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Abstract: Neutrosophic sets and soft sets are two different mathematical tools for representing
vagueness and uncertainty. We apply these models in combination to study vagueness and uncertainty
in K-algebras. We introduce the notion of single-valued neutrosophic soft (SNS) K-algebras and
investigate some of their properties. We establish the notion of (&, € Vq)-single-valued neutrosophic
soft K-algebras and describe some of their related properties. We also illustrate the concepts with
numerical examples.
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1. Introduction

The notion of a K-algebra (G, -, ®,e) was first introduced by Dar and Akram [1] in 2003 and
published in 2005. A K-algebra is an algebra built on a group (G, -,e) by adjoining an induced
binary operation ® on G, which is attached to an abstract K-algebra (G, -, ®,e). This system is,
in general, non-commutative and non-associative with a right identity e, if (G, -, ¢) is non-commutative.
For a given group G, the K-algebra is proper if G is not an elementary abelian two-group. Thus,
a K-algebra is abelian, and being non-abelian purely depends on the base group G. In 2004, Dar and
Akram [2] further renamed a K-algebra on a group G as a K(G)-algebra due to its structural basis G.
The K(G)-algebras have been characterized by their left and right mappings in [2] when the group is
abelian. The K-algebras have also been characterized by their left and right mappings in [3] when the
group is non-abelian. In 2007, Dar and Akram [4] also studied K-homomorphisms of K-algebras.

Logic is an essential tool for giving applications in mathematics and computer science, and it is also
a technique for laying a foundation. Non-classical logic takes advantage of the classical logic to handle
information with various facts of uncertainty, including the fuzziness and randomness. In particular,
non-classical logic has become a formal and useful tool for computer science to deal with fuzzy
information and uncertain in formation. Among all kinds of uncertainties, the incomparability is the
most important one that is frequently encountered in our daily lives. Fuzzy set theory, a generalization
of classical set theory introduced by Zadeh [5], has drawn the attention of many researchers who have
extended the fuzzy sets to intuitionistic fuzzy sets [6], interval-valued intuitionistic fuzzy sets [6],
and so on, which are also applied to some decision-making process. On the other hand, Molodtsov [7]
initiated the concept of soft set theory as a new mathematical tool for dealing with uncertainties. In soft
set theory, the problem of setting the membership function does not arise, which makes the theory easily
applied to many different fields, including game theory, operations research, Riemann integration
and Perron integration. In 1998, Smarandache [8] proposed the idea of neutrosophic sets. He mingled
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tricomponent logic, non-standard analysis and philosophy. It is a branch of philosophy that studies
the origin, nature and scope of neutralities, as well as their interactions with different ideational
spectra. For convenient and advantageous usage of neutrosophic sets in science and engineering,
Wang et al. [9] proposed the single-valued neutrosophic sets, whose three independent components
have values in the standard unit interval.

Garg and Nancy [10-12] developed a hybrid aggregation operator by using the two instances
of the neutrosophic sets, single-valued neutrosophic sets and interval-valued neutrosophic sets.
They introduced the concept of some new linguistic prioritized aggregation operators to deal with
uncertainty in linguistic terms. To aggregate single-valued neutrosophic information, they developed
some new operators to resolve the multi-criteria decision-making problems such as the Muirhead
mean, the single-valued neutrosophic prioritized Muirhead mean and the single-valued neutrosophic
prioritized Muirhead dual. Maji in [13] initiated the concept of neutrosophic soft sets. Certain notions
of fuzzy K-algebras have been studied in [14-18]. Recently, Akram et al. [19,20] introduced
single-valued neutrosophic K-algebras and single-valued neutrosophic topological K-algebras. In this
paper, we introduce the notion of single-valued neutrosophic soft K-algebras and investigate some of
their properties. We establish the notion of (€, € Vq)-single-valued neutrosophic soft K-algebras
and describe some of their related properties. We also illustrate the concepts with numerical
examples. The remaining research article is arranged as follows. Section 2 consists of some basic
definitions related to K-algebras and single-valued neutrosophic soft sets. In Section 3, the notion
of single-valued neutrosophic soft K-algebras is proposed. To have a generalized viewpoint of
single-valued neutrosophic soft K-algebras, Section 4 poses the concept of (€, € Vq)-single-valued
neutrosophic K-algebras with some examples. Finally, some concluding remarks are given in Section 5.

2. Preliminaries

Definition 1 ([1]). Let (G, -, e) be a group such that each non-identity element is not of order two. Let a binary
operation ® be introduced on the group G and defined by ®(s,t) =s ©t = st forall s, t € G. If e is the
identity of the group G, then:

(1) e takes the shape of the right ®-identity and not that of the left ©-identity.

(2)  Each non-identity element (s # e) is O-involutionary because s ©s = ss~ = e.

(3) G is ®-nonassociative because (s O t) Qu =50 (uot 1) £s® (tOu) foralls,y, u € G.
(4) G is O-noncommutative since s © t # t ©s forall s, t € G.

(5)  If Gis an elementary Abelian two-group, then s © t =s - t.

1

Definition 2 ([1]). A K-algebra is a structure (G, -, ®,e) on a group G, where ® : G x G — G is defined by
O(s,t) = s Ot = s.t™1, if it satisfies the following axioms:

i) (soto@ou)=60w'tot)os),
(i)  (sO(sot)) = ((sot™1)®s),
(iii) s®s=e,
(iv) sGe=s,
(v) e@s:s_lforalls,t,ueG.

Definition 3 ([1]). Let K be a K-algebra, and let H be a nonempty subset of K. Then, H is called a subalgebra
of Kifu®ov e H forallu,v € H.

Definition 4 ([1]). Let }Cy and Ky be two K-algebras. A mapping f : K1 — Ky is called a homomorphism if it
satisfies the following condition:

e f(u®v)=f(u)® f(v)forall u,v € K.
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Definition 5 ([7]). Let Z be an initial universe, and let R be a universe of parameters. Then, ({, M) is called
a soft set (SS), where Ml C R, P(Z) is the power set of Z and { is a set-valued function, which is defined as
{:M— P(2).

Definition 6 ([7]). Let for two soft sets ({, M) and (1, N) over the common universe Z; the pair ({,M) is a
soft subset of (11, N), denoted by (,M) C (1, N) if it satisfies the following conditions:

(@) MCN,
(b)  2(0) C n(H) forany 6 € M.

Definition 7 ([9]). Let Z be a universal set of objects. A single-valued neutrosophic set (SNS) A in Z is
characterized by three membership functions, i.e., the (T )-truth membership function, (I 4)-indeterminacy
membership function and (F 4)-falsity membership function, where T4(s),Za(s), Fa(s) € [0,1] forall s € Z.
There is no restriction on the sum of these three components. Therefore, 0 < T4 (s) +Z4(s) + F4(s) < 3.

Definition 8. A single-valued neutrosophic set A in a non-empty set Z is called a single-valued neutrosophic
point if:
x € (0,1, ifo=u
Tulo)= { e

otherwise,

0, otherwise,

IA<v>={ Be (01, ifv=u

]:A(U)={ y€l0,1), ifv=u

0, otherwise,

with support u and value («, B,y), denoted by u(w, B,y). This single-valued neutrosophic point is said to
“belong to” a single-valued neutrosophic set A, written as u(a, B,y) € Aif To(u) > a,To(u) > B, Fa(u) <
v and said to be “quasicoincident with” a single-valued neutrosophic set A, written as u(a,B,v) q A if
Taw)+a>1,TZau)+p>1,Fau)+y <1

Definition 9 ([19]). Let K be a K-algebra, and let A be a single-valued neutrosophic set in K such that
A= (Tg,Za, Fp). Then, A is called a single-valued neutrosophic K-subalgebra of K if the following
conditions hold:

(1) Tale) > Ta(s), Zale) >TZa(s), Fale) < Fy(s)foralls #ec K.

