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Abstract

In this paper, we introduce the concepts of Pythagorean fuzzy valued neutrosophic set (PFVNS) and Pythagorean
fuzzy valued neutrosophic (PFVNYV) constructed by considering Pythagorean fuzzy values (PFVs) instead of
numbers for the degrees of the truth, the indeterminacy and the falsity, which is a new extension of intuitionis-
tic fuzzy valued neutrosophic set IFVNS). By means of PFVNSs, the degrees of the truth, the indeterminacy
and the falsity can be given in Pythagorean fuzzy environment and more sensitive evaluations are made by a
decision maker in decision making problems compared to IFVNSs. In other words, such sets enable a decision
maker to evaluate the degrees of the truth, the indeterminacy and the falsity as PFVs to model the uncertainty
in the evaluations. First of all, we propose the concepts of Pythagorean fuzzy ¢-norm and ¢-conorm and show
that some Pythagorean fuzzy t-norms and ¢-conorms are expressed via ordinary continuous Archimedean ¢-
norms and ¢-conorms. Then we define the concepts of PFVNS and PFVNYV and provide a tool to construct
a PFVNV from an ordinary neutrosophic fuzzy value. We also define some set theoretic operations between
PFVNSs and some algebraic operations between PFEVNVs via ¢-norms and ¢-conorms. With the help of these
algebraic operations we propose some weighted aggregation operators. To measure discrimination informa-
tion of PFVNVs, we define a simplified neutrosophic valued modified fuzzy cross-entropy measure. Moreover,
we introduce a multi-criteria decision making method in Pythagorean fuzzy valued neutrosophic environment
and practice the proposed theory to a real life multi-criteria decision making problem. Finally, we study the
comparison analysis and the time complexity of the proposed method.
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1 Introduction

Zadeh** introduced the concept of fuzzy set (FS) defined by a membership function 14 from a universal
set X to closed unit interval [0, 1] in order to handle the uncertainty in various real-world problems. Then
using a membership function g : X — [0,1] and a non-membership function v4 : X — [0, 1] under
the condition 14 (z) + va(x) < 1 for z € X, Atanassov® proposed the concept of intuitionistic fuzzy set
(IFS) which is an extension of the concept of FS. The pair (ua(x),va(x)) is called an intuitionistic fuzzy
value (IFV) for a fixed x € X. The theory of IFS has been used to solve problems in many applications
as multi-criteria decision making (MCDM), classification, pattern recognition and clustering and it has been
studied in many areas by researchers. The concepts of entropy and cross-entropy are important measurement
methods used in the information theory and these concepts were proposed by Shannon 2224 Then the concept
of cross-entropy was improved by Kullback and Leibler!*!# and it was modified by Lin 1>’ In order to measure
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(Smarndache, 1999)

Figure 1: The development of theory of neutrosophic set

discrimination information between IFSs, Wei and Y& introduced an improved intuitionistic fuzzy cross-
entropy to overcome the drawback of intuitionistic fuzzy cross-entropy given by Vlachos and Sergiadis.@‘ The
concept of aggregation operator that transforms several input values into a single output value is an important
tool in the decision making theory. A series of aggregation operators have been proposed by many researchers.
Particularly, various generalizations of aggregation operators for IFSs (see e.g. were defined via several

types of ¢-norms and ¢-conorms on [0, 1]. Further studies on MCDM with FSs and aggregation operators can
be found in DEIZ272939 1]

As a generalization of IFS, the concept of Pythagorean fuzzy set (PFS) was developed by Yagelr,@“’JEI which is
defined by a membership function 4 : X — [0, 1] and a non-membership function v4 : X — [0, 1] under the
condition p% (z) + v4(z) < 1forz € X. A PFS is more capable than an IFS to express uncertainty. In other
words, PFSs enhance flexibility and practicability of IFSs and have wider area than IFSs while describing
the uncertainty. Therefore theory of PFS has been studied by many researchers to model the uncertainty.
Later Yagelrﬂ@ proposed a range of aggregation operators for PFSs. After that, Peng et. al20 presented the
axiomatic definitions of distance measure, similarity measure, entropy and inclusion measure for PFSs.

Smarandaché?® introduced the concept of neutrosophic set (NS) where each element has the degrees of truth,
indeterminacy and falsify in the non-standard unit interval. There is no restriction on the membership functions
for NSs. Due to the difficulty of applying neutrosophic sets to practical problems, the concept of simplified
neutrosophic sets (SNSs) was proposed by YeBZ A SNS is constructed by a truth, an indeterminacy and a
falsify membership function defined from X to [0,1]. It has been used in various numerical applications.
Moreover, the concept of single valued neutrosophic multi-set (SVNMS) that is characterized by sequences of
truth, indeterminacy and falsify membership functions has been proposed by Ye and Ye 36

Schweizer and Sklar2! introduced the concept of triangular norm (¢-norm) and triangular conorm (¢-conorm),
following the concept of probabilistic metric spaces proposed by Menger, which is a generalization of met-
ric spaces. These notions are useful tools to define algebraic operations and aggregation operators for FSs.
Deschrijver et. all® proposed the concepts of intuitionistic fuzzy ¢-norm and intuitionistic fuzzy t-conorm,
which are extensions of the concepts of t-norm and ¢-conorm, respectively, by turning into interval [0, 1] to
{(z1,22) : 1,22 € [0,1] and z1 + z2 < 1}. In this paper, we introduce the concepts of Pythagorean fuzzy
t-norm and Pythagorean fuzzy t-conorm which are extensions of notions of both ordinary and intuitionistic
fuzzy t-norm and ¢-conorm, respectively. Unver et. al2® proposed the concept of intuitionistic fuzzy val-
ued neutrosophic multi-set IFVNMS) by combining NS theory and IFS theory with the help of intuitionistic
fuzzy values instead of numbers in membership sequences. Motivating from this idea, we propose the con-
cepts of Pythagorean fuzzy valued neutrosophic set (PFVNS) and Pythagorean fuzzy valued neutrosophic
value (PFVNYV) by combining NS theory and PES theory. A PEVNYV consists of a triple of Pythagorean fuzzy
values (PFVs) and a PFVNS consists of PFVNVs. Then we develop a method to transform fuzzy values and
give some set theoretic and algebraic operations with the help of Pythagorean fuzzy ¢-norms and ¢-conorms.
By using these algebraic operations we define some weighted arithmetic and geometric aggregation operators.

Entropy is a useful tool for measuring uncertain information. The concept of fuzzy entropy was introduced by
Zadeh™ Later, a fuzzy cross-entropy measure and a symmetric discrimination information measure between
FSs were proposed by Shang and Jiang.m Wei and Ye*! defined a modified intuitionistic fuzzy cross-entropy
measure between IFSs. With similar motivation, we introduce a simplified neutrosophic valued modified fuzzy
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cross-entropy for PEVNVs. Finally, using these concepts we provide a MCDM method in the Pythagorean
fuzzy valued neutrosophic environment.

Some main contributions of the present study can be listed as follows:

* With the help of Pythagorean fuzzy t-norms and t-conorms we study in the fuzzy environment while
conducting the aggregation process in decision making problems rather than defuzzified environment
that provides us with more sensitive solutions.

* By means of PFVNSs, the degrees of the truth, the indeterminacy and the falsity can be given in the
Pythagorean fuzzy environment and more sensitive evaluations are made by decision makers in real
life problems. In other words, such sets enable a decision maker evaluate the degrees of the truth, the
indeterminacy and the falsity as PFVs in decision making process. Thus, the uncertainty in the decision
maker’s evaluations is represented with the help of more capable FS notion.

* The proposed cross-entropy measure measures the discrimination of the information between PFVNVs
in a fuzzy environment. Thus more sensitive evaluations can be made in decision making problems
before defuzzifying the environment.

The rest of the paper is organized as follows. In Section[2} we introduce the concepts of Pythagorean fuzzy ¢-
norm and ¢-conorm and show that some Pythagorean fuzzy ¢-norms and ¢-conorms are expressed via ordinary
continuous Archimedean ¢-norms and ¢-conorms. In Section E} we introduce the concept of PFVNS, which
is an extension of the notion of intuitionistic fuzzy valued neutrosophic set (IFVNS) where an IFVNS is
an IFVNMS with sequence length 1. Then we develop a method to transform simplified neutrosophic values
(SNVs) to PEVNVs. We also give some set theoretical and algebraic operations via Pythagorean fuzzy ¢-norms
and t-conorms for PEVNVs. In Sectiond] we define some weighted aggregation operators using these algebraic
operations. In Section[5] motivating by the modified intuitionistic fuzzy cross-entropy measure defined by Wei
and Ye*!' we give a simplified neutrosophic valued modified fuzzy cross-entropy. In Section @ we propose
a MCDM method and apply the proposed theory to a MCDM problem from the literature. We also compare
the results of the proposed method with the existing results. Finally, we calculate the time complexity of the
MCDM method. In Section|/| we conclude the paper.

2 Pythagorean Fuzzy ¢-norms and ¢-conorms

In this section, we recall some fundamental definitions about ¢-norms and ¢-conorms and define the concepts
of Pythagorean fuzzy ¢-norm and ¢-conorm.

