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ABSTRACT

In this paper we introduce fuzzy neutrosophic topological spaces and its some properties. Also we provide fuzzy
continuous and fuzzy compactness of fuzzy neutrosophic topological space and its some properties and examples.
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and fuzzy compactness.

1. INTRODUCTION

Fuzzy sets were introduced by Zadeh in 1965. The concepts of intuitionistic fuzzy sets by K. Atanassov several
researches were conducted on the generalizations of the notion of intuitionistic fuzzy sets. Florentin Smarandache [5,
6] developed Neutrosophic set &logic of A Generalization of the Intuitionistic Fuzzy Logic& set respectively.
A.A.Salama & S.A.Alblowi [1] introduced and studied Neutrosophic Topological spaces and its continuous function in
[2]. In this paper, we define thenotion of fuzzy neutrosophic topological spaces and investigate continuity and
compactness by using Coker’s intuitionistic topological spaces in [4]. We discuss New examples of FNTS.

2. PRELIMINARIES

Here we shall present the fundamental definitions. The following one is obviously inspired by Haibin Wang and
Florentin Smarandache in [7] and A.A.Salama, S.S.Alblow in [1]. Smarandache introduced the neutrosophic set and
neutrosophic components. The sets T, I, F are not necessarily intervals but may be any real sub-unitary subsets of
170, 1*[. The neutrosophic components T, I, F represents the truth value, indeterminacy value and falsehood value
respectively.

Definition 2.1 [7]: Let X be a non-empty fixed set. A fuzzy neutrosophic set (FNS for short) A is an object having the
form A = {(x, py (%), 04(x), v, (x)): x € X} where the functions

Ug:X »170,1%, 041X -]70,17], v X -]70,17[
denote the degree of membership function (namely w4 (x)), the degree of indeterminacy function (namely o, (x)) and
the degree of non-membership (namely v,(x)) respectively of each element x € X to the set A and
0 < uy(x) + 0y(x) +v4(x) < 17, foreach x € X.

Remark 2.2 [7]: Every fuzzy set A on a non-empty set X is obviously a FNS having the form
A= {(x, s (x),04(x), 1 — uy(x)): x € X}

A fuzzy neutrosophic set A = {{x, us(x), g4 (x),v4(x)): x € X} can be identified to an ordered triple {x, u4, a4, v4) in
170,1*[on X.

Definition 2.3[1]: Let X be a non-empty set and the FNSs A and B be in the form A = {(x, 4 (x), 0, (x),v4(x)): x €
Xand FB=x, uBx, oFx, vBx:xveXon Xand let A7:/€/ be an arbitrary family of FNS’s in X, where Ai=x, uAdix, oAz,
vAix:x€EXe.

a) ACBIiff uy(x) < ug(x),0,(x) < opg(x)andv,(x) = vg(x) forall x € X.

b) A=BiffAc BandB c A.

c) A={{x,va(x),1—-04(x),us(x)):x € X}

d u4 = {(x, Vi ﬂAi(x) »Viey 0y, (x), Aigy Va, (x)):x € X}
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e) N4 ={{x,\ig ta, (%), Nigy 04,(x), Vigy va, () x € X}

f) A—B={{xu() Ave(x),04(x) A (1= 0p(x)),v4(x) V up(x)): x € X}
9) [04={x,pua(x),04(x), 1= ps(x)):x € X}

hy <>A={x1-v,0x),04(x),v4(x)):x € X}

) 0y =(x0,01)and 1y = (x,1,1,0)

4
a b ¢ a b ¢ a b ¢
Here 4 = (x, ﬁ'ﬁ'ﬁ)’(ﬁ‘ﬁ‘ﬁ)'(ﬁ e 0—)) and A € C because p,(x) < ug(x),04(x) < gz(x) and v, (x) =
vg(x) forall x € X. Furthe

er,

AUB = (x, g (x) V ug(x), 04 (x) V o5 (x), v4(x) Avg(x))
(&b cyra b cyra b c
_(x< 5050 )( 5°05'03 )(0.2' .2'0.2))