(2 Ta(s©t) > min{T4(s), Ta(t)},
Za(s ©t) = min{Z(s), Za(t)},
Fa(s©t) <max{F(s), Fa(t)} foralls,t e K.

Definition 10 ([19]). A single-valued neutrosophic set A = (T4, Za, F.4) in K is called an (&, b)-single-valued
neutrosophic K-subalgebra of K if it satisfies the following condition:

o Uaypm) TA Vay ) BA = (1O ) (min(ay,a),min(By p2)max(11,12)) U A
forallu,v € G,ay,a € (0,1], 81, B2 € (0,1], 71,72 € [0,1) and abe {€,9,€ Vvq,€ Nq}.

Definition 11 ([19]). A single-valued neutrosophic set A = (T4, Z 4, F.4) in a K-algebra K is called an (€, €
\Vq)-single-valued neutrosophic K-subalgebra of K if it satisfies the following conditions:

@) ewpy) €A= (1), €EVIA
(b) W(ay,p1,m) € A’U(tleﬁz,vz) ceAd= (uo v)(min(“wz)rmin(ﬁlfﬁz)rmaX(“Yl/“Yz) Vg A
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forallu,v € G,a,uq,02 € (0,1], 8,1, B2 € (0,1],7,71,72 € [0,1).

Example 1. Consider a K-algebra K = (G, -, ®, e), where G = {e, x, x2,x3,x*, x5, x°, x7} is the cyclic group
of order eight and Caley’s table for © is given as:

[N]
w
i
&3}

O] e x X X X X X x

el e ¥ x ¥ At B ¥ x
x| x e x7 x0 x5 xt B8 2
2|22 x e ¥ x® x5 ot LB
¥l X2 ox e X7 x0 xd
a3 2 x e X7 a0 X
0 ot X a2 x e a7 af
X x® X ot X 2 ox e A
x| 7 xS ot 3 2 ox e

We define a single-valued neutrosophic set A = (T4, Z 4, F.4) in K as follows:

09 ifs=e
Tals)= { 0.7 foralls #e € G,

08 ifs=e
T =
Als) {0.6 foralls £ e € G,

0 ifs=e

Fals)= { 04 foralls #¢e € G.

We take

a=03,a1 =06,ar =0.3,
B =045 =05p, =03,
v =059 =057 =0.6,
where a, a1, 02 € (0,1], B, B1, B2 € (0,1],7, 71,72 € [0, 1).

By direct calculations, it is easy to see that A is an (€, € Vq)-single-valued neutrosophic K-subalgebra of IC.

Theorem 1. Let A = (T4,Z4, FA) be a single-valued neutrosophic set in K. Then, A is an (€, €
Vq)-single-valued neutrosophic K-subalgebra of IC if and only if:

(i) Ta(u © v) > min(Ty(u), Ta(v)
Za(u©v) >min(Zg(u), Za(v),
Fu(u©v) <max(Fg(u), Fa(v),0.5) forallu,v € G.

Definition 12 ([13]). Suppose an initial universe Z and a universe of parameters R. A single-valued
neutrosophic soft set (SNSS) is a pair ({, Ml), where Ml C R, { is a set-valued function defined as { : Ml — P(Z).
P(Z) is a set containing all single-valued neutrosophic (SN) subsets of Z. Each parameter in R is considered as
a neutrosophic word or a sentence containing a neutrosophic word.
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Definition 13 ([13]). Let ({,M) and (1, N) be two single-valued neutrosophic soft sets over a common universe
Z, then the pair ({, M) is a single-valued neutrosophic soft subset of (11, N), denoted by (¢, M) C (y,N), if it
satisfies the following conditions:

(a)  Parametric set M is a subset of parametric set N,
(b)  (0) is a subset of 1(8), for any 6 € M.

Definition 14 ([13]). Let ({, M) and (1, N) be two SNSSs over Z, then the extended intersection is denoted
by (T, M) Nex (7, N) = (8,Q), where Q = MU N and defined as:

z(0) ife e M—N,
8(0) = { 1(6) ifo € N—M,
Z(0)Ny(0) if6 € MNN forall € Q.

Definition 15 ([13]). Let (g, M) and (7, N) be two SNSSs over Z. We denote their extended union by (g, M)
Uex (1, N) = (8,Q), where Q = M U N and defined as:

2(6) ifo € M — N,
8(6) = { 5(6) ifo € N—M,
gO)un) ifeeMNN forallf € Q.

Definition 16 ([13]). Let (g, M) and (n,N) be two SNSSs over Z; the restricted intersection is an SNSS over
Z and denoted by (8, MNN) with MNN # @, where (8, MNN) = (¢,M) N (n,N) and 8(6) = () N5 (6)
forall € MNN.

Definition 17 ([13]). Let ({,M) and (17, N) be two SNSSs over Z, then their restricted union is an SNSS over
Z and denoted by (8, M NN) with M NN # @, where (,M) U (y,N) = (8,Q) and 8(0) = ¢(6) Un(0) for
alld e MNN.

Definition 18 ([13]). Let ({, M) and (1, N) be two SNSSs over Z; the “AND" operation is denoted by (g, M)
AND (,N)= (I, M)A (,N) = (8,M x N), where for all (I,m) € M x N, 0(I,m) = {(I) N y(m), and
the truth-membership, indeterminacy-membership and falsity-membership of 9(1,m) are defined as Ty ) =
min{ 7.1y, To(m) b Lomy = min{Zoqy, Zoimy b Foqm = max{Fyq), Fom)}, for all I € M and for all
m € N.

Definition 19 ([13]). Let ({, M) and (1, N) be two SNSSs over Z; the “OR” operation is denoted by ({, M)
OR (7,N)= (¢, M)V (1,N) = (9,M x N), where for all (I, m) € M x N, 8(I,m) = ¢(I) Un(m), and
the truth-membership, indeterminacy-membership and falsity-membership of 9(1,m) are defined as Ty ;) =
max{ 7oy, Tom) }r Loam) = max{Zy(1y, Lo(m) }» Fom = min{Foq), Foom) }, for all I € M and for all
m € N.

3. Single-Valued Neutrosophic Soft K-Algebras
Definition 20. Let ({, M) be a single-valued neutrosophic soft set (SNSS) over K. The pair ({, M) is called
a single-valued neutrosophic soft K-subalgebra of KC if the following conditions are satisfied:

(i) Tgo(s © ) = min{Tg,(s), Tg, (1)},

)
(ii) ICG (sot) > min{I@ (S)/ICG ()}
(iii) Fz, (s © t)< max{F,(s), F¢,(t)} foralls,t € G.
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A single-valued neutrosophic soft K-algebra also satisfies the following properties:

Tzo(e) = Tz (s),
Zgy(e) = Ig,(s),
Fro(e) < Fg(s) foralls # e € G.