Definition 2.1. %2 A ¢-norm is a function T': [0, 1] x [0, 1] — [0, 1] that satisfies the following conditions:
(T1) T(z,1) =z forall x € [0,1],

(T2) T(z,y) = T(y,x) forall z,y € [0, 1],

(T3) T(z,T(y,2)) = T(T(x,y), z) forall z, y, z € [0, 1],

(TH T(z,y) < T(z',y') whenever x < 2’ and y < 3.

Definition 2.2. "%2U A ¢-conorm is a function S : [0, 1] x [0, 1] — [0, 1] that satisfies the following conditions:
(S1) S(x,0) =z forall z € [0, 1],

(S2) S(z,y) = S(y, ) forall z,y € [0, 1],

(S3) S(z,S(y, 2)) = S(S(z,y), z) forall z,y, z € [0, 1],

(S4) S(z,y) < S(«',y") whenever x < 2’ and y < y/'.
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Definition 2.3. 2234 A fuzzy complement is a function N : [0, 1] — [0, 1] satisfying the following conditions:
(N1) N(0) = 1 and N(1) = 0,

(N2) N(a) > N(b) whenever a < bforall a,b € [0,1],

(N3) Continuity,

(N4) N(N(a)) =aforalla € [0,1].

The function N : [0,1] — [0, 1] defined by N(a) = (1 — aP)/? where p € (0,00) is a fuzzy complement
introduced by Yager2*3¥ When p = 2, N(a) = v/1 — a? is called the Pythagorean fuzzy complement.

Definition 2.4. '? Let T be a t-norm and let S be a t-conorm on [0, 1]. If T'(z,y) = N(S(N(x), N(y))) and
S(z,y) = N(T(N(x), N(y))) for a fuzzy negator N, then T and S are said to be dual with respect to N.

Remark 2.5. Let T be a t-norm on [0, 1] and let N(a) = v/1 — a?. Then the dual ¢-conorm S with respect to

N is
S(z,y) = \/1—T2(\/1—3:2,\/1—y2).

A strictly decreasing function g : [0, 1] — [0, co] with g(1) = 0 is called the additive generator of a t-norm 7'
if we have T'(z,y) = g7 (g(z) + g(y)) for all (z,y) € [0,1] x [0, 1].

Proposition 2.6. /2 Let g : [0,1] — [0,00] be the additive generator of a t-norm T, let S be the dual t-

conorm of T and let N be a fuzzy complement. The strictly increasing function h : [0, 1] — [0, o] defined by
h(t) = g(N(t)) is the additive generator of S and so S (x,y) = h=! (h (x) + h (y)).

Note that T" is an Archimedean ¢-norm if and only if T'(z,z) < x for all z € (0,1) and S is an Archimedean
t-conorm if and only if S(z,z) > z for all z € (0,1)? Klement and Mesiar'!' proved that continuous
Archimedean t-norms have useful representations via their additive generators as follows.

Theorem 2.7. "' Let T be a t-norm on [0, 1]. The following are equivalent:
(i) T is a continuous Archimedean t-norm.
(ii) T has a continuous additive generator.

Before introducing the concepts of Pythagorean fuzzy ¢-norm and ¢-conorm we recall the concept of PFS.
Throughout this paper we assume X = {x1, ..., z, } is a finite set.

Definition 2.8. 235% A PFS A on X is defined by
A= {(zj,pa(z;),valz;)) 5 =1,...,n}

where pa,v4 : X — [0, 1] are the membership and non-membership functions respectively with condition
that p? (z;) + v4(x;) < 1forany j = 1,...,n. Forafixed j = 1,...,n a PFV is denoted by

= (fla, Va) = (pa(w;), va(z;)).
Motivating by® we now introduce the notions of Pythagorean fuzzy ¢-norm and Pythagorean fuzzy ¢-conorm.
Consider the set P* defined by
P* = {x = (21,22) : 21,22 € [0,1] and 27 4 23 < 1}.
We use the partial order < on P* that is defined by
r 2y z <y and xy > Yo

forz = (z1,22),y = (y1,¥2) € P.
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Definition 2.9. A Pythagorean fuzzy ¢-norm is a function 7 : P* x P* — P* that satisfies the following
conditions for any x = (z1, 22),y = (y1,¥2), 2 = (21, 22) € P*.

(PT1) T (z, (1,0)) = z for all € P*,
(PT2) T (z,y) = T (y,z) forall z,y € P*,
PT3) T (2, T(y,2)) =T (y, T (x,2)) forall z,y, z € P*,

(PT4) T (x,y) = T (a',y') wheneverz < 2’ andy = y/".

Definition 2.10. A Pythagorean fuzzy ¢-conorm is a function S : P* x P* — P* that satisfies the following
conditions for any x = (21, z2),y = (y1,¥2), 2 = (21, 22) € P*.

(PS1) 8(z, (0,1)) = x for all z € P*,
(PS2) S(z,y) = S(y, z) forall z,y € P*,
(PS3) S(z,S(y, 2)) = S(y,S(z, 2)) for all z,y, z € P*,

(PS4) S(z,y) < S(2’,y') whenever x < 2’ andy < /.

We define the concept of Pythagorean fuzzy negator as an extension of the notion of fuzzy negator.

Definition 2.11. A Pythagorean fuzzy negator is a function N : P* — P* satisfying the following conditions:
(PND) N((1,0)) = (0, 1) and N((0, 1)) = (1,0),

(PN2) N (z) = N (y) whenever z < y.

If N(N(z)) = = for all z € P*, then we call NV involutive. The mapping N, : P* — P* given by
Ns((z1,22)) = (22, 1) is an involutive Pythagorean fuzzy negator which is called the standard negator.

Following theorem shows that a Pythagorean fuzzy ¢-conorm can be obtained from a Pythagorean fuzzy ¢-norm
via Pythagorean fuzzy negators.

Theorem 2.12. Let T be a Pythagorean fuzzy t-norm and let N be an involutive Pythagorean fuzzy negator.
The function S defined by S(x,y) = N (T (N (z),N(y))) for any x,y € P* is a t-conorm.

Proof. (PS1) For all z = (x1,x2) € P* we get

S(l‘,(&l)) = N(T(N($17.’132),N(0, 1)))
= N(TN(z1,22),(1,0)))
= NNV (z1,22))

= X.

(PS2) For all x,y € P* we obtain
S(x,y) = N(TWN(2),N(y)))

N(TN(y), N(x)))
S(y,x).
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(PS3) For all x,y, z € P* we have
S(z,S(y, 2))

(PS4) For all z, 2, y,y’ € P* we have

z=2 andy <y

=
=
=

=

Therefore, S is a Pythagorean fuzzy t-conorm.

The ¢-conorm S in Theorem 2.12]is called the dual Pythagorean fuzzy ¢-conorm of 7~ with respect to negator
N. Following theorem states that Pythagorean fuzzy t-norms and ¢-conorms can be produced by ordinary

t-norms and t-conorms.

Theorem 2.13. Let T be a t-norm and let S be a t-conorm on [0, 1]. If

T(a,b) < \/1 — 52(\/1 —a?,\1— b2)f0rall a,b € [0,1],
then the function T : P* x P* — P* defined by

T(x,y) = (T(xla y1)7 5(3327312))

is a Pythagorean fuzzy t-norm and the function S : P* x P* — P* defined by

S(I7y) = (S(Ihyl)aT(IQayQ))

is the dual Pythagorean fuzzy t-conorm of T with respect to N.

Proof. As S is increasing, from (T)) we

T?(x1,22) + 5% (w2,52) <

IN

which yields that 7 (x, y) is in P*.

have for any z,y € P* that

1_ SQ(M7 M) + 5%(22,92)

1= 82 (T a1 8) + 82 (/1 - a1 )
1

(PT1) For any = = (x1,x2) € P* we have
T(QT, (170)) = (T (5517 1),S (3727 0))

(PT2) For any =,y € P* we get

= x17x2)

Z.

T(x>y> = (T ($17y1)a5($2,y2))
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(PT3) For all z,y, z € P* we obtain

T(z, T(y,2)) 7—((391@2) (T(ylazl y2,22)

)

T(z1,T(y1,21)), S (22, S(ya, 2)))

T(y1,T(21,21)), S (y2, S(2, 2)))
)

((y1,92), (T (21, 21), S(w2, 22))
(y, T (z, 2)).

| I
/N N

= S

(PT4) For all z,2’,y,y" € P* we have

r=2andy <y =z <) ,m3>zhandy; <yi,y2 > yh
= T('rhyl) < T(mllvyll) and S($2>y2) > S(xl27y/2)
= T(z,y) 2 T(2",y).

Therefore 7 is a Pythagorean fuzzy ¢-norm. Similarly, it can be shown that S is a Pythagorean fuzzy ¢-
conorm. O

Continuous Archimedean ¢-norms and ¢-conorms on [0, 1] can be generated by their additive generators. So we
can construct a Pythagorean fuzzy ¢-norm and a Pythagorean fuzzy ¢-conorm using these additive generators.
Note that if a -norm 7" and a ¢t-conorm S are dual with respect to the Pythagorean fuzzy complement, then
is satisfied.