ANB = (x,u(x) App(x),04(x) Aog(x),va(x) Vvp(x))
_ b ey(a b cyia b c

= <o3 04’ 04) (0.4'0.2'0.2)'(0.3'0.4'0.4))

Corollary 2.5: Let 4, B, C and A; be FNS’s in X(i € J). Then
a) A, S Bforeachie]=UA,CSB
b) Bc Aiforeachi €] = B CSnNA;
C) UA,=nA;and N4; =U 4;
d AcBo=BcA
e) A)=4
f) Oy

Now we shall define the image and preimage of FNS’s. Let X, Y be two non-empty sets and f: X — Y a function.

Definition 2.6[4]:
a) IfB={y,uz(»),05(),vg(y)):y € Y} is an FNS in Y then the preimage of B under f, denoted by f~1(B),
is the FNS in X defined by
fHB) = {{x, f T wp) (), £~ (0p) (), f T (vp) (X)): x € X}
Where £~ (ug) (x) = ppf (x), f 7 (05) (x) = a5 f (x) and f ' (vp) (x) = v f (x)
by If A= {{x,us(x),04(x),v4(x)): x € X} is a FNS in X, then the image of A under f, denoted by f(4), is the
FNS in Y defined by

FA) ={ fu) ), fle) ), (1= fFA=v))):y €Y}
p pa(x) if L) # 0
fu) ) = {XEf

otherwise

o () if [T ) =0

otherwise

vaC) if f ) =0

FonG) = {xefo-ﬂw

(1- f1 - v))) = {xe}%
1 otherwise

For the sake of simplicity, let us use the symbol £_(v,) for (1 — f(1 —v,)).

Corollary 2.7[4]: Let A, A;(i € J) be FNS’sin X, B, B;(j € K) be FNS’sin Y, and f: X — Y a function.
a) Ay SA; = f(A) C f(4;),By €SB, = f'(By) € f(By),
b) A< f~1(f(A)), and if f is injective then A = f~1(f(4))
¢) fYN(f(B)) € B, andif f is surjective, then f~1(f(B)) = B
d) fH(uB)=ufi(B).f(nB)=nf(B),
e) f(UA) =Uf(4) f(nA4;) cn f(A); and if f is injective, then f(N 4;) =n f(4;)
) () =1y, f1(0y) = Oy
9) f(0y) =0y, f(1y) = 1y, if f is surjective
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h) If f is surjective, then f(A) € f(A). If furthermore, f is injective, then f(4) = f(A4)
) f'B)=f"1(B)
3. FUZZY NEUTROSOPHIC TOPOLOGICAL SPACES

Definition 3.1: A fuzzy neutrosophic topology (FNT for short) a non-empty set X is a family t of fuzzy neutrosophic
subsets in X satisfying the following axioms.

(NT2) Oy, 1y €T
(NT2) GiNG,etforany G;,G, €1
(NT3) UG et,v{G:i€ejJlcr

In this case the pair (X,t) is called a Fuzzy neutrosophic topological space (FNTS for short) and any fuzzy
neutrosophic set in t is known as fuzzy neutrosophic open set (FNOS for short) in X. The elements of t are called open
fuzzy neutrosophic sets.

The complement of FNOS in the FNTS (X, 7) is called fuzzy neutrosophic closed set (FNCS for short).

Example 3.2: Let X ={a,b,c} and consider the value of A,B,C,D are defined in Example 2.4, the family
T ={0y,1y,4,B,C,D} of FNSin X. Then (X,7) is FNTS on X.

Example 3.3: Let (X,7) be a fuzzy topological space such that 7 is not indiscrete. Suppose now that
T =1{0,1} U {G;: i € J}. Then we can construct two FNT’s on X as follows:

a) Tl = {ON' lN}U{(x' Gi,a(x),O):i E]}v b) TZ = {ONllN}U{(x' 0,0'(X),Gi):i E]}

Proposition 3.4: Let (X,t) be a FNTS on X. Then we can also construct several FNTS’s on X in the following way
To1 ={[ 1G:G €T} D)7, ={( )G:G €T}

Definition 3.5: Let (X, 1y), (X, T,) be two FNTS’s on X. Then 7, is said to be contained in 7, (in symbols, 7; € t,), if
G € T, for each G € ;. In this case, we also say that 7, is coarser than .

