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1. Introduction

The concept of neutrosophic sets was first
introduced by Florentin Smarandache [3] in 1999
which is a generalization of intuitionistic fuzzy sets
by Atanassov [1]. A. A. Salama and S. A. Alblowi [6]
introduced the concept of neutrosophic topological
spaces after Coker [2] introduced intuitionistic fuzzy
topological spaces . Further the basic sets like semi
open sets, pre open sets, o open sets and semi-a. open
sets are introduced in neutrosophic topological spaces
and their properties are studied by various authors
[4,5]. The purpose of this paper is to introduce and
analyze a new concept of neutrosophic closed sets
called neutrosophic o generalized closed sets.

2. Preliminaries:

Here in this paper the neutrosophic
topological space is denoted by (X, 1). Also the
neutrosophic interior, neutrosophic closure of a
neutrosophic set A are denoted by NiInt(A) and
NCI(A). The complement of a neutrosophic set A is
denoted by C(A) and the empty and whole sets are
denoted by Oy and 1y respectively.

Definition 2.1: Let X be a non-empty fixed set. A
neutrosophic set (NS) A is an object having the form
A = {{X, paX), oalX), va(X)): xeX} where pa(x),
oa(X) and va(X) represent the degree of membership,
degree of indeterminacy and the degree of non-

membership respectively of each element x € X to
the set A.

A Neutrosophic set A = {{X, pa(x), oa(x),
va(X)): xeX} can be identified as an ordered triple
< Ha; Oa, VA> in ]-0, 1+[ on X.

Definition 2.2: Let A = ( pa, oa, vay be @ NS on X,
then the complement C(A) may be defined as

1 C(A) ={X 1-pa(X), 1- va(x)): x € X}

2. C(A) ={{X va(x), oa(X), pa(x)): x € X}

3. C(A) ={{X, va(x), 1-oa(X), pa(x)): x € X}
Note that for any two neutrosophic sets A and B,

4. C(AuB)=C(A)nC(B)

5. C(AnB)=C(A)uC(B)

Definition 2.3: For any two neutrosophic sets A =
{(% pa(x), oa(X), va(x)): xeX} and B = {{x, pa(X),
op(X), ve(X)): xe X}we may have
1. Ac B < paX) < pg(x), oa(X) < os(x) and
valX) = vg(X) V xe X
2. Ac B < paX) < ps(x), oa(x) 2 og(x) and
valX) = vg(X) V xe X
3. AN B =X palX) A ps(x), ca(x) A og(X) ,
VA(X) v ve(X) )
4. AN B =X paX) A pe(X), oaX) v os(X) ,
VA(X) v ve(X) )
5. AU B =X pa(X) v ps(x), ca(x) v og(X) ,
VA(X) A ve(X) )
6. AUB=(X pa(X) v ps(x), oa(X) A op(X) ,
VA(X) A ve(X) )

Definition 2.4: A neutrosophic topology (NT) on a
non-empty set X is a family t of neutrosophic subsets
in X satisfies the following axioms:
(NTl) ON, 1N €T
(NT,) GinGyertforany Gy Gy, et
(NT3) uGetVvV{G:iel}lcr

In this case the pair (X, t) is a neutrosophic
topological space (NTS) and any neutrosophic set in
T is known as a neutrosophic open set (NOS) in X. A
neutrosophic set A is a neutrosophic closed set (NCS)
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if and only if its complement C(A) is a neutrosophic
open set in X.
Here the empty set (On) and the whole set
(1n) may be defined as follows:
0y) On={(%x0,0,1): x e X}
(0y) On={(x0,1,1): x e X}
(03) On={(x0,1,0)x e X}
(04) ON = {< X, 0, 0, O> X e X}
(1) In={(x1,0,0):x € X}
(1) In={(x1,0,1):x e X}
(13) In={(x1,1,0:xe X}
(14) w={(x,1,11):xe X}

Definition 2.5: Let (X, ) be a NTS and A = {(x,
pa(X), oa(X), va(X)): xeX3} be a NS in X. Then the
neutrosophic interior and the neutrosophic closure of
A are defined by

NInt(A) = U {G: Gisan NOS in X and G < A}
NCI(A) = n {K: Kiisan NCS in X and A c K}

Note that for any NS A, NCI(C(A)) = C(NInt(A)) and
NInt(C(A)) = C(NCI(A)).