Corollary 2.14. Let g : [0,1] — [0, 0] be the additive generator of a continuous Archimedean t-norm T
and let h : [0,1] — [0, 00| be the additive generator of the dual continuous Archimedean t-conorm S where
h(t) = g(v/1 — t?). Then the function T : P* x P* — P* defined by

T(x,y) = (97 (g(z1) + 9(y1)), k™ (A(x2) + h(y2)))
is a Pythagorean fuzzy t-norm and the function S : P* x P* — P* defined by
S(a,y) = (h™ (h(w1) + h(y1)), 97 (9(x2) + 9(y2)))

is the dual Pythagorean fuzzy t-conorm of S with respect to N's. In this case T and S are called Pythagorean
Sfuzzy t-norm and Pythagorean fuzzy t-conorm generated by g and h, respectively.

Proof. 1t is trivial from Theorem 2.13]and Remark [2.3] O

Example 2.15. Consider the functions g : [0, 1] — [0, oo] defined by g(t) = —logt? and h : [0, 1] — [0, o]
defined by h(t) = —log(1 — t?). Then the Algebraic Pythagorean fuzzy t-norm is

T(z,y) = (azlyl, \ @3+ — x%yg)

and the Algebraic dual Pythagorean fuzzy t-conorm with respect to N is
Stayy) = (/a3 + 03 — w39, 2a1e).
3 Pythagorean Fuzzy Valued Neutrosophic Sets

We start this section recalling the concept of IFVNS obtained by taking the sequence length equal to 1 in
IFVNMSs. Then we define the concepts of PEVNS and PEVNV.
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Definition 3.1. 2 An IFVNS A on X is defined by
A = {(mj,TQ,HQ,IFQ) 1j= 1,...,n}

where TQ, ]IA and F{L‘ are the truth, the indeterminacy and the falsity membership pairs of IFVs, respectively,
ie,forj=1,....n

’]I‘f‘4 = (MA,t(iEj), VAyt(xj)) with pea ¢(x;),va¢(x;) € [0,1] such that pia ¢ (z;) +va(z;) <1
I, = (ﬂA’i(xiL VA,i(xj)) with f14,i(2;), va,i(2;) € [0,1] such that 14 ;(2;) +va(x;) <1
Fy = (pas(x5),va 5 (x;)) with pa (), va,5(25) € [0,1] such that pua ¢ (z;) + va s (z;) <

An IFVNV is denoted by L
a = (Ta, Lo, Fo) = (T%, I, , )

forafixedj=1,...,n.
Example 3.2. Let X = {z1,22}.

A = {{z1,(0.7,0.3),(0.3,0.5), (0.1,0.8)), (x2, (0.4,0.3), (0.1,0.6), (0.2,0.75)) }
is an IFVNS.

Remark 3.3. The notion of IFVNS is a new extension of the notion of SNS, since each SNS has the form

A

{<9Cj,TA(£Cj)7IA($j),FA(JUj)> 1j= 1,...,n}
{<xj’ (:“A,t(wj)vo)a (MA,i(xj)70), (/LA,f(:Ej),O)> cj=1,... ,n}.

However, an IFVNS cannot be represented as a standard SNS (see, e.g., Example [3.2).

In some decision making problems, the sum of the membership and non-membership degrees that are deter-
mined by the decision makers can be larger than 1. Therefore, PFVs are more capable than IFVs for modelling
vagueness in the degrees of the truth, the indeterminacy and the falsity in the practical problems as shown in
Figure 2] Using PFVs for the degree of the truth, the indeterminacy and the falsity, we define the concept of
PFVNS and propose some set theoretical and algebraic operations between PFVNSs. By utilizing PFVNSs,
the uncertainty in the decision maker’s evaluations can be modeled in a more capable environment.

Definition 3.4. A PFVNS A on X is defined by
A = L@ TUB R =1, 0}
where Tip Hi‘ and IFil are the truth, the indeterminacy and the falsity membership pairs of PFVs, respectively,
ie,forj=1,....n
']I‘f4 = (ﬂAyt(LUj), VAvt(a:j)) with f14,¢(2;), va,(z;) € [0, 1] such that Ni,t(%‘) + 1/1247,5(96]-) <1
Ty = (pai(wi), vai(z;)) with prai(a), vai(z;) € [0, 1] such that i3 4 () + v4 () < 1
Fly = (pa,p(x;),vap(x;)) with g p(x;), va 5 (x;) € [0,1] such that p% ;(z;) + v3 ;(z;) < 1.

A PFVNV is denoted by S
o = <Taaﬂa7Fa> = <T347H34aF{4>

forafixed j =1,...,n.

Example 3.5. Let X = {x1,22}.
A = {(z1,(0.4,0.3),(0.5,0.5), (0.1,0.9)), (22, (0.3,0.7), (0.7,0.6), (0.2,0.2)) }

is a PFVNS.
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= g v

Figure 2: Comparison of concepts of PFV and IFV for the truth, the indeterminacy and the falsity membership
degrees

Figure 3: The SNV and PFVNV in Example

Remark 3.6. Each IFVNS is a PFVNS but the converse of this statement is not true in general. For example,
Ais a PFVNS, but A is not a ITF'V NS in Example [3.5]since 0.7 + 0.6 = 1.3 > 1 for I = (0.7,0.6).

SNVs can be converted to PEVNVs with the following method. A similar method was proposed for IFSs in 2>

Proposition 3.7. Let p : [0,1] — [0, 1] be a function such that p(t) < /t for any t € [0,1]. Consider a
number i, € [0, 1]. Then
a = (Vita, p(1 = pa))
is a PFV.
Proof. Let u € [0,1]

Via + P (1= pta) < o+ (VI— i)

,uoc'i_l_,ua

Soaisa PFV. ]

We can transform a SNV into a PFV NV by using Proposition [3.7] as in the following example.

Example 3.8. Consider the SNV A = (0.5,0.3,0.6) and the function p : [0,1] — [0, 1] defined by p(t) =
sint. From Proposition[3.7] we obtain a PEVNYV from A as follows:

A ={(0.71,0.48),(0.55,0.64), (0.77,0.39)).
We visualize this transformation in Figure 3]
Now we define the set operations between PFVNSs. Throughout this paper the set operations for PFSs are

denoted by C ey, Ugpyt)s Nipyt)» ()@ (see, ).
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Definition 3.9. Let S
A= {(xj,']Til,Hil,]Fi‘) cg=1,... 7n}
and S
B= {<xj,TJB,HJB,FJB> L= 1n}
be two PFVNSs. Set operations among A and B are defined as follows.
a) A C B if and only if for all j=1....,n
Ti\ C(pyt) ij ie. pa(zy) < pp(z;)and vy (x;) > vp(z;)
Ty Dpyry) By Lo prai(;) > ppi(a;) and va i(x) < vp i)
A Dpyt) Foie. pa,p(zj) > pp.p(x;) and va f(z;) < vp.p(x;).
b) A= Bifandonlyif A C Band B C A.
c) A¢ = {(xj,IE‘f;p (]If;)c(”””,']l‘iQ i = L...,n} where forall j = 1,...,n

(F,) " = (va,i(zy), pai(x;)).

d AUuB= {<$J,T{4 Upyt) T?B’Hil N(pyt) HJB,FZL‘ N(pyt) F%> tg=1,... ,n} where

T Uy T = (max (nas(z;), ppe(w;)), min (va (), VB,t(ij))>
Py Npyey I = (miﬂ (nai(zs), ppi(zy)), max (va,i(z;), VB,i(?Cj)))
Fy Ny By = (min (e, (25), 1, (25)) s max (va, 1 (25), v, (2)) )

e)ANDB = {<xj,’]I‘f4 Npyt) T%,HQ Upyt) ]I%,]FJA Upyt) Fg) ci=1,... ,n} where

T/, N(pyt) T, = (min (1ae(x;), (), max (va(z;), l/B’t(a:j)))
Py Uy Ty = (max (i), i) min (vai(wy), vea(e;)))
Fy Uy By = (max (ja, g (@5), 1. (7)), min (va, s (25), v, (2)) )

Example 3.10. Let X = {z1, 25} and consider the PFVNSs
A = {(21,(0.2,0.3),(0.7,0.4), (0.4,0.7)), {x2, (0.4,0.8), (0.7,0.3), (0.7,0.1)) }

nd
’ B = {(z1,(0.4,0.3),(0.4,0.5), (0.1,0.9) ), (x2, (0.6,0.5), (0.2,0.6), (0.2,0.2)) }.

Then A C B. On the other hand, it is easy to obtain that
A¢ = {<x1, (0.4,0.7),(0.4,0.7), (0.2,0.3)), <x2, (0.7,0.1),(0.3,0.7), (O.4,0.8)>}
AUB= {<x1, (0.4,0.3),(0.4,0.5), (0.1, O.9)>, <x2, (0.6,0.5),(0.2,0.6), (0.2, 0.2))}

d
" AN B = {(x1,(0.2,0.3),(0.7,0.4), (0.4,0.7) ), (z2, (0.4,0.8), (0.7,0.3), (0.7,0.1)) }.

Next we show that set operations defined in Definition [3.9]satisy De Morgan’s rules.