Proposition 3.6: Let {z;:i € J} be a family of FNT’s on X. Then N, 7; is FNT on X. Furthermore, N;¢; 7; is the
coarsest FNT on X containing all z;’s.

Definition 3.7: Let (X, t) be a FNTS on X.
a) A family g c tis called a base for (X, 7) iff each member of 7 can written as a union of elements of 5.
b) A family y < 7 is called a subbase for (X, t) iff the family of finite intersections of elements in y forms a base
for (X, 7). In this case the FNT = is said to be generated by y.

Definition 3.8: Let (X,7) be a FNTS and A = (x, uy, 04, v4) be a FNS in X. Then the fuzzy interior and fuzzy closure
of A are defined by
cl(A) =n {K:KisaFNCSin X and A < K}, int(A) =U {G: GisaFNOS in X and G € A}

Now that cl(A) isa FNCS and int(A) isa FNOS in X. Further,
a) AisaFNCSinXiffcl(4A) =4
b) AisaFNOSin X iffint(A) = A

Example 3.9: Consider the FNTS (X, 7) is defined in Example 3.2. If

F_(abc>abc<abc>
= (020504 '(ﬁﬁm)' 02'03'03)
Then, int(A) = D and cl(4) = 1.

Proposition 3.10: For any FNS 4 in (X, 1), we have cl(4) = int(A), int(4A) = cl(4).

Proposition 3.11: Let (X,7) be a FNTS and 4, B be FNS’s in X. Then the following properties hold:
a) int(A) S A,ACccl(h)
b) Ac B = int(A) < int(B),A S B = cl(A4) < cl(B)
c) int(int(A)) = int(A), cl(cl(A)) = cl(A)
d) int(An B) =int(A) nint(B),cl(A U B) = cl(A) U cl(B)
e) int(1y) = 1y,cl(0y) =0y
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Proposition 3.12: Let (X, 7) be a FNTS. If A = (x, 4, 04,v,4) be a FNS in X. Then we have
a) lnt(A) g (x, int‘fl (MA)I int‘fl (UA)ﬁ Cl‘[z (VA)) g A
b) Ac (X, Cl‘rz (MA)! Cl‘rz (UA)! int‘rl (VA)) c Cl(A)
where 7, and t,are FTS on X defined by t; ={u,:G € t}, 7, = {1 —v,: G € 1}

Corollary 3.13: Let A = (x, uy, 04,v4) be a FNS in (X, 1)
a) If AisaFNCS, then py is fuzzy closed in (X, ;) and v, is fuzzy open in (X, 7).
b) If AisaFNOS, then p, is fuzzy openin (X, t;) and v, is fuzzy closed in (X, 7).

Example 3.14: Consider the FNTS (X, 1) is defined in Example 3.2. If

F_((a b c>(a b C)<a b C))
=¥ 0.4°0.5°0.4/°\0.4°0.3°0.2/°\0.2°0.3°0.3
Then, int(A) = D. Noting that we have
_{01<a b c>(a b C) a b c>(a b C)}
h= s 0.3'0.4°0.5/°\0.5°0.5’0.4/°\0.5°0.5°0.5/°\0.3°0.4° 0.4
—{Ol(a b c>(a b C) b
271" \0.770808/'\08’0.6" 0.6
. b b
and int,, (1) = 5—3,&,5),0112(%4) = i — L)

ES

4. FUZZY NEUTROSOPHIC CONTINUITY

Definition 4.1: Let (X,t) and (Y,¢) be two FNTSs and let f: X — Y be a function. Then f is said to be fuzzy
continuous iff the preimage of each FNS in ¢ isa FNS in 7.

