1, ie, o xy € Fy(A;vf). Thisis a
contradiction. Hence Ap(zxy) < \/{Ar(z), Ar(y),0.5} whenever Ap(x)V Ap(y) >
0.5. Now, assume that Ap(z) V Ap(y) < 0.5. Then z,y € F¢(A4;0.5) and so
x*xy € Feoyq(A;0.5). Thus Ap(z+y) <0.50or Ap(z+y)+0.5 <1. If Ap(z*y) > 0.5,
then Ap(x *y) 4+ 0.5 > 0.5+ 0.5 = 1, a contradiction. Thus Ap(x *y) < 0.5, and
so Ar(x xy) < V{Ar(z), Ar(y),0.5} whenever Ap(z) V Ar(y) < 0.5. Therefore
Ap(z*y) < V{Ar(z),Ar(y),0.5} for all z,y € X.

Conversely, let A = (A, A7, Ar) be a neutrosophic set in X which satisfies the
condition (3.12). Let z,y € X and ag, oy, Bz, By, Vo Vy € [0,1]. If 2 € Te(A4;y)
and y € Te(A; o), then Ap(z) > ap and Arp(y) > oy If Ap(zxy) < ay Ay, then
Ar(z) A Ar(y) > 0.5. Otherwise, we have

Ar(zxy) > \{Ar(x), Ar(y),0.5} = Ap(x) A Ar(y) > 0u Aoy,
a contradiction. It follows that
Ar(z+y) + ax Aay > 2A7(z xy) > 2 \{Ar(z), Ar(y),0.5} = 1

and so that z xy € Ty(A;a, A ay) € Teyq(A;az A ay). Similarly, if @ € Ic(A; 5y)
and y € Ic(A;By), then z xy € Ieyq(A4; 8. A By). Now, let © € Fe(A;n,) and
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y € Fc(A;vy). Then Ap(z) < v, and Ap(y) < vy. If Ap(z*y) > 75 V vy, then
Arp(x) V Ar(y) < 0.5 because if not, then

Ap(z+y) < \/{Ar(2), Ap(y),0.5} < Ap(z) V Ap(y) < 7 V7
which is a contradiction. Hence
Ap(zxy) + 72 Vyy < 24rp(wy) < 2\/{Ap(z), Ar(y),0.5} =1,

and so x*y € Fy(A;7: Vvy) C Fevq(A;7: V). Therefore A= (Ap, A7, Ar) is an
(€, €V g)-neutrosophic subalgebra of X. d

Theorem 3.7. If A = (Ar, A1, Ar) is an (€, €V q)-neutrosophic subalgebra of a
BCK/BCI-algebra X, then neutrosophic g-subsets Ty(A; ), I,(A; B) and Fy(A;7)
are subalgebras of X for all a,8 € (0.5,1] and v € [0,0.5) whenever they are
nonempty.

Proof. Assume that Ty(A; ), I,(A4;8) and F,(A;v) are nonempty for all o, 8 €
(0.5,1] and y € [0,0.5). Let 2,y € T4(A; ). Then Ap(z)+a > 1and Ar(y)+a > 1.
It follows from Theorem 3.6 that

Ar(zxy) +a > \{Ar(z), Ar(y),0.5} +
= N\{Ar(x) + o, Ar(y) + @,0.5 + o}
> 1,

that is, x * y € Ty(A; ). Hence T,(A4; ) is a subalgebra of X. By the similar way,
we can induce that I;(A; ) is a subalgebra of X. Now, let 2,y € Fy(A;7). Then
Ap(z) +7v < 1and Ap(y) + v < 1. Using Theorem 3.6, we have

Ap(rxy)+7 < \/{Ar(), Ar(y), 0.5} +
<1,
and so z xy € F,(A;v). Therefore F,(A;~) is a subalgebra of X. O

Theorem 3.8. For a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra
X, if the nonempty neutrosophic € V g-subsets Tey ¢(A; ), Iey ¢(A; B) and Fey 4(A4;7)
are subalgebras of X for all o, B € (0,1] and v € [0,1), then A = (Ap, Ar, Ap) is an
(€, €V q)-neutrosophic subalgebra of X .

Proof. Let Tey ¢(A; @) be a subalgebra of X and assume that
Ap(z +y) < \{Ar(z), Ar(y),0.5}
for some x,y € X. Then there exists o € (0,0.5] such that
Ap(zxy) < a < \{Ar(z), Ar(y),0.5}.