Theorem 3.11. Let o
A={(0;, T EFl) =1, m)
and S
B= {(:cj,ﬂrﬂB,HﬂB,FﬂB) LG = 1n}
be two PFVNSs. The following are valid.
a) (AUB)¢ = A°N B¢
b) (AN B)¢ = A°U B°.
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Proof. a) We get
(AUB)® = <{<xj,']l‘i1 Upyt) T%,]IQ Opyt) Hgsv]Fi\ O(pyt) F?B> =1 7”})
. . . . C( yt) . . .
(25, ) Nepyr) F, (Hil Opyt) H%) " T Uy T) 14 =1, 7”}

= {<mjv IFQ O(pyt) F]é’ (E&)C(pyt) Upyt) (]I{B)C(pyt) J T{A Upyt) T{B> rj=1 7”}
A° N B°.

b) We get
. . . . . . (&
AnB) = ({(25 T Nty Tho By Uy By Ty Uy Fp) 15 = 1, })
. . . . C(pyt) . . .
(25, F Upyn) F (H% Upyt) H]B) Th Ny Tp) 15 =1, ,n}

= {<$J’v IE‘Q Upyt) F{B’ (M)C@m Opyt) (H%)C(p?lt) ; Ti& Opyt) Tjé> rj=1 ,n}
A

Now we introduce some algebraic operations for PFVNVs via Pythagorean fuzzy ¢-norms and ¢-conorms.

Definition 3.12. Let o = (T,,I,,F,) and 8 = (T,13,F3) be two PFVNVs, let 7 be a Pythagorean fuzzy
t-norm and let S be the dual Pythagorean fuzzy ¢-conorm of 7 with respect to a Pythagorean fuzzy negator
N. Then

a®f = <(5(1ra, ’H‘B),T(HQ,HB),T(FQ,]FB)>>

and

0 ® B i= ((T(Tas Ts), S (Lo 1), S (Fa, Fs) ) )

Remark 3.13. If g is the additive generator of a continuous Archimedean ¢-norm and h(t) = g(v1 — t2),
then from Corollary 2.14] we get

0®8 = (W7 (hlota) + hs)). g™ (0(0m) + 9v5.1)).
(971 (9(tai) + 9(pp.i)) s b~ (P(vai) + h(’/ﬁ,i))v
(97 (9tas) + 915.0)) 7 (V) + hlvsp) ) )
and
a®f = <(g’1 (9(ka,e) + 9(pp.0)), h " (h(vaye) + h(’/ﬂ,t));
(" (pa.) + h(p5.0). 97 (9v) + 9(v5,))

(h™ (hlttas) + l115.0)) 97 (9(Vars) + 95,1 ) )-

Following proposition is the validation of that the sum and the product of two PFVNVs are also PFVNVs.

Proposition 3.14. Let o and B be two PFVNVs, let T be A Pythagorean fuzzy t-norm and let S be the dual
Pythagorean fuzzy t-conorm with respect to a Pythagorean fuzzy negator N'. Then, a ® 3 and o ® 3 are also
PFVNVs.

Proof. Since T and S have range P*, a @ 8 and a ® 3 are PFVNVs, O

Next we define multiplication by non-negative constant and non-negative power of PFVNVs using additive
generators of continuous Archimedean ¢-norm and ¢-conorm on [0, 1].
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Definition 3.15. Let o = (T, 1, F,) be aPEVNV, let A > 0, let g : [0,1] — [0, oo] be the additive generator
of a continuous Archimedean ¢-norm and let h(t) = g(v/1 — ¢2). Then

Mo = (W (M) 07 (0 ().
Cev ) R CUIC))
(971 (9 (as)) 7 (b (vas)) ))
and
o = (7 (A 1)) 2 (A(v))).
(7 O (100)). 07 (A (v2))).
(h ()97 g (vanr)) ) )-

The following proposition verifies that multiplication by constant and power of PFEVNVs are also PFVNVs.

Proposition 3.16. Let o be a PFVNV, let A > 0, let g : [0,1] — [0,00] be the additive generator of a
continuous Archimedean t-norm and let h(t) = g(v/1 — t2). Then \a and o> are PFVNVs.

Proof. We know that b= (t) = /1 — [g~1(¢)]? and g(t) = h(v/1 — t2). Since jios < (/1 —v2 ;and h,h™"

are increasing, we obtain
0 < [ O(pe)]” + [ Mg (va))]?
< [h—l ()\h( 1— yg,t))r + g7 M\ (an))]
= 1 [ (n(r )] [ et

= 1[0 M)’ + [0 Mg(va))]”
T

2

which yields that T, is a PFV. Similarly, it can be easily shown that I),, Fy,.T,x,1,» and F» are PFVs.
Therefore Ao is a PFVNV. O

Following theorem gives some basic properties of algebraic operations.

Theorem 3.17. Let o = (T, 1, Fo), 8 = (Tp,15,Fp) and 8 = (Ty, 1y, Fg) be PFVNVs, let A,y > 0, let g
be the additive generator of a continuous Archimedean t-norm and let h(t) = g(v/1 — t2). Then,
Dadpf=00«

Ha®p=0Q«a

i) (e B)d0=ad (Bd0)

w)(a@p)el=a® (fc0)

V) ANa@p) = ad N3

vi) (A +7)a =aX @ ya

vii) (a ® B)* = o @ g

viii) a® @ @ = oM.

Proof. (1) and (ii) are trivial.
iii) It is clear from Definition [3.12] that

Taop = (A7 ((tad) + (115.0)) 97 (9(a) + 9(v3.)) ).
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Therefore, we obtain
Twopes = S(Taws To)
= (17 (W0 () + 1)) + h(0.)) ).
g (g(g_1 (9(va) + 9(vs.)) + g(Veft))»
(h (Blrtae) + Plp5.0) + hla) ).
g (g(va,t) +9(se) + Q(Ve,t)>>
(h‘l (h(ua,t) + h<h_1 (h(ups) + h(ﬂe,t))»,

g (g(va,t) + g(gfl(g(ya,t) + 9(”%))))
= S(Ta: Tpao)
= Tagses)-

Similarly it can be easily obtained that I g)06 = lag(sae) and Faes)es = Fag(so0)-
iv) It is clear from Definition [3.12] that

Tass = (971 (9010) + 9(13.0)) h ™ (V) + R(w0)) ).
Therefore, we have
Twepge = T(Tass,To)
(9’1 (g(g’l(g(ua,t) +9(upe)) + g(ue,t))),
(A (hva) + h(vs.)) + h(ve) ) ) )
= (9*1 (g(ua,t) +9(np.t) + 9o, t)),
B () + h(vg) + h(v,) ))
(97" (91a) + 9(97 (9(01s.0) + 9(10.)) ) )

D (hve) + (h7 (3.0 + h(w5.0)) ) )
= T(Ta,Tpzeo)

Tag(s26)-

Similarly it can be seen that I(g8)00 = law(soe) a0d Fagg)es = Faw(sce)-
v) It is clear from Definition [3.12and Definition [3.13]that

Tacs = (HaspeVasss) = (A (Bian) + h115.0)), 0~ (90as) + 9(5.0)) )
" Tao = (ires va0) = (17 (V)57 G0
Therefore, we get

Taeos) = (h H(AR( Ma@ﬁt) 1(/\9(%@&&))

(h OB (ptas) + Bl115,0))) 97 (ol (9va0) + 9(5.0))))
- (h Y (M fta) +Ah(uﬁt))) 1(Ag(va,t)+A9(Va,t))))
(n (h(h™ (WB(a)) + (A (M(1s.0)) ),
97 (907 (avan)) + 9(97 (Ag(v5.)))

= (h_l(h(ﬁw\a,t) + h(,u)\g,t)),g_l(g(w\a,t) +g(’/>\ﬁ,t))>
= Traprs-
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Similarly it can be shown that Iy (o) = Ina@rs and Fyaes) = Fraors-
vi) It is clear that

Toima = (B (O Dh(a)) 07 (A+ g (va)) )

= (h—1 (Ma(ttae) + 7 (1ai))s 97 (Mg (Vo) + ’yg(va,t)))
(A (0" (h(j100)) + B (A (vh (10.0))).
7 (957 (9 (vr))) + 997 (19 (var))))

= (h_l(h(ﬂ)\a,t) + h(ttrat)), 9~ (9 (Vaant) +9<Vva,t)))

= T)\a@'yow

Similarly it can be obtained that [y )o = Ina@ye a0d Fyiy)a = Fragqya-
vii) We know that

Taws = (Ha®p,t Vawps,t) = (971(9(%@) +g(.u,8,t))7h71(h(ya,t) + h(”,@,t)))

and
Tar = (Ha ¢ Var ) = (g‘l(Ag(uw)%h‘l(Ah(va,t))).