Definition 4.2: Let (X, t) and (Y, ¢) be two FNTSs and let f: X — Y be a function. Then f is said to be fuzzy open iff
the image of each FNS in 7 isa FNS in ¢.

Example 4.3: Let (X, 7o) and (Y, ¢o) be two fuzzy topological spaces.
a) |If f:X — Y is fuzzy continuous in the usual sense, then in this case, f is fuzzy continuous iff the preimage of
each FNS in ¢, isa FNS in t,. Consider the FNTs on X and Y respectively, as follows:
T= {(X,,Ll(;,o,l - #G):#G € TO}'(p = {<y'5H'0! 1- (SH):(?H € (pO}
In this case we have for each (y, §;,0,1 — 8y) € @,y € @,
9, 84,0,1 = 8y =, fH(8y), f71(0), f 11 = 8p))
=, [Ty, fTH(0), 1= f1 () ET
b) Let f: X — Y be a fuzzy open in the usual sense, then f is fuzzy openaccording to Definition 4.2. In this case
we have, for each (x, u;,0,1 — ug) € 7, U € 79,
f(x'l'lGﬁO' 1- .uG) = (x'f(l'lG)! O,f_(l - ”G))
= (x'f(l'lG)' 0,1- f—(“G)) Eo@

Proposition 4.4: f: (X,t) — (Y, ) is fuzzy continuous iff the preimage of each FNCS in ¢ isa FNCS in 7.

Proposition 4.5: The following are equivalent to each other
a) f:(X,t) - (Y, ) is fuzzy continuous
b) f~I(int(B)) € int(f1(B)) foreach FNS B inY.
¢) cl(f~Y(B)) € f(cl(B))foreach FNS B inY.

Example 4.6: Let (Y,9) be a FNTS and X be a non-empty set and f:X — Y a function. In this case
t={f"Y(H):H € ¢} is a FNT on X. Indeed, t is the coarsest FNT on X which makes the function f:X - Y
continuous. One may call the FNT ¢ on X the initial FNT with respect to f.

5. FUZZY NEUTROSOPHIC COMPACTNESS

Definition 5.1: Let (X, ) be a FNTS.
a) [Ifafamily G; = {(x, us, 0, vs,): i € J} of FNOS is X satisfy the condition U G; = 1y, then it is called a fuzzy
open cover of X. A finite subfamily of fuzzy open cover G; of X, which is also a fuzzy open cover of X is
called a finite subcover of G;.
b) A family K; = {(x, Bk, Ok Vi, )11 E ]} of FNCSs in X satisfies the finite intersection property iff every finite
subfamily {(x, ux,, o, vi,): i = 1,2, ...,n} of the family satisfies the condition N, {(x, s, oy, vi,)} # Oy.

Definition 5.2: A FNTS (X, t) is fuzzy compact iff every fuzzy open cover of X has a finite subcover.
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Example 5.3: An FNTS (X, t), where X = {1, 2, 3},

1 2 3 1 2 3 1 2 3
Gn:<xl n v n " n || n¥1’n+2’n+3 |’ T‘I‘T )

n+l n+2 n+3 n+2 n+3 n+d n+2 n+3 n+4
and 7 = {0y, 1y} U {G,:n € N}. Note that U,y G, is an open cover for X, but this cover has no finite subcover.
Consider

G, = (1 2 '3)(1 2 3)(1 2 3'))
3= 0.75'0.6°0.5/°\0.8°0.8°0.9/°\0.2°0.2° 0.1
and observe that G; U G, U G3 = G3. So, for any finite subcollection {G,.: i € I, where I is a finite subset of N},
Un,e1 Gn, = G # 1y, Where m = max{n;:n; € 1}. therefore the FNTS (X, 7) is not compact.

Proposition 5.4: Let (X, ) be a FNTS on X. Then (X, 7) is fuzzy compact iff the FNTS (X, 7,1 ) is fuzzy compact.