Example 2. Consider a K-algebra K = (G, -, ®,e), where G is the cyclic group of order nine given as

G={ew, w?, w3, w*, w®, wb, w?, ws}. Consider the following Cayley’s table:
Ol e w w W wt w5 w w Wb
e e wd w wt W wt W w? w
wl|lw e w w w w w w w?
w | wr w e wd W wt wd wt W
w | W wr ow e wd w wt W wt
wr | wt WP w? w e w® W w® W
w | w? wt W w?r ow e w® w w
wl | w® Wb wt WP w? w e wd W
w | w owt Wb owt Wl w? ow e wh
wd | w8 W w® WS wr wd w? w e

Consider a set of parameters Ml = {I1,1,13, } and a set-valued function { : M — P(G), where the
membership, indeterminacy-membership and non-membership values of the elements of G at parameters Iy, 15, I3
are given as:

(1) ’7'511 (e) =0.9, o, (e) =0.3 ]:511 (e) =03
TCzl (s) = 0.6, o, (s) =02, ]-"gll (s) =04

(ii) Tz, (e) =08, &, (e) =07 7z, (e) =04
Tglz (s) =07, &, (s) =0.6 }—Qz (s) =05
(iii) 7'513 (e) =0.9, s (e) =0.6 ]-"513 (e) =0.6
Tgls (s) =08, s, (s) =05 ]:€13 (s) =07

foralls # e € G. The function { is defined as:

7(l) = {(e,09,0.3,0.3), (w,0.6,0.2,0.4), (w?,0.6,0.2,0.4), (w>,0.6,0.2,0.4),
(w*,0.6,0.2,0.4), (w°,0.6,0.2,0.4), (w®,0.6,0.2,0.4),
(w”,0.6,0.2,0.4), (w3,0.6,0.2,0.4)},

7(Iy) = {(e,0.8,0.7,0.4), (w,0.7,0.6,0.5), (w?,0.7,0.6,0.5), (w*,0.7,0.6,0.5),
(w*,0.7,0.6,0.5), (w>,0.7,0.6,0.5), (w®,0.7,0.6,0.5),
(w’,0.7,0.6,0.5), (w®,0.7,0.6,0.5)},

7(13) = {(e,0.9,0.6,0.6), (w,0.8,0.5,0.7), (w?,0.8,0.5,0.7), (w*,0.8,0.5,0.7),
(w*,0.8,0.5,0.7), (w°,0.8,0.5,0.7), (w®,0.8,0.5,0.7),
(w”,0.8,0.5,0.7), (w®,0.8,0.5,0.7)}.
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Consider a set N = {I1, 1o} of parameters and a set-valued function n : N — P(G), where the membership,
indeterminacy-membership and non-membership values of the elements of G at parameters Iy, I, are defined as:

(i) Ty, () =09, Iy, (¢) =08, Fy, (¢) =02,
Ty, (s) =05, Iy, (s) =02, Fy, (s) =05,
(ii) 7y, (e) = 0.3, Ty, (e) =05, Fy, (e) = 0.6,
Ty, (s) = 0.1, Iy, (s) = 0.4, Fy, (s) = 0.8

forall s # e € G. The function v is defined as:

(1) = {(e,0.9,0.8,0.2), (w,0.5,0.2,0.5), (w?0.5,0.2,0.5), (w?,0.5,0.2,0.5),
(w*,0.5,0.2,0.5), (w’,0.5,0.2,0.5), (w®,0.5,0.2,0.5),

(w”,0.5,0.2,0.5), (w%,0.5,0.2,0.5)},

n(l) = {(e,0.3,0.5,0.6), (w,0.1,0.4,0.8), (w?,0.1,0.4,0.8), (w>,0.1,0.4,0.8),
(w*,0.1,0.4,0.8), (w’,0.1,0.4,0.8), (w®,0.1,0.4,0.8),

(w”,0.1,0.4,0.8), (w®,0.1,0.4,0.8)}.

Evidently, the set ({, M) and the set (7, N) comprises SNSSs. Since {(6), () are single-valued neutrosophic
K-subalgebras for all 6 € M and 6 € N. It is concluded that the pairs ({,M), (n,N) are single-valued
neutrosophic soft K-subalgebras.

Example 3. Consider K-algebra on dihedral group D4 given as G = {eab,c,w,x,y,z},
where ¢ = ab,w = a%,x = a3,y = a’b,z = a®b, and Caley’s table for © is given as:

N 8 & o 8 o|l@®
SN & e a0 R
2 &g N<E Q9 0 a0 S
€ 29 N 0 R < ala
a8 o N R 8|8
L o 0o 8 =N 8 9 |r
QO a0 R 2N
R R < o 8 9 - NN

N R &8 o 8 s

Consider a set of parameters Ml = {I1,1,13, } and a set-valued function { : Ml — P(G), where the
membership, indeterminacy-membership and non-membership values of the elements of G at parameters Iy, 12, I3
are given as:
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foralls # e € G. The function { is defined as:

7(l) = {(e,0.7,0.7,0.3), (1,0.5,0.2,0.7), (b,0.5,0.2,0.7), (c,0.5,0.2,0.7),
(w,0.5,0.2,0.7), (x,0.5,0.2,0.7), (y,0.5,0.2,0.7), (z,0.5,0.2,0.7) },

Z(I2) = {(e,0.9,0.8,0.4), (1,0.2,0.2,0.9), (b,0.2,0.2,0.9), (c,0.2,0.2,0.9),
(w,0.2,0.2,0.9), (x,0.2,0.2,0.9), (,0.2,0.2,09), (z,0.2,0.2,0.9)},

Z(13) = {(e,0.5,0.5,0.3), (a,0.1,0.3,0.8), (b,0.1,0.3,0.8), (c,0.1,0.3,0.8),
(w,0.1,0.3,0.8), (x,0.1,0.3,0.8), (y,0.1,0.3,0.8), (z,0.1,0.3,0.8) }.

Consider a set N = {ly,1p} of parameters and a set-valued function 1 : N — P(G), where the truth,
indeterminacy and falsity membership values of the elements of G at parameters 11,1 are defined as:

(i) Ty, () = 08, Ty, (¢) =08, Fy, (¢) =02,
Ty, (s) = 0.6, Ty, (s) =03, Fy, (s) =07,
(if) 77712 (e) = 0.6, Iy, (e) =04, Fu, (e) = 0.3,
Ty, (s) =05, T, (s) = 0.4, Fy, (s) =09

foralls # e € G. The function v is defined as:

n(l1) = {(e,0.8,0.8,0.2), (a,0.6,0.3,0.7), (b,0.6,0.3,0.7), (c,0.6,0.3,0.7),
(w,0.6,0.3,0.7), (x,0.6,0.3,0.7), (v,0.6,0.3,0.7), (z,0.6,0.3,0.7) },

(L) = {(e,0.6,0.4,0.3), (1,0.5,0.4,0.9), (b,0.5,0.4,0.9), (c,0.5,0.4,0.9),
(w,0.5,0.4,0.9), (x,0.5,0.4,0.9), (y,0.5,0.4,0.9), (z,0.5,0.4,0.9) }.

Obviously, the set (,M) and (1, N) comprises SNSSs. Since for € M and 6 € N, the sets {(6), 7(0)
are single-valued neutrosophic K-subalgebras. This concludes that the pair ({, M) and (n,N) are single-valued
neutrosophic soft K-subalgebras.

Proposition 1. Let (¢, M) and (1, N) be two single-valued neutrosophic soft K-subalgebras. Then, the extended
intersection of ({, M) and (,N) is a single-valued neutrosophic soft K-subalgebra.

Proof. For any 0 € Q, the following three cases arise.

First case: If 0 € M — N, then ¢(0) = {(6) and () being single-valued neutrosophic K-subalgebra
implies that 9(6) is also a single-valued neutrosophic K-subalgebra since ({,M) is an SNS
K-subalgebra.

Second case: If 6 € N — M, then #(f) = #(0) and 7(0) being single-valued neutrosophic
K-subalgebra implies that 9(6) is a single-valued neutrosophic K-subalgebra since (1, N) is
an SNS K-subalgebra.

Third case: Now, if 6 € M NN, then ¢(6) = {(6) Ny (), which is again a single-valued neutrosophic
K-subalgebra of K. Thus, in any case, 9(6) is a single-valued neutrosophic K-subalgebra.
Consequently, ({, M) Nex (17, N) is a K-subalgebraover K.