Therefore, we obtain

Ag(pawpt))s b~ (A (Vags, t)))

97 (A0 (90tet) + 90015, h ™ V(A (h(vta) + h(ws,0))) )
Ng(r100) + A9 (15.0))s 1 (W(vta) + Mi(v5,0))))

(97 (Mg (pare)) + 9(g " (Nglpp))),

THA(A (Wh(va)) + (A (Ah(s.,0))))

(07 (000 a) 90 ) B () + R 0)))
= Torgpr-

Tagpr =

Similarly it can be seen that [(,gs)» = Ioagpr and Fagpn = Forgpa.
viii) We have

Ty = g -1 A +7)g Nat) Jh™ 1()‘+7h(ya»t))>

(o )

_ (g Vg (tat) + 79 (1as) ) B ()\h(Vat)‘F’Yh(Vat)))
(97 (ot
h™

-1

)+ < H(9(1e.0)))):
LT () + R (0 (v))) )

= (97" 0ars) +g<um,t>>7h*<h<w +h(vn 1))

= Torgar-

9 (9(97 (Mg (pae

)
)

Similarly it can be obtained that I,x++ = I oagar and Foaty = Foagan. O

4 Weighted Aggregation Operators for PFVNVs

Aggregation operators have a vital role while transforming input values represented by fuzzy values to a
single output value. In this section, we introduce a weighted arithmetic aggregation operator and a weighted
geometric aggregation operator for collections of PEVNVs by using algebraic operations given in Section 3]
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4.1 A Weighted Arithmetic Aggregation Operator

Definition 4.1. Let {a; = (T,,,1;,Fo,) : j =1,...,n} be acollection of PEVNVs. A weighted arithmetic
aggregation operator WA — PFV NV is defined by

n
WA—PFVNV(a1,...,an) := @ wja;
j=1
where w = (w1, ...,w,)T is a weight vector such that 0 < w; < 1 forany j = 1,...,n and Z?:l w; = 1.

As seen in the next theorem, weighted arithmetic aggregation operators can be expressed via additive genera-
tors whenever ¢-norm and ¢-conorm are continuous Archimedean.

Theorem 4.2. Let {o; = (T, ,1a;,Fa,) : j =1,...,n} be a collection of PFVNVs, let w = (w1, . . . ,wp) T
be a weight vector such that 0 < w; < 1foranyj=1,...,nand Z;”Zl w; = 1 and let g be the additive gen-

erator of a continuous Archimedean t-norm and let h(t) = g(v/1 — t2). Then WA—PFVV NV (a1, ..., ay)
isa PFV NV and we have

WA— PEVNV(ai,...,an) = <(h1(2n:wjh(uaj,t)),gl(zn:wjg(ua,.,t))),
(57 (3wt ) 17 (S, )
(gl(iwjg(ua_f,f)}hl( wjh(’/aj,f))»-

Proof. 1t is clear from Propositions and that WA — PFVV NV (eu,...,a,) is a PFVNV. Using
mathematical induction we show that the second part is valid. If n = 2, we obtain

I
A

M=

1

<.
I

Tuwioiowsaz = S(Twiars Twzas)

B () + hltan)) 7 (0 0ms0n) + 9(Vase))
h=H(h(h ™ (wih(pa, ) + h(hfl(wzh(uaz))))

9(g (w19(va,)) + 997 (w2g(vas))))

B (wrh (i) + woh(1a,)), 67 (w19(v,) + w29(ve,)))

hl(iwmw)),gl(iwjgw))).
j=1

<.
I
—

Now assume that

n—1 n—1
TA,L71 h ! ijh(ﬂaj) 7g ijg(yaj) s
Jj=1 Jj=1
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where A, := @]_, w;ja;. Then we obtain

PH‘An = TATL,l D wpay,
= S(TAn 13 Twnozn)

= (( (ZwJ Hay ) (ijg Vaj ))
(h*(wnh(uw)),g-1<wng<uan,t>>))

= (h_1<h(h_1<§wjh(ﬂaj))) - h(h‘l(wnh(uan,t)))>,
57 (s(9 —1(ngg va,))) +g(g‘1(wng(uan,t))))

n—1

= (hl ( Z wjih(pa,) + wnh(uan,t)) 97! ( w;g(va,) + wng(uan,t)))
j=1 j=1
G (zw] o)™ (zwjg )
Similar proof is also valid for indeterminacy and falsity. O

Remark 4.3. Using particular additive generators we obtain some particular cases of WA — PFV NV as
follows:

a) Let g be the additive generator defined by g(t) = —logt2. Then we get Algebraic weighted arithmetic
aggregation operator given by

WA, — PFVNV(ay,...,an) = << 1_H(1_M3j,t)wijngj,t>,
j=1

(H SN | (O ’/ij,f)wj> >
j=1 j=1

) Then we get Einstein weighted arithmetic

b) Let g be the additive generator defined by g(t) = log(25
aggregation operator given by

WA pEvave ) << S I LR C T e VR 1 Vot )
E— al, ..., an = o - T — |

H}L=1(1+Mg‘j,t) J +HJ=1(1"‘g¢j,t) J \/Hn, (2-12 ,t) wj +HJ”:1(V§. D

( \/EHleuZ;,i My (w2 %7 TG 0 =25 j)

\/H” 12— w2 +ny:1<u’:;j,i>"”j 7 1<1+u DY AT =2 YT

wi n wi _rn _ 2 w;
( \/EH}"”ZI “"jvf Hj=1(1+"(vj,f) J HJ-:l(l oy j) 7 >>
= W = W n 2 w n _ .2 w :

¢1‘[].=1(27 Mi]_‘f) J +Hj=1(“ij,f) J My, + ﬂ,wf) T+, a P

4.2 Weighted Geometric Aggregation Operator

Definition 4.4. Let {a; = (Ty,,1s;,Fa;) : j = 1,...,n} be acollection of PFEVNVs. A weighted geometric
aggregation operator WG — PFVV NV is defined by

WG~ PFVVNV(ay, ..., o) == (X) o)’
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where w = (w1, ...,w,)T is a weight vector such that 0 < w; < 1forany j = 1,...,n and Z?:l w; = 1.

As seen in the next theorem, weighted geometric aggregation operators can be expressed via additive genera-
tors whenever ¢-norm and ¢-conorm are continuous Archimedean.

Theorem 4.5. Let {o; = (T, ,1a;,Fa,) : j =1,...,n} be a collection of PFVNVs, let w = (w1, . . . ,wp) T
be a weight vector such that 0 < w; < 1 forany j =1,...,nand 2?21 w; = 1, let g be the additive gener-

ator of a continuous Archimedean t-norm and let h(t) = g(v/'1 —t2). Then WG — PFVV NV (a1, ..., ay)
is a PFVNV and

WG — PFVVNV(aq,...,an) <( (ijg Hoj it ) (ij Vet ))
(h 1(2“’1 l‘aﬂ) (ijg VO‘JZ))
(h1(;wjh(ua_jvf))’g1(;%9(”@7‘7]’))»'

Proof. Tt can be proved similar to Theorem O

Remark 4.6. By using particular additive generators we also obtain some particular cases of WG — PFV NV
as follows.

a) Let g be the additive generator defined by g(t) = —logt?. Then we get Algebraic weighted geometric
aggregation operator given by

WG4 — PFVVNV(ay,...,an <<HM%¢’ 1—H(1—y§j7t)wj>,
j=1
< 1,H1,uawlw >
i=1

(- T oI ) )
\ j=1 j=1

b) Let g be the additive generator defined by g(t) = log(%%
aggregation operator given by

) Then we get Einstein weighted geometric

WGg — PFVVNV(ay,...,a,) = <( — —,
\/1—[1}:1(2_“&'& '7+H (/"u t) J

"y -
ﬁn?:l f‘a;,r H;Lzl(l + ”?xj,t)wj - H?:1(1 - Vc%j,t)w]
oG+ 2, 0 TG (-2, )"

07 R e R e VI NN CRZ 7+H;‘=1<uii,i>“’

< H;L 1(1+l"a 1) J _H;'l:1(1_u'aj,i)wj \[H] 1 a i >

( H;‘L:1(1 + ,U'Zj,f)wj - H;'Lzl(l - “ij)f)“’j fHJ 1 a

5 A Simplified Neutrosophic Valued Modified Fuzzy Cross-Entropy Measure for PFVNVs

The notion of SNS was proposed by Ye* to relieve the difficulty of applying NSs to practical problems.
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Definition 5.1. *Z A SNS A on X is given by
A= {(zj, Ta(x)), La(z;), Fa(x;)) : 5 =1,...n}

where T4, 14, F4 : X — [0, 1] are the truth, indeterminacy and falsify membership functions. For conve-
nience, a SNV is denoted by

a = (Tu, Lo, Fo) = (Ta(;), La(x)), Falz;))

for a fixed z; € X.

Some algebraic operations of SNV is recalled in the next definition.