It follows that z,y € Te(A;a) C Ty ¢(A; @), and so that x xy € T, 4(A; ). Hence
Ar(xxy) > a or Ap(xz xy) + a > 1. This is a contradiction, and so

Ar(zxy) > /\{AT(HC)’ Ar(y),0.5}
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for all z,y € X. Similarly, we show that

Ar(z+y) > \{Ar(z), Ar(y),0.5}
for all z,y € X. Now let Fe, 4(A4;7v) be a subalgebra of X and assume that

Ap(a+y) > \/{Ar(@), Ar(y), 0.5}
for some x,y € X. Then

(3.13) Ap(zxy) >y > \[{Ar(z), Ar(y),0.5},

for some v € [0.5,1), which implies that z,y € Fc(A;y) C Fa/q(A4;7). Thus
xxy € Feyq(A;). From (3.13), we have xxy ¢ Fc(A;v) and Ap(z*y)+v > 2y > 1,
ie., zxy ¢ F,(A;v). This is a contradiction, and hence

Ar(z xy) < \/{Ar(2), Ar(y), 0.5}

for all z,y € X. Using Theorem 3.6, we know that A = (Ar, A;, Ar) is an (€,
€V gq)-neutrosophic subalgebra of X. O

Theorem 3.9. If A = (Ar,A;, Ar) is an (€, € V q)-neutrosophic subalgebra of
a BCK/BCI-algebra X, then nonempty neutrosophic € V g-subsets Te, 4(4; @),
Icy q(A; B) and Fe, 4(A; ) are subalgebras of X for all o, € (0,0.5] andy € [0.5,1).

Proof. Assume that Ty 4(4; ), Ievq(A;5) and Fga,¢(A;7) are nonempty for all
a, B € (0,0.5] and v € [0.5,1). Let 2,y € Iey4(4; 8). Then
x € Ic(A;B) or z el (A;0),

and

y € lc(A;B) or ye I (A; ).
Hence we have the following four cases:
(i) # € Ic(A; B) and y € Ie(4; B),

(i) © € Ic(A; B) and y € I,(4; B),

(i) = € I,(A; B) and y € I (A; B),

(iv) = € I4(A; B) and y € I,(4; B).
The first case implies that = *xy € Ia, 4(A;B). For the second case, y € I,(A4;f)
induces A;(y) >1—8 > 8, that is, y € Ic(A; B). Thus xxy € Iy 4(A; §). Similarly,
the third case implies z*y € Ioy 4(A; B). The last case induces A;(x) > 1—5 > and
Ar(y) >1—p5 > B, thatis, x € Ic(A4;8) and y € Ic(A; 8). Hence xxy € I, ¢(4; B).
Therefore I, 4(A; ) is a subalgebra of X for all 5 € (0,0.5]. By the similar way, we
show that Tey 4(A; @) is a subalgebra of X for all @ € (0,0.5]. Let x,y € Fey 4(A4;7).
Then

Ap(z) <~yor Ap(x)+~v<1,
and
Ap(y) <yor Ap(y)+7 <1,
If Ap(x) <+ and Ap(y) <, then
Ap(z*y) < \/{AF(:U),AF(y),O.B} < \/{7,0.5} =7
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by Theorem 3.6, and so z*y € Fe(A;7) C Fevq(4;7). If Ap(z) < vand Ap(y)+v <
1, then

Ap(rxy) < \/{Ar(2), Ap(y), 0.5} < \/{7,1 - 7,05} =7

by Theorem 3.6. Thus z *xy € Fe(A;vy) C Feyq(A;). Similarly, if Ap(z) +v <1
and Ap(y) <7, then x xy € Fo,¢(A;7). Finally, assume that Ap(z) ++v < 1 and
Ar(y) +v < 1. Then

Ap(wxy) < \/{Ar(2), Ap(y), 0.5} < \/{1 = 7,05} =0.5 <y

by Theorem 3.6. Hence x *xy € Fe(A;7v) C Fevq(A;7). Consequently, Fe, 4(A;7) is
a subalgebra of X for all v € [0.5,1). O

Theorem 3.10. If A = (A, A;, Ar) is a (q, € V q)-neutrosophic subalgebra of
a BCK/BCI-algebra X, then nonempty neutrosophic € V g-subsets Tey, 4(A; ),
Icy4(A; B) and Fey 4(A; ) are subalgebras of X for all o, B € (0.5,1] and ~y € [0,0.5).