O

Proposition 2. If ({,M) and (1, N) are two SNS K-subalgebras over K, then ({,M) A (y,N) is an SNS
K-subalgebra.
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Proof. Let (I,m) € Q, (1), {(m) be single-valued neutrosophic K-subalgebras of I, where Q = M x N,
which implies that #(I,m) = {(I) Ny (m) is also a single-valued neutrosophic K-subalgebra over K.
Hence, (,M) A (,N) is an SNS K-subalgebra of . [

Proposition 3. If ({,M) and (n,N) are two SNS K-subalgebras and {(1) C y(l) forall | € M, then ({, M)
is an SNS K-subalgebra of (17, N).

Proof. Since ({,M) and (77, N) are SNS K-subalgebras and {(!), 7(I) are two single-valued neutrosophic
K-subalgebras, also {(I) C #(l). Therefore, (¢, M) is an SNS K-subalgebra of (7, N). O

Proposition 4. Let ({,M), (n,N) be two SNS K-subalgebras. If MNN = @, then ({,M) Uy (17,N) is
an SNS K-subalgebra over K.

Proof. The proof follows from Definition 15. [

Theorem 2. If ({, M) is an SNS K-subalgebra, then for a non-empty collection {(9;,N;) | i € Q} of SNS
K-subalgebras of ({, M), the following results hold:
() N ex(9;,N;) is an SNS K-subalgebra of ({, M).
i€
(i) A ieq is an SNS K-subalgebra of N\icq (Z, M).
(iii)  For the disjoint intersection of two parametric sets N;, Nj, Vi,j € Q, V ex(9;,N;) is an SNS

i€
K-subalgebra of \/ ({,M).
i€

Definition 21 ([13]). Let ({, M) be a single-valued neutrosophic soft set over Z. Then, for each w, B,y € [0,1],
the set (£, M)(@PY) = (¢(@BY) M) is called an (w, B, y)-level soft set of ({, M) and defined as:
@é’x’ﬁ”) ={T;, > 0, Iz, > B, Fz, < v}, forall 6 € M.

Theorem 3. If ({,M) is a single-valued neutrosophic soft set over IC, then ({,M) is a single-valued
neutrosophic soft K-subalgebra if and only if (¢, M)(“P") is a soft K-subalgebra for all a, B,y € [0,1].

Proof. Consider that (, M) is an SNS K-subalgebra. Then, for all «, 8,y € [0,1],0 € Mland uq,u; €
2o WP, Te,(w1) > a, Tz, (u2) > a, Tz, (u1) > B, Iz, (u2) > B, Fr, (1) < 7, Fg,(u2) < 7. It follows
that 7z, (41 © up) > min(7g, (u1), Tz, (u2)) > &, Iy, (11 © (u2)) > min(Zg, (uq), Iz, (u2)) > B, Fg, (41 ©
(u2)) < max(Fzo(u1), Fz,(u2)) < v; which implies that u; © up € 7o(P). Hence, p(*P7) is a soft
K-subalgebra for all #, B,y € [0,1]. The converse part is obvious. [

Definition 22. Let ¢ and p be two functions, where ¢ : S1 — Sy and p : M — N and M and N are subsets
of the universe of parameters R from Sy and Sy, respectively. The pair (¢, p) is said to be a single-valued
neutrosophic soft function from Sy to S,.

Definition 23. Let the pair (¢, p) be a single-valued neutrosophic soft function from Ky into Ko, then the pair
(¢, p) is called a single-valued neutrosophic soft homomorphism if ¢ is a homomorphism from K1 to Ko and is
said to be a single-valued neutrosophic soft bijective homomorphism if ¢ is an isomorphism from KCq to Ko and p
is an injective map from M to N.

Definition 24 ([13]). Let ({,M) and (y,N) be two single-valued neutrosophic soft sets over Gy and Gy,
respectively, and let (¢, p) be an SNS function from Gy into Gy. Then, under the single-valued neutrosophic
soft function (¢, p), the image of (¢, M) is a single-valued neutrosophic soft set on Ko, denoted by (¢, p) (¢, M)
and defined as: for all | € p(M) and v € G, (¢, p) (L, M) = (¢(C), p(M)), where:

\/ u)=v V a)= ga(”) ifuepil(v)/
(@)l(v)—{ Feme e

otherwise,



Axioms 2018, 7, 83 10 of 17

Zo(0) = { Vou=e Votay=i&alu) if € p1(0)

¢ 1, otherwise,

) Npw=o Np(a)=1Ga() ifuep (o),
]:50(5)’(0) N { 0, otherwise.

Under the single-valued neutrosophic soft function (¢,p), the preimage of (n,N) is denoted as
(¢,0) (3, N) and defined as for all a € p~'(N) and for all u € Gy, (¢,0) ' (7,N) = (¢~ 1(3), 0 1 (N)),

where:

Theorem 4. Let (¢, p) be a single-valued neutrosophic soft homomorphism from ICq to ICy and (n,N) be
a single-valued neutrosophic soft K-subalgebra on Ko. Then, (¢,0)~'(1,N) is an SNS K-subalgebra on K.

Proof. Assume that uq,u, € K1, then we have:

9 (T (111 @ 12) = Ty (911 @ 112)) = Ty (9(u1) © (1))
9 (To) (11 @ z) = min{ Ty, (9(11)), Ty, o (9(12))}
97 (To) (11 @ 12) = min{g " (Ty,) (1), @ (T5,) (w2)},

Ty (11 © 12) = T, (911 ©102)) = Ty, (9(u1) © (1))
(Zy) (1 ©u2) > min{Z,, , (9(n)), Ty (9(u2))}
Ty (11 © w2) = minfe(Zy,) (1), @ (Zy,) (w2)},

< < =

¢71(Fﬂe)(ul © uZ) = ‘Fﬂp(e)((P(ul © le)) = ‘Fﬂp(g) (q)(ul) © (P(ul))
q)il(]:'ﬂg)(ul © uZ) < max{]:;?p(g) (qo(ul))/]:ﬂp(g) (4’(”2))}
¢~ (Fy) (11 © ) < max{e™" (Fy,) (ur), ¢ (Fyy) (2) }-

Therefore, (¢, 0) (1, N) is an SNS K-subalgebra over k1. [

Remark 1. Let (g, M) be a single-valued neutrosophic soft K-subalgebra, and let (¢, p) be a single-valued
neutrosophic soft homomorphism from ICq into ICy. Then, (¢, p) (L, M) may not be a single-valued neutrosophic
soft K-subalgebra over KCy.

4. (€, € Vq)-Single-Valued Neutrosophic Soft K-Algebras

Definition 25. Suppose K is a K-algebra. Let (g, M) be a single-valued neutrosophic soft set. The pair ({, M)
is called an (€, € Vq)-single-valued neutrosophic soft K-subalgebra if {(0) is an (€, € Vq)-single-valued
neutrosophic K-subalgebra of KC for all 6 € M.