Definition 5.2. '8 Let A = (T4, I4,Fa) and B = (T, I, Fg) be SNVs. Assume that g : [0,1] — [0, o0]
is the additive generator of a continuous Archimedean ¢-norm and % : [0, 1] — [0, o] is the additive generator
of a continuous Archimedean ¢-conorm. Some algebraic operations between SN'Vs are defined as follow:

i) Adsny B = (h™'(h(Ta) + W(Tg)), g~ (9(1a) + 9(IB)), 9~ *(9(Fa) + g(Fp)))

i) A = (b (A(Ta)), g7 (Mg (1)), g7 (Mg (Fa)))-

Definition 5.3. Let « = (T,,I,,F,) and 8 = (Tg,13,Fg) be two PFVNVs. A simplified neutrosophic
valued modified fuzzy cross-entropy measure between « and [ is defined by

1 22 , 202, or? ,
E(a, = S P | L LRy | Q—" LA S p— L
( 6) <1n2 [Ma,t N’i,t 4 u%,t o,t Vc2¥,t + U?fyt ot 773715 + ﬂ_g’t ’
1 2 2:“?1 i 2 2”2 i 2 277(21 i
- — n + v : + 7l In —7"—5—1,
In2 l“f“ R PR PR P PR
2 2
1 f . 2 27T()¢ f
1-— ,u2 In 2 42 In——2 472 In—20
In2 l T . N I R ¥

whereny =1-—p2 —v2 ,andmy =1—pu3 —vj . Asin we use the convention (based on continuity
arguments) that 0 In % =0forp > 0.

The following proposition verifies that a simplified neutrosophic valued modified fuzzy cross-entropy measure
between « and 3 is a SNV.

Proposition 5.4. E(«, 3) is a SNV.

Proof. According to Shannon’s inequality,'> we know that each component of E(«, 3) is equal or greater than
0. On the other hand, since the relation

m ﬂay_lnm +I/a’.hlm +7Ta,_lnm <S E(NOLV11’12—’—1/&’.1112""”0".1112)
is true, each component of E(«, 3) is equal or less than 1. Therefore F(«, 3) is a SNV. O

It is clear that E(«, 3) # E(8, «) in general. To make the concept symmetric we can define the following.

Definition 5.5. Let o and 3 be two PFVNVs. A simplified neutrosophic valued symmetric discrimination
information measure based on E is given by

B*(,8) = 5Bl 8) vy 35(5,0)

1
where multiplication by scalar 3 is in the sense of (iii) of Deﬁnition
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E* can be expressed via additive generators of continuous Archimedean ¢-norms and ¢-conorms.

Theorem 5.6. Let o and 3 be two PFVNVs, let g be the additive generator of a continuous Archimedean
t-norm and h(t) = g(1 — t). Then

E*(a,8) = <h <;{h(TE(a,@)>+h<TE(Ba))]> 1(;{9(@(%@)+g(1E(ﬂ,a))D,
o (3[otrsen) +o(ra)]) )

Proof. We have

E*(avﬁ) =

Il
T
>
L
N\
>
/N
D‘
/\
—
D‘
=
H
L
)
~—
N—
_|_
>
/N
D‘
/\
D‘
~
je
™
£
S~—
N—
N————"

E*(o,f) = <h_1<;{h<TE(a,ﬁ))+h<TE(ﬁ,a))]>’g_l(;{9<IE(04,B)>+g(IE(/3,a)>})’
o (3[otrsem) +o(re)]) )

By using particular additive generators we can obtain some particular cases of E*.

Remark 5.7. Let g be the additive generator defined by g(t) = —logt. Then we get Algebraic simplified
neutrosophic valued symmetric discrimination information measure based on E given by

(o, 8) = (1= /(1 = Toten) (1 = To.a): o/ Toai Lea.as o Fotam Fea) )

Let g be the additive generator defined by g(t) = 1og( ). Then we get Einstein simplified neutrosophic
valued symmetric discrimination information measure based on E given by

VO + Tps) 1+ Tee.a) = VO = Tpws) (1 = Tee.a)
VI +Tra,8)1+ Te@a) + VI = Tp@s)1 — Tppa)
IB(.8)1B(8.0)
VI Ie@e + V2 Ips) 2~ Ip@a)
Fp.p FEg.0) >
VFB@n Fe@.e + V2= Fras)2 - Fepa) |

)

Ep(a,B) = <
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Since E* is a SNV, a score function is needed to rank the values of E*. In this paper, we use the following
score function.

Definition 5.8. “?Let A = (T4, 14, F4) be a SNV. A score function is defined by

477Q-+1——IA%-1—>FA

N(4) -

Theorem 5.9. Let o and 8 be two PFVNVs. The modified cross-entropy measure E* satisfies the following
properties.

i) E*(a, ) = (0,1, 1),
ii)) 0 < N(E* (e, 8)) <1,
iii) E*(a, B) = E*(B3, a),

iv) N(E*(a,a)) = 0.
Proof. i) We know that

1 2112 212 2
Elo,a) = < lui,t 1n’u2/i$t2 + Vitln% +7Ti,t 111270")5

Therefore we obtain

F(a,a) = <h1 (; {h(TE(ma)) + h(TE(a,a))D,gl <; {g(IE(a,a)) +g(1E(a,a))D,
o (3[ot5ece) o)) )

= TE(a,a)a IE(a,a)a FE(a,a)>
— (0,1,1).

ii) Since E*(«, ) is a SNV we obtain that 0 < N(E*(«, 8)) < 1.
iii) It is trivial from definition of E*.

iv) It is trivial from (i) and definition of V.

6 An Application of PFV NV s To A MCDM Problem

In this section, we provide a MCDM method in Pythagorean fuzzy valued neutrosophic environment. Then
we solve a MCDM problem from the literature by using the proposed method.
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Cy Cy C3
A, (04,02,03) (04,02,03) (0.2,0.2,0.5)
Ay (0.6,0.1,0.2) (0.6,0.1,0.2) (0.5,0.2,0.2)
Ay (0.3,02,0.3)  (0.5,0.2,0.3) (0.5,0.3,0.2)
Ar (0.7,0.0,0.1)  (0.6,0.1,0.2) (0.4,0.3,0.2)

Table 1: SNVs of alternatives according to criteria

6.1 A MCDM method

In this sub-section, we give a MCDM method in the Pythagorean fuzzy valued neutrosophic environment. The
proposed method is applied to a MCDM problem adapted from the literature®”= to see the effectiveness of
the proposed method. The steps can be summarized as follows.

Step 1: Form a MCDM problem with alternatives A = {4, ..., A, } and criteria C = {C1, ..., Cy}.
Step 2: The weights of criteria are determined.
Step 3: The evaluation results of the alternatives are expressed by the expert as SNV's for each criterion.

Step 4: Using Proposition evaluation results of alternatives in Step 3 are converted from SNVs to
PFVNVs.

Step 5: Evaluation values expressed as PFVNVs for each alternative according to criteria are transformed to a
value expressed as a PFVNV by utilizing proposed weighted aggregation operators.

Step 6: Positive ideal alternative for each sample is defined by
At = <(Mt+7 l/t+>7 (:u;rﬂ V;r)> (/J'}'r7 V?»

with alternatives A = {Ay, ..., An} = {((ue,v), (i v), (s vE))s - s ((mis vt), (uft, v, (s v7)) }
and
+_ i : it . it
= max , V. = min vy, .= min .,V = max v,
B = e@m e = e tohs =, i j€{l,.n}
Here, all of the criteria are assumed to be benefit criteria. If there exists a cost criterion, then we can take
compliment.

Step 7: By using E* defined in Definition [5.5] the symmetric discrimination information measure between
aggregated value of each alternative and positive ideal alternative are calculated.

Step 8: The scores of these SNV s are obtained by using a score function.

Step 9: Alternatives are ranked so that the minimum score value is the best alternative.

6.2 An application

As an application, we consider an investment company which wants to invest a sum of money in the best
opinion. This problem is adapted from2”38 There are four alternatives for investing the money: (1) A; (a
car company); (2) As (a food company); (3) As (a computer company); and (4) A4 (an arms company). The
investment company wants to make a decision using the following three criteria: (1) C; (the risk); (2) Cs
(the growth); and (3) C'3 (the the environmental impact). The weight vector of the criteria is considered by
w = (0.35,0.25,0.4) and the decision matrix given in Tableis used as in 27258

Let fs5(t) = sindt with § € [0,1]. It is clear that f5(t) = sindt < /t for t € [0,1] (see also Figure EI)
Now we convert SNV's of alternatives in Table 1 to PF'V NV's by using Proposition For 6 = 1, we

https://doi.org/10.54216/1JNS.200208 127
Received: July 08, 2022 Accepted: January 11, 2023



International Journal of Neutrosophic Science (IJNS) Vol. 20, No. 02, PP. 107-134, 2023

Figure 4: The graphs of y = v/t and f5 with § € [0, 1]

C, Cs
A, ((0.63,0.56), (0.45,0.72), (0.55,0.64))  ((0.63,0.56), (0.45,0.72), (0.55, 0.64))
Ay {(0.77,0.39), (0.32,0.78), (0.45,0.72))  ((0.77,0.39), (0.32,0.78), (0.45,0.72))
As  ((0.55,0.64), (0.45,0.72), (0.55,0.64))  ((0.71,0.48), (0.45,0.72), (0.55, 0.64))
Ay ((0.84,0.3),(0.0,0.84), (0.32,0.78)) ((0.77,0.39), (0.32,0.78), (0.45,0.72))
Cs
A, ((0.45,0.72
((0.71,0.48
As  {(0.71,0.48
((0.63,0, 56

.(0.45,0.72), (0.71, 0.48))
,(0.45,0.72), (0.45,0.72))
,(0.55,0.64), (0.45,0.72))
,(0.55,0.64), (0.45,0.72))