Definition 2.6: ANS A of a NTS X is said to be

(i a neutrosophic pre-open set (NP-OS) if
A < NInt(NCI(A))

(i) a neutrosophic semi-open set (NS-OS)
if A < NCI(NInt(A))

(iii) a neutrosophic a-open set (Na-OS) if A
< NInt(NCI(NInt(A)))

(iv) a neutrosophic semi-a-open set (NS,-
0S) if A < NCI(aNInt(A))

Definition 2.7: ANS A of a NTS X is said to be

(M A neutrosophic pre-closed set (NP-CS)
if NCI(NInt(A)) c A
(i) A neutrosophic  semi-closed  set

(NS-CS) if NInt(NCI(A)) c A

(iii) A neutrosophic a-closed set (Na-CS) if
NCI(NInt(NCI(A))) c A

(iv) A neutrosophic semi-a-closed set
(NS,-CS) if NInt(aNCI(A)) c A

3. o generalized closed sets in neutrosophic
topological spaces

In this section we introduce neutrosophic o
closure, neutrosophic o interior and o generalized
closed set and its respective open set in neutrosophic
topological spaces and discuss some of their
properties.

Definition 3.1: A NS A in a NTS X is said to be a
neutrosophic  regular closed set (NRCS) if

NCI(NInt(A)) = A and neutrosophic regular open set
if NInt(NCI(A)) = A.

Definition 3.2: A NS A in a NTS X is said to be a
neutrosophic B closed set (NBCS) if
NInt(NCI(NInt(A))) [ A and neutrosophic 3 open set
if A [0 NCI(NInt(NCI(A)))

Definition 3.3: Let A be a NS of a NTS (X, 1). Then
the neutrosophic o interior and the neutrosophic o
closure are defined as

N Int(A) = U {G: GisaNa-OSin Xand G c A}
N.CI(A) = n {K: KisaNa-CSin X and A c K}

Result 3.4: Let Abe a NS in X. Then N,CI(A) = A v
NCI(NInt(NCI(A))).

Proof: Since N.CI(A) is a Na-CS,
NCI(NInt(NCI(N,CI(A))))c N,CI(A) and A U
NCI(NInt(NCI(A)))= A w NCI(NInt(NCI(N,CI(A))))

c A U NCI(A) = NCI(A) - i). Now
NCI(NIn((NCI(A U NCI(NInt(NCI(A))))) <
NCI(NInt(NCI(A U NCI(A)))) =

NCI(NInt(NCI(NCI(A)))) = NCI(NInt(NCI(A))) < A
v NCI(NInt(NCI(A))). Therefore A U
NCI(NInt(NCI(A))) is a Na-CS in X and hence
N.CI(A) = A U NCI(NInt(NCI(A))) ------ (ii). From
(i) and (ii), N,CI(A) = A U NCI(NInt(NCI(A))).

Definition 3.5: A NS Ain a NTS X is said to be a
neutrosophic o generalized closed set (NoCS) if
N,CI(A) < U whenever A c U and U is a NOS in X.
The complement C(A) of a N,4CS A is a N,40S in X.

Example 3.6: Let X = {a, b} and t = {Oy A, B, 1}
where A = (x, (0.5 0.6), (0.3, 0.2), (0.4 0.1)) and
B =<(x, (0.4,0.4), (0.4, 0.3), (0.5 0.4)). Then t is a
NT. Here p.A(a) =0.5, HA(b) =0.6, GA(a) =0.3, GA(b)
= 0.2, va(a) = 0.4 and va(b) = 0.1. Also pg(a) = 0.4,
ps(b) = 0.4, og(a) = 0.4, og(b) = 0.3, vg(a) = 0.5 and
ve(b) = 0.4. Let M = (x, (0.5, 0.4), ((0.4, 0.4), (0.4,
0.5)) be any NS in X. Then M < A where A is a NOS
in X. Now N,CI(M) = M u C(B) = C(B) c A
Therefore M is a Nog-CS in X.

Proposition 3.7: Every NCS A is a N4-CS in X but
not conversely in general.

Proof: Let A < U where U is a NOS in X. Now
N,CI(A) = A U NCI(NInt(NCI(A))) = A U NCI(A) =
AU A=AcU, by hypothesis. Therefore A is a Ng-
CSin X.

Example 3.8: In Example 3.6, M is a N.¢-CS in X
but not a NCS in X as NCI(M) = C(B) = M.
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Remark 3.9: Every NS-CS and every N,-CS in a
NTS X are independent to each other in general.