Example 4. Consider two cyclic groups G; = {< u >: u® = e} and G, = {< v >: v* = e}, where
G=GxG = {(6,6), (er U), (ur e)r (ur ZJ), (”21 e)r (uZI Z)), (u3,e), (”3/ ZJ), (u4,e), (u4r Z)), (MB,E), (”51 ‘U)}
is a group. Consider a K-algebra IC on G = {e, X1, %, X3, X4, X5, X, X7, X3, X9, %10, X11 }, where e = (e, e), %1 =
(e,0),% = (u,e),%3 = (u,v),% = (u%e), %5 = (u%,0),% = (u3,e),%; = (u3,0), %3 = (u*e), %9 =
(u*,0),#19 = (1, ¢), %11 = (u5,v) and © is defined by Caley’s table as:
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©) e X A A3 Xy A5 A Ay KXg X9 Xy A
e e X X Xn Xg Xy X Xy Xy A5 Ay A3
1| % e X1 A KXo Ay A7 A Az KXy Az A
Xp | X2 X3 e X A X Xy X9 A Xy Xy s
X3 | X3 A X e X1 X Ko Xy A7 A A5 Xy
Xg | Xy X5 Xy A3 e X X X Xg A9 X X7
X5 | X5 Xy Az Ay X4 e X1 X9 X9 KXg A7 X
%6 | X¢ X7 Xg A5 A A3 e A A A Ay Ay
X7 | X7 Xe X5 Ay X3 K X e X113 %o A9 Xg
Xg | kg KXo X Ay Xy X5 Xy Az e Hp X Kn
X9 | X9 Xy Xy X X5 Xy Az KXy K e X110
10 | f10 X1 Xg X9 A Xy Ky A5 X X3 e X
11 | ¥11 o Ko Ay Xp X A5 Xy Xz Xy Xy e

Let Ml = {1, 15} be a set of parameters and { : Ml — P(G) be a set-valued function defined as follows:

Z(l) = {(¢,0.9,0.8,0.5), (%1,0.5,0.8,0.5), (%2,0.5,0.8,0.5), (3,0.5,0.8,0.5),
(%4,0.5,0.8,0.5), (¥5,0.5,0.8,0.5), (X6,0.5,0.8,0.5), (£7,0.5,0.8,0.5),
(£s,0.5,0.8,0.5), (%9,0.5,0.8,0.5), (¥19,0.5,0.8,0.5), (£11,0.5,0.8,0.5)},

~— —

7(l) = {(e,0.7,0.8,0.4), (£1,0.6,0.5,0.5), (5,0.6,0.5,0.5), (¥3,0.6,0.5,0.5),
(%4,0.6,0.5,0.5), (¥5,0.6,0.5,0.5), (X6,0.6,0.5,0.5), (17,0.6,0.5,0.5),
(%5,0.6,0.5,0.5), (%9,0.6,0.5,0.5), (¥10,0.6,0.5,0.5), (¥11,0.6,0.5,0.5) }.

~— —
— —

We can see that ({,M) is an SNSS over K. By Theorem 1, it is evident that {(0) is an (€,€
\Vq)-single-valued neutrosophic K-subalgebra for all & € M. Since T4(u) > min(T4(e),0.5), Z4(u) >
min(Z 4(e),0.5), Fa4(u) < max(F4(e),0.5) and To(u ©®v) > min(T4(u), T4(v),05), Zo(u©v) >
min(Z4(u),Z4(v),0.5) and F 4(u ©® v) < max(F4(u), F4(v),0.5), forall u,v € G. This implies that
(¢, M) is an (€, € Vq)-single-valued neutrosophic soft K-subalgebra of K.

Theorem 5. If the pair ({,M) and (11, N) are two (€, € \Vq)-single-valued neutrosophic soft K-subalgebras,
then ({,M) A (17,N) is also an (€, € \VVq)-single-valued neutrosophic soft K-subalgebra of K.

Proof. Consider a K-algebra K. Let for any (I,m) € Q, {(I) and 1(m) be two (€, € Vq)-single-valued
neutrosophic K-subalgebras, where Q = M x N. This implies that ¢(I,m) = (I) Nn(m) is
an (€,€ Vq)-single-valued neutrosophic K-subalgebra of K. Hence, ({,M) A (y,N) is an (€, €
, Vq)-single-valued neutrosophic soft K-subalgebra over £. [

Example 5. Consider a K-algebra K = (G, -, ®,e), where G is the cyclic group of order nine given as

G={ew, w?, w3, w, wd, wl, w’, ws}, and Cayley’s table for ® is given in Example 2.

Consider a set of parameters Ml = {I1, 1} and a set-valued function { : Ml — P(G) defined as:

Z(l) = {(e,0.9,0.3,0.3), (w,0.6,0.3,0.4), (w?,0.6,0.3,0.4), (w>,0.6,0.3,0.4),
(w*,0.6,0.3,0.4), (w°,0.6,0.3,0.4), (w®,0.6,0.3,0.4),
(w”,0.6,0.3,0.4), (w®,0.6,0.3,0.4)},

7(Iy) = {(e,0.9,0.8,0.4), (w,0.8,0.5,0.5), (w?,0.8,0.5,0.5), (w>,0.8,0.5,0.5),
(w*,0.8,0.5,0.5), (w°,0.8,0.5,0.5), (w®,0.8,0.5,0.5),
(w”,0.8,0.5,0.5), (w®,0.8,0.5,0.5)},
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Now, consider a set N = {t1,t,} of parameters and a set-valued function n : N — P(G) defined as:

17(t) = {(e,0.9,0.8,0.3), (w,0.6,0.7,0.4), (w?,0.6,0.7,0.4), (w>,0.6,0.7,0.4),
(w*,0.6,0.7,0.4), (w®,0.6,0.7,0.4), (w®,0.6,0.7,0.4),

(w”,0.6,0.7,0.4), (w8,0.6,0.7,0.4)},

1(t2) = {(e,0.7,0.7,0.5), (w,0.5,0.6,0.3), (w?,0.5,0.6,0.3), (w>,0.5,0.6,0.3),
(w*,0.5,0.6,0.3), (w®,0.5,0.6,0.3), (w®,0.5,0.6,0.3),

(w”,0.5,0.6,0.3), (w®,0.5,0.6,0.3)}.

Clearly, the set ({,M) and the set (1, N) comprises (€, € \VVq)-single-valued neutrosophic soft K-algebras.
By Theorem 1, the sets (1), 11(t) are (€, € Vq)-single-valued neutrosophic K-subalgebras for all | € M and
forallt € N. Forall (I1,t) € M x N, ({,M) AND (,N)= ({,M)A (,N) = (8,M x N), where a set-valued
function ¢ : Ml x N — P(G) is defined as:

8(11, 1) = {(e,0.9,0.3,0.3), (w,0.6,0.3,0.4), (w?,0.6,0.3,0.4), (w?,0.6,0.3,0.4),
(w*,0.6,0.3,0.4), (w°,0.6,0.3,0.4), (w®,0.6,0.3,0.4),
(w”,0.6,0.3,0.4), (w®,0.6,0.3,0.4)},

8(I, t2) = {(e,0.7,0.7,0.5), (w,0.5,0.5,0.5), (w?,0.5,0.5,0.5), (w®,0.5,0.5,0.5),
(w*,05,0.5,0.5), (w°,0.5,0.5,0.5), (w®,0.5,0.5,0.5),
(w”,0.5,0.5,0.5), (w®,0.5,0.5,0.5)},

811, t2) = {(e,0.7,0.3,0.5), (w,0.5,0.3,0.4), (w?,0.5,0.3,0.4), (w?,0.5,0.3,0.4),
(w*,0.5,0.3,0.4), (w°,0.5,0.3,0.4), (w®,0.5,0.3,0.4),
(w”,0.5,0.3,0.4), (w8,0.5,0.3,0.4)},

8(lp, t1) = {(e,0.9,0.8,0.4), (w,0.6,0.5,0.5), (w?,0.6,0.5,0.5), (w,0.6,0.5,0.5),
(w*,0.6,0.5,0.5), (w’,0.6,0.5,0.5), (w®,0.6,0.5,0.5),
(w”,0.6,0.5,0.5), (w®,0.6,0.5,0.5)}.

Clearly, (0,M x N) = 8(I,t) = ¢(I) Nnny(t)for all (I,t) € M x Nisan (€,€ Vq)-single-valued
neutrosophic soft K-algebras.

Theorem 6. If (,M) and (1,N) are two (€, € Vq)-single-valued neutrosophic soft K-subalgebras of K with
MNN # @, then ({,M)N(¢,N) is an (€, € Vq)-single-valued neutrosophic soft K-subalgebras over K.