~—

Table 2: PFVNVs of alternatives obtained for § = 1

PEVNV

A, ((0.57,0.62),(0.43,0.76), (0.6,0.62))
A, {(0.76,0.41), (0.37,0.76), (0.43,0.74))
As  {(0.6,0.59), (0.55,0.74), (0.45,0.68))
A, {(0.74,0.44), (0.0,0.68), (0.48,0.69))
A+ {(0.76,0.41), (0.0,0.76), (0.43,0.74))

Table 3: Aggregated PFVNV according to W A4 — PFV NV and positive ideal alternative A™

Algebraic symmetric discrimination information measures SNV

E3 (AT, Ar) {0.06,0.97,0.97)
E3 (AT, Ay) (0.0,0.99,1)

E4 (AT, Ag) (0.04,0.93,0.99)
E(AY, Ay) (0.003,0.99, 0.99)

Table 4: Algebraic symmetric discrimination information measures between positive ideal alternative and
alternatives
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Score
N(E% (AT, 4)) 0.039
N(E% (AT, A2))  0.0048
N(E% (AT, 43))  0.041
N(E% (AT, Ay))  0.0051

Table 5: Scores of Algebraic symmetric discrimination information measures between A" and A;(j =
1,2,3,4)

Method Ranking order Best Alternative
Ye2l A < Ag <Ay < Ay Ay
Ye38 Al =< Ag < A4 < A2 AQ
Peng et al1® Al < A3 < Ay < Ay Ay
Proposed method A3z < A; < Ay < A, As

Table 6: The comparison of some previous methods with proposed method

obtain Table 2] When PFV NV's of each alternative with respect to criteria are aggregated by utilizing
WAs — PFV NV, Table[3|containing the positive ideal alternative is obtained.

Algebraic symmetric discrimination information measure E% between positive ideal alternative A™ and alter-
natives are calculated. The results are shown in Table ]

Score function N recalled in Definition [5.8] is used to rank the value of E%. The smaller the value of
N(E%(Aj, AT)) is, the better the alternative A; is. In the other words, the alternative A; is closer to pos-
itive ideal alternative A™ as N (E% (A;, A")) gets smaller. The results of score function are shown in Table
As aresult, Ao is the best alternative.

6.3 Comparative analysis
6.3.1 Comparison with the literature

We compare the results of some existing methods with the results of the proposed method in Sub-section [6.1]
So as to solve the MCDM problem given in Sub-section [6.2] some methods were proposed under different
fuzzy environments. Ye*® gave a weighted correlation coefficient for SVNSs, utilized it to solve the same
investment problem and obtained the ranking 4; < As < A4 < As. Using different aggregation operators and
a similarity measure for SNSs, Ye*” solved the same problem and obtained the ranking A; < Az < Ay < Ay.
Similarly, Peng!'® proposed some aggregation operators via t-norms and ¢-conorms, applied them to investigate
same problem and got the ranking A; < A3z < Ay < Ay. The best alternative obtained with the present
method remains same with the one of*Z and*® for some §. The comparison results of proposed method with
the existing ones are shown in Table[6]and illustrated in Figure 3]

Comparative Analysis

I

mve[37] wmyefss] mpenglisl = Froposed method

Figure 5: The column chart comparison of the other methods and proposed method
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Ranking order

Best alternative

0

0=1
6=20.9
0=0.8
0 =0.7
0=06
6=05
0=04
6=20.3
0=02
60=0.1

As
Ay
A3
Ay
Ay
A3
Ay
Ay
Ay
A3

<Ay < Ay
< A3z < A
< A1 < Ay
< A3z < Ay
< Az < As
<A < Ay
< Az < Ay
< A3z < Ay
< A3 < Ay
< Al < Ay

< As
< Ay
< Ay
< A,
< Ay
< Ay
< Ay
< Ag
< Ay
< A,

Ay
Ay
Ay
Ay
Ay
Ay
Ay
Ay
Ay
Ao

Table 7: The results with respect to WA, — PFV NV when the parameter § varies from 0.1 and 1

Ranking order

Best alternative

0

0=1
6=0.9
0=038
0 =0.7
0=06
0=20.5
0=04
0=0.3
0=02
0=0.1

Ay
Az
Ay
As
Ay
Ay
Az
Ay
Ay
Az

<Az < Ay
<Al < Ay
< A3 < As
< Al < Ay
< Az < As
< A3 < Ay
<Al < Ay
< A3 < Ay
< A3z < Ay
< Al < Ay

< Az
< As
< Ay
< A,
< Ay
< As
< As
< As
< A,
< Ay

A

Table 8: The results with respect to WG 4 — PFV NV when the parameter § varies from 0.1 and 1

6.3.2 Comparison with respect to parameter §

We investigate the effect of the parameter ¢ on the ranking of alternatives with respect to WA4 — PFV NV
and WG4 — PFV NV. The results are summarized in Table[7]and Table[§] From these results, it is concluded
that the ranking of the alternative is A3 < A; < Ay < As when 6 equals to 0.1 and 1 with respect to
WAy — PFV NV while A; < A3 < As < A4 when ¢ equals to 0.6 and 0.8 for WG4 — PFV NV. When
0 equals to 0.1 and 1 with respect to W A4 — PFV NV, we conclude that A, is the best alternative, while by
using WG 4 — PFV NV, the best alternative is A4 when § equals to 0.6 and 0.8. The graphical representation
of the behaviour of the alternatives with the § variation is shown in Figure [6]

6.4 Time complexity of the proposed MCDM method

In this sub-section we analysis the complexity of the MCDM method proposed in Sub-section[6.1] Actually we
evaluate the time complexity that depends on the number of times of multiplication, exponential, summation

Arithmetic Aggregation Operator

NS N\

v
NN AN S

5=1 8=05 6=0.8 8=0.7 &=0.6 6=0.5 6=04 5=03 &=02 8=0.1

— A1 A2 A3

Figure 6: Effect of the parameter § to the solution
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1w L Mumber of
Mumbar of critaria alternatives Number of eriteria shtarnatives

WG, —FPFVNV WG —FFVNY
Figure 7: Time complexity of the proposed MCDM method

as in* and® Consider a MCDM problem with n alternatives and k criteria. In Step 2 we need k operations, in
Step 3 we need 3kn operations, in Step 4 we need 6kn operations, in Step 5 we need 3n (6k + 2) operations
if we use the aggregation operator WG4 — PFV NV and we need n(75k + 21) operations if we use the
aggregation operator WGg — PFV NV. In Step 6 we need 3n operations, in Step 7 we need 98n operations
and in Step 8 we need 5n operations. So the time complexity 7}, of the MCDM method is

TZ. =k +2Tkn +112n
for the aggregation operator WG 4 — PFV NV and
TE. =k +84kn + 127n

for the aggregation operator WGr — PFVNV. Clearly the bi-variate functions g4, : [2,00)? — R
defined by ga(z,y) = x + 27zy + 112y and gg(z,y) = = + 84xy + 127y both take absolute minimum at
point (2, 2). Figure illustrates the change of the time complexity with respect to the change in the numbers
of the alternatives and the criteria for WG4 — PFV NV and WGg — PFVNV.

7 Conclusion

The main aim of this study is to introduce the concept of PFVNS constructed by considering PFVs rather
than numbers, inspired by IFVNSs. Thus, a PFVNS is an extension of IFVNSs. PFVNSs are used to express
uncertainty in a more extended fuzzy environment. Therefore, larger information can be kept while the data
is converted to a FS. In this way, information loss is prevented. In this study, some set operations between
PFVNSs are proposed. We also introduce Pythagorean fuzzy ¢-norms and ¢-conorms with motivation from
intuitionistic fuzzy t-norms and ¢-conorms. We show that some Pythagorean fuzzy ¢-norms and ¢-conorms
are expressed via continuous Archimedean ¢-norms and continuous Archimedean ¢-conorms on [0, 1]. Then
we define some algebraic operations between PFVNVs by utilizing continuous Archimedean ¢-norm and con-
tinuous Archimedean ¢-conorms on [0, 1]. By way of these algebraic operations, some weighted aggregation
operators are proposed. Input values represented by PFVNVs are transformed to a single output value by us-
ing weighted aggregation operators. Also, we introduce a method that converts neutrosophic fuzzy values to
PFVNVs. By defining a simplified neutrosophic valued modified fuzzy cross-entropy measure we manage to
rank output values represented by PFVNVs with the help of a score function in simplified neutrosophic envi-
ronment. Next a MCDM method is given to see practicability of the proposed theory. The proposed method is
made use of to solve a MCDM problem adapted from the literature in Pythagorean fuzzy valued neutrosophic
environment. A comparison analysis and a complexity analysis are also provided. In the future, different kind
of aggregation operators and cross-entropy measures can be considered. The applications of the proposed
theory can be extended to some decision making problems such as face recognition systems, classification and
medical diagnosis.

Funding “The research of Mahmut Can Bozyigit has been supported by Turkish Scientific and Technological
Research Council (TUBITAK) Program 2211.”