Proof. Assume that Tey 4(A; @), Iay4(A;8) and Fey4(A;y) are nonempty for all
o, € (0.5,1] and v € [0,0.5). Let z,y € Tey ¢(A; ). Then

r€Te(A;a) or x € Ty(A4;a).
and
y€eTec(Aa) or yeTy(A4;a).

If x € T,(A;a) and y € T,(A; «), then obviously z *y € Tey 4(A4; «). Suppose that
x € Te(A ) and y € Ty(A;a). Then Ap(z) +a > 2a > 1, e, x € Ty(4A;a). It
follows that = * y € Tey 4(A; ). Similarly, if z € T,(A4; ) and y € Te(A4; ), then
zxy € Tayq(A;a). Now, let 2,y € Feoy 4(A;). Then

x € Fe(A;y) or x € Fy(A;7),
and
y € Fe(A;y) or y € Fy(4;).

If x € Fy(A;7) and y € Fy(A;), then clearly z xy € Feyq(4;7). If @ € Fe(4;7)
and y € Fy(A;7), then Ap(z)+v <2y <1, ie., x € Fy(A;7y). It follows that xxy €
Fevq(A;). Similarly, if « € Fy(A;y) and y € Fe(4;7), then  xy € Fey4(4;7).
Finally, assume that @ € Fc(A4;v) and y € Fe(A;7). Then Ap(z) +v <2y < 1
and Ap(y) +v <2y < 1, that is, z € F,(A;v) and y € F,(A;7). Therefore x xy €
Feyq(A;). Consequently, Tey 4(A; @), Loy 4(A; B) and Fe,4(A;7) are subalgebras
of X for all a, 8 € (0.5,1] and v € [0,0.5). O

Given a neutrosophic set A = (Ap, A;, Ar) in a set X, we consider:
X& = {{L‘ e X | AT(.’I?) > 0, A[(l‘) > 0, Ap(m) < 1}

Theorem 3.11. If a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra
X is an (€, €)-neutrosophic subalgebra of X, then the set X} is a subalgebra of X.
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Proof. Let z,y € Xg&. Then Ar(z) > 0, Ar(xz) > 0, Ap(z) < 1, Ar(y) > 0,
Ar(y) > 0and Ap(y) < 1. Suppose that Ap(z*y) = 0. Note that z € Tc(A; Ar(z)
and y € Te(A4; Ar(y)). But x xy ¢ Tc(A; Ar(z) A Ar(y)) because Ar(x xy) =
0 < Ar(xz) A Ar(y). This is a contradiction, and thus Ar(x xy) > 0. By the
similar way, we show that Aj(xz *y) > 0. Note that z € Fc(A; Ap(z)) and y €
Fc(A;Ap(y)). If Ap(x xy) = 1, then Ap(z*xy) =1 > Ap(x) V Ap(y), and so
rxy ¢ Fe(A; Ap(z) V Ap(y)). This is impossible. Hence z xy € X{, and therefore
X{ is a subalgebra of X. O

Theorem 3.12. If a neutrosophic set A = (Ar, Ay, Ar) in a BCK/BCI-algebra
X is an (€, q)-neutrosophic subalgebra of X, then the set X¢ is a subalgebra of X.

Proof. Let x,y € X}. Then Ar(z) > 0, Aj(z) > 0, Ap(z) < 1, Ar(y) > 0,
Ar(y) >0and Ap(y) < 1. If Ap(x *xy) =0, then

Ap(z *xy) + Ap(x) N Ar(y) = Ar(z) AN Ar(y) < 1.

Hence xxy ¢ Ty(A; Ap(xz) AAr(y)), which is a contradiction since o € Te (4; Ar(z))
and y € Te(A; Ar(y)). Thus Ap(z*y) > 0. Similarly, we get Ar(z*y) > 0. Assume
that Ap(z*y) =1. Then

Ap(zxy) + Ap(z) V Ap(y) = 1+ Ap(z) V Ar(y) > 1,

that is, x xy ¢ Fy(A; Ap(x) V Ap(y)). This is a contradiction because of z €
Fe(A; Ap(z)) and y € Fe(A; Ap(y)). Hence Ap(zxy) < 1. Consequently, zxy € X}
and X} is a subalgebra of X. O

Theorem 3.13. If a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra
X is a (q, €)-neutrosophic subalgebra of X, then the set X} is a subalgebra of X.