Proof. By Definition 16, for any ! € Q, both {(I) and #(I) are (€, € Vq)-single-valued neutrosophic
K-subalgebras since (¢, M) and (7, N) are (€, € Vq)-single-valued neutrosophic soft K-subalgebras.
Therefore, #(1) = {(I) Ny(l) is an (€, € Vq)-single-valued neutrosophic K-subalgebra. Consequently,
(¢, M)N(y,N) is an (€, € Vq)-single-valued neutrosophic soft K-subalgebra of . [

Example 6. Consider a K-algebra K = (G,-,®,e), where G is the cyclic group of order nine given as
G = {e,w,w?, w?, w*, w®,w®, w’,wd}, and Cayley’s table for ® is given in Example 2. Consider a set of
parameters Ml = {I1, 1} and set-valued function { : Ml — P(G) and a set of parameters N = {t1, t } with
set-valued functions y : N — P(G), which are defined in Example 5.

We show that if M NN # @, then ({,M)N(Z,N) is an (€, € Vq)-single-valued neutrosophic soft
K-subalgebra over K. Now, if M = {l1,1}, N = {t;,6}, MNN # @, ({,M)N(y,N) = (8,Q) and
0 : Q — P(2) is a set-valued function, where Q = M NN, then the following cases can be considered.
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(i) Q=MnNN = {I1}, whenever t; = Iy or t; = 1.
(i) Q=MnNN = {l,}, whenever t| = I, or t, = .
(iii) Q=MNN = {t;}, wheneverly = tyorl, = 1;.
(iv) Q=MnNN = {5}, wheneverly =ty orl, = t,.

Now, in each case, set-valued function ¥ is defined as:

() = Z(l) Ny(ty) = 8(t1) = {(¢,0.9,0.3,0.3), (w,0.6,0.3,0.4), (w?,0.6,0.3,0.4), (w?,0.6,0.3,0.4),
(w*,0.6,0.3,0.4), (w®,0.6,0.3,0.4), (w®,0.6,0.3,0.4), (w”,0.6,0.3,0.4), (w? 0.6,0.3,0.4)},
wheret; =l orly = 14,

3(l2) = ¢(I2) ﬂﬂ(tlg

{(e,0.9,0.8,0.4), (w,0.6,0.5,0.5), (w?,0.6,0.5,0.5), (w?,0.6,0.5,0.5),
(w*,0.6,0.5,0.5), (w®,0.6,

,0.6,0.5,0.5), (w®,0.6,0.5,0.5), (w’”,0.6,0.5,0.5), (w®,0.6,0.5,0.5)}, where t; = I,
d(t2) = ¢(I1) Nn(t) = {(e,0.7,0.3,0.5), (w,0.5,0.3,0.4), (w?,0.5,0.3,0.4), (w3,0.5,0.3,0.4),
(w* 0.5,0.3,0.4), (w°,0.5,0.3,0.4), (w®,0.5,0.3,0.4), (w”,0.5,0.3,0.4), (w®,0.5,0.3,0.4)}, where I; = t,.

Clearly 9(0), is an (€, € Vq)-single-valued neutrosophic K-subalgebra for all 6 € Q, which implies that
(8,Q) is an (€, € Vq)-single-valued neutrosophic soft K-subalgebra of I, where Q = M N N.

Theorem 7. If ({,M) is an (€, € VVq) K-subalgebra of IC, then for a non-empty collection {(9;,N;) | i € Q}
of (€, € Vq)-single-valued neutrosophic soft K-subalgebras of ({, M), the following results hold:

(i) N ex (9;,N;) isan (€, € Vq)-single-valued neutrosophic soft K-subalgebra of (, M).
icQ)
(i) Niea(9;,N;) isan (€, € Vq)-single-valued neutrosophic soft K-subalgebra of /\ (¢, M).
(iii)  For the disjoint intersection of two parametric sets N;,N;, Vi,j € Q, V ex(ﬂl,N) is an (€,€

icQ)
\Vq)-single-valued neutrosophic K-subalgebra of \/ ({,M).
ieQ)

Proof. The proof follows from Definitions 14, 18 and 19. [

Theorem 8. Let ({,M) and (,N) be two (€,€ Vq)-single-valued neutrosophic soft K-subalgebras,
then ({, M) Nex (n,N) is an (€, € Vq)-single-valued neutrosophic soft K-subalgebra of K.

Proof. By Definition 14, let for any I € Q the following three conditions arise:

(1) IfleM—N,thend(l) ={(l)isan (€, €, Vq)-single-valued neutrosophic K-subalgebra since
(¢,M) is an (€, €, Vq)-single-valued neutrosophic soft K-subalgebra of .

(2) Ifl € N—M, then we have 9(I) = #(I), which is an (€, €, Vq)-single-valued neutrosophic
K-subalgebra since (17, N) is an (€, €, Vq)-single-valued neutrosophic soft K-subalgebra of K.

(3) Now, if I € MNN, then ¢(I) = ¢(I) nn(l), which is also an (€, €,Vq)-single-valued
neutrosophic K-subalgebra of K. Therefore, in each case, ¢(!) is an (€, €, Vq)-single-valued
neutrosophic K-subalgebra. Consequently, (¢,M) Nex (7,N) is an (€, €, Vq)-single-valued
neutrosophic soft K-subalgebras of K.

O

Example 7. Consider a K-algebra K = (G,-,®,e), where G is the cyclic group of order nine given as

G = {e,w, w?, w3, w*, w®, wt, w?, ws}, and Cayley’s table for © is given in Example 2. Consider a set of
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parameters Ml = {l1,1,}, set-valued function { : Ml — P(G) and a set of parameters N = {t1,tp} with
set-valued functions y : N — P(G), where { at parameters 11,1, and n at parameters t1,t, are defined as:

7(l) = {(e,0.9,0.3,0.3), (w,0.6,0.3,0.4), (w?,0.6,0.3,0.4), (w>,0.6,0.3,0.4),
(w*,0.6,0.3,0.4), (w°,0.6,0.3,0.4), (w®,0.6,0.3,0.4),
(w’,0.6,0.3,0.4), (w®,0.6,0.3,0.4)},

7(L) = {(e,0.9,0.8,0.4), (w,0.8,0.5,0.5), (w?,0.8,0.5,0.5), (w*,0.8,0.5,0.5),
(w*,0.8,0.5,0.5), (w°,0.8,0.5,0.5), (w®,0.8,0.5,0.5),
(w’,0.8,0.5,0.5), (w®,0.8,0.5,0.5)},

and

17(t) = {(e,0.9,0.8,0.3), (w,0.6,0.7,0.4), (w?,0.6,0.7,0.4), (w>,0.6,0.7,0.4),
(w*,0.6,0.7,0.4), (w®,0.6,0.7,0.4), (w®,0.6,0.7,0.4),

(w”,0.6,0.7,0.4), (w8,0.6,0.7,0.4)},

1(t2) = {(e,0.7,0.7,0.5), (w,0.5,0.6,0.3), (w?,0.5,0.6,0.3), (w>,0.5,0.6,0.3),
(w*,0.5,0.6,0.3), (w°,0.5,0.6,0.3), (w®,0.5,0.6,0.3),

(w”,0.5,0.6,0.3), (w®,0.5,0.6,0.3) }.