Conflicts of Interest: “The authors declare no conflict of interest.”

https://doi.org/10.54216/1JNS.200208 131
Received: July 08, 2022 Accepted: January 11, 2023



International Journal of Neutrosophic Science (IJNS) Vol. 20, No. 02, PP. 107-134, 2023

References

[1] Abdullah, L., Fuzzy multi criteria decision making and its applications: a brief review of category.
Procedia-Social and Behavioral Sciences, 97, 131-136, 2013.

[2] Atanassov, K. T., Intuitionistic fuzzy sets. In Intuitionistic fuzzy sets (pp. 1-137). Physica, Heidelberg,
1999.

[3] Beliakov, G., Bustince, H., Goswami, D.P., Mukherjee, U.K., Pal, N.R., On averaging operators for
Atanassov’s intuitionistic fuzzy sets. Information Sciences. 181, 1116-1124, 2011.

[4] Chang, D. Y., Applications of the extent analysis method on fuzzy AHP. European journal of operational
research, 95(3), 649-655, 1996.

[5] Cover, T. M., and Thomas, J. A., Elements of information theory 2nd edition (wiley series in telecom-
munications and signal processing), 2006.

[6] Deschrijver, G., Cornelis, C., Kerre, E. E., On the representation of intuitionistic fuzzy ¢-norms and
t-conorms. IEEE transactions on fuzzy systems, 12(1), 45-61, 2004.

[7] Garg, H., Arora, R., Generalized Maclaurin symmetric mean aggregation operators based on
Archimedean ¢-norm of the intuitionistic fuzzy soft set information. Artif Intell Rev 54:3173-3213, 2021.

[8] Junior, F.R. L., Osiro, L., and Carpinetti, L. C. R., A comparison between Fuzzy AHP and Fuzzy TOPSIS
methods to supplier selection. Applied soft computing, 21, 194-209, 2014.

[9] Kahraman, C., (Ed.) Fuzzy multi-criteria decision making: theory and applications with recent develop-
ments (Vol. 16). Springer Science and Business Media, 2008.

[10] Klement, E. P.,, Mesiar, R., Pap, E., Triangular norms, Kluwer Academic Publishers, Dordrecht, 2002.

[11] Klement, E. P., Mesiar, R., Pap, E., Triangular norms. Position paper III: continuous ¢-norms, Fuzzy Sets
and Systems, 145(3) 439-454, 2004.

[12] Klir, G. Yuan, B., Fuzzy Sets and Fuzzy Logic: Theory and Applications, Prentice Hall, Upper Saddle
River, NJ, 1995.

[13] Kullback, S., Leibler, R. A., On information and sufficiency. Annals of the Institute of Statistical Mathe-
matics. 4: 99-111, 1951.

[14] Kullback, S., Information theory and statistics. Wiley, New York, 1959.

[15] Lin,J., Divergence measures based on Shannon entropy, IEEE Trans. Information Theory 37(1) 145-151,
1991.

[16] Menger, K., Statistical metrics. Proceedings of the National Academy of Sciences of the United States of
America, 28(12), 535, 1942.

[17] Naz, S., and Akram, M., Novel decision-making approach based on hesitant fuzzy sets and graph theory.
Computational and Applied Mathematics, 38(1), 1-26, 2019.

[18] Peng, J. J., Wang, J. Q., Wang, J., Zhang, H. Y., Chen, X. H., Simplified neutrosophic sets and their
applications in multi-criteria group decision-making problems. International journal of systems science,
47(10), 2342-2358, 2016.

[19] Peng, X., Yang, Y., Some results for Pythagorean fuzzy sets. International Journal of Intelligent Systems,
30(11), 1133-1160, 2015.

[20] Peng, X., Yuan, H., Yang, Y. Pythagorean fuzzy information measures and their applications. Interna-
tional Journal of Intelligent Systems, 32(10), 991-1029, 2017.

[21] Schweizer, B. and Sklar, A., Probabilistic metric spaces, North-Holland, New York, 1983.

[22] Shang, X. G., Jiang, W. S., A note on fuzzy information measures. Pattern Recognition Letters, 18(5),
425-432, 1997.

https://doi.org/10.54216/1JNS.200208 132
Received: July 08, 2022 Accepted: January 11, 2023



International Journal of Neutrosophic Science (IJNS) Vol. 20, No. 02, PP. 107-134, 2023

[23] Shannon, C., A mathematical theory of communication. Bell Syst., Tech. J. 27:379-423, 1948.

[24] Shannon, C., Weaver, W., The mathematical theory of communication. Urbana: University of Illinois
Press, 1949.

[25] Singh, A., Joshi, D. K., Kumar, S., A novel construction method of intuitionistic fuzzy set from fuzzy set
and its application in multi-criteria decision-making problem. In Advanced Computing and Communica-
tion Technologies (pp. 67-75). Springer, Singapore, 2019.

[26] Smarandache, F., A unifying field of logics. Neutrosophy: Neutrosophic probability, set and logic. Amer-
ican Research Press, Rehoboth, 1998.

[27] Sun, B., Tong, S., Ma, W., Wang, T., and Jiang, C., An approach to MCGDM based on multi-granulation
Pythagorean fuzzy rough set over two universes and its application to medical decision problem. Artificial
Intelligence Review, 55, 1887-1913, 2022.

[28] Unver, M., Tiirkarslan, E., Olgun, M., Ye, J., Intuitionistic fuzzy-valued neutrosophic multi-sets and
numerical applications to classification. Complex and Intelligent Systems, 1-19, 2022.

[29] Unver, M., Olgun, M., and Tiirkarslan, E., Cosine and cotangent similarity measures based on Choquet
integral for Spherical fuzzy sets and applications to pattern recognition. Journal of Computational and
Cognitive Engineering, 1(1) 21-31, 2022.

[30] Vlachos, L.K., Sergiadis, G.D., Intuitionistic fuzzy information - Applications to pattern recognition,
Pattern Recognition Letters 28 (2007) 197-206, 2007.

[31] Wei, P, Ye, J., Improved intuitionistic fuzzy cross-entropy and its application to pattern recognitions. In
2010 IEEE International Conference on Intelligent Systems and Knowledge Engineering (pp. 114-116).
IEEE, 2010.

[32] Wu, X. H., Wang, J. Q., Peng, J. J., Chen, X., H. Cross-entropy and prioritized aggregation operator with
simplified neutrosophic sets and their application in multi-criteria decision-making problems. Interna-
tional Journal of Fuzzy Systems, 18(6), 1104-1116, 2016.

[33] Yager, R. R., Pythagorean membership grades in multicriteria decision making. IEEE Transactions on
Fuzzy Systems, 22(4), 958-965, 2013a.

[34] Yager, R. R., Pythagorean fuzzy subsets. In 2013 joint IFSA world congress and NAFIPS annual meeting
(IFSA/NAFIPS) (pp. 57-61). IEEE, 2013b.

[35] Yager, R. R., and Abbasov, A. M., Pythagorean membership grades, complex numbers, and decision
making. International Journal of Intelligent Systems, 28(5), 436-452, 2013.

[36] Ye, S., Ye, J., Dice similarity measure between single valued neutrosophic multisets and its application
in medical diagnosis. Neutrosophic Sets Syst. 6:48-53, 2014.

[37] Ye, J., A multicriteria decision-making method using aggregation operators for simplified neutrosophic
sets. Journal of Intelligent and Fuzzy Systems, 26(5), 2459-2466, 2014.

[38] Ye, J., Multicriteria decision-making method using the correlation coefficient under single-valued neu-
trosophic environment. International Journal of General Systems, 42(4), 386-394, 2013.

[39] Ye, J., Single-Valued Neutrosophic Clustering Algorithms Based on Similarity Measures. Journal of
Classification, 34(1), 2017.

[40] Ye, J., Tiirkarslan, E., Unver, M., Olgun, M., Algebraic and Einstein weighted operators of neutrosophic
enthalpy values for multi-criteria decision making in neutrosophic multi-valued set settings. Granular
Computing, 1-9, 2021.

[41] Yeni, F. B., and C)zgelik, G., Interval-valued Atanassov intuitionistic Fuzzy CODAS method for multi
criteria group decision making problems. Group Decision and Negotiation, 28(2), 433-452, 2019.

[42] Zadeh, L. A., Fuzzy sets. Information and control. 8(3):338-353, 1965.

[43] Zadeh, L. A., Probability measures of fuzzy events. Journal of mathematical analysis and applications,
23(2),421-427, 1968.

https://doi.org/10.54216/1JNS.200208 133
Received: July 08, 2022 Accepted: January 11, 2023



	1 Introduction
	2 Pythagorean Fuzzy t-norms and t-conorms
	3 Pythagorean Fuzzy Valued Neutrosophic Sets
	4 Weighted Aggregation Operators for PFVNVs
	4.1 A Weighted Arithmetic Aggregation Operator
	4.2 Weighted Geometric Aggregation Operator

	5 A Simplified Neutrosophic Valued Modified Fuzzy Cross-Entropy Measure for PFVNVs
	6 An Application of PFVNVs To A MCDM Problem
	6.1 A MCDM method
	6.2 An application
	6.3 Comparative analysis 
	6.3.1 Comparison with the literature
	6.3.2 Comparison with respect to parameter 

	6.4 Time complexity of the proposed MCDM method

	7 Conclusion