Example 3.10: In Example 3.6, M is a N,-CS but
not a NS-CS as NInt(NCI(M)) =B ¢ M.

Example 3.11: Let X = {a, b} and t = {Oy A, B, C,
1\}, where A = (x, (0.5,0.4), (0.3, 0.2), (0.5,0.6)), B
=(x, (0.8,0.7), (0.4, 0.3), (0.2,0.3)) and C =(x, (0.2,
0.1), (0.3, 0.2), (0.8 0.9)). Then tis a NT. Let M =
(x, (0.5 0.3), (0.3, 0.2), (0.5,0.7)). Then M is a NS-
CS but not a No-CS as M c A, B and N,CI(M) = M
U C(A)=C(A) z A.

Remark 3.12: Every NP-CS and every N,,-CSin a
NTS X are independent to each other in general.

Example 3.13: In Example 3.11, M is a NP-CS but
not a N-CS as seen in the respective example.

Example 3.14: Let X = {a, b} and = = {Oy A, B, 1},
where A =(x, (0.5 0.4), (0.3, 0.2), (0.5,0.6)) and B =
0x, (0.4,0.3), (0.3, 0.1), (0.6 0.7)0J I [Then t is a
NT. Let M = [x, (0.5, 0.5), (0.2, 0.1), (0.4, 0.4)[J.
Then M is a Ng-CS but not a NP-CS as
NCI(NInt(M)) = C(A) ¢ M.

Proposition 3.15: Every No-CS A is a N-CS in X
but not conversely in general.

Proof: Let A [1 U, where U is a NOS in X. Then
N,CI(A) = A [1 NCI(NInt(NCI(A))) T ATTA=AT]
U, by hypothesis. Hence A is a N,g-CS in X.

Example 3.16: In Example 3.6, M is a Ngg-CS in X
but not a Na-CS as NCI(NInt(NCI(M))) = C(B) & M.

Proposition 3.17: Every NOS, Na-OS are N,qOS
but not conversely in general.

Proof: Obvious.

Example 3.18: In Example 3.6, C(M) is a N,4OS but
not a NOS, Na-0S in X.

Remark 3.19: Both NS-OS and NP-OS are
independent to N,4OS in X in general.

Example 3.20: The above Remark can been proved
easily from the Examples 3.10, 3.11 and 3.13, 3.14
respectively.

Proposition 3.21: The union of any two N,4CSs is a
NyCSinaNTS X.

Proof: Let A and B be any two N,,CSsina NTS X.
Let A1 B [ Uwhere UisaNOSinX. Then A [l U
and B 1 U. Now N,CI(A1B)=(AB) [
NCI(NInt(NCI(A [ B))) ! (A [ B) LI NCI(NCI(A [
B)) L/ (A1 B) I NCI(A [ B) LI NCI(A [ B) =
NCI(A) U NCI(B) U U J U = U, by hypothesis.
Hence A LI Bisa N,,CS in X.

Remark 3.22: The intersection of any two N,4CSs
need not be a NogCS ina NTS X.

Example 3.23: Let X = {a, b} and © = {Oy A, B, 1}
where A = 0%, (0.5 0.4), (0.3, 0.2), (0.5 0.6)JJand
B =[x, (0.8,0.7), (0.3, 0.2), (0.2,0.3)11 (I [(Then 7 is
a NT. Let M = [1x, (0.6 0.9), (0.3, 0.2), (0.4 0.1)[)
and N = [Jx, (0.9,0.7), (0.3, 0.2), (0.1 0.3)(1. Then M
and N are N,gCSs in X but M n N = 0x, (0.6 0.7),
(0.3,0.2), (0.4 0.3)J isnotaN,,CSasMNNc B
and N.CI(M N N) =1y z A.

Proposition 3.24: Let (X, t) be a NTS. Then for
every A € NyC(X) and for every B € NS(X), Ac B
< NGCI(A) implies B € Ny4C(X).

Proof: Let B < U and U be a NOS in (X, t). Then
since A < B, A < U. By hypothesis, B < N,CI(A).
Therefore N,CI(B) < N,CI(N,CI(A)) = N,CI(A) <
U, since A is an NgCS in (X, 7). Hence B €
NygC(X).

Proposition 3.25: If A'is a NOS and a N,CS in (X,
1), then Alisa Na-CS in (X, 1).

Proof: Since A < A and A is a NOS in (X, 1), by
hypothesis, N,CI(A) < A. But A < N,CI(A).
Therefore N,CI(A) = A. Hence A is a Na-CS in (X,
7).