Proof. Let z,y € X¢. Then Az(z) >0, As(x) >0, Ar(x) <1, Ar(y) >0, Ar(y) >
O0and Ap(y) < 1. It follows that Ap(z)+1 > 1, Ap(y)+1 > 1, Af(z)+1 > 1, Af(y)+
1>1, Ap(z)+0<1land Ap(y)+0 < 1. Hence z,y € T,(A4;1) NI, (A; 1) N Fy(A;0).
If Ap(xxy) =0o0r Aj(xxy) =0, then Ap(xxy) <1=1Alor Ar(z*xy) <1=1AL.
Thus xxy ¢ T,(A;1A1) or zxy ¢ I,(A;1A1), a contradiction. Hence Ap(z*y) > 0
and Ar(z*y) > 0. If Ap(zxy) =1, then zxy ¢ F,(A;0V0) which is a contradiction.
Thus Ap(z *y) < 1. Therefore z xy € X} and the proof is complete. O

Theorem 3.14. If a neutrosophic set A = (Ap, A;, Ar) in a BCK/BCI-algebra
X is a (q,q)-neutrosophic subalgebra of X, then the set X¢ is a subalgebra of X.

Proof. Let x,y € X}. Then Ar(z) >0, Ar(z) >0, Ap(z) < 1, Ar(y) > 0, As(y) >
0and Ap(y) < 1. Hence Ap(z)+1> 1, Ap(y)+1>1, Ar(x)+1 > 1, Af(y)+1 > 1,
Ap(z)+0 <1 and Ap(y) +0 < 1. Hence z,y € T,(A;1) N I,(A4;1) N Fy(4;0). If
Ap(z*y) =0or Ar(z*y) =0, then

Ar(zxy)+1A1=0+1=1
or

Af(zxy)+1A1=0+1=1,

and so zxy ¢ T,(A4;1 A1) or zxy ¢ I,(A;1 A1l). This is impossible, and thus
Ar(z*xy) >0and Aj(xxy) > 0. If Ap(z*y) =1, then Ap(xxy) +0V 0 =1, that
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is, x xy ¢ Fy(A;0Vv 0). This is a contradiction, and so Ap(x *y) < 1. Therefore
x %y € X} and the proof is complete. O

Theorem 3.15. If a neutrosophic set A = (Ap, A;, Ar) in a BCK/BCI-algebra
X is a (q,q)-neutrosophic subalgebra of X, then A = (Ar, A1, Ar) is neutrosophic
constant on X}, that is, Ar, Ar and Ar are constants on X}.

Proof. Assume that Ar is not constant on X&. Then there exist y € X& such
that oy = Ar(y) # Ar(0) = . Then either o > ag or o, < . Suppose
ay < o and choose aq, a9 € (0,1] such that 1 —ap < oy <1 —ay < az. Then
Ar(0) + o1 = ap+aq > 1 and Ar(y) + a2 = oy + a2 > 1, which imply that
0€T,(A;0q) and y € Ty(A; a2). Since

Ap(y*0)+ g Aag = Ar(y) + a1 = ay + a1 < 1,

we get y* 0 ¢ T,(A; a1 A o), which is a contradiction. Next assume that o, > «.
Then Ar(y) + (1 — o) =ay +1—ap>1and so y € Ty(A;1 — ag). Since
AT(y*y)—i—(l—ao) :AT(0)+1—040:G0+1—040:1,

we have yxy ¢ T,(A;(1 — ag) A (1 — ap)). This is impossible. Therefore Ap is
constant on X¢. Similarly, A; is constant on X{}. Finally, suppose that Ax is not
constant on X}. Then v, = Ap(y) # Ar(0) = 7o for some y € X}, and we have
two cases:

(i) vy < 70 and (ii) vy > 0.
The first case implies that Ap(y)+1—v = vy +1—70 < 1, that is, y € F,(A;1—70).
Hence yxy € Fy;(A4; (1—70)V(1—"0)), i.e., 0 € F;(A;1—7y), which is a contradiction
since Ap(0) + 1 — o = 1. For the second case, there exist 71,72 € (0,1) such that

I=v>7>1—v >%.
Then Ap(y) +v2 =7y +72 <1, ie, y € Fy(A;72), and Ap(0) + 711 =7+ 7 <1,
ie., 0€ F,(A;7). It follows that y x 0 € F,(A;y1 V 7y2). But

Ap(y*0)+m Ve =Ary) +n=mw+mn>1

and so y* 0 ¢ Fy(A;y1 V v2). This is a contradiction. Therefore Ap is constant on
X}, This completes the proof. O

We provide conditions for a neutrosophic set to be a (g, €V ¢)-neutrosophic sub-
algebra.