Proof: Let (X,7) be fuzzy compact and consider fuzzy open cover {[ 1G;:j € K} of X in (X,79,). Since
u ([ 16;) = 1y. We obtain Vg, =1Va; =1andhence, by vg <1 =g =Avg, <1V =0=Av; =0,
we deduce U G; = 1y. Since (X, 7) is fuzzy compact there exist Gy, Gy, Gs, ... G,, such that Ui, G; = 1 from which we
obtain Vi, ug, = 1,Vie, 05, = 1and Ay (1 — pg,) = 0. That is, (X, 7o) is fuzzy compact,

Suppose that (X, 7o) is fuzzy compact and consider a fuzzy open cover {G;:j € K} of X in (X, 7). Since U G, = 1y,
we obtain V 5, = 1,Vag, =1 and 1 -V pug = 0. Since (X,701) is fuzzy compact, there exist Gy, G,, Gs, ... G, such
that Ui, ([ 1G;) = 1y, that is, Vi pg, = 1,Viey05, =1 and AL (1 —pg,) =0. Hence pg, <1—v; = 1=
Vicibg, <1 - N1vg, = 0.= ANl v, = 0. Hence Ui, G; = 1y. Therefore (X, 7) is fuzzy compact.

Corollary 5.5: Let (X,7) and (Y, ¢) be two FNTSs and let f: X — Y be a fuzzy continuous surjection. If (X, t) is fuzzy
compact, then so is (Y, ).

Corollary 5.6: A FNTS (X, 1) is fuzzy compact iff every family {(x, Bk, Ok Vi, )1 L E ]} of FNCSs in X having the
FNP has a non-empty intersection.

Definition 5.7:
a) Let(X,7) beaFNTSand A a FNS in X. If a family G; = {(x, ug,, 06, v¢,): i € J} of FNOSs in X satisfies the
condition A CU G;, then it is called a fuzzy open cover of A. A finite subfamily of the fuzzy open cover G; of
A, which is also fuzzy open cover of A4, is called a finite subcover of G;.
b) A FNS A = (x,uy,04,v4) inaFNTS (X,7) is called fuzzy compact iff every fuzzy open cover of A has a
finite subcover.

Corollary 5.8: A FNS A = (x, pty, 04,v4) in @ FNTS (X, t) is fuzzy compact iff for each family G = {G;: i € J} where
G; = {(x, g, 06,,vg,): i € J}, of FNOS in X with properties pu, < Vie; g, , 04 < Vigy 0, and 1 — vy < Vi (1 = vg,)
there exists a finite subfamily {G;: 1,2, ..., n} of G such that p, < Vi, pg,, 04 < Vi=y 05, and 1 — v, < Ve, (1 —vg,).

Example 59: Let X =1 and consider the FNSs (G,)ycz,,» Where G, =(x,ug, 0,V )n =23, .. and
G = (x, ug, 0¢,vg) defined by

(0.7,if x =0 ( 08, ifx=0 ( 01, ifx=0
1 1 1
g, (x) = nx,1f0<x<£’0_0n(x): (n+1)x,1f0<x<£’ v = 1 —nx, Lf0<x<;
1 1 1
1,if —<x<1 1, if —<x<1 0, if —<x<1
07k'flfn0x 08 i ko lfn X \ lfn x
7 ifx = 8 ifx=
and He = {1, otherwise’ %6 = {1, otherwise’
, _{0.1 ifx=0
¢~ 1, otherwise

Then 7={0y,1y,G}U{G,:n € Z,} is a FNT on X, and consider the FNSs C,;z, in (X,7) defined by
Copy ={{x,a,B,y):x € X}, where a,B,y€l are arbitay and a+pf+y<2. Then the FNSs

Co.75,0.85,0.05 Co.65,0.75,0.15 Co.85,0.850,05 are all compact.
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Corollary 5.10: Let (X,7) and (Y, @) be two FNTSs and let f: X — Y be a fuzzy continuous function. If A4 is fuzzy
compact in(X, ), thenso is f(A) in (Y, ).
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