Clearly, by Example 5, ({,M) and (1, N) are (€, € \Vq)-single-valued neutrosophic soft K-subalgebras.
Now, to show that ({, M) Nex (7, N) = (8,Q) is an (€, € Vq)-single-valued neutrosophic soft K-subalgebra of
IC, where Q = MUN = {ly, 15, t1, to }, then by Definition 14, the following conditions can be considered:

(i) If0 € M—N, then 0 = {I1, 1o} and set-valued function © at parameters Iy, 1 is defined as:
(L) = ¢(L) = {(e,0.9,0.3,0.3), (w,0.6,0.3,0.4), (w?,0.6,0.3,0.4), (w?,0.6,0.3,0.4),
(w*,0.6,0.3,0.4), (w>,0.6,0.3,0.4), (w®, 0.6,0.3,0.4), (w’,0.6,0.3,0.4), (w®,0.6,0.3,0.4)},
() = ¢(Ib) = {(e,0.9,0.8,0.4), (w,0.8,0.5,0.5), (w?,0.8,0.5,0.5), (w?3,0.8,0.5,0.5),
(w*,0.8,0.5,0.5), (w®,0.8,0.5,0.5), (w®,0.8,0.5,0.5), (w’,0.8,0.5,0.5), (w®,0.8,0.5,0.5)}.
Since {(0) is an (€,€ Vq)-single-valued neutrosophic K-subalgebra, therefore 9(0) is also an
(€, € vq)-single-valued neutrosophic K-subalgebra of IC, for all € M — N.
(i)) If6 € N—M, then 0 = {t1,t,} and set-valued function § at parameters t1, t is defined as:
d(t1) = n(t1) = {(e,0.9,0.8,0.3), (w,0.6,0.7,0.4), (w?,0.6,0.7,0.4), (w?,0.6,0.7,0.4),
(w*,0.6,0.7,0.4), (w®,0.6,0.7,0.4), (w®0.6,0.7,0.4), (w’,0.6,0.7,0.4), (w®,0.6,0.7,0.4) },
d(t2) = 5(t2) = {(¢,0.7,0.7,0.5), (w,0.5,0.6,0.3), (w?,0.5,0.6,0.3), (w?,0.5,0.6,0.3),
(w*,0.5,0.6,0.3), (w®,0.5,0.6,0.3), (w®,0.5,0.6,0.3), (w’,0.5,0.6,0.3), (w®,0.5,0.6,0.3) }.
Since n(0) is an (€,€ Vq)-single-valued neutrosophic K-subalgebra, therefore 9(6) is also an
(€, € vq)-single-valued neutrosophic K-subalgebra of IC, for all § € N — M.
(iii)  Now, if 6 € M NN, then 8(0) = ((0) N5(0). By Example 6, it follows that () is an (€
, € Vq)-single-valued neutrosophic K-subalgebra of IC, for all 6 € M N N. Therefore, (T, M) Nex
(n,N) = (8,Q) is an (€, € VVq)-single-valued neutrosophic soft K-subalgebra of K.

Theorem 9. Let (¢, M), (17, N) be two (€, € Vq)-single-valued neutrosophic soft K-subalgebras with M(NN =
@, then (,M) Uex (,N) is an (€, € Vq)-single-valued neutrosophic soft K-subalgebra of K.

Proof. The proof follows from Definition 15. O

We denote the set of all (€, € Vg)-single-valued neutrosophic soft K-algebras of I by N(G, R).
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Theorem 10. Under the ordering relation C, (SN(G,R), Uey, N) is a complete distributive lattice.

Proof. Suppose that ({,M), (1,N) € SN(G,R), (,M) Uex (,N) € SN(G,R) and (,M) N (4,N) €
SN(G, R). Consider {(g,M), (,N)} are an arbitrary collection of (SN(G,R), Uex, N), since (g, M) Uex
(7,N) is the supremum of ({,M) and ({,M) N (,N) the infimum of (r,N), which shows that
(SN(G,R), Uex, N) is a complete lattice.

In order to show that it is a complete distributive lattice, i.e., for all (,M), (1,N), (8,Q) € SN(G,R),
(€M) N ((17,N) Uex (8,Q)) = ((¢,M) N (5,N)) Uex ((¢,M) N (8,Q)); let us suppose that (¢, M) N
(1, N) Uex (8,Q)) = (LMN (NUQ)), (¢, M) N (1,N)) Uex (€, M) N (8,Q)) = (J,(MNN) U (MN
Q) =UJ,MN(NUQ)).Forany 8 € MN (NUQ), 0 € Mand 8 € NUQ, the following cases arise:

() 6eM,6¢Nand6 e Q. Then, K(6) = £(8) N 8(6) = J(6),
(i) 6€M,0ecNandf ¢ Q. Then, K(6) = (6) ny(6) = J(6),
(i) 6eM,60eNand6 e Q. Then, K(6) = (6) N (5(6) Ud(8))

= (€(6) N (6)) U (£(6) NB(6)) = J(6).

Both J and K being the same operators implies that (¢, M) N ((7,N) Uex (8,Q)) = ((¢,M) N
(7,N)) Uex ((Z, M) N (8,Q)). This completes the proof. [

Definition 26. The extended product of two single-valued neutrosophic soft sets is denoted by ({, M) ©
(1,N) = (Con,Q), where Q = MUN and ({,M) and (1, N) are two single-valued neutrosophic soft sets
over Z, defined as for all 6 € Q.

(o) ifo € M—N,
(Con)(0) = {n(6) ifo e N—M,
7(0)on(6) if6 € MNN.

Here, {(0) o 17(0) is the product of two single-valued neutrosophic sets.

Lemma 1. ({1, M), ({2, M), (11, N), (72, N) are two SNSSs over K such that ({1,M) C (o, M) and
(11, N) C (2,N). Then:

(a) (G, M)©(m,N)  C(G2, M)O (172, N),
(b) (C1, M) N (111, N) (G2, M) N (172, N),
(¢) (81, M) Nex (171, N)C (G2, M) Nex (172, N),
(d) (C1, M) U (71, N) (G2, M) U (2, N),
(e) (C1, M) Uex (111, N)C (G2, M) Uex (172, N).

Lemma 2. Let ({,M),(y,N) and (8,Q) be SNSSs over IKC. Then, ({,M)o((7,N)©(8,Q)) =
(¢, M)®(n,N))o(8,Q), where © is the operation of the product of SNSSs over K.

Theorem 11. xxx Let IC be a K-algebra. If ({, M) and (n,N) are (€, €, Vq)-single-valued neutrosophic soft
K-subalgebras, then ({,M) © (n,N) is an (€, € Vq)-single-valued neutrosophic soft K-subalgebras of K.

Proof. The proof follows from Definition 26. O

Example 8. Consider a K-algebra K = (G,-,®,e), where G is the cyclic group of order nine given as
G = {e,w,w? w3, w*, w® wb,w’, w8}, and Cayley’s table for © is given in Example 2. Consider a set of

parameters Ml = {I1,1,} and a set-valued function { : Ml — P(G) defined as:

¢(I;) ={(e,0.9,0.3,0.3), (5,0.6,0.3,0.4) }, foralls # e € G.
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7(l) = {(¢,0.9,0.8,0.4), (s ,0.8,0.5,0.5)}, foralls #e € G.
Now, we consider a set N = {t1,t>} of parameters and a set-valued function  : N — P(G), which is
defined as:

n(t1) = {(e,0.9,0.8,0.3), (w,0.6,0.7,0.4)}, forallw # e € G.
n(t2) = {(e,0.7,0.7,05), (w,0.5,0.6,0.3)}, forallw #e € G.

Clearly, the set ({, M) and the set (,N) is an (€, € Vq)-single-valued neutrosophic soft K-subalgebra
forallly,l, € Mand t1,t, € N. Now, we show that ({,M) ® (1,N) = ({on,Q), where Q = MIUN is
an (€, € Vq)-single-valued neutrosophic soft K-subalgebra of IC. By Definition 26, the following conditions can
be considered:

(i) If6 € M—N, then 0 = {I3,l} and ({on)(0) = {(6). Since {(0) is an (€, € Vq)-single-valued
neutrosophic K-subalgebra, therefore ({ o) is also an (€,€ Vq)-single-valued neutrosophic
K-subalgebra of IC, for all § € M — N.