Theorem 3.16. For a subalgebra S of a BCK/BCI-algebra X, let A= (Ar, A1, Ar)
be a neutrosophic set in X such that

(3.14) (Vx € S) (Ap(z) > 0.5, Ar(x) > 0.5, Ap(x) < 0.5),

(3.15) (Vxe X\ 9)(Ar(z) =0,A;(z) =0,Ap(z)=1).

Then A= (Ar, A1, Ar) is a (g, €V q)-neutrosophic subalgebra of X.

Proof. Assume that z € I;(A;B;) and y € I,(A4;B,) for all z,y € X and ., 8, €

[0,1]. Then A;(z)+ S, > 1 and Ar(y) + 6y, > 1. faxxy ¢ S, thenx € X\ S or

y € X\ S since S is a subalgebra of X. Hence Aj(xz) =0 or A;(y) = 0, which imply

that 8, > 1 or 8, > 1. This is a contradiction, and so z xy € S. If 8, A 5, > 0.5,
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then Ar(zxy) + Bz A By > 1, 1e, xxy € Io(A;8: A By). If Bz A By < 0.5, then
Ar(zxy) > 0.5 > B ABy, e, xxy € Ic(A; Bz ABy). Hence zxy € Iay 4(A; Bz A By).
Similarly, if z € T,(4;a,) and y € T,(A; ) for all z,y € X and a,,a, € [0,1],
then z xy € Teyq(A;a, A ay). Now let z,y € X and v,,7, € [0,1] be such that
x € Fy(A;v,) and y € Fy(A4;7,). Then Ap(z) +7v, < 1 and Ap(y) +7, < 1. It
follows that zxy € S. In fact, if not then z € X\:S or y € X\ S since S is a subalgebra
of X. Hence Ap(z) =1 or Ap(y) = 1, which imply that v, < 0 or 7, < 0. This is
a contradiction, and so x xy € S. If 7, Vv, > 0.5, then Ap(z *y) < 0.5 < 4, Vyy,
that is, 2 xy € Fe(A;72 V). If 72 Vyy < 0.5, then Ap(z xy) + 7, Vv < 1,
that is, x x y € Fy(A;vy V). Hence zxy € Fayo(A;7: V vy), and consequently
A= (Ar,Ar, Ar) is a (q, €V g)-neutrosophic subalgebra of X. O

Combining Theorems 3.5 and 3.16, we have the following corollary.

Corollary 3.17. For a subalgebra S of X, if A = (Ar, Ar, Ar) is a neutrosophic set
in X satisfying conditions (3.14) and (3.15), then Tq(A; ), I,(A; B) and Fy(A;7y)
are subalgebras of X for all o, € (0.5,1] and v € [0,0,5) whenever they are
nonempty.

Theorem 3.18. Let A = (Ar,Ar, Ar) be a (g, € V q)-neutrosophic subalgebra of
X in which Ar, A; and Ap are not constant on X}. Then there exist x,y,z € X
such that Ar(z) > 0.5, A;(y) > 0.5 and Ar(z) < 0.5. In particular, Ar(z) > 0.5,
Ar(y) > 0.5 and Ap(2) < 0.5 for all z,y,z € X§.