Proposition 3.26: Let (X, t) be a NTS. Then every
NS in (X, 1) is @ NggCS in (X, 1) if and only if Na-
O(X) = Na-C(X).

Proof: Necessity: Suppose that every NS in (X, 1) is
a NgCS in (X, 1). Let U e NO(X). Then
U € Noa-O(X) and by hypothesis, N,CI(U) c U
N,CI(U). This implies N,CI(U) = U. Therefore U e
No-C(X). Hence No-O(X) < Na-C(X). Let
A € Noa-C(X). Then C(A) € No-O(X) < Na-C(X).
That is C(A) € No-C(X). Therefore A € Na-O(X).
Hence No-C(X) < Noa-O(X). Thus Na-O(X) =
Na-C(X).

Sufficiency: Suppose that N[J-O(X) = N[J-C(X). Let
A < U and U be a NOS in (X, 1). Then
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U e NOJ-O(X) and N_CI(A) < N, CI(U) = U, since
U e N[O-C(X), by hypothesis. Therefore A is an
N 4CSin X.

Proposition 3.27: If A'isa NOS and a N ,CS in (X,
1), then Alisa NROS in (X, 7).

Proof: Let A be a NOS and a N-4CS in (X, 7). Then
A is a NO-CS in X. Now NInt(NCI(A)) [
NCI(NInt(NCI(A))) [0 A. Since A is a NOS, A =
NInt(A) U NInt(NCI(A)). Hence NInt(NCI(A)) = A
and A isa NROS in X.

Definition 3.28: A NS A in (X, 1) is a neutrosophic
Q-set (NQ-S) in X if NInt(NCI(A)) = NCI(NInt(A)).

Proposition 3.29: For a NOS A in (X, 1), the
following conditions are equivalent:

(i) AisaNCSin (X, 1),

(i) AisaN_4CSandaNQ-Sin (X, 1).

Proof: (i) = (ii) Since A is a NCS, it isa N (CS in
(X, 7). Now NInt(NCI(A)) = NInt(A) = A = NCI(A)
=NCI(NInt(A)), by hypothesis. Hence A is a NQ-S in
(X, 7).

(if) = (i) Since A'isa NOS and a N ,(CS in (X, 1), by
Theorem 3.27, A'is a NROS in (X, t). Therefore A =
NInt(NCI(A)) = NCI(NInt(A)) = NCI(A), by
hypothesis. Hence A isa NCS in (X, 7).

Proposition 3.30: Let (X, t) be a NTS. Then for
every A € N 4O(X) and for every B e NS(X),
N:Int (A) = B < Aimplies B € N;,;O(X).

Proof: Let A be any N-4OS of X and B be any NS of
X. By hypothesis N-IntA) < B < A. Then C(A) is a
N-4CS in X and C(A) < C(B) < N.CI(C(A)). By
Theorem 3.24, C(B) is a N-4CS in (X, t). Therefore
B is a NagOS in (X, 1). Hence B € N jO(X).

Proposition 3.31: Let (X, t) be a NTS. Then for
every A e NS(X) and for every B € NS-O(X), B <

A < NInt(NCI(B)) implies A € N jO(X).

Proof: Let B be a NS-OS in (X, 1). Then B ¢
NCI(NInt(B)). By hypothesis, A < NInt(NCI(B)) <
NInt(NCI(NCI(NInt(B)))) < NInt(NCI(NInt(B))) <
NInt(NCI(NInt(A))). Therefore A is a NLI-OS and by
Proposition 3.17, A is a N,4OS in (X, t). Hence
A e N 4O(X).

Proposition 3.32: A NS A of a NTS (X, 1) is a
NpgOS in (X, 7) if and only if F < NqiInt(A)
whenever Fisa NCS in (X, 1) and F c A.

Proof: Necessity: Suppose A is a N-4OS in (X, 1).
Let F be a NCS in (X, 1) such that F < A. Then C(F)
is a NOS and C(A) < C(F). By hypothesis C(A) is a
NpgCS in (X, 1), we have N-CI(C(A)) < C(F).
Therefore F < N-Int(A).

Sufficiency: Let U be a NOS in (X, 1) such that C(A)
< U. By hypothesis, C(U) < N-Int(A). Therefore
N CI(C(A)) < U and C(A) is an N 4CS in (X, 7).
Hence Aiisa N3OS in (X, 1).
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