(i) If0 € N—M, then 6 = {t1,to} and ({ on)(0) = n(6). Therefore, ({ on) is also an (€, €
\Vq)-single-valued neutrosophic K-subalgebra of K since 1(0) is an (€, € \Vq)-single-valued neutrosophic
K-subalgebra for all 0 € N — M.

(iii) If6 € MNN, then ({on)(0) = £(0) on(B), where (0) o n(0) is the product of two single-valued
neutrosophic sets at parameter 6. Then, by Example 6, four conditions can be considered since 8 € MINN
and corresponding to each condition product can be calculated as:

(Zon)(l) = g(l) on(ty) = {{(e,€),0.9,03,03), ((e,w),0.6,0.3,0.4), ((s,e),0.6,0.3,0.4),

((s,),0.6,0.3,0.4) },

(Zon)(la) = Z(l) on(ty) = {((e,€),0.9,0.8,0.4), ((e,w),0.6,0.7,0.4), (s ,¢),0.8,05,0.5),

((s',w),0.6,0.5,0.5)},

(Zon)(t2) = {(h) on(ta) = {((e,€),0.7,0.3,0.5), ((e,w'),0.5,0.3,0.3), ((s,e),0.6,0.3,0.5),
w'),0.5,0.3,0.4) }.

Clearly, (L on)(0) is an (€, € Vq)-single-valued neutrosophic K-subalgebra of IC, for all 6 € MNN,
which shows that ({,M) © (n,N) is an (€, € Vq)-single-valued neutrosophic soft K-subalgebra of KC.

Theorem 12. Let K be a K-algebra. Then, under the ordering relation C, (SN(G,R), ®,N) is a complete lattice.

Proof. The proof is straightforward. [J

5. Conclusions

The world of science and its related fields have accomplished such complicated processes
for which consistent and complete information is not always conceivable. For the last few
decades, a number of theories and postulates have been introduced by many researchers to handle
indeterminate constituents in science and technologies. These theories include the theory of probability,
interval mathematics, fuzzy set theory, intuitionistic fuzzy set theory, neutrosophic set theory, etc.
Among all these theories, a powerful mathematical tool to deal with indeterminate and inconsistent
data is the neutrosophic set theory introduced by Smarandache in 1998. This theory provides a
mathematical model to cope up with executions having complex phenomena towards uncertainty.
In 1999, Molodtsov introduced the concept of soft set theory to deal with the problems involving
indeterminacy without setting the membership function. This theory provides a parameterized
consideration to uncertainties. We have applied these mathematical representations in collaboration
to scrutinize the factor of uncertainty in K-algebras. A K-algebra is a new kind of non-classic
logical algebra. We have introduced the notion of single-valued neutrosophic soft K-algebras and
studied related properties. To give a generalized point of view of single-valued neutrosophic soft
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K-algebras, we have proposed the concept of (€, € Vq)-single-valued neutrosophic soft K-algebras
and investigated various conclusive results with some numerical examples. In our opinion, the future
study of K-algebras can be connected with: (1) K-modules and single-valued neutrosophic K-modules;
(2) rough K-algebras and single-valued neutrosophic rough K-algebras; (3) hyper-K-algebras and
single-valued neutrosophic K-algebras.
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Acknowledgments: The authors are highly thankful to the anonymous referees for their valuable comments and
suggestions for improving the paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

Dar, K.H.; Akram, M. On a K-algebra built on a group. Southeast Asian Bull. Math. 2005, 29, 41-49.
Dar, K.H.; Akram, M. Characterization of K(G)-algebras by self maps. Southeast Asian Bull. Math. 2004, 28,
601-610.

3. Dar, K.H.; Akram, M. Characterization of K-algebras by self maps II. Ann. Univ. Craiova Math. Comp. Sci. Ser.
2010, 37, 96-103.

4. Dar, K.H.; Akram, M. On K-homomorphisms of K-algebras. Int. Math. Forum 2007, 46, 2283-2293. [CrossRef]

5. Zadeh, L.A. Fuzzy sets. Inf. Control 1965, 8, 338-353. [CrossRef]

6.  Atanassov, K.T. Intuitionistic fuzzy sets: Theory and applications. In Studies in Fuzziness and Soft Computing;
Physica-Verlag: Heidelberg, Germany; New York, NY, USA, 1999; Volume 35.

7. Molodtsov, D. Soft set theory first results. Comput. Math. Appl. 1999, 37, 19-31. [CrossRef]

Smarandache, F. Neutrosophic set—A generalization of the intuitionistic fuzzy set. J. Def. Resour. Manag.
2010, 1, 107.

9. Wang, H. Smarandache, F; Zhang, Y.Q., Sunderraman, R. Single valued neutrosophic sets.
Multispace Multistruct 2010, 4, 410-413.

10. Garg, H.; Nancy. Some hybrid weighted aggregation operators under neutrosophic set environment and
their applications to multicriteria decision-making. Appl. Intell. 2018, 48, 4871-4888. [CrossRef]

11. Garg, H.; Nancy. Linguistic single-valued neutrosophic prioritized aggregation operators and their
applications to multiple-attribute group decision-making. |. Ambient Intell. Humaniz. Comput. 2018, 9,
1975-1997. [CrossRef]

12.  Garg, H.; Nancy. Multi-criteria decision-making method based on prioritized Muirhead mean aggregation
operator under neutrosophic set environment. Symmetry 2018, 10, 280. [CrossRef]

13.  Maji, PK. Neutrosophic soft set. Ann. Math. Inform. 2013, 5, 157-168.

14. Akram, M.; Alshehri, N.O.; Alghamdi, R.S. Fuzzy soft K-algebras. Util. Math. 2013, 90, 307-325.

15.  Akram, M.; Alshehri, N.O.; Shum, K.P;; Farooq, A. Application of bipolar fuzzy soft sets in K-algebras. Ital. ].
Pure Appl. Math. 2014, 32, 1-14.

16. Akram, M.; Dar, KH.; Shum, K.P. Interval-valued (&, §)-fuzzy K-algebras. Appl. Soft Comput. 2011, 11,
1213-1222. [CrossRef]

17.  Akram, M.; Davvaz, B.; Feng, F. Intuitionistic fuzzy soft K-algebras. Math. Comput. Sci. 2013, 7, 353-365.
[CrossRef]

18. Ishehri, N.O.; Akram, M.; Al-Ghamdi, R.S. Applications of soft sets in K-algebras. Adv. Fuzzy Syst. 2013,
2013, 319542.

19. Akram, M.; Gulzar, H.; Shum, K.P. Certain notions of single-valued neutrosophic K-algebras. Ital. |. Pure
Appl. Math. 2018, in press.

20. Akram, M.; Gulzar, H.; Smarandache, F.; Broumi, S. Certain notions of neutrosophic topological K-algebras.
Mathematics 2018, 6, 234.

@ (© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).



http://dx.doi.org/10.12988/imf.2007.07203
http://dx.doi.org/10.1016/S0019-9958(65)90241-X
http://dx.doi.org/10.1016/S0898-1221(99)00056-5
http://dx.doi.org/10.1007/s10489-018-1244-9
http://dx.doi.org/10.1007/s12652-018-0723-5
http://dx.doi.org/10.3390/sym10070280
http://dx.doi.org/10.1016/j.asoc.2010.02.020
http://dx.doi.org/10.1007/s11786-013-0158-5
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries
	Single-Valued Neutrosophic Soft K-Algebras
	(, q)-Single-Valued Neutrosophic Soft K-Algebras
	Conclusions
	References