Proof. Assume that Ar(z) < 0.5 for all z € X. Since there exists a € X} such that
ag = Ar(a) # Ar(0) = ap, we have a, > ap or a, < ap. If a, > ag, then we
can choose ¢ > 0.5 such that ag +6 < 1 < a, + 6. It follows that a € T,(A;9),
Ar(axa) =Ar(0) =ap<d=d0Adand Ar(a*xa)+ N0 =Ar(0)+d=ag+d <1
so that a*a ¢ Tey 4(A4;0 A6). This is a contradiction. Now if o, < ¢y, we can take
0 > 0.5 such that oy + < 1 < ag + 6. Then 0 € T;(A4;6) and a € T,(A;1), but
ax0 ¢ Teyq(A;1A0) since Ap(a) < 0.5 < ¢ and Ap(a) + 6 = a, + 6 < 1. This is
also a contradiction. Thus Ap(z) > 0.5 for some z € X. Similarly, we know that
Aj(y) > 0.5 for some y € X. Finally, suppose that Ap(z) > 0.5 for all z € X. Note
that 7. = Ap(c) # Ap(0) = 7o for some ¢ € X}. It follows that 7. < v or 7. > 7o.
We first consider the case 7. < 9. Then 79+ > 1 > 7. + ¢ for some ¢ € [0,0.5),
and so ¢ € Fy(A4;¢). Also Ap(cxc) = Ap(0) = 40 > ¢ and Ap(cxc)+eVe =
Ap(0) 4+ e =0+ ¢ > 1 which shows that c* ¢ ¢ Fey 4(A;e V e). This is impossible.
Now, if 7. > 79, then we can take ¢ € [0,0.5) and so that o +& < 1 < 7. + €.
It follows that 0 € F,(A;¢) and ¢ € Fy(A;0). Since Ap(c*0) = Ap(c) = 7. > ¢
and Arp(c*0)+¢e = Ap(c) +e = . +¢ > 1, we have ¢ * 0 ¢ Fg,4(A4;¢). This
is a contradiction, and therefore Ap(z) < 0.5 for some z € X. We now show that
Ar(0) > 0.5, A;(0) > 0.5 and Ar(0) < 0.5. Suppose that A7(0) = ap < 0.5. Since
there exists € X such that Ar(x) = o, > 0.5, it follows that ap < a;. Choose a; €
[0, 1] such that aq > g and ap+a1 < 1 < @z +a;. Then Ar(z)+ay = a,+aq > 1,
and so x € Ty(A;a1). Now we have Ap(z*z)+a1 Aar = Ar(0)+a1 =ap+aq <1
and Ar(z*xz) = Ar(0) =ag < oy =g Ay, Thus ez ¢ Ty (4500 A i), a
contradiction. Hence A7 (0) > 0.5. Similarly, we have A;(0) > 0.5. Assume that
AFp(0) =~ > 0.5. Note that Ap(z) =+, < 0.5 for some z € X. Hence v, < 9, and
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so we can take v; € [0, 1] such that v1 < 79 and y9+7vy1 > 1 > v, +71. It follows that
Ap(2)+m =v.+7 < 1, thatis, z € F (A;v1). Also Ap(z%z) = Ap(0) =7 > 71 =
MV, e, zxz & Fe(A;v1 V), and Ap(zxz2)+71 Vo = Ap(0)+v1 =vo+71 > 1,
ie, zxz ¢ Fy(A;v1 V7). Thus z% 2z ¢ Feyq(A;7 V 71), a contradiction. Hence
Arp(0) < 0.5. We finally show that Ap(z) > 0.5, A;(y) > 0.5 and Ap(z) < 0.5
for all z,y,z € X{. We first assume that A;(y) = B, < 0.5 for some y € X{,
and take § > 0 such that 3, + 8 < 0.5. Then A;(y) +1 = B, +1 > 1 and
Ar(0) + B+ 0.5 > 1, which imply that y € I;(A;1) and 0 € I,(A; 3 + 0.5). But
y*0 ¢ Ieyq(A; 8+ 0.5) since Ar(y *x0) = Ar(y) < B+0.5 < 1A (8+0.5) and
Ar(y*0)+1A(B+0.5) = A;(y)+5+0.5 = B,+6+0.5 < 1. This is a contradiction.
Hence Ar(y) > 0.5 for all y € X}. Similarly, we induces Ar(z) > 0.5 for all
r € Xg. Suppose Ap(z) =7, > 0.5 for some z € X}, and take v € (0,0.5) such
that v, > 0.5+ . Then z € F,;(4;0) and Ap(0) + 05 —v < 1 -+ < 1, ie,
0€ Fy(A;0.5—7). But Ap(2%0) = Ap(z) > 0.5 > 05—y and Ap(2%0)+0.5—v =
Ap(2)4+0.5—v=7,40.5—~ > 1, which imply that 2% 0 ¢ Fa, 4(A;0.5 —~). This
is a contradiction, and the proof is complete. O
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